arXiv:1103.4940v1 [hep-th] 25 Mar 2011

Compact vortex in a generalized Born-Infeld model

D. Bazeia^1, E. da Hora^1 and D. Rubiera-Garcia^2 1Departamento de Física, Universidade Federal da Paraíba, 58051-900 João Pessoa, Paraíba, Brazil.

2Departamento de Física, Universidad de Oviedo, 33007 Oviedo, Asturias, Spain.

We study vortexlike solutions in a generalized Born-Infeld model. The model is driven by two distinct parameters, one which deals with the Born-Infeld term, and the other, which controls the presence of high-order power term in the covariant derivative of the Higgs field. We numerically solve the equations of motion and depict the main vortex features, for several values of the two parameters of the model. The results indicate the presence of compact vortex, when the parameter responsible for the high-order power in the derivative increases to sufficiently large values.

PACS numbers: 11.10.Lm, 11.27.+d

I. INTRODUCTION

This work deals with the presence of vortices in models described by Abelian gauge field coupled to complex scalar field. In the standard case, the scalar field self interacts via the presence of the Higgs potential, capable of inducing spontaneous symmetry breaking. Moreover, the gauge and scalar dynamics and interactions are controlled by the Maxwell term, and by the usual covariant derivative squared. The system is well-known, and capable of supporting vortex solutions [1], which are of general interest to physics [2, 3].

Recently, several authors have studied models with modified dynamics, sometimes known as k-field models. The basic idea is to change the dynamics, allowing for the presence of terms containing higher-order power on the derivative of the field. Motivations to investigate these models appear in cosmology [4]-[11], attempting to contribute to understand the present accelerated expansion of the Universe, and to study issues of strong interaction and other subjects of current interest to high energy physics [12]-[30].

An interesting point of such generalized models is that they may support defect solutions with compact support [21]-[30]. Such solutions are known as compactons, and they first appeared in [31]. They have also been studied in high energy physics in other recent investigations [32]- [37].

In a recent work, some of us studied the presence of compact vortex in the Maxwell-Higgs model, modified to allow for the presence of a term with the fourth-order power in the covariant derivative of the complex scalar field [36]. The main result suggests that the vortex solutions exhibit compact features when the term introduced to modify the dynamics is important. Motivated by this result, in the present work we go further on the subject, and we investigate rotationally symmetric solutions obtained from a specific k-field theory. This theory is obtained from the Born-Infeld-Higgs Electrodynamics, and it is now endowed with an extra kinecticlike contribution, which is introduced to allow for the presence of a term depending on higher-order power of the covariant derivative of the scalar field. The idea is to study how the extra kinecticlike term contributes to the compactification of the vortexlike structure present in the model.

We organize the paper as follows: in the next Sec. II, we introduce the generalized Born-Infeld-Higgs (gBIH) model and make the basic considerations which allows to get to the equations of motion to describe the vortex configurations. In Sec. III, we perform the numerical study and depict the main features of the vortices. Finally, in Sec. IV we include comments and conclusions.

II. EQUATIONS OF MOTION

Here we deal with the gBIH model in (2, 1) dimensions. The Lagrange density has the form

L = L_{BI} + K (X) − V (|ϕ|) . (1)

Here the (non-zero) diagonal elements of the metric are (1, −1, −1), and the three terms in the above Lagrange density are given by L_{BI} = −β^2 (√ 1 + 1 2β^2 F_{μν} F^{μν} − 1 ) , (2)

and K(X) is a function of X to be given below, where X stands for

X = |D_μϕ|^2 , (3)

and D_μϕ represents the covariant derivative of the scalar field

D_μϕ = ∂_μϕ + ieA_μϕ , (4)

and V (|ϕ|) stands for the potential V (|ϕ|) = 1 4 λ^2(υ^2 − |ϕ|^2)^2 . (5)

In the above expressions, we use e and λ as real and positive coupling constants, and υ counts for the symmetry breaking parameter, real and positive.

For simplicity, we introduce the mass scale M and make the scale transformations: x^μ → x^μ/M, ϕ → M^{1/2}ϕ, A^μ → M^{1/2}A^μ, β → M^{3/2}β, e → M^{1/2}e, υ → M^{1/2}υ and λ → M^{1/2}λ. In this case, we get X → M^3X, K → M^3K and L → M^3L_g , and the above model is now described by the Lagrange density L_g , which has the same form (1), but now all the coordinates, fields and parameters are dimensionless quantities.

The procedure to search for vortex solutions requires that we investigate the equations of motion. In the present case, they can be written in the form ∂_μ ( F^{μα} R ) = J^α , (6)

K_X D_μD^μϕ + K_{XX} ∂_ρXD^ρϕ = − ∂V ∂ϕ . (7)

Here we use K_X = dK/dX, K_{XX} = d^2K/dX^2, and J^α = ie ( ϕD^αϕ − ϕD^αϕ ) K_X , (8)

R = √ 1 + 1 2β^2

F_{μν} F^{μν} . (9)

The static Gauss Law can be written as −→ ∇ · ( E R ) = −2e^2A^0 |ϕ|^2 K_X , (10)

where B = −ε^{0ij} ∂_iA_j , E^i = ∂^iA_0, ϵ^{012} = +1 and R has now the form R = √ 1 + 1 β^2

(B^2 − E^2) . (11)

We fix A_0 = 0 as a proper gauge choice and use it from now on.

As usual, we consider the rotationally symmetric Ansatz for the fields ϕ (r, θ) = υg (r) e^{inθ} , (12)

A (r, θ) = − ^θ er (a (r) − n) , (13)

where r and θ are polar coordinates and n is an integer, the winding number (vorticity) of the solution. In this case, the rotationally symmetric equations of motion are d dr 1 r da dr ( 1 + ( 1 eβr da dr )_2)−1/2 = 2e^2υ^2g^2a r K_X ,

(14) K_X ( 1 r d dr ( r dg dr ) − a^2g r^2 ) − υ^2K_{XX} dg dr d dr (( dg dr )_2 + g^2a^2 r^2 ) = 1 υ^2 dV dg , (15) where X has now the form

X = − |Dϕ|^2 = −υ^2 (( dg dr )_2 + g^2a^2 r^2 ) . (16)

We make the investigation specific, choosing the following forms of K(X) and V (|ϕ|)

K (X) = X − αX^2 , (17)

V (|ϕ|) = λ^2 4 ( 1 + 3 2 α ) ( υ^2 − |ϕ|^2 )_2

. (18)

Note that we have introduced a new factor in the potential, depending on α, the parameter which controls the extra term in K(X), responsible for the generalized modification of the model, as it appears above. The reason for the extra term in the potential is explained in the work [36], and it is a good way to investigate the compact profile. We also take α nonnegative, to avoid problem with the energy of field configurations; see the energy density (23) below, and also Ref. [24].

In this case, for the specific choice above, the rotationally symmetric equations of motion become, after taking e = υ = λ = 1, for simplicity: d dr 1 r da dr ( 1 + ( 1 βr da dr )_2)−^1_2 =

2g^2a r ( 1 + 2α (( dg dr )_2 + g^2a^2 r^2 )) , (19)

( 1 + 2α (( dg dr )_2 + g^2a^2 r^2 )) ( 1 r d dr ( r dg dr ) − a^2g r^2 ) +

2α dg dr d dr (( dg dr )_2 + g^2a^2 r^2 ) =g ( 1+ 3 2 α ) ( g^2 − 1 ) . (20)

These are the equations we have to deal with in the numerical investigation. We recall that the limit β → ∞ leads us back to the model studied in Ref. [36]. Also, if we further take the limit α → 0, we get back to the standard Maxwell-Higgs model. We also note that if we include the Chern-Simons term in the model (1), we generalize the model studied before in [38], searching for electrically charged vortex solutions in the BI model, in the presence of the Chern-Simons term. We will study the inclusion of the Chern-Simons term in a future work, under preparation.

To study the presence of vortex solutions to equations (19) and (20), one needs to know how the fields a(r) and g(r) behave at the origin, and in the limit r → ∞. Near the origin they should obey

g (r → 0) → 0 and a (r → 0) → n = 1 , (21) where we fix n = 1, for simplicity. The asymptotic boundary conditions are obtained from total energy, which is given by E = ∫ ε (r) d^2r, (22)

where the energy density has the form

ε (r) = β^2 (√ 1 + B^2 β^2 − 1 ) + |Dϕ|^2 + α |Dϕ|^4 + λ^2 4 ( 1 + 3 2 α ) ( 1 − |ϕ|^2 )_2 . (23)

The energy density must vanish asymptotically, as a condition to make the energy finite. So, we get lim_{r→∞} |ϕ| = 1, and lim_{r→∞} |Dϕ| = 0. From these conditions, using the rotationally symmetric Ansatz, we get, respectively, the asymptotic boundary conditions on the profile functions

g (r → ∞) → 1 and a (r → ∞) → 0 . (24)

III. NUMERICAL SOLUTIONS

Let us now focus the attention on the vortex solutions. The equations of motion to be considered are (19) and (20), and g(r) and a(r) have to obey the conditions (21) and (24).

We also plot solutions for the energy density, explicitly written as

ε (r) = β^2 √ 1 + ( 1 βr da dr )_2 − 1 + ( dg dr )_2 + g^2a^2 r^2 +

α (( dg dr )_2 + g^2a^2 r^2

)_2 + 1 4 ( 1 + 3 2 α ) ( 1 − g^2

)_2 , (25)

and for the magnetic field B(r) = − 1 r da dr . (26)

The strategy to numerically solve the equations of motion, given the fact that the boundary conditions do not lie at the same point, is to employ a shooting method, suitably adapted to the system of equations (19)-(20). Shooting from the center of the solution, we numerically determine the constants g^′(0) and a^′(0), up to some predetermined precision, which are of course α and βdependent. This approach has been used before in a diversity of contexts; for instance, it is similar to the one employed in Ref. [35].

The model to be investigated has two parameters, α and β, which we have to vary to investigate how the vortexlike solutions depend on them. The parameter β controls the BI term, and for large values of β, the BI term

FIG. 1: We take α = 1 and β = 2, and we plot a(r) with solid (black) line and g(r) with dashed (red) line, as a function of r. We also plot the standard solution, for α = 0 and 1/β = 0, with a(r) as dotted (black) line and g(r) as dash-dotted (red) line, for comparison.

FIG. 2: We take α = 1 and β = 2, and we plot ε(r) (upper panel) and B(r) (lower panel), as a function of r. Dashed lines show the same quantities, but in the standard case, for α = 0 and 1/β = 0.

should behave like the Maxwell term. Also, for α very small, the modification which appear in the dynamics of the scalar field should be insignificant; see Eq. (17).

In order to illustrate the procedure, let us first consider the case α = 1 and β = 2. The results for a(r), g(r), ε(r), and B(r) are all depicted in Figs. 1 and 2. We have investigated the case with α = 1/β = 0.1 as well, and it can hardly be distinguished from the standard case, corresponding to α = 1/β = 0, which is also plotted in

FIG. 3: We take β = 6, and we plot a(r) and g(r) as a function of r, for α = 1 and 10, with solid (black) and dashed (red) lines, and with dotted (black) and dash-dotted (red) lines, respectively.

FIG. 4: We take β = 6, and we plot ε(r) (upper panel) and B(r) (lower panel), as a function of r, for α = 1 and 10, with dashed (blue), and dash-dotted (red) lines, respectively.

the same Figs. 1 and 2, for comparison. We note from these figures that the values α = 1 and β = 2 show practically no effect of compactification on the vortexlike solutions.

Let us now concentrate in the case of a large β, which we choose to be β = 6. In this case, we implement the numerical investigation with a comparison with the previous work [36]. Thus, we firstly fix β = 6, and we vary α, taking the values α = 1 and 10, recalling that the degree of importance of the extra term in X increases with increasing α; see Eq. (17). The numerical results

FIG. 5: We take α = 10, and we plot B(r) as a function of r, for β = 6, and 4, with dashed (blue), and dash-dotted (red) lines, respectively.

FIG. 6: We take α = 0, and we plot B(r) as a function of r, for β = 5 and 1, with dashed (blue), and dash-dotted (red) lines, respectively.

for the fields a(r) and g(r), the energy density ε(r) and the magnetic field B(r) are shown in Figs. 3 and 4, and there we see that they behave as they do in the case where the BI term is changed by the standard Maxwell term; compare with results of Ref. [36]. In particular, the results depicted in Figs. 3 and 4 clearly show the effects of compactification of the vortexlike structure, as α increases.

Since the numerical study is now under control, we have investigated several distinct cases numerically. Below we comment on some specific values of the parameters α and β, which we use to illustrate the general situation.

It is of current interest to understand if the nonlinearities introduced by the BI term contribute to stress the effects of compactification of the vortexlike structure. To study this issue, let us fix α at a large value, say α = 10, for which we already know that the vortex tends to have compact profile. Then, we numerically investigate the model for β at the values β = 6 and 4. These results are shown in Fig. 5, where we only plot the magnetic field B(r), which we think illustrate correctly the issue under investigation. Figure 5 shows that the effects of compactification increases as β decreases, so the nonlinearities introduced from the BI term for β decreasing toward the value β = 1 also contribute to compactification. To check if this effect depends on α, let us now investigate the case with α = 0, for some values of β. These results are plotted in Fig. 6, for β = 5 and 1, and they show that the effects of compactification can hardly be identified for α = 0.

IV. FINAL COMMENTS

In this work we studied the presence of vortexlike solutions in a BI model coupled to scalar matter field described by generalized dynamics. The model is controlled by two distinct parameters, α, which describes the modification in the dynamics of the matter field, and β, which drives the BI generalization.

We investigated several regions in parameter space, and we could conclude that for a given β, the increasing of α increases the effects of compactification of the vortexlike solution. We could also see that for α fixed at some nonzero value, the increasing of 1/β increases the effects of compactification, although in this last case these effects are less significant. The general conclusion is that the increasing of α and 1/β enlarges the effects of compactification, but compactification only occurs at very large values of α.

As a natural continuation of the present work, one could investigate how the presence of the Chern-Simons term affects the compactlike profile of the vortex structure. Evidently, the Chern-Simons term makes the vortex charged, and the presence of the BI term does not change this scenario [38]. Thus, it is of current interest to see how the electric charge contributes to the effects of compactification. This issue is under investigation, and it will be reported in a future work.

The authors would like to thank CAPES and CNPq (Brazil) and FICYT (Spain) for partial financial support. D.R.-G. would also like to thank the Centro de Física do Porto for their hospitality while doing part of this work and to C. Santos for useful discussions on the numerical issues.

[1] H. B. Nielsen and P. Olesen, Nucl. Phys. B 61, 45 (1973). [2] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other Topological Defects (Cambridge University Press, Cambridge, England, 1994).

[3] N. Manton and P. Sutcliffe, Topological Solitons (Cambridge University Press, Cambridge, England, 2004).

[4] C. Armendariz-Picon, T. Damour and V. F. Mukhanov, Phys. Lett. B 458, 209 (1999).

[5] J. Garriga and V. F. Mukhanov, Phys. Lett. B 458, 219 (1999).

[6] T. Chiba, T. Okabe and M. Yamaguchi, Phys. Rev. D 62, 023511 (2000).

[7] R. J. Scherrer, Phys. Rev. Lett. 93, 011301 (2004). [8] C. Armendariz-Picon and E. A. Lim, J. Cosmol. Astropart. Phys. 08, 007 (2005).

[9] A. D. Rendall, Classical Quantum Gravity 23, 1557 (2006).

[10] E. Babichev, V. Mukhanov and A. Vikman, J. High Energy Phys. 02, 101 (2008).

[11] C. Armendariz-Picon, V. F. Mukhanov and P. J. Steinhardt, Phys. Rev. D 63, 103510 (2001).

[12] T. H. R. Skyrme, Proc. R. Soc. A 260, 127 (1961). [13] L. Faddeev and A. J. Niemi, Phys. Rev. Lett. 82, 1624 (1999).

[14] D. A. Nicole, J. Phys. G 4, 1363 (1978).

[15] S. Deser, M. J. Duff and C. J. Isham, Nucl. Phys. B 114, 29 (1976).

[16] H. Aratyn, L. A. Ferreira and A. H. Zimerman, Phys.

Rev. Lett. 83, 1723 (1999).

[17] D. Bazeia, J. Menezes and R. Menezes, Phys. Rev. Lett.

91, 241601 (2003).

[18] C. Adam, J. Sanchez-Guillen, R. A. Vazquez and J. A.

Wereszczynski, J. Math. Phys. (N.Y.) 47, 052302 (2006). [19] J. Diaz-Alonso and D. Rubiera-Garcia, Ann. Phys.

(N.Y.) 324, 827 (2009).

[20] C. Adam, J. Sanchez-Guillen and A. Wereszczynski, Phys. Rev. D 82, 085015 (2010).

[21] E. Babichev, Phys. Rev. D 74, 085004 (2006). [22] D. Bazeia, L. Losano, R. Menezes and J. C. R. E.

Oliveira, Eur. Phys. J. C 51, 953 (2007).

[23] C. Adam, J. Sanchez-Guillen and A. Wereszczynski, J.

Phys A 40, 13625 (2007); 42, 089801 (E) (2009). [24] E. Babichev, Phys. Rev. D 77, 065021 (2008). [25] C. Adam, N. Grandi, J. Sanchez-Guillen and A.

Wereszczynski, J. Phys. A 41, 212004 (2008). [26] M. Olechowski, Phys. Rev. D 78, 084036 (2008). [27] C. Adam, N. Grandi, P. Klimas, J. Sanchez-Guillen and A. Wereszczynski, J. Phys. A 41, 375401 (2008).

[28] D. Bazeia, L. Losano and R. Menezes, Phys. Lett. B 668, 246 (2008).

[29] D. Bazeia, A. R. Gomes, L. Losano and R. Menezes, Phys. Lett. B 671, 402 (2009).

[30] C. Adam, P. Klimas, J. Sanchez-Guillen and A.

Wereszczynski, J. Phys. A 42, 135401 (2009). [31] P. Rosenau and J. M. Hyman, Phys. Rev. Lett. 70, 564 (1993).

[32] X. Jin, X. Li and D. Liu, Classical Quantum Gravity 24, 2773 (2007).

[33] S. Sarangi, J. High Energy Phys. 07, 018 (2008). [34] D. Bazeia, R. Menezes and A. Yu. Petrov, Phys. Lett. B 683, 335 (2010).

[35] E. Babichev, P. Brax, C. Caprini, J. Martin and D. A.

Steer, J. High. Energy Phys. 0903, 091 (2009). [36] D. Bazeia, E. da Hora, R. Menezes, H. P. de Oliveira and C. dos Santos, Phys. Rev. D 81, 125016 (2010).

[37] C. dos Santos and E. da Hora, Eur. Phys. J. C 71, 1519 (2011).

[38] E. Moreno, C. Núñez and F. A. Schaposnik, Phys. Rev.

D 58, 025015 (1998).