arXiv:1103.5753v1 [hep-th] 29 Mar 2011

Supergroup - extended super Liouville correspondence

Thomas Creutzig,^{a, b∗} Yasuaki Hikida^{c†} and Peter B. Rønne^{d, e‡}

aDepartment of Physics and Astronomy, University of North Carolina, Phillips Hall, CB 3255, Chapel Hill, NC 27599-3255, USA bFachbereich Mathematik, Technische Universität Darmstadt, Schloßgartenstr. 7 64289 Darmstadt, Germany cDepartment of Physics, and Research and Education Center for Natural Sciences, Keio University, Hiyoshi, Yokohama 223-8521, Japan dInstitut für Theoretische Physik, Universität zu Köln, Zülpicher Straße 77, 50937 Cologne, Germany eNational Institute for Theoretical Physics and Centre for Theoretical Physics, University of the Witwatersrand, Wits, 2050, South Africa

Abstract

We derive a relation between correlation functions of supergroup WZNW models and conformal field theories with extended superconformal symmetry. The supergroups considered have a bosonic subgroup of the form SL(2) × A for some Lie group A. The corresponding conformal field theory is a super Liouville field theory coupled with the WZNW model on A. An example is a correspondence between the PSU(1,1|2) WZNW model and small N = 4 super Liouville field theory. The OSP(n|2) WZNW model is related to a superconformal field theory with SO(n) extended superconformal symmetry of the Knizhnik-Bershadsky type. In the case n = 4 this is simply the large N = (4, 4) superconformal symmetry. Besides these two examples we make a general derivation encompassing the WZNW models on supergroups SL(2|n), D(2,1;α), OSP(4|2n), F(4) and G(3) and their relation to models with extended superconformal algebras as symmetry.

∗E-mail: tcreutzig@mathematik.tu-darmstadt.de †E-mail: hikida@phys-h.keio.ac.jp ‡E-mail: peter.roenne@uni-koeln.de

Contents

1 Introduction 1

2 WZNW models and super Liouville theories 3 2.1 From PSU(1,1|2) to small N = 4 Liouville theory . . . . . . . . . . . . . . 3 2.1.1 The PSU(1,1|2) WZNW model . . . . . . . . . . . . . . . . . . . . 4 2.1.2 The correspondence with small N = 4 Liouville theory . . . . . . . 5 2.2 From OSP(n|2) to N = n Liouville theory . . . . . . . . . . . . . . . . . . 7 2.2.1 The OSP(n|2) WZNW model . . . . . . . . . . . . . . . . . . . . . 7 2.2.2 The correspondence with so(n)-extended super Liouville theory . . 8

3 From supergroups to superconformal W -algebras 9 3.1 Lie superalgebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.3 The supergroup WZNW model . . . . . . . . . . . . . . . . . . . . . . . . 13 3.4 The correspondence with extended superconformal algebras . . . . . . . . . 16

4 Discussions 18

A Notations 19 A.1 The Lie superalgebra psl(2|2) . . . . . . . . . . . . . . . . . . . . . . . . . 19 A.2 The Lie superalgebra osp(n|2) . . . . . . . . . . . . . . . . . . . . . . . . . 20

B Extended superconformal algebras 21 B.1 Small N = 4 superconformal algebra . . . . . . . . . . . . . . . . . . . . . 21 B.2 Knizhnik’s N = (n, n) superconformal algebra . . . . . . . . . . . . . . . . 23 B.3 Extended superconformal algebras . . . . . . . . . . . . . . . . . . . . . . . 24

1 Introduction

Recently, supergroup models have been studied by many researchers due to the development of the AdS/CFT correspondence [1]. The correspondence relates superstring theories on Anti-de Sitter (AdS) spaces with conformal field theories on the boundary, and it is known that the superstring theories are described by models on supergroups/cosets. For example, superstring theories on AdS_5×S^5 and AdS_3×S^3 are described by utilizing PSU(2, 2|4) [2] and PSU(1, 1|2) symmetry [3], respectively. Supergroup models are also used to describe disordered systems in the context of condensed matter physics [4]. Especially interesting in this respect are the models proposed for the plateau transition in the integer quantum Hall effect [5] (see also [6, 7]).

In this note, we study a simple type of supergroup models, namely, Wess-Zumino- Novikov-Witten (WZNW) models based on supergroups. These have been studied in the bulk [8, 9, 10, 11, 12] and with boundaries [13, 14, 15, 16, 17, 18]. One way to deal with a supergroup WZNW model is to rewrite it as a WZNW model on the bosonic subgroup coupled with free fermions [12]. However, this method can be applied only to type I supergroups. Another way is to utilize the relation to super Liouville theory developed in [19], where the structure constants of OSP(1|2) WZNW model were computed. In the paper, the relation between correlation functions of OSP(n|2) WZNW model and N = n super Liouville theory was obtained for n = 1, 2, which is a generalization of the relation between correlation functions of SL(2) WZNW model and Liouville field theory [20, 21]. The aim of this note is to extend the relation to more generic cases, where the Liouville theory side has extended superconformal symmetry.

The extension of the conformal symmetry to N = n ≤ 4 supersymmetry was found in [22], and it has SU(2) or SO(n) symmetry. A theory with this type of extended superconformal symmetry can be realized by a Liouville-like theory coupled with SU(2) or SO(n) WZNW models [23, 24]. In this case, the (anti-)commutators of generators of the superconformal symmetry are given by linear combinations of the generators themselves. If we do not require such a linear relation, the superconformal symmetry can be extended with U(n) or SO(n) symmetry for arbitrary n as shown by Knizhnik and Bershadsky [25, 26]. In this paper we call this type of symmetry “superconformal W -algebra” since the (anti-)commutators may lead to products of generators. In fact, the relation between supergroup WZNW models and super Liouville field theory is not entirely new. In [27] it was shown that utilizing quantum Hamiltonian reduction OSP(n|2) WZNW models reduce to N = n super Liouville field theory. This analysis was extended in [28, 29, 30, 31, 32] to supergroups whose bosonic subgroup is of the form of SL(2)×A. The extended superconformal algebras were also classified by an algebraic approach in [33, 34].

A strong motivation to study these relations comes from the proof of the Fateev- Zamolodchikov-Zamolodchikov (FZZ) duality [35, 36]. The FZZ duality relates Witten’s semi-infinite cigar model, given by the coset H^+_3 /R, to sine-Liouville field theory. In the proof the main ingredients were the above mentioned relation of the SL(2) WZNW model to Liouville field theory together with the self duality of Liouville theory. The proof was generalized in [37] to the case with branes in the cigar and to the supersymmetric case where the relation takes the form of a mirror duality [38]. In the proofs it was essential that the relation was known in detail directly relating correlators to correlators. It would be interesting to find similar dualities for the supergroups that we consider in this paper. One example may be given by OSP(1|2)/U(1) model discussed in [39]. The first step is taken by making the relation to the superconformal Liouville field theories precise using the path integral formalism.

Our strategy is as follows. We consider supergroups whose bosonic subgroups are of the form SL(2)×A. The idea is to use the path integral techniques from [21] to integrate out the fields corresponding to the roots of SL(2). This requires finding a suitable free field realization of the WZNW model such that these fields do not appear in the interaction terms. We find that this can be achieved using a special five-decomposition of the Lie superalgebra. Then we can proceed as in [21, 19], that is after integrating out the fields corresponding to the roots of SL(2) and performing certain field redefinitions we get a theory endowed with extended superconformal symmetry. Due to the field redefinitions involved, an N-point correlation function in the WZNW model on a sphere is equal to a (2N − 2)-point correlator with N − 2 degenerate fields inserted.

The organization of this note is as follows: In the next section we study the relation to Liouville field theory with N ≤ 4 superconformal symmetry. First we relate the PSU(1, 1|2) WZNW model to Liouville theory with small N = (4, 4) superconformal symmetry in subsection 2.1, and we consider OSP(n|2) WZNW models which relate to Liouville theory with N = (n, n) superconformal symmetry in subsection 2.2. In section 3 we consider the general case when the supergroup has its bosonic sub-algebra of the form SL(2)×A. Notations for the Lie superalgebras are given in appendix A, and the symmetries of the reduced theories are studied in appendix B.

2 WZNW models and super Liouville theories

In this section we study the relation between supergroup WZNW models and Liouville field theory with superconformal and extended superconformal symmetry. We start by deriving a correspondence between the PSU(1, 1|2) WZNW model and Liouville theory with small N = (4, 4) superconformal symmetry. This case is relevant for the study of the AdS_3/CFT_2 correspondence where string theory on AdS_3×S^3 is related to the supergroup [3, 40]. Further note that small N = (4, 4) superconformal symmetry on the dual CFT side played an important role in the protection of certain correlators [41]. In subsection 2.2 we then consider OSP(n|2) WZNW models, which are related to Liouville theory with N = (n, n) superconformal symmetry. It reproduces the result in [19] for n = 1, 2. Moreover for n > 4 the commutators of symmetry generators contain the products of generators and the symmetry algebra can thus be called as superconformal W -algebra.

2.1 From PSU(1,1|2) to small N = 4 Liouville theory

We derive a correspondence between the correlators of the WZNW model of the supergroup PSU(1,1|2) and small N = 4 Liouville field theory. The bosonic subgroup of the supergroup is the product of SU(1, 1) ≃ SL(2) and SU(2). To be more precise, we will here and in the following actually consider sigma models whose bosonic subspace instead of SL(2) contain the coset H^+_3 = SL(2, C )/SU(2) i.e. the space of hermitian elements of SL(2, C ). The Euclidean hyperbolic space H^+_3 can then be related to Liouville theory using the method of [21]. The action for the H^+_3 model can, however, be written as the WZNW action based on Hermitian matrices, see [42].

The derivation proceeds as follows: First we introduce the WZNW model and express the correlation function as a path integral. The fields corresponding to the roots of SL(2) are then integrated out. Finally we have to rotate some fields to arrive at the desired small N = 4 Liouville field theory.

2.1.1 The PSU(1,1|2) WZNW model

The first step is to find an appropriate free field realization of the WZNW model. The explicit form of the WZNW model action depends on the parametrization of the supergroup valued field. For our purposes it is of crucial importance to choose this to be g = αGβ with α = exp(^{1√}_2 (θ^1_2S^−_{12} + θ^1 S^−_{22})) exp(^{1√}_2 (θ^2_1S^−_{11} − θ^2S^−_{21})) exp(γE^−_1 ) ,

β = exp(^{1√}_2 (θ̄^2_1S^+_{12} − θ̄^2S^+_{22})) exp(^{1√}_2 (θ̄^1_2 S^+_{11} + θ̄^1S^+_{21})) exp(γ̄E^+_1 ) ,

G = exp(−2ϕE^0_1 ) ( I_2 0 0 q ) , (2.1)

and q a 2 × 2 SU(2)-matrix. The notation for the generators is summarized in appendix A. This parametrization is different from the one chosen in [10], which is suitable for free fermion resolution of type I cases [12]. Here we employ a decomposition of PSU(1, 1|2) that resembles type II supergroups in order to apply the method in [19]. A more detailed explanation of the decompositions of the supergroups can be found in the next section.

Using the well-known Polyakov-Wiegmann identity, the action is

S^{WZNW}[g]_k = S^{WZNW}[q]_k + k 2π ∫ d^2z [ ¯∂ϕ∂ϕ + e^{−2ϕ}( ¯∂γ − θ_2 ¯∂θ^t_1)(∂γ̄ + θ̄_2∂θ̄^t_1)

+ e^{−ϕ}∂θ̄_1q^{−1} ¯∂θ^t_1 + e^{−ϕ} ¯∂θ_2q∂θ̄^t_2 ] , (2.2)

where we have used

θ_1 = (θ^1 , θ^1_2) , θ̄_1 = (θ̄^1, θ̄^1_2) , θ_2 = (θ^2_1, θ^2 ) , θ̄_2 = (θ̄^2_1, θ̄^2 ) . (2.3)

The transpose operation was expressed as (q^t)_{i,j} = q_{j,i}. The action can be rewritten in a first order form. Introducing β, β̄ and p^a_b , p̄^a_b with a, b = 1, 2, we now have

S[g, β, β̄, p, p̄]_k = S^{WZNW}[q]_{k−2} + S_0 + S_{int} , (2.4)

S_0 = 1 2π ∫ d^2z [ ¯∂ϕ∂ϕ + Q̂ 4 √ gRϕ − β ¯∂γ − β̄∂γ̄ + ∑ a=1,2 (p_a ¯∂θ^t_a + p̄_a∂θ̄^t_a) ] ,

S_{int} = 1 2π ∫ d^2z [ − 1 k ββ̄e^{2bϕ} + 1 k (p_1 − βθ_2)q(p̄_1 + β̄θ̄_2)^te^{bϕ} + 1 k p̄_2q^{−1}p^t_2e^{bϕ} ] , with b = 1/ √ k. Here the level of SU(2) has been shifted due to the change in the path integral measure (see also [10]) and a background charge have been added Q̂ = −b. Moreover, we have defined

p_1 = (p^1, p^1_2) , p̄_1 = (p̄^1, p̄^1_2) , p_2 = (p^2_1, p^2) , p̄_2 = (p̄^2_1, p̄^2) . (2.5)

In order to write down the vertex operators, it is convenient to bosonize the fermionic fields as p^a_b = e^{iY ab} , θ^a_b = e^{−iY ab} , p̄^a_b = e^{iȲ ab} , θ̄^a_b = e^{−iȲ ab} . (2.6) Then the vertex operators are V^{sab}_{j,L}(μ|z) = μ^{j+1+ 12 sab} μ̄^{j+1+ 12 s̄ab} e^{isab Y ab +is̄ab Ȳ ab} e^{μγ−μ̄γ̄} e^{2b(j+1)ϕ}V^{SU(2)}_L (q) , (2.7) where L labels the representation of su(2).

2.1.2 The correspondence with small N = 4 Liouville theory

We now consider correlation functions. We first perform the path integral for the fields γ, γ̄ and then for β, β̄. Then after a field redefinition the correlation function takes the form of those in small N = 4 Liouville theory with extra insertions of degenerate fields.

We consider correlation functions of the form ⟨_N ∏ i=1 V^{sab i}_{ji,Li} (μ_i|z_i) ⟩ . (2.8)

Following the analysis in [21] we integrate out first γ, γ̄ and then β, β̄. After this procedure, the field β is replaced by the function N∑ i=1 μ_i z − z_i = u ∏_{N−2} l=1 (z − y_l) ∏_N i=1(z − z_i) = uB(y_l, z_i; z) , (2.9)

and similarly β̄ by −uB̄(ȳ_l, z̄_i; z̄). We remove the function B from the action by shifting the fields ϕ, Y^a_b as ϕ + 1 2b ln |B|^2 → ϕ , Y^a_b − i 2 ln B → Y^a_b . (2.10)

Note, that this shift changes conformal dimension of the fermions to 1/2. Then we have (for a detailed derivation, see [19]) ⟨_N ∏ i=1 V^{sab i}_{ji,Li} (μ_i|z_i) ⟩ WZNW

= δ^{(2)}( N∑ i=1 μ_i)|Θ_N |^2 ⟨_N ∏ i=1 V^{sab i+1/2} b(j_i+1)+1/2b,L_i (zi) N−2∏ l=1 V^{−1/2}_{−1/2b,0}(y_l) ⟩ . (2.11)

Here L = 0 denotes the identity representation of su(2). The right hand side is evaluated with the action

S = S^{WZNW}[q]_{k−2} + S_0 + S_{int} ,

S_0 = 1 2π ∫ d^2z [ ¯∂ϕ∂ϕ + Q 4 √ gRϕ + ∑ a=1,2 (p_a ¯∂θ^t_a + p̄_a∂θ̄^t_a) ] ,

S_{int} = 1 2π ∫ d^2z [ 1 k e^{2bϕ} + 1 k (p_1 − θ_2)q(p̄_1 − θ̄_2)^te^{bϕ} + 1 k p̄_2q^{−1}p^t_2e^{bϕ} ] ,

(2.12)

where the new background charge is Q = b^{−1} − b. The vertex operators are V^{sab}_{α,L}(z) = e^{isab Y ab +is̄ab Ȳ ab} e^{2αϕ}V^{SU(2)}_L (q) , (2.13) and the pre-factor is

Θ = u N∏ i<j (z_i − z_j )^12b^{2 −1} N−2∏ p<q (y_p − y_q)^12b^{2 −1} N∏ i=1 N−2∏ p=1 (z_i − y_p)^{− 1}2b^{2 +1} . (2.14)

To simplify the action we rotate the fermions as follows

θ_1 + p_2 = χ_− , −θ_2 + p_1 = ψ_− , p_1 = χ_+ , p_2 = −ψ_+ ,

θ̄_1 + p̄_2 = χ̄_− , −θ̄_2 + p̄_1 = ψ̄_− , p̄_1 = χ̄_+ , p̄_2 = −ψ̄_+ .

(2.15)

Then the action becomes

S = S^{WZNW}[q]_{k−2} + S_0 + S_{int} ,

S_0 = 1 2π ∫ d^2z [ ¯∂ϕ∂ϕ + Q 4 √ gRϕ + χ_+ ¯∂χ^t_− + ψ_+ ¯∂ψ^t_− + χ̄_+∂χ̄^t_− + ψ̄_+∂ψ̄^t_− ] ,

S_{int} = 1 2π ∫ d^2z [ 1 k e^{2bϕ} + 1 k ψ_−qψ̄^t_−e^{bϕ} + 1 k ψ̄_+q^{−1}ψ^t_+e^{bϕ} ] .

(2.16)

Note that the fermions χ, χ̄ have decoupled from a theory that can be called small N = 4 Liouville, the action of which was proposed in [23]. This has central charge

c = c_{SU(2)k−2} + c_ϕ + c_ψ =

3(k − 2) k + 1 + 6Q^2 + 2 = 6(k − 1) . (2.17)

In appendix B the action is shown to preserve small N = (4, 4) superconformal symmetry.

2.2 From OSP(n|2) to N = n Liouville theory

We now find another family of correspondences. These are between WZNW models of orthosymplectic supergroups OSP(n|2) and what we call so(n) extended super Liouville theory. For n = 1, 2, 3, 4 the symmetry of these theories are generated by a usual superconformal algebra, while for higher n it is a superconformal W -algebra.

2.2.1 The OSP(n|2) WZNW model

As in the cases of OSP(n|2) with n = 1, 2 [19], we parameterize the element of the supergroup as g = αGβ with α = exp(θ_1F^−_1 ) exp(θ_2F^−_2 ) · · · exp(θ_nF^−_n ) exp(γE^−) ,

β = exp(θ̄_nF^+_n ) exp(θ̄_{n−1}F^+_{n−1}) · · · exp(θ̄_1F^+_1 ) exp(γ̄E^+) ,

G = e^{−2ϕE0} ( q 0 0 I_2 ) , q ∈ SO(n) . (2.18)

Notation is given in appendix A. With the above parametrization we obtain the action for OSP(n|2) as

S^{WZNW}[g]_k = S^{WZNW}[q]_k + k 2π ∫ d^2z [ ¯∂ϕ∂ϕ + e^{−2ϕ}( ¯∂γ + θ ¯∂θ^t)(∂γ̄ + θ̄∂θ̄^t) + 2e^{−ϕ} ¯∂θq∂θ̄^t ] ,

(2.19)

where θ = (θ_1, · · · , θ_n), θ̄ = (θ̄_1, · · · , θ̄_n), and we have used q^t = q^{−1}.

Introducing the auxiliary fields, β, β̄, p = (p_1, · · · , p_n), p̄ = (p̄_1, · · · , p̄_n), we find classically

S^{Clas.}[g, β, β̄, p, p̄] = S[q]^{WZNW}_k + 1 2π ∫ d^2z [ k ¯∂ϕ∂ϕ − β ¯∂γ − β̄∂γ̄ + p ¯∂θ^t + p̄∂θ̄^t

− 1 k ββ̄e^{2ϕ} − 1 2k (p + βθ)q(p̄ + β̄θ̄)^te^ϕ ] . (2.20)

Due to change of the invariant measure to the free measure, there are shifts in the coefficients. First let us set q = 1. Then, as in [19], the contribution from the measure of the path integral over β, γ is δS = − 1 π ∫ d^2z∂ϕ ¯∂ϕ + 1 8π ∫ d^2z √ gRϕ , (2.21) and the contribution from one set of fermions p^i, θ_i is δS = 1 4π ∫ d^2z∂ϕ ¯∂ϕ − 1 16π ∫ d^2z √ gRϕ . (2.22)

For the SO(n) part, the shift of level comes from the fermions, and we have k → k − 1. Finally we find S[g, β, β̄, p, p̄]_k = S^{WZNW}[q]_{k−1} + 1 2π ∫ d^2z [ ¯∂ϕ∂ϕ + Q̂ 4 √ gRϕ − β ¯∂γ − β̄∂γ̄ + p ¯∂θ^t + p̄∂θ̄^t

− 1 k ββ̄e^{2bϕ} − 1 2k (p + βθ)q(p̄ + β̄θ̄)^te^{bϕ} ] (2.23)

with b^{−2} = k − 2 + n/2 and Q̂ = b(1 − n/2).

As before, we bosonize the fermions as

p_a = e^{iYa} , θ_a = e^{−iYa} , p̄_a = e^{iȲa} , θ̄_a = e^{−iȲa} (2.24)

with a = 1, 2, · · · , n. Then the vertex operators are V^{sa}_{j,L}(μ|z) = μ^{j+1+ 12 ∑a sa}μ̄^{j+1+ 12 ∑a s̄a} e^{isaYa+is̄aȲa} e^{μγ−μ̄γ̄} e^{2b(j+1)ϕ}V^{SO(n)}_L (q) , (2.25) where L labels the representation of so(n).

2.2.2 The correspondence with so(n)-extended super Liouville theory

We consider correlation functions of the above vertex operators and map them to those of N = n super Liouville theories. First γ is integrated out, and then the field β is replaced by the function N∑ i=1 μ_i z − z_i = u ∏_{N−2} l=1 (z − y_l) ∏_N i=1(z − z_i) = uB(y_l, z_i; z) , (2.26)

and similarly β̄ by −uB̄(ȳ_l, z̄_i; z̄). Like in (2.10) we absorb B, B̄ by a shift of fields ϕ, Y_a and get ⟨_N ∏ i=1 V^{sai}_{ji,Li} (μ_i|z_i) ⟩ WZNW

= δ^{(2)}( N∑ i=1 μ_i)|Θ_N |^2 ⟨_N ∏ i=1 V^{sai+1/2} b(j_i+1)+1/2b,L_i (zi) N−2∏ l=1 V^{−1/2}_{−1/2b,0}(y_l) ⟩ . (2.27)

Here L = 0 is the identity representation of so(n). The action for the right hand side is

S = S^{WZNW}[q]_{k−1} + S_0 + S_{int} ,

S_0 = 1 2π ∫ d^2z [ ¯∂ϕ∂ϕ + Q 4 √ gRϕ + 1 2 ( p ¯∂θ^t − ¯∂pθ^t + p̄∂θ̄^t − ∂p̄θ̄^t )] ,

S_{int} = 1 2π ∫ d^2z [ 1 k e^{2bϕ} − 1 2k (p + θ)q(p̄ − θ̄)^te^{bϕ} ] (2.28) with Q = Q̂ + b^{−1}. The vertex operators are V^{sa}_{α,L}(z) = e^{isaYa+is̄aȲa} e^{2αϕ}V^{SO(n)}_L (q)(z) , (2.29) and the pre-factor is

Θ = u N∏ i<j (z_i − z_j )^12b^{2 − n4} N−2∏ p<q (y_p − y_q)^12b^{2 − n4} N∏ i=1 N−2∏ p=1 (z_i − y_p)^{− 1}2b^{2 + n4} . (2.30)

If we rotate fermions as p = 1 √ 2 (χ + iψ) , θ = − 1 √ 2 (χ − iψ) , p̄ = 1 √ 2 (χ̄ + iψ̄) , θ̄ = 1 √ 2 (χ̄ − iψ̄) , then the fermions χ decouple from S^{SL}[ϕ, ψ, q] = S[q]_{k−n/2} + 1 2π ∫ d^2z [ ¯∂ϕ∂ϕ + Q 4 √ gRϕ + 1 2 ψ ¯∂ψ^t + 1 2 ψ̄∂ψ̄^t

+ 1 k e^{2bϕ} + 1 k ψqψ̄^te^{bϕ} ] , (2.31)

which may be named so(n)-extended super Liouville field theory. The central charge is:

c_{Liouville} = c_{SO(n)} + c_ψ + c_ϕ =

(n − 1)(n − 2) 2 k − 1 k + n/2 − 2 + n/2 + 1 + 6Q^2

=^1_2 S

6S + n^2 − 10 S + n − 3 , (2.32)

where S = 2k − 1. In particular, the actions for n = 3, 4 were proposed in [23]. For n ≤ 3 this has N = (n, n) superconformal symmetry. For n = 4 we get the large N = (4, 4) superconformal algebra, and for n > 4 we get Knizhnik’s so(n)-extended superconformal algebra [25], see appendix B.

For the vertex operators we can factor out the component corresponding to the decoupled fermions χ. This is done just like the OSP(1|2) case in [19] by introducing spin fields for the fermions ψ, χ.

3 From supergroups to superconformal W -algebras

We now generalize the correspondence. Our derivation works for any Lie supergroup whose bosonic part is of the form H^+_3 × A for some Lie group A. We first introduce the relevant Lie superalgebras, and then write down the WZNW model using a suitable parametrization of the supergroup valued field. The derivation of the correspondences is analogous to the previous section. The superconformal W -algebras are introduced in appendix B.3 using the works [28, 31, 32].

3.1 Lie superalgebras

Our goal is to find and derive correspondences between supergroup WZNW models and conformal field theories with some superconformal W -algebra symmetry. The supergroups have to contain SL(2,R) as a factor of the bosonic subgroup (i.e. H^3_+ after a coset construction). Moreover it has to be possible to write the action of the model in a suitable form that allows for integration of the fields γ, γ̄. Finding this suitable action is equivalent to finding a certain grading for the superalgebra. This grading is as follows. Let g be a simple superalgebra whose bosonic subalgebra is sl(2) ⊕ a for some reductive Lie algebra a. Denote by ±ν the positive and negative root of sl(2) with corresponding generators E_{±ν} . These commute to the Cartan element H_ν and we have the commutation relations

[E_ν , E_{−ν} ] = 2H_ν , [H_ν , E_{±ν} ] = ±E_{±ν} . (3.1)

We will see that there is a correspondence for WZNW models whose algebra allows a five-decomposition of the form (see also [43])

g = g_{−1} ⊕ g_{−1/2} ⊕ g_0 ⊕ g_{1/2} ⊕ g_1 , (3.2)

where the spaces g_i are bosonic for integer i and otherwise fermionic. The index labels the eigenvalue of the adjoint action of H_ν , so g_{±1} = span{E_{±ν} }, and g_0 = span{H_ν } ⊕ a. Let Δ^1_± denote the roots corresponding to g_{±1/2}, then Δ^1_− + ν = Δ^1_+. We will always normalize our bilinear form κ such that ν has negative length, and the longest positive root of positive norm has norm two (this will then lie in a). We can then characterize Δ^1_+ as Δ^1_+ = {γ ∈ Δ^1 | (γ, ν) < 0 } , (3.3) and oppositely is Δ^1_− positive with respect to ν.

We now give examples of such Lie superalgebras. Looking back at (2.1) and (2.18) we already had psl(2|2) and osp(n|2) as examples. We now list further interesting examples for classical Lie super algebras, as reference see [44].

3.2 Examples

We now give examples of the possible Lie superalgebras with sl(2) ⊕ a as bosonic Lie algebra and a five-decomposition. As above we always have g_{±1} = span{E_{±ν} }, and g_0 = span{H_ν } ⊕ a.

sl(n|2)

The rank of sl(n|2) is n + 1, the dimension n^2 + n + 1 and the bosonic subalgebra is

sl(n) ⊕ u(1) ⊕ sl(2) = sl(2) ⊕ a . (3.4)

The root lattice is generated by vectors ϵ_1, ..., ϵ_n and δ_1, δ_2 with non-zero inner products ϵ_iϵ_i = 1 and δ_iδ_i = −1. The root spaces are

Δ_0 = {ϵ_i − ϵ_j , δ_i − δ_j } , Δ_1 = {±(ϵ_i − δ_j )} . (3.5)

The sl(2) root is ν = δ_1 − δ_2 and its norm is νν = −2. The longest root of a has norm α^2_L/2 = 1. We decompose sl(n|2) as follows: sl(n|2) = g_{−1} ⊕ g_{−1/2} ⊕ g_0 ⊕ g_{1/2} ⊕ g_1 , g_{−1/2} = span{F_{−ϵi+δ2} , F_{ϵi−δ1} } , g_{1/2} = span{F_{ϵi−δ2} , F_{−ϵi+δ1} } . (3.6)

F(4)

The exceptional Lie superalgebra F(4) has rank 4, dimension 40, and its bosonic subalgebra is sl(2) ⊕ so(7) = sl(2) ⊕ a . (3.7) The root lattice is generated by vectors δ, ϵ_1, ϵ_2, ϵ_3 with non-zero inner product ϵ_iϵ_i = 1 and δδ = −3. The root spaces are

Δ_0 = {±δ, ±ϵ_i ± ϵ_j , ±ϵ_i | i ≠ j} , Δ_1 = {^1_2 (±δ ± ϵ_1 ± ϵ_2 ± ϵ_3)} . (3.8) We denote the generators for the sl(2) roots by E_{±ν} = E_{±δ}. Note, that νν = δδ = −3. The longest root of a has norm α^2_L/2 = 1. Then the decomposition is F (4) = g_{−1} ⊕ g_{−1/2} ⊕ g_0 ⊕ g_{1/2} ⊕ g_1 , g_{−1/2} = span{F 1_{2 (−δ±ϵ1±ϵ2±ϵ3)}} , g_{1/2} = span{F 1_{2 (+δ±ϵ1±ϵ2±ϵ3)}} .

(3.9)

G(3)

The exceptional Lie superalgebra G(3) has rank 3, dimension 31, and its bosonic subalgebra is sl(2) ⊕ g_2 = sl(2) ⊕ a . (3.10) The root lattice is generated by vectors δ, ϵ_1, ϵ_2, ϵ_3 with non-zero inner product ϵ_iϵ_j = − 1 3 + δ_{ij} , δδ = − 2 3 . (3.11)

The root spaces are Δ_0 = {±2δ, ϵ_i − ϵ_j , ±ϵ_i | i ≠ j} , Δ_1 = {±δ ± ϵ_i, ±δ} . (3.12) We denote the generators for the sl(2) roots by E_{±ν} = E_{±2δ} . Note, that νν = 4δδ = −8/3. The longest root of a has norm α^2_L/2 = 1 Then the decomposition is G(3) = g_{−1} ⊕ g_{−1/2} ⊕ g_0 ⊕ g_{1/2} ⊕ g_1 , g_{−1/2} = span{F_{−δ±ϵi} , F_{−δ}} , g_{1/2} = span{F_{+δ±ϵi} , F_δ} .

(3.13)

D(2,1;α)

There is a family of exceptional Lie superalgebras D(2,1;α) parameterized by α ≠ 0, −1, ∞. There are a self-dualities taking α → 1/α and α → −1 − α, and we use these to choose α ∈ ]−1, 0[. The superalgebra has rank 3, dimension 17, and its bosonic subalgebra is sl(2) ⊕ sl(2) ⊕ sl(2) = sl(2) ⊕ a . (3.14) The root lattice is generated by vectors ϵ_1, ϵ_2, ϵ_3 with non-zero inner product ϵ_1ϵ_1 = −

(1 + α) 2 , ϵ_2ϵ_2 = 1 2 , ϵ_3ϵ_3 = α 2 . (3.15) The root spaces are Δ_0 = {±2ϵ_i} , Δ_1 = {±ϵ_1 ± ϵ_2 ± ϵ_3} . (3.16) We denote the generators for the sl(2) roots we want to reduce by E_{±ν} = E_{±2ϵ1} . Note, that νν = 4ϵ_1ϵ_1 = −2 − 2α. The longest root of a have norm α^2_L/2 = α for one sl(2) and the other one has α^2_L/2 = 1. Then the decomposition is D(2, 1; α) = g_{−1} ⊕ g_{−1/2} ⊕ g_0 ⊕ g_{1/2} ⊕ g_1 , g_{−1/2} = span{F_{−ϵ1±ϵ2±ϵ3} } , g_{1/2} = span{F_{ϵ1±ϵ2±ϵ3} } .

(3.17)

spo(2n|4)

The rank of spo(2n|4) is n + 2, the dimension 2n^2 + 9n + 6 and the bosonic subalgebra is sp(2n) ⊕ so(4) = sl(2) ⊕ a . (3.18) g a h^∨ h^∨_a ν^2 N_f α^2_L/2 psl(2|2) sl(2) 0 2 −2 4 1 osp(n|2) so(n) n − 4 n − 2 −4 n 1 sl(n|2) , n ≠ 2 sl(n)⊕ u(1) n − 2 (n, 0) −2 2n 1 F(4) so(7) 3 5 −3 8 1 G(3) g_2 2 4 −8/3 7 1 D(2,1;α) sl(2)⊕sl(2) 0 (2, 2) −2 − 2α 4 (1, α) spo(2n|4) sl(2)⊕sp(2n) n − 1 (2, n + 1) −1 4n (−1/2, 1)

Table 1: Summary of the examples with five-decomposition along with useful constants. h^∨ is the dual Coxeter number of g, h^∨_a are the dual Coxeter numbers of the simple parts of a, N_f is half the number of fermionic generators, and α^2_L are the lengths of the longest roots in the simple parts of a. Compared to last section, the psl(2|2) and osp(n|2 ) cases have been normalized standardly with the longest positive root of positive norm having length two (in last section the bilinear forms used where respectively minus supertrace and supertrace, for osp(n|2 ) the standard bilinear form would have been half the supertrace).

The root lattice is generated by vectors δ_1, ..., δ_n and ϵ_1, ϵ_2 with non-zero inner products δ_iδ_i = 1/2 and ϵ_iϵ_i = −1/2. The root spaces are

Δ_0 = {±ϵ_1 ± ϵ_2, ±δ_i ± δ_j, ±2δ_n | i ≠ j} , Δ_1 = {±ϵ_i ± δ_j} . (3.19)

The sl(2) root is ν = ϵ_1 + ϵ_2 and its norm is νν = −1. The longest root of a has norm α^2_L/2 = −1/2 for the sl(2) and α^2_L/2 = 1 for the sp(2n). Then the decomposition is

spo(2n|4) = g_{−1} ⊕ g_{−1/2} ⊕ g_0 ⊕ g_{1/2} ⊕ g_1 , g_{−1/2} = span{F_{−ϵi±δa} } , g_{1/2} = span{F_{ϵi±δa} } . (3.20)

In table 1 we summarize all the examples with some data needed in the next subsection. Let us also note that spo(2n|3) has bosonic subgroup sl(2)⊕sp(2n), but there is no fivedecomposition of our wanted form and hence it is not included.

3.3 The supergroup WZNW model

We can parameterize the group valued fields as

g = g_{−1} g_{−1/2} g_0 g_{1/2} g_1, (3.21) and introduce bosonic fields γ lying in g_{−1} = span{E_{−ν} }, γ̄ in g_1 = span{E_ν }, and fermionic fields θ in g_{−1/2} and θ̄ in g_{1/2} such that

g_{−1} = e^γ , g_{−1/2} = e^θ , g_{1/2} = e^{θ̄} , g_1 = e^{γ̄} . (3.22)

Then the action is of the form

S^{WZNW}[g]_k = S^{WZNW}[g_0]_k + k 2π ∫ d^2z ⟨( ¯∂γ +^1_2 [ ¯∂θ, θ] + ¯∂θ), Ad(g_0)(∂γ̄ −^1_2 [∂θ̄, θ̄] + ∂θ̄)⟩ . (3.23) Using the five-decomposition we know that Ad(g_0) leaves g_i invariant and [∂θ̄, θ̄] lies in span{E_ν }. Thus we can introduce auxiliary fields β taking values in span{E_ν } and β̄ taking values in span{E_{−ν} } and get the classical equivalent action

S^{Clas.}[g, β, β̄]_k = S^{WZNW}[g_0]_k + k 2π ∫ d^2z ⟨β, ( ¯∂γ +^1_2 [ ¯∂θ, θ])⟩ + ⟨β̄, (∂γ̄ −^1_2 [∂θ̄, θ̄])⟩+

+ ⟨ ¯∂θ, Ad(g_0)∂θ̄⟩ − ⟨β, Ad(g_0)β̄⟩ . (3.24)

Further, we introduce fermionic auxiliary fields p, p̄ taking values in g_{±1} and classically we get (here we need to use the invariance of the bilinear form) S^{Clas.}[g, β, β̄, p, p̄]_k = S^{WZNW}[g_0]_k + S_0[β, β̄, γ, γ̄, p, p̄, θ, θ̄] + S_{int}[β, β̄, θ, θ̄, p, p̄, g_0] , S_0 = k 2π ∫ d^2z ⟨β, ¯∂γ⟩ + ⟨β̄, ∂γ̄⟩ + ⟨p, ¯∂θ⟩ + ⟨p̄, ∂θ̄⟩ , (3.25)

S_{int} = − k 2π ∫ d^2z ⟨β, Ad(g_0)β̄⟩ + ⟨(p +^1_2 [β, θ]), Ad(g_0)(p̄ −^1_2 [β̄, θ̄])⟩ .

Now, we parameterize g_0 = qe^{−2ϕHν} with H_ν being the Cartan direction of the sl(2). Then the action becomes S^{Clas.}[g, β, β̄, p, p̄]_k = S^{WZNW}[q]_k + S[ϕ] + S_0[β, β̄, γ, γ̄, p, p̄, θ, θ̄] + S_{int}[β, β̄, θ, θ̄, p, p̄, q, ϕ] , (3.26)

with S[ϕ] = − k ν^2π ∫ d^2z ⟨∂ϕ, ¯∂ϕ⟩ ,

S_0 = k 2π ∫ d^2z ⟨β, ¯∂γ⟩ + ⟨β̄, ∂γ̄⟩ + ⟨p, ¯∂θ⟩ + ⟨p̄, ∂θ̄⟩ ,

S_{int} = − k 2π ∫ d^2z e^{2ϕ}⟨β, β̄⟩ + e^ϕ⟨(p +^1_2 [β, θ]), Ad(q)(p̄ −^1_2 [β̄, θ̄])⟩ ,

(3.27)

where we used that the grading indices in g_i simply are the eigenvalues of Ad(H_ν ) and ⟨H_ν , H_ν⟩ = 1/ν^2.

Let us now take into account the quantum effects. First we consider the change in levels. Using (2.21) and (2.22) we see that the level for the ϕ-part changes as k → k − ν^2 2 (−2 + N_f 2 ) = k + h^∨. (3.28)

Here N_f = |Δ^1_+| is the number of fermions p. As we have also written, the change in the level can be seen to be the dual Coxeter number of the superalgebra, i.e. half the eigenvalue of the quadratic Casimir in the adjoint representation. Likewise the level for a simple component, a_i, of a change with half the eigenvalue of the Casimir, C_{free} in the representation that the free fermions transform in. To calculate this we note that quadratic Casimir in the adjoint representation splits into the a quadratic adjoint Casimir for the a_i component and C_{free}

C_{ad} = C_{ai} + C_{free} . (3.29)

However, C_{ai} is not canonically normalized. Our bilinear form, ⟨ , ⟩, for the Lie superalgebra is canonically normalized such that the longest positive root with positive norm has norm two [45]. This means, we have a relation to the canonically normalized bilinear form, ⟨ , ⟩_{ai} , for the subalgebra as

⟨ , ⟩_{ai} = 2 α^2_L

⟨ , ⟩|_{ai} , (3.30)

where α^2_L is the length of the longest root of a_i measured by ⟨ , ⟩. This means that half the eigenvalue of C_{ai} is^{α2L}_2 h^∨_{ai} , where h^∨_{ai} is the dual Coxeter number for a_i. The renormalized level for the WZNW model on the a_i component with the standard bilinear form ⟨ , ⟩_{ai} is thus given by the formula

k_{ai} = 2 α^2_L ( k + h^∨ − α^2_L 2 h^∨_{ai} ) . (3.31)

A similar formula holds for the u(1) part in the psl(n|2) case if we do not renormalize, i.e. its level is simply changed by the dual Coxeter number.

Finally, also background charges for the field ϕ appear as seen from (2.21) and (2.22).

Rescaling β, β̄, p, p̄ and ϕ the quantum corrected action then becomes S[g, β, β̄, p, p̄] = S^{WZNW}[q] + S[ϕ] + S_0[β, β̄, γ, γ̄, p, p̄, θ, θ̄] + S_{int}[β, β̄, θ, θ̄, p, p̄, q, ϕ] , S^{WZNW}[q] = ∑ i S^{WZNW}[q_i]_{kai} ,

S[ϕ] = 1 2π ∫ d^2z ∂ϕ ¯∂ϕ + Q̂ 4 √ gRϕ , (3.32)

S_0 = 1 2π ∫ d^2z ⟨β, ¯∂γ⟩ + ⟨β̄, ∂γ̄⟩ + ⟨p, ¯∂θ⟩ + ⟨p̄, ∂θ̄⟩ ,

S_{int} = − 1 2kπ ∫ d^2z e^{2bϕ}⟨β, β̄⟩ + e^{bϕ}⟨(p +^1_2 [β, θ]), Ad(q)(p̄ −^1_2 [β̄, θ̄])⟩ ,

Where the sum in S^{WZNW}[q] is over the simple and u(1) parts of a, and q = ∏ i q_i is a factorization into these parts. Further b = √ −ν^2 2(k + h^∨)

, Q̂ = b(1 − N_f /2) , N_f = |Δ^+_1 | . (3.33)

The relevant constants used can be found in table 1.

3.4 The correspondence with extended superconformal algebras

We consider correlation functions of supergroup WZNW model and map them to those of Liouville theories with extended superconformal algebra. Let us introduce a basis t^a for g_{1/2} and t_a for g_{−1/2} with ⟨t^a, t_b⟩ = δ^a_b and a = 1, 2, · · · , N_f . We parameterize the fermions as p = p_at^a etc. and bosonize as p_a = e^{iYa} , θ^a = e^{−iYa} , p̄^a = e^{iȲa} , θ̄_a = e^{−iȲa} . (3.34) For the bosonic fields let γ = γ_{−ν}E_{−ν} , β = β_ν E_ν , etc. The vertex operators of the supergroup WZNW model are then written as V^{sa}_{j,L}(μ|z) = μ^{j+1+ 12 ∑a sa}μ̄^{j+1+ 12 ∑a s̄a} e^{isaYa+is̄aȲa} e^{μγ−ν −μ̄γ̄ν} e^{2b(j+1)ϕ}V^a_L (q) , (3.35) where L labels the representation of a.

First, γ_{−ν} is integrated out, then the field β_ν is replaced by the function (using ⟨E_{−ν} , E_ν ⟩ = 2/ν^2) β_ν → ν^2 2 N∑ i=1 μ_i z − z_i = u ∏_{N−2} l=1 (z − y_l) ∏_N i=1(z − z_i) = uB(y_l, z_i; z) , (3.36) and similarly β̄_{−ν} by −uB̄(ȳ_l, z̄_i; z̄). Shifting the fields ϕ and Y_a to absorb this function we get ⟨_N ∏ i=1 V^{sai}_{ji,Li} (μ_i|z_i) ⟩ WZNW

= δ^{(2)}( N∑ i=1 μ_i)|Θ_N |^2 ⟨_N ∏ i=1 V^{sai+1/2} b(j_i+1)+1/2b,L_i (zi) N−2∏ l=1 V^{−1/2}_{−1/2b,0}(y_l) ⟩ . (3.37) Here L = 0 is the identity representation of a. The action for the right hand side is S = S^{WZNW}[q] + S[ϕ] + S_0[p, p̄, θ, θ̄] + S_{int}[p, p̄, θ, θ̄, q, ϕ] , S^{WZNW}[q] = ∑ i S^{WZNW}[q_i]_{kai} ,

S[ϕ] = 1 2π ∫ d^2z ∂ϕ ¯∂ϕ + Q 4 √ gRϕ ,

S_0 = 1 4π ∫ d^2z ⟨p, ¯∂θ⟩ − ⟨θ, ¯∂p⟩ + ⟨p̄, ∂θ̄⟩ − ⟨θ̄, ∂p̄⟩ ,

S_{int} = − 1 2kπ ∫ d^2z e^{2bϕ} 2 ν^2

+ e^{bϕ}⟨(p +^1_2 [E_ν , θ]), Ad(q)(p̄ −^1_2 [E_{−ν} , θ̄])⟩ .

(3.38)

Recall that E_ν maps g_{−1/2} to g_{1/2}. The new background charge is Q = Q̂ + b^{−1}. The vertex operators are V^{sa}_{α,L}(z) = e^{isaYa+is̄aȲa} e^{2αϕ}V^a_L (q)(z) , (3.39) and the pre-factor is

Θ = u N∏ i<j (z_i − z_j )^12b^{2 − Nf4} N−2∏ p<q (y_p − y_q)^12b^{2 − Nf4} N∏ i=1 N−2∏ p=1 (z_i − y_p)^{− 1}2b^{2 + Nf4} . (3.40)

We may rotate the fermions as

ψ = p + 1 2 [E_ν , θ] , ψ̄ = p̄ − 1 2 [E_{−ν} , θ̄] ,

χ = p − 1 2 [E_ν , θ] , χ̄ = p̄ + 1 2 [E_{−ν} , θ̄] , (3.41)

and we see that the fermions χ decouple from

S^{sL}[ϕ, ψ, q] = S[q]_{k0} + 1 2π ∫ d^2z [ ¯∂ϕ∂ϕ + Q 4 √ gRϕ + ⟨ψ, [E_{−ν} , ¯∂ψ]⟩+

+ ⟨ψ̄, [E_ν , ∂ψ̄]⟩ + e^{bϕ}⟨ψ, Ad(q)ψ̄⟩ ] , (3.42)

which we call a-extended super Liouville field theory. Note that we have dropped the contact term in the interaction. We explain the symmetry of these theories in appendix B.

4 Discussions

In this note, we have studied relations between supergroup WZNW models and Liouville theories with extended superconformal algebras. We have shown that N-point functions of tachyon vertex operators in supergroup WZNW models on spheres can be written in terms of (2N − 2)-point functions in Liouville-like theories with N − 2 extra insertions. The relation was studied in [19] for OSP(n|2), n = 1, 2, and we have extended the analysis to more generic cases. First, we studied explicitly the two specific cases of PSU(1, 1|2) and OSP(n|2) which are the most interesting models for applications in superstring theory. Then we developed a more abstract formalism to examine general cases with supergroups whose bosonic subgroup is of the form SL(2)×A. Relations between these two types of theories were given using quantum Hamiltonian reduction in [27, 28, 31, 32]. However, here we have given direct relation of correlators and would like to stress that our relation is different from the Hamiltonian reduction, among others there is no restriction of the momentum space in the supergroup WZNW models.

There are several problems to consider in the future addition to the generalization of the FZZ duality [35, 36, 37] mentioned in the introduction. First of all we would like to understand more about the generic cases. One of the important examples is D(2,1;α) since in this case the Liouville field theory admits a one parameter family of N = (4, 4) superconformal symmetry [46, 47, 24]. We have also studied exceptional cases G(3) and F(4), and it would be interesting to find applications in superstring theory. In this note we have considered only amplitudes on a sphere. This extends straightforwardly to the case with generic Riemann surfaces of higher genus following [21], and it would be worthwhile also to consider disk amplitudes [48, 49, 18]. Moreover, the Liouville theories with extended superconformal W -algebras, that we have arrived at, should be studied. We have given the precise actions of these theories and a next important step is to find their possible dualities. This is because in particular these in turn can be used to derive dualities for the original theories and cosets thereof. Using the explicit form of actions, it might be also possible to compute correlation functions of these theories.

Recently, it was proposed in [50, 51] that two dimensional Toda theory is related to four dimensional SU(N) gauge theory. Moreover, including surface operators in the gauge theory is argued to change the two dimensional theory to the one with the symmetry of current algebra or W -algebra [52, 53, 54, 55]. One family of W -algebras that appears in this relation are the Bershadsky-Polyakov algebras W^{N−1}_N [55], where these algebras can be constructed from SL(N) WZNW models via Drindfel’d-Sokolov reduction [56]. The construction uses a so-called good minimal graduation of sl(N). But this is exactly the type of decomposition we needed for our superalgebras. Hence, it is reasonable to expect that our derivation carries over to a correspondence between SL(N) WZNW models and theories with W^{N−1}_N symmetry. We will report on this in a forthcoming paper [57].

Acknowledgement

We would like to thank Louise Dolan, Thomas Quella and Volker Schomerus for useful discussions. The work of YH is supported in part by Keio Gijuku Academic Development Funds, and the work of TC partially by U.S. Department of Energy, Grant No. DE-FG02- 06ER-4141801, Task A.

A Notations

In this appendix we briefly define the notations used in the main text for the Lie algebras psl(2|2) and osp(n|2).

A.1 The Lie superalgebra psl(2|2)

First we consider the notation for psl(2|2). The same notation is used for psu(2|2) with appropriate realness conditions on the fields. The Lie superalgebra psl(2|2) is generated by six bosonic elements E^0_i , E^±_i and eight fermionic ones S^±_{α,β}, with i = 1, 2 and α, β = 1, 2. Here the notation of [10] is adopted. The bosonic subalgebra is sl(2) ⊕ sl(2), [E^0_i , E^±_i ] = ±E^±_i , [E^+_i , E^−_i ] = 2E^0_i . (A.1) Among the bosonic and fermionic generators the relations are [E^0_1 , S^±_{1α}] = ±^1_2 S^±_{1α} , [E^0_1 , S^±_{2α}] = ±^1_2 S^±_{2α} , [E^0_2 , S^±_{1α}] = ±^1_2 S^±_{1α} , [E^0_2 , S^±_{2α}] = ∓^1_2 S^±_{2α} , [E^±_1 , S^∓_{1α}] = ±S^±_{2α} , [E^±_1 , S^∓_{2α}] = ∓S^±_{1α} , [E^±_2 , S^∓_{1α}] = ±S^∓_{2α} , [E^±_2 , S^±_{2α}] = ∓S^±_{1α} .

(A.2)

The fermionic generators satisfy {S^±_{1α}, S^±_{2β}} = ∓2ϵ_{αβ} E^±_1 , {S^±_{1α}, S^∓_{2β}} = ±2ϵ_{αβ} E^±_2 , {S^+_{1α}, S^−_{1β}} = 2ϵ_{αβ} (E^0_1 − E^0_2 ) , {S^+_{2α}, S^−_{2β}} = 2ϵ_{αβ}(E^0_1 + E^0_2 ) .

(A.3)

The invariant bilinear form is str E^0_1 E^0_1 = 1 2 , str E^+_1 E^−_1 = 1 , str E^0_2 E^0_2 = − 1 2 , str E^+_2 E^−_2 = −1 , str S^±_{1α}S^∓_{1β} = 2ϵ_{αβ} , str S^±_{2α}S^∓_{2β} = 2ϵ_{αβ} ,

(A.4)

with ϵ_{12} = 1.

These generators can be expressed by using 4 × 4 matrices. With the usual Pauli matrices

σ^3 = ( 1 0 0 −1 ) , σ^+ = ( 0 1 0 0 ) , σ^− = ( 0 0 1 0 ) (A.5)

the bosonic generators are given by

E^0_1 = 1 2 ( σ^3 0 0 0 ) , E^±_1 = ( σ^± 0 0 0 ) , E^0_2 = 1 2 ( 0 0 0 σ^3 ) , E^±_2 = ( 0 0 0 σ^± ) . Defining the following matrices as

σ̂^+ = ( 1 0 0 0 ) , σ̂^− = ( 0 0 0 1 ) , (A.6)

fermionic generators^1 are given by

S^±_{11} = √ 2 ( 0 σ^± 0 0 ) , S^±_{12} = √ 2 ( 0 0 σ^± 0 ) , (A.7)

S^±_{21} = √ 2 ( 0 ±σ̂^± 0 0 ) , S^±_{22} = √ 2 ( 0 0 ∓σ̂^∓ 0 ) . A.2 The Lie superalgebra osp(n|2)

A good way to describe the Lie superalgebra is via supermatrices. Define the matrix

G_{IJ} = I_n 0 0 0 0 1 0 −1 0

, (A.8)

where the label I, J runs from 1 to n + 2, and I_n is the n × n identity matrix. Moreover, we define (e_{IJ} )_{KL} = δ_{IL}δ_{JK} . Using i, j = 1, · · · , n and ī, j̄ = n + 1, n + 2, the generators of osp(n|2) are then given by

E_{ij} = G_{ik}e_{kj} − G_{jk}e_{ki} , E¯_i¯_j = G¯_i¯_ke¯_k¯_j + G¯_j¯_ke¯_k¯_i , E_i¯_j = E¯_{ji} = G_{ik}e_k¯_j + G¯_j¯_ke¯_{ki} .

The sl(2) subgroup is generated by

E_{(n+1)(n+2)} = −2E^0 , E_{(n+1)(n+1)} = 2E^+ , E_{(n+2)(n+2)} = −2E^− (A.9)

1These are generators of SU(2|2) Lie algebra, therefore these generators satisfy the above (anti-)commutation relations for the PSU(2|2) Lie superalgebra up to the generator of U(1) Lie algebra.

and the fermionic part is

E_{i(n+1)} = F^+_i , E_{i(n+2)} = F^−_i . (A.10)

Commutation relations are

[E^0, E^±] = ±E^± , [E^+, E^−] = 2E^0 , (A.11)

[E^0, F^±_i ] = ±^1_2 F^±_i , {F^±_i , F^±_j } = ±2δ_{i,j}E^± .

B Extended superconformal algebras

In this appendix we show that the theories obtained have desired symmetries. In the next subsection, we study the theory with small N = (4, 4) superconformal symmetry. In appendix B.2 we summarize the Knizhnik’s so(n) superconformal algebra [25]. In appendix B.3, we study the theories with general extended superconformal symmetry.

B.1 Small N = 4 superconformal algebra

We will now show that the theory with action (2.16) provides a free field realization of small N = 4 superconformal algebra. The small N = 4 superconformal algebra is generated by bosonic currents T (z), J^i(z) with i = 1, 2, 3 and fermionic currents G^±_α with α = 1, 2. The central charge is c = 6(k − 1) and the level of the SU(2) currents is k − 1. The currents have the following OPEs (see, for instance, [41]) T (z)T (w) ∼ c/2 (z − w)^4 + 2T (w) (z − w)^2 + ∂T (w) z − w ,

J^i(z)J^j (w) ∼ k − 1 2 δ^{ij} (z − w)^2 + iϵ^{ijk}J^k(w) z − w ,

T (z)J^i(w) ∼ J^i(w) (z − w)^2 + ∂J^i(w) z − w ,

T (z)G^±_α (w) ∼ 3 2 G^±_α (w) (z − w)^2 + ∂G^±_α (w) z − w ,

J^i(z)G^±_α (w) ∼ ± 1 2 σ^{i,±}_{βα} G^±_β (w) z − w ,

G^+_α (z)G^−_β (w) ∼ 2c/3δ_{αβ} (z − w)^3 + 4σ̄^i_{αβ} J^i(w) (z − w)^2 + 2T (w)δ_{αβ} + 2σ̄^i_{αβ} ∂J^i(w) z − w .

(B.1)

Let us construct these currents using the symmetries of the action of small N = 4 super Liouville theory in (2.16). The field content is the bosonic field ϕ(z), the su(2) currents K^i(z) and the fermionic fields ψ^α_±(z) with α = 1, 2. The OPEs of these fields are ϕ(z)ϕ(w) ∼ − 1 2 ln(z − w) , ψ^α_±(z)ψ^β_∓(w) ∼ δ_{αβ} z − w ,

K^i(z)K^j (w) ∼ k − 2 2 δ^{ij} (z − w)^2 + iϵ^{ijk}K^k(w) z − w . (B.2)

We find that the generators of N = 4 super conformal algebra are realized by T (z) = −∂ϕ∂ϕ + Q∂^2ϕ − 1 2 (ψ^α_+∂ψ^α_− + ψ^α_−∂ψ^α_+) + 1 k K^iK^i ,

J^i(z) = K^i + 1 2 ψ^α_+σ^i_{αβ} ψ^β_− ,

G^±_α = i √ 2 ( ψ^α_±∂ϕ − Q∂ψ^α_± ± 1 √ k (ψ^β_±σ^{i,±}_{βα} K^i − ψ^α_±ψ^β_+ψ^β_−) ) .

(B.3)

Here Q = √ k − 1/ √ k and the normal ordering is implicitly assumed. We have defined σ^{i,+}_{αβ} = σ^i_{αβ} and σ^{i,−}_{αβ} = σ̄^i_{αβ} for the simplicity of expressions.

The next step is to show that the term S_{int} in (2.16) is a screening charge. Let us write the supercharges in notation of [58]. The relation is

G^± = 1 √ 2 G^±_1 , G^{′±}_2 = − 1 √ 2 G^∓_2 , (B.4)

where G^± and G^{′±} both generate an N = 2 superconformal algebra. The two interaction terms are V_1 + V_2 = 1 k ψ_−qψ̄_−e^{bϕ} + 1 k ψ̄_+q^{−1}ψ_+e^{bϕ} , (B.5)

the third term in (2.16) is a contact term that we remove. We compute

G^+(z)V_1(w) ∼ 0 , G^−(z)V_1(w) ∼ −∂ ( ik^{−1/2}q_{1α}ψ̄^α_−e^{bϕ} z − w ) ,

G^{′+}(z)V_1(w) ∼ ∂ ( ik^{−1/2}q_{2α}ψ̄^α_−e^{bϕ} z − w ) , G^{′−}(z)V_1(w) ∼ 0

(B.6)

and G^+(z)V_2(w) ∼ ∂ ( ik^{−1/2}ψ̄^α_+q^{−1}_{α1} e^{bϕ} z − w ) , G^−(z)V_2(w) ∼ 0 ,

G^{′+}(z)V_2(w) ∼ 0 , G^{′−}(z)V_2(w) ∼ −∂ ( ik^{−1/2}ψ̄^α_+q^{−1}_{α2} e^{bϕ} z − w ) . (B.7)

Similarly one can compute that the OPE of the currents J^i and the energy-momentum tensor T with the fields V_a are regular up to total derivatives. Hence, V_1 and V_2 are screening charges for our free field representation of the small N = (4, 4) superconformal algebra.

But they are even more, namely F-terms of N = (2, 2) superconformal theories,

V_1(w) = 1 2πi ∮ w dz [ AG^+(z)(ik^{−1/2}q_{1α}ψ̄^α_−e^{bϕ})(w)+

+ (A − 1)G^{′−}(z)(ik^{−1/2}q_{2α}ψ̄^α_−e^{bϕ})(w) ] ,

V_2(w) = − 1 2πi ∮ w dz [ BG^−(z)(−ik^{−1/2}ψ̄^α_+q^{−1}_{α1} e^{bϕ})(w)+

+ (B + 1)G^{′+}(z)(−ik^{−1/2}ψ̄^α_+q^{−1}_{α2} e^{bϕ})(w) ] ,

(B.8)

where A and B are free coefficients. This shows that in the N = (2, 2) formalism we can write the terms as chiral and anti-chiral F-terms since we also have

G^−(z)q_{1α}ψ̄^α_−e^{bϕ}(w) ∼ 0 , G^{′+}(z)q_{2α}ψ̄^α_−e^{bϕ}(w) ∼ 0 ,

G^+(z)ψ̄^α_+q^{−1}_{α1} e^{bϕ}(w) ∼ 0 , G^{′−}(z)ψ̄^α_+q^{−1}_{α2} e^{bϕ}(w) ∼ 0 .

(B.9)

B.2 Knizhnik’s N = (n, n) superconformal algebra

The action (2.31) provides a free field realization for Knizhnik’s so(n)-extended superconformal W -algebra [25]. This is generated by so(n) currents, Virasoro field and super currents. The so(n) currents are

J^a = K^a + 1 2 ψ^it^a_{ij} ψ^j . (B.10)

Here K^a are the so(n) currents with level k − 1 and t^a_{ij} are the generators of so(n). The supercurrents are

G^i = i √ 2 ( ψ^i∂ϕ − Q∂ψ^i + 1 2 √ k + n/2 − 2 (ψ^j t^a_{ij} K^a) ) . (B.11)

Note that there is no triple fermion term. For n = 1, 2, 3, 4 these generate the N = n superconformal algebra, while for larger n the OPEs looks like a W -algebra [25]: G^i(z)G^j (w) ∼ Bδ^{ij} (z − w)^3 + Kt^a_{ij} J^a(w) (z − w)^2 + 1 2 Kt^a_{ij} ∂J^a(w) + 2δ^{ij}T (w) + γΠ^{ab}_{ij} : J^aJ^b : (w) z − w , (B.12) where the last term is the standardly normal ordered product of J^a currents. The constants B, K, γ are uniquely determined via the Jacobi identities in terms of k and n, B = KS , K = 2S + n − 4 S + n − 3 ,

γ = 1 2 1 S + n − 3 , S = 2k − 1 . (B.13)

The generators of the Lie algebra are denoted t^a_{ij} and are normalized such that tr(t^at^b) = −2δ^{ab}. Finally, we have defined

Π^{ab}_{ij} = t^a_{im}t^b_{mj} + t^b_{im}t^a_{mj} + 2δ^{ab}δ_{ij} . (B.14)

B.3 Extended superconformal algebras

These theories were studied in [31], and we summarize their results. Let t^a denote a basis of g_0 and t^α of g_1, i.e. roman indices are bosonic and Greek fermionic. Then the structure constants are

[t^a, t^b] = f^{ab}_ct^c , [t^a, t^α] = R^{aα}_β t^β , [t^α, t^β] = R^{αβ}_at^a . (B.15)

R indicates that the fermions form a representation of the bosonic subalgebra.

The extended superconformal algebra is generated by J^a, T, G^γ where γ is a root in Δ^1_+. The non-trivial OPEs are

J^a(z)G^γ (w) ∼ R^{aγ}_βG^β(w) (z − w) ,

G^{ν−γ′} (z)G^γ (w) ∼ f_1(k) k + h^∨ δ_γ′_{,γ} (z − w)^3 − 1 k + h^∨ 2∑ i=1 f^i_2(k) (2J i_{γ,γ′} (w) (z − w)^2 + ∂J^i_{γ,γ}′ (w) (z − w) ) +

− 2 ν^2 δ_{γ,γ}′ T (w) − S_a(w) (z − w) + 1 k + h^∨ (J^2)_{γ,γ}′ (w) (z − w) . (B.16)

Here i = 1, 2 corresponds to the simple components of a and J_{γ,γ}′ = −R^{γ,−γ′}_aJ^a , (J^2)_{γ,γ}′ = R^{γ,−γ′′}_aδ_γ′′_{+γ}′′′_{,0}R^{−γ′γ′′′}_bJ^aJ^b . (B.17) The f_i(k) are given in table 6 of [31] and S_a is a rescaled Sugawara field for the supersymmetric WZNW of the Lie group of a, see (63) in [31].

A free field realization is given by a current algebra of a, free fermions and the Liouville field ϕ. The level of the current algebra is k_0 with

2(k + h^∨) = α^2_L(k_0 + h^∨_0 ) , (B.18) where h^∨_0 is the dual Coxeter number of a and α_L is the longest root of a. The Sugawara energy-momentum tensor is denoted by T̂ . The free fermions ψ_γ transform in the representation g_{1/2} of a, i.e. the index γ is a root in Δ^1_+. The Liouville field has energy-momentum tensor T_ϕ = −∂ϕ∂ϕ + Q∂^2ϕ , (B.19)

where

Q = (1 − N_f /2)b + b^{−1} , b = ϵ √ ν^2 2(k + h^∨)

, N_f = |Δ^1_+| . (B.20)

Here there is a freedom to choose a sign ϵ = ±. The current algebra has standard OPE, for the fermions we choose a basis such that ψ_γ (z)ψ_{ν−γ}′ (w) ∼ δ_{γ,γ}′ (z − w) . (B.21)

They form also a current algebra of level being the eigenvalue of the quadratic Casimir in the representation. The currents are

j^a = 1 2 R^{aγ′ γ} ψ_γ ψ_{ν−γ}′ . (B.22) The energy momentum tensor is

T_ψ = − 1 2 ∑ γ∈Δ^1_+

ψ_{ν−γ} ∂ψ_γ . (B.23)

The extended superconformal algebra is then generated by the total energy-momentum tensor, total currents and the supercurrents as

T = T̂_a + T_ψ + T_ϕ ,

J^a = Ĵ^a + j^a ,

G_γ = k + ν^2/2 k + h^∨ ∂ψ_γ − b(k + h^∨)∂ϕψ_γ − 1 (k + h^∨) ∑ γ^′ 2∑ i=1 (^ J^i_{γ,γ}′ + c^i_2j^i_{γ,γ}′ ) ψ_γ′ . (B.24)

The number c^i is in table 5 of [31]. The anti-holomorphic side is constructed analogously. The screening charge for this system is [31]

S = e^{bϕ}ψ_γ Φ^{γ,γ̄}ψ̄_{γ̄} , (B.25)

where Φ transforms as Δ^1_± under holomorphic (plus) and anti-holomorphic (minus) currents, and γ̄ is in Δ^1_−. This is exactly the form of our fermion interaction term e^{bϕ}⟨ψ, Ad(q)ψ̄⟩ in (3.42).

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200].

[2] R. R. Metsaev and A. A. Tseytlin, “Type IIB superstring action in AdS_5 × S^5 background,” Nucl. Phys. B 533, 109 (1998) [arXiv:hep-th/9805028].

[3] N. Berkovits, C. Vafa and E. Witten, “Conformal field theory of AdS background with Ramond-Ramond flux,” JHEP 9903, 018 (1999) [arXiv:hep-th/9902098].

[4] K. B. Efetov, “Supersymmetry and theory of disordered metals,” Adv. Phys. 32 (1983) 53; “Supersymmetry in disorder and chaos,” Cambridge University Press (1997).

[5] M. R. Zirnbauer, “Conformal field theory of the integer quantum Hall plateau transition,” arXiv:hep-th/9905054.

[6] M. J. Bhaseen, I. I. Kogan, O. A. Solovev, N. Tanigichi and A. M. Tsvelik, “Towards a field theory of the plateau transitions in the integer quantum Hall effect,” Nucl. Phys. B 580, 688 (2000) [arXiv:cond-mat/9912060].

[7] S. Guruswamy, A. LeClair and A. W. W. Ludwig, “gl(N|N) super-current algebras for disordered Dirac fermions in two dimensions,” Nucl. Phys. B 583, 475 (2000) [arXiv:cond-mat/9909143].

[8] L. Rozansky and H. Saleur, “Quantum field theory for the multivariable Alexander- Conway polynomial,” Nucl. Phys. B 376, 461 (1992).

[9] V. Schomerus and H. Saleur, “The GL(1|1) WZW model: From supergeometry to logarithmic CFT,” Nucl. Phys. B 734, 221 (2006) [arXiv:hep-th/0510032].

[10] G. Gotz, T. Quella and V. Schomerus, “The WZNW model on PSU(1,1|2),” JHEP 0703, 003 (2007) [arXiv:hep-th/0610070].

[11] H. Saleur and V. Schomerus, “On the SU(2|1) WZNW model and its statistical mechanics applications,” Nucl. Phys. B 775, 312 (2007) [arXiv:hep-th/0611147].

[12] T. Quella and V. Schomerus, “Free fermion resolution of supergroup WZNW models,” JHEP 0709 (2007) 085 [arXiv:0706.0744 [hep-th]].

[13] T. Creutzig, T. Quella and V. Schomerus, “Branes in the GL(1|1) WZNW-Model,” Nucl. Phys. B792 (2008) 257-283. [arXiv:0708.0583 [hep-th]].

[14] T. Creutzig and V. Schomerus, “Boundary correlators in supergroup WZNW models,” Nucl. Phys. B807 (2009) 471-494. [arXiv:0804.3469 [hep-th]].

[15] T. Creutzig, “Geometry of branes on supergroups,” Nucl. Phys. B812 (2009) 301- 321. [arXiv:0809.0468 [hep-th]].

[16] T. Creutzig and P. B. Ronne, “The GL(1|1)-symplectic fermion correspondence,” Nucl. Phys. B815 (2009) 95-124. [arXiv:0812.2835 [hep-th]].

[17] T. Creutzig, “Branes in supergroups,” [arXiv:0908.1816 [hep-th]].

[18] T. Creutzig and Y. Hikida, “Branes in the OSP(1|2) WZNW model,” Nucl. Phys.

B842 (2011) 172-224. [arXiv:1004.1977 [hep-th]].

[19] Y. Hikida and V. Schomerus, “Structure constants of the OSP(1|2) WZNW model,” JHEP 0712, 100 (2007) [arXiv:0711.0338 [hep-th]].

[20] S. Ribault and J. Teschner, “H^+_3 WZNW correlators from Liouville theory,” JHEP 0506, 014 (2005) [arXiv:hep-th/0502048].

[21] Y. Hikida and V. Schomerus, “H^+_3 WZNW model from Liouville field theory,” JHEP 0710, 064 (2007) [arXiv:0706.1030 [hep-th]].

[22] M. Ademollo et al., “Supersymmetric strings and color confinement,” Phys. Lett. B 62, 105 (1976).

[23] E. A. Ivanov, S. O. Krivonos and V. M. Leviant, “A new class of superconformal sigma models with the Wess-Zumino action,” Nucl. Phys. B 304, 601 (1988).

[24] E. A. Ivanov, S. O. Krivonos and V. M. Leviant, “Quantum N = 3, N = 4 superconformal WZW sigma models,” Phys. Lett. B 215, 689 (1988) [Erratum-ibid. B 221, 432 (1989)].

[25] V. G. Knizhnik, “Superconformal algebras in two dimensions,” Theor. Math. Phys.

66, 68 (1986).

[26] M. A. Bershadsky, “Superconformal algebras in two-dimentions with arbitrary N,” Phys. Lett. B 174, 285 (1986).

[27] M. Bershadsky and H. Ooguri, “Hidden OSp(N, 2) symmetries in superconformal field theories,” Phys. Lett. B 229, 374 (1989).

[28] K. Ito and J. O. Madsen, “Hamiltonian reduction and classical extended superconformal algebras,” Phys. Lett. B 283, 223 (1992) [arXiv:hep-th/9202058].

[29] K. Ito, J. O. Madsen and J. L. Petersen, “Free field representations of extended superconformal algebras,” Nucl. Phys. B 398, 425 (1993) [arXiv:hep-th/9207009].

[30] K. Ito, J. O. Madsen and J. L. Petersen, “Free field representations and screening operators for the N = 4 doubly extended superconformal algebras,” Phys. Lett. B 292, 298 (1992) [arXiv:hep-th/9207010].

[31] K. Ito, J. O. Madsen, J. L. Petersen, “Extended superconformal algebras from classical and quantum Hamiltonian reduction,” [hep-th/9211019].

[32] K. Ito, J. O. Madsen and J. L. Petersen, “Extended superconformal algebras and free field realizations from Hamiltonian reduction,” Phys. Lett. B 318, 315 (1993) [arXiv:hep-th/9307189].

[33] P. Bowcock, “Exceptional superconformal algebras,” Nucl. Phys. B 381, 415 (1992) [arXiv:hep-th/9202061].

[34] E. S. Fradkin and V. Y. Linetsky, “Results of the classification of superconformal algebras in two-dimensions,” Phys. Lett. B 282, 352 (1992) [arXiv:hep-th/9203045].

[35] V. A. Fateev, A. B. Zamolodchikov and Al. B. Zamolodchikov, unpublished.

[36] Y. Hikida and V. Schomerus, “The FZZ-duality conjecture - A proof,” JHEP 0903, 095 (2009) [arXiv:0805.3931 [hep-th]].

[37] T. Creutzig, Y. Hikida and P. B. Ronne, “The FZZ duality with boundary,” arXiv:1012.4731 [hep-th].

[38] K. Hori and A. Kapustin, “Duality of the fermionic 2d black hole and N = 2 Liouville theory as mirror symmetry,” JHEP 0108, 045 (2001) [arXiv:hep-th/0104202].

[39] G. Giribet, Y. Hikida and T. Takayanagi, “Topological string on OSP(1|2)/U(1),” JHEP 0909, 001 (2009) [arXiv:0907.3832 [hep-th]].

[40] T. Creutzig and P. B. Ronne, “From world-sheet supersymmetry to super target spaces,” JHEP 1011, 021 (2010) [arXiv:1006.5874 [hep-th]].

[41] J. de Boer, J. Manschot, K. Papadodimas and E. Verlinde, “The chiral ring of AdS_3/CFT_2 and the attractor mechanism,” JHEP 0903, 030 (2009) [arXiv:0809.0507 [hep-th]].

[42] K. Gawedzki, “Noncompact WZW conformal field theories,” arXiv:hep-th/9110076.

[43] V. G. Kac, M. Wakimoto, “Quantum reduction and representation theory of superconformal algebras,” [math-ph/0304011].

[44] L. Frappat, P. Sorba and A. Sciarrino, “Dictionary on Lie superalgebras,” arXiv:hep-th/9607161.

[45] V. G. Kac, M. Wakimoto, “Integrable highest weight modules over affine superalgebras and number theory,” [hep-th/9407057].

[46] K. Schoutens, “O(N) extended superconformal field theory in superspace,” Nucl.

Phys. B 295, 634 (1988).

[47] A. Sevrin, W. Troost and A. Van Proeyen, “Superconformal algebras in twodimensions with N = 4,” Phys. Lett. B 208, 447 (1988).

[48] K. Hosomichi and S. Ribault, “Solution of the H^+_3 model on a disc,” JHEP 0701, 057 (2007) [arXiv:hep-th/0610117].

[49] V. Fateev and S. Ribault, “Boundary action of the H^+_3 model,” JHEP 0802, 024 (2008) [arXiv:0710.2093 [hep-th]].

[50] L. F. Alday, D. Gaiotto and Y. Tachikawa, “Liouville correlation functions from four-dimensional gauge theories,” Lett. Math. Phys. 91, 167 (2010) [arXiv:0906.3219 [hep-th]].

[51] N. Wyllard, “A(N −1) conformal Toda field theory correlation functions from conformal N = 2 SU(N) quiver gauge theories,” JHEP 0911, 002 (2009). [arXiv:0907.2189 [hep-th]].

[52] L. F. Alday, Y. Tachikawa, “Affine SL(2) conformal blocks from 4d gauge theories,” Lett. Math. Phys. 94, 87-114 (2010). [arXiv:1005.4469 [hep-th]].

[53] C. Kozcaz, S. Pasquetti, F. Passerini, N. Wyllard, “Affine sl(N) conformal blocks from N = 2 SU(N) gauge theories,” JHEP 1101, 045 (2011). [arXiv:1008.1412 [hepth]].

[54] N. Wyllard, “W -algebras and surface operators in N = 2 gauge theories,” [arXiv:1011.0289 [hep-th]].

[55] N. Wyllard, “Instanton partition functions in N = 2 SU(N) gauge theories with a general surface operator, and their W -algebra duals,” [arXiv:1012.1355 [hep-th]].

[56] M. Bershadsky, “Conformal field theories via Hamiltonian reduction,” Commun.

Math. Phys. 139, 71-82 (1991).

[57] T. Creutzig, Y. Hikida and P. Ronne, in preparation.

[58] I. Brunner, M. R. Gaberdiel, C. A. Keller, “Matrix factorisations and D-branes on K3,” JHEP 0606 (2006) 015. [hep-th/0603196].