arXiv:1103.6145v2 [hep-th] 21 Apr 2011

TUW–11–08

Three- and four-point correlators of operators dual to folded string solutions in AdS_5 × S^5

D. Arnaudov^⋆, R. C. Rashkov^{†,⋆∗} and T. Vetsov^⋆

⋆ Department of Physics, Sofia University, 5 J. Bourchier Blvd, 1164 Sofia, Bulgaria

† Institute for Theoretical Physics, Vienna University of Technology, Wiedner Hauptstr. 8-10, 1040 Vienna, Austria

Abstract

Recently there has been progress on the calculation of n-point correlation functions with two “heavy” (with large quantum numbers) states at strong coupling. We extend these findings by computing three-point functions corresponding to a folded three-spin semiclassical string with one angular momentum in AdS and two equal spins in the sphere. We recover previous results as limiting cases. Also, following a recent paper by Buchbinder and Tseytlin, we provide relevant four-point functions and consider some of their limits.

1 Introduction

The attempts to establish a correspondence between the large N limit of gauge theories and string theory has more than 30 years history and over the years it showed different faces. Recently an explicit realization of this correspondence was provided by the Maldacena conjecture about AdS/CFT correspondence [1]. The convincing results from the duality between type IIB string theory on AdS_5 × S^5 and N = 4 super Yang-Mills theory [1, 2, 3] made this subject a major research area, and many fascinating new features have been established.

∗e-mail: rash@hep.itp.tuwien.ac.at.

One of the consequences of this correspondence is that the planar correlators of singletrace conformal primary operators in the boundary gauge theory should be related to the correlation functions of the corresponding closed-string vertex operators on a worldsheet with S^2 topology. We begin by examining a correlator with two “heavy” vertex operators (with large quantum numbers of the order of the string tension) and a number of “light” vertex operators (with quantum numbers and dimensions of order one). Then the large √ λ behavior of correlation functions of such operators is fixed by a semiclassical string trajectory determined by the “heavy” operator insertions, and with sources provided by the vertex operators of the “light” states. The exact procedure is the following. First, we construct the classical string solution that determines the leading large √ λ contribution to the correlator of the “heavy” operators. Second, we calculate the full correlation function by evaluating the product of “light” vertex operators on this solution.

This semiclassical approach was developed for the computation of two-point functions in [4]-[8]. A generalization to certain three-point functions was discussed in [9, 8], and addressed in [10, 11], where the “heavy” operators corresponded to a semiclassical string state with large spin in S^5 and the “light” operator represented a BPS state – massless (supergravity) scalar or dilaton mode. The extension to vertex operator insertions was made in [12]. Further developments can be traced in subsequent papers [13]-[17]. Recently, a generalization to four-point functions was initiated in [18], and various correlators were calculated. Furthermore, the validity of the method was checked via differentiation by λ, and comparison with results from the gauge theory side was provided.

Motivated by these studies, we consider the 3-point correlation functions of two “heavy” operators, corresponding to a folded string solution with three spins (one in AdS_5 and two equal ones in S^5), and one BPS (dilaton or chiral primary) operator. We generalize some of the results presented in [12]. Furthermore, we extend the findings of [18] by calculating four-point functions of two “heavy” operators, which correspond to solutions with two and three spins, and two BPS operators.

The paper is organized as follows. To explain the method, in the next Section we give a short review of the procedure for calculating semiclassically n-point correlation functions via vertex operators. Next, we proceed with the calculation of three-point correlation functions for a particular three-spin string solution, taking either the dilaton or the chiral primary operator (CPO) as the “light” operator. We provide several limiting cases of the correlators. Then, we compute a number of related four-point functions and their limits. We conclude with a brief discussion on the results.

2 Correlation functions with two “heavy” operators

Let us start with reviewing the case of two-point correlators. Their calculation in the leading semiclassical approximation is intimately related to finding an appropriate classical string solution [6]-[9]. If V_{H1}(ξ_1) and V_{H2}(ξ_2) are the two “heavy” vertex operators inserted at points ξ_1 and ξ_2 on the worldsheet (chosen as a plane or a sphere, because we consider planar AdS/CFT duality), the two-point function for large string tension ( √ λ ≫ 1) is determined by the stationary point of the action

⟨V_{H1}(ξ_1)V_{H2}(ξ_2)⟩ ∼ e^{−I} , (2.1)

where I is the action of the AdS_5 × S^5 superstring sigma model in the embedding coordinates I = √ λ 4π ∫ d^2ξ ( ∂Y_M ¯∂Y^M + ∂X_k ¯∂X_k + fermions ) , (2.2)

Y_M Y^M = −Y^2_0 − Y^2_5 + Y^2_1 + Y^2_2 + Y^2_3 + Y^2_4 = −1 , X_kX_k = X^2_1 + . . . + X^2_6 = 1 .

We work in conformal gauge and use a worldsheet with Euclidean signature. Thus, the 2D derivatives are ∂ = ∂_1 + i∂_2, ¯∂ = ∂_1 − i∂_2. The relation between the embedding coordinates, and the global and Poincaré coordinates in AdS_5 that we will need below is

Y_5 + iY_0 = cosh ρ e^{it}, Y_1 + iY_2 = sinh ρ cos θ e^{iϕ1} , Y_3 + iY_4 = sinh ρ sin θ e^{iϕ2} ,

Y_m = x_m z , Y_4 = 1 2z (−1 + z^2 + x^mx_m) , Y_5 = 1 2z (1 + z^2 + x^mx_m) , (2.3)

where x^mx_m = −x^2_0 + x_ix_i (m = 0, 1, 2, 3; i = 1, 2, 3). However, for convenience we will use from now on the Euclidean continuation of AdS_5

t_e = it , Y_{0e} = iY_0 , x_{0e} = ix_0 , (2.4)

so that Y_M Y^M = −Y^2_5 + Y^2_{0e} + Y_iY_i + Y^2_4 = −1.

The stationary point solution solves the string equations of motion with singular sources determined by V_{H1}(ξ_1) and V_{H2}(ξ_2). Using the conformal symmetry of the theory one can map the ξ-plane to the Euclidean cylinder parameterized by (τ_e, σ) e^{τe+iσ} = ξ − ξ_2 ξ − ξ_1 . (2.5)

Under this conformal map the singular solution on the ξ-plane transforms into a smooth classical string solution on the cylinder [6, 7, 8]. The new solution carries the same quantum numbers as the states represented by the vertex operators, so that no information is lost.

The discussion above can be repeated for a physical integrated vertex operator labeled by a point x on the boundary of the Poincaré patch of AdS_5 [4, 6]

V_H (x) = ∫ d^2ξ V_H (ξ; x) , V_H (ξ; x) ≡ V_H (z(ξ), x(ξ) − x, X_k(ξ)) . (2.6)

The semiclassical two-point correlator ⟨V_{H1}(x_1)V_{H2}(x_2)⟩ is again fixed by the classical action on the stationary point solution. After we apply the conformal map to the cylinder (2.5) we obtain a smooth solution that is actually the corresponding spinning string solution in terms of Poincaré coordinates which satisfies the boundary conditions (see [8] for details)

τ_e → −∞ =⇒ z → 0 , x → x_1 , τ_e → +∞ =⇒ z → 0 , x → x_2 . (2.7)

In a similar way one can calculate semiclassically three-point functions with two “heavy” and one “light” operators [10, 12]

G_3(x_1, x_2, x_3) = ⟨V_{H1}(x_1)V_{H2}(x_2)V_L(x_3)⟩ (2.8) = ∫ DX^M e^{−I} ∫ d^2ξ_1d^2ξ_2d^2ξ_3 V_{H1}(ξ_1; x_1)V_{H2}(ξ_2; x_2)V_L(ξ_3; x_3) ,

where ∫ DX^M is the integral over (Y_M , X_k). In the stationary point equations the contribution of the “light” operator can be neglected, so that the solution is the same as in the case of two-point function of two “heavy” operators. Thus we obtain [12] G_3(x_1, x_2, x_3) G_2(x_1, x_2) = ∫ d^2ξ V_L(z(ξ), x(ξ) − x_3, X_k(ξ)) , (2.9)

where (z(ξ), x(ξ), X_k(ξ)) represents the corresponding string solution with the same quantum numbers as the “heavy” vertex operators, and with the boundary conditions (2.7) transformed to the ξ-plane by (2.5). With the help of the 2D conformal invariance we can also represent (2.9) in terms of the cylinder ( ∫ d^2σ = ∫_∞ −∞ dτ_e ∫_{2π} 0 dσ) G_3(x_1, x_2, x_3) G_2(x_1, x_2) = ∫ d^2σ V_L(z(τ_e, σ), x(τ_e, σ) − x_3, X_k(τ_e, σ)) . (2.10)

The global conformal SO(2, 4) symmetry determines the two- and three-point correlators (assuming that V_{H2} = V^∗_{H1})

G_2(x_1, x_2) =

C_{12} δ_{Δ1,Δ2} x^{Δ1+Δ2} 12 , x_{ij} ≡ |x_i − x_j | , (2.11)

G_3(x_1, x_2, x_3) =

C_{123} x^{Δ1+Δ2−Δ3}

12 x^{Δ1+Δ3−Δ2}

13 x^{Δ2+Δ3−Δ1} 23 , (2.12)

where Δ_i are the dimensions of the operators. With a proper choice of x_i one can remove the dependence on x_{ij} in (2.10), and use (2.10) to calculate the structure constants C_{123} [10, 12]. Presuming that Δ_1 = Δ_2, we find (after setting C_{12} = 1 in (2.11)) that

G_3(x_1, x_2, x_3 = 0)

G_2(x_1, x_2)

= C_{123} ( x_{12} |x_1| |x_2|

)_{Δ3}

. (2.13)

Now let us concentrate on the case of the four-point function

G_4(x_1, x_2, x_3, x_4) = ⟨V_{H1}(x_1)V_{H2}(x_2)V_{L1}(x_3)V_{L2}(x_4)⟩ (2.14) = ∫ DX^M e^{−I} ∫ d^2ξ_1d^2ξ_2d^2ξ_3d^2ξ_4 V_{H1}(ξ_1; x_1)V_{H2}(ξ_2; x_2)V_{L1}(ξ_3; x_3)V_{L2}(ξ_4; x_4) .

The semiclassical trajectory being the same, to compute the leading term in G_4 we need to evaluate the product of the “light” operators on the solution

G_4(x_1, x_2, x_3, x_4)

G_2(x_1, x_2) = ∫ d^2ξ_3 V_{L1}(z(ξ_3), x(ξ_3)−x_3, X_k(ξ_3)) ∫ d^2ξ_4 V_{L2}(z(ξ_4), x(ξ_4)−x_4, X_k(ξ_4)) . (2.15) Transforming to the (τ_e, σ)-coordinates we obtain

G_4(x_1, x_2, x_3, x_4) G_2(x_1, x_2) = ∫ d^2σ V_{L1}(z(τ_e, σ), x(τ_e, σ) − x_3, X_k(τ_e, σ)) × ∫ d^2σ^′ V_{L2}(z(τ^′_e, σ^′), x(τ^′_e, σ^′) − x_4, X_k(τ^′_e, σ^′)) . (2.16)

From (2.10) and (2.16) we get the factorization

⟨V_{H1}(x_1)V_{H2}(x_2)V_{L1}(x_3)V_{L2}(x_4)⟩ =

⟨V_{H1}(x_1)V_{H2}(x_2)V_{L1}(x_3)⟩⟨V_{H1}(x_1)V_{H2}(x_2)V_{L2}(x_4)⟩ ⟨V_{H1}(x_1)V_{H2}(x_2)⟩ , G_4(x_1, x_2, x_3, x_4) =

G_3(x_1, x_2, x_3) G_3(x_1, x_2, x_4)

G_2(x_1, x_2)

. (2.17)

For more details we refer to [7, 8, 12, 18].

3 Three-point correlators for a folded string solution with three spins in AdS_5 × S^5

In this Section we apply the methods described above to the calculation of particular threepoint functions. Without loss of generality we choose x_1 = (−1, 0, 0, 0) and x_2 = (1, 0, 0, 0). We consider a generalization of (3.14) in [12] for the string solution that determines the semiclassical trajectory. Our solution has a large spin S = √ λ S in AdS and two orbital momenta J_1 = J_2 in S^5, and is defined as t_e = κτ_e , ϕ_1 = −iκτ_e , ρ = μσ , μ ≈ 1 π ln S ≫ 1 , κ = √ μ^2 + ν^2 + n^2 , (3.1) γ = π 2 , ψ = nσ , φ_1 = φ_2 = −iντ_e , ν = J = J √ λ , J = J_1 + J_2 , (3.2)

where (γ, ψ, φ_1, φ_2, φ_3) are the coordinates of S^5. The background (3.1) approximates the exact elliptic function solution^1 in the limit κ, μ ≫ 1 on the interval σ ∈ [0,^π_2 ]. To obtain the formal periodic solution on 0 < σ ≤ 2π one needs to combine together four stretches ρ = μσ of the closed, and folded onto itself, string.

1See [5] for the particular case of ν, n = 0.

In the embedding coordinates the AdS part of the solution is

Y_5 = cosh(κτ_e) cosh(μσ) , Y_{0e} = sinh(κτ_e) cosh(μσ) , Y_4 = 0 , Y_1 = cosh(κτ_e) sinh(μσ) , Y_2 = −i sinh(κτ_e) sinh(μσ) , Y_3 = 0 . (3.3)

Alternatively, in Poincaré coordinates (2.3) z = 1 cosh(κτ_e) cosh(μσ)

, x_{0e} = tanh(κτ_e) , x_1 = tanh(μσ) , (3.4)

x_2 = −i tanh(κτ_e) tanh(μσ) , x_3 = 0 , z^2 + x^2_{0e} + x^2_1 + x^2 + x^2_3 = 1 . (3.5)

The energy of the solution is E − S = √ J^2 + λ π^2 ln^2 S + λn^2 = √ λ π √ 1 + ℓ^2_1 + ℓ^2 ln S , ℓ_1 ≡ ν μ , ℓ_2 ≡ n μ . (3.6)

Now we will examine the three-point functions with two “heavy” operators and one “light” operator, which will be either the dilaton, or the superconformal primary scalar (chiral primary operator).

3.1 Dilaton as “light” operator

The 10D dilaton field is decoupled from the metric in the Einstein frame [19]. Thus, it satisfies the free massless 10D Laplace equation in AdS_5 × S^5. The corresponding string vertex operator is proportional to the worldsheet Lagrangian (we will keep nonzero value j of S^5 momentum)

V_L(x = 0) = V^{(dil)}_j (0) = ĉ_ΔK_Δ X^j ( ∂Y_M ¯∂Y^M + ∂X_k ¯∂X_k + fermions ) , (3.7)

K_Δ ≡ ( z z^2 + x^mx_m

)_Δ , X ≡ X_1 + iX_2 = sin γ cos ψ e^{iφ1} ,

where ĉ_Δ depends only on the normalization of the dilaton. Here and below we will ignore the fermionic terms and overall normalization factors in the vertex operators. To the leading order in the large √ λ expansion Δ = 4 + j. The respective dual gauge theory operator is proportional to tr(F^2_{mn}Z^j + . . .) or, for j = 0, just the SYM Lagrangian.

From (2.10), (2.13) and (3.7) follows that

C_{123} = c_Δ ∫_∞ −∞ dτ_e ∫_{2π} 0 dσ K_Δ U , c_Δ = 2^{−Δ}ĉ_Δ , (3.8)

U = X^j [ z^{−2}(∂x_m ¯∂x^m + ∂z ¯∂z) + ∂X_k ¯∂X_k ] . (3.9)

The normalization constant ĉ_Δ of the dilaton vertex operator was calculated in [12]

ĉ_Δ = ĉ_{4+j} = √ λ 8πN √ (j + 1)(j + 2)(j + 3) . (3.10)

Evaluating U on the large-spin folded string classical solution in (3.1) and (3.2) we obtain

U = e^{jντe} cos^j (nσ) (κ^2cosh^2ρ+μ^2 −κ^2sinh^2ρ−ν^2 +n^2) = 2(μ^2 +n^2) e^{jντe} cos^j (nσ) , (3.11)

so that the expression in (3.8) becomes

C_{123} = 4c_Δ ∫_∞ −∞ dτ_e ∫_{π/2} 0 dσ 2(μ^2 + n^2) e^{jντe} cos^j(nσ) [cosh(κτ_e) cosh(μσ)]^{4+j}

, (3.12)

where we have used that the solution for ρ in (3.1) approximates the exact folded solution for μ ≫ 1. Computing the structure constant, we get

C_{123} = 8c_Δ2^{−j} μ^2 + n^2 μκ I_τ j∑ k=0 ( j k ) I_σ , (3.13)

I_τ = 2^{4+j} [ 2F_1 ( 4 + j,^{b+}_2 ; 1 +^{b+}_2 ; −1 ) b_+

+^2

F_1 ( 4 + j,^{b−}_2 ; 1 +^{b−}_2 ; −1 ) b_− ] , (3.14)

I_σ =

2^{4+j} δ [ e^{πμδ/2}_2F_1 ( 4 + j,^δ_2 ; 1 +^δ_2 ; −e^{πμ} ) −_2F_1 ( 4 + j,^δ_2 ; 1 +^δ_2 ; −1 )] , (3.15)

b_± ≡ 4 + j ( 1 ±^ν_κ ) , δ ≡ 4 + j + i(2k − j)^n_μ .

Taking various limits of the above expression is fairly non-trivial, especially with respect to μ. Around n = 0 we have

I_σ = sinh (_{πμ} 2 )_2 F_1

(_1 2 ,^{5+j}_2 ;^3_2 ; −sinh^2 (_{πμ} 2 )) + O(n^2) , (3.16)

which means that the structure constant indeed reduces to (4.10) in [12]. The limit μ → 0 yields

C_{123} ≈ 8c_Δ2^{−j} n √ ν^2 + n^2

I_{τ |κ=}^√_ν2_{+n}2 j∑ k=0 ( j k ) sin (_{(2k−j)nπ} 2 ) 2k − j = 8c_Δ2^{−j} n √ ν^2 + n^2

I_{τ |κ=}^√_ν2_{+n}2 ie^{−ijnπ/2} 2j (3.17) × [ 2F_1 ( − j, −^j_2 ; 1 −^j_2 ; −e^{inπ} ) − e^{ijnπ}_2F_1 ( − j, −^j_2 ; 1 −^j_2 ; −e^{−inπ} )] . It can be seen that the 3-point function is nonvanishing in this limit, because we need also n → 0 to have a geodesic for the classical trajectory.

For the case j = 0 we obtain

C_{123} =

64c_Δ(S − 1)(S^2 + 4S + 1) ( ln S +^{π2n2}_{ln S} )

9π(S + 1)^3 √ J^2 +^{ln2 S}_{π2} + n^2

. (3.18)

In the large S limit, conforming to the discussion in [12], we get

C_{123} ∼ ln S √ J^2 +^{λ ln2 S}_{π2} + λn^2

. (3.19)

Yet another limit is taking j → ∞ and S → ∞, while keeping ℓ_1 and ℓ_2 constant. Then the integrals over τ_e and σ can be both evaluated with a saddle-point approximation

C_{123} ≈ 8πc_Δe^{jh(ℓ1, ℓ2)} j , (3.20)

h(ℓ_1, ℓ_2) = − 1 2 [ ln 1 + ℓ^2_1 + ℓ^2

1 + ℓ^2 + ℓ_1 √ 1 + ℓ^2_1 + ℓ^2 ln √ 1 + ℓ^2_1 + ℓ^2 − ℓ_1 √ 1 + ℓ^2_1 + ℓ^2 + ℓ_1 ] , (3.21)

where

h(ℓ_1, ℓ_2) =

ℓ^2_1 2(1+ℓ^2 ) −

5ℓ^4_1 12(1+ℓ^2)^2 + . . . , ℓ1 → 0

ln 2 −^1_2 (1 + ℓ^2)

(_1

2 + ln^2√_{1+ℓ2} + ln ℓ_1

)_1

ℓ^2_1 + . . . , ℓ1 → ∞

, (3.22)

which should go to the results obtained in [12] for ℓ_2 = 0.

3.2 Superconformal primary scalar as “light” operator

The massless string state corresponding to the chiral primary operator originates from the trace of the graviton in S^5 directions which induces also the components of the graviton in AdS_5 directions, and mixes with the RR 5-form [19, 20]. As discussed in [10, 21], the bosonic part of the respective vertex operator assumes the following form (we ignore derivative terms that will not influence the calculation done below since we have chosen x_1 = −x_2)^2

V_L(x = 0) = V^{(CPO)}_j (0) = ĉ_ΔK_Δ X^j [ z^{−2}(∂x_m ¯∂x^m − ∂z ¯∂z) − ∂X_k ¯∂X_k ] , (3.23)

K_Δ ≡ ( z z^2 + x^mx_m

)_Δ

, X ≡ X_1 + iX_2 = sin γ cos ψ e^{iφ1} ,

where again ĉ_Δ depends only on the normalization of the scalar. The dual gauge theory operator is the BMN operator trZ^j with dimension Δ = j.

2See [18] for details.

It can be inferred from (2.10), (2.13) and (3.23) that

C_{123} = c_Δ ∫_∞ −∞ dτ_e ∫_{2π} 0 dσ K_Δ U , c_Δ = 2^{−Δ}ĉ_Δ , (3.24)

U = X^j [ z^{−2}(∂x_m ¯∂x^m − ∂z ¯∂z) − ∂X_k ¯∂X_k ] , (3.25)

where the normalization constant ĉ_Δ of the CPO is [10, 21]

ĉ_Δ = ĉ_j = √ λ 8πN (j + 1) √ j . (3.26)

We evaluate U on the solution in (3.1) and (3.2), and obtain

U = 2e^{jντe} cos^j (nσ) ( κ^2 cosh^2(κτ_e)

− μ^2 tanh^2(μσ) − n^2 ) , (3.27)

so that (3.24) assumes the following form

C_{123} = 8c_j ∫_∞ −∞ dτ_e ∫_{π/2} 0 dσ e^{jντe} cos^j (nσ) [ cosh(κτ_e) cosh(μσ) ]_j ( κ^2 cosh^2(κτ_e)

− μ^2 tanh^2(μσ) − n^2 ) . (3.28) The result for the integral is too complicated to be presented here, so we will only provide various limits of the structure constant. We note that in contrast to the dilaton case taking the limit n → 0 would not render the findings of [12] because this limit does not commute in general with the integrations in (3.28). Consequently, by taking this limit we obtain original results.

First, let us take ℓ_1 → ∞ and ℓ_2 → 0. We get for the structure constant

C_{123} = c_j

2^j j^2 ( 8 + √ π(2 − 5j)jΓ[^j_2 ] Γ[^{3+j}_2 ] + 8j 4 + j^2

F_1 ( 1, 1 −^j_2 ; 3 +^j_2 ; −1 ) (3.29)

+ 16j tanh (_{πμ} 2 ) (1 + j) cosh^j (_{πμ} 2 ) − 2^{4+j} 1 − j 1 + j e^{πμj/2}_2F_1 ( j,^j_2 ; 1 +^j_2 ; −e^{πμ} ) ) ℓ_1 + O(ℓ^{−1}_1 ) .

Second, we will consider the limit ℓ_1 → 0 and ℓ_2 → 0, while taking S = e^{πμ} → ∞

C_{123} ≈ πc_j Γ[^j_2 ] Γ[^{1+j}_2 ] [ 4 √ π ( 1 j +^2

F_1(1, 1 −^j_2 ; 3 +^j_2 ; −1) 4 + j ) − 3(2 − j)Γ[^j_2 ] (1 + j)Γ[^{1+j}_2 ] ] . (3.30)

Third, let us take the small μ limit. We obtain a result that is still complicated, so we take ℓ_2 → 0 and get for ℓ_1 → 0

C_{123} ≈

8π^{3/2}c_jΓ[1 +^j_2 ]μ (1 + j)Γ[^{1+j}_2 ]

, (3.31) which coincides with (4.30) in [12]. Alternatively, for ℓ_1 → ∞ we obtain

C_{123} ≈ 8πc_j2^j 1 + j μℓ_1 , (3.32)

which again is the same as (4.31) in [12]. Thus, we can also recover the result [20] for the three-point correlator of three BMN-type operators.

4 Four-point functions

In this Section we will consider four-point correlators with two “heavy” operators corresponding to the folded string solutions (3.14) of [12], and (3.1)-(3.2) in the present paper, albeit for generic positions of the “heavy” vertex operators. We will follow closely the calculations done in [18].

4.1 Folded string with one spin in AdS_5 and one in S^5

The large spin gauge theory operators in the functions we will consider are dual to a folded string with spin S in AdS_5 and J in S^5 [12]. Nevertheless, compared to [12] here we start with generic positions x_1, x_2 of the form x_1 = −x_2. The corresponding Euclidean stationary point solution is (we can choose the points x_1 and x_2 to lie on the x_{0e}-axis) z = x_{12} 2cosh(κτ_e) cosh(μσ)

, x_{0e} = x_{12} 2 tanh(κτ_e) + 1 2 (x_1 + x_2) ,

x_1 + ix_2 = x_{12} 2 tanh(μσ) cosh(κτ_e) e^{iϕ1} , ϕ_1 = −iκτ_e , φ_1 = −iντ_e , (4.1) κ = √ μ^2 + ν^2 , μ = 1 π ln S , S = S √ λ ≫ 1 , ν = J = J √ λ . Ignoring for now any contribution from “light” operators, we denote the respective “heavy” vertex operator as V_{S,−J} , with V_{−S,J} ≡ V^∗_{S,−J} . The two-point function of such operators can be calculated in the limit of large S [7, 8, 12]

⟨V_{S,−J} (x_1)V_{−S,J} (x_2)⟩ = 1 x^{2Δ(S,J)} 12 , Δ(S, J) = S + √ J^2 + √ λ π ln S √ λ + . . . . (4.2)

The corresponding three-point functions with two large spin and one BPS operators have already been computed in [12] for specific values of x_1 and x_2. We need 3-point correlators for general x_1 and x_2, and thus we will provide them below. We will consider three choices for the two “light” operators in the four-point functions, namely dilatondilaton, dilaton-CPO (the superconformal primary scalar), and CPO-CPO.

Dilaton-dilaton

The three-point function with one dilaton assumes the following form

G_3(x_1, x_2, x_3 = 0) = ⟨V_{S,−J} (x_1)V_{−S,J−j}(x_2)V_j(0)⟩ , S, J ≫ j , (4.3)

where j is the angular momentum of the dilaton, and we have explicitly maintained the S^5 angular momentum conservation. The structure constants are then determined by the ratio G_3(x_1, x_2, x_3 = 0)/G_2(x_1, x_2), which is given by the integral of the vertex operator (3.7). Evaluated on (4.1), it can be expressed as

G_3(x_1, x_2, x_3 = 0)

G_2(x_1, x_2)

= 4ĉ_{4+j} ∫_∞ −∞ dτ_e ∫_{π/2} 0 dσ 2μ^2x^{4+j}_{12} e^{jντe} (x^2_1e^{κτe} + x^2e^{−κτe} )^{4+j} cosh^{4+j}(μσ)

. (4.4)

We want to pull all the dependence on x_i out of the integral. For this purpose we change the variables κτ_e → τ_e → τ_e + ln^{x2}_{x1} , and μσ → σ, to obtain

G_3(x_1, x_2, x_3 = 0) = C_{S,J,j} x^{2Δ(S,J)−4−j} 12 x^{b+}_1 x^{b−}_2

, b_± ≡ 4 + j ( 1 ±^ν_κ ) , (4.5)

where C_{S,J,j} = 8ĉ_{4+j}μ κ ∫_∞ −∞ dτ_e ∫_{πμ/2} 0 dσ e^{jντe/κ} (e^{τe} + e^{−τe} )^{4+j} cosh^{4+j}σ

. (4.6)

In the formal limit μ → 0, which corresponds to the “heavy” operators being BPS (chiral primary), we get a vanishing structure constant [12], because we have an odd number of dilaton operators. Evaluating the integrals for large S and ℓ ≡^ν_μ → 0 we find that the leading term in C_{S,J,j} does not depend on S C_{S,J,j} ≈ ĉ_{4+j} 4πΓ[2 +^j_2 ]^2 2^{4+j}Γ[^{5+j}_2 ]^2 = √ λ 32N √ (j + 1)(j + 2)(j + 3) Γ[2 +^j_2 ]^2

2^jΓ[^{5+j}_2 ]^2

, (4.7)

which is the same as what can be inferred from (4.15), (4.16) and (4.23) in [12]. In the limit j → ∞ we get for (4.7) C_{S,J,j} → √ λ 16N √ j e^{−j ln 2} , (4.8)

which is expected in a case of three operators with large charges [9, 22].

To restore the x_3 dependence in (4.5) we should replace x_1 with x_{13}, and x_2 with x_{23}. The behavior of (4.5) is then the expected one for three conformal operators with dimensions

Δ_1 = Δ(S, J) + jν 2κ , Δ_2 = Δ(S, J) − jν 2κ , Δ_3 = 4 + j , (4.9)

which is consistent with charge conservation provided that S, J ≫ j.

The four-point correlator can assume the following form

G_4(x_1, x_2, x_3, x_4) = ⟨V_{S,−J} (x_1)V_{−S,J} (x_2)V_{−j} (x_3)V_j(x_4)⟩ . (4.10)

Due to (2.16), for S, J ≫ j, it is given by the product of two dilaton vertex operators evaluated on the solution (4.1). Using (4.2) we thus obtain^3

G_4(x_1, x_2, x_3, x_4) = (C_{S,J,j})^2 x^{2Δ(S,J)}

12 x^{b−}_{13} x^{b+}_{23} x^{b+}_{14} x^{b−}_{24}

. (4.11)

In the form of (2.17) this looks like

G_4(x_1, x_2, x_3, x_4) =

⟨V_{S,−J} (x_1)V_{−S,J} (x_2)V_{−j}(x_3)⟩⟨V_{S,−J} (x_1)V_{−S,J} (x_2)V_j(x_4)⟩ ⟨V_{S,−J} (x_1)V_{−S,J} (x_2)⟩

. (4.12)

Chiral primary operator-chiral primary operator

The three-point function with one superconformal primary scalar is again of the form (4.3), where we have substituted the dilaton vertex operator with the chiral primary one. The structure constants are then determined by the ratio G_3(x_1, x_2, x_3 = 0)/G_2(x_1, x_2) (the integral of the CPO vertex operator). Since we have assumed that x_1 = −x_2, on the solution (4.1) the chiral primary vertex operator takes its simplified form (3.23) (see [18] for details). After integrating (3.23) we obtain

G_3(x_1, x_2, x_3 = 0) G_2(x_1, x_2)

= 4ĉ_j ∫_∞ −∞ dτ_e ∫_{π/2} 0 dσ 2x^j_{12}e^{jντe} (x^2_1e^{κτe} + x^2e^{−κτe} )^j cosh^j(μσ) × [ 4κ^2x^2_1x^2 (x^2_1e^{κτe} + x^2e^{−κτe} )^2

− μ^2 tanh^2(μσ) ] . (4.13)

Again we want to pull all the dependence on x_i out of the integral, so we change the variables κτ_e → τ_e → τ_e + ln^{x2}_{x1} , and μσ → σ, to get

G_3(x_1, x_2, x_3 = 0) = C_{S,J,j} x^{2Δ(S,J)−j} 12 x^{j(1+ν/κ)} 1 x^{j(1−ν/κ)} 2 , (4.14)

where C_{S,J,j} = 8ĉ_j κμ ∫_∞ −∞ dτ_e ∫_{πμ/2} 0 dσ e^{jντe/κ} (e^{τe} + e^{−τe} )^j cosh^j σ ( κ^2 cosh^2τ_e

− μ^2 tanh^2 σ ) . (4.15)

If we evaluate the integrals in the limit of small μ ≪ ν, we obtain the results in subsection 4.1 of [18]. In the limit of small ν ≪ μ we recover the findings in subsection 4.3 of [18].

3The three-point function of operators with charges (S, −J), (−S, J + j), and (0, −j) coincides with (4.5) provided we interchange x_1 and x_2.

To restore the x_3 dependence in (4.14) we should again replace x_1 with x_{13}, and x_2 with x_{23}. The behavior of (4.14) is then the expected one for three conformal operators with dimensions

Δ_1 = Δ(S, J) + jν 2κ , Δ_2 = Δ(S, J) − jν 2κ , Δ_3 = j . (4.16)

Once again the four-point function can assume the form (4.10). Due to (2.16), for S, J ≫ j, it is provided by the product of two chiral primary vertex operators evaluated on the solution (4.1). Using (4.2) we thus get

G_4(x_1, x_2, x_3, x_4) = (C_{S,J,j})^2 x^{2Δ(S,J)} 12 x^{j(1−ν/κ)} 13 x^{j(1+ν/κ)}

23 x^{j(1+ν/κ)} 14 x^{j(1−ν/κ)} 24 . (4.17)

In the form of (2.17) this looks like (4.12).

Dilaton-chiral primary operator

The corresponding three-point correlators have already been considered in the previous two paragraphs. Once more the four-point function can have the appearance of (4.10). Due to (2.16), for S, J ≫ j, it is given by the product of the dilaton operator and the chiral primary vertex operator evaluated on the solution (4.1). Using (4.2) we thus obtain two possibilities according to the order of “light” operators

G_4(x_1, x_2, x_3, x_4) = C^{dil}_{S,J,j} C^{CPO}_{S,J,j} x^{2Δ(S,J)}

12 x^{b−}_{13} x^{b+}_{23} x^{j(1+ν/κ)}_{14} x^{j(1−ν/κ)}_{24}

, (4.18)

G_4(x_1, x_2, x_3, x_4) = C^{CPO}_{S,J,j} C^{dil}_{S,J,j} x^{2Δ(S,J)} 12 x^{j(1−ν/κ)} 13 x^{j(1+ν/κ)}

23 x^{b+}_{14} x^{b−}_{24}

. (4.19)

4.2 Folded string with one spin in AdS_5 and two equal spins in the sphere

Let us consider examples of four-point correlators involving two non-BPS “heavy” operators dual to the folded string with spin S in AdS_5 and J_1 = J_2 = J/2 in S^5 analyzed in Section 3. However, here we will work with generic positions x_1, x_2 of the form x_1 = −x_2. The respective Euclidean stationary point solution is (again we choose the points x_1 and x_2 to lie on the x_{0e}-axis) z = x_{12} 2cosh(κτ_e) cosh(μσ)

, x_{0e} = x_{12} 2 tanh(κτ_e) + 1 2 (x_1 + x_2) ,

x_1 + ix_2 = x_{12} 2 tanh(μσ) cosh(κτ_e) e^{iϕ1} , ϕ_1 = −iκτ_e , ψ = nσ , φ_1 = φ_2 = −iντ_e , (4.20) κ = √ μ^2 + ν^2 + n^2 , μ = 1 π ln S , S = S √ λ ≫ 1 , ν = J = J √ λ . We denote the corresponding “heavy” vertex operator as V_{S,−J} , with V_{−S,J} ≡ V^∗_{S,−J} . In the limit of large S the two-point function of such operators is given again by (4.2), where now J is the sum of orbital momenta in the sphere.

The respective three-point correlators with two large spin and one BPS operators have already been calculated in Section 3, albeit for specific values of x_1 and x_2. Since we need 3-point functions for general x_1 and x_2, we will provide them below. Again, we will consider three choices for the two “light” operators in the four-point correlators, namely dilaton-dilaton, dilaton-CPO, and CPO-CPO.

Dilaton-dilaton

The three-point function with one dilaton assumes the following form

G_3(x_1, x_2, x_3 = 0) = ⟨V_{S,−J} (x_1)V_{−S,J−j}(x_2)V_j(0)⟩ , S, J ≫ j , (4.21)

where j is the angular momentum of the dilaton, and we have explicitly maintained the S^5 angular momentum conservation. The structure constants are then determined by the ratio G_3(x_1, x_2, x_3 = 0)/G_2(x_1, x_2), which is given by the integral of the vertex operator (3.7). Evaluated on (4.20), it can be expressed as

G_3(x_1, x_2, x_3 = 0)

G_2(x_1, x_2)

= 4ĉ_{4+j} ∫_∞ −∞ dτ_e ∫_{π/2} 0 dσ 2(μ^2 + n^2)x^{4+j}_{12} e^{jντe} cos^j (nσ) (x^2_1e^{κτe} + x^2e^{−κτe} )^{4+j} cosh^{4+j} (μσ)

. (4.22)

We want to pull all the dependence on x_i out of the integral. For this purpose we change the variables κτ_e → τ_e → τ_e + ln^{x2}_{x1} , and μσ → σ, to obtain

G_3(x_1, x_2, x_3 = 0) = C_{S,J,j} x^{2Δ(S,J)−4−j} 12 x^{b+}_1 x^{b−}_2

, b_± ≡ 4 + j ( 1 ±^ν_κ ) , (4.23)

where C_{S,J,j} = 8ĉ_{4+j}(μ^2 + n^2) κμ ∫_∞ −∞ dτ_e ∫_{πμ/2} 0 dσ e^{jντe/κ} cos^j (_{nσ} μ ) (e^{τe} + e^{−τe} )^{4+j} cosh^{4+j}σ

. (4.24)

In the formal limit μ → 0 we get a non-vanishing structure constant (3.17), because the string is wound around ψ. Evaluating the integrals for large S and ℓ_1 ≡^ν_μ → 0, while keeping ℓ_2 ≡^n_μ constant, we find that the leading term in C_{S,J,j} does not depend on S, but its form is complicated and devoid of physical intuition. If we further specialize to the limit of large j (using saddle-point approximation), we obtain from (3.20)-(3.22) C_{S,J,j} → √ λ N √ j . (4.25)

To restore the x_3 dependence in (4.23) we should again replace x_1 with x_{13}, and x_2 with x_{23}. The behavior of (4.23) is then the expected one for three conformal operators with dimensions

Δ_1 = Δ(S, J) + jν 2κ , Δ_2 = Δ(S, J) − jν 2κ , Δ_3 = 4 + j , (4.26)

which is consistent with charge conservation provided that S, J ≫ j.

The four-point correlator can assume the following form

G_4(x_1, x_2, x_3, x_4) = ⟨V_{S,−J} (x_1)V_{−S,J} (x_2)V_{−j} (x_3)V_j(x_4)⟩ . (4.27)

Due to (2.16), for S, J ≫ j, it is given by the product of two dilaton vertex operators evaluated on the solution (4.20). Using (4.2) we thus obtain^4

G_4(x_1, x_2, x_3, x_4) = (C_{S,J,j})^2 x^{2Δ(S,J)}

12 x^{b−}_{13} x^{b+}_{23} x^{b+}_{14} x^{b−}_{24}

. (4.28)

In the form of (2.17) this looks like

G_4(x_1, x_2, x_3, x_4) =

⟨V_{S,−J} (x_1)V_{−S,J} (x_2)V_{−j}(x_3)⟩⟨V_{S,−J} (x_1)V_{−S,J} (x_2)V_j(x_4)⟩ ⟨V_{S,−J} (x_1)V_{−S,J} (x_2)⟩

. (4.29)

Chiral primary operator-chiral primary operator

The three-point function with one superconformal primary scalar is again of the form (4.21), where we have substituted the dilaton vertex operator with the chiral primary one. The structure constants are then determined by the ratio G_3(x_1, x_2, x_3 = 0)/G_2(x_1, x_2) (the integral of the CPO vertex operator). Since we have assumed that x_1 = −x_2, on the solution (4.20) the chiral primary vertex operator takes its simplified form (3.23) (see [18] for details). After integrating (3.23) we obtain

G_3(x_1, x_2, x_3 = 0) G_2(x_1, x_2)

= 4ĉ_j ∫_∞ −∞ dτ_e ∫_{π/2} 0 dσ 2x^j_{12} e^{jντe} cos^j (nσ) (x^2_1e^{κτe} + x^2e^{−κτe} )^j cosh^j(μσ) × [ 4κ^2x^2_1x^2 (x^2_1e^{κτe} + x^2e^{−κτe} )^2

− μ^2 tanh^2(μσ) − n^2 ] . (4.30)

4The three-point function of operators with charges (S, −J), (−S, J + j), and (0, −j) coincides with (4.23) provided we interchange x_1 and x_2.

Again we want to pull all the dependence on x_i out of the integral, so we change the variables κτ_e → τ_e → τ_e + ln^{x2}_{x1} , and μσ → σ, to get

G_3(x_1, x_2, x_3 = 0) = C_{S,J,j} x^{2Δ(S,J)−j} 12 x^{j(1+ν/κ)} 1 x^{j(1−ν/κ)} 2 , (4.31)

where C_{S,J,j} = 8ĉ_j κμ ∫_∞ −∞ dτ_e ∫_{πμ/2} 0 dσ e^{jντe/κ} cos^j (_{nσ} μ ) (e^{τe} + e^{−τe} )^j cosh^j σ ( κ^2 cosh^2τ_e

− μ^2 tanh^2 σ − n^2 ) . (4.32)

If we evaluate the integrals in the limit of small μ ≪ ν and n ≪ μ, we obtain (3.32). In the limit of small ν ≪ μ and n ≪ μ we recover (3.30). The large j, large S limit yields via saddle-point approximation C_{S,J,j} ≈ √ λ N ℓ_1 1 + ℓ^2 √ j e^{jh(ℓ1,ℓ2)}, (4.33) where h(ℓ_1, ℓ_2) is given by (3.21).

To restore the x_3 dependence in (4.31) we should again replace x_1 with x_{13}, and x_2 with x_{23}. The behavior of (4.31) is then the expected one for three conformal operators with dimensions Δ_1 = Δ(S, J) + jν 2κ , Δ_2 = Δ(S, J) − jν 2κ , Δ_3 = j . (4.34)

Once again the four-point function can assume the form (4.27). Due to (2.16), for S, J ≫ j, it is provided by the product of two chiral primary vertex operators evaluated on the solution (4.20). Using (4.2) we thus get

G_4(x_1, x_2, x_3, x_4) = (C_{S,J,j})^2 x^{2Δ(S,J)} 12 x^{j(1−ν/κ)} 13 x^{j(1+ν/κ)}

23 x^{j(1+ν/κ)} 14 x^{j(1−ν/κ)} 24 . (4.35)

In the form of (2.17) this looks like (4.29).

Dilaton-chiral primary operator

The corresponding three-point correlators have already been considered in the previous two paragraphs. Once more the four-point function can have the appearance of (4.27). Due to (2.16), for S, J ≫ j, it is given by the product of the dilaton operator and the chiral primary vertex operator evaluated on the solution (4.20). Using (4.2) we thus obtain two possibilities according to the order of “light” operators

G_4(x_1, x_2, x_3, x_4) = C^{dil}_{S,J,j} C^{CPO}_{S,J,j} x^{2Δ(S,J)}

12 x^{b−}_{13} x^{b+}_{23} x^{j(1+ν/κ)}_{14} x^{j(1−ν/κ)}_{24}

, (4.36)

G_4(x_1, x_2, x_3, x_4) = C^{CPO}_{S,J,j} C^{dil}_{S,J,j} x^{2Δ(S,J)} 12 x^{j(1−ν/κ)} 13 x^{j(1+ν/κ)}

23 x^{b+}_{14} x^{b−}_{24}

. (4.37)

5 Conclusion

The AdS/CFT correspondence passed through many controversial developments over the last decade. The holographic conjecture has been tested in many cases and impressive results about anomalous dimensions of the gauge theory operators, integrable structures, etc., and crucial properties of various gauge theories at strong coupling have been established. The main challenge ahead is to find efficient methods for calculation of the correlation functions.

While discovering a semiclassical trajectory controlling the leading contribution to the three-point correlator of “heavy” operators is so far an unsolved problem [9], we have seen that one can use the trajectory for the correlation function of two “heavy” operators, which is straightforward to find [6, 8], to compute the behavior of a correlator containing two “heavy” and one “light” states at strong coupling [10, 11]^5. The approach based on insertion of vertex operators was put forward in [12], where the authors also suggested that the same method applies to higher n-point correlation functions with 2 “heavy” and n−2 “light” operators. Namely, the semiclassical expression for n-point correlator should be given by a product of “light” vertex operators calculated on the worldsheet surface determined by the “heavy” operator insertions.

In the present paper we considered string theory on AdS_5 × S^5 and computed threepoint correlation functions of two “heavy” (string) and one “light” (supergravity) states at strong coupling, applying the ideas of [12] for calculation of correlation functions using vertex operators for the corresponding states. We examined the method in the case of a folded string solution with three spins (one in AdS and two equal ones in the sphere), which generalizes the solution used in [12]. We provided a number of limiting cases, which illuminate the physical motivation behind the calculations. We also computed several four-point correlators for folded string solutions saturating dilaton and chiral primary “light” operators, and extending the results presented in [18].

Very recently there has been development in the semiclassical calculation of two- and three-point correlation functions of operators dual to open string and brane states (giant gravitons in particular) [23, 24]. One of the important directions for future research in this field is the computation of correlators of wrapped branes on vanishing cycles.

Acknowledgments

The authors would like to thank H. Dimov for valuable discussions and careful reading of the paper. This work was supported in part by the Austrian Research Funds FWF P22000 and I192, NSFB VU-F-201/06 and DO 02-257.

5Such considerations were initiated in [9].

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [arXiv:hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].

[3] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[4] A. M. Polyakov, “Gauge fields and space-time,” Int. J. Mod. Phys. A 17S1, 119 (2002) [arXiv:hep-th/0110196].

[5] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “A semi-classical limit of the gauge/string correspondence,” Nucl. Phys. B 636, 99 (2002) [arXiv:hep-th/0204051].

[6] A. A. Tseytlin, “On semiclassical approximation and spinning string vertex operators in AdS_5 × S^5,” Nucl. Phys. B 664, 247 (2003) [arXiv:hep-th/0304139].

[7] E. I. Buchbinder, “Energy-Spin Trajectories in AdS_5 × S^5 from Semiclassical Vertex Operators,” JHEP 1004, 107 (2010) [arXiv:1002.1716 [hep-th]].

[8] E. I. Buchbinder and A. A. Tseytlin, “On semiclassical approximation for correlators of closed string vertex operators in AdS/CFT,” JHEP 1008, 057 (2010) [arXiv:1005.4516 [hep-th]].

[9] R. A. Janik, P. Surowka and A. Wereszczynski, “On correlation functions of operators dual to classical spinning string states,” JHEP 1005, 030 (2010) [arXiv:1002.4613 [hep-th]].

[10] K. Zarembo, “Holographic three-point functions of semiclassical states,” JHEP 1009, 030 (2010) [arXiv:1008.1059 [hep-th]].

[11] M. S. Costa, R. Monteiro, J. E. Santos and D. Zoakos, “On three-point correlation functions in the gauge/gravity duality,” JHEP 1011, 141 (2010) [arXiv:1008.1070 [hep-th]].

[12] R. Roiban and A. A. Tseytlin, “On semiclassical computation of 3-point functions of closed string vertex operators in AdS_5 × S^5,” Phys. Rev. D 82, 106011 (2010) [arXiv:1008.4921 [hep-th]].

[13] R. Hernández, “Three-point correlation functions from semiclassical circular strings,” J. Phys. A 44, 085403 (2011) [arXiv:1011.0408 [hep-th]].

[14] S. Ryang, “Correlators of Vertex Operators for Circular Strings with Winding Numbers in AdS_5 × S^5,” JHEP 1101, 092 (2011) [arXiv:1011.3573 [hep-th]].

[15] G. Georgiou, “Two and three-point correlators of operators dual to folded string solutions at strong coupling,” JHEP 1102, 046 (2011) [arXiv:1011.5181 [hep-th]].

[16] J. G. Russo and A. A. Tseytlin, “Large spin expansion of semiclassical 3-point correlators in AdS_5 × S^5,” JHEP 1102, 029 (2011) [arXiv:1012.2760 [hep-th]].

[17] C. Park and B. Lee, “Correlation functions of magnon and spike,” [arXiv:1012.3293 [hep-th]].

[18] E. I. Buchbinder and A. A. Tseytlin, “Semiclassical four-point functions in AdS_5 × S^5,” JHEP 1102, 072 (2011) [arXiv:1012.3740 [hep-th]].

[19] H. J. Kim, L. J. Romans and P. van Nieuwenhuizen, “The Mass Spectrum Of Chiral N=2 D=10 Supergravity On S5,” Phys. Rev. D 32, 389 (1985).

[20] S. Lee, S. Minwalla, M. Rangamani and N. Seiberg, “Three-Point Functions of Chiral Operators in D = 4, N = 4 SYM at Large N,” Adv. Theor. Math. Phys. 2, 697 (1998) [arXiv:hep-th/9806074]. G. Arutyunov and S. Frolov, “Some Cubic Couplings in Type IIB Supergravity on AdS_5 ×S^5 and Three-point Functions in SYM_4 at Large N,” Phys. Rev. D 61, 064009 (2000) [arXiv:hep-th/9907085]. S. Lee, “AdS_5/CFT_4 Four-point Functions of Chiral Primary Operators: Cubic Vertices,” Nucl. Phys. B 563, 349 (1999) [arXiv:hep-th/9907108].

[21] D. E. Berenstein, R. Corrado, W. Fischler and J. M. Maldacena, “The operator product expansion for Wilson loops and surfaces in the large N limit,” Phys. Rev. D 59, 105023 (1999) [arXiv:hep-th/9809188].

[22] J. Escobedo, N. Gromov, A. Sever and P. Vieira, “Tailoring Three-Point Functions and Integrability,” [arXiv:1012.2475 [hep-th]].

[23] D. Bak, B. Chen and J. Wu, “Holographic Correlation Functions for Open Strings and Branes,” [arXiv:1103.2024 [hep-th]].

[24] A. Bissi, C. Kristjansen, D. Young and K. Zoubos, “Holographic three-point functions of giant gravitons,” [arXiv:1103.4079 [hep-th]].