arXiv:1104.0334v1 [hep-th] 2 Apr 2011

TUW-11-07 UWThPh-2011-13 April 2, 2011

Extended BRST formulation of a non-commutative U_⋆(1) gauge model

Daniel N. Blaschke^∗, Thomas Garschall^†, Franz Heindl^†, Manfred Schweda^† and Michael Wohlgenannt^∗

∗Faculty of Physics, University of Vienna Boltzmanngasse 5, A-1090 Vienna (Austria)

†Institute for Theoretical Physics, Vienna University of Technology Wiedner Hauptstraße 8-10, A-1040 Vienna (Austria)

E-mail: daniel.blaschke@univie.ac.at, garschall@hep.itp.tuwien.ac.at,
        franz.m.heindl@gmail.com, mschweda@tph.tuwien.ac.at,
                michael.wohlgenannt@univie.ac.at

Abstract

In this short letter, we rediscuss the model for non-commutative U_⋆(1) gauge theory presented in [arXiv:0912.2634] and argue that by treating the ”soft-breaking terms” of that model in the realm of an extended BRST symmetry, a future renormalization proof using Algebraic Renormalization should be possible despite the fact that the non-commutative model is non-local. In fact, the non-localities could be treated in a way similar to commutative gauge theories with axial gauge fixing where certain non-local poles appear.

1 Introduction

For a long time new types of divergences due to a mechanism referred to as UV/IR mixing [1, 2] have plagued quantum field theories formulated on non-commutative spaces. In fact, only some special scalar models on Euclidean θ-deformed spaces are known to be renormalizable to all orders of perturbation theory [3–5] — for a review on QFTs on non-commutative θ-deformed spaces see [6–8]. However, similar successes resp. renormalization proofs for U_⋆(1) gauge theories^1 are still missing — although several promising approaches were made in θ-deformed Euclidean space [9–16].

In this short letter, we want to rediscuss the model for non-commutative U_⋆(1) gauge theory presented in [16], since we believe it to be a very promising candidate for a renormalizable noncommutative gauge field theory. Although that model has also been extended to U_⋆(N) gauge theories in [17], we will for simplicity consider only the U_⋆(1) case here. The main ideas of the model [16] are based on the implementation of an IR damping mechanism similar to the scalar^1_{p2} -model of Gurau et al. [5]. A series of papers [13–15, 18–20] led to the conclusion, that the best way to make such an extension is to employ techniques known from the Gribov- Zwanziger action [21–24] in QCD, or more precisely, to consider “soft-breaking” terms leading to the required damping properties of the gauge field propagator.

Here, we will treat the “soft-breaking terms” differently, namely in the realm of an extended BRST symmetry implying that also the new parameters characterizing this model are part of the BRST transformations. The motivation for this change is simplicity on the one hand since one no longer needs such a great number of auxiliary fields, and on the other hand an algebraic renormalization proof of the present version seems to be manageable.

Our current starting point is the action in 4-dimensional Euclidean space given in Eq. (21) of Ref. [16]:

Γ^{(0)} = ∫ d^4x ( 1 4 F_{μν} F_{μν} + γ^4 4 ( f_{μν} 1 ~□2 f^{μν} + 2ρ ~∂A 1 ~□2 ~∂A )

+ g^′ 2 ( {A_μ^⋆, A_ν } ~∂_μ ~∂_ν ~∂_ρ ε ~□^2 A_ρ ) + s(c̄∂A) ) , (1)

where the auxiliary fields have been integrated out and the physical values for the additional sources have been inserted. We use the notation of [16], where γ is a gauge parameter with mass dimension 1, denote the dimensionless coupling of the new 3A vertex by g^′ and furthermore define ρ ≡ 2 ( σ +^{θ2}_4 σ^2 ) . In order to be self-consistent we repeat some notational facts.

We are discussing a U_⋆(1) gauge model on Moyal-deformed Euclidean space. Therefore, we have the usual Moyal commutator between coordinates,

[x_μ^⋆, x_ν ] = iεθ_{μν} , (2)

with the star product f ⋆ g (x) = e^{i ε2 θμν ∂xμ ∂yν} f(x)g(y) | | y→x . (3)

1Note, that the non-commutativity of the space coordinates alters the gauge group, and hence we denote the deformed U(1) group by U⋆(1).

The real parameter ε has mass dimension −2 rendering the constant antisymmetric deformation matrix θ_{μν} dimensionless,

(θ_{μν} ) = 0 1 −1 0 0 1 −1 0 . (4)

We define the following contractions with θ_{μν} :

ṽ_μ := θ_{μν} v_ν , w̃ := θ_{μν} w_{μν} .

Additionally, we recall that f_{μν} is just the Abelian part of the field strength for the U_⋆(1) gauge field A_μ:

f_{μν} = ∂_μA_ν − ∂_ν A_μ , (5)

whereas the non-Abelian field tensor F_{μν} is given as usual by

F_{μν} = ∂_μA_ν − ∂_ν A_μ − ig [A_μ^⋆, A_ν ] . (6)

The BRST transformation is denoted by s, and we have

sA_μ = ∂_μc + ig [c^⋆, A_μ] = D_μc , sc = igc ⋆ c , sc̄ = B , sB = 0 , (7) s^2ϕ = 0 , ∀ϕ . The fermionic ghosts are denoted by c and c̄ and the multiplier field defining the gauge fixing by B.

In order to describe the non-linearities in the BRST transformations, one usually introduces unquantized external sources Ω^A_μ and Ω^c and adds the following term to the action (1):

Γ_{ext} = ∫ d^4x ( Ω^A_μ sA_μ + Ω^csc ) . (8)

Neglecting the γ^4 and g^′ dependent terms in (1), one gets the BRST-invariant action

Γ^{(0)}_{inv} = ∫ d^4x ( 1 4 F_{μν} F_{μν} + s(c̄ ∂A) + Ω^A_μ sA_μ + Ω^csc ) . (9)

The BRST symmetry is expressed by the non-linear Slavnov-Taylor-identity:

B(Γ^{(0)}_{inv}) = ∫ d^4x ( δΓ^{(0)}_{inv} δΩ^A_μ ⋆ δΓ^{(0)}_{inv} δA_μ(x) + δΓ^{(0)}_{inv} δΩ^c ⋆ δΓ^{(0)}_{inv} δc(x) + B ⋆ δΓ^{(0)}_{inv} δc̄(x) ) = 0 . (10)

However, the action (1) violates BRST symmetry,

B(Γ^{(0)}) ≠ 0 . (11)

Therefore, we want to discuss the breaking terms in the realm of an extended BRST symmetry at tree-level in order to control the perturbative results of [16].

The main feature of the action (1) is the IR damping of the gauge field propagator:

G^{AA}_{μν} (k) = 1 k^2 ( 1 +^{γ4}_{(k̃2)2} ) δ_{μν} − k^μk^ν k^2 − σ̄^4 σ̄^4 + k^2 ( k̃2 +^{γ4}_{k̃2} ) k̃_μk̃_ν k̃2 , (12)

with the abbreviation σ̄^4 ≡ ρ γ^4 .

As a further comment, we should mention that the 3A vertex has the form

~V^{3A}_{ρστ} (k_1, k_2, k_3) = 2i(2π)^4δ^4(k_1 + k_2 + k_3) ( g^′ cos ( ε 2 k_1k̃_2

)^3∑ i=1 k̃_{i,ρ}k̃_{i,σ}k̃_{i,τ} ε(k̃^2_i )^2

+ g sin ( ε 2 k_1k̃_2 ) [(k_3 − k_2)_ρδ_{στ} + (k_1 − k_3)_σδ_{ρτ} + (k_2 − k_1)_τ δ_{ρσ} ] ) . (13)

Clearly, the action (1) has the necessary structure in order to absorb the IR divergences appearing in one-loop calculations.

2 Extended BRST Symmetry

For the extended BRST symmetry one chooses BRST partners for the parameters γ^4 and g^′ in the following manner:

sχ̄ = γ^4 , sδ̄ = g^′ , (14)

where χ̄ and δ̄ have ghost number −1, and mass dimensions 4 and 1, respectively. This leads to the following extended action:

Γ^{(0)}_{inv} = ∫ d^4x ( 1 4 F_{μν} F_{μν} + s(χ̄ L^1_{br}) + s(c̄ ∂A) + s(δ̄ L^2_{br}) + Ω^A_μ sA_μ + Ω^csc ) , (15)

where

L^1_{br} = 1 4 ( f_{μν} ⋆ 1 ~□2 f^{μν} + 2ρ ~∂A ⋆ 1 ~□2 ~∂A ) , L^2_{br} = 1 2 {A_μ^⋆, A_ν } ⋆ ~∂_μ ~∂_ν ~∂_ρ ε ~□^2 A_ρ . (16)

The action (15) is now invariant with respect to an extended BRST symmetry. In fact, the extensions have now been made BRST exact. In addition to the transformations (7), we have

sχ̄ = γ^4 , sγ^4 = 0 , sδ̄ = g^′ , sg^′ = 0 . (17)

The symmetry of (15) can now be expressed by an extended Slavnov-Taylor-identity at tree level,

B(Γ^{(0)}_{inv}) = ∫ d^4x ( δΓ^{(0)}_{inv} δΩ^A_μ ⋆ δΓ^{(0)}_{inv} δA_μ(x) + δΓ^{(0)}_{inv} δΩ^c ⋆ δΓ^{(0)}_{inv} δc(x) + B ⋆ δΓ^{(0)}_{inv} δc̄(x) ) + γ^4

∂Γ^{(0)}_{inv} ∂χ̄ + g^′ ∂Γ^{(0)}_{inv} ∂δ̄ = 0 .

(18)

The physical situation is defined by χ̄ = 0 and δ̄ = 0, effectively breaking the extended BRST symmetry.

If one uses (18) naïvely, one can derive the following functional equations:

δ^2B(Γ^{(0)}_{inv}) δA_ρ(y)δc(z) | | | |_{ϕi=0} = −∂^z_μ δ^2Γ^{(0)}_{inv} δA_ρ(y)δA_μ(z) | | | |_{ϕi=0} = 0 , (19) and δ^3B(Γ^{(0)}_{inv}) δA_λ(r)δA_ρ(y)δc(z) | | | ϕ_i=0 = −∂^z_μ δ^3Γ^{(0)}_{inv} δA_λ(r)δA_ρ(y)δA_μ(z) | | | ϕ_i=0

+ ig ( δ_{ρμ} [ δ(z − y)^⋆, δ^2Γ^{(0)}_{inv} δA_λ(r)δA_μ(z) ] + ρ ↔ λ y ↔ r ) | | |_{ϕi=0} + ( γ^4 ∂ ∂χ̄ + g^′ ∂ ∂δ̄ ) δ^3Γ^{(0)}_{inv} δA_λ(r)δA_ρ(y)δc(z) | | |_{ϕi=0} = 0 . (20)

Eqn. (19) expresses the transversality of the two-point 1PI graph at tree level, and Eqn. (20) yields a Ward identity for the divergence of the 3A vertex. If the model is free from anomalies, these relations hold true to all loop orders.

At tree level, Eqn. (20) explicitly computes to

δ^3B(Γ^{(0)}_{inv}) δA_λ(r)δA_ρ(y)δc(z) | | | |_{ϕi=0} = −∂^z_μ δ^3Γ^{(0)}_{inv} δA_λ(r)δA_ρ(y)δA_μ(z) | | | |_{ϕi=0} + ig(□^rδ_{λρ} − ∂^r_λ∂^r_ρ ) [ δ^{(4)}(r − z)^⋆, δ^{(4)}(z − y) ] + ig(□^yδ_{λρ} − ∂^y_λ∂^y_ρ ) [ δ^{(4)}(y − z)^⋆, δ^{(4)}(z − r) ]

+ g^′ { ∂^z_μδ(r − z)^⋆, ~∂z_μ ~∂z_λ ~∂z_ρ ε ~□^2_z δ(y − z) } + g^′ { ∂^z_μδ(y − z)^⋆, ~∂z_μ ~∂z_λ ~∂z_ρ ε ~□^2_z δ(r − z) }

= 0 , (21)

which is consistent with the explicit expression for the 3A vertex Eqn. (13). The star products on the r.h.s of (20) and (21) are with respect to z, and ∂^r (□^r resp.) indicates that the derivative is with respect to r.

3 Discussion of Applicability of Algebraic Renormalization

Having defined the above extended version of a non-commutative U_⋆(1) gauge model, one now has to study the renormalization procedure in the realm of a perturbative expansion of the model. An according one-loop analysis has already been successfully made in [16].

A first obstacle in performing the renormalization program to arbitrary loop order seems to be the occurrence of non-local terms at the tree-level action and in one-loop calculations. However, non-local terms appear also in pure commutative Yang-Mills theories quantized in non-covariant gauges, where the Leibbrandt-Mandelstam prescription [25–27] is used for the treatment of the unphysical poles in the gluon propagators. These difficulties are bypassed very elegantly in using also an extended version of the BRST symmetry, where the gauge direction n_μ (a gauge parameter) was incorporated as a BRST doublet (n_μ, χ_μ) [28]. Having in mind the successful application of the renormalization procedure in the pure commutative Yang-Mills model, it seems possible to apply the same methods also to the non-commutative counter part presented in the sections above.

In order to carry out the algebraic renormalization one assumes that the full vertex functional Γ can be written as a formal power series in ℏ characterizing a loop expansion [28, 29]

Γ[ϕ] = ∞∑ n=0 ℏ^nΓ^{(n)}[ϕ] , (22)

where ϕ stands collectively for all fields and parameters defining our model.

As explained in [29], one has to use the linearized BRST operator

b ≡ B_Γ = ∫ d^4x ( δΓ δΩ^A_μ δ δA_μ + δΓ δA_μ δ δΩ^A_μ + δΓ δΩ^c δ δc + δΓ δc δ δΩ^c + B δ δc̄ ) + γ^4 ∂ ∂χ̄ + g^′ ∂ ∂δ̄ , (23)

with the properties

B_ΓB(Γ) = 0 and B_ΓB_Γ = 0 if B(Γ) = 0 . (24)

Under the assumption that the theory is free of anomalies, the validity of the extended BRST identity to all orders of perturbation theory is proven in a recursive way by assuming that the problem is solved to the order (n − 1):

bΓ_{(n−1)} = b n−1∑ p=0 ℏΓ^{(p)} = O(ℏ^n) = ℏ^nΔ + O(ℏ^{n+1}) . (25)

Due to the quantum action principle, the breaking is an integrated insertion ℏ^nΔ · Γ = ℏ^nΔ + O(ℏ^{n+1}).

With the help of (24) one has to solve the following consistency relation for Δ

b(bΓ_{(n−1)}) = ℏ^nbΔ = 0 , (26)

leading to a cohomology problem since b is a nilpotent operator.

One assumes now that the general solution of (26) is of the form

Δ = bΔ̃ . (27)

If this is the case one can redefine the vertex functional in the following manner:

Γ_{(n)} = Γ_{(n−1)} − ℏ^nΔ̃ , (28) so that one has

bΓ_{(n)} = O(ℏ^{n+1}) , (29)

hence leading to the validity of the BRST symmetry at the n-loop level. If on the other hand Δ ≠ bΔ̃, one has an anomaly discussed in [28, 29]. This is a very brief sketch of the algebraic renormalization, but the procedure contains subtle details: Elimination of unphysical fields, parameters etc. with tricky techniques presented in great detail in the textbooks [28, 29]. Furthermore, this procedure allows the discussion of the physical observables of the model.

In summary, the application of the algebraic renormalization procedure could in principle be applied to our non-commutative U_⋆(1) model in its extended BRST version (15). In the UV, the physical model Eqn. (1) is equivalent to the extended version Eqn. (15). In a second step, the absence of UV/IR mixing in higher loop corrections due to IR damping must be shown explicitly for the physical model Eqn. (1). In this way we hope to show renormalizability of that model. These studies are planned to be done in a forthcoming paper.

Acknowledgements

This work was supported by the Austrian Science Fund (FWF) under contracts P21610-N16 (D.N.B.), P20507-N16 (T.G. & F.H.) and P20017-N16 (M.W.).

References

[1] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics, JHEP 02 (2000) 020, [arXiv:hep-th/9912072].

[2] A. Matusis, L. Susskind and N. Toumbas, The IR/UV connection in the non-commutative gauge theories, JHEP 12 (2000) 002, [arXiv:hep-th/0002075].

[3] H. Grosse and R. Wulkenhaar, Renormalisation of ϕ^4 theory on noncommutative R^2 in the matrix base, JHEP 12 (2003) 019, [arXiv:hep-th/0307017].

[4] H. Grosse and R. Wulkenhaar, Renormalisation of ϕ^4 theory on noncommutative R^4 in the matrix base, Commun. Math. Phys. 256 (2005) 305–374, [arXiv:hep-th/0401128].

[5] R. Gurau, J. Magnen, V. Rivasseau and A. Tanasa, A translation-invariant renormalizable noncommutative scalar model, Commun. Math. Phys. 287 (2009) 275–290, [arXiv:0802.0791].

[6] R. J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207–299,

[arXiv:hep-th/0109162].

[7] V. Rivasseau, Non-commutative renormalization, in Quantum Spaces — Poincaré Seminar 2007, B. Duplantier and V. Rivasseau eds., Birkhäuser Verlag, [arXiv:0705.0705].

[8] D. N. Blaschke, E. Kronberger, R. I. P. Sedmik and M. Wohlgenannt, Gauge Theories on Deformed Spaces, SIGMA 6 (2010) 062, [arXiv:1004.2127].

[9] H. Grosse and M. Wohlgenannt, Induced gauge theory on a noncommutative space, Eur. Phys. J.

C52 (2007) 435–450, [arXiv:hep-th/0703169].

[10] A. de Goursac, J.-C. Wallet and R. Wulkenhaar, Noncommutative induced gauge theory, Eur.

Phys. J. C51 (2007) 977–987, [arXiv:hep-th/0703075].

[11] D. N. Blaschke, H. Grosse and M. Schweda, Non-Commutative U(1) Gauge Theory on R^4 with Oscillator Term and BRST Symmetry, Europhys. Lett. 79 (2007) 61002, [arXiv:0705.4205].

[12] A. de Goursac, J.-C. Wallet and R. Wulkenhaar, On the vacuum states for noncommutative gauge theory, Eur. Phys. J. C56 (2008) 293–304, [arXiv:0803.3035].

[13] D. N. Blaschke, F. Gieres, E. Kronberger, M. Schweda and M. Wohlgenannt, Translation-invariant models for non-commutative gauge fields, J. Phys. A41 (2008) 252002, [arXiv:0804.1914].

[14] L. C. Q. Vilar, O. S. Ventura, D. G. Tedesco and V. E. R. Lemes, On the Renormalizability of Noncommutative U(1) Gauge Theory — an Algebraic Approach, J. Phys. A43 (2010) 135401,

[arXiv:0902.2956].

[15] D. N. Blaschke, A. Rofner, M. Schweda and R. I. P. Sedmik, Improved Localization of a Renormalizable Non-Commutative Translation Invariant U(1) Gauge Model, EPL 86 (2009) 51002,

[arXiv:0903.4811].

[16] D. N. Blaschke, A. Rofner, R. I. P. Sedmik and M. Wohlgenannt, On Non-Commutative U_⋆(1) Gauge Models and Renormalizability, J. Phys. A43 (2010) 425401, [arXiv:0912.2634].

[17] D. N. Blaschke, A New Approach to Non-Commutative U_⋆(N) Gauge Fields, EPL 91 (2010) 11001,

[arXiv:1005.1578].

[18] D. N. Blaschke, A. Rofner, M. Schweda and R. I. P. Sedmik, One-Loop Calculations for a Translation Invariant Non-Commutative Gauge Model, Eur. Phys. J. C62 (2009) 433,

[arXiv:0901.1681].

[19] D. N. Blaschke, E. Kronberger, A. Rofner, M. Schweda, R. I. P. Sedmik and M. Wohlgenannt, On the Problem of Renormalizability in Non-Commutative Gauge Field Models — A Critical Review, Fortschr. Phys. 58 (2010) 364, [arXiv:0908.0467].

[20] D. N. Blaschke, A. Rofner and R. I. P. Sedmik, One-Loop Calculations and Detailed Analysis of the Localized Non-Commutative 1/p^2 U(1) Gauge Model, SIGMA 6 (2010) 037, [arXiv:0908.1743].

[21] V. N. Gribov, Quantization of non-Abelian gauge theories, Nucl. Phys. B139 (1978) 1. [22] D. Zwanziger, Local and Renormalizable Action from the Gribov Horizon, Nucl. Phys. B323 (1989) 513–544.

[23] D. Zwanziger, Renormalizability of the critical limit of lattice gauge theory by BRS invariance, Nucl. Phys. B399 (1993) 477–513.

[24] L. Baulieu and S. P. Sorella, Soft breaking of BRST invariance for introducing non-perturbative infrared effects in a local and renormalizable way, Phys. Lett. B671 (2009) 481, [arXiv:0808.1356].

[25] G. Leibbrandt, On the light-cone gauge (University of Cambridge), DAMTP, seminar (unpublished 1982).

[26] S. Mandelstam, Light-cone superspace and the vanishing of the beta-function for the N=4 model (University of California, Berkeley), Report No. UCB-PTH 82/10; Submitted to 21st Int. Conf. on High Energy Physics, Paris, France, Jul 26-31, 1982.

[27] G. Leibbrandt, Introduction to Noncovariant Gauges, Rev. Mod. Phys. 59 (1987) 1067. [28] A. Boresch, S. Emery, O. Moritsch, M. Schweda, T. Sommer and H. Zerrouki, Applications of Noncovariant Gauges in the Algebraic Renormalization Procedure, Singapore: World Scientific, 1998.

[29] O. Piguet and S. P. Sorella, Algebraic renormalization: Perturbative renormalization, symmetries and anomalies, Lect. Notes Phys. M28 (1995) 1–134.