arXiv:1104.0403v1 [math.GN] 3 Apr 2011

THE HIGHER ORDER TERMS IN ASYMPTOTIC EXPANSION OF COLOR JONES POLYNOMIALS

SHENGMAO ZHU

Abstract. Color Jones polynomial is one of the most important quantum invariants in knot theory. Finding the geometric information from the color Jones polynomial is an interesting topic. In this paper, we study the general expansion of color Jones polynomial which includes the volume conjecture expansion and the Melvin-Morton-Rozansky (MMR) expansion as two special cases. Following the recent works on SL(2, C ) Chern-Simons theory, we present an algorithm to calculate the higher order terms in general asymptotic expansion of color Jones polynomial from the view of A-polynomial and noncommutative A-polynomial. Moreover, we conjecture that the MMR expansion corresponding to the abelian branch of A-polynomial. Lastly, we give some examples to illustrate how to calculate the higher order terms. These results support our conjecture.

Contents

1. Introduction 1 2. A-polynomial, noncommutative A-polynomial and the quantization algorithm 4 2.1. A-polynomial A_K(l, m) of a knot K 4 2.2. Noncommutative A-polynomial Â_K(E, Q; q) 5 2.3. The algorithm to compute the asymptotic expansion of J_N (K; q) 6 3. Examples 9 4. Conclusion and discussion 12 References 13

1. Introduction

Let J_N (K; q) be the normalized colored Jones polynomial of a knot K colored by the Ndimensional irreducible representation of SU(2). Thus, J_N (unknot; q) = 1, J_1(K; q) = 1 for all K and J_2(K; q) is the Jones polynomial of K. J_N (K; q) is an important quantum invariant in knot theory. People want to find the geometric information from J_N (K; q). More precisely, let q = e^{2πi}k and consider the following limit, k, N → ∞, u = πi N k fixed.

Now the question is what’s the behavior of the limit lim N→∞ J_N (K; e^{2uN} ). (1) 1991 Mathematics Subject Classification. Primary 57M27. Secondary 57N10.

Key words and phrases. Color Jones Polynomial, Asymptotic expansion, Volume conjecture, A-polynomial, Non-commutative A-polynomial, AJ conjecture. 1

The first progress in this direction is the volume conjecture. Let us briefly review it. R.M. Kashaev defined a knot invariant associated with the quantum dilogarithm and integer N, denoted by ⟨K⟩_N . He conjectured that for any hyperbolic knot K [23], when N → ∞, |⟨K⟩|_N ∼_{N→∞} exp ( N 2π V ol(M_K) ) (2) where M_K is equal to the knot complement S^3 \ K. V ol(M_K) is the hyperbolic volume of M_K. Then, in [26], H. Murakami and J. Murakami proved that for any knot K, ⟨K⟩_N = J_N (K; e^{2πiN} ). Moreover, they generalized the volume definition at right hand side of (2) to simplicial volume of any knot complement M_K. Now, the volume conjecture is formulated as follow [26], Conjecture 1.1 (Volume conjecture). For a knot K, |J_N (K; e^{2πiN} )| ∼_{N→∞} exp ( N 2π V ol(M_K) )

where V ol(M_K) is the simplicial volume of knot complement M_K = S^3 \ K. In particular, when K is hyperbolic, V ol(M_K) is the hyperbolic volume of M_K.

We remark that the original volume conjecture was proposed for link L [23, 26], but in this paper, we only consider the case of knot K. It is also possible to remove the absolute value to consider the complexified volume conjecture [27]: For any hyperbolic knot K,

J_N (K; e^{2πiN} ) ∼_{N→∞} exp ( N 2π (V ol(M_K) + iCS(M_K)) ) (3) where CS(M_K) is the Chern-Simons invariant of M_K [7]. Furthermore , S. Gukov proposed a u-parameterized version of complexified volume conjecture for any hyperbolic knot K [19],

J_N (K; e^{2uN} ) ∼_{N→∞} exp ( k πi S_0(u) ) (4) where S_0(u) is a geometric invariant related the u-deformation volume of M_K [39]. In fact, formula (4) is a generalization of (3) for u near the point πi in C . Moreover, the expansion form of (4) has been extend to the higher order terms by S. Gukov and H. Murakami [20].

It is also interesting to consider the situation when u near the point 0. Another expansion form of color Jones polynomial called the Melvin-Morton-Rozansky (MMR) conjecture was proposed in [25] and generalized by [35]. The MMR conjecture has been proved by D. Bar-Natan and S. Garoufalidis in [4]. Recently, S. Garoufalidis and T. T. Q. Le obtained the following analytic version of MMR expansion.

Theorem 1.2 ([17]). For every knot K, there exist a neighborhood O ⊂ C at u = 0, such that for any u ∈ O, we have J_N (K; e^{2uN} ) ∼_{N→∞} ∞∑ d=0 P_{K,d}(e^{2u}) Δ_K(e^{2u})^{2d+1} ( 2u N )_d , (5) where Δ_K(t) is the Alexander polynomial of K, {P_{K,d}(t), d ≥ 0} is a sequence of Laurent polynomials with P_{K,0}(t) = 1.

Now we focus on the general expansion form of the limit (1), it was conjectured in [19] that the perturbative expansion of J_N (K; q) at the limit N → ∞, q → 1 was equal to the SL(2, C ) Chern-Simons partition Z(M_K) function up to a certain normalization. Based on the standard perturbative Chern-Simons theory [1, 5, 2], the general perturbative computations of Z(M_K) were explored in [9, 10]. Therefore, motivated by the conjectured intimate relation between the color Jones polynomial and Chern-Simons partition, it is rational to consider the higher order expansion of color Jones polynomial [20]. If we introduce the quantum parameter ℏ as ℏ =^{iπ}_k . The two parameters (k, N) in color Jones polynomial are changed to two parameters (ℏ, u). Then the general asymptotic expansion of color Jones polynomial takes the following form [9, 8],

J_N (K; e^{2uN} ) ∼_{N→∞} exp ( S_0(u) ℏ − δ_K(u) 2 log ℏ + ∞∑ n=1 S_n(u)ℏ^{n−1} ) . (6) In this paper, we study the calculation of general terms S_n(u) appearing above expansion (5). We propose the two expansion formulas (4) and (5) can be unified from the view of Apolynomial and noncommutative A-polynomial of a knot K. In order to determine every terms S_n(u) appearing at the right side of (6), one need to solve the following equation with initial value S_{Initial}(u): (7) { Â_K(l̂, m̂; q)J_N (K; e^{2u}_N ) = 0 S_0(u) = S_{Initial}(u) where the initial value S_{Initial}(u) is determined by the solution of the equation A_K(e^v, e^u) = 0 up to a constant, where A_K(l, m) is the A-polynomial of K and Â_K(l̂, m̂; q) is an operator defined from the noncommutative A-polynomial K which will be defined in section 2. More precisely, we propose the following conjecture based on the work [9].

Conjecture 1.3. i) There exists a solution of equation A_K(e^v, e^u) = 0 called geometric branch of A-polynomial: v = v^G(u). In this branch, we have a neighborhood O^G ⊂ C at u = πi, such that for any u ∈ O^G,

J_N (K; e^{2uN} ) ∼_{N→∞} exp ( S^G_0 (u) ℏ − 3 2 log ℏ + ∞∑ n=1 S^G_n (u)ℏ^{n−1} ) , (8) with^{dSG0 (u)}_{du} = v^G(u), S^G_0 (u) is related to the u-deformed volume of M_K by Gukov’s conjecture formula (4), and S^G_1 (u) =^1_2 log^{iTK(u)}_{4π} [20]. Moreover, every S^G_n (u) for n ≥ 2 can be obtained by the algorithm introduced in section 2.

ii) By the properties of A-polynomial, we know that there exist an abelian branch which corresponding to the branch l = 1 of A_K(l, m) = 0. In this branch, we have a neighborhood O^A ⊂ C of 0, such that for any u ∈ O^A,

J_N (K; e^{2uN} ) ∼_{N→∞} exp ( S^A_0 (u) ℏ + ∞∑ n=1 S^A_n (u)ℏ^{n−1} ) , (9) with S^A_0 (u) = 0 and S^A_1 (u) = log^1_{ΔK(2u)} , where Δ_K(t) is the Alexander polynomial of knot K. Moreover, every S^A_n (u) for n ≥ 2 can also be obtained by the same algorithm.

Furthermore, we promote that Conjecture 1.4. The expansion formula (9) is consistent with the analytic version of MMR expansion (5).

Remark 1.5. In fact, there exists a sequence of Laurent polynomials {Q_{K,n}(t)} such that for n ≥ 2, we have

S^A_n (u) =

Q_K(e^{2u}) Δ_K(e^{2u}) .

By the consistence of (9) and (5), if we let C_{K,d}(u) =^{2dPK,d(e2u)}_{ΔK(e2u)2d+1} , then

C_{K,d}(u) = exp(S^A_1 (u)) ∑ μ→d ∏_{l(μ)} i=1 S^A_{μi+1}(u) |Aut(μ)| , where μ is the partition of d with length l(μ). In other words, conjecture 1.3 provides a method to compute every P_{K,d}(e^{2u}) appears in the analytic version of MMR expansion.

Remark 1.6. The algorithm mentioned above to calculate the higher order terms S_n(u) is extracted from the recent works on perturbative computation of SL(2, C ) Chern-Simons theory [9, 10]. We note that, by the definitions in their works, the color Jones polynomial J_N (K; e^{2πi}k )

and Z(M_K; u, ℏ) are only difference with a normalization^q N 2 −q^{− N}2 q^12 −q^{− 1}2

. Thus, we have the similar

calculations for J_N (K; e^{2πi}k ). Besides the geometric and abelian branches, the authors also introduced the conjugate branch of A-polynomial. See [9] for more details.

The rest of this paper is organized as follows: In section 2, we review the definitions of Apolynomial, non-commutative A-polynomial, AJ conjecture for color Jones polynomial and their recent progresses. Then, we illustrate the quantization algorithm to compute S_n(u) which was introduced in [9] to study the pertubative computation of SL(2, C ) Chern-Simons theory. In section 3, we give some examples to illustrate the calculations of the higher order terms with the quantization algorithm. More precisely, we have calculated the following examples:

i) Figure-8 knot 4_1 in both geometric and abelian branches which has been computed in [9, 10] with three different methods under the context of SL(2, C ) Chern-Simons theory.

ii) Twist knots 5_2 and 6_1 in abelian branch.

Lastly, the results on the abelian branch support our Conjecture 1.4.

2. A-polynomial, noncommutative A-polynomial and the quantization algorithm

2.1. A-polynomial A_K(l, m) of a knot K. Let us start with the review of definition of Apolynomial of a knot K in S^3 [6]. Denoted by R(M) = Hom(π_1(M), SL(2, C )) the set of all homomorphisms ρ from π_1(M) to SL(2, C ) where M = S^3\K. Let R_U (M) be the subset of R(M) consisting of a representation ρ such that ρ(μ) and ρ(λ) are upper triangular matrices for a fixed meridian μ and longitude λ of K. Then one can define a projection ξ = (ξ_λ, ξ_μ) : R_U (M) → C^2 by ξ(ρ) = (l, m) for ρ ∈ R_U (M) with ρ(λ) = ( l ∗ 0 l^{−1} ) , ρ(μ) = ( m ∗ 0 m^{−1} ) . The Zariski closure of ξ(R_U (M)) is an algebraic variety in C^2 and each of its irreducible components is a curve, which is defined by zeros of polynomial with integer coefficients in l and m. Then the product of those defining polynomials is defined as the A-polynomial of knot K. Note that the A-polynomial of K has a factor l − 1, which corresponds to to abelian representations which related to the Alexander polynomial of K. Thus someone define the A-polynomial A_K(l, m) as the original A-polynomial divided by l − 1. The A-polynomial reflects the geometric properties of the knot K. More algebraic properties of A-polynomial are listed in [19].

Many A-polynomial of knot has been computed by now. Here we give the A-polynomial of two types of knots. For a (p, q)-torus knot K_{p,q}, the A-polynomial is given by [6]: A_{Kp,q} (l, m) = 1 + lm^{pq}. Denote by K_p p ∈ Z the p-twist knot, its A-polynomial was computed in [22].

When p ≠ −1, 0, 1, 2, A_{Kp} (l, m) is given recursively by

A_{Kp} (l, m) = { cA_{Kp−1} (l, m) − dA_{Kp−2} (l, m), p > 0, (10) cA_{Kp+1} (l, m) − dA_{Kp+2} (l, m), p < 0. where c = −l + l^2 + 2lm^2 + m^4 + 2lm^4 + l^2m^4 + 2lm^6 + m^8 − lm^8, d = m^4(l + m^2)^4, and with the initial conditions A_{K2} (l, m) = −l^2 + l^3 + 2l^2m^2 + lm^4 + 2l^2m^4 − lm^6 − l^2m^8 + 2lm^{10} + l^2m^{10} + 2lm^{12} + m^{14} − lm^{14}, A_{K1} (l, m) = l + m^6, A_{K0} (l, m) = 1, A_{K−1} (l, m) = −l + lm^2 + m^4 + 2lm^4 + l^2m^4 + lm^6 − lm^8.

For example, by the recursion (10), A_{K−2} (l, m) = l^2 − l^3 − 3l^2m^2 + l^3m^2 − 2lm^4 − l^2m^4 + 3lm^6 + 3l^2m^6 + m^8 + 3lm^8 + 6l^2m^8 + 3l^3m^8 + l^4m^8 + 3l^2m^10 + 3l^3m^{10} − l^2m^{12} − 2l^3m^{12} + lm^{14} − 3l^2m^{14} − lm^{16} + l^2m^{16}.

Remark 2.1. The twist knots K_p for p ∈ Z include some basic knots from Rolfsen’s table. K_1 = 3_1, K_2 = 5_2, K_3 = 7_2, K_4 = 9_2, K_{−1} = 4_1, K_{−2} = 6_1, K_{−3} = 8_1, K_{−4} = 10_1.

Recently, S. Garoufalidis and T. Mattman [13] give a recursion formula for the A-polynomial of the (−2, 3, n) Pretzel knots.

2.2. Noncommutative A-polynomial Â_K(E, Q; q). The colored Jones polynomial J_N (K; q) has many beautiful structures. It was shown by S. Garoufalidis and TTQ Le [11, 16] that the colored Jones function is q-holonomic, i.e. it satisfies a nontrivial linear recursion relation with appropriate coefficients. With such holonomicity, they introduce a geometric invariant of a knot: the characteristic variety which is an affine 1-dimensional variety in C^2 . By comparing the character variety of SL(2, C ) representations in the case of the trefoil and figure-eight knots, they stated a conjecture that these two varieties must be equal [11, 16]. They also define the noncommutative A-polynomial Â_K(E, Q; q) for a knot K which is the unique monic, linear, minimal order q-difference equation satisfied by the sequence of color Jones polynomials {J_N (K; q)}. Considering two operators E and Q acting on the Jones polynomial J_N (K; q) by (QJ_K)(N) = q^N J_N (K; q), (EJ_K)(N) = J_{N+1}(K; q).

(11) It is easy to see that EQ = qQE.

Then Â_K(E, Q; q) controls the recursion structure of color Jones polynomial Â_K(E, Q; q)J_N (K; q) = 0.

(12) Note that Â_K(E, Q; q) can be written as the form Â_K(E, Q; q) = ∑ k≥0 a_k(Q; q)E^k (13)

with a_k(Q; q) ∈ Z[q, Q]. Then S. Garoufalidis conjectured that

Conjecture 2.2 (AJ Conjecture). For every knot K in S^3, A_K(l, m) = ϵÂ_K(l, m^2; q), where ϵ is the evaluation map at q = 1.

In order to prove the AJ conjecture, a natural way is to compute the non-commutative Apolynomial. So far, we have known an explicit formula for torus knot in [18], figure-eight knot 4_1 in [11], and 2-bridge knots [24]. Moreover, Takata found out an explicit inhomogeneous qdifference equations for knots 5_2 and 6_1 with degree 5 and 6 respectively [37]. But it is not the really non-commutative A-polynomial in the sense of our definition. Then S. Garoufalidis and X. Sun [14, 15] gave an explicit formula for non-commutative A-polynomial of twist knots K_p for p = −8, .., 11. Recently, S. Garoufalidis and C. Koutschan [12] obtained the non-commutative A-polynomial the for Pretzel knot (−2, 3, 3 + 2p) for p = −5, .., 5 using the method of guessing.

Let us briefly describe the philosophy to calculate the noncommutative A-polynomial Â_K(E, Q; q) of knot K.

For a generic planar projection of a knot K, S. Garoufalidis and T.T.Q. Le proved that the colored Jones polynomial of a knot K can be written as a multisum [16]

J_N (K; q) = ∞∑ k_1,..,k_r F (N, k_1, .., k_r ), (14)

where F (N, k_1, .., k_r) is a proper q-hypergeometric function and for a fixed N ∈ Z^+, only finitely many terms are nonzero. Because F (N, k_1, .., k_r ) is a proper q-hypergeometric function, one can use the algorithm invented by Wilf-Zeilberger [34, 42](the WZ algorithm ), also called creative telescoping method, to produce the noncommutative operator eliminate J_N (K; q). See [32, 33] for a mathematica implementation of W Z-algorithm. We will give some examples to demonstrate how to use this computer program to derive the noncommutative A-polynomial in next section.

2.3. The algorithm to compute the asymptotic expansion of J_N (K; q). Let A_K(l, m) be the A-polynomial of a knot K. Define the operator l̂ and m̂ such that

l̂ = E, m̂^2 = Q. (15)

Then by (12), we known that Â_K(l̂, m̂^2; q)J_N (K; q) = 0.

Recall the parameters we have described in the introduction section ℏ = πi k , u = πiN k , q = e^{2πik} . Then q = e^{2ℏ}, the operator Â_K(l̂, m̂^2; q) annihilates

J(K; ℏ, u) := J_N (K; e^{2ℏ})

i.e. we have the equation

Â_K(l̂, m̂^2; q)J(K; ℏ, u) = 0, (16)

and by (11) and (15), the action of the operators l̂, m̂ is m̂J(K; ℏ, u) = e^uJ(K; ℏ, u), l̂J(K; ℏ, u) = J(K; ℏ, u + ℏ). (17)

It is clear that l̂m̂ = q^12 m̂l̂. As in (13), we expand Â_K(l̂, m̂^2; q) as,

Â_K(l̂, m̂^2; q) = d∑ j=0 a_j(m̂, ℏ)l̂^j . (18)

Then we obtain d∑ j=0 a_j (m̂, ℏ)J(K; ℏ, u + jℏ) = 0. (19)

With the formula (6), one can assume that at large N,

J(K; ℏ, u) = exp ( S_0(u) ℏ − δ_K(u) 2 log ℏ + ∞∑ n=1 S_n(u)ℏ^{n−1} ) . Therefore, from the above restriction equation for J(K; q, u), one can obtain the sequence of expansion coefficients {S_n(u)} recursively by solving the equation (16) for a given initial value S_0(u) [9]. In following, we will show how to get the recursion formula for S_n(u) step by step.

Equation (19) is equivalent to 0 = d∑ j=0 a_j (m̂, ℏ) exp 1 ℏ S_0(u + jℏ) − 3 2 · log ℏ + ∑ n≥0 ℏ^nS_{n+1}(u + jℏ)

(20)

= exp ( − δ_K(u) 2 · log ℏ )_d∑ j=0 a_j(m̂, ℏ) exp ∑ n≥−1 ℏ^nS_{n+1}(u + jℏ) .

And by Taylor expansion ∑ n≥−1 ℏ^nS_{n+1}(u + jℏ) = ∑ n≥−1 ∑ k≥0 S^{(k)}_{n+1}(u) k! j^kℏ^{k+n}

= ∑ t≥−1 t∑ r=−1 S^{(t−r)}_{r+1} (u) (t − r)! j^{t−r}ℏ^t

= ∑ t≥−1 S_{t+1}(u)ℏ^t + ∑ t≥0 t−1∑ r=−1 S^{(t−r)}_{r+1} (u) (t − r)! j^{t−r}ℏ^t

= ∑ t≥−1 S_{t+1}(u)ℏ^t + jS^′_0(u) + ∑ t≥1 t−1∑ r=−1 S^{(t−r)}_{r+1} (u) (t − r)! j^{t−r}ℏ^t. It follows that d∑ j=0 a_j (m̂, ℏ) exp jS^′_0(u) + ∑ t≥1 B_t(u, j)ℏ^t = 0,

where we have defined B_t(u, j) = t−1∑ r=−1 S^{(t−r)}_{r+1} (u) (t − r)! j^{t−r}.

Furthermore, one can expand a_j(m̂, ℏ) and exp (∑ t≥1 B_t(u, j)ℏ^t ) as a_j (m̂, ℏ) = ∑ p≥0 a_{i,p}(m̂)ℏ^p and exp ∑ t≥1 B_t(u, j)ℏ^t = 1 + ∑ n≥1

(∑ t≥1 B_t(u, j)ℏ^t )_n n! = ∑ μ∈P B_μ(u, j) |Aut(μ)| ℏ^{|μ|} where, P = ∪_{n≥1}P_n ∪ {∅}, and P_n is the set of all partitions of integer n ∈ Z^+, and we denote B_μ(u, j) = B_{μ1} (u, j) · · · B_{μl(μ)}(u, j) and B_∅(u, j) = 1. Then formula (20) is equal to d∑ j=0 e^{jS′0(u)} ∑ p≥0 ∑ μ∈P a_{j,p}(m̂) B_μ(u, j) |Aut(μ)| ℏ^{|μ|+p} = 0. (21)

By the action of m̂ defined in (17), one can replace the m̂ with e^u in a_{j,p}(m̂). As a series of ℏ, all the coefficients of left hand side of (21) must be zero. The constant term gives d∑ j=0 e^{jS′0(u)}a_{j,0}(e^u) = 0. (22)

which in fact is the A-polynomial.

When n = |μ| + p > 0, one can solve the n-th equation obtained from the coefficient of ℏ^n in equation (21) and get

S^′_n(u) = − 1 ∑_d j=0 e^{jS′}0^{(u)}a_{j,0}(e^u)j d∑ j=0 e^{jS′0(u)} n∑ p=1 a_{j,p}(e^u) ∑ μ∈P_{n−p} ∪{∅} B_μ(u, j) |Aut(μ)| (23)

+a_{j,0}(e^u) ∑ μ∈P\{(n)} B_μ(u, j) |Aut(μ)| + a_{j,0}(e^u) n−2∑ r=−1 S^{(n−r)} r+1 (u) (n − r)! j^{n−r} . Example 2.3. When n = 1 and 2, we have

S^′_1(u) = − 1 ∑_d j=0 e^{jS′}0^{(u)}a_{j,0}(e^u)j d∑ j=0 e^{jS′0(u)} ( a_{j,1}(e^u) + a_{j,0}(e^u)

S^{′′}_0 (u) 2 j^2 )

S^′_2(u) = − 1 ∑_d j=0 e^{jS′}0^{(u)}a_{j,0}(e^u)j d∑ j=0 e^{jS′0(u)} [ a_{j,1}(e^u) ( S^{′′}_0 (u) 2 j^2 + S^′_1(u)j )

+a_{j,2}(e^u) + a_{j,0}(e^u) ( 1 2 ( S^{′′}_0 (u) 2 j^2 + S^′_1(u)j

)_2 + S^{′′′}_0 (u) 6 j^3 +

S^{′′}_1 (u) 2 j^2 )]

The above formula (23) gives a recursion relation for S_n(u). In other words, if one knows the initial value S_0(u), then all the coefficients S_n(u) are determined uniquely. How to choose S_0(u) depends on the choice of the branch of A-polynomial as described in the introduction section, i.e. in the geometric branch: choosing S_0(u) = S^G_0 (u); and in abelian branch: choosing S_0(u) = S^A_0 (u) = 0.

Remark 2.4. By AJ-conjecture, the classical limit q → 1 of noncommutative A-polynomial is the A-polynomial. Thus, the noncommutative A-polynomial can be considered as the quantization of A-polynomial. So the above method to compute S_n(u) can be called quantization algorithm. All the information of color Jones polynomial are implied in a hierarchy of equations (22), (23). The first one equation (22) is the A-polynomial if we let l = e^{S′0(u)}. A-polynomial reflects some geometric information of the knot complement M_K. Finding the geometric meaning of the generic equations (23) will be interesting.

Remark 2.5. The above quantization algorithm was introduce in [9] to study the SL(2, C ) Chern-Simons partition function of M_K. They assumed that the color Jones polynomial J_N (K; e^{2πi}k ) and Chern-Simons partition Z(M_K; u, ℏ) are only difference with a normalization^q N 2 −q^{− N}2 q^12 −q^{− 1}2

. So in

order to get the quantization operator Ã(l̃, m̃) of Z(M_K; u; ℏ) such that Ã(l̃, m̃)Z(M_K; u; ℏ) = 0, one only needs to do some modifications on operator Â_K(l̂, m̂^2; q). See [9, 10] for detail discussion.

3. Examples

Example 3.1. When p = −1, K_{−1} = 4_1, this example has been calculated in [9]. But we still recalculate here as an basic example to illustrate the application of above algorithm.

Step 1. Finding the noncommutative A-polynomial of 4_1.

We download Paule and Riese’s qZeil.m and qMultiSum.m package [32] and run them in Mathematica 7.0.

In[1]:= << c:/qZeil.m q-Zeilberger Package by Axel Riese–@RISC Linz -V 2.42 (02/18/05) In[2]:= << c:/qMultiSum.m qMultiSum Package by Axel Riese–@RISC Linz -V 2.52 (30-Jul-2010) In[3]:=summandfigure8 = q^{nk}qfac[q^{−n−1}, q^{−1}, k]qfac[q^{−n+1}, q, k] Out[3]:=q^{kn}qPochhammer[q^{−1−n}, 1/q, k]qPochhammer[q^{1−n}, q, k] In[4]:=qZeil[summandfigure8, k, 0, Infinity, n, 2] Out[4]:=

SUM[n] == q^{−1−n}(q + q^n)(−q + q^{2n}) −1 + q^n − (1 − q^{−2+n})(1 − q^{−1+2n})SUM[-2 + n] (1 − q^n)(1 − q^{−3+2n}) + q^{−2−2n}(1 − q^{−1+n})^2(1 + q^{−1+n})(q^4 + q^{4n} − q^{3+n} − q^{1+2n} − q^{3+2n} − q^{1+3n})SUM[-1 + n] (1 − q^n)(1 − q^{−3+2n}) This is a second-order inhomogeneous recursion relation, we convert it into a third-order homogeneous recursion relation:

In[5]:=MakeHomRec [%, SUM[n]]; Converting to forward shifts: In[6]:=Rec41=ForwardShifts[%] Out[6] :=q^{5+n}(q − q^{3+n})(q^3 − q^{3+n})(q + q^{3+n})(q − q^{6+2n})(q^3 − q^{6+2n})SUM[n] − q^{−5−n}(q − q^{3+n})(q^2 − q^{3+n})(q^2 + q^{3+n})(q − q^{6+2n})(q^3 − q^{6+2n}) × (q^8 − 2q^{9+n} + q^{10+n} − q^{9+2n} + q^{10+2n} − q^{11+2n} + q^{10+3n} − 2q^{11+3n} + q^{12+4n}) × SUM[1 + n] + q^{−4−n}(q − q^{3+n})^2(q + q^{3+n})(q^3 − q^{6+2n})(q^5 − q^{6+2n})(q^4 + q^{5+n} − 2q^{6+n} − q^{7+2n} + q^{8+2n} − q^{9+2n} − 2q^{10+3n} + q^{11+3n} + q^{12+4n}) SUM[2 + n] + q^{4+n} × (q − q^{3+n})(−1 + q^{3+n})(q^2 + q^{3+n})(q^3 − q^{6+2n})(q^5 − q^{6+2n})SUM[3 + n] == 0 Converting it to operator form:

In[7]:=F=ToqHyper[Rec41[[1]] - rec41[[2]]]/.{SUM[N] → 1, SUM[N q^c_. ] :> X^c}/.N → Q Out[7] :=q^5Q(q − q^3Q)(q^3 − q^3Q)(q + q^3Q)(q − q^6Q^2)(q^3 − q^6Q^2)

− 1 q^5Q

(q − q^3Q)(q^2 − q^3Q)(q^2 + q^3Q)(q − q^6Q^2)(q^3 − q^6Q^2) × (q^8 − 2q^9Q + q^{10}Q − q^9Q^2 + q^{10}Q^2 − q^{11}Q^2 + q^{10}Q^3 − 2q^{11}Q^3 + q^{12}Q^4)X + 1 q^4Q

(q − q^3Q)^2(q + q^3Q)(q^3 − q^6Q^2)(q^5 − q^6Q^2)(q^4 + q^5Q − 2q^6Q − q^7Q^2 + q^8Q^2 − q^9Q^2 − 2q^{10}Q^3 + q^{11}Q^3 + q^{12}Q^4)X^2 + q^4Q(q − q^3Q)(−1 + q^3Q)(q^2 + q^3Q)(q^3 − q^6Q^2)(q^5 − q^6Q^2)X^3 Then F is the non-commutative A-polynomial of 4_1 if we replace X by E. Step 2. Finding the operator Â_{41} (l̂, m̂; q) = ∑_d j=0 a_j(m̂, ℏ)l̂^j . Substituting Q and X by m^2 and l respectively in F , we get

Â_{41} (l̂, m̂) =^3 ∑ j=0 a_j(m̂, ℏ)l̂^j where

â_0(m̂, q) = m̂^2q^5(q − m̂^2q^3)(q^3 − m̂^2q^3)(q + m̂^2q^3)(q − m̂^4q^6)(q^3 − m̂^4q^6) â_1(m̂, q) = 1 m̂^2q^5

(q − m̂^2q^3)(q^2 − m̂^2q^3)(q^2 + m̂^2q^3)(q − m̂^4q^6)(q^3 − m̂^4q^6) × (q^8 − 2m̂^2q^9 − m̂^4q^9 + m̂^2q^{10} + m̂^4q^{10} + m̂^6q^{10} − m̂^4q^{11} − 2m̂^6q^{11} + m̂^8q^{12}) â_2(m̂, q) = 1 m̂^2q^4

(q − m̂^2q^3)^2(q + m̂^2q^3)(q^3 − m̂^4q^6)(q^5 − m̂^4q^6) × (q^4 + m̂^2q^5 − 2m̂^2q^6 − m̂^4q^7 + m̂^4q^8 − m̂^4q^9 − 2m̂^6q^{10} + m̂^6q^{11} + m̂^8q^{12}) â_3(m̂, q) = m̂^2q^4(q − m̂^2q^3)(−1 + m̂^2q^3)(q^2 + m̂^2q^3)(q^3 − m̂^4q^6)(q^5 − m̂^4q^6) Step 3 Choosing the different branches. The A-polynomial of 4_1 is A_{41} (l, m) = (−1 + l)(l − lm^2 − m^4 − 2lm^4 − l^2m^4 − lm^6 + lm^8) Solving this equation, we obtain the three branches: l_A = 1 is called the abelian branch and l_G = −^{−1+m2+2m4+m6−m8+(−1+m4 )} √ 1−2m^2−m^4−2m^6+m^8 2m^4 is the geometric branch. The third one

is the conjugate of l_G called conjugate branch which have the intimate relation with geometric branch discussed in [9].

Step 4 Calculating the expansion coefficients S_n(u) in different branches by formula (23). Abelian branch expansion: taking the initial value S^A_0 (u) = log l_A = 0, then

S^A_1 (u) = log 1 Δ_{41} (m^2) ; S^A_2 (u) = constant;

S^A_3 (u) =

4(m^{−2} − 1 + m^2) Δ_{41} (m^2)^3 ; S^A_4 (u) = constant; · · · where Δ_{41} (t) =^1_t + t − 3 is the Alexander polynomial of 4_1. The above results match the Conjecture 1.4.

Geometric branch expansion: the initial value S^G_0 (u) =^i_2 V ol(4_1) + ∫_u iπ v_G(u)du − 2π^2 [9].

S^G_1 (u) = 2 log(m) − log(−1 + m^2) − 1 4 log(1 − 2m^2 − m^4 − 2m^6 + m^8);

S^G_2 (u) =

1 − m^2 − 2m^4 + 15m^6 − 2m^8 − m^{10} + m^{12}

12(−1 + 2m^2 + m^4 + 2m^6 − m^8)^32 ; S^G_3 (u) = −

2m^6(−1 + m^2 + 2m^4 − 5m^6 + 2m^8 + m^{10} − m^{12}) (1 − 2m^2 − m^4 − 2m^6 + m^8)^3 ; S^G_4 (u) = m^2 90(1 − 2m^2 − m^4 − 2m^6 + m^8)^92

(1 − 4m^2 − 128m^4 + 36m^6

+ 1074m^8 − 5630m^{10} + 5782m^{12} + 7484m^{14} − 18311m^{16} + 7484m^{18} + 5782m^{20} − 5630m^{22} + 1074m^{24} + 36m^{26} − 128m^{28} − 4m^{30} + m^{32}); · · · If we use the Ray-Singer torsion of 4_1 [20, 8]

T_{41} (u) =

4π^2m^2 √ −1 + 2m^2 + m^4 + 2m^6 − m^8 , we may conjecture that S_n(u) has the form

S_n(u) = ( T_{41} (u) 4π^2 )_{3n−3} G_n(m) for n ≥ 2, where {G_n(m)} is a sequence of Laurent polynomial of m.

Remark 3.2. In [9], they have calculated the perturbative expansion for Z (M_{41} ; u; ℏ) assume that Z(M_{41} ; u; ℏ) =^{qN/2−q−N/2}

q^{1/2}−q^{−1/2} J(K; u, ℏ). By this relation, we should make a modification for

â_j (m̂, q), â_j (m̂, q) → â_j(m̂, q) m^2q^{j/2} − q^{−j/2} . With these new â(m̂, q), they calculated the S_n(u) for Z(M_{41} ; u, ℏ) up to n = 8.

We give more examples in abelian branch expansion.

Example 3.3. When p = 2, the twist knot K_2 = 5_2. Setting the initial value S^A_0 (u) = 0, we get S^A_1 (u) = log ( 1 Δ_{52} (m^2) ) ; S^A_2 (u) =

−4(m^{−2} + m^2) + 13 2Δ_{52} (m^2)^2 ; S^A_3 (u) = −

−32 + 104m^2 + 200m^4 − 607m^6 + 200m^8 + 104m^{10} − 32m^{12} 8m^6Δ_{52} (m^2)^4 ; S_4(u) = − 1 24m^{10}Δ_{52} (m^2)^6

(320 − 752m^2 − 3808m^4 + 3052m^6 + 39692m^8 − 78163m^{10} + 39692m^{12} + 3052m^{14} − 3808m^{16} − 752m^{18} + 320m^{20}) · · · where Δ_{52} (t) = 2(t^{−1} + t) − 3 is the Alexander polynomial of 5_2. It is easy to see these results match the Conjecture 1.4.

Example 3.4. When p = −2, the twist knot K_{−2} = 6_1. Setting the initial value S^A_0 (u) = 0, we obtain

S^A_1 (u) = log ( 1 Δ_{61} (m^2) ) ; S^A_2 (u) =

−4m^2 + 7m^4 − 4m^6 2m^4Δ_{61} (m^2)^2 ; S^A_3 (u) = −

32 − 504m^2 + 1656m^4 − 2303m^6 + 1656m^8 − 504m^{10} + 32m^{12} 8m^6Δ_{61} (m^2)^4 ; S_4(u) = − 1 24m^{10}Δ_{61} (m^2)^6

(320 − 2512m^2 + 23968m^4 − 103404m^6 + 225900m^8

− 288925m^{10} + 225900m^{12} − 103404m^{14} + 23968m^{16} − 2512m^{18} + 320m^{20}) · · · where Δ_{61} (t) = 2(t^{−1} + t) − 5 is the Alexander polynomial of 6_1. These results match the Conjecture 1.4.

Remark 3.5. In the above two examples, we have used the non-commutative A-polynomial for twist knot K_p obtained by S. Garoufalidis and X. Sun [14, 15]. In fact, they have calculated all the non-commutative A-polynomial of K_p for p = −8, .., 11. So we can get more examples by using their results.

4. Conclusion and discussion In this paper, we present an algorithm to calculate the higher order terms in general expansion of color Jones polynomial from the view of A-polynomial and noncommutative A-polynomial. In the large N limit, the color Jones polynomial J_N (K; e^{2u}) has the following expansion form

J(K; ℏ, u) = exp ( S_0(u) ℏ − 3 2 log ℏ + ∞∑ n=1 S_n(u)ℏ^{n−1} ) . (24)

In order to determine every terms S_n(u) appearing at left side of (24), we need to solve the following equation with initial value S_{Initial}(u):

(25) { Â_K(l̂, m̂; q)J(K; ℏ, u) = 0 S_0(u) = S_{Initial}(u) Up to a constant, the initial value S_{Initial}(u) is determined by the solution of the equation A_K(e^v , e^u) = 0, where A_K(l, m) is the A-polynomial of knot K. More precisely, if we assume A_K(l, m) = (l−1)f_d(l, m), where f_d(l, m) = ∑_d i=1 a_i(m)l^i. For a given m, the equation f_d(l, m) = 0 has d solutions in C denoted by l = l^α(m), α = 1, .., d. Thus A_K(l, m) = 0 has d + 1 branches: abelian branch l^A = 1, and l^α(m), for α = 1, .., d. There are some symmetries between these different branches α = 1, .., d. See [9] for discussions from Chern-Simon theory.

One of the most interesting branch is called geometric branch denoted by l^G(m) which is relevant with the hyperbolic volume of knot complement M_K. In this geometric branch, the initial value is^{dSInitial(u)}_{du} = v^G(u) and S_{Initial}(u) is the complexified volume of M_K parameterized by u. Then all the terms S^G_n (u) can be solved from the recursive relation (23). Moreover, S^G_1 (u) has the geometric interpretation S^G_1 (u) =^1_2 log^{iTK(u)}_{4π} [20], where T_K(u) u-deformed torsion of M_K. But what’s the geometric mean of S^G_n (u) for n ≥ 2 is still unknown.

In the abelian branch l_A = 1, the initial value is^{dSInitial(u)}_{du} = v^A = 0. So S_{Initial}(u) is a constant. One can get every S^A_n (u) by formula (23). Moreover, the first term S^A_1 (u) = log^1_{ΔK(2u)} , where Δ_K(t) is the Alexander polynomial of K which has the geometric meaning, but the geometric interpretation is still unclear for S^A_n (u), n ≥ 2. We found that expansion terms S^A_n (u) is in consistence with the Melvin-Morton-Rozansky expansion for color Jones polynomial [25, 8, 35, 36, 16], so we proposed the Conjecture 1.4.

We have calculated the following examples in this paper: i) figure-8 knot 4_1 in both geometric and abelian branches; ii) Twist knots 5_2 and 6_1 in abelian branch. Both of them match the conjecture. For the cases in ii) , we only compute the abelian branch, because the geometric branch in this situation is more complicated which consumes much computer time.

The recursive algorithm to get S_n(u) was found in [9] to study the SL(2, C ) Chern-Simons partition function Z(M_K; u, ℏ) of M_K. As to quantum invariant Z(M_K; u, ℏ), there are also two other approaches to compute the expansion coefficients S_n(u): the state integral model introduced in [9] and the topological recursion method which is from string theory [10]. These two methods may also be used to study the geometric branch of cases in ii) which will be further studied in [45].

Acknowledgements. This work was finished when the author was visiting University of California, Los Angeles. The author would like to thank the China Scholarship Council for the finicial support for his visit. The author thanks Professor H. Fuji for providing him partial calculations in their paper [10]. The author also would like to thank Professor Kefeng Liu for his careful reading the draft of this paper and his valuable suggestions.

References

[1] S. Axelrod and I.M. Singer Chern-Simons perturbation theory, arXiv:9110056. [2] S. Axelrod and I.M. Singer Chern-Simons perturbation theory II, arXiv:9304087. [3] D. Bar-Natan Perturbative aspects of the Chern-Simons topological quantum field theory, Ph.D. thesis, Princeton University, June 1991.

[4] D. Bar-Natan and S. Garoufalidis, On the Melvin-Morton-Rozansky conjecture, Inventiones, 125 (1996) 103-133.

[5] D. Bar-Natan and E. Witten Perturbative expansion of Chern-Simons theory with noncompact gauge group, Commun. Math. Phys. 141 (1991) 423.

[6] D. Cooper, M. Culler, H. Gillet and D. Long, Plane curves associated to character varieties of 3-manifolds, Invent. Math. 118 (1994), no. 1 47-84.

[7] S.-S. Chern and J. Simons, Characteristic forms and geometric invariants, Ann. of Math. (2) 99 (1974), 48-69.

[8] T. Dimofte and S. Gukov Quantum field theory and the volume conjecture, arXiv: 1003.4808. [9] T. Dimofte, S. Gukov, J. Lenells and D. Zagier, Exact results for perturbative Chern-Simons theory with complex gauge group, Commun. Num. Theor. Phys 3 (2009) 363-443, arXiv:0903.2472.

[10] R. Dijkgraaf, H. Fuji and M. Manabe The volume conjecture, perturbative knot invariants, and recursion relations for topological strings, arXiv:1010.4542.

[11] S. Garoufalidis, On the characteristic and deformation varieties of a knot, Proceedings of the CassonFest, Geometry and Topology Monographs 7 (2004) 291-309.

[12] S. Garoufalidis and C. Koutschan The non-commutative A-polynomial of (−2, 3, n) pretzel knots, arXiv:

1101.2844.

[13] S. Garoufalidis and T. Mattman The A-polynomial of the (−2, 3, n) pretzel knots, arXiv: 1101.1349. [14] S. Garoufalidis and X. Sun, The non-commutative A-polynomial of twist knots, arXiv: 0802.4074. [15] S. Garoufalidis and X. Sun, Computer data on the non-commutative A-polynomial of twist knots, 2008. [16] S. Garoufalidis and T.T.Q. Le, The colored Jones function is q-holonomic, Geom. and Topology 9 (2005) 1253-1293.

[17] S. Garoufalidis and T. T. Q. Le, An analytic version of the Melvin-Morton-Rozansky Conjecture, arXiv:math.GT/0503641.

[18] R. Gelca On the relation between the A-polynomial and the Jones polynomial, Proc. Amer. Math. Soc. 130 (2002) 1235-1241.

[19] S. Gukov, Three-dimensional quantum gravity, Chern-Simons theory, and the A-polynomial, Commun.

Math. Phys. 255 (2005) 577-627, arXiv: 0306165.

[20] S. Gukov and H. Murakami SL(2, C ) Chern-Simons theory and the asymptotic behavior of the color Jones polynomial arXiv: 0608324.

[21] H. Murakami A version of the volume conjecture arXiv: 0603217.

[22] J. Hoste and P.D. Shanahan,A formula for the A-polynomial of twist knots, J. Knot Theory Ramifications.

13 (2004), 193-209.

[23] R. M. Kashaev, The hyperbolic volume of knots from the quantum dilogarithm, Lett. Math. Phys. 39 (1997), no. 3, 269-275.

[24] T. T. Q. Le, The colored Jones polynomial and the A-polynomial of two-bridge knots, Advances in Math.

207 (2006) 782-804.

[25] P. Melvin and H. Morton, The coloured Jones function, Commun. Math. Phys. 169 (1995) 501-520. [26] H. Murakami and J. Murakami, The colored Jones polynomials and the simplicial volume of a knot, Acta Math. 186 (2001), no. 1, 85C104.

[27] H. Murakami, J. Murakami, M. Okamoto, T. Takata, and Y. Yokota, Kashaev’s conjecture and the Chern- Simons invariants of knots and links, Experiment. Math. 11 (2002), no. 3 427-435.

[28] H. Murakami, The colored Jones polynomials and the Alexander polynomial of the figure-eight knot, J. Geom.

Topol. 7 (2007), no. 2 249-269.

[29] H. Murakami A version of the volume conjecture, Adv. Math. 211 (2007), no. 2, 678-683. [30] H. Murakami and Y. Yokota, The colored Jones polynomials of the figure-eight knot and its Dehn surgery spaces, J. Reine Angew. Math. 607 (2007), 47-68.

[31] W. D. Neumann and D. Zagier, Volumes of hyperbolic three-manifolds, Topology 24 (1985), no. 3 307-332. [32] P. Paule and A. Riese, http://www.risc.uni-linz.ac.at/research/combinat/risc/software /qZeil/, Mathematica Software.

[33] P. Paule and A. Riese,A Mathematica qCAnalogue of Zeilbergers Algorithm Based on an Algebraically Motivated Approach to qCHypergeometric Telescoping, from: Special Functions, qCSeries and Related Topics, Fields Inst. Commun., 14 [34] M. Petkovšek, HS Wilf and D. Zeilberger,A = B , AK Peters Ltd, Wellesley, MA (1996) [35] L. Rozansky, A contribution to the trival connection to Jones polynomial and Witten’s invariant of 3-D manifolds. 1, Commun. Math. Phys. 175 (1996) 275.

[36] L. Rozansky, The universal R-matrix, Burau representation, and the Melvin-Morton expansion of the colored Jones polynomial, Adv. Math. 134 (1998) 1-31.

[37] T. Takata, The colored Jones polynomial and the A-polynomial for twist knots, arXiv: 0401068. [38] W. Thurston, Three-dimensional manifolds, Kleinian groups and hyperbolic geometry, Bull. Amer. Math.

Soc. 6 (1982) 357-381.

[39] W. Thurston, The geometry and topology of three-manifolds, Electronic version 1.1-March 2002, http://www.msri.org/publications/books/gt3m/.

[40] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121 (1989) , 351. [41] E. Witten, Quantization of Chern-Simons gauge theory with complex gauge group, Commun. Math. Phys.

137 (1991) , 29.

[42] H. Wilf and D. Zeilberger,An algorithmic proof theory for hypergeometric (ordinary and q ) multisum/integral identities, Invent. Math. 108 (1992) 575-633.

[43] N. Woodhouse, Geometric quantization, New York: Oxford University Press, 1992. [44] T. Yoshida, The eta-invariant of hyperbolic 3-manifold, Invent. Math. 81 (1985) 437-514. [45] S. Zhu, Three approaches to perturbative computation for SL(2, C ) Chern-Simons theory, in preparing.

Department of Mathematics and Center of Mathematical Sciences, Zhejiang University, Hangzhou, Zhejiang 310027, China

E-mail address: zhushengmao@gmail.com