arXiv:1104.0546v2 [gr-qc] 5 Apr 2011

Thermodynamic Geometry of the Born-Infeld-anti-de Sitter black holes

Peng Chen

Institute of Theoretical Physics Chinese Academy of Sciences, Beijing 100190, PRC

Abstract

Thermodynamic geometry is applied to the Born-Infeld-anti-de Sitter black hole (BIAdS) in the four dimensions, which is a nonlinear generalization of the Reissner-Norström-AdS black hole (RNAdS). We compute the Weinhold as well as the Ruppeiner scalar curvature and find that the singular points are not the same with the ones obtained using the heat capacity. Legendre-invariant metric proposed by Quevedo and the metric obtained by using the free energy as the thermodynamic potential are obtained and the corresponding scalar curvatures diverge at the Davies points.

Keywords: Born-Infeld-anti-de Sitter black hole; Thermodynamic Geometry; Phase transition.

chenpeng@itp.ac.cn

1 Introduction

Born-Infeld electrodynamics was first introduced by Born and Infeld in 1930’s to remove the divergence of the electron’s self-energy [1]. It has received renewed attention for the last fifteen years since it arises naturally in open superstrings and in D-branes [2, 3, 4]. On the other hand, thermodynamics of black holes in AdS space has also generated renewed attention due to the AdS/CFT duality [5], which relates thermodynamics of black holes in AdS space to the dual CFT in a lower dimension. Studying the phase transitions of AdS black holes is an effective way of exploring phase structures in the dual field theories. Born-Infeld-AdS black hole solution and the thermodynamic properties has been analyzed in [6]-[10].

Introducing differential geometric concepts into ordinary thermodynamics was first done by Weinhold [11]. He proposed a Riemannian metric defined as the second derivatives of internal energy U with respect to entropy and other extensive quantities of a thermodynamic system. However, the geometry of this metric seems to have no physical meaning in the context of equilibrium thermodynamics. Few years later, Ruppeiner [12] introduced another metric, defined as the negative Hessian of entropy S with respect to the internal energy and other extensive quantities of a thermodynamic system. In [13] it was proved that the Ruppeiner metric is conformal to the Weinhold metric with the inverse temperature as the conformal factor. The Ruppeiner geometry has its physical meaning in the fluctuation theory of equilibrium thermodynamics. Both metrics have been applied to study the geometry of the thermodynamics of ordinary systems [14]-[22]. In particular, it was found that the Ruppeiner geometry carries information of phase structure of thermodynamic system; and scalar curvature of the metric diverges at the phase transition and critical point, which shows interaction of the system. For thermodynamic systems with no statistical mechanical interactions (for example, ideal gas), the scalar curvature is zero and the Ruppeiner metric is flat. Because of the success of their applications to ordinary thermodynamic systems, they have also been used to study black hole phase structures and lots of results have been obtained for different sorts of black holes [23]-[39]. However, the results they present are sometimes contradictory. For instance, for the RN black hole: the Weinhold metric predicts phase transitions which are compatible with standard black hole thermodynamics, while the Ruppeiner curvature is flat, giving no information at all about phase transition. To overcome this inconsistency, the theory of Gometrothermodynamics(GTD) was proposed recently [40, 41, 42]. It incorporates arbitrary Legendre transformations into the geometric structure of the equilibrium space in an invariant manner. In [43] other thermodynamic potentials were proposed and metrics on all these thermodynamic potentials were investigated. They showed that in general for a system with n-pairs of intensive/extensive variables, all thermodynamical potential metrics can be embedded into a flat (n, n)-dimensional space. In this paper we will apply thermodynamic geometry into BIAdS black holes and see whether the information about phase transition represented by divergence of heat capacity can be reproduced.

This paper is organized as follows. In Section II we review the basics of Born-Infeld-AdS black hole and its most important thermodynamic quantities, plot the graphics of the heat capacities for fixed charge and fixed potential. In Section III we apply thermodynamic geometry to BIAdS black holes, getting the metrics and their corresponding scalar curvatures. In the last section we discuss our results and suggestions.

2 Basics of BIAdS black holes

First let’s consider the BIAdS action which is a (3+1)-dimensional gravity coupled with nonlinear electrodynamics [6, 8, 9] S = ∫ d^4x √ −g ( R − 2Λ 16πG + L(F ) ) , (1)

where

L(F ) = b^2 4πG 1 − √ 1 + 2F b^2 (2) with F ≡ F^{μν} F_{μν} /4, where the constant b is the Born-Infeld parameter, and Λ = −3/l^2 is the cosmological constant. Note that this Lagrangian reduces to the RNAdS one in the limit b^2 → ∞.

After solving the equations of motion for the gauge field A_μ and the gravitational field g_{μν} , the BIAdS black hole solutions [6, 8, 9] can be written as ds^2 = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2dΩ^2. (3) Here, the metric function f(r) is given by

f(r) = 1 − 2M r + r^2 l^2 + 2b^2r^2 3 1 − √ 1 + Q^2 b^2r^4 + 4Q^2 3r^2 F ( 1 4 , 1 2 , 5 4 , − Q^2 b^2r^4 ) , (4) where F is a hypergeometric function. The only non-zero component with the electric charge Q is given by F^{01} = −E = −Q/ √ r^4 + Q^2/b^2. Hereafter we only consider Q ≥ 0 and b ≥ 0 without any loss of generality. In the limit Q → 0, f(r) reduces to the Schwarzschild-anti de Sitter black hole (SAdS) case, while in the limit b → ∞ and Q ≠ 0, f(r) reduces to the RNAdS case.

We can solve the equation f(r) = 0 to get the ADM mass M which is given by M(r_+, Q, b) = r_+ 2 + r^3_+ 2l^2 + b^2r^3_+ 3 1 − 1 + Q^2 b^2r^4_+ + 2Q^2 3r_+ F ( 1 4 , 1 2 , 5 4 , − Q^2 b^2r^4_+ ) (5) with the outer horizon r = r_+. If we demand both f(r) and df(r)/dr vanish at the degenerate horizon, then we get the extremal BIAdS. The radius r^2_e of the extremal BIAdS is given by

r^2_e = l^2 6 ( 1 +^3_{2b2l2} 1 +^4_{4b2l2} ) −1 + 1 + 12 ( 1 +^3_{4b2 l2} ) b^2l^2 ( 1 +^3_{2b2l2}

)_2 ( b^2Q^2 − 1 4 ) . (6)

So the condition bQ ≥ 0.5 must be satisfied in order to have a real root for r^2_e . As a result, the parameter space for the BIAdS is 0.5 ≤ bQ ≤ ∞. (7) We call the lower bound (bQ = 0.5)as the critical BIAdS and the upper bound of b → ∞ as the RNAdS.

The Hawking temperature T_H = f^′(r_+)/4π is given by

T_H (r_+, Q, b) = 1 4π 1 r_+ + 3r_+ l^2

+ 2b^2r_+ 1 − 1 + Q^2 b^2r^4_+ . (8) Note that in the limit Q → 0, T_H reduces to the SAdS case, while in the limit of b → ∞ and Q ≠ 0, T_H reduces to the RNAdS case.

Then, using Eqs. (5) and (8), the heat capacity C(r_+, Q, b) = (dM/dT_H )_Q for fixed-charge is

C_Q =

2πr^2_+ √ 1 +^{Q2}_{b2r4+} [ 3r^4_+ + l^2 ( r^2_+ + 2b^2 ( 1 − √ 1 +^{Q2}_{b2r4+} ) r^4_+ )]

3 √ 1 +^{Q2}_{b2r4+} r^4_+ + l^2 [ − √ 1 +^{Q2}_{b2r4+} r^2_+ + 2Q^2 − 2b^2 ( 1 − √ 1 +^{Q2}_{b2r4+} ) r^4_+ ] . (9)

Note that in the limit Q → 0, the heat capacity C_Q reduces to the SAdS case as C^{SAdS}_Q (r_+) = 2πr^2_+

( 3r^2_+ + l^2 3r^2_+ − l^2 ) , (10) In the limit of b^2 → ∞, C_Q reduces to the RNAdS case as C^{RNAdS} Q (r_+, Q) = 2πr^2_+

[ 3r^4_+ + l^2(r^2_+ − Q^2) 3r^4_+ + l^2(−r^2_+ + 3Q^2) ] , (11) According to the well-known Area-Entropy formula, the Bekenstein-Hawking entropy of the BIAdS black hole is S = πr^2_+. (12) By the first law of thermodynamics, dM = T dS + ΦdQ (13) we can get the electric potential as Φ = Q r_+ F ( 1 4 , 1 2 , 5 4 , − Q^2 b^2r^4_+ ) (14) The heat capacity for fixed potential is

C_Φ = − 2πr_+ ( r_+

(_3

l^2 − 2b 2 (√_{Q2} b^2r^4_+ + 1 − 1 )) +^1_{r+} )

4Q^2 r^4_+ √_{Q2} b2r4+ +1 (√_{Q2} b2r4+ +1F ( 1 4 ,^1_2 ,^5_4 ,−^{Q2}_{b2r4+} ) +1 ) + 2b^2 (√_{Q2} b^2r^4_+ + 1 − 1 ) −^{4Q2}

r^4_+ √_{Q2} b2r4+ +1

−^3_{l2} +^1_{r2+}

(15) Here we plot C_Q and C_Φ as follows

Figure 1: The heat capacity for fixed charge C_Q vs r_+ with b = 0.5, l = 10, Q = 1. At r_+ = 1.5307, 5.4781, C_Q diverges.

Figure 2: The heat capacity for fixed charge C_Q vs r_+ with b = 1, l = 10, Q = 1.(a)At r_+ = 1.7685/6, 5.4774/5, C_Q diverges.(b)At r_+ = 0.850492, C_Q vanishes.

Figure 3: The heat capacity for fixed potential C_Φ vs r_+ with b = 0.5, l = 10, Q = 1. At r_+ = 5.6835/6, C_Φ diverges.

Figure 4: The heat capacity for fixed potential C_Φ vs r_+ with b = 1, l = 10, Q = 1. (a) At r_+ = 5.6834/5, C_Φ diverges. (b)C_Φ diverges at 0.8009/11, vanishes at 0.8504/6.

We may also introduce analogously charge capacitances at fixed temperature or entropy, they are given by ~C_T ≡ ∂Q ∂Φ |_T = ∂Q ∂r_+ |T ∂Φ ∂r_+ |T , ~C_S ≡ ∂Q ∂Φ |_S = ∂Q ∂r_+ |S ∂Φ ∂r_+ |S (16)

It turns out that ~C_S is positive definite(for b = 0.5, 1; l = 10, Q = 1), and there are no sigular points associated with it, so we will skip it in the following discussion. ~C_T is plotted as follows.

Figure 5: The charge capacitance at fixed temperature ~C_T vs r_+ with b = 0.5, l = 10, Q = 1. At r_+ = 5.6835/6, ~C_T diverges. ~C_T vanishes at 1.5307, 5.4781.

Figure 6: The charge capacitance at fixed temperature ~C_T vs r_+ with b = 1, l = 10, Q = 1. At r_+ = 0.8009/11, 5.6834/5, ~C_T diverges. ~C_T vanishes at 1.7685/6, 5.4774/5.

From Figure 1 and Figure 5 (both are for b = 0.5), we see clearly that when C_Q diverges(at r_+ = 1.5307, 5.4781), ~C_T vanishes. From Figure 2 and Figure 6 (both are for b = 1), we see clearly that when C_Q diverges (at r_+ = 1.7685/6, 5.4774/5), ~C_T vanishes. It is consistent with the observation in [43] that the vanishing of a certain capacity is always associated with the divergence of another.

3 Thermodynamic geometry of BIAdS black holes

Study of black hole phase transitions from the point of view of thermodynamic geometry has been quite active recently. In this section, we will apply thermodynamic geometry to BIAdS black holes.

3.1 The Weinhold metric

The Weinhold metric is defined as [11]

dS^2_W = g^W_{ij} dX^idX^j (17)

where g^W_{ij} = ∂^2M(X^k) ∂X^i∂X^j , and X^i ≡ X^i(S, N^a) (18)

Here N^a’s are all other extensive variables of the system. In this case, N^a would be the charge Q. We can substitute r_+ = √ S/ √ π into (5) and get the mass as a function of S and Q (Note that in this paper l and b will be fixed at some value). At this stage dS^2_W can be calculated straightforward. As the metric and corresponding scalar curvature are very complicated, we will not present them here. Instead we plot the scalar curvature as follows.

Figure 7: The Weinhold curvature R^W vs r_+ with b = 0.5, l = 10, Q = 1. At r_+ = 0, 5.6835/6, R^W diverges.

Figure 8: The Weinhold curvature R^W vs r_+ with b = 1, l = 10, Q = 1. At r_+ = 0.8010/11, 5.6834/5, R^W diverges.

For BIAdS balck holes, the Weinhold geometry is curved, signaling interaction for this thermodynamic system. There are singular points, but they are not consistent with the ones of the heat capacity for fixed charge.

3.2 The Ruppeiner metric

The Ruppeiner metric is given by [12]

dS^2_R = g^R_{ij} dX^idX^j (19)

where, g^R_{ij} = − ∂^2S(X^k) ∂X^i∂X^j , and X^i ≡ X^i(M, N^a) (20)

For BIAdS black hole N^a = Q.

In order to find g^R_{ij} it is desirable to express S in terms of M and Q. However from (5) we see that M is expressed as a function of r_+(S = πr^2_+) and Q, which is a hypergeomeric function and is invertible. Fortunately, it was proved that Ruppeiner metric and Weinhold metric are related with each other by a conformal factor [13]

dS^2_R = 1 T dS^2_W (21)

where T is the temperature of the system. In this case this would correspond to the Hawking temperature of the BIAdS black hole. So we can use the Weinhold metric and the relation of the two metrics to get the Ruppeiner metric. We plot the Ruppeiner scalar curvature as follows.

Figure 9: The Ruppeiner curvature R^R vs r_+ with b = 0.5, l = 10, Q = 1. At r_+ = 0, 5.6835/6, R^R diverges. At r_+=1.4590/2, it vanishes.

Figure 10: The Ruppeiner curvature R^R vs r_+ with b = 1, l = 10, Q = 1. (a)(c)(d)(f): it diverges at r_+ = 0, 0.8010/1, 0.8504/6, 5.6834/5 respectively;(c)(e): it vanishes at r_+=0.8222/4, 1.0790/1

Like the Weinhold geometry, the Ruppeiner geometry is also curved, signaling interaction for this thermodynamic system. There are singular points, but they are not consistent with the ones of the heat capacity for fixed charge(except one singular point at r_+ = 0.8504/6, at which C_Q vanishes.).

Note that for b = 0.5, the Weinhold metric, the Ruppeiner metric all diverge at the same points (r_+ = 0, 5.6835/6), but they are inconsistent with the result of heat capacity for fixed charge (r_+ = 1.5307, 5.4781); for b = 1, C_Φ, the Weinhold metric, the Ruppeiner metric all diverge at the same points (r_+ = 0.8010/1, 5.6834/5), but they are different from the divergencies of heat capacity for fixed charge (r_+ = 1.7685/6, 5.4774/5). It is consistent with the observation in [33] that whilst the Ruppeiner and Weinhold metrics indeed reveal the signals of black hole phase transitions associated with divergence of heat capacity with fixed electric potential or angular velocity, they are insensitive to the Davies curve [44] where the heat capacity with fixed charge and/or angular momentum diverges.

3.3 The Quevedo metric

Weinhold and Ruppeiner metrics are supposed to give a direct relationship between curvature singularities and divergencies of the heat capacity. Unfortunately, the singular points they present are not consistent with the ones of the heat capacity. In fact, the results they present are sometimes contradictory. For instance, for the RN black hole: the Weinhold metric predicts phase transitions which are compatible with standard black hole thermodynamics, while the Ruppeiner curvature is flat, giving no information at all about phase transition. To solve this problem, in [27] a generalized Ruppeiner metric was proposed with variables (M, Q) replaced by (M − ΦQ, Φ). After the replacement, the new metric gives the correct singular point. Another approach to solve the puzzle was given by Quevedo, who proposed a new metric, which is Legendre-invariant. The Legendre-invariant metric reproduces the corresponding phase transition structure. There are many Legendre-invariant metrics that we can use, in this case, we will use this one:

g^Q_{ab} = (SM_S + QM_Q) ( −M_{SS} 0 0 M_{QQ} ) . (22)

The corresponding metric and curvature are computed and the curvature is plotted as follows.

Figure 11: The Quevedo curvature R^Q vs r_+ with b = 0.5, l = 10, Q = 1. At r_+ = 0, 1.5307, 5.4781, R^Q diverges. At r_+=5.2002/4, it vanishes.

Figure 12: The Quevedo curvature R^Q vs r_+ with b = 1, l = 10, Q = 1. At r_+ = 1.7685/6, 5.4774/5, R^Q diverges. At r_+=5.2064/5, it vanishes.

Comparing Figure 1, 2 with Figure 11, 12 we can see that the singular points of the Legendre-invariant metric are consistent with the result of heat capacity for fixed charge, giving the same singularities.

3.4 The free-energy metric

In [43], a new thermodynamical metric was introduced based on the Hessian matrix of several free energies. The authors demonstrated that the divergence of the heat capacity corresponds to the curvature singularities of this new metric. Let’s consider the Helmholtz free energy F = M − T S, as a function of T and Q, which satisfies dF = −SdT + ΦdQ (23) The corresponding metric is given by ds^2(F ) = −dT dS + dΦdQ (24) It is not always convenient to use natural variables(T, Q) to construct the metric, in this case we will use (r_+, Q) variables. The metric can be obtained straightforward. The Ricci scalar for the free-energy metric is plotted as follows

Figure 13: The curvature obtained using free-energy metric R^F vs r_+ with b = 0.5, l = 10, Q = 1. At r_+ = 0, 1.5307, 5.4781, R^F diverges. At r_+=8.1644/5, it vanishes.

Figure 14: The curvature obtained using free-energy metric R^F vs r_+ with b = 1, l = 10, Q = 1. At r_+ = 1.7685/6, 5.4774/5, R^Q diverges. At r_+=8.1648/9, it vanishes.

Like the Quevedo metric, the free-energy metric reproduces the singularities of C_Q. We can also use the potential F̄ = M − ΦQ (25) However, thermodynamical potentials (U, Ū) are called a conjugate pair if they satisfy U + Ū = 2M − T S − n∑ i=1 μ_iN_i . (26)

Their associated metrics are negative of each other [43], i.e. ds^2(U) = −ds^2(Ū) . (27) So the potential F̄ gives the same information about phase structure. For the same reason, the potential M̄ = M − T S − ΦQ (28) is conjugate to the potential M (leading to the Weinhold metric), providing nothing new.

4 Summary and discussions

In summary, we have analyzed the thermodynamic geometry of the 4-dimensional BIAdS. The Weinhold, Ruppeiner and a Legendre-invariant metric are obtained, their scalar curvatures are computed. The Weinhold geometry is curved for the BIAdS and the corresponding curvature diverges at some points, but these points are not the ones at which the heat capacity for fixed charge diverges or vanishes. The Ruppeiner metric diverges at the same points as the Weinhold(except two points in the b = 1 case)and it gives two more singularites, one of which is the zero point of heat capacity for fixed charge. For the Legendre-invariant Quevedo metric and the metric obtained using the free energy as the thermodynamic potential, they present the same divergent points with heat capacity. The totality of curvature singularities of all metrics is exactly the same as the totality of capacity divergent points.

Acknowledgments

I appreciate the helpful discussions with Ya-peng Hu, Jian-feng Wu, Haiqing Zhang, Zhuo-peng Huang and Hai-shan Liu. Special thanks goes to Prof. Ming Yu, Rong-gen Cai and Hong Lü for their warmhearted support and useful suggestions.

References

[1] M. Born and L. Infeld, Proc. R. Soc. London A 144, 425 (1934).

[2] E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B 163, 123 (1985).

[3] A.A. Tseytlin, Nucl. Phys. B 276, 391 (1986) [Erratum-ibid. B 291, 876 (1987)];

[4] R. G. Leigh, Mod. Phys. Lett. A 4, 2767 (1989).

[5] J.M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200]; S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109]; E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[6] T. K. Dey, Phys. Lett. B 595, 484 (2004).

[7] S. Fernando, Phys. Rev. D 74, 104032 (2006).

[8] S. Fernando and D. Krug, Gen. Relativ. Gravit. 35, 129 (2003). [9] R. G. Cai, D. W. Pang and A. Wang, Phys. Rev. D 70, 124034 (2004). [10] Y. S. Myung, Y. W. Kim and Y. J. Park, Phys. Rev. D 78 (2008) 084002 [arXiv:0805.0187 [gr-qc]].

[11] F. Weinhold, J. Chem. Phys. 63 (1075) 2479, ibid J. Chem. Phys. 63 (1975) 2484.

[12] G. Ruppeiner, Thermodynamics: a Riemannian geometric model, Phys.

Rev. A20 (1979) 1608; Riemannian geometry in thermodynamic fluctuation theory, Rev. Mod. Phys. 67, 605 (1995) [Erratum-ibid. 68, 313 (1996)].

[13] P. Salamon, J.D. Nulton and E. Ihrig, On the relation between entropy and energy versions of thermodynamic length, J. Chem. Phys. 80, 436 (1984).

[14] H. Janyszek, Rep. Math. Phys. 24, 1 (1986). [15] H. Janyszek and R. Mrugala, Phys. Rev. A 39, 6515 (1989). [16] E. J. Brody, Phys. Rev. Lett. 58, 179 (1987); D. Brody and N. Rivier, Phys. Rev. E 51 1006 (1995); D. Brody and A. Ritz, Nucl. Phys. B. 522, 588 (1998); D. Brody and L. Hughston, Proc. Roy. Soc. London A 455, 1683 (1999).

[17] B. P. Dolan, Proc. Roy. Soc. London A 454, 2655 (1998). [18] B. P. Dolan, D. A. Johnston, and R. Kenna, J. Phys. A 35, 9025 (2002). [19] W. Janke, D. A. Johnston and R. Malmini, Phys. Rev. E 66, 056119 (2002).

[20] W. Janke, D. A. Johnston, and R. Kenna, Phys. Rev. E 67, 046106 (2003).

[21] D. A. Johnston, W. Janke, and R. Kenna, Acta Phys. Polon. B 34, 4923 (2003).

[22] W. Janke, D. A. Johnston, and R. Kenna, Physica A 336, 181 (2004). [23] S. Ferrara, G.W. Gibbons and R. Kallosh, Black holes and critical points in moduli space, Nucl. Phys. B 500, 75 (1997) [arXiv:hep-th/9702103].

[24] R.G. Cai and J. H. Cho, Thermodynamic curvature of the BTZ black hole, Phys. Rev. D 60, 067502 (1999) [arXiv:hep-th/9803261].

[25] J.E. Aman, I. Bengtsson and N. Pidokrajt, Geometry of black hole thermodynamics, Gen. Rel. Grav. 35, 1733 (2003) [arXiv:gr-qc/0304015].

[26] S. Carlip and S. Vaidya, Phase transitions and critical behavior for charged black holes, Class. Quant. Grav. 20, 3827 (2003) [arXiv:grqc/0306054].

[27] J.y. Shen, R.G. Cai, B. Wang and R.K. Su, Thermodynamic geometry and critical behavior of black holes, Int. J. Mod. Phys. A 22, 11 (2007) [arXiv:gr-qc/0512035].

[28] T. Sarkar, G. Sengupta and B. Nath Tiwari, On the thermodynamic geometry of BTZ black holes, JHEP 0611, 015 (2006) [arXiv:hepth/0606084]; Thermodynamic Geometry and Extremal Black Holes in String Theory, JHEP 0810, 076 (2008) [arXiv:0806.3513 [hep-th]].

[29] B. Mirza and M. Zamani-Nasab, Ruppeiner Geometry of RN Black Holes: Flat or Curved? JHEP 0706, 059 (2007) [arXiv:0706.3450 [hepth]].

[30] H. Quevedo and A. Vazquez, The geometry of thermodynamics, AIP Conf. Proc. 977, 165 (2008) [arXiv:0712.0868 [math-ph]].

[31] A. J. M. Medved, Mod. Phys. Lett. A 23, 2149 (2008).

[32] J.L. Alvarez, H. Quevedo and A. Sanchez, Unified geometric description of black hole thermodynamics, Phys. Rev. D 77, 084004 (2008) [arXiv:0801.2279 [gr-qc]].

[33] G. Ruppeiner, Thermodynamic curvature and phase transitions in Kerr- Newman black holes, Phys. Rev. D 78, 024016 (2008) [arXiv:0802.1326 [gr-qc]].

[34] A. Sahay, T. Sarkar and G. Sengupta, Thermodynamic Geometry and Phase Transitions in Kerr-Newman-AdS Black Holes, JHEP 1004, 118 (2010) [arXiv:1002.2538 [hep-th]].

[35] R. Banerjee, S.K. Modak and S. Samanta, A New Phase Transition and Thermodynamic Geometry of Kerr-AdS Black Hole, arXiv:1005.4832 [hep-th].

[36] R. Banerjee, S. Ghosh and D. Roychowdhury, New type of phase transition in Reissner Nordstrom - AdS black hole and its thermodynamic geometry, arXiv:1008.2644 [gr-qc].

[37] M. Akbar, H. Quevedo, K. Saifullah, A. Sánchez, and S. Taj, Thermodynamic Geometry Of Charged Rotating BTZ Black Holes, arXiv:1101.2722

[38] S. W. Wei, Y. X. Liu, C. E Fu and H. T. Li, Geometric curvatures of plane symmetry black hole, arXiv:0911.0270[hep-th].

[39] S. W. Wei, Y. X. Liu, Y. Q. Wang, and H. Guo, Thermodynamic geometry in the deformed Hořava-Lifshitz gravity, arXiv:1002.1550.

[40] H. Quevedo, Geometrothermodynamics, J. Math. Phys. 48, 013506 (2007).

[41] H. Quevedo, Gen. Rel. Grav. 40, 971 (2008).

[42] H. Quevedo, A. Sánchez, S. Taj, and A. Vázquez, Phase transitions in geometrothermodynamics, Gen. Rel. Grav. xxx (2010).

[43] H. Liu, H. Lü, M. Luo, and K.N. Shao, Thermodynamical Metrics and Black Hole Phase Transitions, arXiv:1008.4482.

[44] P.C.W. Davies, The thermodynamical theory of black holes, Proc. R.

Soc. Lond. A 353, (1977) 499.