arXiv:1104.1344v3 [hep-ph] 21 Jun 2011

Preprint typeset in JHEP style - HYPER VERSION

The Subleading Term of the Strong Coupling Expansion of the Heavy-Quark Potential in a N = 4 Super Yang-Mills Plasma

Zi-qiang Zhang^{†a}, De-fu Hou^{†a}, Hai-cang Ren^{†b},^{†a} and Lei Yin^{†a}

†a Institute of Particle Physics, Huazhong Normal University, Wuhan 430079, China E-mail:zhangzq@iopp.ccnu.edu.cn, hdf@iopp.ccnu.edu.cn, lei@iopp.ccnu.edu.cn †bPhysics Department, The Rockefeller University, 1230 York Avenue, New York, NY 10021-6399 E-mail: ren@mail.rockefeller.edu

Abstract: Applying the AdS/CFT correspondence, the expansion of the heavy-quark potential of the N = 4 supersymmetric Yang-Mills theory at large N_c is carried out to the sub-leading term in the large ’t Hooft coupling at a nonzero temperature. The strong coupling corresponds to the semi-classical expansion of the string-sigma model, the gravity dual of the Wilson loop operator, with the sub-leading term expressed in terms of functional determinants of fluctuations. The contribution of these determinants are evaluated numerically.

Keywords: AdS/CFT correspondence , Heavy quark potential, Finite temperature.

Contents

1. Introduction 1

2. The formulation 2

3. The evaluation of g_1(rT ) 7

4. Concluding remarks 13

A. 14 A.1 Bosonic contribution 14 A.2 Fermionic contribution 16

1. Introduction

A prominent implication of the AdS/CFT duality [1, 2, 3, 4] is the correspondence between the type IIB superstring theory formulated on AdS_5 × S^5 and N = 4 supersymmetric Yang-Mills theory (SYM) in four dimensions. In particular, the supergravity limit of the string theory corresponds to the leading behavior of SYM at large N_c and large ’t Hooft coupling

λ ≡ g^2_{YM}N_c =

L^4 α^{′2}

. (1.1)

with L the AdS radius and α^′ the reciprocal of the string tension. This relation thereby has been applied fruitfully to explore the strongly coupled QGP created in RHIC in spite of its underlying dynamics, QCD, is different from N = 4 SYM. See [5] for a review and the references therein. It is expected some of the properties of the latter is universal for all strongly interacting systems. The heavy quark potential addressed in this paper is one example of such an expedition. It is expected that some discoveries of N = 4 SYM at large N_c and large λ may shed new light on real QCD and other strongly interacting systems (For a recent comparison with the lattice simulation of the large N_c QCD, see [6]).

The heavy quark potential of QCD is an important quantity that probes the confinement mechanism in the hadronic phase and the meson melting in the plasma phase. It is extracted from the expectation of a Wilson loop operator W(C) = Pe^{−i} ∮ C dx_μ A_μ (1.2)

with A_μ the gauge potential and the symbol P enforcing the path ordering along the loop C. The thermal expectation value < W(C) > can be measured for QCD on a lattice and the heavy quark potential is defined with F-ansatz or U-ansatz. The F-ansatz accounts for the induced free energy of a heavy quark and a heavy antiquark separated by a distance r

F(r, T ) = −T ln

< trW(C_2) > < trW(C_1) >^2

, (1.3)

where C_1 is a straight line running in the direction of the Euclidean time, closed by the periodicity of the Matsubara formulation, and C_2 consists of two such lines separated by r and running in opposite directions.

– 1 –

The self-energy of each heavy quark has been subtracted via W(C_1). The U-ansatz accounts for the induced internal energy and is given by U(r, T ) = −T^2 ∂ ∂T ( F T ) . (1.4)

We have F(r, 0) = U(r, 0).

In the case of N = 4 SYM, the AdS/CFT duality relates the Wilson loop expectation value to the path integral of the string-sigma action developed in [7] of the worldsheet in the AdS_5 × S^5 bulk spanned by the loop on the boundary for T = 0 and its generalization in the presence of a black hole for T > 0 [8]. To the leading order of strong coupling, the path integral is given by its classical limit, which is the minimum area of the world sheet, and the heavy quark potential of F-ansatz extracted for the loop C_2 and C_1 reads [9] [10][11]

F(r, T ) = −

4π^2 Γ^4

(_1 4 ) √ λ r min[g_0(rT ), 0], (1.5)

where g_0(rT ) is a monotonic decreasing function and is given by (2.14) of the next section. We have g_0(0) = 1 and g_0(r_0T ) = 0 with the screening length r_0 ≃^{0.7541}_{πT} . The leading order potential of the U-ansatz is obtained by substituting (1.5) into (1.4).

The strong coupling expansion of the SYM Wilson loop corresponds to the semi-classical expansion of the string-sigma action and is parameterized by

F(r, T ) = −

4π^2 Γ^4

(_1 4 ) √ λ r min [ g_0(rT ) + κg_1(rT ) √ λ + O ( 1 λ ) , 0 ] (1.6)

with g_1(0) = 1. The coefficient κ, corresponding to the subleading term at T = 0, has been calculated numerically in [12] and analytically in [13]. We have κ ≃ −1.33460. Computing the function g_1(rT ) is the main scope of this work. We find that g_1(rT ) is a monotonically decreasing function, which reaches 0.92 at r_0 where g_0(r_0T ) = 0. Therefore the temperature correction to the subleading term of the heavy quark potential is numerically small. The screening radius to the subleading order, r^′_0, determined by

g_0(r^′_0T ) + κg_1(r^′_0T ) √ λ = 0 (1.7)

reads r^′_0 = r_0 −

0.267267 √ λT . (1.8)

This work is the continuation of the previous calculation at zero temperature [12]. The classical solution of the string-sigma model and the one loop effective action underlying κ is briefly reviewed in the next section. There we also outline our strategy of computation, which is within the framework of [12] and [14]. The computation of the functional determinants involved by Gelfand-Yaglom method [15] is described in the sections III and IV. The section V concludes the paper along with some discussions of the result and some open issues.

2. The formulation

Let us begin with a brief review of the classical limit that leads to the leading order potential (1.5). The string-sigma action in this limit reduces to the Nambu-Goto action

S_{NG} = 1 2πα^′ ∫ d^2σ √ g, (2.1)

with g the determinant of the induced metric on the string world sheet embedded in the target space, i.e.

g_{αβ} = G_{μν}

∂X^μ ∂σ^α

∂X^ν ∂σ^β

(2.2)

– 2 – where X^μ and G_{μν} are the target space coordinates and the metric, and σ^α with α = 0, 1 parameterize the world sheet. The target space here is Schwarzschild-AdS_5 × S^5, whose metric may be written as

ds^2 = 1 z^2

( f dt^2 + d⃗x^2 + dz^2 f ) + dΩ^2_5, (2.3)

where f = 1 −^{z4}_{z4h} with z_h =^1_{πT} , and dΩ_5 is the element of the solid angle of S^5. The physical 3-brane resides on the AdS boundary z = 0. The string world sheets considered in this paper are all projected onto a point of S^5 in the classical limit.

The Wilson loop of a static heavy quark, denoted by C_1, is a straight line winding up the Euclidean time 0 < t < β periodically at the AdS boundary, where β = 1/T . The corresponding world sheet in the AdS bulk can be parameterized by t and z with ⃗x constant and extends all the way to Schwarzschild horizon, z → z_h. The induced metric is given by ds^2[C_1] = 1 z^2

( f dt^2 + 1 f dz^2) (2.4)

with the scalar curvature in a diagonal metric

R = − 1 √ g d dz dg_{00} dz√ g . (2.5)

We find R = −2(1 − 3 z^4 z^4_h

) ≡ R^{(1)}. (2.6)

Substituting the metric (2.4) into (2.1), we find the self-energy of the heavy quark

E[C_1] = T S^c[C_1] = 1 2πα^′

∫_{zh} ε dz z^2

. (2.7)

Notice that we have pulled the physical brane slightly off the boundary with the radial coordinate z = ε, as a regularization of the divergence pertaining the lower limit of the integral (2.7).

The free energy of a pair of a heavy quark and a heavy antiquark separated by a distance r can be extracted from the Wilson loop consisting of two anti-parallel lines each winding up the Euclidean time at the boundary. This Wilson loop will be denoted by C_2 and the world sheet in the bulk can be parameterized by t and z with x^1, x^2 = const. The function x^3(z) is determined by substituting the induced metric

ds^2[C_2] = 1 z^2

{ f dt^2 +

[ (dx3 dz )_2 + 1 ] dz^2}, (2.8)

into the action (2.1) and minimizing it. We have

x^3 = ±

∫_{z0} z dz^′ z^{′2} √ z^4_h − z^4_0 √ (z^4_0 − z^{′4})(z^4_h − z^{′4})

. (2.9)

The maximum bulk extension of the world sheet, z_0 < z_h, is determined by the distance r between the two lines at the boundary and we find that

r = 2 √ z^4_h − z^4_0 z_0

∫_1 0 ζ^2dζ √ (1 − ζ^4)(s^4 − ζ^4)

(2.10)

where s =^{zh}_{z0} . Substituting (2.9) into (2.8), we end up with the induced metric

ds^2[C_2] = 1 z^2 f dt^2 + z^4_0 z^4_0 − z^4 dz^2

, (2.11)

– 3 – and the scalar curvature R = −2 + 2

1 − f 1 − f_0

(3 −

4 f_0 f^2

) ≡ R^{(2)} (2.12)

where f_0 = 1 −^{z40}_{z4h} . The free energy of the heavy quark pair is given by

E[C_2] = T S^c[C_2] = 1 πα^′ z^2_0

∫_{z0} ε √ f dz

z^2 √ z^4_0 − z^4

, (2.13)

where the same regularization is applied to the lower limit of the integral.

The function g_0(rT ) of (1.5) that underlies the heavy quark potential is obtained by subtracting from (2.13) the self energy of each quark(antiquark), i.e.

− 4π^2 Γ^4

(_1 4 ) √ λ r g_0(rT ) ≡ lim_{ε→0+} (E[C_2] − 2E[C_1]) = 1 πα^′

[ ∫^z0 0 dz √ f z^2_0

z^2 √ z^4_0 − z^4 − 1 z^2 − ∫_{zh}

z_0 dz z^2 ] , (2.14)

and is divergence free.

The one loop effective action, W is obtained by expanding the string-sigma action of [8] to the quadratic order of the fluctuating coordinates around the minimum area and carrying out the path integral [14]. We have W[C_1] = − ln

[ det^4(−iγ^α∇_α + τ_3)

det^{32} (−∇^2 +^8_3 + R^{(1)})det^{52} (−∇^2) ] , (2.15)

for the static quark or antiquark and

W[C_2] = − ln

[ det^4(−iγα∇_α + τ_3)

det^{12} (−∇^2 + 4 + R^{(2)} − 2δ) det(−∇^2 + 2 + δ) det^{52} (−∇^2) ] , (2.16)

for the quark pair, where δ = 2z_h^4 z^4_0 ( 1 f − 1)( f − f_0) (2.17)

The determinants in the denominators of (2.15) and (2.16) come from the fluctuations of three transverse coordinates of the Schwarzschild-AdS sector and five coordinates of S^5 with the Laplacian given by the metric (2.4) or (2.11). The determinants in the numerators come from the fermioninc fluctuations, where we have introduced the 2d gamma matrices, γ_0 = γ^0 = τ_2, γ_1 = γ^1 = τ_1 and γ_0γ_1 = −iτ_3 with τ_1, τ_2 and τ_3 the three Pauli matrices. In terms of the zweibein of the world sheet, e^j_α, we have γ_α ≡ e^j_αγ_j with j = 0, 1 and the covariant derivative ∇_α = ∂ ∂x_α + 1 8 [γ_i, γ_j]ω^{i j}_α (2.18)

with ω^{i j}_α the spin connection corresponding to (2.4) or (2.11). The power ”4” comes from eight 2d Majorana fermions each of which contributes a power 1/2. The one loop correction to the heavy quark potential is then

F_1(r, T ) ≡ T lim_{ε→0+}(W[C_2] − 2W[C_1]). (2.19)

The simplicity of the static gauge (Nambu-Goto action) adopted here is not cost free. The effective action W[C_1] or W[C_2] logarithmically divergent, the coefficient of which is proportional to the volume part of the Euler character ∫ z>ε dtdz √ gR (2.20)

– 4 – of each world sheet with the same coefficient of proportionality [16]. It follows from (2.4), (2.6), (2.11) and (2.12) that the O(^1_ϵ ) term of the integral (2.20) for the parallel lines is exactly twice of that for the single line. We have indeed that ∫ d^2σ √ gR = β

∫_∞ ε dz z^2

[−2(1 − 3 z^4 z^4_h

)] = − 2β ε + 4β z_h

(2.21)

for the straight line and ∫ d^2σ √ gR = 2β

∫_{z0} ε dz z^2_0 √ f z^2 √ (z^4_0 − z^4)

[−2 + 2

1 − f 1 − f_0

(3 −

4 f_0 f^2 )]

= 2 √ z^4_0 − z^4

z^2_0z √ f (2 − f ) |^{z0}_ε = − 4β ε + O(ε^3). (2.22)

for the parallel lines. Unlike the zero temperature case, however, the logarithmic divergence does not cancel in the combination of (2.19) in the limit ε → 0 because of the 2nd term on RHS of (2.21). This may be the artifact of different topologies of C_2 and two C_1’s in the presence of the back hole horizon. The integral (2.22) does not match twice of (2.21) as z_0 → z_h, when the metrics (2.4) and (2.11) agree. Nevertheless, a finite one-loop correction to the heavy quark potential can still be extracted by the following argument, which is slightly handwaving [14]. Assuming that the one-loop formulation of [16] in the Polyakov gauge can be generalized to the nonzero temperature case and the effective actions computed in this gauge, denoted by W[C_2] and W[C_1], are both finite and the one-loop correction reads

F_1(r, T ) ≡ T (W[C_2] − 2W[C_1]). (2.23)

It was shown in [16] that W[C_1] = 0 at T = 0. Because T is the only dimensional quantity for W[C_1], it must remain zero for all T . Next, we introduce a reference temperature T_0 and the corresponding world sheet with the superscript ”(0)”, we have

F_1(r, T ) − F_1(r, T_0) = T W[C_2] − T_0W[C^{(0)}_2 ]. (2.24)

Then, we identify this difference with that computed in the static gauge since the latter is free from the logarithmic divergence and is finite in the limit ε → 0. Since F(r, 0) has been obtained before [12], all we need to calculate here is the difference F_1(r, T ) − F_1(r, 0).

Parallel to the zero temperature case, we transform the metric (2.11) into conformal one

ds^2[C_2] = e^{2ϕ}(dt^2 + dσ^2) (2.25)

in order to remove the artificial singularity at z = z_0 introduced by the double coverage of the world sheet C_2 on the coordinate patch (t, z), where σ is related to z via

σ = ±

∫_{z0} z dz √ 1 − f_0 f ( f − f_0)

. (2.26)

We have σ goes from -K to 0 and then from 0 to K as z moves from 0 to z_0 and back to 0, where

K = |σ_{max}| = z_0 s^2

∫_1 0 dζ √ (1 − ζ^4)(s^4 − ζ^4)

. (2.27)

Either z_0 or K serves a length scale of the problem. The first two terms of the expansion of z in the powers of (K ± σ) reads z = (K ± σ)[1 − 1 10 ( 1 z^4_0 + 1 z^4_h

)(K ± σ)^4] (2.28)

– 5 – for K ± σ ≪ z_0.

The conformal factor of (2.25) is given by

e^{2ϕ} = f z^2

(2.29)

expressed in terms of σ by inverting (2.26).

In a conformal metric,the scalar curvature R reads

R = −2e^{−2ϕ} d^2ϕ dσ^2 = − 2z^2 f dω^{01}_t dσ (2.30)

where ω^{01}_t is the spin connection ω^{01}_t = dϕ dσ = − 1 z ( 2 f − 1) dz dσ (2.31)

To proceed, on writing −∇^2 ≡ e^{−2ϕ}Δ_0[C_2] (2.32)

−∇^2 + 2 + δ ≡ e^{−2ϕ}Δ_1[C_2] (2.33)

−∇^2 + 4 + R − 2δ ≡ e^{−2ϕ}Δ_2[C_2] (2.34)

−iγ^α∇_α + τ_3 ≡ e^{−ϕ}D_F [C_2] (2.35)

we have Δ_0[C_2] = −

∂^2 ∂t^2 − ∂^2 ∂σ^2

, (2.36)

Δ_1[C_2] = −

∂^2 ∂t^2 − ∂^2 ∂σ^2

+ e^{2ϕ}(2 + δ), (2.37)

Δ_2[C_2] = −

∂^2 ∂t^2 − ∂^2 ∂σ^2

+ e^{2ϕ}(4 + R − 2δ), (2.38) and D_F [C_2] = −i ( ∂ ∂σ + 1 2 dϕ dσ ) τ_1 − i ∂ ∂τ τ_2 + e^ϕτ_3 = e^{− ϕ2} ( −iτ_1 ∂ ∂σ − iτ_2 ∂ ∂t + τ_3e^ϕ ) e^{ϕ2} . (2.39)

As was shown in [12], the scaling factors e^{−2ϕ}, e^{−ϕ} and e^{± ϕ2} do not contribute to the determinant ratio (2.16) and it becomes

W[C_2] = − ln

[ det^4 D_F [C_2]

det^{52} Δ_0[C_2] detΔ_2[C_2] det^{12} Δ_1[C_2] ] = − ln

[ det^2Δ_+[C_2]det^2Δ_−[C_2]

det^{52} Δ_0[C_2] detΔ_2[C_2] det^{12} Δ_1[C_2] ] , (2.40)

where we have used the relation

det^2D_F [C_2] = detD^2_F [C_2] = detΔ_+[C_2]detΔ_−[C_2] (2.41)

with Δ_±[C_2] = −

∂^2 ∂t^2 − ∂^2 ∂σ^2

+ e^{2ϕ} ∓ e^ϕ dϕ dσ . (2.42)

Making a Fourier transformation of the time variable t, each functional determinant of (2.15) and (2.16) is factorized as an infinite product of its Fourier components with each Fourier component obtained by replacing the time derivative^∂_{∂τ} in eqs. (2.36)-(2.39) by −iω with the Matsubara frequency ω = 2nπT for the bosonic determinants and ω = (2n + 1)πT for the fermionic ones. We have then

W[C_2] = − ∞∑ n=−∞ ln [ Z_b[2nπT ]Z_f ((2n + 1)πT ) ] , (2.43)

– 6 – where Z_b(ω) = detD^{− 52}_0 (ω)detD^{−1}_1 (ω)detD^{− 12}_2 (ω), (2.44) and Z_f (ω) = detD^2_+(ω)detD^2_−(ω) (2.45) with D_0(ω) = − d^2 dσ^2

+ ω^2, (2.46)

D_1(ω) = − d^2 dσ^2

+ ω^2 + e^{2ϕ}(2 + δ), (2.47)

D_2(ω) = − d^2 dσ^2

+ ω^2 + e^{2ϕ}(4 + R − 2δ), (2.48) and D_±(ω) = − d^2 dσ^2

+ ω^2 + e^{2ϕ} ∓ e^ϕ dϕ dσ . (2.49)

Notice that D_+(ω) → D_−(ω) upon the reflection σ → −σ.

The Poisson formula_∞ ∑ n=−∞

F(n) = ∞∑ m=−∞

∫_∞ −∞ dxe^{2imπx} F(x) (2.50)

enables us to convert the infinite series (2.43) into [14]

T W[C_2] = −

∫_∞ −∞ dω 2π [ln Z_b(ω) + ln Z_f (ω)] + 2 π ∫_∞ 0 dϖ [ Im ln Z_b(−iϖ) e^{βϖ} − 1 − Im ln Z_f (−iϖ) e^{βϖ} + 1 ] . (2.51)

ln Z_b(ω) and ln Z_f (ω) is proportional to the infinite products of (ϖ − E) with E’s the discrete eigenvalues defined by D_α(−iE)ψ = 0 (2.52) for α = 0, 1, 2, ±, subject to the Dirichlet boundary condition ψ(±K) = 0, and these eigenvalues are all positive. The integral along the real axis can be carried out readily and we end up with

F_1(r, T ) − F_1(r, 0) = T W[C_2] − lim_{T0→0} T_0W[C^{(0)}_2 ] = − 1 iπ ∫_{i∞} 0 dω ln

Z_b(ω)Z_f (ω) Z^{(0)}_b (ω)Z^{(0)}_f (ω)

(2.53) − 4 β [ − 5 2 ∑ E_0

ln(1 − e^{−βE0} ) − ∑ E_1

ln(1 − e^{−βE1} ) − 1 2 ∑ E_2

ln(1 − e^{−βE2} ) + 4 ∑ E_3

ln(1 + e^{−βE3} ) ]

where E_k (k = 0, 1, 2) stands for the common eigenvalues of D_k(ω) while E_3 means the common eigenvalues of D_±(ω) and the superscript ”(0)” denote the corresponding quantities at T = 0. The dimensionless function g_1(rT ) in (1.6) is given by

g_1(rT ) = −

Γ^4(^1_4 )r 4π^2κ

[F_1(r, T ) − F_1(r, 0)] (2.54)

with κ = −1.33460... and its numerical values of the function g_1(rT ) will be computed in the next section.

3. The evaluation of g_1(rT )

It follows from (2.44) and (2.45) that the quantity Z_b(ω)Z_f (ω) contains equal powers of functional determinants in the numerator and the denominator and the problem boils down to the evaluation of determinant ratios, which can be tackled with the Gelfand-Yaglom method [15][17].

Consider two functional operators

H_α = − d^2 dx^2

+ V_α(x), (3.1)

– 7 – with α = 1, 2, defined in the domain a ≤ x ≤ b under the Dirichlet boundary condition, it was shown that the determinant ratio detH_2 detH_1 = f_2(b|a) f_1(b|a)

(3.2)

where f_α(x|a) is the solution of the homogeneous equation

H_α f = 0, (3.3)

subject to the conditions f_α(0|a) = 0 and f^′_α(0|a) = 1. In terms of a pair of linearly independent solutions of (3.3), (η_α, ξ_α) f_α(b|a) = η_α(a)ξ_α(b) − η_α(b)ξ_α(a)

W[η_α, ξ_α]

. (3.4)

where the Wronskian W[η_α, ξ_α] is x-independent. This method has been employed recently in [18] to calculate the one loop effective action of a Wilson line or that of a circular Wilson loop. See [19] for a review on other applications.

Coming back to the subleading term of the heavy quark potential, the operator H_α corresponds to one of the operators (2.46)∼(2.49). With H_α given by the operator (2.46), eq.(3.3) can be solved analytically and we may choose the following pairs of independent solutions

η_0 = sinh ωσ ξ_0 = cosh ωσ. (3.5)

with their Wronskian is given by W[η_0, ξ_0] = −ω, (3.6)

The equations (3.3) with H_α given by (2.47), (2.48) and (2.49)

D_1(ω)ψ = d^2ψ dσ^2

− [ω^2 + e^{2ϕ}(2 + δ)]ψ = 0, (3.7)

D_2(ω)ψ = d^2ψ dσ^2

− [ω^2 + e^{2ϕ}(4 + R − 2δ)]ψ = 0, (3.8) and D_±(ω)ψ = d^2ψ dσ^2

− [ω^2 + e^{2ϕ} ∓ e^ϕ dϕ dσ ]ψ = 0. (3.9)

do not admit analytical solutions and we shall express the quantity of f for each case of (2.36)-(2.39) in terms of the Wronskian between a pair of special solutions. Because of the asymptotic behavior e^{2ϕ} ≃^1_{z2} , δ ≃ 0 and R ≃ −2 for σ close to ±K, eqs.(3.7) and (3.8) have σ = ±K as regular points with the same pair of indexes (2,-1). The equation D_±(ω)ϕ = 0 has a regular point σ = ∓K with the indexes (2,-1) and σ = ±K is an ordinary point of it. We associate η_α to the vanishing solution at σ = −K and ξ_α to the vanishing solution at σ = K with the normalization conditions

lim_{σ→−K} η_1(σ) ω^2(σ + K)^2

= lim_{σ→−K} η_2(σ) ω^2(σ + K)^2

= lim_{σ→−K} η_+(σ) ω^2(σ + K)^2

= 1 (3.10) and lim_{σ→K} ξ_1(σ) ω^2(K − σ)^2

= lim_{σ→K} ξ_2(σ) ω^2(K − σ)^2

= lim_{σ→K} ξ_−(σ) ω^2(K − σ)^2

= 1. (3.11)

Furthermore, we require η_−(−K) = ξ_+(K) = 0 (3.12) and η^′_−(−K) = −ξ^′_+(K) = ω (3.13)

– 8 – with the prime the derivative with respect to σ. On account of the eveness of D_1(ω) and D_2(ω) with respect to σ, we have ξ_{1,2}(σ) = η_{1,2}(−σ). (3.14)

It follows from the relation between D_+(ω) and D_−(ω) that

η_−(σ) = ξ_+(−σ) ξ_−(σ) = η_+(−σ) (3.15)

Each differential equation of (3.7), (3.8) and (3.9) is of the form of a one dimensional Schrodinger equation at zero energy and does not admit a bound state subject to the Dirichlet boundary condition. Therefore we expect that η_{1,2}(σ) =

C_{1,2}(ω) ω(K − σ)

+ ..., (3.16)

η_−(σ) =

C_−(ω) ω(K − σ)

+ ..., (3.17)

as σ → K and ξ_{1,2}(σ) =

C_{1,2}(ω) ω(K + σ)

+ ..., (3.18)

ξ_+(σ) =

C_+(ω) ω(K + σ)

+ ..., (3.19)

as σ → −K. The coefficients of divergence, C_1(ω), C_2(ω) and C_±(ω) are nonzero for ω � 0 and are related to the Wronskian’s via C_j(ω) = −

W[η_j, ξ_j] 3ω (3.20)

with j = 1, 2, ±. We have, in addition

η_+(K) = −

W[η_+, ξ_+] ω ξ_−(−K) = −

W[η_−, ξ_−] ω (3.21)

It follows from the symmetry property (3.15) that

C_+(ω) = C_−(ω) ≡ C_3(ω) (3.22)

For ω >> 1/K, the solutions η’s and ξ’s can be approximated by WKB method and we find the asymptotic behaviors C_1(ω) = 3 2 e^{2Kω+ I+Jω +...}, (3.23)

C_2(ω) = 3 2 e^{2Kω+ 2(I−J)ω +...}, (3.24) and C_3(ω) = 1 2 e^{2Kω+ I2ω +...}, (3.25)

where I ≡ ∫_{z0} 0 dz √ g(R + 2) = 2 z_0 s^2

∫_1 0 dζζ^2

−s^8 + 4s^4 − 6s^4ζ^4 + 3ζ^8 √ (1 − ζ^4)(s^4 − ζ^4)^3

(3.26) and J ≡ ∫_{z0} 0 dz √ gδ = 2 z_0 s^2

∫_1 0 dζζ^2 √ 1 − ζ^4 s^4 − ζ^4

. (3.27)

The details of the derivation are shown in the appendix A. These asymptotic forms guarantees the UV convergence of the integral in (3.37) below. Also they will be used to check the numerical solutions. Here we present four curves about (3.23),(3.24) and (3.25) at two different temperatures represented by the quantity s (For s =^{zh}_{z0} =^1_{T πz0} ) in Figure 1.

– 9 –

Figure 1: The top two curves represent C_1e^{−2Kω}, C_2e^{−2Kω} and C_3e^{−2Kω} at s=1.5236, the bottom represent the same quantities that at s=2.0.

The small ω behavior can be obtained by introducing an another set of solutions, normalized differently

η̄_{1,2,+}(σ) ≡ η_{1,2,+}(σ) ω^2

, ξ̄_{1,2,−}(σ) ≡ ξ_{1,2,−}(σ) ω^2

(3.28) and η̄_−(σ) ≡ η_−(σ) ω ξ̄_+(σ) ≡ ξ^+(σ) ω . (3.29) Defining the coefficients C̄’s by the diverging behavior

η̄_{1,2,−}(σ) =

C̄_{1,2,−}(ω) K − σ

+ ..., (3.30)

as σ → K and ξ̄_{1,2,+}(σ) =

C̄_{1,2,+}(ω) K + σ

+ ..., (3.31) as σ → −K, we find that C_{1,2}(ω) ∼ ω^3 and C_3(ω) ∼ ω^2 as ω → 0.

Now we apply the Gelfand-Yaglom method with −K + ϵ ≤ σ ≤ K − ϵ and designate U_α(ω) to the quantity f of (3) with α = 0, 1, 2, ± corresponding to the indexes of the operators (2.46)-(2.49), and the superscript ”(0)” denote the corresponding quantities at T = 0. We find that

R_2(ω) =

U^2_+(ω)U^2_−(ω) U^{52}_0 (ω)U_1(ω)U^{12}_2 (ω)

(3.32) and R^{(0)}_2 (ω) =

[U^{(0)}_+ (ω)]^2[U^{(0)}_− (ω)]^2 [U^{(0)}_0 (ω)]^52 U^{(0)}_1 (ω)[U^{(0)}_2 (ω)]^12

. (3.33)

where the superscript ”(0)” denote the corresponding quantities at T = 0. It follows from (3.5) that

U_0(ω) = sinh 2(K − ϵ)ω ω . (3.34)

– 10 –

The symmetry (3.15) implies that U_+(ω) = U_−(ω). In the limit ϵ → 0

U_{1,2}(ω) ≃

C_{1,2}(ω) 3ω^3ϵ^2

(3.35) and U_±(ω) ≃

C_3(ω) ω^2ϵ

. (3.36)

The counterparts at T = 0 have the similar formula. Substituting (3.34)∼(3.36) into (2.54),we have

F_1(r, T ) − F_1(r, 0) = − 1 π ∫_∞ 0 dω ln

C^4_3C^{(0)}_1 C^{(0)}_2^{12} sinh^{(0) 52} (2K^{(0)}ω)

C^{(0)}_3^4C_1C_2^{12} sinh^{52} (2Kω) − 4 β (− 5 2 ∑ E_0

ln(1 − e^{−βE0} ) − ∑ E_1

ln(1 − e^{−βE1} ) − 1 2 ∑ E_2

ln(1 − e^{−βE2} ) + 4 ∑ E_3

ln(1 + e^{−βE3} )), (3.37)

The first term of (3.37) depends on C_1, C_2, C_3 and C^{(0)}_1 , C^{(0)}_2 , C^{(0)}_3 , which can be obtained by solving the Schrodinger like equations (3.7)∼(3.9). It follows from (3.23), (3.24) and (3.25) that the integral converges. Notice that the temperature dependence is entirely through s, so we can use the same method to deal with C_1, C_2, C_3 and C^{(0)}_1 , C^{(0)}_2 , C^{(0)}_3 . The potentials of the Schrodinger like equations, e^{2ϕ}(2 + δ), e^{2ϕ}(4 + R − 2δ) and e^{2ϕ} ∓ e^{ϕ dϕ}_{dσ} are elementary functions of z but depend σ via (2.26). So at the beginning, we use the forth order Runge-Kutta method(RK4) to the first order differential equation dz dσ = ± √ f ( f − f_0) 1 − f_0

(3.38)

to find the inverse of (2.26), which maps the equal step length with respect to σ ∈ [−K + ϵ, K] and to unequal step length with respect to z ∈ [ϵ, z_0] according to (2.26), then again use RK4 with the boundary conditions (3.10) and (3.13) to solve these equations. Here we present two curves about z versus σ at two different temperatures in Figure 2.

Figure 2: The left corresponds to z versus σ at s=1.5236 with K � 1.356203z_0 , the right corresponds to z versus σ at s=2.0 with K � 1.325163z_0 .

For eqs.(3.7) and (3.8), we take advantage of the symmetry property (3.14) and evaluate the Wronskian by the formula W_{1,2}(ω) = −2η_{1,2}(0)η^′_{1,2}(0) (3.39)

The coefficients C_{1,2}(ω) follow from (3.20). For eq.(3.9) with the upper sign, we develop both η_+(σ) from σ ≃ −K and ξ_+(σ) from σ = K, evaluate their Wronskian at σ = 0 and calculate the coefficient C_3(ω) from eq.(3.20). An alternative way is to run the solution η_+(σ) all the way to K and calculate the Wronskian by eq.(3.21). To avoid the rapid changes of the potential function near the singularity σ = −K, we start

– 11 – with an analytical approximation of η_{1,2}(σ) and η_+(σ) at σ = −K + ρ with ϵ << ρ << K and then run the Runge-Kutta iteration for σ > −K + ρ. On writing x = ωρ, we find the approximate solutions

η_{1,2}(−K + δ) = 3{u_1(x) + c_{1,2}[p(x)u_1(x) + q(x)v_1(x)]} (3.40) and η_+(−K + δ) = 3{u_1(x) + c_+[p(x)u_1(x) + q(x)v_1(x)]} (3.41) where u_1(ωσ) = cosh ωσ − sinh ωσ ωσ v_1(ωσ) = ( 1 + 1 ωσ ) e^{−ωσ}, (3.42)

p(x) = 1 20ω^4 [ 1 3 x^3 − x + 5 4 − ( 1 2 x^2 + 3 2 x + 5 4 ) e^{−2x} ] (3.43) and q(x) = − 1 20ω^4 [ 1 3 x^3 − x + 1 2 ( x^2 + 5 2 ) sinh 2x − 3 2 x cosh 2x ] . (3.44)

The coefficients c_1 = 4 +^4_{s4} , c_2 = −16 −^{56}_{s4} and c_+ = −1 −^6_{s4} . No such a precaution is necessary for the solution ξ_+(σ) and the Runge-Kutta can start right at the point σ = K. The second term of (3.37) is dependent on E_α, which refers to the eigenvalues of D_α(−iE) defined by (2.52) and they are all positive. For D_0(−iE), we find E_0 = nπ 2K (3.45)

with n positive integers. The eigenvalues pertaining to other D_α’s satisfies the condition

C_α(−iE) = 0. (3.46)

Replacing ω^2 to −E^2 in eqs. (3.7), (3.8) and (3.9), we can obtain the coefficients C_α(−iE) with the same RK4 method and thereby its zeros. Some low-lying eigenvalues of each D_α(−iE) at different temperatures are presented in the Table 1.

s E_{11} E_{12} E_{21} E_{22} E_{31} E_{32} 1.5236 2.10070 3.34648 1.47031 3.13753 1.55800 2.80913 1.55 2.10802 3.35507 1.49547 3.14910 1.56451 2.81671 1.60 2.12013 3.36926 1.53651 3.16823 1.57527 2.82923 1.65 2.13032 3.38118 1.57056 3.18433 1.58435 2.83975 1.66 2.13216 3.38333 1.57666 3.18725 1.58599 2.84167 1.67 2.13395 3.38541 1.58256 3.19006 1.58758 2.84350 1.68 2.13568 3.38743 1.58826 3.19279 1.58912 2.84528 1.70 2.13897 3.39127 1.59909 3.19799 1.59206 2.84868 1.80 2.15270 3.40726 1.64378 3.21962 1.60430 2.86282 2.00 2.17068 3.42816 1.70129 3.24794 1.62036 2.88132 2.50 2.19042 3.45103 1.76318 3.27901 1.63802 2.90159 10.00 2.20378 3.46646 1.80438 3.29997 1.64998 2.91527 200.00 2.20445 3.46652 1.80621 3.30005 1.65214 2.91533

Table 1: The first and second eigenvalue of each D_α(−iE) at different s(a measure of temperature). Where E_{α1} stands for the first eigenvalue of D_α and E_{α2} means the second eigenvalue of D_α.

We find that the spacing between successive eigenvalues converges quickly to the asymptotic value^π_{2K} for large eigenvalues. Furthermore the eigenvalues hardly change when s > 2.5. Such a limiting behavior implies above the critical s, they almost return to the case of zero temperature.

– 12 –

In the last step, substituting (3.37) into (2.54), we finally obtain the numerical values of g_1(rT ) and the correction to the screening radius. Figure 3 is the curve of g_1(rT ) versus rT . The curve of g_0(rT ) is also displayed for reference. The physical meaning of g_1(rT ) will be discussed in the next section.

Figure 3: The left curve represents g_1(rT ), while the right represents g_0(rT ).

4. Concluding remarks

In this paper, we generalized the previous calculation of the order O

(_1 √ λ ) correction of the heavy quark potential at T = 0 to the case at T > 0. We start from the partition function of the fluctuation around the world sheet underlying the leading order heavy quark potential with a Euclidean time 0 < t < 1/T and calculate its logarithm, the one loop effective action. The partition function is a product of ratios of the functional determinants of the world sheet Laplacian plus mass terms. Each determinant ratio is then decomposed into an infinite product over Matsubara energies with each factor a ratio of one-dimensional functional determinants. The summation over Matsubara energies in the effective action is converted into an integral over Euclidean energies and an infinite series over the eigenvalues of the functional operators involved. The determinant ratios in the integrand are evaluated numerically by the Gelfand-Yaglom method and the eigenvalues are determined similarly.

Like the zero temperature case, the order O

(_1 √ λ ) correction reduces the magnitude of the heavy quark potential and leads to a smaller screening radius. The magnitude of reduction, measured by κg_1(rT ), follows closely that at zero temperature within the screening radius. The function g_1(rT ) decreases from one at rT = 0 to about 0.92 at the screening radius. Therefore, within ten percent of accuracy, the subleading correction may be approximated by that at T = 0, i.e.

δF(r, T ) =

4π^2 Γ^4

(_1 4 ) × 1.3346 r (4.1)

In the potential model of the heavy quarkonia, the order O

(_1 √ λ ) correction will lower the meson melting temperature.

In the weak coupling, the heavy quark potential at T > 0 is of Yukawa type, that is nonvanishing for arbitrarily large r. To the leading order of strong coupling, on the other hand, the magnitude of the potential drops to zero at a finite r. For a smooth cross over from the strong coupling to the weak coupling, one would expect the order O

(_1 √ λ ) term increases the screening radius. This would require the function g_1(rT ) vanishes somewhere within the screening radius. This, however, is not the case as shown in Figure 4. Therefore, higher order terms are required to reverse the trend when λ is lowered sufficiently. Because of the continuity of the free energy F(r, T ) with respect to its arguments and the coupling, it is expected that

– 13 – the cutoff nature of the potential, F(r, T ) = 0 for r > r_0, remains in the weak coupling regime with r_0 much longer than the Debye length of the Yukawa potential.

Figure 4: The left figure represents heavy quark potentials at zero temperature, while the right one represents the potentials at finite temperature. In both figures, the top lines correspond to the potential including subleading order correction and the bottom ones are leading order results.

Acknowledgments

The research of D. F. H. and H. C. R. is supported in part by NSFC under grant Nos. 10575043, 10735040. D.F. H would also like to take this opportunity to thank KITPC at Beijing for hosting an enjoyable program entitled AdS/CFT and Novel Approaches to Hadron and Heavy Ion Physics (10/11 - 12/03, 2010), during which part of this manuscript was written. A. In this appendix, we present the details of the derivation of C_1, C_2, C_3 at large ω.

A.1 Bosonic contribution

We start with the 2nd order ordinary differential equations [− d^2 dσ^2

+ ω^2 + e^{2ϕ}(2 + δ)]η_1 = 0 (A.1) and [− d^2 dσ^2

+ ω^2 + e^{2ϕ}(4 + R − 2δ)]η_2 = 0 (A.2)

As σ → −K, denote σ = −K + x with x ≪ 1, we have (− d^2 dx^2

+ ω^2 + 2 x^2

)η_1 = 0 (A.3)

(− d^2 dx^2

+ ω^2 + 2 x^2

)η_2 = 0 (A.4)

The vanishing solution at σ = −K reads

η_1 � η_2 � 3(cosh ωx − sinh ωx ωx ) � (ωx)^2 (A.5)

– 14 – for ωx ≪ 1 and η_1 � ψ_2 � 3 2 e^{ωx}(1 − 1 ωx ) (A.6)

for ωx ≫ 1. Similarly, the approximate solution near σ = K is obtained by replacing x in (A.5) and (A.6) by y ≡ K − σ.

Then, we have the WKB approximation for ω ≫ 1/K

η_1 � Ae

∫_σ

dσ^′

√_{ω2+e2ϕ′ (2+δ′ )} � Ae^{ωσ+ 12ω}

∫_σ dσ^′e^{2ϕ′} (2+δ^′ ) (A.7) and η_2 � Be

∫_σ

dσ^′

√_{ω2+e2ϕ(4+R−2δ)} � Ae^{ωσ+ 12ω}

∫_σ dσ^′ e^{2ϕ′} (4+R−2δ) (A.8)

Both WKB solutions are valid for ω(σ + K) ≫ 1 and σ + K << K, and can be matched with (A.6) there. We have, up to an additive constant ∫_σ

dσ^′e^{2ϕ′} (2 + δ^′) =

∫_σ

dσ^′e^{2ϕ′} (−R^′ + R^′ + 2 + δ^′) = ∫_σ dσ^′ d^2ϕ dσ^{′2} + ∫_σ −K dσ^′e^{2ϕ′} (R^′ + 2 + δ^′) = 2 dϕ dσ + ∫_σ −K dσ^′(R^′ + 2 + δ^′) � 2 dϕ dσ � − 2 x . (A.9)

We find that A = 3 2 e^{ωK} (A.10)

Similarly ∫_σ dσ^′e^{2ϕ′} (4 + R − 2δ) = 2 dϕ dσ + 2 ∫_σ −K dσ^′e^{2ϕ′} (R^′ + 2 + δ^′) � 2 dϕ dσ � − 2 x (A.11) and B = 3 2 e^{ωK} (A.12)

For K − σ ≪ K but ω(K − σ) ≫ 1, we have

η_1 � 3 2 e^{ωK+ω(K−y)+ 1ωy + 12ω}

∫_K −K dσe^{2ϕ}(R+2+δ) � 3 2 e^{2ωK+ 12ω}

∫_K −K dσe^{2ϕ}(R+2+δ)e−ωy(1 + 1 ωy ) (A.13)

where y ≡ K − σ. This is to be matched to the approximate solution

η_1 ∝ e^{−ωy}(1 + 1 ωy ) (A.14)

there, which is valid for σ → K^−, i.e. y → 0^+.

Define the coefficient C_1 such that η_1 �

C_1 y , (y → 0^+) (A.15)

We have C_1 � 3 2 e^{2ωK+ 12ω}

∫_K −K dσe^{2ϕ}(R+2+δ), (A.16)

for ω ≫ 1.

Similarly

η_2 � 3 2 e^{2ωK+ 1ω}

∫_K −K dσe^{2ϕ}(R+2−δ)e−ωy(1 + 1 ωy ) (A.17)

– 15 –

Then η_2 �

C_2 y , (y → 0^+) (A.18)

with C_2 � 3 2 e^{2ωK+ 1ω}

∫_K −K dσe^{2ϕ}(R+2−δ), (A.19)

for ωK ≫ 1.

A.2 Fermionic contribution The process is similar to the bosonic contribution part, the equation reads

D_±ψ = 0 (A.20)

where D_± = − d^2 dσ^2

+ ω^2 + e^{2ϕ} ∓ e^ϕ dϕ dσ (A.21)

Owning to the symmetry property, we just consider

D_+ψ_+ = 0 (A.22)

For x ≡ σ + K ≪ K, the vanishing solution at σ = −K reads

η_+ � 3(cosh ωx − sinh ωx ωx ) � (ωx)^2 (A.23)

for ωx ≪ 1 and η_+ � 3 2 e^{ωx}(1 − 1 ωx ) (A.24)

for ωx ≫ 1

Similarly, the WKB approximation for ω ≫ 1/K

η_+ � 3 2 e^{ωK} e

∫_σ

dσ^′ √ ω^2+e^{2ϕ}−e^{ϕ dϕ}_{dσ} � 3 2 e^{ω(K+σ)+ 12ω}

∫_σ dσ^′ (e^{2ϕ′} −e^{ϕ′ dϕ}_{dσ′} ) = 3 2 e^{ω(K+σ)+ 12ω dϕdσ − 12ω eϕ+ 14ω}

∫_σ −K dσ^′e^{2ϕ′} (R^′+2) (A.25)

Define C_+ such that η_+(K) = 3C_3 (A.26)

so we obtain that C_3 = 1 2 e^{2Kω+ 14ω}

∫_K −K dσe^{2ϕ′} (R^′+2), (ω ≫ 1) (A.27)

In terms of I ≡ ∫_{z0} 0 dz √ g(R + 2) = 1 2 ∫_K −K dσe^{2ϕ}(R + 2) (A.28) J ≡ ∫_{z0} 0 dz √ gδ = 1 2 ∫_K −K dσe^{2ϕ}δ (A.29)

we have for ω ≫ 1/K C_1(ω) = 3 2 e^{2Kω+ I+Jω +...}, (A.30)

C_2(ω) = 3 2 e^{2Kω+ 2(I−J)ω +...}, (A.31)

C_3(ω) = 1 2 e^{2Kω+ I2ω +...}. (A.32)

– 16 –

References

[1] J. M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge theory correlators from non-critical string theory, Phys.

Lett. B 428, 105 (1998) [hep-th/9802109].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150]. [4] O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Large N field theories, string theory and gravity Phys. Rept. 323, 183 (2000).

[5] D. T. Son and A. O. Starinets, Viscosity, black holes and quantum field theory, Ann. Rev. Nucl. Part. Sci., 57, 95 (2007) [arXiv:0704.0240].

[6] Marco Panero, Thermobynamics of the strongly interacting gluon plasma in the large-N limit, PoS LAT2009, 172 (2009) [arXiv:0912.2448] .

[7] R. R. Metsaev and A. A. Tseytlin, Type IIB superstring action in AdS_5 × S^5 background, Nucl. Phys. B 533, 109 (1998) [hep-th/9805028].

[8] M. Cvetic, H. Lu, C. N. Pope and K. S. Stelle, T-Duality in the Green-Schwarz Formalism, and the Massless/Massive IIA Duality Map, Nucl. Phys. B573, 149 (2000) [hep-th/9907202].

[9] J. M. Maldacena, Wilson loops in large N field theories, Phys. Rev. Lett. 80, 4859 (1998) [hep-th/9803002]. [10] S. J. Rey, S. Theisen and J. T. Yee, Wilson-Polyakov loop at finite temperature in large N gauge theory and anti-de Sitter supergravity, Nucl. Phys. B 527, 171 (1998) [hep-th/9803135].

[11] H. Liu, K. Rajagopal and U. A. Wiedemann, Understanding the strong coupling limit of N = △ supersymmetric Yang-Mills at finite temperature, Phys. Rev. D69, 046005 (2004) [hep-ph/0612168].

[12] Shao-xia Chu, Defu Hou and Hai-cang Ren, The Subleading Term of the Strong Coupling Expansion of the Heavy-Quark Potential in a N = 4 Super Yang-Mills Vacuum, JHEP 0908, 004 (2009) [arXiv:0905.1874].

[13] V. Foroni, Quark-antiquark Potential in AdS at One Loop, JHEP 1011, 079 (2010) [arXiv:1009.3939]. [14] Defu Hou, James T. Liu and Hai-cang Ren, The partition function of a Wilson loop in a strongly coupled N = 4 supersymmetric Yang-Mills plasma with fluctuations, [arXiv:0809.1909].

[15] I. M. Gelfand and A. M. Yaglom, Integration in functional spaces and its applications in quantum physics, J.

Math. Phys., 1, 48 (1960).

[16] N. Drukker, D. J. Gross and A. A. Tseytlin, Green-Schwarz string in AdS5 × S^5: Semiclassical partition function, JHEP 0004, 021 (2000) [hep-th/0001204].

[17] H. Kleinert and A. Chervyakov, Functional determinants via Wronski construction of Green functions, J. Math.

Phys., 40, 6044 (1999) [physics/9712048].

[18] M. Kruczenski and A. Tirziu, Matching the circular Wilson loop with dual open string solution at 1-loop in strong coupling, JHEP 0805, 064 (2008) [0803.0315 [hep-th]].

[19] G. V. Dunne and K. Kirsten, Functional determinants for radial operators, J. Phys. A 39, 11915 (2006) [hep-th/0607066].

– 17 –