arXiv:1104.2798v5 [hep-th] 27 Jan 2012

Classifying A-field and B-field configurations

in the presence of D-branes

Part II: Stacks of D-branes

Fabio Ferrari Ruffino

ICMC - Universidade de São Paulo Avenida Trabalhador são-carlense, 400 13566-590 - São Carlos - SP, Brasil

Abstract

In the paper [3] we have shown, in the context of type II superstring theory, the classification of the allowed B-field and A-field configurations in the presence of anomaly-free D-branes, the mathematical framework being provided by the geometry of gerbes. Here we complete the discussion considering in detail the case of a stack of D-branes, carrying a nonabelian gauge theory, which was just sketched in [3]. In this case we have to mix the geometry of abelian gerbes, describing the B-field, with the one of higher-rank bundles, ordinary or twisted. We describe in detail the various cases that arise according to such a classification, as we did for a single D-brane, showing under which hypotheses the A-field turns out to be a connection on a canonical gauge bundle. We also generalize to the non-abelian setting the discussion about “gauge bundles with non integral Chern classes”, relating them to twisted bundles with connection. Finally, we analyze the geometrical nature of the Wilson loop for each kind of gauge theory on a D-brane or stack of D-branes.

ferrariruffino@gmail.com

Contents

1 Introduction 1

2 World-sheet action and Freed-Witten anomaly 3 2.1 Review of the abelian case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.2 Introduction to the non-abelian case . . . . . . . . . . . . . . . . . . . . . . 4

3 Twisted bundles with connection 5 3.1 Twisted bundles with connection . . . . . . . . . . . . . . . . . . . . . . . . 5 3.2 Twisted bundles with connection and gauge transformations . . . . . . . . . 9 3.3 Non-integral vector bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

4 A-field and B-field configurations 10 4.1 Classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 4.2 Gauge theory on a stack of D-branes . . . . . . . . . . . . . . . . . . . . . . 13 4.2.1 Generic B-field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2.2 Flat B-field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2.3 Residual gauge freedom . . . . . . . . . . . . . . . . . . . . . . . . . 15 4.3 Intrinsic description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

5 Chern classes and Chern characters 21

6 Wilson loop 23 6.1 Ordinary vector bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 6.2 Twisted vector bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 6.3 A-field Wilson loop . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

7 Conclusions 27

1 Introduction

In order to describe a type II superstring background with a non-trivial B-field, a suitable mathematical tool is the geometry of gerbes with connection. There are many different approaches to this topic, but the most natural one in physics consists of using the Čech- Deligne hypercohomology of sheaves. The hypercohomology group of degree 1 describes abelian gauge theories, where the local potentials are 1-forms A_μ and the field strength is a gauge-invariant 2-form F_{μν} , while the group of degree 2 describes the possible B-field configurations, where the local potentials are 2-forms B_{μν} and the field strength is a gaugeinvariant 3-form H_{μνρ}.^1 When D-branes are present, the B-field and the A-field are not independent one from each other in general, but there is an interaction between them, which is needed in order for the world-sheet path-integral to be well-defined: this kind of interaction

1Similarly, the hypercohomology group of degree p describes the configurations of the Ramond-Ramond field whose local potentials are the p-forms C_{μ1 ...μp} and whose field strength is the gauge-invariant (p+1)-form G_{μ1 ...μp+1} .

is not possible for every D-brane world-volume, and the obstruction for it to exist is the Freed-Witten anomaly [6]. Therefore, a joint classification of the allowed A-field a B-field configurations is needed, and it can be reached via a certain hypercohomology group, or via a coset of it within a bigger group, as we discussed in [3]. From this picture it follows that, while the B-field is always a connection on a gerbe, the A-field is not always a connection on an ordinary U(1) gauge bundle on the D-brane, even if this is the most common situation. In fact, there are different possibilities arising from this classification scheme, and only under suitable hypotheses we recover an abelian gauge theory in the usual sense. Actually, even in this case it is possible that there exists a residual gauge freedom, depending on the topology of the background.

When we deal with a stack of D-branes, usually carrying a U(n) gauge theory, the previous classification scheme needs to be generalized. Something new must appear, since even the formulation of the Freed-Witten anomaly changes [11], because of the presence of a torsion cohomology class which is always vanishing in the abelian case. The idea leading to the classification is the same, but we need to deal with the degree 1 non-abelian cohomology [5], describing U(n) bundles, and the degree 1 hypercohomology, describing U(n) bundles with connection; contrary to the abelian case, we do not obtain a group but a pointed set, the marked point being the trivial bundle for cohomology and the trivial bundle with trivial connection for hypercohomology. The B-field, instead, remains abelian as always. Therefore, when the A-field and the B-field interact in order to make the world-sheet pathintegral well-defined, we must take into account this difference in their geometrical nature, especially when the A-field is not an ordinary connection. The main consequence of this new picture is that, while in the abelian case the A-field acts only as a gauge transformation of the B-field, without changing its geometry, in the non-abelian case it is possible that its presence carries a non-trivial geometry even with respect to the degree 2 hypercohomology (which classifies the B-field). Therefore, instead of acting as a gauge transformation, it acts as a tensor product by a gerbe which is non-trivial in general, and this is the origin of the new term in the Freed-Witten anomaly. We thus need to give a careful description of this different action of the A-field, arriving in this way to the new classification scheme and its underlying geometry.

There are important physical consequences of all this. We will see that, for every Dbrane world-volume such that the B-field gerbe, restricted to it, has a torsion first Chern class [H] (that happens when the H-flux is exact on the world-volume as a differential form), it is always possible to find a gauge bundle such that the Freed-Witten anomaly vanishes, thanks to the term appearing only in the non-abelian case. Therefore, if we allow stacks of D-branes, the only condition (still strong!) that the Freed-Witten anomaly imposes on the world-volume is that [H] is torsion; then, in order for the anomaly to vanish, in some cases it is necessary that the rank of the gauge bundle is sufficiently high, but this is a condition on the gauge theory, not on the world-volume. In particular, if H is exact on the whole space-time, there are no Freed-Witten anomalous world-volumes, even if some of them have constraints on the rank of the gauge theory.

The topic of the Freed-Witten anomaly cancellation in type II superstring theory, even with a non-abelian A-field, has been discussed even in [9] and [1]. Nevertheless, we try to give in the present paper a general classification scheme for the allowed configurations, which is not explicitly shown in the literature, and to show case by case the nature of the gauge theory on the D-brane. We use to this aim the relative Deligne cohomology, which describes intrinsically the joint configurations of the two fields.

The paper is organized as follows. In section 2 we recall the classification scheme in the abelian case, and we introduce the non-abelian picture. In section 3 we discuss the notion of twisted bundle with connection, which naturally appears in the non-abelian case. In section 4 we present the classification of the allowed A-field and B-field configurations in the non-abelian case, showing the possible natures of the gauge theory on a stack of D-branes. In section 5 we discuss the notion of twisted Chern classes and characters in this context, relating them to the notion of “non integral line bundles” introduced in [3]. In section 6 we analyze the geometrical nature of the Wilson loop for each kind of gauge theory on a D-brane or stack of D-branes. In section 7 we draw our conclusions.

2 World-sheet action and Freed-Witten anomaly

2.1 Review of the abelian case

We summarize the possible natures of the gauge theory on a single D-brane, as discussed in [3]. We consider a D-brane world-volume Y ⊂ X. In the superstring world-sheet action there are the following terms: S = · · · + ( ∫ dψ ψ D_ϕ ψ ) + 2π · ( ∫ Σ ϕ^∗B + ∫ ∂Σ ϕ^∗A ) (1) where ϕ : Σ → X is the trajectory of the string world-sheet in the target space-time, and the first term (actually, its exponential) is the Pfaffian of the Dirac operator coupled to T Y via ϕ. Therefore:

e^{iS} = · · · pfaff D_ϕ · exp ( 2πi ∫ Σ ϕ^∗B ) · exp ( 2πi ∫ ∂Σ ϕ^∗A ) . We call W_3(Y ) ∈ H^3(Y, Z) the third integral Stiefel-Whitney class of Y , and w_2(Y ) ∈ H^2(Y, Z_2) the second Stiefel-Whitney class [10]. The pfaffian of the Dirac operator is a section of a line bundle on the loop space of Y , determined by a flat gerbe on Y with first Chern class W_3(Y ) and holonomy w_2(Y ). Such a gerbe can be represented by a cocycle {η^{−1}_{αβγ} , 0, 0}, for η_{αβγ} constant and [{η^{−1}_{αβγ} }] = w_2(Y ) in the cohomology of the constant sheaf U(1). Therefore, the B-field gerbe, restricted to Y , must be represented as {η_{αβγ} , 0, B + F }, so that the product {1, 0, B + F } is trivialized and has a well-defined holonomy even on surfaces with boundary, like the string world-sheets attached to Y : if such a surface Σ is entirely contained in Y , the holonomy is simply exp(2πi ∫ Σ(B + F )), otherwise, if only ∂Σ ⊂ Y , the expression is more complicated but anyway well-defined [3]. Therefore, since the class [{η_{αβγ} }] in the sheaf U(1) (i.e. the sheaf of U(1)-valued smooth functions) is W_3(Y ), also the B-field gerbe, restricted to Y , must have first Chern class W_3(Y ).^2 This is the Freed-Witten anomaly cancellation:

W_3(Y ) + [H]|_Y = 0 (2)

2The first Chern class should be −W_3(Y ), but, since the order of such a class is 2, the minus sign is immaterial.

for [H] the first Chern class of the B-field gerbe. Thus, if the B-field is represented by a generic cocycle {g_{αβγ} , Λ_{αβ}, B_α}, the A-field on Y must provide the suitable reparametrization, i.e. it must hold: {g_{αβγ} , Λ_{αβ}, B_α} · δ̌^1{h_{αβ}, A_α} = {η_{αβγ} , 0, B_α + F_α} (3) where B_α + F_α is globally defined. Therefore, the admissible configurations are classified by the coset:

Ȟ^2_{w2(Y )}(X, U(1) → Ω^1_R → Ω^2_R, Y ) (4)

defined in formula (13) of [3]. If w_2(Y ) ≠ 0 the transition functions {η_{αβγ} } are defined up to a coboundary in the constant sheaf U(1), otherwise there is the preferred representative {1}, so that we get the group Ȟ^2(X, U(1) → Ω^1_R → Ω^2_R, Y ). The gauge theory on Y is described by the class [{h_{αβ}, A_α}] up to 1-hypercoboundaries. Hence, there are the following possibilities:

• H|_Y ≠ 0: in this case there are no preferred representatives of the gerbe on Y , thus the nature of [{h_{αβ}, A_α}] depends completely on the gauge choice for the gerbe; in fact, even if we choose globally defined B and F , there are large gauge transformations B → B + Φ and F → F − Φ.

• H|_Y = 0: in this case there are the preferred representatives {g_{αβγ} , 0, 0} with [{g_{αβγ} }] = Hol(B|_Y ) in the cohomology of the constant sheaf U(1). There are the following possibilities:

– Hol(B|_Y ) ≠ w_2(Y ): then δ̌^1{h_{αβ} , A_α} = {η_{αβγ} g^{−1}_{αβγ} , 0, F }, so that we obtain a non integral line bundle [3].

– Hol(B|_Y ) = w_2(Y ) ≠ 0: then δ̌^1{h_{αβ} , A_α} = {δ̌^1λ_{αβ}, 0, F } with λ_{αβ} locally constant, so that we obtain a line bundle up to the torsion part.

– Hol(B|_Y ) = w_2(Y ) = 0: then δ̌^1{h_{αβ}, A_α} = {1, 0, F }, so that we obtain a line bundle, i.e. a canonical gauge theory.

Actually, we have shown that even in the case Hol(B|_Y ) = w_2(Y ) = 0 there is a residual gauge freedom: a flat bundle on the whole space-time, restricted to the D-brane, is gauge equivalent to zero. If more D-branes are present, the space-time bundle must be the same for all of them.

2.2 Introduction to the non-abelian case

For a stack of n D-branes the world-sheet path-integral measure becomes [11]:

e^{iS} = · · · pfaff D_ϕ · exp ( 2πi ∫ Σ ϕ^∗B ) · Tr P exp ( 2πi ∫ ∂Σ ϕ^∗A ) (5) where P is the path-ordering operator. Since the pfaffian of the Dirac operator and the term involving the B-field are not different with respect to the abelian case, we still need to represent the B-field as {η_{αβγ} , 0, B_α + F_α}. The main difference is that, when [{h_{αβ} , A_α}] is a rank n vector bundle, the expression (3) becomes: {g_{αβγ} , Λ_{αβ}, B_α} · δ̌^1{h_{αβ}, A_α} = {η_{αβγ} , 0, B_α +^1_n Tr F_α} (6) where δ̌^1 has now a different meaning. The term^1_n multiplying Tr F_α is due to the fact that, in the non-abelian case, the term B + F is actually B · I_n + F for I_n the identity matrix, therefore the gauge invariant term is Tr(B · I_n + F ) = nB + Tr F . Now the Afield does not act as a reparametrization any more, since in (6) the operator δ̌^1 is not the Čech coboundary operator of the sheaf U(1) for n > 1. Let us analyze what happens. The transition functions h_{αβ} take value in U(n), in particular, for a fixed good cover U = {U_α}_{α∈I} of Y , they are functions h_{αβ} : U_{αβ} → U(n). The local potentials are instead local 1-forms A_α : T U_α → iu(n), where T U_α is the tangent bundle of Y restricted to U_α, and u(n) is the Lie algebra of U(n).^3 The usual cocycle condition for vector bundles is:

h_{αβ} h_{βγ} h_{γα} = I_n A_β − h^{−1}_{αβ} A_αh_{αβ} −^1_{2πi} h^{−1}_{αβ} dh_{αβ} = 0.

Therefore, it is natural to interpret (6) as: h_{αβ}h_{βγ} h_{γα} = η_{αβγ} g^{−1}_{αβγ} · I_n A_β − h^{−1}_{αβ} A_αh_{αβ} −^1_{2πi} h^{−1}_{αβ} dh_{αβ} = −Λ_{αβ} · I_n 1 n Tr dA_α =^1_n Tr F_α. (7)

We will see in the next section that these data define a twisted bundle with connection, and that the abelian cocycle {η_{αβγ} g^{−1}_{αβγ} , −Λ_{αβ},^1_n Tr F_α} is the twisting cocycle. Its cohomology class is the twisting gerbe. Therefore, the operator δ̌^1 assigns to a twisted bundle with connection its twisting cocycle. This implies that the cohomology class [δ̌^1{h_{αβ}}] = [{η_{αβγ} g^{−1}_{αβγ} }] ∈ Ȟ 2(X, U(1)) is not necessarily trivial as in the abelian case, but it is the first Chern class of a twisting gerbe: it is natural to inquire which gerbes can satisfy this property. Hence, in order to study the nature of the A-field in the case of a stack of D-branes, we are naturally lead to study the geometry of twisted bundles with connection.

3 Twisted bundles with connection

In this section the reader is assumed to be familiar with the basic notions of Čech cohomology and hypercohomology: a brief summary can be found in the appendices and in chapter 3 of [3], while a complete discussion can be found in [5].

3.1 Twisted bundles with connection

The notion of twisted bundle has been treated several times in the literature [12]. The transition functions of an ordinary vector bundle of rank n satisfy h_{αβ} h_{βγ} h_{γα} = I_n. One can consider a more general case in which h_{αβ} h_{βγ} h_{γα} = ζ_{αβγ} · I_n, with h_{αβ} (x) ∈ U(n) but

3We call iu(n) the set of matrices of the form iA with A ∈ u(n), i.e. the set of hermitian matrices of rank n.

ζ_{αβγ} (x) ∈ U(1). Even on twisted bundles there exist connections, which we now introduce. This notion has been discussed in the literature using the language of bundle gerbe modules [4], which is not necessary for our aims, or using the language of sheaves and their cohomology [11, 12], but without explicitly relating it to abelian gerbes, as we need here. In [1] the topic is discussed with an approach similar to ours, but we try to provide a more organic presentation. We thus summarize the main properties of twisted bundles with connection using only the language of sheaves of functions and differential forms. A bundle can be twisted with respect to an abelian 2-cocycle {ζ_{αβγ} }; similarly, a bundle with connection can be twisted with respect to an abelian 2-hypercocycle {ζ_{αβγ} , Λ_{αβ}, B_α}. For a fixed good cover U = {U_α}_{α∈I} of X, we denote by Č^1(X, U(n) → Ω^1_{iu(n)}) the set of cochains made by local functions h_{αβ} : U_{αβ} → U(n) and local 1-forms A_α : T U_α → iu(n), and we give the following definition:

Definition 3.1 For (ζ, Λ, B) an abelian cochain, a (ζ, Λ, B)-twisted bundle with connection of rank n is a cochain {h_{αβ} , A_α} ∈ Č^1(X, U(n) → Ω^1_{iu(n)}) such that: • h_{αβ} h_{βγ} h_{γα} = ζ_{αβγ} · I_n; • A_β − h^{−1}_{αβ} A_αh_{αβ} −^1_{2πi} h^{−1}_{αβ} dh_{αβ} = Λ_{αβ} · I_n;

•^1_n Tr dA_α = B_α.

We call Ž^1_{(ζ,Λ,B)}(X, U(n) → Ω^1_{iu(n)}) the set of (ζ, Λ, B)-twisted bundles with connection.

Some comments are in order:

• The trace Tr dA_α is equal to the trace of the curvature Tr(dA_α + A_α ∧ A_α), since Tr(A_α ∧ A_α) = (A_α)^i_j ∧ (A_α)^j_i = ∑ i<j((A_α)^i_j ∧ (A_α)^j_i + (A_α)^j_i ∧ (A_α)^i_j ) = 0.

• The term^1_n in^1_n Tr dA_α = B_α is very important and needs to be clarified. We can guess that it must be present looking at the behavior of the tensor product. In fact, it is natural to require that, if {h_{αβ} , A_α} ∈ Ž^1_{(ζ,Λ,B)}(X, U(n) → Ω^1_{iu(n)}) and {h^′_{αβ} , A^′_α} ∈ Ž1_{(ζ′,Λ′,B′)}(X, U(m) → Ω1_{iu(m)}), then {h_{αβ}, A_α}⊗{h′_{αβ} , A′_α} ∈ Ž1_{(ζζ′,Λ+Λ′,B+B′)}(X, U(nm) → Ω^1_{iu(nm)}). The point is that the correct identity is: 1 nm Tr(A_α ⊗ I_m + I_n ⊗ A^′_α) =^1_n Tr A_α +^1_m Tr A^′_α

as one can easily prove considering the case A_α = λ_α · I_n and A^′_α = λ^′_α · I_m, for λ_α, λ^′_α 1-forms. Moreover, it is also natural that the determinant of a trivialization is a trivialization of the determinant, therefore it must hold that δ̌^1{det h_{αβ} , TrA_α} = {ζ^n_{αβγ} , nΛ_{αβ}, nB_α}, and the third component confirms the factor^1_n .

• The identity I_n appears both in ζ_{αβγ} · I_n and Λ_{αβ} · I_n, but the situation is different, because the transition functions lye in U(n), while the local potentials lye in iu(n). The point is that, while I_n has a specific role in U(n), being the identity of the group, it has no particular role in iu(n); therefore one could inquire what is its origin. Actually, for n = 1, the local potentials lye in iu(1) = R. If we consider the embedding of U(1) as the center of U(n), which is z → z · I_n, its differential sends ix ∈ R in ix · I_n ∈ iu(n). Since the embedding of the center is used to define twisted bundles, the behavior of its differential explains why the identity appears even in the potentials.

Since^1_n Tr dA_α = B_α, it follows that dB_α = 0, i.e. the twist cocycle must represent a flat gerbe (we show in the following that it must be a cocycle). Let us consider an ordinary vector bundle with connection: then the twist class is {1, 0,^1_n Tr F }, for F the local field strength. Therefore, the twisting cocycles, corresponding to ordinary vector bundles with connection, represent topologically trivial gerbes with rational (not integral in general!) holonomy, whose n-th power is integral. Hence, every cocycle {1, 0, B} with B non-rational^4 cannot be a twist hypercocycle, since the fact that the first two components are (1, 0) implies that the only possibility is an ordinary vector bundle. This is coherent with the fact that the twist hypercocycle must represent a gerbe with torsion holonomy, not only first Chern class, as we discuss in the following.

If {h_{αβ}, A_α} is (ζ, Λ, B)-twisted and we reparametrize it as for ordinary vector bundles:

{h^′_{αβ} , A^′_α} = {f^{−1}_α h_{αβ}f_β , f^{−1}_α A_αf_α +^1_{2πi} f^{−1}_α df_α}, (8)

then also {h^′_{αβ}, A^′_α} is (ζ, Λ, B)-twisted, as the reader can verify by direct computation. Therefore we can define:

Definition 3.2 An isomorphism class of (ζ, Λ, B)-twisted bundles with connection is a class [{h_{αβ} , A_α}] of (ζ, Λ, B)-twisted bundles which differ one from each other by the action (8) of a 0-cochain {f_α}. We call: Ȟ^1_{(ζ,Λ,B)}(X, U(n) → Ω^1_{iu(n)})

the set of isomorphism classes of (ζ, Λ, B)-twisted bundles.

If there exists a (ζ, Λ, B)-twisted bundle, then {ζ_{αβγ} , Λ_{αβ}, B_α} is a cocycle. In fact, one can verify that δ̌^2{ζ_{αβγ} } = 1 [12]. Moreover:

Λ_{αβ} + Λ_{βγ} + Λ_{γα} =^1_n Tr(Λ_{αβ} · I_n + Λ_{βγ} · I_n + Λ_{γα} · I_n) =^1_n Tr(A_β − h^{−1}_{αβ} A_αh_{αβ} − d log h_{αβ} + A_γ − h^{−1}_{βγ} A_βh_{βγ} − d log h_{βγ} + A_α − h^{−1}_{γα} A_γ h_{γα} − d log h_{γα}) = −^1_n Tr d log(h_{αβ}h_{βγ} h_{γα}) = −^1_n Tr(d log ζ_{αβγ} · I_n) = −d log ζ_{αβγ}

and:

B_β − B_α =^1_n Tr d(A_β − A_α) =^1_n dTr(A_β − A_α) =^1_n dTr(A_β − h^{−1}_{αβ} A_αh^{−1}_{αβ} − h^{−1}_{αβ} dh_{αβ}) =^1_n Tr d(Λ_{αβ} · I_n) = dΛ_{αβ}.

Therefore we can define:

Definition 3.3 For {h_{αβ}, A_α} a (ζ, Λ, B)-twisted bundle of rank n with connection, the hypercohomology class [{ζ_{αβγ} , Λ_{αβ}, B_α}] ∈ Ȟ^2(X, U(1) → Ω^1_R → Ω^2_R) is called the twist hypercohomology class of {h_{αβ}, A_α}.^5

4“Non-rational” means that there are no integral multiples which represent an integral cohomology class. For a generic space X, B rational means that there exists n ∈ N such that the integrals of B over the 2-cycles belong to^1_n Z. For spaces with finitely generated homology groups, like compact manifolds even with boundary, this is equivalent to require that the integrals over 2-cycles belong to Q.

5We could define more intrinsically the gerbe associated to a vector bundle with connection. In particular,

We list some topological properties of twisted bundles with connection, analogous to the topological ones for twisted bundles [12]:

• The twist class in Ȟ^2(X, U(1) → Ω^1_R → Ω^2_R) must be a torsion class. In fact, if we compute the determinants, we obtain δ̌^2{det h_{αβ} , TrA_α} = {ζ^n_{αβγ} , nΛ_{αβ}, nB_α}. Since {det h_{αβ} , TrA_α} is an abelian 1-cochain, it follows that the n-th power of the twist class is trivial.

• For every cocycle {ζ_{αβγ} , Λ_{αβ}, B_α} representing a torsion hypercohomology class, there exists a (ζ, Λ, B)-twisted bundle. We prove it in steps:

– Let us start with the case of a topologically trivial gerbe, which we represent as {1, 0,^1_n F } with F integral. Then, we consider an ordinary line bundle {ξ_{αβ}, λ_α} with curvature dλ_α = F , and the direct sum {ξ_{αβ}, λ_α} ⊕ {I_{n−1}, 0} = {ξ_{αβ} ⊕ I_{n−1}, λ_α ⊕ 0_{n−1}}. It is easy to verify that the twist class is {1, 0,^1_n F }.

– If there exists a (ζ, Λ, B)-twisted bundle {h_{αβ}, A_α}, then, for every hypercocycle {ζ^′_{αβγ} , Λ^′_{αβ}, B^′_α} cohomologous to {ζ_{αβγ} , Λ_{αβ}, B_α} there exists a (ζ^′, Λ^′, B^′)-twisted bundle. In fact, for {ζ^′_{αβγ} , Λ^′_{αβ}, B^′_α} = {ζ_{αβγ} , Λ_{αβ}, B_α} · δ̌^1{ξ_{αβ}, λ_α}, it is enough to consider {h_{αβ}ξ_{αβ}, A_α + λ_αI_n}.

– For any torsion first Chern class there exists a twisted bundle h_{αβ} h_{βγ} h_{γα} = ζ_{αβγ} I_n [2]. On every twisted bundle there exists a connection: in fact, for {φ_α}_{α∈I} a partition of unity relative to the cover U, the local forms A_α =^1_{2πi} ∑ β φ_βg^{−1}_{βα} dg_{βα} define a connection, as the reader can verify. Therefore, since we have proven in the previous step that we can freely change the representative, we can find a (ζ, 0, F )-twisted bundle {h_{αβ} , A_α}. Another gerbe with the same first Chern class and torsion holonomy can be represented as {ζ_{αβγ} , 0, F + F^′}, and we know that there exists a (1, 0, F^′)-twisted bundle {h^′_{αβ} , A^′_α}. Then {h_{αβ}, A_α} ⊗ {h^′_{αβ} , A^′_α} is a (ζ, 0, F + F^′)-twisted bundle.

This is very important by a physical point of view, as we will discuss in the following, since it implies that, considering the Freed-Witten anomaly, the only condition for a world-volume Y to admit a gauge theory is that [H]|_Y is torsion, i.e. that H|_Y is exact, even if in general there are constraints on the rank, as we already said in the introduction.

• The order of the twist class divides the rank of the twisted bundle, but it is not necessarily equal to it. From the fact that the n-th power of the twist class is trivial, it follows that the order divides n. The counterexample in [2], prop. 2.1(v), which is about topological twisted bundles, is suitable also for twisted bundles with connection.

if we consider the central extension of Lie groups 1 → U(1) → U(n) → P U(n) → 1, we can project a twisted bundle on X to a P U(n)-bundle P → X, and a connection on a twisted bundle can be projected to a connection on P . Then, to P is associated a gerbe [5] which measures the obstruction for P to be lifted to a U(n)-bundle. A connection on P provides a connection on such a gerbe, once that we fix a splitting of the associated sequence of bundles 0 → X × iR → P ×_{Ad} u(n) → P ×_{Ad} su(n) → 0, which, in this case, can be canonically defined by the trace P ×_{Ad} u(n) → X × iR defined as [(p, A)] → Tr A.

We call:

Ž^1_{U(1)→Ω1R}(X, U(n) → Ω^1_{iu(n)}) = ⋃ (ζ,Λ,B) Ž^1_{(ζ,Λ,B)}(X, U(n) → Ω^1_{iu(n)})

Ȟ^1_{U(1)→Ω1R}(X, U(n) → Ω^1_{iu(n)}) = ⋃ (ζ,Λ,B) Ȟ^1_{(ζ,Λ,B)}(X, U(n) → Ω^1_{iu(n)}).

3.2 Twisted bundles with connection and gauge transformations

We make a couple of remarks about twisting bundles with connection, considering what will come out from the classification of the gauge theories on a D-brane world-volume. Since the twisting class seems more intrinsic than its representatives, one could inquire if there is not a way to define a twisted bundle with connection, knowing the hypercohomology class [{g_{αβγ} , Λ_{αβ}, B_α}] and not one of its representatives. Actually, if {ζ_{αβγ} , Λ_{αβ}, B_α} and {ζ^′_{αβγ} , Λ^′_{αβ}, B^′_α} are cohomologous, every abelian cochain {ξ_{αβ}, λ_α} such that {ζ^′_{αβγ} , Λ^′_{αβ}, B^′_α} = {ζ_{αβγ} , Λ_{αβ}, B_α} · δ̌^1{ξ_{αβ}, λ_α} induces a bijection:

φ_{(ξ,λ)} : Ȟ^1_{(ζ,Λ,B)}(X, U(n) → Ω^1_{iu(n)}) −→ Ȟ^1_{(ζ}′_{,Λ}′_{,B}′_)(X, U(n) → Ω^1_{iu(n)}) φ_{(ξ,λ)}[{g_{αβ}, A_α}] = [{g_{αβ} · ξ_{αβ}, A_α + λ_αI_n}]. (9) The bijection depends on the cochain, therefore there is not a canonical way to define the set of twisted bundles with connection with respect to a hypercohomology class instead of a hypercocycle. Only for [(ζ, Λ, B)] = 0, there is the canonical representative (ζ, Λ, B) = (1, 0, 0), leading to ordinary vector bundles with connection on X such that the trace of the curvature vanishes. In order to obtain all the ordinary vector bundles, we must take [ζ] = 0, and consider the representatives (1, 0, B̃) for [B̃]_{dR} rational. Their union contains the ordinary vector bundles with connection.

3.3 Non-integral vector bundles

We consider a special class of twisted bundles with connection:

Definition 3.4 We call non-integral vector bundle with connection a twisted bundle with connection such that the twisting cocycle is of the form {g_{αβγ} , 0, B}, where the functions g_{αβγ} are locally constant.

Thus, a non-integral vector bundle up to isomorphism is a class [{h_{αβ} , A_α}] such that: h_{αβ}h_{βγ} h_{γα} = g_{αβγ} · I_n A_β − h^{−1}_{αβ} A_αh_{αβ} −^1_{2πi} h^{−1}_{αβ} dh_{αβ} = 0. These bundles will naturally appear in the classification of gauge theories on a D-brane, and they are the natural generalization of the “line bundle with non integral first Chern class” defined in [3]. In fact, we will easily show in the following that for this kind of bundles we can define the Chern classes in the usual way, but they are real classes, not necessarily integral.

4 A-field and B-field configurations

Now that we have defined twisted bundles with connection, we can complete the discussion of subsection 2.2.

4.1 Classification

We have seen that the expression: {g_{αβγ} , Λ_{αβ}, B_α} · δ̌^1{h_{αβ}, A_α} = {η_{αβγ} , 0, B_α +^1_n Tr F_α} (10) must be interpreted in the non-abelian case as: h_{αβ}h_{βγ} h_{γα} = η_{αβγ} g^{−1}_{αβγ} · I_n A_β − h^{−1}_{αβ} A_αh_{αβ} −^1_{2πi} h^{−1}_{αβ} dh_{αβ} = −Λ_{αβ} · I_n 1 n Tr dA_α =^1_n Tr F_α.

(11)

This means that the A-field is actually a connection on a twisted bundle, and the operator δ̌^1 assigns to a twisted bundle with connection its twisting cocycle. The complete information is provided by the class [{h_{αβ} , A_α}], and, if we call (ζ, Φ, C) the twisting cocycle, then (11) is equivalent to (ζ, Φ, C) = {ηg^{−1}, −Λ,^1_n Tr F }. This implies that the cohomology class [ζ] = [{η_{αβγ} g^{−1}_{αβγ} }] ∈ Ȟ^2(X, U(1)) is not necessarily trivial as in the abelian case, but it is a torsion class. Hence, coherently with [11], the Freed-Witten anomaly cancellation for a stack of n D-branes becomes:

[H]|_Y + [ζ] = W_3(Y ) (12)

where [ζ] is the topological twisting class (i.e. the first Chern class of the twisting gerbe) of the A-field. As anticipated in the introduction, if we fix the world-volume Y and we allow for any number of D-branes n, then [ζ] can be any torsion class, therefore there is always a solution to (12) provided that [H]|_Y is torsion. In particular, if [H] is torsion on the whole space-time X, every world-volume is admissible with respect to the Freed-Witten anomaly, but, when [H]|_Y ≠ W_3(Y ), it is not possible that Y hosts only one D-brane. The minimum number of D-branes is a multiple of the order of W_3(Y ) − [H]|_Y ; we do not know if it is possible to find it with a general formula. From (10) it follows that the gauge invariant form on the world-volume is not B + TrF but B +^1_n TrF , or, equivalently, nB + TrF , and this is coherent: for a stack of n D-branes, B is actually a multiple of the identity I_n, therefore the trace of the gauge-invariant term B + F is nB + TrF .

Let us now show how to classify all the admissible configurations of the A-field and the Bfield, up to gauge transformations. In other words, we show which set classifies the possible inequivalent configurations satisfying (10). At this point it should be helpful to read carefully sections 4.1 and 4.2 of [3], since they show the analogous set, first for the more familiar case of line bundles and their sections, and then for superstring theory with abelian A-field. In this paper we give a more intrinsic description of the classification in the abelian case using the mapping cone [8], so that we avoid complicated diagrams when considering the non-abelian case. In particular, given a map of complexes φ^• : (K^•, d^•_K) → (L^•, d^•_L), the cone of φ is the complex:

C(φ)^i := K^i ⊕ L^{i−1} d^i_{C(φ)} := ( d^i_K 0 φ^i d^{i−1}_L ) . (13)

If we consider the cohomology in degree i, we see that it is made by classes [(k^i, l^{i−1})] where k^i represents a cohomology class of K whose image via φ^i is trivial, and l^{i−1} is a trivialization of −φ^i(k^i). Here we consider the complexes of sheaves:

S^•_{X,2} := U(1)_X → Ω^1_{X,R} → Ω^2_{X,R} S^•_{Y,1} := U(1)_Y → Ω^1_{Y,R}

both extended by 0 on left and right. For i : Y → X the embedding of the world-volume in the space-time, we can push forward the complex on Y to a complex of sheaves i_∗U(1)_Y → i_∗Ω^1_{Y,R} on X. Then, there is a natural map of complexes: φ^•_{X,Y,2} : S^•_{X,2} −→ i_∗S^•_{Y,1} defined, on an open subset U ⊂ X, as the restriction of functions and forms to U ∩Y . We can now construct the cone of φ_{X,Y,2}, which is a complex of sheaves on X. The relative Deligne cohomology groups of S^•_{X,2} with respect to S^•_{Y,1} are by definition the hypercohomology groups of the cone of φ_{X,Y,2}. The group that we called Ȟ^2(X, U(1) → Ω^1_R → Ω^2_R, Y ) in [3] is actually the relative hypercohomology group: Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1}). An element of this group is a couple made by a gerbe on X, which is trivial when restricted on Y , and an explicit trivialization of that gerbe on Y . The gerbe on X is the B-field, the trivialization on Y the A-field.

In the case of non-abelian A-field, we need an analogous mapping cone, with the suitable modifications. In particular, we replace the complex S^•_{Y,1} = U(1)_Y → Ω^1_{Y,R} with the complex: S^•_{Y,1,n} := U(n)_Y → Ω^1_{Y,iu(n)} where Ω^1_{Y,iu(n)} := Ω^1_{Y,R} ⊗_R iu(n) and the boundary sends a function f : U → U(n) to 1 2πi f^{−1}df : T U → iu(n). Since U(n) is not abelian, we need to be careful in the definition of the hypercohomology of this complex. In particular, we associate to it the double complex:

Č0(Y, Ω1_{iu(n)})^{D̃} // Č1(Y, Ω1_{iu(n)})^{Δ̌1} // Č2(Y, Ω1_R)^{δ̌2} // Č3(Y, Ω1_R)^{δ̌3} // · · ·

Č0(Y, U(n))^{Δ̌0} // Δ̌0 OO Ž1_{U(1)}(Y, U(n))^{δ̌1} // D̃ OO Č2(Y, U(1))^{δ̌2} // d̃ OO Č3(Y, U(1))^{δ̌3} // d̃ OO

· · ·

(14)

where:

• Ž^1_{U(1)}(Y, U(n)) is the set of twisted bundles (not up to isomorphism) on Y , i.e. the set of U(n)-cochains {h_{αβ} } such that there exists a U(1)-cocycle {ζ_{αβγ} } satisfying h_{αβ} h_{βγ} h_{γα} = ζ_{αβγ} · I_n.

• Δ̌^0 is an action of Č^0(Y, U(n)) on the whole direct sum Ž^1_{U(1)}(Y, U(n)) ⊕ Č^0(Y, Ω^1_{iu(n)}), in particular: {f_α} · {h_{αβ}, A_α} = {f^{−1}_α h_{αβ} f_β, f^{−1}_α A_αf_α +^1_{2πi} f^{−1}_α df_α}. • D̃ is a map whose domain is the whole Ž^1_{U(1)}(Y, U(n)) ⊕ Č^0(Y, Ω^1_{iu(n)}), in other words the horizontal and vertical arrows cannot be defined independently: D̃{h_{αβ}, A_α} = {A_β − h^{−1}_{αβ} A_αh_{αβ} −^1_{2πi} h^{−1}_{αβ} dh_{αβ}}. • δ̌^1 assigns to a twisted bundle its twisting cocycle.

• Δ̌^1{A_α} =^1_nδ̌^1{Tr A_α}.

The 1-cochains of (14) are the elements of Ž^1_{U(1)}(Y, U(n)) ⊕ Č^0(Y, Ω^1_{iu(n)}), and the A-field representatives {h_{αβ}, A_α} belong to that group. The cocycles, i.e. the cochains belonging to the kernel of D̃, are the representatives of vector bundles with connection (not twisted), and the action of a 0-coboundary {f_α} via Δ̌^0 is the gauge transformation (8). Therefore, the first hypercohomology set of this complex is in natural bijection with the set of vector bundles with connection on Y . We remark that the 1-cocycles are not a group but a pointed set, the marked point being the trivial cocycle, and the 0-cochains act on this set: the cohomology set is the quotient by this action, and it is a pointed set as well.

We thus consider the natural map of complexes: φ^•_{X,Y,2,n} : S^•_{X,2} −→ i_∗S^•_{Y,1,n} defined, on an open subset U ⊂ X, by the restriction of functions and forms to U ∩Y , followed by the central embeddings U(1) → U(n) and Ω^1_{Y,R} → Ω^1_{Y,iu(n)}. We can construct the cone of φ_{X,Y,2,n}, which is a complex of sheaves on X. The relative Deligne cohomology groups of S^•_{X,2} with respect to S^•_{Y,1,n} are by definition the hypercohomology groups of the cone of φ^•_{X,Y,2}, remembering that, in order to explicitly construct the associated double complex, we must consider for S^•_{Y,1,n} the diagram (14). We claim that, for w_2(Y ) = 0, the set which classifies the allowed A-field and B-field configurations is the relative hypercohomology group: Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}). In fact, as we recalled after equation (13), an element of this group turns out to a gerbe on X, i.e. the B-field, with a “non-abelian trivialization” via φ_{X,Y,2,n} of the restriction to Y , such a trivialization being by construction a twisted bundle with connection, i.e. the A-field. If we fix a good cover and explicitly compute the Čech cohomology groups, the 2-cochains of the associated total complex are given by Č^2(S^•_{X,2}) ⊕ Č^1(i_∗S^•_{Y,1,n}), thus a 2- cochain is {g_{αβγ} , Λ_{αβ}, B_α, h_{αβ}, A_α}. Moreover, {g_{αβγ} , Λ_{αβ}, h_{αβ}, B_α, A_α} is a cocycle when {g_{αβγ} , Λ_{αβ}, B_α} represents a gerbe with connection, and {h_{αβ}, A_α} is a twisted bundle with connection on Y , with twisting hypercocycle {(i^∗)^2g^{−1}_{αβγ} , −(i^∗)^1(Λ_{αβ} ),^1_n Tr dA_α}. Therefore, under these conditions, equation (10) is satisfied for η_{αβγ} = 1.

Action of 1-cochains. We explicitly write down the action of the 1-coboundary, since we will need it in the following. As we discussed above about diagram (14), the 1-coboundary is not a map but an action of the set of 1-cochains on the set of 2-cochains. From definition (13) and the comments after diagram (14), the action is: {g_{αβ}, Λ_α, f_α} · {g_{αβγ} , Λ_{αβ}, B_α, h_{αβ} , A_α} = {g_{αβγ} · g_{αβ}g_{βγ} g_{γα}, Λ_{αβ} + d̃g_{αβ} + Λ_β − Λ_α, B_α + dΛ_α, (i^∗)^1g_{αβ}I_n · f^{−1}_α h_{αβ}f_β , (i^∗)^0Λ_αI_n + f^{−1}_α A_αf_α +^1_{2πi} f^{−1}_α df_α}. (15)

The action on the first three components is exactly a change of representative of the B-field gerbe on X. Let us now analyze the last two components. Let us suppose that f_α = I_n. Then we get (i^∗)^1g_{αβ}I_n · h_{αβ} and (i^∗)^0Λ_αI_n + A_α, which is the isomorphism (9) for {ξ_{αβ}, λ_α} = {g_{αβ}, Λ_α}: therefore, the action of the 1-cochains, when f_α = I_n, is the natural bijection between the set of twisted bundles with connection, under the change of representative of the twisting hypercocyle. Let us now suppose that g_{αβ} = 1 and Λ_α = 0. In this case we get f^{−1}_α h_{αβ}f_β and f^{−1}_α A_αf_α +^1_{2πi} f^{−1}_α df_α, which is a change of representative within the same isomorphism class of twisted bundles with connection (see def. 3.2). Therefore, the action of a generic 1-cochain is at the same time a change of representative and a change of twisting hypercocycle, the latter according the change of representative of the B-field gerbe. This is the most natural definition of gauge transformation for the A-field and the B-field.

There is a last step in order to obtain the classifying set of B-field and A-field configurations: in general we do not look for a trivialization of the gerbe on Y , but for a cocycle whose transition functions represent the class w_2(Y ) ∈ H^2(Y, U(1)), as in formula (10). The transition functions of a coboundary in the previous picture represent the zero class, so they are consistent only for w_2(Y ) = 0. Hence, we cannot consider the hypercohomology group, but one of its cosets in the group of 2-cochains up to the action of 1-cochains. In fact, the condition we need is not the cocycle condition, but: δ̌^2{g_{αβγ} , Λ_{αβ}, B_α, h_{αβ} , A_α} = {0, 0, 0, η_{αβγ}, 0} (16) thus we need the set made by 2-cochains satisfying (16) up to the 1-coboundary action. Actually, we need anyone of these cosets for [{η_{αβγ} }] = w_2(Y ) ∈ Ȟ^2(Y, U(1)), since, for w_2(Y ) ≠ 0, there is not a preferred one. We denote their union by:

Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}, w_2(Y )) (17)

and this is the set of configurations we are looking for.

4.2 Gauge theory on a stack of D-branes

We are now ready to discuss the possible geometric structures of the gauge theory on a stack of D-branes, arising from the previous picture. We first do it concretely, using functions and potentials, then we give a more intrinsic description, at least for w_2(Y ) = 0.

4.2.1 Generic B-field

We consider (10), which we write as: {g_{αβγ} , Λ_{αβ}, B_α} · {g^{−1}_{αβγ} η_{αβγ} , −Λ_{αβ} ,^1_n TrF_α} = {η_{αβγ} , 0, B +^1_n TrF } δ̌^1{h_{αβ} , A_α} = {g^{−1}_{αβγ} η_{αβγ} , −Λ_{αβ} ,^1_n TrF_α}. (18)

We have seen that this is the equation satisfied by the elements of (17). As in the abelian case, if H ≠ 0 the gauge theory [{h_{αβ} , A_α}] on the D-brane depends on the gauge {g_{αβγ} , Λ_{αβ}, B_α} that we choose to represent the space-time gerbe. If [{g_{αβγ} }] = [{η_{αβγ} }] ∈ Ȟ^2(Y, U(1)) (not the constant sheaf U(1), the sheaf of functions U(1)), we can always choose a gauge {η_{αβγ} , 0, B}, so that we get δ̌^1{h_{αβ} } = 1 and −d̃h_{αβ} + A_β − A_α = 0, which means that [{h_{αβ} , A_α}] is an ordinary gauge bundle with connection on the world-volume. However, since B and TrF are arbitrary, such a bundle is defined up to large gauge transformations B → B + Φ and TrF → TrF − Φ for Φ integral, thus it is anyway non canonical.^6

4.2.2 Flat B-field

If B is flat, its holonomy is a class Hol(B|_Y ) ∈ H^2(Y, U(1)) (constant sheaf U(1)). Here the picture is analogous to the abelian case: since in equation (18) the transition function on the r.h.s. is g^{−1}_{αβγ} η_{αβγ} , in the flat case we still have to analyze the difference Hol(B|_Y ) − w_2(Y ). The difference is that, since the Freed-Witten anomaly imposes only that Hol(B|_Y ) is torsion, when Hol(B|_Y )−w_2(Y ) ≠ 0, the latter is not necessarily topologically trivial, i.e. the image in H^3(X, Z) under the Bockstein map is not necessarily 0 as in the abelian case. Summarizing, we distinguish three cases as in [3]:

• Hol(B) = w_2(Y ) = 0: here we suppose Hol(B) = 0 on the whole X; we have for the B-field the preferred gauge choice {1, 0, 0} (this is an operation, for a gerbe, analogous to choosing parallel local sections for line bundles). The choice B = 0 is therefore a canonical choice (it fixes also large gauge transformations). We also choose the gauge η_{αβγ} = 1. Thus we get {1, 0, 0} · {1, 0,^1_n Tr F_α} = {1, 0,^1_n Tr F_α} with {1, 0,^1_n Tr F_α} = {h_{αβ}h_{βγ} h_{γα}, A_β − h^{−1}_{αβ} A_αh_{αβ} − h^{−1}_{αβ} dh_{αβ},^1_n Tr dA_α}. Hence we have h_{αβ}h_{βγ} h_{γα} = I_n and A_β − h^{−1}_{αβ} A_αh_{αβ} − h^{−1}_{αβ} dh_{αβ} = 0. In this case we obtain a vector bundle with connection, i.e. a gauge theory in the usual sense, canonically fixed. However, we will see in the following that, also in this case, there can be a residual freedom in the choice of the bundle, depending on the topology of the space-time.

• Hol(B|_Y ) = w_2(Y ): we choose for the B-field a gauge {η_{αβγ} , 0, 0}. The choice B = 0 is still canonical. Since we have not a preferred gauge choice within the class w_2(Y ), we get {η_{αβγ} , 0, 0} · {δ̌^1λ_{αβ} , 0,^1_n Tr F_α} = {η_{αβγ} · δ̌^1λ_{αβ}, 0,^1_n Tr F_α}, for λ_{αβ} locally constant, with {δ̌^1λ_{αβ} , 0,^1_n Tr F_α} = {δ̌^1h_{αβ} , A_β − h^{−1}_{αβ} A_αh_{αβ} − h^{−1}_{αβ} dh_{αβ},^1_n Tr F_α}. In this case, we obtain a vector bundle with connection, up to a flat line bundle.

6The gauge transformation for TrF means that we can multiply (via tensor product) the bundle [{h_{αβ}, A_α}] by a line bundle with connection, the curvature of the latter being −Φ. Since the action of line bundles, via tensor product, is a group action on the set of vector bundles with connection of a fixed rank, we can consider the quotient: the equivalence class is well-defined even up to large gauge transformations, but it is not so meaningful. Of course, in the abelian case this does not have any meaning.

• Hol(B|_Y ) generic: we fix a cocycle {g_{αβγ} } such that [{g_{αβγ} }] = Hol(B|_Y ) ∈ H^2(Y, U(1)).

We thus get a preferred gauge {g_{αβγ} , 0, 0}, so that (18) becomes {g^{−1}_{αβγ} ·η_{αβγ} , 0,^1_n Tr F_α} = {h_{αβ}h_{βγ} h_{γα}, A_β − h^{−1}_{αβ} A_αh_{αβ} − h^{−1}_{αβ} dh_{αβ} ,^1_n Tr F_α}. We obtain h_{αβ} h_{βγ} h_{γα} = g^{−1}_{αβγ} η_{αβγ} I_n and A_β − h^{−1}_{αβ} A_αh_{αβ} − h^{−1}_{αβ} dh_{αβ} = 0. Since the functions g^{−1}_{αβγ} η_{αβγ} are locally constant, we obtain a non-integral vector bundle with connection (see def. 3.4). With respect to the abelian case, here “Hol(B|_Y ) generic” means that it is any flat holonomy, not necessarily with first Chern class equal to W_3(Y ).

4.2.3 Residual gauge freedom

We have shown in [3] that, even when Hol(B) = w_2(Y ) = 0, the gauge bundle on the worldvolume is not completely fixed, but in general there is a residual gauge freedom, depending on the topology of the space-time. The situation is analogous in the non-abelian case, as we anticipated discussing the map (24), even if the result can be unexpected a priori. We suppose Hol(B) = 0 on X, i.e. that the whole B-field is trivial, then we will discuss what happens when only Hol(B|_Y ) = 0. The configuration for Hol(B) = w_2(Y ) = 0 is described by [{g_{αβγ} , Λ_{αβ}, B_α, h_{αβ}, A_α}] ∈ Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}, w_2(Y )), where the gerbe [{g_{αβγ} , Λ_{αβ}, B_α}] is geometrically trivial. As we said, we can choose the preferred gauge {1, 0, 0, h_{αβ}, A_α} so that the cocycle condition gives exactly {1, 0, 0, h_{αβ}h_{βγ} h_{γα}, A_β − h^{−1}_{αβ} A_αh_{αβ} −^1_{2πi} h^{−1}_{αβ} dh_{αβ}} = 0, i.e. [{h_{αβ} , A_α}] is a bundle with connection. There is still a question: which are the possible representatives of the form {1, 0, 0, h_{αβ}, A_α} within the same class? Can they all be obtained via a reparametrization of the bundle [{h_{αβ} , A_α}] ∈ Ȟ^1(Y, U(n) → Ω^1_{iu(n)})? From (15), the possible representatives are given by: {g_{αβ}, Λ_α, f_α} · {1, 0, 0, h_{αβ}, A_α} = {g_{αβ}g_{βγ} g_{γα}, d̃g_{αβ} + Λ_β − Λ_α, dΛ_α, (i^∗)^1g_{αβ}I_n · f^{−1}_α h_{αβ}f_β , (i^∗)^0Λ_αI_n + f^{−1}_α A_αf_α +^1_{2πi} f^{−1}_α df_α}.

therefore, in order to be of the form {1, 0, 0, h^′_{αβ}, A^′_α}, the conditions are:

δ̌^1{g_{αβ}} = 1 − d̃g_{αβ} + Λ_β − Λ_α = 0 dΛ_α = 0 . (19)

If we choose g_{αβ} = 1 and Λ_α = 0 we simply get h^′_{αβ} = f^{−1}_α h_{αβ} f_β and A^′_α = f^{−1}_α A_αf_α + 1 2πi f^{−1}_α df_α, i.e. a reparametrization of [{h_{αβ} , A_α}] ∈ Ȟ^1(Y, U(n) → Ω^1_{iu(n)}), and that is what we expected. But what happens in general? Equations (19) represent any line bundle g_{αβ} on the whole space-time X with a flat connection, thus they represent a residual gauge freedom in the choice of the line bundle over Y : for any flat line bundle [{g_{αβ}, Λ_α}] on the whole space-time X, the vector bundle [{g_{αβ}|_Y I_n, Λ_α|_Y I_n}] on the world-volume is immaterial for the gauge theory on the D-brane. Therefore, even in the case Hol(B|_Y ) = w_2(Y ) = 0, the vector bundle with connection on Y is well-defined up to the tensor product with the restriction of a flat line bundle on the space-time.

We recall the physical interpretation of the abelian case. Let us consider a line bundle L over Y with connection A_α: it determines the holonomy as a function from the loop space of Y to U(1). Actually, we are not interested to a generic loop: we always work with ∂Σ, with Σ in general not contained in Y : thus, such loops are in general not homologically trivial on Y , but they are so on X. Let us suppose that L extends to L̃ over X: in this case, we can equally consider the holonomy over ∂Σ with respect to L̃. If L̃ is flat, such a holonomy becomes a U(1)-cohomology class evaluated over a contractible loop, thus it is 0. Hence, a bundle extending to a flat one over X gives no contribution to the holonomy over the possible boundaries of the world-sheets. If there are more than one non-coincident branes, the residual gauge symmetry becomes an ambiguity corresponding to the restriction to each brane of a unique flat space-time bundle. In physical terms this can be seen as follows. Let us consider two D-branes Y and Y^′ with line bundles [{h_{αβ}, A_α}] and [{h^′_{αβ} , A^′_α}], and two loops γ on Y and γ^′ on Y ’, which are cohomologous on the space-time. Then there exists a world-sheet Σ and a map ϕ : Σ → X such that ∂Σ corresponds via ϕ to γ − γ^′. This world-sheet is an open string loop, and the action for it is S = · · · + 2π( ∫ Σ ϕ^∗B) + 2π( ∫ S^1 γ ∗A) + 2π( ∫ S^1 γ

′∗A^′), thus the path-integral measure e^{iS} contains the product Hol_γ (A) · Hol_γ′ (A^′), which is therefore well-defined. This implies that, if we fix a gauge (even up to space-time flat bundles) from Hol_γ (A), then Hol_γ′ (A^′) is completely determined for every γ^′ homologous to γ in X, and this happens even if the loop γ is not contractible in X. That’s why the uncertainty regards one space-time flat bundle, the same for each possible D-brane.

In the non abelian case, we have seen that the result is the same, even if one would aspect a different result: the holonomy of any flat vector bundle, even of rank n > 1, is always quantized, in the sense that it depends only on the homology class of the loop γ. Therefore, supposing for the moment to have only one stack of n D-branes with world-volume Y , it seems that the uncertainty should regard a flat space-time vector bundle of rank n, which is immaterial when restricted to Y . In fact, the path-integral measure e^{iS} contains a term Tr P exp( ∫ ∂Σ A), which is the trace of the holonomy, and the holonomy of a flat bundle is vanishing for a contractible loop, as ∂Σ in X. Instead, following the description via hypercohomology, we have seen that only a flat line bundle is gauge equivalent to zero, i.e. the vector bundle on Y must be of the form L|^{⊕n}_Y , or equivalently L|_Y ⊗(Y ×C^n ), for L a flat line bundle on X. Even a direct sum of n line bundles with connection L_1|_Y ⊕ · · · ⊕ L_n|_Y , not all equal, is not gauged to zero. What’s the reason?

A stack of n D-branes is the limit of n single different branes, which get closer one to each other, with a symmetry enhancement from U(1)^n to U(n). Let us consider the case n = 2: we start with two distinct D-branes Y and Y^′, supposing for simplicity that the gauge line bundles are topologically trivial, with connections A and A^′. We fix a cylinder Σ as the world-sheet, with two boundaries ∂^{(1)}Σ and ∂^{(2)}Σ. There are four kind of strings: the ones from Y to Y , in which case the measure is:

e^{iS} = · · · e^∫∂^{(1)}Σ^{ϕ∗A}e^∫∂^{(2)}Σ^{ϕ∗A} = · · · e^{∫∂Σ ϕ∗A};

the ones from Y to Y^′, in which case the measure is:

e^{iS} = · · · e^∫∂^{(1)}Σ^{ϕ∗A}e^∫∂^{(2)}Σ^{ϕ∗A′} ;

and so on. In this case, for what we have seen in the abelian case, thanks to the strings from Y to Y^′ or vice versa, if we fix A we also fix A^′, therefore the ambiguity is for only one space-time flat bundle. When Y^′ gets nearer and nearer to Y , becoming coincident, we get a stack of 2 D-branes, with trivial gauge bundle Y × C^2 and connection: A ⊕ A^′ = [ A 0 0 A^′ ] . (20)

Now we cannot distinguish any more within the four kinds of strings: in all the four cases both the boundaries of the cylinder Σ are mapped to Y . Therefore, one could argue in the following wrong way:

Wrong argument. The whole boundary ∂Σ, mapped to Y via ϕ, is homologically trivial on X, being trivialized by Σ: this means that ∂^{(1)}Σ and ∂^{(2)}Σ are cohomologous in X. Let us suppose that A and A^′ are both the restriction of a flat space-time connection, so that A⊕A^′ has the same property. In path-integral measure e^{iS} = · · · Tr Pe^{∫∂Σ ϕ∗(A⊕A′)}, the holonomy of A ⊕ A^′ on ∂Σ can be computed via the flat extension of A ⊕ A^′ on the whole X, and, being ∂Σ homologically trivial on X, the holonomy of a flat connection is zero. Of course, the trace of zero is zero. □

There must be a mistake, since, when Y and Y^′ are very near but different, we can use the strings from Y to Y^′ to fix A^′ once we know A, while, when Y and Y^′ become coincident, this seems to become impossible. The problem is that, for a stack of D-branes Y with a gauge theory A, and a world-sheet Σ whose boundary has more than one component, i.e. ∂Σ = ∂^{(1)}Σ, . . . , ∂^{(k)}Σ, the right path-integral measure is not: e^{iS} = · · · Tr ( Pe^∫∂^{(1)}Σ^{ϕ∗A} · · · Pe^∫∂^{(k)}Σ^{ϕ∗A} ) (21) but e^{iS} = · · · ( Tr Pe^∫∂^{(1)}Σ^{ϕ∗A} ) · · · ( Tr Pe^∫∂^{(k)}Σ^{ϕ∗A} ) (22)

since, being Pe^∫∂^{(i)}Σ^{ϕ∗A} defined up to coniugation by elements of U(n), the expression (21) is not gauge-invariant. Actually, we can neither talk about the holonomy for a disconnected loop, since for each component it is defined up to coniuguation; moreover, since Tr(AB) ≠ Tr(A)Tr(B) in general, we also have in general that Tr(A)Tr(A^{−1}) ≠ n: therefore, even if ∂^{(1)}Σ and ∂^{(2)}Σ are cohomologous in X, and, for A flat as (20), we choose the gauge so that Pe^∫∂^{(1)}Σ^{ϕ∗A} · Pe^∫∂^{(2)}Σ^{ϕ∗A} = I_n, it does not mean that the product of the traces is n as for the trivial connection. In fact, for A given by (20), the measure is: e^{iS} = · · · Tr [ e^∫∂^{(1)}Σ^{ϕ∗A} 0 0 e^∫∂^{(1)}Σ^{ϕ∗A′} ] · Tr [ e^∫∂^{(2)}Σ^{ϕ∗A} 0 0 e^∫∂^{(2)}Σ^{ϕ∗A′} ]

= · · · ( e^∫∂^{(1)}Σ^{ϕ∗A} + e^∫∂^{(1)}Σ^{ϕ∗A′} )( e^∫∂^{(2)}Σ^{ϕ∗A} + e^∫∂^{(2)}Σ^{ϕ∗A′} ) which, expanding the product, provides four terms that, when Y and Y^′ were different, were the four possibilities for the strings. In this case, being ∂^{(1)}Σ and ∂^{(2)}Σ cohomologous, the result is:

e^{iS} = 2 + e^∫∂^{(1)}Σ^{ϕ∗A+∫}∂^{(2)}Σ^{ϕ∗A′} + e^∫∂^{(1)}Σ^{ϕ∗A′+∫}∂^{(2)}Σ^{ϕ∗A}

so that, if we fix A, we can find A^′. Here we considered the case U(1)^2, but, for a generic U(2) connection, the idea is the same. When there are n D-branes, in the case U(1)^n we can consider a world-sheet with 2 boundaries to fix one of the U(1)-connections from the others, and so on up to a world-sheet with n boundaries. For a general U(n) gauge theory the idea is the same. This is a confirmations that the classification via hypercohomology of the allowed configurations is correct.

When this ambiguity can be completely fixed? It happens when there are no non-trivial flat bundle on the space-time, i.e. when H^1(X, U(1)) = 0. But H^1(X, U(1)) = 0 if and only if H_1(X, Z) = 0. In fact, let us suppose that H_1(X, Z) = 0. From the universal coefficient theorem it follows that: H^n(X, Z) = H_n(X, Z) Tor H_n(X, Z) ⊕ Tor H_{n−1}(X, Z). Therefore, for n = 2, if H_1(X, Z) = 0, in particular Tor H_1(X, Z) = 0, so that Tor H^2(X, Z) = 0. Moreover, for n = 1, since Tor H_0(X, Z) = 0, it also follows that H^1(X, Z) = 0. Since H^1(X, R) = H^1(X, Z) ⊗_Z R, also H^1(X, R) = 0. From the exact sequence of groups 0 → Z → R → U(1) → 0 there is an exact sequence in cohomology: · · · −→ H^1(X, Z) −→ H^1(X, R)^β−→ H^1(X, U(1)) −→ H^2(X, Z) −→ H^2(X, R) −→ · · · . Since H^1(X, R) = 0, by exactness Ker β = 0, and, since Tor H^2(X, Z) = 0, also the image of β is 0. Thus, H^1(X, U(1)) = 0. Vice versa, let us suppose that H^1(X, U(1)) = 0. Then β is injective, thus Tor H^2(X, Z) = 0, so that Tor H_1(X, Z) = 0. Moreover, the map H^1(X, Z) −→ H^1(X, R) is surjective, which is possible only if H^1(X, R) = 0. Therefore, even H_1(X, Z) / Tor H_1(X, Z) = 0. This implies that H_1(X, Z) = 0. Of course, even if H_1(X, Z) ≠ 0, there are no ambiguities for those world-volumes Y ⊂ X such that H_1(Y, Z) = 0, otherwise all the world-volumes have no problems.

When only Hol(B|_Y ) = 0, equations (19) are defined only on Y , therefore we have an ambiguity up to any flat line bundle on Y , not necessarily the restriction of a one on X. That’s because the gauge {1, 0, 0} has been chosen for the B-field only on Y , without assuming that it can be extended to a gauge for the B-field on X. Hence, in this case, we have a larger residual gauge freedom, which is vanishing when H_1(Y, Z) = 0. Thus we are in the same situation of the more general case Hol(B|_Y ) = w_2(Y ), without assuming that they are 0.

4.3 Intrinsic description

We can give a more intrinsic description of the classification above, at least in the case w_2(Y ) = 0. From the long exact sequence in cohomology (using the notations of subsection 4.1): · · · −→ H^1(X, S^•_{X,2})^{φ 1}−→ H^1(Y, S^•_{Y,1,n})^{β1}−→ Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n})^{ψ2}−→ H^2(X, S^•_{X,2}) −→ · · · there is a well-defined map:

ψ^2 : Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}) −→ H^2(X, S^•_{X,2}). (23)

This means that from an element of (17) (we are in the case w_2(Y ) = 0, but this is true in general), we can always isolate the B-field gerbe on the space-time X. Moreover, there is an isomorphism:

ξ^1 : Ker ψ^2 −→ H^1(Y, S^•_{Y,1,n})/Im(φ^1) (24) since the r.h.s. of (24) is isomorphic to Im(β^1). This means that when the B-field is trivial, we can find a canonical gauge theory represented by the A-field, but up to the residual gauge freedom, which is the image of φ^1. This explains the first case of the classification above for flat B-field, i.e. Hol(B) = 0. Actually the same happens when the B-field is trivial only on Y , but up to any flat line bundle on Y . This can be shown considering the map of complexes:

S^•_{X,2} // fflffl i_∗S^•_{Y,1,n} fflffl i_∗S^•_{Y,2} // i_∗S^•_{Y,1,n} inducing the map of long exact sequences:

· · · // H^1(X, S^•_{X,2})^{φ 1} // fflffl H^1(Y, S^•_{Y,1,n})^{β1} // Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n})^{ψ2} // ρ fflffl H^2(X, S^•_{X,2}) // fflffl · · ·

· · · // H^1(Y, S^•_{Y,2})^{φ 1Y} // H^1(Y, S^•_{Y,1,n})^{β1Y} // Ȟ^2(Y, S^•_{Y,2}, S^•_{Y,1,n})^{ψ2Y} // H^2(Y, S^•_{Y,2}) // · · ·

from which we get a map:

ξ^1 : Ker(ψ^2_Y ∘ ρ) −→ H^1(Y, S^•_{Y,1,n})/Im(φ^1_Y ) (25)

i.e. we fix the gauge theory up to a flat line bundle. This map describes intrinsically the second case of the classification above, i.e. Hol(B|_Y ) = w_2(Y ) = 0.

The general case of flat B-field can be described in the following way. Let us consider the complex:

S^•_{X,2,fl(Y )} := U(1)_X → Ω^1_{X,R} → Ω^2_{X,R} → i_∗Ω^3_{Y,R}

whose second cohomology group Ȟ^2(X, S^•_{X,2,fl(y)}, i_∗S^•_{Y,1,n}) classifies the gerbes on X which are flat on Y , i.e. the B-field configurations such that H|_Y = 0. We thus consider relative cohomology group: Ȟ^2(X, S^•_{X,2,fl(y)}, i_∗S^•_{Y,1,n}) which classifies the A-field and B-field configurations in the case of H|_Y = 0. We consider the following map of complexes:

U(1)_X → Ω^1_{X,R} → Ω^2_{X,R} → i_∗Ω^3_{Y,R} //

fflffl i_∗U(n)_Y → i_∗Ω^1_{Y,iu(n)} → 0 → 0

fflffl i_∗(U(1)_Y /U(1)_Y ) → i_∗Ω^1_{Y,R} → i_∗Ω^2_{Y,R} → i_∗Ω^3_{Y,R} // i_∗(U(n)_Y /U(1)_Y ) → i_∗Ω^1_{Y,iu(n)} → 0 → 0

The first line is S^•_{X,2,fl(Y )} → i_∗S^•_{Y,1,n}, and we call the second line i_∗S^•_{Y,2,fl(Y ),U(1)} → i_∗S^•_{Y,1,n,U(1)}. The diagram induces a map in cohomology: Ȟ^2(X, S^•_{X,2,fl(y)}, i_∗S^•_{Y,1,n}) −→ Ȟ^2(Y, S^•_{Y,2,fl(Y ),U(1)}, S^•_{Y,1,n,U(1)}). (26)

Moreover, Ȟ^2(Y, S^•_{Y,2,fl(Y ),U(1)}) = Ȟ^1(Y, S^•_{Y,2,fl(Y ),U(1)}) = 0, because any flat gerbe or line bundle can be realized via transition functions in U(1), which are quotiented out. Hence from the long exact sequence we get an isomorphism: Ȟ^2(Y, S^•_{Y,2,fl(Y ),U(1)}, S^•_{Y,1,n,U(1)})^≃−→ Ȟ^1(Y, S^•_{Y,1,n,U(1)}) (27) and Ȟ^1(Y, S^•_{Y,1,n,U(1)}) exactly classifies non-integral vector bundles with connection, up to a flat line bundle. Thus, composing (26) and (27), we get a map: χ^2 : Ȟ^2(X, S^•_{X,2,fl(y)}, i_∗S^•_{Y,1,n}) −→ Ȟ^1(Y, S^•_{Y,1,n,U(1)}). (28) This explains the third and last case of the classification above, i.e. Hol(B|_Y ) flat generic.

If we do not assume that w_2(Y ) = 0 the picture becomes more complicated, since we have a twist in the relative cohomology, so that the machinery of long exact sequences should be developed in a proper way.

We can anyway summarize the complete classification, showing which cohomology group describes the A-field in the various cases of the classification. At the level of cochains, before quotienting out by coboundaries, we can define two functions, both starting from (17). The first one extracts the B-field information from the joint representative of the configuration: B̃ : Ž^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}, w_2(Y )) −→ Ž^2(X, S^•_{X,2}) {g_{αβγ} , Λ_{αβ}, h_{αβ} , B_α, A_α} −→ {g_{αβγ} , Λ_{αβ}, B_α} (29)

and the second is the analogous one for the A-field: Ã : Ž^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}, w_2(Y )) −→ Ž^1_{U(1)}(Y, S^•_{Y,1,n}) {g_{αβγ} , Λ_{αβ}, h_{αβ}, B_α, A_α} −→ {h_{αβ}, A_α}. (30)

The function (29) projects to a function in cohomology, which generalize (23) without assuming w_2(Y ) = 0: B : Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}, w_2(Y )) −→ Ȟ^2(X, S^•_{X,2}) [{g_{αβγ} , Λ_{αβ}, h_{αβ}, B_α, A_α}] −→ [{g_{αβγ} , Λ_{αβ}, B_α}]. (31)

For the A-field, instead, the class [{h_{αβ}, A_α}] depends on the gauge choice for the B-field. Thus, in general, we get only the class up to the tensor product by a twisted line bundle with connection, i.e. we only get a map:

A : Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}, w_2(Y )) −→ Ȟ^1(Y, U(n)/U(1) → Ω^1_{iu(n)}/Ω^1_R) [{g_{αβγ} , Λ_{αβ}, h_{αβ}, B_α, A_α}] −→ [{[h_{αβ}], [A_α]}]. (32)

which, when w_2(Y ) = [H]|_Y so that we can choose η_{αβγ} g^{−1}_{αβγ} = 1, can actually be refined to a map:

A_0 : Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}, w_2(Y ), [H]|_Y = w_2(Y )) −→ Ȟ^1(Y, U(n) → Ω^1_{iu(n)})/Ȟ^1(Y, U(1) → Ω^1_R) [{g_{αβγ} , Λ_{αβ}, h_{αβ}, B_α, A_α}] −→ [[{h_{αβ}, A_α}]]. (33)

In the case of flat B-field on the D-brane, choosing the gauge ( · , 0, 0) we get a map taking value in the set of non-integral vector bundles, which can be described at the level of cohomology as:

A_f : Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}, w_2(Y ), [H]|_Y = 0) −→ Ȟ^1(Y, U(n)/U(1) → Ω^1_{iu(n)}) [{g_{αβγ} , 0, h_{αβ}, 0, A_α}] −→ [{[h_{αβ} ], A_α}] (34)

generalizing (28) without assuming w_2(Y ) = 0. When Hol B = w_2(Y ), we get an ordinary vector bundle with connection up to the torsion part, i.e.:

A_{fB} : Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}, w_2(Y ), Hol B = w_2(Y )) −→ Ȟ^1(Y, U(n) → Ω^1_{iu(n)})/Ȟ^1(Y, U(1)) [{g_{αβγ} , 0, h_{αβ}, 0, A_α}] −→ [[{h_{αβ} , A_α}]] (35)

generalizing (25) without assuming w_2(Y ) = 0. Finally, for Hol B = w_2(Y ) = 0, we get a map with value in the set of ordinary vector bundles with connection, up to the residual gauge freedom, which is exactly (24):

A_{fB0} : Ȟ^2(X, S^•_{X,2}, i_∗S^•_{Y,1,n}, Hol B|_Y = 0) −→ Ȟ^1(Y, U(n) → Ω^1_{iu(n)})/i^∗Ȟ^1(X, U(1)) [{g_{αβγ} , 0, h_{αβ}, 0, A_α}] −→ [[{h_{αβ}, A_α}]] (36)

where the quotient by i^∗Ȟ^1(X, U(1)) is the residual gauge freedom, which vanishes if H_1(X, Z) = 0 or H_1(Y, Z) = 0.

5 Chern classes and Chern characters

We now discuss Chern classes and Chern characters of twisted vector bundles. We consider the case of non integral vector bundles with connection (def. 3.4), since in this case the discussion is a direct generalization of the ordinary case. Actually, this is all we need for the gauge theory on a D-brane or stack of D-branes.

We have discussed in [3], section 6, the first Chern class for a non integral line bundle, which we briefly recall. If δ̌^1{g_{αβ}} = {ζ_{αβγ} }, with g_{αβ}(x) ∈ U(1) and ζ_{αβγ} locally constant, we compute the first Chern class c_1[{g_{αβ}}] ∈ H^2(X, R) in the following way. Supposing to work with a good cover, we extract the local logarithms so that g_{αβ} = e^{2πiραβ} . Then ρ_{αβ} + ρ_{βγ} + ρ_{γα} = ξ_{αβγ} with ζ_{αβγ} = e^{2πiξαβγ} , so that also ξ_{αβγ} is locally constant. We define c_1[{g_{αβ}}] := [{ξ_{αβγ} }] ∈ H^2(X, R). If ζ_{αβγ} = 1, i.e. if we are considering an ordinary line bundle, then ξ_{αβγ} ∈ Z, so that we can define a first Chern class in H^2(X, Z). The real Chern class can also be defined via the curvature, as usual in differential geometry: we put a connection, obtaining a class [{g_{αβ}, A_α}] such that δ̌^1{g_{αβ}} = {ζ_{αβγ} } and A_β − A_α =^1_{2πi} g^{−1}_{αβ} dg_{αβ}. The curvature F , i.e. the 2-form such that F |_{Uα} = dA_α, satisfies [F ]_{dR} = c_1[{g_{αβ}}] with respect to the standard isomorphism between de-Rham cohomology and cohomology with real coefficients. When ζ_{αβγ} = 1 the curvature F represents an integral cohomology class, otherwise in general this is not true.

For vector bundles of higher rank, the Chern classes are usually defined via the curvature [10]. Let us consider an ordinary vector bundle with connection [{g_{αβ}, A_α}] of rank n. Then the curvature F_α = dA_α + A_α ∧ A_α has transition functions F_β = g^{−1}_{αβ} F_αg_{αβ}. Therefore, one can define the Chern classes via the symmetric polynomials P_i, which are invariant by coniugation, as:

c_i[{g_{αβ}, A_α}] = [P_i(^i_{2π} F )]

and the Chern character as:

ch[{g_{αβ}, A_α}] = [Tr exp(^i_{2π} F )].

The Chern classes are integral, while the Chern characters are in general rational. We remark that, for ordinary vector bundles, we have computed only the real image of the Chern classes; they can also be defined as integral cohomology classes, as in [13].

For a twisted line bundle with connection we can give the same definition, when the twisting cocycle is made by locally constant transition functions. In particular, we consider [{g_{αβ}, A_α}] of rank n such that g_{αβ} g_{βγ} g_{γα} = ζ_{αβγ} I_n with ζ_{αβγ} locally constant and A_β − g^{−1}_{αβ} A_αg_{αβ} =^1_{2πi} g^{−1}_{αβ} dg_{αβ}. Then we define the curvature F_α = dA_α + A_α ∧ A_α, which has transition functions F_β = g^{−1}_{αβ} F_αg_{αβ} because the twisting cocycle is constant, otherwise we should consider other terms involving the differentials of the twisting cocycle. Thus, as before, we can define the Chern classes via the symmetric polynomials P_i, which are invariant by coniugation, as:

c_i[{g_{αβ}, A_α}] = [P_i(^i_{2π} F )] (37)

and the Chern character as:

ch[{g_{αβ}, A_α}] = [exp Tr(^i_{2π} F )]. (38)

Both Chern classes and Chern character turns out to be well-defined and independent on the connection chosen, so that they are a topological invariant of the twisted vector bundle. In this cases the Chern classes are not integral any more in general, and the Chern character are not rational any more. The Chern classes are generic real classes, and the Chern characters live in a lattice which is different from the image under ch of ordinary vector bundles. Actually the quantization of Chern classes and Chern characters depends on the class of the twisting cocycle in the constant sheaf U(1).^7

Remark: Since the real first Chern class of a flat line bundle is zero (actually all the real Chern classes of a flat bundle of any rank), the Chern classes are defined up to the tensor product by a flat twisted line bundle. This implies that, in the classification of the gauge theories on a stack of D-branes that we discussed before, when the B-field is flat on the world-volume, i.e. when the H-flux vanishes as a differential form on the world-volume, the real Chern classes and the Chern characters are always well-defined, since we have shown that, even when we do not have a canonical gauge theory, the ambiguity is due to flat twisted line bundles.

7When the twisting cocycle is not constant, one can anyway give a good definition of Chern classes [12], but we do not need this definition here.

6 Wilson loop

We now describe the geometrical nature of the Wilson loop of the gauge theory on a D-brane or a stack of D-branes, for each case of the classification previously discussed.

6.1 Ordinary vector bundles

We start with a brief review of the Wilson loop of vector bundles of any rank. For a line bundle L → X with hermitian metric, the holonomy of a compatible connection is a function on the loop space Hol_∇ : LX → U(1). Let us now consider a vector bundle E → X of rank n with connection. From a cover U of X we can construct a cover V on the loop space LX defined in the following way:

• let us fix a triangulation τ of S^1, i.e. a set of vertices σ^0_1 , . . . , σ^0_l ∈ S^1 and of edges σ^1 , . . . , σ^1_l ⊂ S^1 such that ∂σ^1_i = σ^0_{i+1} − σ^0_i for 1 ≤ i < l and ∂σ^1_l = σ^0_1 − σ^0_l ;

• we consider the following set of indices: J = { (τ, φ) : • τ = {σ^0_1 , . . . , σ^0_{l(τ )}; σ^1 , . . . , σ^1_{l(τ )}} is a triangulation of S^1 • φ : {1, . . . , l(τ)} −→ I is a function }

where I is the set indices of the cover U; • we obtain the cover V = {V_{(τ,σ)}}_{(τ,σ)∈J} of LX by: V_{(τ,φ)} = {γ ∈ LX : γ(σ^1_i ) ⊂ U_{φ(i)}}. The holonomy of the connection on E is defined by:

Hol_∇(γ) = n∏ i=1 P exp ( 2πi · ∫ σ^1_i γ^∗A_{φ(i)} ) · g_{φ(i),φ(i+1)}(σ^0_i ) (39)

where:

P exp ( 2πi · ∫ σ^1_i γ^∗A_{φ(i)} ) = lim_{δt→0} l(σ^i_1 )/δt∏

k=0 exp ( 2πi · A_{φ(i)}(γ̇(kδt)) · δt ) . (40)

The expression (39) is not gauge-invariant, since if we change the open cover, in particular we use φ^′ which differs from φ only on the index i, then the gauge transformation of (40), which we denote for brevity P(A_{φ(i)}, γ), is:

P(A_φ′_{(i)}, γ) = g_φ′_{(i),φ(i)}(σ^0_{i−1}) · P(A_{φ(i)}, γ) · g_{φ(i),φ}′_{(i)}(σ^0_i ) (41) so that:

• if i ≥ 2, then in (39), with the chart φ we have g_{φ(i−1),φ(i)}(σ^0_{i−1})·P(A_{φ(i)}, γ)·g_{φ(i),φ(i+1)}(σ^0_i ), while, with the chart φ^′, thanks to (41):

g_{φ(i−1),φ}′_{(i)}(σ^0_i ) · P(A_φ′_{(i)}, γ) · g_φ′_{(i),φ(i+1)}(σ^0_i ) = g_{φ(i−1),φ}′_{(i)}(σ^0_{i−1}) · g_φ′_{(i),φ(i)}(σ^0_{i−1}) · P(A_{φ(i)}, γ) · g_{φ(i),φ}′_{(i)}(σ^0_i ) · g_φ′_{(i),φ(i+1)}(σ^0_i ) = g_{φ(i−1),φ(i)}(σ^0_{i−1}) · P(A_{φ(i)}, γ) · g_{φ(i),φ(i+1)}(σ^0_i ) so that the result does not change;

• if i = 1, instead, if we pass from φ to φ^′, thanks to (41) we get a term g_φ′_{(1),φ(1)}(σ^0 ) at the beginning of (39) and the last term becomes g_{φ(n),φ}′_{(1)}(σ^0_i ) = g_{φ(n),φ(1)}(σ^0_i ) · g_{φ(1),φ}′_{(1)}(σ^0 ), so that we get (39) conjugated by g_{φ(1),φ}′_{(1)}(σ^0 ).

Therefore the generic gauge transformation for a change of chart φ → φ^′ is:

Hol_∇(γ) −→ g_{φ(1),φ}′_{(1)}(σ^0 )^{−1} · Hol_∇(γ) · g_{φ(1),φ}′_{(1)}(σ^0 ). (42)

This implies that the holonomy is not gauge invariant, but if we compose it with a symmetric function, we obtain a gauge invariant result. If such a symmetric function is the trace, we obtain the Wilson loop.

Since the holonomy is not gauge-invariant, it must be a section of a suitable bundle. Given a vector bundle E, which can construct the bundle of automorphisms Aut E, defined in the following way: we consider the vector bundle Hom(E, E), whose fiber in a point x is the vector space of linear maps from E_x to itself, and the bundle Aut E is defined taking, for every x ∈ X, the subset of invertible linear maps. When the bundle has a metric, we can consider only the isometries. In this way, we obtain a bundle of groups (not a principal bundle!), whose fiber in a point x is the set of isometries from E_x to itself. If we choose a good cover U = {U_α}_{α∈I} of X and local trivializations of E, i.e. local sections s^i_α : U_α → E|_{Uα} , for i = 1, . . . , n, we obtain a local trivialization of Aut E, since we represent an isometry of E_x, for x ∈ U_α, as a unitary matrix with respect to the basis s^i_α(x). The change of charts is a conjugation, since it corresponds to a change of basis for an automorphism. Therefore, the bundle Aut E has typical fiber U(n) and structure group U(n)/U(1) acting by coniugation. The quotient by U(1) is due to the fact that, since U(1) is the center of U(n), it acts trivially by coniugation.

The holonomy of a connection on a loop γ is an automorphism of E_{γ(1)}, therefore an element of (Aut E)_{γ(1)}. It follows that, if we consider the natural map ρ : LX → X defined by ρ(γ) = γ(1), the holonomy of a connection on E is a global section of ρ^∗(Aut E). This is the global geometrical nature of the holonomy. Since the transition functions act by coniugation, for every symmetric polynomial σ_i there is a well defined map: σ_i : ρ^∗(Aut E) −→ (LX × C ). Therefore, since Hol_∇ is a section of ρ^∗(Aut E), it follows that σ_i ∘ Hol_∇ : LX → C is a well-defined function. If we consider σ_1 = Tr, the function we obtain is the Wilson loop. If we consider σ_n = det, the function we obtain is the holonomy of the line bundle det E with the corresponding connection det ∇. In fact, if [{h_{αβ}, A_α}] is a rank n vector bundle with connection, the connection on the determinant is represented by [{det h_{αβ} , Tr A_α}], since^8:

∇_X (s^1_α ∧ . . . ∧ s^n_α) = n∑ i=1 s^1_α ∧ . . . ∧ ∇_X s^i_α ∧ . . . ∧ s^n_α = n∑ i=1 s^1_α ∧ . . . ∧ (A_α)^i_j s^j_α ∧ . . . ∧ s^n_α

= (A_α)^i_i n∑ i=1 s^1_α ∧ . . . ∧ s^i_α ∧ . . . ∧ s^n_α = Tr A_α · s^1_α ∧ . . . ∧ s^n_α 8We recall that ∇_X (α∧β) = ∇_X α∧β+α∧∇_X β, as one can prove from the fact that α∧β =^1_2 (α⊗β−β⊗α) and the Leibnitz rule on the tensor product. There is not anticommutativity, contrary to the formula involving the exterior derivative.

and, if we compute the determinant of (39), we obtain exactly the holonomy of [{det h_{αβ} , Tr A_α}] (the path-ordering operator becomes immaterial since the det e^{A+B} = e^{Tr(A+B)} = e^{Tr A}e^{Tr B} = det(e^Ae^B )).

6.2 Twisted vector bundles

We can now generalize the previous picture to twisted vector bundles (cfr. [9] and [1]). Let us consider a twisted vector bundle with connection [{g_{αβ}, A_α}], with twisting hypercocycle {ζ_{αβγ} , Λ_{αβ}, B_α}. We still defined the holonomy as (39). If we change the open cover, in particular we use φ^′ which differs from φ only on the index i, then the gauge transformation of (40) is:

P(A_φ′_{(i)}, γ) = g_φ′_{(i),φ(i)}(σ^0_{i−1}) · P(A_{φ(i)}, γ) · g_{φ(i),φ}′_{(i)}(σ^0_i ) · exp ( 2πi ∫ σ^1_i

γ^∗Λ_{φ(i)φ}′_{(i)} ) . (43)

Moreover, with respect to the ordinary case, when we use the cocycle condition we have to put the twisting cocycle. Thus:

• if i ≥ 2, changing from the chart φ to φ^′ the result changes by: ζ_{φ(i−1),φ}′_{(i),φ(i)}ζ_{φ(i),φ}′_{(i),φ(i+1)} exp ( 2πi ∫ σ^1_i

γ^∗Λ_{φ(i)φ}′_{(i)} ) I_n; (44)

• if i = 1, instead, if we pass from φ to φ^′, we get both the coniugation by g_{φ(1),φ}′_{(1)}(σ^0 ), as in the ordinary case, and the term (44).

Therefore the generic gauge transformation for a change of chart φ → φ^′ is:

Hol_∇(γ) −→ g_{φ(1),φ}′_{(1)}(σ^0 )^{−1}·Hol_∇(γ) · g_{φ(1),φ}′_{(1)}(σ^0 ) · exp (^{l(τ )}∑ i=1 ∫ σ^1_i γ^∗Λ_{φ(i),φ}′_{(i)} )

· l(τ )∏

i=1 ζ_{φ(i),φ}′_{(i),φ}′_{(i+1)}(γ(σ^0_{i+1})) ζ^{−1}_{φ(i),φ(i+1),φ′(i+1)}(γ(σ^0_{i+1})).

(45)

The term involving the twisting hypercocycle is exactly the transition function of the line bundle on the loop space, determined by the twisting gerbe as explained in [5] section 6.5 (or in the original paper [7]).

Let us show what happens geometrically. For a twisted bundle g_{αβ}g_{βγ} g_{γα} = ζ_{αβγ} I_n, we can still define the bundle Aut E, in analogy with the ordinary case, but via a local trivialization. We consider the cover U = {U_α}_{α∈I} of X with respect to which the g_{αβ} are defined, and we consider the bundle with local trivializations U_α × U(n) and transition functions g_{αβ} acting by coniugation. Since the action of U(1) by coniugation is trivial, the transition functions of the bundle Aut E satisfy the cocycle condition even if E is twisted. Therefore, a generic bundle of groups with fiber U(n) and structure group U(n)/U(1) acting by coniugation, is not necessarily the bundle of automorphisms of an ordinary vector bundle, but it can be also the one of a twisted bundle. Actually, this is always the case: in fact, we can consider a set of transition functions [g_{αβ} ] ∈ U(n)/U(1) of the given bundle, and choose a representative g_{αβ} for each double intersection. Then E = {g_{αβ}} is a twisted bundle whose bundle of automorphisms is the given one. We remark that E is defined up to twisted line bundles, and this is correct since, as in the ordinary case, the bundle of automorphisms of a line bundle is trivial: for an ordinary line bundle, this can be seen from the fact that the automorphisms of a complex vector space of dimension 1 are canonically C ; in general, even for twisted ones, it is enough to notice that the transition functions lye in U(1)/U(1), i.e. they are trivial. In particular, the bundle of automorphisms allow to recover the twisting class [{ζ_{αβγ} }].

Let us now discuss the geometrical nature of the holonomy. We see from (45) that, even if Aut E is well-defined also for twisted bundle, the holonomy of a connection is not a section of ρ^∗(Aut E), but there are also the transition functions of the bundle L → LX determined by the twisting hypercocycle. Therefore, the holonomy is a global section of the bundle:

ρ^∗(Aut E) ⊗_{U(1)} L

where U(1) acts on ρ^∗(Aut E) not by coniugation, otherwise it should be trivial, but by multiplication (left or right is the same since it is the center). Since the transition functions of Aut E act by coniugation, for every symmetric polynomial σ_i there is a well defined map:

σ_i : ρ^∗(Aut E) ⊗_{U(1)} L −→ L^{⊗i}.

Therefore, since Hol_∇ is a section of ρ^∗(Aut E) ⊗_{U(1)} L, it follows that σ_i ∘ Hol_∇ is a section of L^{⊗i}. If we consider σ_1 = Tr, the function we obtain is the Wilson loop, which is therefore a section of L, but it does not necessarily trivialize it, since it can vanish in some points. If we consider σ_n = det, the function we obtain is the holonomy of the twisted line bundle [{det g_{αβ}, Tr A_α}].

6.3 A-field Wilson loop

We can now explain, for every possible nature of the gauge theory on a single D-brane or a stack of D-branes, the geometrical nature of the holonomy, i.e. the exponential of the Wilson loop. We consider a D-brane world-volume Y ⊂ X and the classification of the possible gauge theories in subsection 4.2. When the H-flux is generic, the holonomy is a section of the bundle on the loop space of Y determined by the twisting gerbe on Y ; in the abelian case the bundle is trivial and the section is parallel, but the transition functions depends on the gauge choice, therefore the section cannot be defined as a number even locally. In the non-abelian case in general the section is not parallel and somewhere zero. When H|_Y = 0, the transition functions are constant, for the gerbe and therefore also for the line bundle over the loop space: this means that, if we fix a loop γ, the value of the holonomy on γ is arbitrary, but, if we consider a neighborhood of γ in LX, the variation of the holonomy within the neighborhood, in particular the derivatives in every direction, are well-defined. When, Hol(B|_Y ) = w_2(Y ), if δ̌^1{h_{αβ}, A_α} = {δ̌^1λ_{αβ}, 0,^1_n Tr F }, then δ̌^1{h_{αβ}λ^{−1}_{αβ} , A_α} = {1, 0,^1_n Tr F }, thus we obtain a bundle which is well-defined up to torsion bundle, since we can multiply the transition functions by any constant cocycle. In this case, the holonomy is well-defined up to the holonomy of a flat bundles, i.e. up to a locally constant function on LX. Therefore, the variations are well-defined not only on a neighborhood, but on the whole connected component. If we consider that case δ̌^1{h_{αβ}, A_α} = {δ̌^1λ_{αβ}, 0,^1_n Tr F } instead of a bundle, the holonomy is a section of a line bundle with transition functions depending on δ̌^1λ_{αβ} , but each trivialization λ_{αβ} determines a trivialization of the line bundle, and all these trivializations differ by the holonomy of a torsion bundle, thus up to a locally constant function. Therefore, choosing any trivialization we define the holonomy up to a locally constant function. Finally, for a true line bundle, the holonomy is well-defined as a function. Summarizing:

• H|_Y ≠ 0: the holonomy is a parallel global section of the line bundle L → LY determined by {η_{αβγ} g^{−1}_{αβγ} , −Λ_{αβ} ,^1_n Tr F_α}.

• H|_Y = 0: in this case there are the preferred representatives {g_{αβγ} , 0, 0} with [{g_{αβγ} }] = Hol(B|_Y ) in the constant sheaf U(1). There are the following possibilities:

– Hol(B|_Y ) ≠ w_2(Y ): then δ̌^1{h_{αβ}, A_α} = {η_{αβγ} g^{−1}_{αβγ} , 0,^1_n Tr F_α}: the holonomy is a section of the line bundle determined by {η_{αβγ} g^{−1}_{αβγ} , 0,^1_n Tr F_α}, which has constant transition functions. This means that the holonomy is locally defined up to constant functions, i.e. its variations near a fixed point are well-defined.

– Hol(B|_Y ) = w_2(Y ) ≠ 0: then δ̌^1{h_{αβ}, A_α} = {δ̌^1λ_{αβ}, 0,^1_n Tr F_α} with λ_{αβ} constant, so that the holonomy is well-defined up to a locally constant function;

– Hol(B|_Y ) = w_2(Y ) = 0: then δ̌^1{h_{αβ}, A_α} = {1, 0,^1_n Tr F_α}, so that the holonomy is a well-defined number for each loop.

7 Conclusions

We have classified the allowed configurations of B-field and A-field in type II superstring backgrounds with a fixed set of stacks of D-branes, which are free of Freed-Witten anomaly. For a single stack of D-branes Y ⊂ X, we distinguish the following fundamental cases, similar to the case of a single D-brane:

• B geometrically trivial, w_2(Y ) = 0: we fix the preferred gauge (1, 0, 0), so that we obtain a canonical U(n)-gauge theory, up to the residual gauge freedom, the latter depending on the topology of the space-time manifold; in particular, the residual gauge freedom vanishes if H_1(X, Z) = 0;

• B flat: we fix the preferred gauge (g, 0, 0) so that we obtain a non-integral vector bundle, i.e. a twisted vector bundle with connection, whose twist cocycle is locally constant; if Hol(B|_Y ) = w_2(Y ) we recover an ordinary gauge theory, but in general up to the torsion part; if Hol(B|_Y ) = w_2(Y ) = 0 we end up with the previous case so that we recover the torsion part up to the residual gauge;

• B generic: we do not obtain a canonical vector bundle, twisted or not, because of the large gauge transformations B → B + Φ and TrF → TrF − Φ for Φ integral.

The main difference with respect to the abelian case is that the A-field, instead of acting as a gauge transformation, acts as a tensor product by a flat, but in general non-trivial, gerbe.

Therefore the Freed-Witten anomaly vanishes on every world-volume such that the H-flux, restricted to it, is an exact form, even if, in some cases, there are constraints on the rank of the gauge theory.

So far we have considered the case of one stack of coincident branes. If we have more than one stack of branes, the same considerations of [3] apply: we think of Y as the disconnected union of all the world-volumes, and the residual gauge freedom becomes an ambiguity corresponding to the restriction to each brane of a unique flat space-time line bundle.

Acknowledgements

The author is financially supported by FAPESP (Fundação de Amparo à Pesquisa do Estado de São Paulo). We would like to thank Raffaele Savelli for useful discussions.

References

[1] P. Aschieri, B. Jurco, Gerbes, M5-Brane Anomalies and E_8 Gauge Theory, JHEP0410:068,2004, arXiv:hep-th/0409200

[2] M. Atiyah, G. Segal, Twisted K-theory, arXiv:math/0407054

[3] L. Bonora, F. Ferrari Ruffino and R.Savelli, Classifying A-field and B-field configurations in the presence of D-branes, JHEP 12 (2008) 078, arXiv:0810.4291

[4] P. Bouwknegt et al., Twisted K-theory and K-theory of bundle gerbes, Commun.Math.Phys.228:17-49,2002, arXiv:hep-th/0106194

[5] J.-L. Brylinski, Loop spaces, Characteristic Classes and Geometric Quantization, Birkhäuser Boston 1993

[6] D. S. Freed and E. Witten, Anomalies in string theory with D-branes, Asian J. Math. 3 (1999) 819851, arXiv: hep-th/9907189.

[7] K. Gawedzki, Topological actions in two-dimensional quantum field theory, in Nonperturbative Quantum Field Theories, ed. G’t Hooft, A. Jaffe, G. Mack, P. K. Mitter, It. Stora, NATO Series vol. 185, Plenum Press (1988), 101-142

[8] S. Gelfand, Y. Manin, Methods of homological algebra, Springer, 1996

[9] K. Lane, Geometric and topological aspects of Type IIB D-branes, arXiv:0912.0460

[10] H. B. Lawson and M. L. Michelsohn, Spin geometry, Princeton, UK: Univ. Pr. (1998) 427 p.

[11] A. Kapustin, D-branes in a topologically non-trivial B-field, Adv. Theor. Math. Phys.

4 (2000) 127 arXiv:hep-th/9909089.

[12] M. Karoubi, Twisted bundles and twisted K-theory, arXiv:1012.2512

[13] J. Milnor and J.D. Stasheff, Characteristic Classes, Princeton University Press, 1974.