arXiv:1104.2814v2 [gr-qc] 29 Jun 2011

On the Energy Issue for a Class of Modified Higher Order Gravity Black Hole Solutions

G. Cognola^∗,O. Gorbunova^†,L. Sebastiani^‡ and S. Zerbini^§

Dipartimento di Fisica, Università di Trento and Istituto Nazionale di Fisica Nucleare, Sezione di Padova, Gruppo Collegato di Trento, Italia

June 30, 2011

Abstract

In the case of a large class of static, spherically symmetric black hole solutions in higher order modified gravity models, an expression for the associated energy is proposed and identified with a quantity proportional to the constant of integration, which appears in the explicit solution. The identification is achieved making use of derivation of the First Law of black hole thermodynamics from the equations of motion, evaluating independently the entropy via Wald method and the Hawking temperature via quantum mechanical methods in curved space-times. Several non trivial examples are discussed, including a new topological higher derivative black hole solution, and the proposal is shown to work in all examples considered.

PACS: 04.50.Kd; 04.70.Dy; 97.60.Lf; 95.30.Sf

1 Introduction

Recent observational data imply an accelerating expansion of the visible universe, which gives rise to the so called Dark Energy issue.

There exist several descriptions of this acceleration. Among them, the simplest one consists in the introduction of a small positive cosmological constant in the framework of General Relativity (GR), the so called Λ-CDM model. A generalization of this simple modification of GR consists in considering modified gravitational theories, in which the action is described by a function F (R) of the Ricci scalar R (see for example [1, 2]). Typically these modified models admit the de Sitter space as a solution and the stability of this solution has been investigated in several places (see for example [3, 4, 5, 6]). Furthermore, viable F (R) models, that is the ones which are able to pass the local gravitational GR tests, as well as to describe the inflation with dark energy in a unified way, have been recently discussed [7, 8, 9, 10]. Another very interesting class of modified gravitational models in which the square root of the quadratic Weyl scalar appears have been investigated in Ref. [11].

Static, spherically symmetric solutions have been investigated in several papers (the simplest one being the Schwarzschild-de Sitter solution), and they have been discussed for example in Refs.[12, 13, 14, 11]. Within this class of higher order gravitational models, the issue associated with the energy (mass) of black hole solutions is problematic, and several attempts in order to find a satisfactory answer to that problem have been proposed (see for example [15, 16, 17, 18] and references therein).

∗E-mail address:cognola@science.unitn.it †olesya@science.unitn.it ‡E-mail address:l.sebastiani@science.unitn.it §E-mail address:zerbini@science.unitn.it

To start with, let us remind the case of GR, in which several notions of quasi-local energies may be introduced. In particular we mention the so called Misner-Sharp mass, which has the important property to be defined for dynamical, spherically symmetric space-time [19], where the use of invariant quantities plays a crucial role [20, 21]. For the sake of completeness, we recall that in four dimensions, any spherically symmetric metric can locally be expressed in the form

ds^2 = γ_{ij} (x^i)dx^idx^j + R^2(x^i)dΩ^2 , i, j ∈ {0, 1} , (1)

where dΩ^2 here is the usual metric on the two sphere S^2, but it could be be the metric of a generic two-dimensional maximally symmetric space. Of course, in such cases the black hole will have a different topology. The two-dimensional metric

dγ^2 = γ_{ij} (x^i)dx^idx^j (2)

is referred to as the normal one. The related coordinates are {x^i}, while R(x^i) is the areal radius, considered as a scalar field in the two dimensional normal space. A relevant scalar quantity in the reduced normal space is χ(x) = γ^{ij} (x)∂_iR(x)∂_j R(x) , (3) since the dynamical trapping horizon, if it exists, is located in correspondence of χ(x) | | |_H = 0 , (4)

provided that ∂_iχ|_H ≠ 0. (We use the suffix |_H for all quantities evaluated on the horizon). The quasi-local Misner-Sharp gravitational energy is defined by

E_{MS} (x) = 1 2 R(x) [1 − χ(x)] . (5)

This is an invariant quantity on the normal space. Note also that, on the horizon, E_{MS} |_H = 1 2 R_H ≡ E, E being the energy of black hole. Furthermore, one can introduce the Hayward surface gravity associated with this dynamical horizon, which is given by the normal-space scalar

κ_H = 1 2 □_γ R | | H , (6)

□_γ being the Laplacian corresponding to the γ metric. In the spherical symmetric, dynamical case, it is also possible to introduce the Kodama vector field K. Given the metric (1) it is defined by K^i(x) = 1 √ −γ ε^{ij} ∂_j R , K^θ = 0 = K^φ , (7)

ε^{ij} being the completely antisymmetric Levi-Civita tensor on the normal space.

Assuming Einstein equations, in a generic four-dimensional spherically symmetric space-time, a geometric dynamical identity holds true in general. This can be derived as follows. Let us introduce the normal space invariant

T^{(2)} = γ^{ij} T_{ij} , (8)

which is the reduced trace of the stress energy tensor T_{μν} . Then, making use of Einstein equations, it is possible to show that, on the dynamical horizon (see for example[19])

κ_H = 1 2R_H + 2πR_H T^{(2)}_H . (9)

Introducing the horizon area A_H and the (formal) three-volume V_H enclosed by the horizon, with their respective “thermodynamical” differentials dA_H = 8πR_H dR_H , and dV_H = 4πR^2_H dR_H (we are assuming a horizon with the topology of a sphere), we get κ_H 8π dA_H = d ( R_H 2 ) + T^{(2)}_H 2 dV_H . (10)

This equation can be recast in the form of a geometrical identity, once the Misner-Sharp energy at the horizon has been introduced. It reads dE = κ_H 2π d ( A_H 4 ) − T^{(2)}_H 2 dV_H . (11)

In the following, we shall restrict the discussion to the static case in the absence of matter. This means that we shall consider only vacuum static solutions. In such a case the metric in (1) can be written in the simpler form

ds^2 = −B(r)e^{2α(r)}dt^2 + dr^2 B(r) + r^2dΩ^2, (12)

where α(r) and B(r) are functions of r. Of course the general formalism is also valid in the static case, and leads to the horizon condition

B(r_H ) = 0 , B^′(r_H ) ≠ 0 , e^{α(rH )} ≠ 0 . (13)

The Kodama vector reduces to

K^μ = ( e^{−α(r)},⃗0 ) . (14)

When α(r) = 0, which corresponds to case of GR in vacuum, the static Kodama vector coincides with the usual Killing vector (1,⃗0), and Hawking temperature of the related black hole reads

T_K = 1 4π dB(r_H ) dr . (15)

This is a well known result, and it can be justified in several ways, for example making use of standard derivations of Hawking radiation [22]), or by eliminating the conical singularity in the corresponding Euclidean metric, or making use of the tunneling method, recently introduced in Refs. [23, 24, 25], and discussed in details in several papers.

However, as we shall see in explicit examples, within modified gravity it happens to deal with black hole solutions with α(r) ≠ 0. In this case, the Kodama vector does not coincides with the Killing vector. Then one may introduce two Hawking temperatures, the Killing temperature (see, Appendix I)

T_K = 1 4π √ d(e^{2α(r)}B(r)) dr dB(r) dr | | |_{r=rH} = 1 4π e^{α(rH )} dB(r) dr | | |_{r=rH} , (16)

and, making use of (6) the Hayward temperature

T_H = κ_H 2π = 1 4π dB(r) dr | | |_{r=rH} , (17)

which is trivially related to the previous one by T_K = e^{α(rH )}T_H . If α(r) = 0 we recover Eq.(15), namely T_K = T_H . A detailed discussion about this issue can be found in Refs. [20, 21], in which also the dynamical case is discussed.

In the static case, all derivations of Hawking radiation (for example, the tunneling method in Appendix I) leads to a semi-classical expression for the black hole radiation rate Γ ≡ e^{− ΔEKT}K , (18) in terms of the change ΔE_K of the Killing energy E_K [24], but if one uses the Kodama energy E_H for the emitted particle, one has Γ ≡ e^{− ΔEHT}H . (19) From the Eqs. (18) and (19) one arrives at the identity ΔE_H T_H = ΔE_K T_K , (20)

which may interpreted as the First Law of black hole thermodynamics as soon as Γ ≡ e^{−ΔS}, with S the entropy of the black hole itself. As a result, in the static case the two temperatures T_K and T_H are equivalent.

With regard to entropy of the black hole, it is well known that in GR the so called Area Law is satisfied, and we have

S_W = A_H 4G . (21)

In GR and in the static case, the First Law of black hole thermodynamics in vacuum reduces to

dE = T_H dS_W , (22)

where E is the Misner-Sharp energy evaluated on the horizon.

Now we come to the key point of our proposal. For a generic modified gravity theories, for example the F (R) models, where R is the Ricci curvature, it seams very difficult to define in a reasonable way the analogue of the local Misner-Sharp mass (see Ref. [18]). As we will see, an exception is the higher-dimensional Lovelock gravity [26].

For this reason, in this paper, an attempt is made for obtaining an expression of energy associated with black holes solutions in higher order modified gravitational models. The proposal consists in the identification of the black hole energy with a quantity proportional to the constant of integration, which appears in the explicit solution. The identification is achieved making use of derivation of the First Law of black hole thermodynamics from the equations of motion, evaluating in an independent way the related black hole entropy via Wald method [27] (see the Appendix II) and the Hawking temperature via the quantum mechanics in curved space-time, for example the tunneling method [23] or other standard equivalent methods.

This approach is also supported by the results obtained in Refs. [28, 29], where, on quite general grounds, generalizing the Jacoboson results on GR (see the seminal paper [30]), the equations of a modified gravitational theories are shown to be equivalent to the First Law of black hole thermodynamics. As it is well known, this issue may be of high relevance in substantiating the idea that gravitation might be a manifestation of thermodynamics of quantum vacuum [31].

The paper is organized as follows. In Section 2, the Lovelock gravity [26] is revisited, and the approach here proposed is shown to work for such a case. In Section 3, the four dimensional modified gravity models of the F (R) type are investigated, and the method proposed is applied to several cases in Sections 4 and 5. In Section 6 a new topological black hole solution is discussed and the method is shown to work, as in Section 7, where the conformal Weyl gravity black holes are considered. Finally Section 8 contains the conclusions. In two Appendices, for the sake of completeness, the tunneling method and Wald entropy method are briefly discussed.

2 Lovelock Black Hole Solutions

In this section, as warm up, we review Lovelock theory with the related static and spherically symmetric black hole solutions. This theory is a very interesting higher dimensional generalization of Einstein gravity. In general, by making use of higher order geometrical invariants in the action, in the metric formalism for the field equations one obtains fourth order partial differential equations. However, as Lovelock had shown, one can obtain second order differential equation by making use of higher dimensional extended Euler densities, the so called m-th order Lovelock terms defined by L_m = 1 2^m δ^{λ1 σ1 ···λmσm} ρ_1 κ_1···ρ_m κ_m Rλ1 σ1 ρ_1 κ_1 · · · R λ_mσ_m ρ_m κ_m , m = 1, 2, 3, ... (23)

where R_{λσ}^{ρκ} is the Riemann tensor in arbitrary D-dimensions and δ^{λ1 σ1 ···λmσm}_{ρ1 κ1···ρm κm} is the generalized totally antisymmetric Kronecker delta defined by

δ^{μ1 μ2 ···μp} ν_1 ν_2···ν_p = det δ^{μ1}_{ν1} δ^{μ1}_{ν2} · · · δ^{μ1}_{νp} δ^{μ2}_{ν1} δ^{μ2}_{ν2} · · · δ^{μ2}_{νp} . . . . .. . . . δ^{μp}ν_1 δ^{μp}ν_2 · · · δ^{μp}ν_p .

The action for Lovelock gravitational theory reads I = ∫ d^D x √ −g [ −2Λ + k∑ m=1 { a_m m L_m } ] , (24)

where we defined the maximum order k ≡ [(D − 1)/2] and a_m are arbitrary constants. Here [z] represents the maximum integer satisfying [z] ≤ z. Hereafter we set a_1 = 1.

For such a kind of theory, the equations of motion in vacuum are second order quasi-linear partial differential equations in the metric tensor and read

G_μ^ν = 0, (25)

the Lovelock tensor G_μ^ν being given by

G_μ^ν = Λδ^ν_μ − k∑ m=1 1 2^{m+1} a_m m δ^{νλ1 σ1 ···λmσm} μρ_1 κ_1···ρ_m κ_m Rλ1 σ1 ρ_1 κ_1 · · · R λ_mσ_m ρ_m κ_m . (26)

As we said in previous Section, we shall focus our attention on static, spherically symmetric solutions, thus we look for metric of the form

ds^2 = −B(r)dt^2 + dr^2 B(r) + r^2dΩ^2_n, (27)

where dΩ^2_n is the metric of a n-dimensional sphere S^n (n = D − 2), Such kind of theories become quite interesting for D > 4, the four-dimensional case being equivalent to Schwarzschild-de Sitter, since L_1 = R and L_2 is equal to the Gauss-Bonnet quadratic term, which in four-dimensions is a topological invariant.

A direct evaluation of field equations gives [32]

G^t_t = G^r_r = − n 2r^n d [ r^{n+1}W (r) ] dr , (28)

G^j_i = − 1 2r^{n−1} d^2 [ r^{n+1}W (r) ] d^2r

, (29)

where W is given by

W (r) = k∑ m=2 α_m m [1 − B(r)]^mr^{−2m} + [1 − B(r)]r^{−2} − 2Λ n(n + 1)

, (30)

with α_m = a_m ∏_{2m−2} p=1 (n − p).

For example, for D = 4, k = 1, and so one has the Schwarzschild-de Sitter solution, while for D = 5, k = 2, there is one Lovelock non trivial term (the Gauss-Bonnet, which in five-dimensions is not a topological invariant) and one has the Boulware-Deser solution [33]. For higher dimensions one has an algebraic equation of increasing complexity, but, as we shall see in the following, for our purposes it will be not necessary to know explicitly the expression for the solution B(r).

For the static metric in (27) one has the Killing vector V^μ = (1,⃗0) and since

∇_ν G^ν_μ = 0 , G_{μν} = G_{νμ} , (31)

the vector J_μ = G_{μν} V^ν is covariantly conserved and gives rise to a Killing conserved charge. This corresponds to the quasi-local generalized Misner-Sharp mass which reads E(r) = − 1 8πG ∫ Σ dΣ_μJ^μ = nV (Ω_n) 16πG ∫_r 0 dρ d(ρ^{n+1}W ) dρ = nV (Ω_n) 16πG r^{n+1}W (r) , (32)

where Σ is a spatial volume at fixed time, dΣ_μ = (dΣ,⃗0), and assuming spherical horizons, V (Ω_n) =^{2πn/2+1/2}

Γ(n/2+1/2) .

In the absence of matter Eq. (28) can be integrated and one has

r^{n+1}W (r) = C , (33)

C being a constant of integration which we will show to be related to the mass of the black hole. On shell, that is at the horizon r = r_H , B(r_H ) = 0, Eqs. (32) and (33) leads to

E_K = nV (Ω_n) 16πG C , (34)

Now let us show that a First Law of black hole thermodynamics holds true, with the “energy” of the black hole solution, namely the Killing charge obtained below, proportional to constant of integration C. In the case of Lovelock gravity the validity of the First Law of black hole thermodynamics has been investigated in many places (see for example [34, 35, 36, 37]). For the static case we present a direct and simple proof.

First of all we introduce the horizon defined by the existence of the largest positive root r_H of

B(r_H ) = 0 , dB(r_H ) dr ≠ 0 . (35)

Then from Eq. (33) we have the identity

C = r^{n+1}_H W_H = k∑ m=2 α_m m r^{n+1−2m} H + r^{n−1}_H − 2Λr^{n+1}_H n(n + 1)

. (36)

On the other hand, taking the derivative with respect to r of Eq. (33) and putting r = r_H , and making use again of Eq.(33), we obtain k∑ m=2 α_m(n + 1 − 2m) m r^{n+1−2m} H + (n − 1)r^{n−1}_H − 2Λr^{n+1}_H n = dB_H dr (_k ∑ m=2 α_mr^{n+2−2m} H + r^n_H ) . (37)

Now, let us compute the “thermodynamical” change of C with respect to a small change of r_H . >From Eq.(33) one has dC = (_k ∑ m=2 α_m(n + 1 − 2m) m r^{n−2m} H + (n − 1)r^{n−2}_H − 2Λr^n_H n ) dr_H . (38)

Making use of Eq.(37) this expression may be rewritten in the form dC = dB_H dr (_k ∑ m=2 α_mr^{n+1−2m} H + r^{n−1}_H ) dr_H . (39)

Let us interpret the r.h.s of the latter identity. Here we are dealing with a static, spherically symmetric metric admitting a Killing vector. If there is an event horizon located at r_H , then the Hawking temperature of the related black hole is given by Eq.(15).

Now, all thermodynamical quantities associated with these black holes solutions can be computed by standard methods. In particular, the entropy can be calculated by the Wald method [27, 38, 39] or other methods if you like, and one has (see for example [35, 36, 40])

S_W =

2πV (Ω_n) 8πG r^n_H ( 1 + n k∑ m=2 α_m n + 2 − 2m r^{2−2m} H ) . (40)

As a result, from Eqs. (34), (38), and (40), one has the First Law of black hole thermodynamics for Lovelock gravity, that is T_K dS_W = dE_K . (41)

We have shown that for a generic Lovelock gravity, the First Law of black hole thermodynamics holds and one can identify the energy of a static, spherically symmetric black hole with the constant of integration and Killing conserved charge.

The generalization to topological Lovelock black holes has been investigated in [41], and again the First Law of black hole thermodynamics has been shown to hold.

3 F (R) four-dimensional modified gravity

In this Section we will come back to D = 4. To begin with, we recall that the action of modified F (R)-theories reads I = 1 16πG ∫ d^4x √ −g F (R) , (42) where g is the determinant of metric tensor g_{μν} , and F (R) is a generic function of the Ricci scalar R. For dimensional reason, F (R) may contain a multiplicative functional dependence on G, the Newton constant.

The equations of motion in vacuum for a general F (R) model read R_{μν} − 1 2 Rg_{μν} = G^{MG}_{μν} . (43)

Here, R_{μν} is the Ricci tensor and the part of ‘modified gravity’ (MG) is formally included into the tensor G^{MG}_{μν} , which is given by

G^{MG}_{μν} = 1 F^′(R) { 1 2 g_{μν} [F (R) − RF^′(R)] + (∇_μ∇_ν − g_{μν} □)F^′(R) } . (44)

The prime denotes derivative with respect to the curvature R, ∇_μ is the covariant derivative operator associated with g_{μν} and □ϕ ≡ g^{μν} ∇_μ∇_ν ϕ is the D’Alembertian of a scalar field ϕ. The trace of Eq.(43) gives 3□F^′(R) + RF^′(R) − 2F (R) = 0 , (45)

which shows that there exists an additive scalar dynamical degree of freedom represented by F^′(R).

In the metric (12) the scalar curvature reads R = −3 [ d dr B (r) ] d dr α (r) − 2 B (r) [ d dr α (r) ]_2 − d^2 dr^2 B (r) − 2 B (r) d^2 dr^2 α (r) −4 d dr B (r) r − 4 B (r)^d_{dr} α (r) r − 2 B (r) r^2 + 2 r^2

. (46)

In Ref.[13] the following equations of motion have been found by Lagrangian methods [42, 43, 6]: e^{α(r)} ( RF^′(R) − F (R) − 2F^′(R) (1 − B(r) − r(dB(r)/dr)) r^2

(47) +2B(r)F^{′′}(R) [ d^2R dr^2 + ( 2 r + dB(r)/dr 2B(r) ) dR dr + F^{′′′}(R) F^{′′}(R) ( dR dr )_2]) = 0 ,

e^{α(r)} [ dα(r) dr ( 2 r + F^{′′}(R) F^′(R) dR dr ) − F^{′′}(R) F^′(R) d^2R dr^2 − F^{′′′}(R) F^′(R) ( dR dr )_2] = 0 . (48)

Once F (R) is given, together with Eq.(46), the above equations form a system of three differential equations in the quantities α(r), B(r) and R(r).

As already said, the static solutions describe a black hole if there exists a real positive solution r_H of B(r_H ) = 0, B^′(r_H ) ≠ 0. If this happens r_H is the radius of the event horizon. The Killing surface gravity reads

κ_K ≡ 1 2 √ d(e^{2α(r)}B(r)) dr dB(r) dr | |_{r=rH} = 1 2 e^{α(rH )} dB(r) dr | |_{r=rH} . (49)

Non trivial examples of such F (R) gravity black hole solutions have been discussed in [13] and we shall deal with them in the next Sections. In the following, we shall show that the First Law of black hole thermodynamics holds, making use of the equations of motion and of the expressions for the Hawking temperature and entropy obtained by independent methods. First, the tunneling method gives for the Hawking temperature

T_K = e^{α(rH )} 4π dB(r_H ) dr . (50)

The entropy associated to these black holes solutions can be calculated by the Wald method (see Appendix II). One has

S_W = A_H 4G F^′(R_H ) . (51)

For simplicity we will consider only spherical horizons, thus the area is A_H = 4πr^2_H and the volume V_H =^4_3 πr^3_H . By evaluating the equation of motion (47) on the event horizon, and multiplying both sides of equation by dr_H , we have T_K dS_W = e^{α(rH )} ( F^′_H 2G − R_H F^′_H − F_H 4G r^2_H ) dr_H . (52)

Thus, we have derived for a generic F (R) gravitational model the First Law of black hole thermodynamics as soon as the identification

E_K = ∫ e^{α(rH )} ( F^′_H 2G − R_H F^′_H − F_H 4G r^2_H ) dr_H , (53)

can be made. Within these F (R) modified gravity theories, this is one of the main result of this paper. In the next Sections, by making use of several exact solutions, we will provide a support for this identification.

Our proposal, expressed by Eq. (53), should be compared with a similar proposal contained in Ref. [44]. In Ref. [45] an attempt to define a local Misner-Sharp mass has been presented. There, however, the proposed formula is not really satisfactory, because the quasi-local form is only present in some particular cases, one of which will be discussed in the next Section.

3.1 The constant curvature case

As a simple but important example, let us consider the class of static solutions with constant curvature R_0. In this case one has the solution with α = 0 (in 12), and the the first equation of motion (47) reduces to d dr ( r − rB(r) + Λ_0 r^3 3 ) = 0 , (54)

where Λ_0 =

R_0F^′_0 − F_0

2F^′_0

. (55)

Thus, one arrives at Schwarzschild-de Sitter solution B(r) = ( 1 − C r − Λ_0 r^2 3 ) , (56)

and R_0 = 4Λ_0. Here C is a constant of integration. The horizon is located at r = r_H , where 1 = C r_H + Λ_0 r^2_H 3 . (57)

Making use of Eq. (53) one has

E_K = 1 2G ( F^′_0(r_H −

Λ_0r^3_H 3 ) ) , (58)

and by Eq.(57) one finally gets E_K =

F^′_0C 2G , (59)

which is our identification of mass-energy expression for this class of black hole, in agreement with Ref.[44].

4 The Clifton-Barrow solution

Let us apply the same procedure for the highly non-trivial Clifton-Barrow solution[12], for which α is not a constant. The starting point is the following F (R)-modified gravity model:

F (R) = R^{δ+1}G^δ . (60)

For dimensional reasons we have also included the Newton constant G^δ , δ being a numerical parameter. When δ = 0 the Hilbert-Einstein action of GR is recovered. Note that in this case the modification with respect GR is not additive.

Looking for static, spherically symmetric metric of the type (12), we find the Clifton-Barrow solution of Eqs. (46)-(48), that it

e^{α(r)} = ( r r_0 )_{δ(1+2δ)/(1−δ)} ( (1 − 2δ + 4δ^2)(1 − 2δ − 2δ^2) (1 − δ)^2 )_{1/2} , (61)

B(r) = (1 − δ)^2 (1 − 2δ + 4δ^2)(1 − 2δ − 2δ^2) ( 1 − C r^{(1−2δ+4δ2 )/(1−δ)} ) , (62) and R = c_δ r^2

, c_δ =

6δ(1 + δ) (2δ^2 + 2δ − 1)

(63)

Above, r_0 > 0 is an arbitrary constant while C > 0 is the integration constant of the model. We assume δ ≠ 1.

The horizon radius, defined by B(r_H ) = 0 and ∂_rB(r_H ) ≠ 0 reads

r_H = C^{(1−δ)/(1−2δ+4δ2 )} , (64)

and since C > 0, the Clifton-Barrow metric is a black hole solution.

According to Equation (49) the Killing-horizon surface gravity reads

κ_K = 1 2 √ (1 − 2δ + 4δ^2) (1 − 2δ − 2δ^2) r^{(2δ+2δ2 −1)/(1−δ)} H r^{δ(1+2δ)/(1−δ)} 0 , (65)

which can be used to find the Killing-Hawking temperature T_K = κ_K /2π.

With regard to the black hole entropy associated with the event horizon of the Clifton-Barrow solution, from the Wald formula in Equation (51) we find [46]:

S_W = A_H 4G^{1−δ} (1 + δ) [ 6δ(1 + δ) (2δ^2 + 2δ − 1)r^2_H ]_δ . (66)

In order to have the positive sign of entropy, we must require δ > ( √ 3 − 1)/2 or −1 < δ < 0.

The solutions with 0 < δ < ( √ 3 − 1)/2 or δ < −1 are unphysical, whereas for δ = 0 we find the result of General Relativity. On the other hand, only the solutions of −1 < δ < 0 give a real value for the Killing surface gravity κ_H . If δ > ( √ 3 − 1)/2 the Hawking Temperature becomes imaginary.

Making use of Eqs.(52) one has dE_K = A_δ r^{(4δ2 −δ)/(1−δ)} H dr_H , A_δ = 1 4 e^{αH} G^{δ−1}(c_δ)^δ [2(1 + δ) − c_δ δ] . (67)

As a result, the energy turns out to be

E_K =

A_δ (1 − δ) 1 + 4δ^2 − δ r^{(1+4δ2 −δ)/(1−δ)} H . (68)

Finally, from Eq. (64) one gets again that the energy is proportional to the constant of integration of the BH solution since E_K = Ψ_δG^{δ−1} r^{δ(1+2δ)/(1−δ)} 0 C , (69)

where we have introduced the dimensionless constant depending on δ

Ψ_δ = ( 2^{δ−1}3^δδ^δ(δ − 1)^2(δ + 1)^{δ+1} √ 1 − 2δ − 2δ^2 √ 1 − 2δ + 4δ^2 1 (2δ^2 + 2δ − 1)^δ ) . (70)

We conclude this Section with some remarks. In the above expression, the range of parameter δ has to be restricted to the ranges already discussed in order to have a positive temperature and entropy. As a check, it is easy to show that in the limit δ → 0, one gets the GR value C = 2EG. Furthermore, the Killing energy E_K and the Killing temperature depend on the dimensional constant r_0, and we may take it proportional to Planck length √ G. 5 1/R Model

As a further non trivial example, let us consider the following F (R)-model: F (R) = −γ ( 1 R − h^2 6 ) , (71) where h and γ are positive, dimensional, arbitrary constants (we may choose, for example γ = 1/G^2). In Ref.[13] it has been shown that this model admits a static, spherically symmetric solution of the type (12)

e^{α(r)} = ( r r_0 )_{1/2} , (72) B(r) = 4 7 ( 1 − 7 6h r + C r^{7/2} ) , (73)

and R = 6/(hr). Here r_0 is an arbitrary constant, which is present for dimensional reasons, and C is the integration constant. Let us consider the solution of B(r_H ) = 0, namely ( 1 − 7 6h r_H + C r^{7/2}_H ) = 0 . (74)

If we assume C > 0, it is easy to show that there exists always a simple zero r_H > 0, which defines the event horizon, and so the above solution represents a black hole. With regard to the related entropy, Eq.(51) gives

S_W = πγh^2r^4_H 36G , (75)

the entropy being positive, since γ > 0. The Killing temperature associates with the horizon reads

T_K = |κ_K | 2π = 4 ( 1 6h √ r_H + C 2r^4_H ) ( 1 r_0 )_{1/2} . (76)

By computing the Killing energy from (53) we have

E_K = ∫ hγ 54G ( 1 r_0 )_{1/2} d ( r^{9/2}_H − 6 7h r^{7/2}_H ) = hγ 54G ( 1 r_0

)_{1/2} ( r^{9/2}_H − 6 7h r^{7/2}_H ) . (77)

Thus, making use of Eq.(74) one arrives at

E_K = h^2γ 63G ( 1 r_0 )_{1/2} C . (78)

Also in this case we can identify the integration constant of the model as a quantity proportional to the black hole Killing energy.

6 The Deser-Sarioglu-Tekin topological black hole solutions

In this Section, first we generalize the modified gravity black hole solution of Deser et al. [11], and then we shall show that also for these solutions the First Law of black hole thermodynamics is valid and the constant of integration is proportional to the Killing energy.

For the sake of simplicity we shall restrict ourselves to the four-dimensional case, but, since we are interested in black hole with generalized topological horizon, we have to include a non vanishing cosmological constant (see for example the GR case [47, 48, 49]). The D-dimensional case as well as the inclusion of Electromagnetism presents no difficulties.

To begin with, we write down the action of the model I = 1 16π ∫ M d^4x √ −g ( R − 2Λ + √ 3σ √ F ) , (79)

where σ is a real dimensionless parameter and F = C_{μνρδ} C^{μνρδ} is the square of the Weyl tensor. For σ = 0 the Weyl contribution turns off and GR result is recovered. This model is a very interesting additive modification of GR with cosmological constant.

For more generality we look for static, (pseudo)-spherically symmetric solutions with various topology and so we write the metric in the form

ds^2 = −a^2(r)B(r)dt^2 + dr^2 B(r) + r^2 ( dρ^2 1 − kρ^2 + ρ^2dϕ^2 ) , (80)

where the horizon manifold will be a sphere S_2, a torus T_2 or a compact hyperbolic manifold Y_2, according to whether k = 1, 0, −1.

A direct computation shows that the noteworthy properties of the Weyl scalar F discussed in Ref.[11] for k = 1, are still valid for k = 0, −1. Thus the unknown functions a(r) and B(r) can be obtained by imposing the stationary condition δÎ = 0, where, Î is the original action evaluated on the metric (80) (up to integration by parts and on the “topological” variable ρ, ϕ). It reads

Î = ∫ dr { (1 − σ)[ra^′(r)B(r) + ka(r)] + 3σa(r)B(r) − Λr^2a(r) } , (81)

from which it follows

(1 − σ)ra^′(r) + 3σa(r) = 0 , (82)

rB^′(r) + (1 − 4σ) 1 − σ B(r) = k − Λ r^2 1 − σ . (83)

Here we are assuming σ ≠ 1,^1_2 ,^1_4 . The general solutions are

a(r) = ( r r_0 ) 3σ_{σ−1} , (84)

B(r) = k (1 − σ) (1 − 4σ) − Cr^{− 1−4σ1−σ} − Λ r^2 3(1 − 2σ)

, (85)

C and r_0 being integration constants.

One can see that black hole solutions exists only for negative cosmological constant, but in the case k = 1, already discussed in [46], where Λ can assume any arbitrary value. As usual, the horizon is given by the positive root r_H of B(r) = 0 with B^′(r_H ) ≠ 0. The algebraic equation can be easily solved for the integration constant C and gives C = ( k 1 − σ 1 − 4σ − Λ r^2_H 3(1 − 2σ) ) r^{1−4σ1−σ}_H . (86)

The equation (83) evaluated on the horizon leads to

r_H B^′(r_H ) = k − Λ r^2_H 1 − σ . (87)

Thus, since the Killing-Hawking temperature T_K = a_H B^′(r_H )/4π, taking into account Eq. (84) we get

4πr_H T_K = ( k − Λ r^2_H (1 − σ) ) ( r_H r_0 ) 3σ_{σ−1} . (88)

On the other hand, a direct computation along the line discussed in [46] for the case k = 1 leads to the BH entropy

S_W = A_H 4 (1 + σ) , (89) where, in order to deal with a positive entropy, we have to restrict to the interval σ ∈ (−1, 1). Above, A_H = V_k r^2_H , in which V_1 = 4π (the sphere), V_0 = |ℑ τ|, with τ the Teichmueller parameter for the torus, and finally V_{−1} = 4πg, g > 2, for the compact hyperbolic manifold with genus g [47].

As a result we have

T_K dS_W =

V_k (1 + σ) 8πG ( k − Λ r^2_H (1 − σ) ) ( r_H r_0 ) 3σ_{σ−1} dr_H . (90)

Furthermore, Eq. (86) gives dC = ( k − Λ r^2_H 1 − σ ) r^{3σσ−1}_H dr_H . (91)

As a consequence the first Law holds and

E_K =

V_k (1 + σ) 8πG C . (92)

In this class of modified gravitational models the energy of black hole is particularly simple, since the modification is describe by the dimensionless parameter σ.

7 Topological Conformal Weyl Gravity

In this Section, first we revisit the higher gravity black hole solution of Riegert and others [50, 51], and its topological version [52].

To begin with, we write down the action of the model in the form I = ∫ M d^4x √ −g [γ(R − 2Λ) + 3ωF ] , (93)

where γ is an arbitrary parameter, which may be proportional to the square of Plank mass, ω is a dimensionless parameter and F = C_{μνρδ} C^{μνρδ} is the square of the Weyl tensor. The pure conformal invariant model γ = 0 is very interesting and its phenomenology has been investigated in Ref.[53].

As in previous Section, also here we shall consider various topology and this means that the metric will have the form (80), and the arbitrary functions a(r), B(r) will be obtained from the reduced action

Î = ∫ dr [ γ ( rB(r)a^′(r) + ka(r) − 2Λ r^2a(r) ) + ω A^2(r) r^2a(r) ] , (94)

where we have put

A(r) = r^2a(r)B^{′′}(r) + 3r^2a^′(r)B^′(r) − 2ra(r)B^′(r) + 2r^2a^{′′}(r)B(r) −2ra^′(r)B(r) + 2a(r)B(r) − 2ka(r) . (95) As a result, we are dealing with a higher order Lagrangian system, the Lagrangian depending on the first and second derivative of the unknown functions a(r) and B(r).

The equations of motion read 4 d^2 dr^2 ( AB(r) a(r) ) − 2 d dr ( A ra(r) [3rB^′(r) − 2B(r)] )

+2 A r^2a(r) [ r^2B^{′′}(r) − 2rB^′(r) + 2B(r) − 2k ]

− A^2 r^2a^2(r) + γ ω [ k − B(r) − rB^′(r) − 2Λr^2 ] = 0 , (96) d^2A(r) dr^2 − d dr ( A(r) ra(r) [3ra^′(r) − 2a(r)] )

+ A(r) r^2a(r) [ 2r^2a^{′′}(r) − 2ra^′(r) + 2a(r) ] + γra^′(r) 2ω = 0 , (97)

For simplicity let us look for exact solutions with a(r) = 1. With this Ansatz Eq. (97) can be integrated and one obtains B(r) = b_1 r + c_0 + c_1r + c_2r^2 , (98)

b_1 and c_k being integration constants. In order to satisfy Eq. (96) we have to distinguish the two cases γ ≠ 0 (a modified Einstein gravity) and γ = 0, (pure conformal gravity), since they provide completely different solutions.

In the case γ ≠ 0 Eq. (96) is satisfied only if

c_0 = k , c_1 = c_2 = 0 c_3 = − 1 3 Λ , (99)

while b_1 remains a free parameter. We see that this is a topological Schwarzschild-de Sitter(AdS) black hole like solution, since B(r) = k − C r − 1 3 Λr^2 , (100)

where here b_1 has been replaced by C. It has to be noted that this is the solution which one would have obtained from the Hilbert-Einstein action with cosmological constant, that is with ω = 0.

As we already said, if γ = 0 the solution is completely different and in fact, in such a case Eq. (96) is satisfied only if

c_1 = c^2_0 − k^2

3b_1

. (101)

Now the solution depends on the three arbitrary parameters c_0, c_2 and b_1. By a redefinition of them by c_0 → k + 3c_0, c_2 → λ, b_1 → −C, we write it in the form

B(r) = k + 3c_0 − c_0 C (2k + 3c_0) r + λr^2 − C r , (102)

in agreement with the topological black hole solution already found by Klemm in [52].

The event horizon exists as soon as there is positive solution r_H of B(r) = 0. For example, if C > 0 and λ = 1/L^2 > 0, it is easy to show that there exists always a positive root independently on the values of c_0 and of L, while, in the opposite case λ < 0, a positive root of B(r) = 0 exists only if c_0 ≥ 0 and the value of |λ| is sufficiently small. The special λ = 0 case will be discussed at the end of this Section.

With regard to the computation of Entropy, assuming that there exists an event horizon B(r_H ) = 0, with r_H > 0 and B^′(r_H ) ≠ 0, for the pure Weyl gravity case the Wald method gives S_W = 2ωV_K ( C r_H − c_0 ) = 2ωV_K (x − c_0) =⇒ dS_W = 2ωV_K dx , (103)

where for convenience we have introduced the variable x = C/r_H . Here A_H = V_kr^2_H (k = 1, 0, −1), with V_1 = 4π, for the sphere, V_0 = |ℑ τ|, τ being the Teichmueller parameter for the torus, and V_{−1} = 4πg, g > 2, for the compact hyperbolic manifold with genus g [47]. The integration constant C in Eq. (103) can be seen as a function of r_H obtained by solving the equation B(r_H ) = 0, which, as it follows from (102), it is a second-order algebraic equation in C. Of course, in order to have a positive entropy we have to choose c_0 < C/r_H = x and moreover C has to be positive being proportional to the energy.

Now we restrict ourselves to the λ = 1/L^2 > 0 case. In this way, by solving the equation B(r_H ) = 0 with respect to C we get

2x = 2C r_H = r^2_H L^2

+ k + 3c_0 + √ W , W = ( r^2_H L^2

+ k + 3c_0

)_2 − 4c_0(2k + 3c_0) > 0 , (104)

and from the latter equation it follows dx = r_H L^2 ( 1 + r^2_H L^2 + k + 3c0 √ W ) dr_H , dC = r_H dx + x dr_H . (105) On the other hand the Hawking temperature can be written in the convenient form

T_K = B^′(r) | |_H 4π = 1 4π r_H ( 2r^2_H L^2 + √ W ) , (106)

and using Eqs. (103) and (105) we obtain

T_K dS_W = ωV_k 2πL^2 ( 3r^2_H L^2

+ k + 3c_0 + √ W + 2r^2_H L^2

r^2_H L^2 + k + 3c0 √ W ) dr_H = ωV_k πL^2 (r_H dx + x dr_H ) . (107)

We finally see that the First Law of black hole thermodynamics reads

T_K dS_W = ωV_k πL^2 dC . (108)

As a result, we may again identify the energy as

E_K = ωV_k πL^2 C . (109)

We conclude this Section with some remarks. The pure Weyl conformal gravity does not contain dimensional parameters. Thus, one could think that there exists a trivial entropy and a vanishing energy, but, as we have shown above, the solution gives rise to a length scale L related to the integration constant λ. In such a case the First Law of black hole thermodynamics holds and the energy of black hole solution is proportional to the other dimensional constant of integration C.

The situation is different when λ = 0, since in such a case the scale does not emerge and for the horizon one gets r_H C = k + 3c_0 + √ (c_0 + k)(k − 3c_0) 2c_0(2k + 3c_0)

. (110)

The latter equation gives a positive r_H for k ≠ 0 and a suitable value for c_0. In any case we see that x = C/r_H is a pure number and so dx = 0 and the entropy is trivially constant. The First Law of black hole thermodynamics is trivially valid with a vanishing energy. This is the particular case discussed in [52].

8 Conclusions

In this paper the issue of defining the energy associated with a static, spherically symmetric black hole solution in higher order modified gravitational models has been tackled. We have proposed to identify the black hole energy as a quantity proportional to the constant of integration, which appears in the explicit black hole solution. The identification is substantiated by the fact that in all explicit and known examples, we have been able to show that the First Law of black hole thermodynamics (Clausius relation) holds true as a consequence of equations of motion, and evaluating in an independent way the related entropy via Wald method and the Killing- Hawking temperature via quantum mechanics techniques in curved space time. In the case of F (R) modified gravity some non trivial exact black hole solutions have been considered. In the case of modified gravity in which the quadratic Weyl scalar is additively present, first we have found the corresponding new topological black hole solution, and then we have verified for it our proposal. Finally our proposal has been shown to work also in another non trivial higher order gravity theory, namely the topological conformal Weyl gravity. It is easy to show that the proposal is also working for constant curvature black holes solutions in the usual Einstein gravity with cosmological constant modified by generic curvature-squared terms (see, for example [54]).

On general grounds, we may say that our explicit results are in agreement with the general result obtained recently in Ref. [28], and together other results appeared in literature seem to indicate that the thermodynamic origin of a generalized modified gravity, when horizons are present, has a broad validity.

9 Appendix I: the Tunneling method

In this Appendix, for the sake of completeness, we present a short review of the tunneling method in its Hamilton-Jacobi variant [25]. The method is based on the computation of the classical action I along a trajectory starting slightly behind the trapping horizon but ending in the bulk, and the associated WKB approximation (c = 1)

Amplitude ∝ e^{i Iℏ} . (111)

The related semi-classical emission rate reads

Γ ∝ |Amplitude|^2 ∝ e^{−2 ℑ Iℏ} . (112)

The imaginary part of the classical action is due to deformation of the integration path according to the Feynman prescription, in order to avoid the divergence present on the horizon. As a result, one asymptotically gets a Boltzmann factor, in which an energy ω appears, i.e.

Γ ∝ e^{− βℏ ω} , (113)

and the Hawking temperature is T =^1_β .

To evaluate the action I, let us start with a generic static, spherically symmetric solution in D-dimension, written in Eddington-Finkelstein gauge, which, as it is well known, is regular gauge on the horizon

ds^2 = −B(r)e^{2α(r)}dv^2 + 2e^{α(r)}dr dv + r^2dΩ^2_{D−2} = γ_{ij} (x^i)dx^idx^j + r^2dΩ^2_{D−2 .} (114)

here x^i = (v, r), where v is the advanced time. Since we are dealing with static, spherically symmetric solution space-times, one may restrict to radial trajectories, and only the two-dimensional normal metric is relevant, and the Hamilton-Jacobi equation for a (massless) particle is

γ^{ij} ∂_iI∂_j I = +2e^{α(r)}∂_vI∂_rI + e^{2α(r)}B(r)(∂_r I)^2 = 0 . (115)

Thus ∂_rI = 2ω e^{α(r)}B(r) . (116)

in which ω = −∂_vI is the Killing energy of the emitted particle. In the near horizon approximation, B(r) ≃ B^′_H (r − r_H ). As a consequence, making use of Feynman prescription for the simple pole in r − r_H , one has I = ∫ dr∂_r I = ∫ dr 2ω e^{α(r)}B^′_H (r − r_H − iε) , (117) where the range of integration over r contains the location of the horizon r_H . Thus ℑ I = 2πω e^{αH} B^′_H , (118)

and the Hawking-Killing temperature is

T_K = e^{αH} B^′_H 4π . (119)

If one had introduced the Kodama energy ω_H = e^{−αH} ω, one would have obtained the Hayward temperature T_H =^{B′H}_{4π} .

10 Appendix II: the Wald Entropy

In this Appendix, we recall the basic formula for computing black hole entropy for a generalized covariant theory of gravity. Following [27, 38, 39], the explicit calculation of the black hole entropy S_W is provided by the formula S_W = −2π ∫ S ( δL δR_{αβγδ} ) H e_{αβ} e_{γδ}dS , (120) where L = L (R_{αδγδ}) is the Lagrangian density of any general theory of gravity, e_{αβ} = −e_{βα}, is the binormal vector to the (bifurcate) horizon. It is normalized so that e_{αβ} e^{αβ} = −2.

For the metric (12), the binormal turns out to be

e_{αβ} = e^{α(r)}(δ^0_α δ^1_β − δ^1_α δ^0_β ) . (121)

The induced area form, on the bifurcate surface r = r_H , t =constant, is represented by dS. Finally, the subscript (H) indicates that the partial derivative is evaluated on the horizon, and the variation of the Lagrangian density with respect to R_{αβγδ} is performed as if R_{αβγδ} and the metric g_{αβ} are independent. For example, δR δR_{μναβ} = 1 2 ( g^{αμ}g^{νβ} − g^{να}g^{μβ} ) . (122)

As a result, for the modified gravity model of the F (R) class, one obtains

S_W = A_H F^′_H 4G . (123)

This is the formula used in Section III and IV.

Acknowledgments

We thank L. Vanzo for discussions. We also would like to thanks the referee for several useful remarks that have permitted to improve the final version of the paper.

References

[1] S. Nojiri, S. D. Odintsov, Int. J. Geom. Meth. Mod. Phys., 4, 115 (2007) arXiv:

hep-th/0601213. S. Nojiri and S. D. Odintsov, “Unified cosmic history in modified gravity: from F(R) theory to Lorentz non-invariant models,” arXiv:1011.0544 [gr-qc] (2010).

[2] T. P. Sotiriou, V. Faraoni, Rev. Mod. Phys., 82, 451 (2010).

[3] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, JCAP 0502, 010 (2005). [4] G. Cognola and S. Zerbini, J. Phys. A 39, 6245 (2006) [arXiv:hep-th/0511233]. G. Cognola, L. Sebastiani and S. Zerbini, to appear in proceedings MG12, arXiv:1006.1586 [gr-qc] (2009).

[5] V. Faraoni, Phys. Rev. D 74, 104017 (2006) [arXiv:astro-ph/0610734]. [6] G. Cognola, M. Gastaldi and S. Zerbini, Int. J. Theor. Phys. 47, 898 (2008) [arXiv:gr-qc/0701138].

[7] W. Hu and I. Sawicki, Phys. Rev. D 76, 064004 (2007) [arXiv:0705.1158 [astro-ph]]. [8] E. Elizalde, S. Nojiri, S. D. Odintsov, L. Sebastiani and S. Zerbini, arXiv:1012.2280 [hep-th] (2010). G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov, L. Sebastiani and S. Zerbini, Phys. Rev. D 77, 046009 (2008) [arXiv:0712.4017 [hep-th]]. G. Cognola, E. Elizalde, L. Sebastiani and S. Zerbini, arXiv:1007.4676 [hep-th] (2010).

[9] S. Nojiri and S. D. Odintsov, Phys. Lett. B 657, 238 (2007) [arXiv:0707.1941 [hep-th]]. [10] S. Nojiri and S. D. Odintsov, Phys. Rev. D 77, 026007 (2008) [arXiv:0710.1738 [hep-th]]. [11] S. Deser, O. Sarioglu and B. Tekin, Gen. Rel. Grav. 40, 1 (2008) [arXiv:0705.1669 [gr-qc]]. [12] T.Clifton, J. D. Barrow, Phys. Rev. D 72, 103005 (2005).

[13] L. Sebastiani and S. Zerbini, Eur. Phys. J. C 71, 1591 (2011) [arXiv:1012.5230 [gr-qc]]. [14] T. Multamaki and I. Vilja, Phys. Rev. D 74, 064022 (2006) [arXiv:astro-ph/0606373].

S. Capozziello, A. Stabile and A. Troisi, Class. Quant. Grav. 25, 085004 (2008) [arXiv:0709.0891 [gr-qc]]. T. R. P. Carames and E. R. Bezerra de Mello, Eur. Phys. J. C 64, 113 (2009) [arXiv:0901.0814 [gr-qc]]. R. Saffari, S. Rahvar, Phys. Rev. D 77, 104028 (2008). R. Saffari, S. Rahvar, Mod. Phys. Lett. A 24, 305-309 (2009).

[15] S. Deser and B. Tekin, Phys. Rev. D 67, 084009 (2003).

[16] S. Deser and B. Tekin, Phys. Rev. D 75, 084032 (2007) [arXiv:gr-qc/0701140]. [17] G. Abreu and M. Visser,Phys. Rev. Lett. 105, 041302 (2010).

[18] R. G. Cai, L. M. Cao, Y. P. Hu and N. Ohta, Phys. Rev. D 80, 104016 (2009) [arXiv:0910.2387 [hep-th]].

[19] S. A. Hayward, Class. Quant. Grav. 15, 3147 (1998).

[20] S. A. Hayward, R. Di Criscienzo, L. Vanzo, M. Nadalini and S. Zerbini, Class. Quant. Grav.

26 , 062001 (2009).

[21] R. Di Criscienzo, S. A. Hayward, M. Nadalini, L. Vanzo and S. Zerbini, Class. Quant. Grav.

27, 015006 (2010).

[22] M. Visser, Int. J. Mod. Phys. D 12, 649 (2003). [23] M. K. Parikh and F. Wilczek, Phys. Rev. Lett. 85, 5042 (2000).

[24] M. Angheben, M. Nadalini, L. Vanzo and S. Zerbini, JHEP 0505, 014 (2005). M. Nadalini, L. Vanzo and S. Zerbini, J. Physics A Math. Gen. 39, 6601 (2006).

[25] R. Di Criscienzo, M. Nadalini, L. Vanzo, S. Zerbini and G. Zoccatelli, Phys. Lett. B 657, 107 (2007).

[26] D. Lovelock, J. Math. Phys. 12 , 498-501 (1971).

[27] R. M. Wald, Phys. Rev. D 48, 3427 (1993) [arXiv:gr-qc/9307038]. [28] R. Brustein, M. Hadad, Phys. Rev. Lett. 103, 101301 (2009) [arXiv:0903.0823 [hep-th]]. [29] E. Elizalde, P. J. Silva, Phys. Rev. D 78 , 061501 (2008) [arXiv:0804.3721 [hep-th]]. [30] T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995). [gr-qc/9504004].

[31] T. Padmanabhan, Phys. Rept. 406 , 49 (2005) [gr-qc/0311036]. T. Padmanabhan, Class.

Quant. Grav. 19 , 5387 (2002) [gr-qc/0204019]. T. Padmanabhan, Rept. Prog. Phys. 73 , 046901 (2010) [arXiv:0911.5004 [gr-qc]].

[32] J. T. Wheeler, Nucl. Phys. B 268, 737 (1986). [33] D. G. Boulware, S. Deser, Phys. Rev. Lett. 55, 2656 (1985). [34] R. C. Myers, J. Z. Simon, Phys. Rev. D 38, 2434 (1988).

[35] A. Paranjape, S. Sarkar and T. Padmanabhan, Phys. Rev. D 74, 104015 (2006). [36] H. Maeda, M. Nozawa, Phys. Rev. D 77, 064031 (2008) [arXiv:0709.1199 [hep-th]]. H. Maeda, S. Willison, S. Ray, [arXiv:1103.4184 [gr-qc]] (2011).

[37] R. G. Cai, Phys. Lett. B582 , 237 (2004) [hep-th/0311240]. [38] M. Visser, Phys. Rev. D 48, 5697 (1993). [39] V. Faraoni, Entropy 12, 1246 (2010).

[40] G. Kofinas, R. Olea, JHEP 0711, 069 (2007) [arXiv:0708.0782 [hep-th]]. [41] R. G. Cai, Phys. Rev. D 65 , 084014 (2002) [hep-th/0109133]. R. G. Cai, K. S. Soh, Phys.

Rev. D 59 , 044013 (1999) [gr-qc/9808067]. [42] A. Vilenkin, Phys. Rev. D 32, 2511 (1985). [43] S. Capozziello, Int. J. Mod. Phys. D 11, 4483 (2002). [44] M. Akbar, R. -G. Cai, Phys. Lett. B 648, 243 (2007) [gr-qc/0612089]. [45] R. G. Cai, L. M. Cao, Y. P. Hu, N. Ohta, Phys. Rev. D 80, 104016 (2009) [arXiv:0910.2387 [hep-th]].

[46] E. Bellini, R. Di Criscienzo, L. Sebastiani and S. Zerbini, Entropy, 12, 2186 (2010) arXiv:1009.4816 [gr-qc] [47] L. Vanzo, Phys. Rev. D 56, 6475 (1997) [gr-qc/9705004].

[48] D. R. Brill, J. Louko, P. Peldan, Phys. Rev. D 56, 3600 (1997) [gr-qc/9705012]. [49] R. B. Mann, Class. Quant. Grav. 14, 2927 (1997) [gr-qc/9705007]. [50] R. J. Riegert, Phys. Rev. Lett. 53, 315-318 (1984). [51] P. D. Mannheim, D. Kazanas, Astrophys. J. 342, 635-638 (1989). [52] D. Klemm, Class. Quant. Grav. 15, 3195-3201 (1998) [gr-qc/9808051]. [53] P. D. Mannheim, Prog. Part. Nucl. Phys. 56, 340-445 (2006) [astro-ph/0505266].

P. D. Mannheim, Astrophys. J. 479, 659 (1997) [astro-ph/9605085]. [54] H. Lu and C. N. Pope, arXiv:1101.1971 [hep-th] (2011).