arXiv:1104.3089v1 [math.DG] 15 Apr 2011

IMADA Preprint 2011 CP^3-ORIGINS: 2011-9

Spin(7)-manifolds with three-torus symmetry

Thomas Bruun Madsen

Abstract

Metrics of exceptional holonomy are vacuum solutions to the Einstein equation. In this paper we describe manifolds with holonomy contained in Spin(7) preserved by a three-torus symmetry in terms of tri-symplectic geometry of four-manifolds. These complement examples that have appeared in the context of domain wall problems in supergravity.

1 Introduction

Metrics of exceptional holonomy have received much attention from both mathematicians and physicists over the years. The mathematical motivation for studying exceptional holonomy metrics began with Berger’s classification of Riemannian holonomy groups [3], though their existence was first shown much later in Bryant’s paper [5]. Significant results then followed, in particular it is worth mentioning the complete exceptional holonomy metrics discovered by Bryant and Salamon [7] and Joyce’s construction [18, 17] of compact Riemannian manifolds with holonomy G_2 and Spin(7). In this paper we focus on holonomy Spin(7)-metrics. From the physical perspective one motivation for studying these metrics comes from superstring theories [1, 8, 9, 14, 24]. Recently, we [21] used the notion of multi-moment map to study torsion-free G_2-metrics admitting an isometric action of T^2. In this paper we use similar ideas to study holonomy Spin(7)-metrics with T^3 symmetry; symmetry groups of rank three fit well with Reidegeld’s study [23] of cohomogeneity one Spin(7)-metrics.

The paper is organised as follows. In section 2 we briefly explain the notion of multi-moment maps for geometries with a closed four-form and T^3 symmetry. We then study how to reduce a torsion-free Spin(7)-manifold to a tri-symplectic four-manifold and thereafter, in section 3, explain how to obtain all torsion-free Spin(7)-manifolds with free T^3 symmetry starting

2010 Mathematics Subject Classification: Primary 53C15; Secondary 53C29, 53D20, 70G45

from tri-symplectic four-manifolds. In the final section of the paper we present two examples illustrating our reduction and reconstruction procedures. One of the examples complements previous ones that have appeared in the context of domain wall problems in supergravity theories [12, 13].

Acknowledgements It is a pleasure to thank Andrew Swann for enlightening discussions and Bent Ørsted for useful comments. I also acknowledge financial support from ctqm, geomaps and opalgtopgeo.

2 Reduction via multi-moment maps

In [21] we developed a notion of multi-moment map for geometries with a closed three-form. We explain in [20] how this idea generalises to higher degree forms. For a manifold Y endowed with a closed four-form Φ and an action of a three-torus preserving Φ the definition is particularly simple. A multi-moment map, for T^3 acting on (Y, Φ), is an invariant function ν : Y → R such that dν = Φ(U_1, U_2, U_3, ·), (2.1)

where the vector fields U_1, U_2 and U_3 generate the T^3 action. Following [21, Theorem 3.1(i)] one finds that such a multi-moment map is guaranteed to exist provided that b_1(Y) = 0.

Remark 2.1. Note that closedness of the one-form U_3⌟ U_2⌟ U_1⌟ Φ follows by applying Cartan’s formula: 0 = L_{U1} Φ = d(U_1⌟ Φ), 0 = L_{U2} (U_1⌟ Φ) = d(U_2⌟ U_1⌟ Φ), 0 = L_{U3} (U_2⌟ U_1⌟ Φ) = d(U_3⌟ U_2⌟ U_1⌟ Φ). △

Let us now recall the fundamental aspects of Spin(7)-geometry following [5]. On R^8 we consider the four-form Φ_0 given by

Φ_0 = e_{1234} + (e_{12} + e_{34})(e_{56} + e_{78}) + (e_{13} − e_{24})(e_{57} − e_{68}) − (e_{14} + e_{23})(e_{58} + e_{67}) + e_{5678},

(2.2)

where e_1, . . . , e_8 is the standard dual basis and wedge signs have been omitted. The stabiliser of Φ_0 is the compact 21-dimensional Lie group

Spin(7) = { g ∈ GL(8, R) : g^∗Φ_0 = Φ_0 }.

This group preserves the standard metric g_0 = ∑^8_{i=1} e_i^2 on R^8 and the volume form vol_0 = e_{12345678}. These tensors are uniquely determined by Φ_0 via the relations 14 vol_0 = Φ^2_0 and (Y⌟ X⌟ Φ_0) ∧ (Y⌟ X⌟ Φ_0) ∧ Φ_0 = 6‖X ∧ Y‖^2 vol_0, cf. [19]. The form Φ_0 is self-dual, meaning ∗Φ_0 = Φ_0.

A Spin(7)-structure on an eight-manifold Y is given by a four-form Φ ∈ Ω^4(Y) which is linearly equivalent at each point to Φ_0. It determines a metric g and a volume form vol. The Spin(7)-structure is called torsion-free if the form Φ is parallel with respect to the Levi-Civita connection, meaning ∇^{LC}Φ = 0. This happens precisely when Φ is closed. One then calls (Y, Φ) a torsion-free Spin(7)-manifold. In this situation the metric g has holonomy contained in Spin(7) and is Ricci-flat. In particular, g is real-analytic in harmonic coordinates.

Since a torsion-free Spin(7)-manifold comes equipped with a closed four-form, we may study multi-moment maps for such manifolds. Assume that (Y, Φ) has a three-torus symmetry, generated by vector fields U_i, necessarily real-analytic [16, Theorem 2.3], and that there is a non-constant multi-moment map ν. Then dν = Φ(U_1, U_2, U_3, ·) is non-zero if and only if U_1, U_2 and U_3 are linearly independent, cf. [11]. So T^3 acts locally freely on some open set Y_0 ⊂ Y.

Let us define three two-forms on Y_0 by

ω_1 = U_2⌟ U_3⌟ Φ, ω_2 = U_3⌟ U_1⌟ Φ, ω_3 = U_1⌟ U_2⌟ Φ.

To relate these to the Spin(7)-structure we introduce two R^3-valued oneforms θ = (θ_1, θ_2, θ_3) and Θ = (Θ_1, Θ_2, Θ_3). The one-form θ is defined by the formula θ = U^♭G^{−1}, where U^♭ has entries U^♭_i = g(U_i, ·), and G^{−1} = (g^{ij} ) denotes the inverse of the matrix G = (g_{ij} ) that has entries g_{ij} = g(U_i, U_j). Note that θ_i(U_j) = δ_{ij}. The second R^3-valued one-form is given by the formula Θ = h^2U^♭, where h is the positive real-analytic function h = √ det(G^{−1}); componentwise we have Θ_i = h^2 ∑^3_{j=1} g_{ij}θ_j.

Proposition 2.2. On Y_0, the four-form Φ is

Φ = dν ∧ (2 θ_2 ∧ θ_3 ∧ θ_1 + Θ_1 ∧ ω_1 + Θ_2 ∧ ω_2 + Θ_3 ∧ ω_3) + θ_3 ∧ θ_2 ∧ ω_1 + θ_1 ∧ θ_3 ∧ ω_2 + θ_2 ∧ θ_1 ∧ ω_3 + ∗(dν ∧ θ_3 ∧ θ_2 ∧ θ_1). (2.3)

Proof. Working locally at a point and using the T^3-action we may write the first three standard basis elements of R^8 as E_1 = k_1U_1, E_2 = k_2U_1 + ℓ_2U_2, E_3 = k_3U_1 + ℓ_3U_2 + m_3U_3 for appropriate functions k_1, . . . , m_3. Now, using (2.2), we get k_1ℓ_2 ω_3 = −e_{34} − e_{56} − e_{78}, k_1m_3 ω_2 − k_1ℓ_3 ω_3 = −e_{24} + e_{57} − e_{68} and −ℓ_2m_3 ω_1 + k_2m_3 ω_2 + (ℓ_2k_3 − k_2ℓ_3) ω_3 = e_{14} − e_{58} − e_{67}. We therefore have

ℓ_2m_3 ω_1 = −e_{14} + e_{58} + e_{67} −^{k2}_{k1} (e_{24} − e_{57} + e_{68}) −^{k3}_{k1} (e_{34} + e_{56} + e_{78})

k_1m_3 ω_2 = −e_{24} + e_{57} − e_{68} −^{ℓ3}_{ℓ2} (e_{34} + e_{56} + e_{78})

k_1ℓ_2 ω_3 = −e_{34} − e_{56} − e_{78}.

Next, we write θ_1 = k_1e_1 + k_2e_2 + k_3e_3, θ_2 = ℓ_2e_2 + ℓ_3e_3 and θ_3 = m_3e_3. Also note that h dν = e_4. We then find

e_{1234} = dν ∧ θ_3 ∧ θ_2 ∧ θ_1, e_{5678} = ∗(dν ∧ θ_3 ∧ θ_2 ∧ θ_1), θ_3 ∧ θ_2 ∧ ω_1 = e_{1234} − e_{23}(e_{58} + e_{67}) −^{k2}_{k1} e_{23}(e_{57} − e_{68}) +^{k3}_{k1} e_{23}(e_{56} + e_{78}),

θ_1 ∧ θ_3 ∧ ω_2 = e_{1234} + e_{13}(e_{57} − e_{68}) −^{ℓ3}_{ℓ2} e_{13}(e_{56} + e_{78}) +^{k2}_{k1} e_{23}(e_{57} − e_{68}) −^{k2ℓ3}_{k1ℓ2} e_{23}(e_{56} + e_{78}), θ_2 ∧ θ_1 ∧ ω_3 = e_{1234} + e_{12}(e_{56} + e_{78}) −^{k3}_{k1} e_{23}(e_{56} + e_{78}) +^{k2ℓ3}_{k1ℓ2} e_{23}(e_{56} + e_{78}) +^{ℓ3}_{ℓ2} e_{13}(e_{56} + e_{78}), dν ∧ (Θ_1 ∧ ω_1 + Θ_2 ∧ ω_2 + Θ_3 ∧ ω_3) = −e_{14}(e_{58} + e_{67}) − e_{24}(e_{57} − e_{68}) + e_{34}(e_{56} + e_{78}),

and the given expression for Φ follows. □

Remark 2.3. The functions k_1, . . . , m_3 from the proof of Proposition 2.2 are related to G in the following way

G = 1 k^2_1 − k_2 k^2_1 ℓ_2 k_2ℓ_3−k_3ℓ_2 k^2_1ℓ_2m_3

− k^2k_{21}ℓ_2 k^2 k^2_1ℓ^2 + 1 ℓ^2 k_2(k_3ℓ_2−k_2ℓ_3) k^2_1ℓ^2m_3 − ℓ_3 ℓ^2m_3 k_2ℓ_3−k_3ℓ_2

k^2_1ℓ_2m_3 k_2(k_3ℓ_2−k_2ℓ_3) k^2_1ℓ^2m_3 − ℓ_3 ℓ^2m_3

(k_2ℓ_3−k_3ℓ_2)^2 (k_1ℓ_2m_3)^2 + ℓ^2_3 ℓ^2m^2_3 + 1 m^2_3 ,

and for G^{−1} = (g^{ij}) we have

G^{−1} =

(_{k21+k2+k23 k2ℓ2+k3ℓ3 k3m3}

k_2ℓ_2+k_3ℓ_3 ℓ^2+ℓ^2_3 ℓ_3m_3 k_3m_3 ℓ_3m_3 m^2_3 ) . (2.4) △ Now suppose that t ∈ ν(Y_0) is a regular value for ν : Y_0 → R. Then X_t = ν^{−1}(t) is a real-analytic hypersurface and has unit normal N = h(dν)^♯. We shall denote by ι the inclusion X_t → Y_0.

Definition 2.4. The T^3 reduction of Y_0 at level t is the four-manifold

M = ν^{−1}(t)/T^3 = X_t/T^3.

This quotient space is a tri-symplectic manifold.

Proposition 2.5. The T^3 reduction M carries three pointwise linearly independent symplectic forms defining the same orientation.

Proof. Consider the real-analytic two-forms ω_1, ω_2 and ω_3 on Y_0. These forms are T^3-invariant and closed since for instance L_{Ui} ω_1 = L_{Ui} (U_2⌟ U_3⌟ Φ) = 0 and dω_1 = d(U_2⌟ U_3⌟ Φ) = L_{U2} (U_3⌟ Φ) = 0, respectively. Furthermore, as U_1⌟ ω_1 = −dν, etc., their pull-backs to X_t = ν^{−1}(t) are basic. Thus they descend to three closed forms σ_1, σ_2 and σ_3 on M.

The proof of Proposition 2.2 shows that at a point k_1ℓ_2m_3 σ_1 = k_1(e_{58} + e_{67}) + k_2(e_{57} − e_{68}) − k_3(e_{56} + e_{78}), k_1ℓ_2m_3 σ_2 = ℓ_2(e_{57} − e_{68}) − ℓ_3(e_{56} + e_{78}) and k_1ℓ_2m_3σ_3 = −m_3(e_{56} + e_{78}). Consequently, σ_1, σ_2 and σ_3 are nondegenerate symplectic forms defining the same orientation. □

The symplectic triple (σ_1, σ_2, σ_3) on M defines a matrix Q = (q_{ij}) given by σ_i ∧ σ_j = 2q_{ij} vol_M, where vol_M is the induced volume form on M.

Proposition 2.6. The matrices G and Q are related via G^{−1} = h^2 Q. In particular, vol_M =^{h2}_6 ∑^3_{i,j=1} g_{ij} σ_i ∧ σ_j. Moreover, for any positive smooth function λ on M, the redefinitions ~Q = λ^2Q, ~G = λG, ~h^2 = det( ~G^{−1}) retain the relation ~G^{−1} = ~h^2 ~Q.

Proof. Working locally at a point and using the T^3-action, as in the proof of Proposition 2.2, we have

σ_1 ∧ σ_2 = 2^{k2 ℓ2+k3ℓ3}_{h2} vol_M, σ_1 ∧ σ_3 = 2^{k3 m3}_{h2} vol_M, σ_2 ∧ σ_3 = 2^{ℓ3m3}_{h2} vol_M,

h^2 (k^2_1+k^2+k^2_3) σ 2 1 =^{h2}_{(ℓ2+ℓ23)} σ^2_2 =^{h2}_{m23} σ^2_3 = 2 vol .

where vol_M = e_{5678} is induced volume form on M. The relation between Q and G^{−1} now follows directly from the expression (2.4), and it immediately implies the last two assertions of the proposition. □

As we shall see below, the above behaviour of G and Q with respect to rescaling plays a subtle role in the description of induced geometry on the hypersurface X_t.

It is well-known, cf. [22], that any orientable hypersurface in a Spin(7)- manifold carries an induced G_2-structure. To express the G_2-structure ϕ = N⌟ Φ on X_t it is useful to rewrite Φ in a way that abuses notation slightly, namely using the forms defined on M.

Φ = dν ∧ (θ_3 ∧ θ_2 ∧ θ_1 + Θ_1 ∧ σ_1 + Θ_2 ∧ σ_2 + Θ_3 ∧ σ_3) + θ_3 ∧ θ_2 ∧ σ_1 + θ_1 ∧ θ_3 ∧ σ_2 + θ_2 ∧ θ_1 ∧ σ_3 + vol_M .

(2.5)

From (2.5) we see that

hϕ = θ_3 ∧ θ_2 ∧ θ_1 + Θ_1 ∧ σ_1 + Θ_2 ∧ σ_2 + Θ_3 ∧ σ_3. (2.6)

Alternatively we may, up to orientation, specify the G_2-structure by the four-form ψ = ι^∗Φ (= ∗ϕ):

ψ = θ_3 ∧ θ_2 ∧ σ_1 + θ_1 ∧ θ_3 ∧ σ_2 + θ_2 ∧ θ_1 ∧ σ_3 + vol_M .

As the Spin(7)-structure is torsion-free, the induced real-analytic G_2-structure on X_t is cosymplectic, meaning dψ = 0.

It turns out that there is a family of smooth cosymplectic G_2-structures on X_t obtained by scaling of the volume form on M:

Proposition 2.7. Let (ϕ, ψ) be the G_2-structure on X_t described above. For any positive smooth function λ on M, the changes λ^2Q =: ~Q and λG =: ~G of Q and G, respectively, give a new cosymplectic G_2-structure (~ϕ, ~ψ) on X_t:

~h ~ϕ = θ_3 ∧ θ_2 ∧ θ_1 + ~Θ_1 ∧ σ_1 + ~Θ_2 ∧ σ_2 + ~Θ_3 ∧ σ_3, (2.7)

~ψ = θ_3 ∧ θ_2 ∧ σ_1 + θ_1 ∧ θ_3 ∧ σ_2 + θ_2 ∧ θ_1 ∧ σ_3 + ~vol_M, (2.8)

where ~h = det( ~Q)^{− 14} = λ^{− 32} h, ~Θ_i = ∑^3_{j=1} ~q^{ij}θ_j = λ^{−2}Θ_i, ~vol_M =^1_6 ∑^3_{i,j=1} q̃^{ij}σ_i ∧ σ_j = λ^{−2} vol_M.

Proof. Working locally at a point, as in the proof of Proposition 2.2, we have the basis (e_1, . . . , ^e_4, . . . , e_8) for T^∗X_t. We now define a new basis ( f_1, . . . , ^f_4, . . . , f_8) for T^∗X_t by letting f_i := √ λe_i, for i = 1, 2, 3, and f_i := 1√ λ e_i, for i = 5, . . . , 8. Writing ~ϕ and ~ψ in terms of f_i we have that

~ϕ = − f_{123} − f_3( f_{56} + f_{78}) + f_2( f_{57} − f_{68}) + f_1( f_{58} + f_{67}), ~ψ = f_{12}( f_{56} + f_{78}) + f_{13}( f_{57} − f_{68}) − f_{23}( f_{58} + f_{67}) + f_{5678},

which shows that ~ϕ and ~ψ define a G_2-structure with volume form ~vol_X = 1√ λ vol_X . Clearly, ~ψ is closed. Hence the new G_2-structure is also cosymplectic. □

3 Inversion via a flow

We now consider how the reduction procedure from the previous section may be inverted, constructing a Spin(7)-metric starting from a triple of symplectic forms on a four-manifold M. First we need a weakening of the notion of coherent symplectic triple [21, Definition 6.4].

Definition 3.1. A weakly coherent symplectic triple C on a four-manifold M consists of three symplectic forms σ_1, σ_2, σ_3 that pointwise span a maximal positive subspace of Λ^2T^∗ M.

As in [10], the positive three-dimensional subbundle Λ^+ = ⟨σ_1, σ_2, σ_3⟩ ⊂ Λ^2T^∗ M corresponds to a unique oriented conformal structure on M. Fix a volume form vol_M on M compatible with the orientation and define a 3 × 3-matrix Q = (q_{ij}) by σ_i ∧ σ_j = 2q_{ij} vol_M, for i, j = 1, 2, 3. Subsequently, denote by h the positive smooth function satisfying h^{−4} = det(Q). We now consider a T^3-bundle π_M : X → M endowed with connection one-form θ = (θ_1, θ_2, θ_3) ∈ Ω^1(X , R^3). We define three one-forms Θ_i, for i = 1, 2, 3, by the formula Θ_i = ∑^3_{j=1} q^{ij}θ_j. Finally, denote the curvature by F = π^∗_M(dθ) ∈ Ω^2(M, R^3). With these definitions in mind we have:

Proposition 3.2. Let (M, C ) be a weakly coherent tri-symplectic four-manifold. Suppose that X is a principal T^3-bundle over M with connection one-form θ = (θ_1, θ_2, θ_3) and curvature F. Define a three-form ϕ and a four-form ψ by

hϕ = θ_3 ∧ θ_2 ∧ θ_1 + Θ_1 ∧ σ_1 + Θ_2 ∧ σ_2 + Θ_3 ∧ σ_3, ψ = θ_3 ∧ θ_2 ∧ σ_1 + θ_1 ∧ θ_3 ∧ σ_2 + θ_2 ∧ θ_1 ∧ σ_3 + vol_M .

(3.1)

Then ϕ determines a G_2-structure on X satisfying ∗ϕ = ψ.

Let A = (a_{ij} ) be the 3 × 3-matrix defined pointwise by the projection F^+ = (σ_1, σ_2, σ_3)A. Then the G_2-structure ϕ is cosymplectic if and only if the matrix QA is symmetric:

QA = A^tQ (3.2)

Proof. Write the entries of G^{−1} := h^2Q as in (2.4) and then express the functions k_1, . . . , m_3 in terms of the entries g^{ij} of G^{−1} = h^2Q. Next, choose a conformal basis e_5, e_6, e_7, e_8 of T^∗ M so that hσ_i are as in the proof of Proposition 2.2 and then write θ_1 = k_1e_1 + k_2e_2 + k_3e_3, θ_2 = ℓ_2e_2 + ℓ_3e_3, θ_3 = m_3e_3. It now follows, using Proposition 2.7, that the basis (e_1, . . . , ^e_4, . . . , e_8) is a G_2-basis for T^∗X with defining form ϕ given via (3.1).

For the final assertion we need to study the condition dψ = 0. The equation dψ = 0 holds if and only if one has

dθ_1 ∧ σ_2 − dθ_2 ∧ σ_1 = dθ_3 ∧ σ_1 − dθ_1 ∧ σ_3 = dθ_2 ∧ σ_3 − dθ_3 ∧ σ_2 = 0.

A calculation shows that these relations correspond to the three equations

−a_{13}q_{12} + a_{12}q_{13} − a_{23}q_{22} + (a_{22} − a_{33})q_{23} + a_{32}q_{33} = 0, a_{13}q_{11} + a_{23}q_{12} + (a_{33} − a_{11})q_{13} − a_{21}q_{23} − a_{31}q_{33} = 0, −a_{12}q_{11} + (a_{11} − a_{22})q_{12} − a_{32}q_{13} + a_{21}q_{22} + a_{31}q_{23} = 0,

(3.3)

and these are equivalent to the condition (3.2). □

Remark 3.3. Condition (3.2) on F is independent of the choice of orientation compatible volume form on M. Though the bilinear form on Λ^2T^∗ M, given by wedging, is only well-defined after choosing a representative volume form, self-adjointness of the projection F^+ ∈ Λ^+ ⊂ Λ^2T^∗ M does not depend on the specific choice.

Provided the assumptions of Proposition 3.2 hold, we therefore obtain a family of cosymplectic G_2-manifolds. This is a consequence of Proposition 2.7, and contrasts with the corresponding analysis of SU(3)-structures on

T^2-bundles over coherently tri-symplectic four-manifolds [21, Proposition 6.5]. In that situation we made a particular choice of volume form to obtain a half-flat structure. △

Remark 3.4. Existence of three-torus bundles over a weakly coherent trisymplectic four-manifold (M, C ) is related to Chern-Weil theory. One finds that for any closed two-form F with integral periods, F ∈ Ω^2_Z(M, R^3), there exists a T^3-bundle π_M : X → M with connection one-form θ that satisfies π^∗_M(dθ) = F. △

Studying a certain Hamiltonian flow, Hitchin [15] developed a relationship between torsion-free Spin(7)-metrics and cosymplectic G_2-manifolds. In particular, he derived evolution equations that describe the one-dimen-sional flow of a cosymplectic G_2-manifold along its unit normal in a torsionfree Spin(7)-manifold. In inverting our construction, one could use Hitchin’s flow on the cosymplectic structure of Proposition 3.2. However, Hitchin’s flow does not preserve the level sets of the multi-moment map: the unit normal is h(dν)^♯, but ∂/∂ν = h^2(dν)^♯. It is therefore more natural for us to determine the flow equations associated to the latter vector field.

Proposition 3.5. Suppose T^3 acts freely on a connected eight-manifold Y preserving the torsion-free Spin(7)-structure Φ and admitting a multi-moment map ν. Let M be the topological reduction ν^{−1}(t)/T^3 for any t in the image of ν. Then M is equipped with a t-dependent weakly coherent real-analytic symplectic triple σ_1, σ_2, σ_3 and the seven-manifold X_t = ν^{−1}(t) carries a cosymplectic real-analytic G_2-structure of the form (3.1) . On X_t the following evolution equation holds:

ψ^′ = d(hϕ), (3.4)

where^′ denotes differentiation with respect to t.

Conversely, given a cosymplectic real-analytic G_2-structure of the form (3.1) defined on a seven-manifold X_0. Then the flow equation (3.4) admits a unique solution on some open neighbourhood of X_0 × {0} ⊂ X_0 × R, and that solution determines a torsion-free Spin(7)-structure.

Proof. We have Φ = hdν ∧ ϕ + ψ.

This has derivative

dΦ = dν ∧ (−dh ∧ ϕ − hdϕ) + dψ.

By assumption, the G_2-structure is cosymplectic, i.e., dψ = 0 on each level set. We therefore find that dΦ = 0 if and only if 0 = ∂ ∂ν ⌟ dΦ = −d(hϕ) + ψ^′.

Hence we have a torsion-free Spin(7)-structure if and only if the evolution equation (3.4) is satisfied.

Observe that equation (3.4) together with an initial cosymplectic G_2- structure on X_0 already ensure that the family consists of cosymplectic structures; the time derivative of dψ vanishes according to (3.4).

We note that given real-analytic initial data, the Cauchy-Kovalevskaya Theorem applies. Therefore we obtain existence and uniqueness of a solution defined on some open neighbourhood of X_0 × {0} ⊂ X_0 × R.

For later use, we shall rewrite the evolution equation as a set of first order differential equations for the quantities defined by data on M. First we note that

ψ^′ = σ^′_1 ∧ θ_3 ∧ θ_2 + σ^′_2 ∧ θ_1 ∧ θ_3 + σ^′_3 ∧ θ_2 ∧ θ_1 + (θ^′_2 ∧ σ_3 − θ^′_3 ∧ σ_2) ∧ θ_1 + (θ^′_3 ∧ σ_1 − θ^′_1 ∧ σ_3) ∧ θ_2 + (θ^′_1 ∧ σ_2 − θ^′_2 ∧ σ_1) ∧ θ_3 + vol^′_M .

d(hϕ) = dθ_1 ∧ θ_3 ∧ θ_2 + dθ_2 ∧ θ_1 ∧ θ_3 + dθ_3 ∧ θ_2 ∧ θ_1 + σ_1 ∧ dΘ_1 + σ_2 ∧ dΘ_2 + σ_3 ∧ dΘ_3,

where_3

∑_{i=1}^σi^{∧ dΘ}i^{= 3}∑_{i,j=1}^σi^{∧ (d(qij ) ∧ θ}j^{+ qijdθ}j^{) .}

From these equations we get the t-derivatives for σ_1, σ_2, σ_3:

σ^′_i = dθ_i, for i = 1, 2, 3. (3.5)

The t-derivative of the connection one-form θ = (θ_1, θ_2, θ_3) is given by

θ^′_i ∧ σ_j − θ^′_j ∧ σ_i = 3 ∑_{ℓ=1}^σℓ^{∧ dqℓk, for sgn(ijk) = +1. (3.6)}

The volume form vol_M evolves via

vol^′_M = 3 ∑_{i,j=1}^{qijσ}i^{∧ dθ}j^{. (3.7)}

Finally the t-derivatives of entries q_{ij} of Q may be expressed via

2q^′_{ij} vol_M = dθ_i ∧ σ_j + σ_i ∧ dθ_j − 2q_{ij} 3 ∑_{k,ℓ=1}^{qkℓσ}k^{∧ dθ}ℓ^{, for i, j = 1, 2, 3.}

(3.8) Note that the equations for the entries q_{ij} now determine the evolution of h and G via the relations h^{−4} = det(Q) and G^{−1} = h^2 Q, respectively. □

Remark 3.6. By solving the flow equations we obtain a holonomy Spin(7)- metric with three-torus symmetry. Indeed, if g_M is the time-dependent metric in the conformal class on M with volume form vol_M, then the Spin(7)- metric is explicitly

h^2dt^2 + g_M + g_{11}θ^2_1 + g_{22}θ^2 + g_{33}θ^2_3 + g_{12}θ_1θ_2 + g_{13}θ_1θ_3 + g_{23}θ_2θ_3, (3.9)

where G = (g_{ij} ) = h^{−2}Q^{−1}.

Real-analyticity of the cosymplectic G_2-structures is a subtle matter. Bryant’s study of the Hitchin flow [6] shows that non-analytic initial halfflat SU(3)-structures can lead to an ill-posed Hitchin system that has no solution. △

Remark 3.7. Though the torsion-free G_2-manifolds studied in [21] fiber over (weakly) coherently tri-symplectic four-manifolds, they do not fit naturally into the above framework. The constructed G_2-flow does not preserve the Spin(7)-data. △

Summarising the results discussed so far we have:

Theorem 3.8. Let (Y^8, Φ) be a torsion-free Spin(7)-manifold with a free T^3 symmetry and admitting a multi-moment map. Then the reduction M at level t carries a weakly coherent real-analytic symplectic triple and the level set X_t is the total space of a T^3-bundle over M satisfying condition (3.2) on the curvature.

Conversely, let (M, C ) be a weakly coherent tri-symplectic four-manifold with a closed two-form F ∈ Ω^2_Z(M, R^3) and a choice of orientation compatible volume form. Assume F satisfies condition (3.2). When these data are real-analytic, they define a torsion-free Spin(7)-metric with T^3-symmetry. □

4 Examples

Let us now turn to some examples that illustrate the analysis of the previous two sections. First we show that even in the flat case R^8, with T^3 ⊂ SU(4), the geometry of the reduction procedure is somewhat complicated. Thereafter we study hyperKähler four-manifolds, complementing previous examples that have appeared in the physics literature [12, 13].

Example 4.1 (The flat model R^8). Consider Y = R^8 = C^4 endowed with the usual four-form and the action of the standard diagonal maximal torus T^3 ⊂ SU(4). Concretely, Φ is given by

Φ =^1_2

(_i 2 (dz_1 ∧ dz̄_1 + dz_2 ∧ dz̄_2 + dz_3 ∧ dz̄_3 + dz_4 ∧ dz̄_4)

)_2

+ Re(dz_1 ∧ dz_2 ∧ dz_3 ∧ dz_4), and T^3 acts by (e^{iθ1} , e^{iθ2} , e^{iθ3} ) · (z_1, z_2, z_3, z_4) = (e^{iθ1} z_1, e^{iθ2} z_2, e^{iθ3} z_3, e^{−i(θ1+θ2+θ3)}z_4). The action is generated by the vector fields U_j = Re { i(z_j^∂_{∂zj} − z_4^∂_{∂z4} ) } , for j = 1, 2, 3. It follows that a multi-moment map ν : Y → R is given by

ν(z_1, z_2, z_3, z_4) =^1_8 Im(z_1z_2z_3z_4).

By definition, the T^3 reduction of Y at level t is the quotient space M_t = ν^{−1}(t)/T^3. In this case M_0 is singular, whereas M_t is a smooth manifold for each t ≠ 0. Indeed, considering Ξ_t : M_t → R^4 given by

Ξ_t(z_1, z_2,z_3, z_4) = (_{‖z1‖2−‖z4‖2} 2 ,^{‖z2‖2−‖z4‖2}_2 ,^{‖z3 ‖2−‖z4‖2}_2 , Re(z_1z_2z_3z_4) ) =: (v_1, v_2, v_3, w),

we have global smooth coordinates on M_t for t ≠ 0.

In this smooth case, writing (η_1, η_2, η_3) = (dv_1, dv_2, dv_3)G^{−1}, the twoforms σ_1, σ_2, σ_3 are given by

16σ_1 = η_1 ∧ dw + 4dv_2 ∧ dv_3, 16σ_2 = η_2 ∧ dw + 4dv_3 ∧ dv_1, 16σ_3 = η_3 ∧ dw + 4dv_1 ∧ dv_2.

These forms depend (implicitly) on t via the relations 4g_{ij} = δ_{ij}‖z_i‖^2 + ‖z_4‖^2, for i, j = 1, 2, 3, and z_1z_2z_3z_4 = w + 8it. In particular g_{ij} is a nonconstant positive function f , for i ≠ j. Thus the weakly coherent triple does not specify a coherent triple, in particular it is not a hyperKähler structure.

The (oriented) conformal class has representative metric

h^2 16 dw^2 + g_{11}η^2_1 + g_{22}η^2 + g_{33}η^2_3 + f (η_1η_2 + η_1η_3 + η_2η_3),

where h^2 = det(G^{−1}).

The curvature F = (F_1, F_2, F_3) of the principal T^3-bundle ν^{−1}(t) → M_t is given by

F_1 = 2th^2 η_w ∧ ((2g_{22} g_{33} − f (g_{22} + g_{33}))η_1 + (g_{33} − f )(g_{22} − 2 f )η_2 + (g_{22} − f )(g_{33} − 2 f )η_3), F_2 = 2th^2 η_w ∧ ((2g_{11} g_{33} − f (g_{11} + g_{33}))η_2 + (g_{11} − f )(g_{33} − 2 f )η_3 + (g_{33} − f )(g_{11} − 2 f )η_1), F_3 = 2th^2 η_w ∧ ((2g_{11} g_{22} − f (g_{11} + g_{22}))η_3 + (g_{22} − f )(g_{11} − 2 f )η_1 + (g_{11} − f )(g_{22} − 2 f )η_2).

where η_w = g^{−1}_{ww} dw satisfies η_w((dw)^♯) = 1 and η_w((dv_i )^♯) = 0, for i = 1, 2, 3. Note that F ≠ F^+.

In the singular case t = 0, the three-torus collapses in three different ways: to a point, a circle or a two-torus. At the origin (z_1, z_2, z_3, z_4) = 0 the three-torus collapses to a point. Next, if z_i = z_j = z_k = 0 for exactly three different indices, then the torus collapses to a circle. In terms of the quadruple (v_1, v_2, v_3, w) this collapsing happens for w = 0 when v_1, v_2, v_3 satisfy one of the following constraints: (v_1 = v_2 = v_3 ≤ 0), (v_1 = v_2 = 0, v_3 ≥ 0), (v_1 = v_3 = 0, v_2 ≥ 0) or (v_2 = v_3 = 0, v_1 ≥ 0). Finally, if z_i = z_j = 0 for exactly two different indices, the T^3 collapses to a two-torus. This happens for w = 0 when v_1, v_2, v_3 satisfy one of: (v_1 = v_2 ≤ 0), (v_1 = v_3 ≤ 0), (v_1 = 0, v_2, v_3 ≥ 0), (v_2 = v_3 ≤ 0), (v_2 = 0, v_1, v_3 ≥ 0) or (v_3 = 0, v_1, v_2 ≥ 0). ♦

Example 4.2 (Examples from hyperKähler manifolds). Let M be a hyperKähler four-manifold. Then M comes equipped with three symplectic forms σ_1, σ_2, σ_3 that satisfy the relations σ_i ∧ σ_j = δ_{ij}σ^2_k for i, j, k = 1, 2, 3. Choosing the volume form vol^0_M =^1_2 σ^2_1 , we have that Q = diag(1, 1, 1). The compatible hyperKähler metric is denoted by g^0_M.

Let σ = (σ_1, σ_2, σ_3) denote the hyperKähler triple and assume there is a constant matrix A = (a_{ij} ) such that σA ∈ Ω^2_Z(M, R^3). Then we may construct a T^3-bundle over M with connection one-form θ that has curvature F = σA. The total space X_0 of this bundle carries the G_2-structure of Proposition 3.2, which is now cosymplectic if and only if A is symmetric. The associated metric on X_0 is complete if the hyperKähler base manifold is complete.

We shall illustrate how one may solve the flow equations (3.5)–(3.8) starting from the above data at t = 0. As an a priori simplifying assumption we consider the case when F^′ = 0, i.e., the curvature is t-independent. Then the differential equations for the symplectic triple simply reads σ^′ = ΩA, where Ω = σ(0). Integrating, we find that σ(t) = Ω(1 + tA).

We next solve the equations (3.7) and (3.8). First we observe that the volume develops according to the equation vol^′_M = v vol^0_M, where v = 2 Tr(Q^{−1}(1 + tA)A). We may therefore write vol_M(t) = V(t) vol^0_M, where V^′ = v and V(0) = 1. The equation for Q^′ now takes the form VQ^′ = 2(1 + At)A − vQ. It follows that we must find the unique solution of the differential equation ln(V)^′ = 2Tr((1 + tA)^{−1} A), V(0) = 1. We find that V(t) = det(1 + tA)^2. Consequently, vol_M and Q take the form vol_M(t) = det(1 + tA)^2 vol^0_M and det(1 + tA)^2Q(t) = (1 + tA)^2. Note also that h(t) = det(1 + tA) and that dq_{ij} (t) = 0. The latter observation implies, by (3.6), that the connection one-form is t-independent, θ(t) = θ.

The above solution is defined on X_0 × I, where the interval I ⊂ R is determined by non-degeneracy of the matrix 1 + tA and 0 ∈ I. By uniqueness of the solution on X_0 × I, we deduce that the condition F^′ = 0 already follows from the initial data, i.e., it is not a simplifying assumption.

The torsion-free Spin(7)-structure corresponding to the above solution

Thomas Bruun Madsen

has associated metric g given by

h^2(t)dt^2 + h(t)g^0_M + h(t)^{−2}

(_3

∑_{i=1}^{qii(t)θ2}i^+ ∑_{1≤i<j≤3}^{qij(t)θ}i^θj ) . (4.1)

If the initial hyperKähler four-manifold is complete, we may describe completeness properties of g in terms of the matrix A. Provided g remains finite and non-degenerate, completeness corresponds to completeness of h(t)^2dt^2 on I, cf. [4]. We now find that g is half-complete, cf. [2], if and only if A does not have two eigenvalues of opposite sign; the metric is complete only for A = 0. ♦

References

[1] B. S. Acharya and S. Gukov, M theory and singularities of exceptional holonomy manifolds, Phys. Rep. 392 (2004), no. 3, 121–189.

[2] V. Apostolov and S. Salamon, Kähler reduction of metrics with holonomy G_2, Comm. Math. Phys. 246 (2004), no. 1, 43–61.

[3] M. Berger, Sur les groupes d’holonomie homogène des variétés à connexion affine et des variétés riemanniennes, Bull. Soc. Math. France 83 (1955), 279–330.

[4] R. L. Bishop and B. O’Neill, Manifolds of negative curvature, Trans. Amer. Math.

Soc. 145 (1969), 1–49.

[5] R. L. Bryant, Metrics with exceptional holonomy, Ann. of Math. (2) 126 (1987), no. 3, 525–576.

[6] , Non-embedding and non-extension results in special holonomy, The many facets of geometry, Oxford Univ. Press, Oxford, 2010, pp. 346–367.

[7] R. L. Bryant and Simon M. Salamon, On the construction of some complete metrics with exceptional holonomy, Duke Math. J. 58 (1989), no. 3, 829–850.

[8] M. Cvetič, G. W. Gibbons, H. Lü, and C. N. Pope, New complete noncompact Spin(7) manifolds, Nuclear Phys. B 620 (2002), no. 1-2, 29–54.

[9] , Ricci-flat metrics, harmonic forms and brane resolutions, Comm. Math.

Phys. 232 (2003), no. 3, 457–500.

[10] S. K. Donaldson and P. B. Kronheimer, The geometry of four-manifolds, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New York, 1990, Oxford Science Publications.

[11] M. Fernández, A classification of Riemannian manifolds with structure group Spin(7), Ann. Mat. Pura Appl. (4) 143 (1986), 101–122.

[12] G. W. Gibbons, H. Lü, C. N. Pope, and K. S. Stelle, Supersymmetric domain walls from metrics of special holonomy, Nuclear Phys. B 623 (2002), no. 1-2, 3–46.

[13] G. E. Giribet and O. P. Santillán, Toric G_2 and Spin(7) holonomy spaces from gravitational instantons and other examples, Comm. Math. Phys. 275 (2007), no. 2, 373–400.

[14] S. Gukov and J. Sparks, M-theory on Spin(7) manifolds, Nuclear Phys. B 625 (2002), no. 1-2, 3–69.

[15] N. Hitchin, Stable forms and special metrics, Global differential geometry: the mathematical legacy of Alfred Gray (Bilbao, 2000), Contemp. Math., vol. 288, Amer. Math. Soc., Providence, RI, 2001, pp. 70–89.

Toric Spin(7)-manifolds

[16] S. Kobayashi, Transformation groups in differential geometry, Springer-Verlag, New York, 1972, Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 70. [17] D. D. Joyce, Compact 8-manifolds with holonomy Spin(7), Invent. Math. 123 (1996), no. 3, 507–552.

[18] , Compact Riemannian 7-manifolds with holonomy G_2. I, II, J. Differential Geom. 43 (1996), no. 2, 291–328, 329–375.

[19] S. Karigiannis, Deformations of G_2 and Spin(7) structures, Canad. J. Math. 57 (2005), no. 5, 1012–1055.

[20] T. B. Madsen, Torsion geometry and scalar functions, Ph.D. thesis, University of Southern Denmark, in preparation.

[21] T. B. Madsen and A. F. Swann, Multi-moment maps, CP3-ORIGINS: 2010-53,

arXiv:1012.2048[math.DG], December 2010.

[22] F. Martín-Cabrera, Orientable hypersurfaces of Riemannian manifolds with Spin(7)-structure, Acta Math. Hungar. 76 (1997), no. 3, 235–247.

[23] F. Reidegeld, Special cohomogeneity-one metrics with Q^{1,1,1} or M^{1,1,0} as the principal orbit, J. Geom. Phys. 60 (2010), no. 9, 1069–1088.

[24] S. Salur and O. Santillan, New spin(7) holonomy metrics admitting G_2 holonomy reductions and M-theory/type-IIA dualities, Phys. Rev. D 79 (2009), no. 8, 086009, 12.

T.B.Madsen

Department of Mathematics and Computer Science, University of Southern Denmark, Campusvej 55, DK-5230 Odense M, Denmark and CP^3-Origins, Centre of Excellence for Particle Physics Phenomenology, University of Southern Denmark, Campusvej 55, DK-5230 Odense M, Denmark

E-mail: tbmadsen@imada.sdu.dk