arXiv:1104.3210v2 [hep-th] 6 May 2011

IFUP–TH/2011-7-r

Riemann-Hilbert treatment of Liouville theory on the torus: The general case

Pietro Menotti Dipartimento di Fisica, Università di Pisa and INFN, Sezione di Pisa, Largo B. Pontecorvo 3, I-56127 e-mail: menotti@df.unipi.it

April 2011

Abstract

We extend the previous treatment of Liouville theory on the torus, to the general case in which the distribution of charges is not necessarily symmetric. This requires the concept of Fuchsian differential equation on Riemann surfaces. We show through a group theoretic argument that the Heun parameter and a weight constant are sufficient to satisfy all monodromy conditions. We then apply the technique of differential equation on a Riemann surface to the two point function on the torus in which one source is arbitrary and the other small. As a byproduct we give in terms of quadratures the exact Green function on the square and on the rhombus with opening angle 2π/6 in the background of the field generated by an arbitrary charge.

1 Introduction

Liouville theory plays a pivotal role in several fields both at the classical [1, 2, 3, 4] and quantum level [5, 6, 7, 8, 9, 10, 11]. Liouville action provides the Faddeev-Popov determinant in two dimensional gravity [12] and it gives the complete hamiltonian structure of 2 + 1-dimensional gravity coupled with particles [13]. It appears also in the soliton solutions to the gauged non linear Schroedinger equation on the plane [14, 15, 16]. Liouville field has been suggested to play the role of a fifth dimension in the AdS-CFT treatment of QCD [17].

Recently a renewed interest has developed due to a conjecture [18] that Liouville theory on a Riemann surface of genus g is related to a certain class of N = 2, 4-dimensional gauge theories and the conjecture has been supported by extensive tests on genus 0 and 1 [19, 20, 21] and proven in a class of cases [22].

In the topology of the sphere important results regarding the four point conformal correlation functions have been obtained in [23] and their relation to the one point function on the torus suggested in [23] and proven in [24].

We recall that the classical solution provides the starting point for the semiclassical expansion and that such semiclassical expansion was used to confirm the first few terms of the bootstrap solution on the sphere, pseudosphere and disk topologies and also to give some results on higher point functions when one source is weak [25, 26, 27]. The simplest situation is given by the topology of the sphere for which many results are available both at the classical and quantum level. The torus topology is intrinsically more complicated that the sphere. For example the one point function on the torus appears to be of comparable complexity as the four point function on the sphere [23]. In a previous paper [28] Liouville theory on the torus was examined in the simpler situation in which the distribution of charges is invariant under reflection z → −z. As the map given by the Weierstrass function u = ℘(z) is invariant under reflection it turns out that one can map the problem on the Riemann sphere, where well developed techniques exist along with several results. In the symmetric situation, periodicity, which is the fundamental constraint, is obtained by imposing monodromicity in u. In fact monodromic behavior in u at the singular points points e_k (see [28] and section 3 of the present paper) combined with reflection symmetry is equivalent to the periodicity constraint along the non collapsible cycles which in the general case is much more difficult requirement to implement. In [28] the exact solution for the one point function on the square was given and several problems which can be dealt with perturbation technique solved.

In the present paper we deal with the problem in full generality i.e. when the distribution of charges is not necessarily invariant under reflections; to do this the shall need the full description of the torus as a double sheet cut-plane and we shall need the notion [29, 30, 31] of differential equation on a Riemann surface. As discussed in [28] the differential equation which solves the Liouville equation in the case of the torus contains even in the simplest case of the one point function a parameter, the Heun parameter which does not appear in the case of the sphere topology with three sources. Such parameter, along with an other weight parameter has to be determined by imposing monodromicity on the two sheet cut plane or equivalently by imposing the periodic boundary conditions. In the case of the square and of the rhombus with opening angle 2π/6 such parameter turns out to be zero and the problem is reduced to an hypergeometric equation (see Appendix B); on the other hand the exact non perturbative determination of the Heun parameter in the general case to our knowledge in not an accomplished task [32, 33, 34, 35].

The structure of the paper is the following: In section 2 we display the mathematical framework of the formulation of differential equations on a Riemann surface. In section 3 we show with a group theory argument how the Heun parameter along with the weight parameter |κ| give the necessary and sufficient degrees of freedom to satisfy all the monodromy requirements.

Then in section 4 we solve the problem of the addition of a small charge when the solution for a single (non necessarily small) charge is given, as it is the case of the square and of the rhombus with opening angle 2π/6. The treatment however is completely general. As a by product we obtain is section 6 the expression by quadratures of the exact Green function on the background generated by an arbitrary charge. The expression holds also for the general torus; the only difference is that while for the square and the rhombus of opening angle 2π/6 we know the expression of the unperturbed solution, for the generic torus such unperturbed solutions are not known in terms of usual functions. In order to display the workings of the technique discussed in sections 2 and 3, in Appendix A we give the perturbative determination of the conformal factor for a weak source in the general case i.e. when the source is not symmetric wrt to the position of the kinematical singularities ω_k which arise in the transition from the global covering variable to the coordinates (u = ℘(z), w = ℘^′(z)) which provide a one-to-one description of the torus. In Appendix B for completeness we report the solution for the square given in [28] and we also add the solution in terms of hypergeometric functions for the rhombus of opening angle 2π/6. The deformation technique developed in [28] can be applied to both of these cases.

2 Differential equations on a Riemann surface

We give here the elements of the theory of differential equations on a Riemann surface. For more details see e.g. [29, 30, 31]. A surface with the topology of the sphere can be mapped on the compactified plane where the usual theory of linear differential equations apply (see e.g. [36, 37, 38, 39, 40]). To extend the concept of differential equation to a Riemann surface it is useful to rewrite the second order differential equation

y^{′′}(x) + q(x)y(x) = 0 (1)

in the form dY + ΓY = dY dx dx + Γ_x dx Y = 0 (2) where Y = ( y(x) y^{(1)}(x) ) (3) and Γ_x = ( 0 −1 q(x) 0 ) (4) and we have denoted in eq.(1) by a prime the differentiation wrt x. For well known topological reasons when the manifold has genus 1 or higher we have no global coordinate at our disposal and thus we must use more than one chart with analytic transition functions. It is useful to consider y as a differential of the fractionary order −^1_2 , i.e. in the change from the variable x to the variable x̃ we have

ỹ(x̃) = y(x(x̃)) ( dx dx̃ )_− 1_2

≡ y(x(x̃))s(x̃) (5)

where s(x̃) ≡ ( dx dx̃ )_− 1_2 . (6)

One easily finds, denoting with a dot the derivative wrt x̃

Ỹ (x̃) = ( s(x̃) 0 ṡ(x̃)^1_{s(x̃)} ) Y (x) ≡ U^{−1}Y (x), U ∈ SL(2C) (7) and Ỹ obeys dỸ + Γ̃Ỹ = dỸ dx̃ dx̃ + Γ̃_{x̃} dx̃ Ỹ = 0. (8) The usual transformation of a connection gives

Γ̃ = U^{−1}dU + U^{−1}ΓU = Γ̃_{x̃} dx̃ (9) with Γ̃_{x̃} = ( 0 −1 q s^4 − s̈ s 0 ) . (10)

The term^{s̈} is the Schwarzian derivative of the transformation s̈ s = {x, x̃} = 3 4 ( ẍ ẋ )_2 − 1 2 ...x ẋ = −{x̃, x} ( dx̃ dx )_{−2} (11)

It is of interest to notice that the assumed nature (5) of the solutions y of eq.(1), which leaves the Wronskian of two solutions unchanged, makes the well known expression [28] for the conformal factor in terms of two independent solutions of the differential equation (1) e^ϕ =

2|w_{12}|^2 [y_1(x)y_1(x) − y_2(x)y_2(x)]^2

(12)

a differential of order (1, 1) as required for an area element e^{ϕ(x)}dx ∧ dx̄ = e^{ϕ̃(x̃)}dx̃ ∧ d¯x̃ . (13) One can extend the concept of Fuchsian differential equation to differential equations on a Riemann surface provided the term q or better the (2, 1) component of the connection Γ is a meromorphic function on the Riemann surface i.e. [41] the ratio of two polynomials of the same order in the homogeneous coordinates describing the surface.

3 The torus

The torus is described by the cubic curve in euclidean coordinates [41]

(u, w), w^2 = 4(u − e_1)(u − e_2)(u − e_3) = 4u^3 − g_2u − g_3 (14)

with e_1 + e_2 + e_3 = 0 (15) or in homogeneous coordinates

X^2_2 X_0 = 4(X_1 − e_1X_0)(X_1 − e_2X_0)(X_1 − e_3X_0). (16)

To the Liouville equation − ∂_z∂_{z̄}ϕ + e^ϕ = 2πηδ(z − z_t) (17) there corresponds the differential equation in u given by

y^{′′}(u) + Q(u, w)y(u) = 0 (18) with Q(u, w) a meromorphic function on the torus with second order poles at e_k due to the presence of the Schwarz derivative in (10) and a second order pole at (u, w) = (t, w_t) Q(u, w) = 3 16 ( 1 (u − e_1)^2 + 1 (u − e_2)^2 + 1 (u − e_3)^2 + 2e_1 (e_1 − e_2)(e_3 − e_1)(u − e_1) + 2e_2 (e_2 − e_3)(e_1 − e_2)(u − e_2) + 2e_3 (e_3 − e_1)(e_2 − e_3)(u − e_3) )

+ 1 − λ^2 4w_t [ (w + w_t)^2 4(u − t)^2 − u − 2t ] 1 w + β_t(w + w_t) 2(u − t)w + β_1 2(u − e_1) + β_2 2(u − e_2) + β_3 2(u − e_3)

(19)

where the λ appearing in the residue of the double pole at (u, w) = (t, w_t) is given by λ = 1 − 2η. Due to the factor w + w_t the pole is present only on the first sheet. The term −u − 2t is necessary to assure that Q does not show an irregular singularity at infinity. The β_1, β_2, β_3, β_t are the accessory parameters. The above structure can be trivially generalized to any finite number of sources. Obviously we could place the source at z_t = 0 simplifying the structure of Q as was done in [28] but in the perspective of the general non symmetric situation (see e.g. section 4) we work here in full generality. The first two lines in the expression of Q is simply the contribution of the Schwarzian derivative for the transition from the covering variable z to the variable u. The asymptotic behavior of Q in the local covering variable at infinity v, with v^2 = 1/u is given by 1 2 (β_1 + β_2 + β_3 + β_t)v^2 + v^4 ( 3 16 + 1 2 ( β_1e_1 + β_2e_2 + β_3e_3 + β_tt +

1 − λ^2 4 ))

+v^5 ( β_tw_t 4 + 1 − λ^2 32w_t (12t^2 − g_2) ) + O(v^6). (20)

Regularity of Q_v (v) = Q(u, w) ( du dv )_2 − {u, v} (21) at v = 0 i.e. absence of charges at z = 0 implies

β_1 + β_2 + β_3 + β_t = 0 (22)

β_1e_1 + β_2e_2 + β_3e_3 + β_tt +

1 − λ^2 4 = 0 (23) β_tw_t 4 + 1 − λ^2 32w_t (12t^2 − g_2) = 0 (24)

and thus at the end we have one free accessory parameter, say β_1 which has to be used to satisfy the monodromies at (t, w_t) and along the two fundamental non contractible cycles. We want to show at the non perturbative level how one free accessory parameter is sufficient for the purpose.

Let y_1 and y_2 be two independent solutions of

y^{′′} + Q(u, w)y = 0 (25)

of Wronskian w_{12}. We must find combinations

y^c_1 = a_{11}y_1 + a_{12}y_2, y^c_2 = a_{21}y_1 + a_{22}y_2, (26)

such that |y^c_1|^2 − |y^c_2|^2 (27) is monodromic. As the Wronskian is fixed the transformation must be of SL(2, C) type, which corresponds to six real degrees of freedom. In addition we notice that the monodromy of (27) is unchanged under an SU(1, 1) transformation which corresponds to three real degrees of freedom. Thus the a_{jk} provide effectively only three real degrees of freedom to which we have to add the real and imaginary part of β_1, i.e. 5 real degrees of freedom. We shall have to satisfy the monodromy condition at all singularities (t, w_t), (e_k, 0) and along the two fundamental non contractible cycles C_1 and C_2.

With regard to the cycle C_1 we can use three degrees of freedom (e.g. those given by the a_{jk}) to obtain

M_{12}(C_1) = M_{21}(C_1) and |M_{11}(C_1)| = |M_{22}(C_1)| (28)

which is sufficient to give the SU(1, 1) nature of the transformation M(C_1). Finally we use the remaining two real degrees of freedom (the real and imaginary part of β_1) to impose M_{12}(C_2) = M_{21}(C_2) . (29) This is not enough to give the SU(1, 1) nature of the transformation M(C_2). However from the contour shown in Fig.1, obtained by deforming a loop around z_t, the following relation holds M(C_1)M(C_2)M(C_1)^{−1}M(C_2)^{−1} = E_t (30) being E_t the elliptic transformation around z_t. The reason is that the monodromy transformations around each of the singular points z = ω_k and z = 0 is simply −1, because the indices at those points are 1/4, 3/4 in u − e_k and −3/4, −1/4 at u = ∞ and a turn in the local covering variable corresponds to a double turn in u−e_k and in u at infinity. Now the following simple theorem holds: If in eq.(30) M(C_1) ∈ SU(1, 1) and eq.(29) is satisfied and E_t is elliptic, then M(C_2) ∈ SU(1, 1) and as a consequence also E_t ∈ SU(1, 1).

In fact after eqs.(28,29) are satisfied the matrices M(C_1) and M(C_2) take the form

M(C_1) = ( m_{11} m_{12} m̄_{12} m̄_{11} ) (31)

M(C_2) = ( pe^{iα}/ρ n_{12} n̄_{12} pe^{−iα}ρ ) = ( n_{11}/ρ n_{12} n̄_{12} n̄_{11}ρ ) . (32)

The positive number ρ is fixed by the elliptic nature of the product (30) i.e.

tr(M(C_1)M(C_2)M(C_1)^{−1}M(C_2)^{−1}) = R + Aρ + Bρ^2 + Āρ^{−1} + B̄ρ^{−2} = real (33)

with

R = (m_{12}n̄_{12})^2 + m_{11}m̄_{11}n_{11}n̄_{11} − m^2_{11}n_{12}n̄_{12} + c.c. = real (34) A = (m̄_{11} − m_{11})n̄_{11}(n̄_{12}m_{12} + n_{12}m̄_{12}), B = −m_{12}m̄_{12}n̄^2_{11} .

Eq.(33) has the discrete solution ρ = 1. In general ρ = 1 is not the only solution of eq.(33). The results of Picard [1, 3] which apply also to topologies other than the sphere, assure us that the values of the free parameters which realizes the monodromy are unique and thus ρ = 1 is the only solution which realizes all the monodromies. In the next section we shall apply a perturbative version of this theorem to the addition of weak sources.

4 Addition of a weak source

In the present section we shall apply perturbation theory to give in terms of quadratures the two point conformal factor when one source is arbitrary and the second small. A similar problem was solved in [28] in the simpler situation of the perturbation provided by two weak symmetrical sources and which could be treated with methods of the sphere topology. Here instead being the situation non symmetrical we have to exploit in full the two sheet representation of the torus given by the cubic (14). We shall keep the treatment at full generality; we recall that in two instances ( the square, and the rhombus of opening angle 2π/6 as given in Appendix B) the exact solution is known and thus we shall for a perturbation of these situations have a solution in terms of quadratures. The same formulas apply starting from the general non perturbative one point function with the difference that in this case the unperturbed functions are given by the solution of the Heun equation, at a special value of the Heun parameter for which we do not possess an explicit formula.

The equation to be solved is y^{′′} + (Q + q)y = 0 (35) where Q, describing a source of arbitrary strength at the origin z = 0 i.e. u = ∞, is given by [28] Q(u) = 1 − λ^2 16 u + β (u − e_1)(u − e_2)(u − e_3)

(36) + 3 16 ( 1 (u − e_1)^2 + 1 (u − e_2)^2 + 1 (u − e_3)^2 + 2e_1 (e_1 − e_2)(e_3 − e_1)(u − e_1) + 2e_2 (e_2 − e_3)(e_1 − e_2)(u − e_2) + 2e_3 (e_3 − e_1)(e_2 − e_3)(u − e_3) )

with the non perturbative Heun parameter β fixed to the value which provides the monodromic one point solution on the torus. We know the exact value of such a parameter only for the special cases of the square and the rhombus with opening angle 2π/6 where β = 0 for symmetry reasons. We shall denote by y_1(u) and y_2(u) the two unperturbed solutions, with real Wronskian w_{12}, which realize the monodromic conformal factor e^φdu ∧ dū = 2|w_{12}|^2du ∧ dū [y_1(u)y_1(u) − y_2(u)y_2(u)]^2

. (37)

The perturbation q is given by q(u, w) = ε w_t [ (w + w_t)^2 4(u − t)^2 − u − 2t ] 1 w + β_t(w + w_t) 2(u − t)w + + β_1 2(u − e_1) + β_2 2(u − e_2) + β_3 2(u − e_3)

(38) and it describes the additional weak source at (t, w_t). We had to allow in (38) for a new accessory parameter β_t at u = t and the β_1, β_2, β_3 are the O(ε) changes of the accessory parameters at e_1, e_2, e_3 of eq.(36). Again they are subject to two Fuchs relations which are imposed by the condition that the behavior of Q + q at u = ∞ remains unchanged, i.e. the source at the origin z = 0 (u = ∞) remains unchanged. They are

β_1 + β_2 + β_3 + β_t = 0 (39)

β_1e_1 + β_2e_2 + β_3e_3 + β_tt + ε = 0. (40) The analogue of eq.(24) here is absent as now the origin is a singular regular point. Thus we are left with two free accessory parameters, say β_t and β_1. The perturbed solutions are given by y^c_1 = y_1 + δy_1, y^c_2 = y_2 + δy_2 (41) where

δy_1 = y_1

I_{12} w_{12} − y_2 I_{11} w_{12}

+ c_{11}y_1 + c_{12}y_2

δy_2 = y_1

I_{22} w_{12} − y_2 I_{12} w_{12}

+ c_{21}y_1 + c_{22}y_2 (42)

with I_{jk} = ∫_u u_0 q(u, w)y_j(u)y_k(u)du (43) and the O(ε) constants c_{jk} correspond to the addition of the unperturbed solutions and they satisfy c_{11} +c_{22} = 0 to leave the Wronskian unchanged. As we have already discussed in section 3 if one factors the SU(1, 1) transformations the c_{jk} provide only three real degrees of freedom. We shall first examine the monodromy at the new singularity (t, w_t). Taking into account that the integrands of I_{jk} contain a first and second order pole at u = t whose residues are β_ty_j(t)y_k(t) + ε(y_j(t)y_k(t))^′ (44) we have that the change of such integrals under a tour around (t, w_t) is

δI_{jk} = 2πi (β_ty_j(t)y_k(t) + ε(y_j(t)y_k(t))^′) . (45)

The monodromy matrix of y^c_1 and y^c_2 at (t, w_t) is given by M(t) = ( 1 +^{δI12(t)}_{w12} −^{δI11 (t)}_{w12}

δI_{22}(t)

w_{12} 1 − δI_{12}(t) w_{12} ) . (46)

Monodromy at (t, w_t) requires

M_{12}(t) = M_{21}(t) i.e. 1 = β_ty^2_1(t) + ε(y^2_1 (t))^′ β̄_ty2(t) + ε(y2 (t))′

. (47)

It is worth noticing that the β_t is fixed independently of all the other parameters. As the transformation at (t, w_t) is elliptic i.e. ε real, the condition (47) is sufficient to assure that the transformation belongs to SU(1, 1). On the other hand M_{11}(t) = M_{22}(t) can be explicitly proven using the expression of I_{12} as follows. Eq.(47) tells us that 0 < β_ty^2_1 (t) + ε(y^2_1(t))^′ β̄_ty2 (t) + ε(y2(t))′ =

(β_ty_1(t)y_2(t) + ε(y_1(t)y_2(t))^′)^2 − ε^2w^2_{12} |β_ty^2 (t) + ε(y^2(t))^′|^2

(48)

which, being ε and w_{12} real gives

β_ty_1(t)y_2(t) + ε(y_1(t)y_2(t))^′ = real (49)

i.e. M_{11}(t) = M_{22}(t). We add now a remark which will be essential in the following development. If we consider a contour D, see Fig.2, which embraces both the origin and the weak singularity at (t, w_t) the resulting monodromy is elliptic. More precisely the product of the perturbation M^c_0 = M_0 + δM_0 of the original unperturbed elliptic transformation M_0 ∈ SU(1, 1) at z = 0 and the SU(1, 1) monodromy near the identity at z = z_t is elliptic. In fact

M^c_0 = ( m_{11} + δm_{11} m_{12} + δm_{12} m̄_{12} + δm_{21} m̄_{11} + δm_{22} ) (50)

is still elliptic because the source at the origin is unchanged and ellipticity tells us that δm_{11} + δm_{22} = real and the elliptic SU(1, 1) monodromy M(t) near the identity can be written as M(t) = ( 1 + ir b b̄ 1 − ir ) (51)

with r = real and δm_{jk}, r and b all of order O(ε). Their product E has the diagonal elements

E_{11} = m_{11} + δm_{11} + irm_{11} + b̄m_{12}, E_{22} = m̄_{11} + δm_{22} − irm̄_{11} + bm̄_{12} (52)

with trace real and by continuity, of modulus less than 2. Thus E = M^c_0 M(t) is elliptic. We can now deform the contour D which embraces the origin z = 0 and z_t as shown in Fig.2. Around the singular points (e_k, 0) we have ( y_1 + δy_1 y_2 + δy_2 ) ≈ ( 1 +^{I12(ek)}_{w12} + c_{11} −^{I11(ek)}_{w12} + c_{12}

I_{22}(e_k)

w_{12} + c21 1 −

I_{12}(e_k ) w_{12} − c11 ) ( y_1 y_2 ) (53)

due to the cancellation of the (u − e_k)^12 contributions given by the integrals I_{jk}. In the local covering variable w we have

y_1 ≈ w^{12} (a_1 + b_1w), y_2 ≈ w^{12} (a_2 + b_2w) (54) so that for a tour around the singularity i.e. w → e^{2iπ}w we have y_1 → −y_1 and y_2 → −y_2 and thus the monodromy matrices at ω_k are all −1. Thus we have

M^c(C_1)M^c(C_2)M^c(C_1)^{−1}M^c(C_2)^{−1} = −M^c_0 M(t) = elliptic. (55)

We can now repeat the argument given in section 3 to conclude that the imposition of the SU(1, 1) nature of M^c(C_1) and the relation M^c_{12}(C_2) = M^c_{21}(C_2) is sufficient to assure the SU(1, 1) nature of transformations M^c(C_2). As a consequence E = M^c_0 M(t) ∈ SU(1, 1) and being already M(t) ∈ SU(1, 1) we have also M^c_0 ∈ SU(1, 1).

5 Determination of β_1 and c_{kj}

We come now to the determination of the parameters β_1 and c_{jk}. The perturbed Y is

Y^c = ( y_1 + δy_1 y_2 + δy_2 ) = (1 + F )Y = (1 + F ) ( y_1 y_2 ) (56)

with F = (_{I12}

w_{12} + c11 −

I_{11} w_{12} + c12 I_{22} w_{12} + c21 −

I_{12} w_{12} − c11 ) . (57)

We denote with Ỹ and Ỹ^c the solutions computed at the same point on the torus but reached through a cycle Ỹ^c = (1 + F̃ )Ỹ , (58)

F̃ =

(_{Ĩ12}

w_{12} + c11 −

Ĩ_{11} w_{12} + c12 Ĩ_{22} w_{12} + c21 −

Ĩ_{12} w_{12} − c11 ) . (59) We have for the unperturbed problem Ỹ = MY, M ∈ SU(1, 1) (60) and for the perturbed one

Ỹ^c = (1 + F̃ )MY = (1 + F̃ )M(1 − F )Y^c = (M + F̃ M − MF )Y^c = = (I + F̃ − MF M^{−1})MY^c = M^cY^c (61) with M^c = (I + F̃ − MF M^{−1})M = M + δM. We have F̃^′ = q w_{12} ( ỹ_1ỹ_2 −ỹ_1ỹ_1 ỹ_2ỹ_2 −ỹ_2ỹ_1 ) = MF^′M^{−1} (62) and thus F̃^′ − MF^′M^{−1} = 0 (63) giving the constancy of M^c.

Writing M^c = M + δM, for the cycle C_1 the relation δM_{12}(C_1) = δM_{21}(C_1) gives − 2 w_{12} (c_{11} + c̄_{11}) = I_{12}(C_1) + I_{12}(C_1) + Ĩ_{12}(C_1) + Ĩ_{12}(C_1) + M_{11}(C_1) M_{12}(C_1)

(−w_{12} (c_{12} − c̄_{21}) + I_{11}(C_1) + I_{22}(C_1)) + M_{11}(C_1) M_{12}(C_1) ( w_{12} (c_{12} − c̄_{21}) − Ĩ_{11}(C_1) − Ĩ_{22}(C_1) ) . (64) The I_{jk}(C_r) are of the form I_{jk}(C_r) = εA_{jk}(C_r) + β_1B_{jk}(C_r) (65) Ĩ_{jk}(C_r) = εÃ_{jk}(C_r) + β_1B̃_{jk}(C_r). (66) We see that only the combinations c_{11} + c̄_{11} ≡ r = real and c_{12} − c̄_{21} ≡ s (67) appear in such relation. This, as discussed in section 3, is due to the remnant SU(1, 1) invariance of the monodromy conditions. Thus the previous is a system of two linear non homogeneous equation in r, Re s, Im s and Re β, Im β.

The condition |M^c_{11}(C_1)| = |M^c_{22}(C_1)| gives

Re(δM_{11}(C_1)M_{11}(C_1)) = Re(δM_{22}(C_1)M_{22}(C_1)) (68)

explicitely

M_{11}(C_1)M_{11}(C_1)(−I_{12}(C_1) − I_{12}(C_1) + Ĩ_{12}(C_1) + Ĩ_{12}(C_1)) + Re [ M_{11}(C_1)M_{12}(C_1) ( − I_{22}(C_1) − I_{11}(C_1) + w_{12} s̄ )

+ M_{11}(C_1)M_{12}(C_1) ( − Ĩ_{11}(C_1) − Ĩ_{22}(C_1) + w_{12} s ) ] = 0 (69)

which is one inhomogeneous linear equation.

To this we must add the relation δM_{12}(C_2) = δM_{21}(C_2) which reads

− 2 w_{12} r = I_{12}(C_2) + I_{12}(C_2) + Ĩ_{12}(C_2) + Ĩ_{12}(C_2) + M_{11}(C_2) M_{12}(C_2)

(−w_{12} s + I_{11}(C_2) + I_{22}(C_2)) + M_{11}(C_2) M_{12}(C_2) ( w_{12} s − Ĩ_{11}(C_2) − Ĩ_{22}(C_2) ) (70)

which is an other system of two linear inhomogeneous equations.

The equality of the real parts of (64) and (70) and the vanishing of the imaginary part of (64) and (70) and (69) provide a linear inhomogeneous system of four equations in the unknown Re β, Im β, Re s, Im s. The outcome substituted into (64) provides r.

6 The Green function on the one-point background

Taking the derivative wrt ε of the equation

− ∂_z ∂_{z̄}ϕ + e^ϕ = 2πηδ^2(z) + 2πεδ^2(z − z_t) (71)

satisfied by the ϕ we computed in the previous section we obtain the exact Green function on the one-point background. In fact we have

(−∂_z∂_{z̄} + e^ϕ) 1 2π dϕ dε = δ^2(z − z_t). (72) dϕ dε can be simply computed by taking the derivative of φ obtained in the previous section from y^c_1 and y^c_2, as the logarithm of the Jacobian appearing in the transition from ϕ to φ does not depend on ε. We have adopting the choice |y_1|^2 − |y_2|^2 > 0 (we recall that the previous difference never can vanish) − 1 2 dφ dε e^{− φ2} = (ȳ_1 dδy_1 dε + c.c.) − (ȳ_2 dδy_2 dε + c.c.) (73)

G(z, z_t) = 1 2π dφ dε = − 1 πw_{12}(y_1y_1 − y_2y_2) [ (y_1y_1 + y_2y_2) ( İ_{12} + İ_{12} + w_{12} ṙ )

+ ( y_1y_2(−İ_{11} − İ_{22} + w_{12} ṡ) + c.c. )] (74)

where İ_{jk} = I^{jk} ε , ṙ = r ε , ṡ = s ε (75)

and G satisfies (−∂_z ∂_{z̄} + e^ϕ)G(z, z_t) = δ^2(z − z_t). (76)

7 Conclusions

In this paper we have extended the treatment of a previous paper [28] to the general case in which the distribution of charges is not symmetric under reflections with respect to the origin. In this case one has to apply the concept of differential equation on a Riemann surface and in particular the concept of Fuchsian differential equation on a Riemann surface. As in [28] new accessory parameters appear which have to be fixed by imposing the monodromic behavior of the solution. This is a more difficult task than in the symmetric case where sphere topology techniques could be applied. We gave a general group theoretic argument to prove that the Heun parameter and the weight factor are sufficient to satisfy all the monodromies. To give a concrete illustration of the procedure, in Appendix A we work out explicitely a perturbative case. Then in section 4 we deal with the problem of the addition of a weak source to the solution of the one point function. The procedure is completely general even if we know the explicit form of the solution only in the cases of the square and of the rhombus of opening angle 2π/6 which are reported in Appendix B. This is due to the fact that in these cases for symmetry reasons the Heun parameter β vanishes. As a byproduct we also obtain the exact expression in terms of quadratures of the Green function on the background of one source of arbitrary strength. The results can be used to develop the quantum semiclassical expansion as done for the pseudosphere, sphere and disk topologies in [26].

Appendix A

In this appendix we summarize the general perturbative treatment of the one point function on the torus when the source is not symmetrical with respect to the kinematical singularities e_k and which requires explicitely the two sheet representation of the torus. The general discussion in the non perturbative case was given in section 3; here we give the explicit calculation for the perturbative case. The differential equation in the variable u is given by d^2y du^2 + Qy = 0 (77)

with Q = Q_0 + q and

Q_0(u) = 3 16 ( 1 (u − e_1)^2 + 1 (u − e_2)^2 + 1 (u − e_3)^2 + 2e_1 (e_1 − e_2)(e_3 − e_1)(u − e_1) + 2e_2 (e_2 − e_3)(e_1 − e_2)(u − e_2) + 2e_3 (e_3 − e_1)(e_2 − e_3)(u − e_3) )

= −{z, u} = {u, z} ( du dz )_{−2} . (78)

Q_0 is simply minus the Schwarzian derivative {z, u} for the transition from the covering variable z which describes the torus by the plane modulo the discrete translation group, to the variable u = ℘(z). Thus the e_j are “kinematical” singularities. The term q is a meromorphic function on the cubic curve (14) describing the weak source at the point (t, w_t) q(u, w) = ε w_t [ (w + w_t)^2 4(u − t)^2 − u − 2t ] 1 w + β_t(w + w_t) 2(u − t)w + β_1 2(u − e_1) + β_2 2(u − e_2) + β_3 2(u − e_3)

. (79)

As we shall see later we have to allow in (79) in order to satisfy the monodromy conditions, for the new accessory parameter β_t in addition to the variations β_j of the unperturbed accessory parameter appearing in (78).

The Fuchs relations which leave the u = ∞ behavior regular with no source at z = 0 are

0 = β_t + β_1 + β_2 + β_3, 0 = ε + t β_t + e_1 β_1 + e_2 β_2 + e_3 β_3. (80)

Using v, with v^2 = 1/u as covering variable at u = ∞, the asymptotic behavior of q is given by q = β_1 + β_2 + β_3 + β_t 2 v^2 + β_1e_1 + β_2e_2 + β_3e_3 + β_tt + ε 2 v^4 + + 2β_tw_t + ε(12t^2 − g_2)/w_t 8 v^5 + + β_1e^2_1 + β_2e^2 + β_3e^3 + β_tt^2 + 2 ε t 2 v^6 + O(v^7). (81)

First we examine the monodromy at (t, w_t). Two independent solutions of the unperturbed equation y^{′′} + Q_0y = 0 are

y_1 = √ w 2 , y_2 = √ w 2 (Z − ω_3), with Z = z − z_t. (82)

Their Wronskian is w_{12} = 1/2. The perturbed y_1 solution is given by

y_1 + δy_1 = y_1 + y_1

I_{12} w_{12} − y_2 I_{11} w_{12}

(83)

with

I_{11} = ∫_u u_0

q(u)y_1(u)y_1(u)du = (84) 1 2 ∫_u u_0 ( ε w_t [ (w + w_t)^2 4(u − t)^2 − u − 2t ] 1 w + β_t(w + w_t) 2(u − t)w + ∑ k β_k 2(u − e_k) ) wdu . A necessary condition for having monodromy at (t, w_t) is that the change of I_{11} for a tour around t vanishes i.e.

0 = δI_{11} = 2πi 2 ( w_tβ_t + ε

12t^2 − g_2 2w_t ) . (85)

We notice that such a condition on β_t gives also the monodromy at v = 0 as from (81) we have that the first order pole at v = 0 of q(u, w)w du/dv vanishes. This is an outcome of the fact that the sum of the residues of a meromorphic function on a closed manifold vanishes and due to the factor w there are no residues at the points (e_j , 0). After fixing β_t to satisfy (85), due to the two Fuchs conditions (80) we have still one accessory parameter free.

In absence of the first order poles I_{11}, due to a general theorem [42] becomes with Z = z−z_t

I_{11} = ε 2 ∫_Z ω_3

(℘(Z) + c_1)dZ = 1 2 ε(−ζ(Z) + ζ(ω_3)) + ε c_1 2 (Z − ω_3) (86)

where we choose from now on u_0 = ℘(z_t +ω_3) and c_1 replaces the free accessory parameter. Similarly

I_{12} = ε 2 ∫_Z ω_3

(℘(Z) + c_1)(Z − ω_3)dz = (87) = − ε 2 ζ(Z)(Z − ω_3) + ε ζ(ω_1) 4ω_1

(Z^2 − ω^2_3) + 1 2 εL + ε c_1 4 (Z − ω_3)^2 where L = log θ_1(^Z_{2ω1} |τ) θ_1(^{ω3}_{2ω1} |τ)

. (88)

Then

y^c_1 = y_1 + δy_1 = (89) √ w 2 ( 1 + ε w_{12} { − 1 2 ζ(ω_3)(Z − ω_3) − c_1 4 (Z − ω_3)^2 + ζ(ω_1) 4ω_1

(Z^2 − ω^2_3) + 1 2 L }) . The remaining condition for the monodromic behavior at (t, w_t) is the reality of ε which corresponds to the ellipticity of the singularity. The perturbed e^{− φ}2 is [28]

e^{− φ2} = 1 √ 2|w_{12}|κ|^2 [ y^c_1y^c_1 − |κ|^4y^c_2y^c_2 ] (90)

where |κ|^4 = O(ε) and thus y^c_2 is a general solution of the unperturbed equation which we write as y^c_2 = √ w 2 (Z − ω_0) . (91)

ω_0 is going to be chosen along with c_1 and |κ| to satisfy the periodicity conditions. We are left with the imposition of the monodromic behavior along the two fundamental non contractible cycles. This can be done both in the (u, w) or z coordinates. To order O(ε) for the structure |y^c_1|^2 − |κ|^4|y^c_2|^2 to be monodromic under the transformation

y^c_1 → y^c_1(1 + εa) + εby^c_2 , y^c_2 → y^c_2 + fy^c_1 (92)

we have the necessary and sufficient conditions ε(a + ā) = |κ|^4f̄f, εb = |κ|^4f̄ . (93) Using [42] θ_1(v − 1|τ) = −θ_1(v|τ), θ_1(v − τ|τ) = −θ_1(v|τ)e^{iπ(2v−τ )} (94) for the cycle C_1, z → z − 2ω_1 we have for small ε

a w_{12} = ω_1ζ(ω_3) + c_1ω_1(−ω_1 + ω_0 − ω_3) + ζ(ω_1)(ω_1 − ω_0) + 1 2 log(−1),

b w_{12} = c_1ω_1 − ζ(ω_1), f = −2ω_1 (95)

and for the cycle C_2, z → z − 2ω_2

a w_{12} = c_1(−ω^2 − ω_2ω_3 + ω_0ω_2) + ω_2ζ(ω_3) + ζ(ω_1)( ω^2 ω_1 − ω_2ω_0 ω_1 ) + 1 2 log(−1) + i π 2 ω_0 ω_1 − i πτ 2 , b w_{12} = c_1ω_2 − ζ(ω_1) ω_2 ω_1 + i π 2ω_1

, f = −2ω_2. (96)

The equation ( b f̄ ) C_1 = ( b f̄ ) C_2

(97)

fixes c_1 and gives using the Legendre relation with Im(ω_2/ω_1) > 0 [42]

c_1 = ζ(ω_1)ω̄_2 − ζ(ω_2)ω̄_1 ω_1ω̄_2 − ω̄_1ω_2

. (98)

Then from |κ|^4 = εb f̄ (99) we have |κ|^4 = ε w_{12} ζ(ω_2)ω_1 − ζ(ω_1)ω_2 2(ω_1ω̄_2 − ω̄_1ω_2) = − iπε 4w_{12}(ω_1ω̄_2 − ω̄_1ω_2)

> 0 . (100)

Imposition of the remaining relations involving the a’s give ω_0 = ω_3 and the final result is

e^{− ϕ2} = 1 2 √ 2w_{12}|κ|^2 ( 1 + ε 2w_{12} [ log | | | | θ_1(^Z_{2ω1} |τ) θ_1(^{ω3}_{2ω1} |τ) | | | | 2

− iπ 4(ω_1ω̄_2 − ω̄_1ω_2) ( ω̄_1 ω_1

Z^2 + ω_1 ω̄_1

Z̄^2 − 2ZZ̄) + iπ 4 ( ω̄_2 ω̄_1 − ω_2 ω_1 ) ]) . (101)

The relation between the ε of the previous paper [28] (call it ε_p) and the present ε is ε_p 4 = ε.

Appendix B

For the reader’s convenience we report in this appendix the exact solution for the square given in [28] in terms of hypergeometric functions. We add also the explicit solution in terms of hypergeometric functions of an other soluble case i.e. when the torus is a rhombus with an opening angle of 2π/6. 1) The square.

With e_3 = 0, e_1 = −e_2 = 1 and β = 0 the term Q of eq.(36) becomes Q(u) = 1 − λ^2 16(u^2 − 1) + 3 16 (1 + u^2)^2 u^2(1 − u^2)^2

. (102)

Two independent solutions canonical at e_3 = 0 are

y_1 = κ^{−1}u^{14} (1 − u^2)^{14} F ( 1 − λ 8 , 1 + λ 8 ; 3 4 ; u^2)

y_2 = κ u^{34} (1 − u^2)^{14} F ( 3 − λ 8 , 3 + λ 8 ; 5 4 ; u^2) . (103) and the parameter |κ| is

|κ|^4 = ( Γ(^3_4 ) Γ(^5_4 ) )2 Γ(^{3−λ}_8 )Γ(^{3+λ}_8 )Γ(^{7−λ}_8 )Γ(^{7+λ}_8 ) Γ(^{1−λ}_8 )Γ(^{1+λ}_8 )Γ(^{5−λ}_8 )Γ(^{5+λ}_8 ) ≡ 8 Γ^2(^3_4 )Γ(^{3−λ}_4 )Γ(^{3+λ}_4 ) Γ^2(^1_4 )Γ(^{1−λ}_4 )Γ(^{1+λ}_4 )

(104)

so that the conformal factor is given by

e^{− ϕ(z)2} = 1 √ 2|κ|^2 [| | |F ( 1 − λ 8 , 1 + λ 8 ; 3 4 ; u^2(z)) | | | 2 − |κ|^4|u(z)| | | |F ( 3 − λ 8 , 3 + λ 8 ; 5 4 ; u^2(z)) | | | 2]

(105) with u(z) = ℘(z) and the half periods corresponding to e_1 = −e_2 = 1, e_3 = 0 are

ω_1 = −iω_2 = √ π Γ(^5_4 ) Γ(^3_4 )

= 1.31103.. (106)

2) The rhombus with opening angle 2π/6.

Also in this case for symmetry reasons combined with Picard’s uniqueness theorem we have that β = 0 in the Q of eq.(36). The values of the e_k are given by e_1 = 1, e_2 = exp(2iπ/3), e_3 = exp(4iπ/3). The term Q of eq.(36) becomes Q(u) = 1 − λ^2 16 u u^3 − 1 + 3 16 ( 3u^4 + 6u (u^3 − 1) − 2u u^3 − 1 ) . (107)

Going over to the variable x = u^3 we obtain the differential equation 9x d^2y dx^2 + 6 dy dx + [ 1 − λ^2 16(x − 1) + 3 16 ( 3x + 6 (x − 1)^2 − 2 x − 1 )] y = 0 (108)

which can be solved in terms of hypergeometric functions. Two independent solutions canonical at u = 0 are given by

y_1(u) = κ^{−1}(1 − u^3)^{14} F ( 1 − λ 12 , 1 + λ 12 ; 2 3 ; u^3)

y_2(u) = κu(1 − u^3)^{14} F ( 5 − λ 12 , 5 + λ 12 ; 4 3 ; u^3). (109)

Monodromicity conditions impose

|κ|^4 = ( Γ(^2_3 ) Γ(^4_3 )

)_2

Γ(^{5−λ}_{12} )Γ(^{5+λ}_{12} )Γ(^{11−λ}_{12} )Γ(^{11+λ}_{12} ) Γ(^{7−λ}_{12} )Γ(^{7+λ}_{12} )Γ(^{1−λ}_{12} )Γ(^{1+λ}_{12} ) ≡ 9 πΓ(^{5−λ}_6 )Γ(^{5+λ}_6 ) Γ^2(^1_6 )Γ(^{1−λ}_6 )Γ(^{1+λ}_6 )

(110)

from which we obtain the conformal factor

e^{− ϕ(z)2} = 1 √ 2|κ|^2 [| | |F ( 1 − λ 12 , 1 + λ 12 ; 2 3 ; u^3(z)) | | | 2 − |κ|^4|u(z)^2| | | |F ( 5 − λ 12 , 5 + λ 12 ; 4 3 ; u^3(z)) | | | 2]

where |κ|^4 is given by eq.(110) and the half periods corresponding to e_1 = 1, e_2 = exp(2iπ/3), e_3 = exp(4iπ/3) are

ω_1 = ω_2 exp(−iπ/3) = √ π Γ(^7_6 ) Γ(^2_3 )

= 1.21433.. (111)

References

[1] E. Picard, Compt. Rend. 116 (1893) 1015; J. Math. Pures Appl. 4 (1893) 273 and (1898) 313; Bull. Sci. math. XXIV 1 (1900) 196 [2] H. Poincaré, J. Math. Pures Appl. (5) 4 (1898) 137 [3] L. Lichtenstein, Acta Mathematica 40 (1915) 1 [4] M. Troyanov, Trans. Am. Math. Soc. 324 (1991) 793 [5] T.L. Curtright, C.B. Thorn, Phys. Rev. Lett. 48 (1982) 1309; Erratum-ibid. 48 (1982) 1768 [6] H. Dorn, H.J. Otto, Nucl. Phys. B429 (1994) 375, e-Print arXiv:hep-th/9403141 [7] J. Teschner, Class. Quant. Grav.18 (2001) R153, e-Print arXiv:hep-th/0104158; Int.

J. Mod. Phys. A19S2 (2004) 436, e-Print arXiv:hep-th/0303150; Phys. Lett. B363 (1995) 65, e-Print arXiv:hep-th/9507109 [8] A.B. Zamolodchikov, Al.B. Zamolodchikov, Nucl. Phys. B477 (1996) 577, e-Print arXiv:hep-th/9506136; e-Print arXiv:hep-th/0101152 [9] V. Fateev, A.B. Zamolodchikov, Al.B. Zamolodchikov, e-Print arXiv:hep-th/0001012 [10] G. Jorjadze and G. Weigt, Phys. Lett. B581 (2004) 133, e-Print arXiv:hep-th/0311202 [11] Y. Nakayama, Int. J. Mod. Phys. A19 (2004) 2771, e-Print arXiv:hep-th/0402009 [12] A.M. Polyakov, Phys.Lett.B103 (1981) 207 [13] L. Cantini, P. Menotti, D. Seminara, Nucl. Phys. B638 (2002) 351, e-Print arXiv:hep-th/0203103 [14] P. Olesen, Phys. Lett. B265 (1991) 361; Phys. Lett. B268 (1991) 389 [15] R. Jackiw, S.Y. Pi, Phys. Rev. Lett. 64 (1990) 2969 [16] N. Akerblom, G. Cornelissen, G. Stavenga, J.-W. van Holten, e-Print arXiv:0912.0718 [hep-th] [17] S.S. Gubser, I.R. Klebanov, A.M. Polyakov, Phys. Lett. B428 (1998) 105, e-Print arXiv:hep-th/9802109

[18] D. Gaiotto, e-Print arXiv:0904.2715 [hep-th] [19] L.F. Alday, D. Gaiotto, Y. Tachikawa, Lett. Math. Phys. 91 (2010) 167, e-Print arXiv:0906.3219 [hep-th] [20] N. Drukker, J. Gomis, T. Okuda, J. Teschner, JHEP 1002:057,2010, e-Print arXiv:0909.1105 [hep-th] [21] V. Alba, A. Morozov, e-Print arXiv:0911.0363 [hep-th] [22] L. Hadasz, Z. Jaskolski, P. Suchanek, JHEP 1006:046 (2010), e-Print arXiv:1004.1841 [hep-th] [23] V.A. Fateev, A.V. Litvinov, A. Neveu, E. Onofri, J. Phys. A42:304011 (2009), e-Print arXiv:0902.1331 [hep-th] [24] L. Hadasz, Z. Jaskolski, P. Suchanek, JHEP 1001:063,2010, e-Print: arXiv:0911.2353 [hep-th]; Phys. Lett. B685 (2010) 79, arXiv:0911.4296 [hep-th] [25] P. Menotti, G. Vajente, Nucl. Phys. B709 (2005) 465, e-Print arXiv:hep-th/0411003 [26] P. Menotti, E. Tonni, Nucl. Phys. B707 (2005) 321, e-Print arXiv:hep-th/0406014;

Phys. Lett. B633 (2006) 404, e-Print arXiv:hep-th/0508240; JHEP 0606:020 (2006), e-Print arXiv:hep-th/0602206; JHEP 0606:022 (2006), e-Print arXiv:hep-th/0602221; Proceedings of the 11th Marcel Grossmann Meeting on Recent Developments in Theoretical and Experimental General Relativity, Gravitation and Relativistic Field Theories, Berlin, Germany, 23-29 Jul 2006. World Scientific, Singapore, 2008, pag.2647, e-Print arXiv:hep-th/0612107 [27] P. Menotti, J. Phys. Conf. Ser. 33 (2006) 26, e-Print arXiv:hep-th/0512281 [28] P. Menotti, J. Phys. A44:115403 (2011), e-Print arXiv:1010.4946 [hep-th] [29] N.M. Katz “An Overview of Deligne’s Work on Hilbert’s Twenty-first Problem” Proceeding of Symposia in Pure Mathematics Vol 28 (1976) 537 [30] D. Gallo, M. Kapovich, A. Marden, Annals of Mathematics, 151 (2000) 625 [31] N. S. Hawley and M. Schiffer, Acta Math. 115 (1966) 199 [32] A. Erdelyi, Duke Math. J. 9 (1942) 48; J. London Math. Soc. (1948) s1-23, 64 [33] D.A. Hejhal, Acta Mathematica 135 (1975) 1

[34] J. A. Hempel, Bull. London Math. Soc. 20 (1988) 97 [35] S. J. Smith, J. A. Hempel, J. London Math. Soc. (2) 40 (1989) 269; Bull. Austral.

Math. Soc. 39 (1989), no. 3, 369 [36] E.G.C. Poole “Introduction to the theory of linear differential equations” Oxford at the Clarendon Press (1936) [37] E. Hille “Ordinary differential equations in the complex domain” Dover Publications, New York (1976) [38] K. Okamoto, J. Fac. Sci. Univ. Tokyo Sect. IA, Math. 33 (1986) 575 [39] M. Yoshida E. “Fuchsian differential equations” Fried. Vieweg & Sohn Verlagsgesselshaft mbH, Braunschweig (1987) [40] M. Jimbo, T. Miwa, K. Ueno, Physica 2D (1981) 306 [41] P. Griffths and J. Harris “Principles of algebraic geometry” John Wiley and Sons, New York (1978) [42] A. Erdelyi (Ed.) “Higher Transcendental Functions”, vol.II McGraw-Hill, New York (1953)