arXiv:1104.3332v1 [math-ph] 17 Apr 2011

The Batalin-Vilkovisky Field-Antifield Action for Systems with First-Class Constraints

Domingo J. Louis-Martinez

Science One Program and Department of Physics and Astronomy, University of British Columbia Vancouver, Canada

Abstract

The Batalin-Vilkovisky field-antifield action for systems with first-class constraints is given explicitly in terms of the canonical hamiltonian, the hamiltonian constraints and the first-order hamiltonian gauge structure functions. It is shown that this action does not depend on the hamiltonian gauge structure functions of higher orders. A method for finding the lagrangian gauge structure tensors of all orders is presented. It is proven that the lagrangian gauge structure tensors do not depend on the hamiltonian gauge structure functions of second- or higher-orders.

The Batalin-Vilkovisky (BV) quantization approach [1, 2, 3, 4] is a reliable quantization scheme for theories with open gauge algebras like supergravity [5, 6, 7]. In the lagrangian formalism, an open gauge algebra is characterized by a set of gauge structure tensors [7, 1, 2, 3]. These tensors can be obtained from the BV field-antifield action [2, 3]. In several works [8, 9, 10, 11, 12, 13, 14] it has been shown that the BV field-antifield action is determined by the BRST extended Hamiltonian and the BRST charge. In order to determine the BRST charge, one requires knowledge of the hamiltonian gauge structure functions of all orders [15]. Therefore, one may conclude that the lagrangian gauge structure tensors of higher orders must depend on the higher order hamiltonian gauge structure functions. In this paper we will show that this is not the case.

The purpose of the present paper is to prove that all the lagrangian gauge structure tensors are completely determined by the canonical Hamiltonian, the hamiltonian first-class constraints and the hamiltonian first-order gauge structure functions. In order to accomplish this, we will show that the generating functional of the lagrangian gauge structure tensors, the BV field-antifield action, can be written as a function of these hamiltonian quantities alone and does not depend on the hamiltonian gauge structure tensors of higher orders. We will also present an algorithm that will allow us to find all the lagrangian gauge structure tensors explicitly.

The BV field-antifield action S is a proper solution of the classical master equation [2, 3]:

(S, S) ≡ 0 (1)

with the boundary conditions:

S|_q∗_{=0,C}∗_{=0} = S_0 (2) δ_lδ_rS δq^∗_i δC^μ | | |_{q∗=0,C∗=0} = R^iμ (3)

The bracket in (1) is the BV antibracket [2].

The quantities C^μ(μ = 1, 2, ..., m) are ghost fields. The variables q^∗_i (i = 1, 2, ..., n) and C^∗_μ(μ = 1, 2, ..., m) are the antifields [2].

The zeroth-order lagrangian gauge structure function S_0 is the action functional of the physical theory:

S_0 = ∫ dtL_0 (4)

The lagrangian first-order gauge structure functions R^i_μ are the generators of the lagrangian gauge transformations.

The BV field-antifield action can be written in the following form: S = ∫ dtL (5) where [2, 3]:

L = L_0 + q^∗_i R^i_αC^α + 1 2 C^∗_δ T^δ_{αβ}C^β C^α − 1 4 q^∗_i q^∗_j E^{ji}_{αβ}C^β C^α − 1 2 C^∗_δ q^∗_i D^{iδ}_{αβγ} C^γ C^β C^α + + 1 12 q^∗_i q^∗_j q^∗_kM^{kji}_{αβγ} C^γ C^β C^α + ... (6) The tensors T^η_{αβ} and E^{ij}_{αβ} are the second-order gauge structure functions of the gauge algebra in the lagrangian formalism. The generators of lagrangian gauge transformations R^i_μ are said to form an open gauge algebra if E^{ij}_{αβ} ≠ 0 [7, 1, 2, 3]. If E^{ij}_{αβ} = 0, the gauge algebra is said to be closed.

The existence of the higher order lagrangian gauge structure functions (D^{iρ}_{αβγ} , M^{ijk}_{αβγ} , etc) has been proven using an axiomatic approach in [2]. These functions were constructed explicitly in [16].

The BV field-antifield action is the generating functional of the structure tensors of the gauge algebra in the lagrangian formalism [2, 3].

Let us consider a system with only primary first-class irreducible hamiltonian constraints G_μ(μ = 1, 2, ..., m), such that [17, 18]: {G_α, G_β} ≡ C^η_{αβ}G_η (7) {H_0, G_μ} ≡ V^η_μ G_η (8)

{C^η_{αβ}, G_γ } + {C^η_{βγ} , G_α} + {C^η_{γα}, G_β} − C^δ_{αβ}C^η_{γδ} − C^δ_{βγ} C^η_{αδ} − C^δ_{γα}C^η_{βδ} ≡ J^{ησ}_{αβγ} G_σ (9) The function H_0 is the canonical Hamiltonian. The tensors C^η_{αβ} and J^{ησ}_{αβγ} are the hamiltonian gauge structure functions of first- and second-order respectively.

Let FL^∗ be the pullback application [19, 20] from the momentum phase space into the velocity phase space defined by the relations:

FL^∗p_i ≡ ∂L_0 ∂q̇^i (q, q̇) (10)

Notice that the generators of the lagrangian gauge transformations R^i_μ can be written in terms of the hamiltonian constraints as follows [17]:

R^i_μ = FL^∗ ∂G_μ ∂p_i (11)

Let us consider the extended momentum phase space with points (q^i, P_i, C^α, π_α, q^∗_j , p^{∗j}, C^∗_β , π^{∗β}), where P_i are the canonical momenta conjugate to q^i:

P_i = p_i + q^∗_kp^k_{iα}(q, p)C^α + 1 2 C^∗_δ p^δ_{iαβ} (q, p)C^βC^α − 1 4 q^∗_kq^∗_l p^{lk}_{iαβ} (q, p)C^βC^α − 1 2 C^∗_δ q^∗_kp^{kδ}_{iαβγ} (q, p)C^γ C^βC^α + 1 12 q^∗_mq^∗_l q^∗_kp^{klm}_{iαβγ} (q, p)C^γ C^βC^α + ... (12)

The canonical momentum variables π_α, p^{∗j} and π^{∗β} are conjugate to the coordinates C^α, q^∗_j and C^∗_β respectively.

We define the pullback application FL^∗ as follows:

FL^∗P_i ≡ FL^∗p_i + q^∗_kFL^∗p^k_{iα}C^α + 1 2 C^∗_δ FL^∗p^δ_{iαβ}C^β C^α − 1 4 q^∗_kq^∗_l FL^∗p^{lk}_{iαβ} C^βC^α − 1 2 C^∗_δ q^∗_kFL^∗p^{kδ}_{iαβγ} C^γ C^βC^α + 1 12 q^∗_mq^∗_l q^∗_kFL^∗p^{klm}_{iαβγ} C^γ C^βC^α + ... (13)

FL^∗π_α ≡ 0 (14)

FL^∗p^{∗j} ≡ 0 (15)

FL^∗π^{∗β} ≡ 0 (16) The functions FL^∗p_i, FL^∗p^k_{iα}, FL^∗p^δ_{iαβ} , FL^∗p^{lk}_{iαβ}, FL^∗p^{kδ}_{iαβγ} , FL^∗p^{klm}_{iαβγ} , etc are determined by the equations: FL^∗P_i ≡ ∂L ∂q̇^i (17)

FL^∗ ∂H ∂P_i + Λ^μFL^∗ ∂G_μ ∂P_i ≡ q̇^i (18)

FL^∗G_μ ≡ 0 (19) We claim that the BV Lagrangian L can be written in terms of the canonical Hamiltonian H_0, the hamiltonian first-class constraints G_μ and the hamiltonian first-order gauge structure funtions C^η_{μν} as follows: L = q̇^iFL^∗P_i − FL^∗H_0 + q^∗_kFL^∗ ∂G_α ∂P_k C^α + 1 2 C^∗_δ FL^∗C^δ_{αβ}C^β C^α (20)

The hamiltonian H will be given by the expression: H = H_0 (q, P) − q^∗_k ∂G_α ∂P_k (q, P) C^α − 1 2 C^∗_δ C^δ_{αβ} (q, P) C^βC^α (21)

From (13) it follows that for any analytic function K = K (q, P) we can write:

FL^∗K ≡ K (q, FL^∗P) ≡ FL^∗K + q^∗_kFL^∗ ( ∂K ∂p_i p^k_{iα} ) C^α + 1 2 C^∗_δ FL^∗ ( ∂K ∂p_i p^δ_{iαβ} ) C^β C^α − 1 4 q^∗_kq^∗_l FL^∗ ( ∂K ∂p_i p^{lk}_{iαβ} − ∂^2K ∂p_i∂p_j ( p^k_{iα}p^l_{jβ} − p^k_{iβ}p^l_{jα} ) ) C^β C^α − 1 2 C^∗_δ q^∗_kFL^∗ ( ∂K ∂p_i p^{kδ}_{iαβγ} − 1 3 ∂^2K ∂p_i∂p_j ( p^k_{iα}p^δ_{jβγ} + p^k_{iβ}p^δ_{jγα} + p^k_{iγ} p^δ_{jαβ} ) ) C^γ C^βC^α + 1 12 q^∗_nq^∗_mq^∗_l FL^∗ ( ∂K ∂p_i p^{lmn}_{iαβγ} − ∂^2K ∂p_i∂p_j ( p^n_{iα}p^{lm}_{jβγ} + p^n_{iβ}p^{lm}_{jγα} + p^n_{iγ} p^{lm}_{jαβ} )

+2 ∂^3K ∂p_i∂p_j ∂p_k p^n_{iα}p^m_{jβ}p^l_{kγ} ) C^γ C^βC^α + ... (22)

The Lagrange multipliers Λ^μ can also be written as:

Λ^μ = λ^μ(q, q̇) + q^∗_kλ^{μk}_α (q, q̇)C^α + 1 2 C^∗_δ λ^{μδ}_{αβ}(q, q̇)C^βC^α + ... (23) Let us consider the action: S = ∫ dtL (24) where L is given by the expression (20).

We will prove that the action S (24,20) is a proper solution of the classical master equation (1) with the boundary conditions (2) and (3).

The antibracket in (1) can be written as [2, 3]: (S, S) ≡ 2 ∫ dt ( δ_rS δq^i δ_lS δq^∗_i + δ_rS δC^α δ_lS δC^∗_α ) (25)

From (20) and (21) we find that the first functional derivatives of the action S can be written in the following form: δ_rS δq^i = FL^∗P_i d dt − FL^∗ ∂H ∂q^i + ( q̇^j − FL^∗ ∂H ∂P_j ) ( ∂ ∂q^i (FL^∗P_j ) + ∂ ∂q̇^i (FL^∗P_j ) d dt ) (26) δ_lS δq^∗_i = FL^∗ ∂G_α ∂P_i C^α + ∂_l ∂q^∗_i (FL^∗P_j ) ( q̇^j − FL^∗ ∂H ∂P_j ) (27) δ_rS δC^α = q^∗_kFL^∗ ∂G_α ∂P_k + C^∗_δ FL^∗C^δ_{αβ}C^β + ( q̇^j − FL^∗ ∂H ∂P_j ) ∂_r ∂C^α (FL^∗P_j ) (28) δ_lS δC^∗_α = 1 2 FL^∗C^α_{βγ} C^γ C^β + ∂_l ∂C^∗_α (FL^∗P_j) ( q̇^j − FL^∗ ∂H ∂P_j ) (29)

On the other hand, from (19) we find the following identities: ∂ ∂q^i (FL^∗G_μ) ≡ FL^∗ ∂G_μ ∂q^i + ∂ ∂q^i (FL^∗P_j ) FL^∗ ∂G_μ ∂P_j ≡ 0 (30) ∂ ∂q̇^i (FL^∗G_μ) ≡ ∂ ∂q̇^i (FL^∗P_j) FL^∗ ∂G_μ ∂P_j ≡ 0 (31) ∂_l ∂q^∗_i (FL^∗G_μ) ≡ ∂_l ∂q^∗_i (FL^∗P_j ) FL^∗ ∂G_μ ∂P_j ≡ 0 (32) ∂_r ∂C^α (FL^∗G_μ) ≡ FL^∗ ∂G_μ ∂P_j ∂_r ∂C^α (FL^∗P_j ) ≡ 0 (33) ∂_l ∂C^∗_α (FL^∗G_μ) ≡ ∂_l ∂C^∗_α (FL^∗P_j) FL^∗ ∂G_μ ∂P_j ≡ 0 (34)

Substituting (18) and (30-34) into (26-29) we finally obtain: δ_rS δq^i = FL^∗P_i d dt − FL^∗ ∂ ∂q^i − Λ^μFL^∗ ∂G_μ ∂q^i (35) δ_lS δq^∗_i = FL^∗ ∂G_α ∂P_i C^α (36) δ_rS δC^α = q^∗_kFL^∗ ∂G_α ∂P_k + C^∗_δ FL^∗C^δ_{αβ}C^β (37) δ_lS δC^∗_α = 1 2 FL^∗C^α_{βγ} C^γ C^β (38)

Therefore, we can write the BV antibracket of the action S with itself as follows:

(S, S) = 2 ∫ dt [ FL^∗P_i d dt ( FL^∗ ∂G_α ∂P_i C^α ) + 1 2 q^∗_j FL^∗ ∂G_μ ∂P_j FL^∗C^μ_{αβ} C^βC^α − ( FL^∗ ∂H ∂q^i + Λ^ηFL^∗ ∂G_η ∂q^i ) FL^∗ ∂G_μ ∂P_i C^μ − 1 6 C^∗_δ FL^∗ ( C^η_{αβ}C^δ_{γη} + C^η_{βγ} C^δ_{αη} + C^η_{γα}C^δ_{βη} ) C^γ C^βC^α ] (39)

From (39), integrating by parts and using the relations (18, 21) we find that the BV antibracket of the functional S with itself can be written as:

(S, S) = 2 ∫ dt [ − d dt (FL^∗G_α) C^α + FL^∗{G_α, H_0}C^α + Λ^μFL^∗{G_α, G_μ}C^α − 1 2 q^∗_kFL^∗ ( ∂ ∂P_k {G_α, G_β} − ∂G_η ∂P_k C^η_{αβ} ) C^βC^α − 1 6 C^∗_δ FL^∗ ( {G_α, C^δ_{βγ} } + {G_β, C^δ_{γα}} + {G_γ , C^δ_{αβ}} + C^η_{αβ} C^δ_{γη} + C^η_{βγ} C^δ_{αη} + C^η_{γα}C^δ_{βη} ) C^γ C^βC^α ]

+ 2FL^∗ ( P_i ∂G_α ∂P_i ) C^α | | | | t_f

t_i (40)

Using (7, 8, 9) and (19) in (40), it immediately follows that (40) reduces to: (S, S) = 2FL^∗ ( P_i ∂G_α ∂P_i ) C^α | | | t_f

t_i (41)

Assuming that C^α(t_i) = C^α(t_f ) = 0 we finally obtain:

(S, S) = 0 (42) This proves that S in (24, 20) satisfies the BV classical master equation. From (20) and (12) it immediately follows that:

L|_q∗_{=0,C}∗_{=0} = q̇^iFL^∗p_i − FL^∗H_0 = L_0 (43) and therefore, S in (24, 20) satisfies the boundary condition (2).

From (36) and (37) it follows that: δ_lδ_rS δq^∗_i δC^μ | | | q^∗=0,C^∗=0 = FL^∗ ∂G_α ∂P_k (44)

Finally, from (44), (22) and (11) we obtain: δ_lδ_rS δq^∗_i δC^μ | | | |_{q∗=0,C∗=0} = R^iμ (45)

This proves that the action functional S also satisfies the boundary conditions (3). Therefore, we conclude that the Batalin-Vilkovisky field-antifield action can be written in the form: S = ∫ dt [ q̇^iFL^∗P_i − FL^∗H_0 + q^∗_kFL^∗ ∂G_α ∂P_k C^α + 1 2 C^∗_δ FL^∗C^δ_{αβ}C^β C^α ] (46)

As it can be seen from (46), the BV field-antifield action is completely determined by the canonical hamiltonian H_0, the hamiltonian constraints G_μ and the hamiltonian firstorder gauge structure functions C^η_{μν} . It does not depend on the hamiltonian second-order gauge structure functions J^{ησ}_{αβγ} or other higher order hamiltonian gauge structure functions.

Since the BV field-antifield action is the generating functional of all the lagrangian gauge structure tensors (6), we conclude that the lagrangian gauge structure tensors of all orders are completely determined by H_0, G_μ and C^η_{μν} .

Notice that formula (46) is valid for the generic case of systems with open lagrangian gauge algebras. These systems may have nonvanishing lagrangian gauge structure tensors of higher orders.

From (46) using (13) and (22) and expanding (18) and (19) with the use of (13), (22) and (21, 23) we obtain the lagrangian gauge structure tensors up to fourth order in the form:

S_0 = ∫ dt [ q̇^iFL^∗p_i − FL^∗H_0 ] (47a)

R^i_μ = FL^∗ ∂G_μ ∂p_i (47b)

T^η_{μν} = FL^∗C^η_{μν} (47c)

E^{ij}_{μν} = FL^∗ ( p^i_{kμ} ∂^2G_ν ∂p_k∂p_j − p^i_{kν} ∂^2G_μ ∂p_k∂p_j ) (47d)

D^{iρ}_{αβγ} = − 1 3 FL^∗ ( p^i_{kα} ∂C^ρ_{βγ} ∂p_k + p^i_{kβ} ∂C^ρ_{γα} ∂p_k + p^i_{kγ} ∂C^ρ_{αβ} ∂p_k ) (47e)

M^{ijk}_{αβγ} = − 1 3 FL^∗ [ ∂^2G_α ∂p_k∂p_l p^{ij}_{lβγ} + ∂^2G_β ∂p_k∂p_l p^{ij}_{lγα} + ∂^2G_γ ∂p_k∂p_l p^{ij}_{lαβ} + + ∂^3G_α ∂p_k∂p_m∂p_n ( p^i_{mβ}p^j_{nγ} − p^i_{mγ} p^j_{nβ} ) + ∂^3G_β ∂p_k∂p_m∂p_n ( p^i_{mγ} p^j_{nα} − p^i_{mα}p^j_{nγ} ) + + ∂^3G_γ ∂p_k∂p_m∂p_n ( p^i_{mα}p^j_{nβ} − p^i_{mβ} p^j_{nα} ) ] (47f)

The functions FL^∗p^i_{jα} and FL^∗p^{ij}_{kαβ} are given by the expressions:

FL^∗p^i_{jμ} = W_{jk}FL^∗

∂^2G_μ ∂p_k∂p_i (48)

FL^∗p^{ij}_{kμν} = ∂W_{lm} ∂q̇^k FL^∗ ( ∂^2G_μ ∂p_i∂p_l ∂^2G_ν ∂p_m∂p_j − ∂^2G_ν ∂p_i∂p_l ∂^2G_μ ∂p_m∂p_j ) + +W_{lm}W_{kn}FL^∗ ∂ ∂p_n ( ∂^2G_μ ∂p_i∂p_l ∂^2G_ν ∂p_m∂p_j − ∂^2G_ν ∂p_i∂p_l ∂^2G_μ ∂p_m∂p_j ) (49)

The above derivations illustrate how the lagrangian gauge structure tensors can be derived from the BV field-antifield action (46).

References

[1] I.A. Batalin and G.A. Vilkovisky, Phys. Lett. B102, 27 (1981). [2] I.A. Batalin and G.A. Vilkovisky, J. Math. Phys. 26, 172 (1985). [3] J. Gomis, J. Paris, S. Samuel, Phys. Rep. 259, 1 (1995).

[4] D.M. Gitman, V.I. Tyutin, ”Quantization of Fields with Constraints”, Springer, Berlin (1990).

[5] D.Z. Freedman, P. van Nieuwenhuizen, Phys. Rev. 14D, 912 (1976). [6] R.E. Kallosh, Nucl. Phys. B141, 141 (1978). [7] B. de Wit, J.W. van Holten, Phys. Lett. B79, 389 (1978). [8] W. Siegel, Int. J. Mod. Phys. A4, 3951 (1989). [9] J. Fisch, M. Henneaux, Phys. Lett. B226, 80 (1989). [10] C. Batlle, J. Gomis, J. Paris, J. Roca, Nucl. Phys. B329, 139 (1990). [11] G.V. Grigoryan, R.P. Grigoryan, I.V. Tyutin, Sov. J. Nucl. Phys. 53, 1058 (1991). [12] Kh.S. Nirov, A.V. Razumov, J. Math. Phys. 34, 3933 (1993). [13] F. De Jonghe, Phys. Lett. B316, 503 (1993).

[14] I.A. Batalin, I.V. Tyutin, Int. J. Mod. Phys. A11, 1353 (1996). [15] M. Henneaux, Phys. Rep. 126, 1 (1985). [16] D.J. Louis-Martinez, Nucl. Phys. B595, 551 (2001).

[17] P.A.M. Dirac, ”Lectures in Quantum Mechanics”, Yeshiva University, New York (1964). [18] E.S. Fradkin, G.A. Vilkovisky, Phys. Lett. B55, 224 (1975); CERN Report Th-2332 (1977).

[19] C. Batlle, J. Gomis, J.M. Pons and N. Roman-Roy, J. Math. Phys 27, 2953 (1986). [20] M. Chaichian, D.J. Louis-Martinez, Phys. Rev. 46D, 1799 (1992).