arXiv:1104.3606v1 [hep-ph] 19 Apr 2011

Fixed point merger in the SU(N) gauge beta functions

Yuki Kusafuka and Haruhiko Terao^∗ Department of Physics, Nara Women’s University Nara, 630-8506, Japan (Dated: April 20, 2011)

Abstract

We discuss qualitative behavior of the SU(N) gauge beta functions in QCD with many massless flavors. Non-perturbative beta functions can be obtained by extracting the renormalized trajectories in the exact renormalization group framework. We examine the renormalization group equations for the general four-fermi couplings as well as the gauge coupling obtained in a simple approximation scheme. It is shown that the gauge beta function possesses not only an IR but also a UV fixed point in the conformal window. These fixed points merge with each other and disappear at the edge of the conformal window. The scaling dimensions of the quark mass operator at the fixed points are also shown.

PACS numbers: 11.10.Hi, 11.25.Hf, 11.30.Rd, 12.38.-t

∗Electronic address: terao@asuka.phys.nara-wu.ac.jp

I. INTRODUCTION

Realization of scale invariant quantum field theories in four dimensions is a very attracting subject not only as a theoretical interest but also for the gauge hierarchy problem of the standard model. It has been known for sometime that non-abelian gauge theories with appropriate numbers of massless fermions can be scale invariant. Explicitly, the IR attractive fixed point, called the Banks-Zaks (BZ) fixed point [1], has been shown to realize in the beta function of an SU(N_c) gauge theory, as long as the flavor number N_f is less than but close to 11N_c/2. Then the fixed point appears in the weak coupling region and perturbative analysis is reliable. As the flavor number is reduced, the fixed point coupling becomes strong and enters into the non-perturbative region eventually.

The non-perturbative dynamics of QCD with many flavors has been studies by analyzing the so-called ladder Dyson-Schwinger (DS) equations [2, 3]. It has been known that the chiral symmetry is spontaneously broken for the gauge couplings stronger than a certain critical value. This implies that the IR fixed point does not exist beyond the critical gauge coupling, since scale invariance is lost by the dynamical scale generation. The chiral symmetry breaking has been also examined [5] by means of the Wilson renormalization group [6], or more explicitly by solving the exact (functional) renormalization group (ERG) equations [6–10]. The analyses using the ERG equations have been also performed for the chiral dynamics in the conformal window [11–13].

Thus it is expected that the lower boundary of the conformal window N^{cr}_f is determined by spontaneous breakdown of the chiral symmetry. The DS equations in the large N and ladder approximation leads to N^{cr}_f = 4N_c, when combined with the two-loop beta function [2]. A recent ERG analysis combined with the four-loop gauge beta function also leads to N^{cr}_f = 10.0^{+1.6}_{−0.7} for the SU(3) case [11]. Lattice Monte-Calro simulations have been also performed [14] and the results indicate existence of the conformal phase and the critical flavor number. The recent simulations have provided evidence that 8 < N^{cr}_f ≤ 12 for the SU(3) QCD, even though the case N_f = 12 is controversial [15, 16].

In this paper we consider how the fixed point disappears from the gauge beta function when the flavor number goes out of the conformal window. The IR fixed point in the twoloop perturbative beta function remains even below N^{cr}_f and seems to move away to infinity at a certain N_f lower than N^{cr}_f . Meanwhile chiral symmetry breaking at the strong coupling region prohibits existence of the fixed point. Then it seems that the beta functions in the conformal window cannot be continued smoothly to the beta function with a fewer flavor number [34].

The unique possibility is that a UV fixed point exists as well in the conformal window and merges with the IR fixed point at the edge of the conformal window. Then the IR fixed point can disappear before reaching the critical gauge coupling for chiral symmetry breaking. Such mechanism has been discussed in Ref. [17] and showed that the BKT scaling, or the so-called Miransky scaling [3, 18] for the conformal gauge theories, realizes. In this paper we will show, although in a certain scheme of approximation, that the gauge beta function possesses a UV fixed point and fixed point merger occurs in practice.

In order to see what happens near the lower boundary of the conformal window, we need to define the gauge beta function in the non-perturbative region. Here we shall apply the ERG formalism. Because the RG equations can be obtained without recourse to the perturbative expansion, although some approximation is inevitable to solve them. The Wilson RG describes the flows in the infinite dimensional coupling space by integrating out the higher momentum modes scale by scale [6]. For a renormalizable theory, the flows converge towards a line called the renormalized trajectory (RT) in the continuum limit. The RT corresponds to the renormalized theory. The beta function for the renormalized theory is nothing but the scale transformation on the RT, and therefore is given in a non-perturbative way in principle [8].

Here it should be noted that the Wilson RG offers us a very suitable framework in seeking for the fixed points as well as the phase structure. It is also a great advantage to find out the anomalous dimensions at the fixed points directly from the RG equations [5]. It is also remarkable that the Wilson RG is applicable not only in the broken phase but also in the symmetric phase. Contrary to these features, the DS equations cannot be applied in the symmetric phase. Therefore the DS equations cannot examine the IR dynamics around the IR fixed point, while it is useful to evaluate the order parameters in the broken phases [2, 3].

In the explicit calculation, we will incorporate the general four-fermi operators [12, 19, 20] allowed by the symmetries into the effective Lagrangian, but truncate other higher dimensional operators. The essential point is to extend the RG equation for the gauge coupling so as to include the higher order corrections via the four-fermi operators. More explicitly, we give the RG flow equation for the gauge coupling by adding the gauge invariant corrections via the effective four-fermi interactions to the two-loop perturbative beta function. This dependence on the four-fermi coupling enables us to take non-perturbative corrections in the gauge beta function. We also discard all the gauge non-invariant corrections as a primitive analysis.

Thus we can define the gauge beta function containing non-perturbative corrections through non-renormalizable effective operators. The RG flow connecting the UV fixed point and the IR fixed point is found to be the RT representing the continuum limit of the asymptotically safe theory. Therefore the non-perturbative gauge beta function also possesses a UV fixed point. Meanwhile it will be also shown that this RT is not achieved by perturbative expansion of the RG flow equations. Furthermore The UV fixed point in the non-perturbative gauge beta function is found to merge with the IR, or the BZ, fixed point at the boundary of the conformal window.

Recently several ansatz for the non-perturbative gauge beta function have been proposed [21, 22]. In Ref. [22], the fixed point merger is imposed as one of the ansatz. Contrary to these approaches, we do not make an ansatz, but try to consider the continuum limit and the beta function in a tractable approximation scheme. Therefore we do not intend to seek for the analytic forms of the non-perturbative beta functions.

This paper is organized as follows. In section 2, we will discuss a toy example of a scalar theory to show how we can define the non-perturbative beta function by applying the ERG framework. Then, in section 3 we derive the RG equations for the SU(N_c) gauge theory with N_f massless flavors in the above mentioned approximation scheme. In section 4, we will show the numerical results obtained by solving the RG flow equations. First the fixed point structure and the anomalous dimensions of fermion mass operator at the fixed points are shown. The perturbative analysis for the gauge beta function are also examined and discussed. The non-perturbative gauge beta functions and the fixed point merger are shown in section 5. The last section is devoted to the conclusions and discussions.

II. NON-PERTURBATIVE BETA FUNCTIONS GIVEN BY THE WILSON RG

In this section, we would like to consider how to define the beta function in a nonperturbative way by using the ERG equations. We may define the Wilsonian effective action by integrating out the higher frequency modes by introducing momentum cutoff. Then all operators allowed by the symmetry are induced in the effective action irrespectively of the renormalizablity. Then the effective action is represented by a point in an infinite dimensional parameter space (theory space). The Wilson RG follows response of the Wilsonian effective action under scale transformation and, therefore, defines a RG flow for each theory in the theory space.

In general, the flows converge towards a special flow called the renormalized trajectory (RT) in the infinite cutoff limit (continuum limit). The renormalizable theories are described in terms of the renormalized trajectories. Accordingly the beta functions of the renormalized parameters are given by the scale transformation on the RT in the Wilson RG framework. It is noted that the Wilson RG equations may be given without perturabative expansion, although approximations such as operator truncation must be performed. Therefore the beta function defined on the RT contains non-perturbative informations, partly though. In the followings, let us consider these aspects explicitly by examining the Wilson RG equations for a massless scalar ϕ^4 theory.

We truncate the Wilsonian effective action as

Γ_Λ = ∫ d^4x 1 2 (∂_μϕ)^2 − λ_4 4! ϕ^4 − λ_6 6!Λ^2 ϕ^6, (1)

where we discarded the mass parameter just for simplicity. Then the theory space is two dimensional and is spanned by (λ_4, λ_6). Here we may use the Wetterich equation [9] given in terms of t = ln Λ by

∂_tΓ_Λ[ϕ] = 1 2 STr∂_tR_Λ ( Γ^{(2)}_Λ [ϕ] + R_Λ )_{−1} , (2)

where Γ_Λ[ϕ] stands for the cutoff effective action and Γ^{(2)}_Λ denotes the second functional derivative with respect to the scalar field ϕ. The function R_Λ(p) is the regulator function, which plays a role of cutoff around p^2 ≃ Λ^2. Then the RG flow equations are found to be [8] Λ dλ_4 dΛ = aλ^2_4 − bλ_6, (3) Λ dλ_6 dΛ = 2λ_6 − cλ^3_4 + 2dλ_4λ_6, (4)

where the coefficients are dependent on the choice of the cutoff functions R_Λ. If we take the sharp cutoff limit, then the coefficients are given as a = 9A, b = 10A, c = 27A, d = 45 2 A, ( A = 1 4π^2 ) . (5)

In Fig. 1, the RG flows are shown by the dotted lines. It is seen that the flows converge rapidly towards the red line, which shows the RT obtained in the continuum limit [8]. Once the RT is found, then irrelevant coupling λ_6 is given as a function in terms of the renormalized coupling λ_4, or λ_6 = λ^∗_6(λ_4). Therefore the beta function is given explicitly as β_4(λ_4) = aλ^2_4 − bλ^∗_6(λ_4). (6)

FIG. 1: RG flows obtained by solving Eq. (3) and (4) are shown by the dotted lines. The dashed lines represent the perturbative RTs obtained in each order. The red line (R.T.) is the nonperturbative RT obtained numerically in the continuum limit.

Here we would stress that this beta function contains non-perturabative corrections through the non-renormalizable coupling λ_6. In order to see that, we compare this beta function with those obtained by perturbative renormalization. If we solve the RG equations by expanding the couplings λ_i(i = 4, 6) as λ_i = λ^{(0)}_i + Aλ^{(1)}_i + A^2λ^{(2)}_i + · · · , (7) then the solutions are easily found order by order.

At the level of O(A^0), the solutions are found to be λ^{(0)}_4 (Λ) = λ^{(0)}_4 (Λ_0), (8) λ^{(0)}_6 (Λ) = (Λ/Λ_0)^2λ^{(0)}_6 (Λ_0). (9)

Here λ^{(0)}_4 (Λ) is fixed by imposing the renormalization condition, while λ^{(0)}_6 (Λ) = 0 in the continuum limit, Λ_0 → ∞.

Similarly we may proceed to O(A^1). The RG equations Λ dλ^{(1)}_4 dΛ = aλ^{(0)}_4^2 − bλ^{(0)}_6 , Λ dλ^{(1)}_6 dΛ = 2λ^{(1)}_6 − cλ^{(0)}_4^3 + 2dλ^{(0)}_4 λ^{(0)}_6 , (10)

give the solutions

λ^{(1)}_4 (Λ) = a ln Λ Λ_0 λ^{(0)}_4 (Λ_0)^2 + λ^{(1)}_4 (Λ_0), (11)

λ^{(1)}_6 (Λ) = c 2 [ 1 − ( Λ Λ_0

)_2] λ^{(0)}_4 (Λ_0)^3 + ( Λ Λ_0

)_2 λ^{(1)}_6 (Λ_0). (12)

The logarithmic divergence in Eq. (11) is removed by the 1-loop counter term λ^{(1)}_4 (Λ_0). In the continuum limit, it is seen by noticing Eq. (9) that

λ^{(1)}_6 (Λ) → c 2 λ^{(0)}_4 (Λ)^3. (13)

This is nothing but the relation on the RT in the first level of perturbation. In order to seek for solutions in the higher orders of A , we may iterate the similar calculations. Then it is found that the RT is given as

λ^∗_6 = c 2 λ^3_4 + c 4 (3a − 2d)λ^4 − c 8 (−12a^2 + 3bc + 14ad − 4d^2)λ^5_4 + c 8 (30a^3 − 18abc − 47a^2d + 10bcd + 24ad^2 − 4d^3)λ^5_4 + · · · . (14)

In Fig. 1, the dashed lines represent the perturbative RTs obtained in each order. The red line (R.T.) is non-perturbative RT obtained numerically in the continuum limit. It seems that the perturbative RTs approach to the non-perturbative RT obtained by solving RG flow equations directly. Thus the RT given by solving the ERG equations is found to contain non-perturbative series.

In Fig. 2, the non-perturbative beta function defined by Eq. (6) is given by the red line (NP β_4). The dashed lines represent the perturbative beta functions obtained in each order. It is seen that these beta functions converge to the non-perturbative beta function. Thus the beta function containing non-perturabative informations can be easily found by solving the Wilson RG equations.

FIG. 2: The non-perturbative beta function defined by Eq. (6) is given by the red line (NP β_4). The dashed lines represent the perturbative beta functions obtained in each order.

III. WILSON RG FOR THE SU(N_c) QCD WITH N_f FLAVORS

We consider the SU(N_c) gauge theory with N_f vector-like massless fermions. The theory satisfies the global chiral symmetry SU(N_f )_L × SU(N_f )_R as well as the U(1)_V and the parity symmetry interchanging the left-handed and the right-handed fermions. Therefore the Wilsonian effective action Γ_Λ also should maintain these symmetries in addition to the SU(N_c) gauge symmetry.

It has been found that the phase structure of chiral symmetry is revealed by incorporating the four-fermi operators in the effective Lagrangian. Traditionally the chiral symmetry breaking has been studied by means of the DS equations. However, The Wilson RG has the following advantageous features to the DS approach. First it is straightforward to find out the phase boundary as well as the fixed points. Second, it is rather easy to improve the level of approximation by including more operators in the Wilsonian effective action. In practice, it has been shown that the non-ladder corrections can be treated equally with the ladder corrections in QED and the gauge dependence, which bothers us in the DS approaches, is remarkably improved [5]. Third, it is naturally performed to incorporate running effect of the gauge coupling in the Wilson RG framework, while one may apply the Higashijima approximation in the DS equations [23].

Therefore, it is important to include four-fermi operators in order to examine the chiral phase structure and the conformal window of the SU(N_c) gauge theory. In this paper we take only the four-fermi operators in the Wilsonian effective action Γ_Λ, but discard all other higher dimensional operators as the first study;

Γ_Λ = ∫ d^4x ( − 1 4g^2 F^A_{μν} F^{A μν} + ψ̄_f iD/ ψ^f + L_{4f} ) , (15)

where the color index a of massless fermions represented as ψ^{af} , (a = 1, · · · , N_c, f = 1, · · · , N_f ) is suppressed and L_{4f} denotes the four-fermi operators. Strictly speaking, gauge variant operators are also induced through the RG evolution due to momentum cutoff. Therefore we should include these operators in the effective action as well. However, we choose an easy way by discarding all gauge variant corrections. We shall come back this point later.

The four-fermi operators must be invariant under the SU(N_c) gauge transformation, the SU(N_f )_L × SU(N_f )_R chiral transformation and the parity. We may write down various invariant operators, however some of them are transformed to each other by the Fierz transformation. It is shown in Appendix that there are 4 independent four-fermi operators [12, 19, 20], which are given, for example, by [35]

L_{4f} = G_S Λ^2

O_S + G_V Λ^2

O_V + G_{V 1} Λ^2

O_{V 1} + G_{V 2} Λ^2

O_{V 2}, (16)

where

O_S = 2L̄_iR^jR̄_j L^i = 1 2 [¯ ψ_iψ^jψ̄_j ψ^i − ψ̄_iγ_5ψ^jψ̄_j γ_5ψ^i ] , (17) O_V = L̄_iγ^μL^jL̄_j γ_μL^i + (L ↔ R) = 1 2 [¯ ψ_iγ^μψ^jψ̄_j γ_μψ^i + ψ̄_iγ^μγ_5ψ^jψ̄_j γ_μγ_5ψ^i ] , (18) O_{V 1} = 2L̄_iγ^μL^iR̄_j γ_μR^j = 1 2 [ (ψ̄_iγ^μψ^i)^2 − (ψ̄_iγ^μγ_5ψ^i)^2 ] , (19) O_{V 2} = (L̄_iγ^μL^i)^2 + (L ↔ R) = 1 2 [ (ψ̄_iγ^μψ^i)^2 + (ψ̄_iγ^μγ_5ψ^i)^2 ] . (20)

Here the color indices of fermions are always contracted and i, j denotes the flavor indices. The left(right)-handed fermions are represented by L^{ai} = ψ^{ai}_L (R^{ai} = ψ^{ai}_R ).

The first operator O_S plays an essential role for chiral symmetry breaking [5]. The coupling G_S grows rapidly in the broken phase and diverges, which indicates chiral symmetry breaking of ⟨ψ̄_iψ^j⟩ = M^3δ^j_i . (21)

This non-trivial order parameter is expected just like in the mean field approximation of the Nambu-Jona Lasinio (NJL) model, and then the flavor symmetry SU(N_f )_L × SU(N_f )_R is broken to SU(N_f )_V .

Now we shall derive the ERG equations for this system. By expanding the Wetterich equation by operators, we may obtain the RG equations for various effective couplings. The trace form of the quantum corrections in the ERG equation given by Eq. (2) implies that they are just one-loop ones, although the vertices include non-renormalizable interactions. Therefore we may calculate the RG equations for the effective couplings by evaluating various one-loop diagrams with shell integration for the loop momentum.

For the four-fermi couplings, the one-loop diagrams are represented as in Fig. 3, where four-fermi vertices represent any of the operators given by Eqs. (17-20). The wavy line stands for the gauge propagator. Thus we need to calculate rather many diagrams. So we shall summarize details of the calculations in Appendix and present only the results here.

FIG. 3: The RG corrections for the effective 4-fermi couplings are illustrated diagrammatically. The bold and wavy lines represent propagators of the chiral fermions and the gauge bosons respectively.

We use the Landau gauge propagator and evaluate the loop integrations in the sharp cutoff limit. We also use g_i = G_i/4π^2(i = S, V, V 1, V 2) and α_g = g^2/(4π)^2. Then the resultant RG equations are found to be Λ dg_S dΛ = 2g_S − 2N_cg^2_S + 2N_f g_S g_V + 6g_S g_{V 1} + 2g_Sg_{V 2}

−12C_2(F )g_Sα_g + 12g_{V 1}α_g − 3 2 ( 3N_c − 4 N_c − 1 N^2_c ) α^2_g, (22) Λ dg_V dΛ = 2g_V + (N_f /4)g^2_S + (N_c + N_f )g^2_V − 6g_V g_{V 2} − 6 N_c (g_V + g_{V 2})α_g − 3 4 ( N_c − 8 N_c + 3 N^2_c ) α^2_g, (23) Λ dg_{V 1} dΛ = 2g_{V 1} − (1/4)g^2_S − g_S g_V − 3g^2_{V 1} − N_f g_S g_{V 2} + 2(N_c + N_f )g_V g_{V 1}

+2(N_cN_f + 1)g_{V 1}g_{V 2} + 6 N_c g_{V 1}α_g + 3 4 ( 1 + 3 N^2_c ) α^2_g, (24)

Λ dg_{V 2} dΛ = 2g_{V 2} − 3g^2_V − N_cN_f g^2_{V 1} + (N_cN_f − 2)g^2_{V 2} − N_f g_Sg_{V 1}

+2(N_cN_f + 1)g_V g_{V 2} + 6(g_V + g_{V 2})α_g − 3 4 ( 3 + 1 N^2_c ) α^2_g, (25)

where C_2(F ) denotes the quadratic Casimir of color reprerentation of the fermions and is given explicitly by (N^2_c − 1)/2N_c. In deriving these equations we do not make further approximations, and therefore valid for any N_c and N_f .

We need to solve these differential equations coupled with the RG equation for the gauge coupling. Therefore the RG flows are given in the five dimensional parameter space and the flow diagram becomes rather complicated. Since our present purpose is qualitative understanding of the non-perturbative RT and the beta function, let us coincide the RG equations in the large N_c and N_f limit. This limit is taken by rescaling as

N_cg_{S(V )} → g_{S(V )}, (26) N^2_c g_{V 1(V 2)} → g_{V 1(V 2)}, (27) N_cα_g → α_g, (28)

with keeping the ratio r = N_f /N_c. Then it is seen that the first two equations, (22) and (23) are reduced to [12] Λ dg_S dΛ = 2g_S − 2g^2_S + 2rg_Sg_V − 6g_S α_g − 9 2 α^2_g, (29) Λ dg_V dΛ = 2g_V + r 4 g^2_S + (1 + r)g^2_V − 3 4 α^2_g. (30)

It is noted that four-fermi couplings g_{V 1} and g_{V 2} decouple from the above equations. Therefore we may solve only three equations for the couplings g_S, g_V and α_g in the large N_c and N_f limit.

Next we consider the RG equation for the gauge coupling. The 2-loop beta function for the SU(N_c) QCD is given by

β^{[2]}_g ≡ μ dα_g dμ = −2b_0α^2_g − 2b_1α^3_g, (31)

where α_g = g^2/(4π)^2 and

b_0 = 11 3 N_c − 2 3 N_f , (32)

b_1 = 34 3 N^2_c − N_f ( N^2_c − 1 N_c + 10 3 N_c ) . (33)

FIG. 4: The lowest order correction to the gauge vertex depending on the effective four-fermi interactions.

Here we intend to incorporate non-perturbative corrections into the gauge beta function in the same way performed for the scalar field theory in section 2. It is thought that it is important to find dependence on the four-fermi couplings in the RG flow equation for the gauge coupling. Then some non-perturbative corrections are taken in the gauge beta function through the effective four-fermi couplings.

However, it is not straightforward to apply the RG flow equations for the gauge theories. One problem is that the Wilson RG does not respect manifest gauge invariance [36]. Indeed, we may make use of the modified Slavnov-Taylor identities in order to derive the RG flow equations for gauge invariant theories [25]. Another problem is that we need to deal with fairly complicated flow equations involving effective operators with higher derivatives in order to reproduce even the two-loop beta function. So we give up to apply the Wetterich equation for the gauge coupling directly and, in stead, derive the RG flow equation along the following considerations.

First, we substitute the part of the flow equation depending only on the gauge coupling by the two-loop perturbative beta function given in Eq. (31). Then we add corrections depending on the four-fermi couplings as the non-perturabative part of the beta function.

We may think of one-loop corrections shown in Fig. 4 inserting the four-fermi vertices as the non-perturbative corrections. The explicit calculation of the shell mode integration leads to the extra contribution to the gauge beta function,

δα_g = −r(g_S − 2g_V )α_gδ ln Λ, (34)

in the large N_c and N_f limit. However, it is noted that these corrections should be forbidden in the Landau gauge calculation, if the gauge invariance is protected. It may be also confirmed by the Slavnov-Taylor identity that the vertex correction is indeed gauge variant [19]. Therefore, we discard these corrections from our RG flow equation for the gauge coupling.

FIG. 5: The two-loop correction to the vacuum polarization of the gauge field depending on the effective four-fermi interactions.

However, we expect that there should exist gauge invariant corrections to the gauge beta function through the effective four-fermi couplings. So let us consider the QED case. The higher order corrections to the gauge beta function come from the vacuum polarization diagrams. Especially we may focus on the ladder type diagrams shown in Fig. 5 [37]. In the Wilson RG picture, a part of such contributions can be taken in by replacing the middle box diagram with the effective four-fermi operators as shown in Fig. 5.

The box diagrams with fermions of the same chirality induce the effective four-fermi operator given by

L_{eff} ≃ G_V Λ^2 [¯ L_iγ^μL^j L̄_jγ_μT^AL^i + (L ↔ R) ] ≃ 2G_V Λ^2 [¯ L_iγ^μT^AL^i L̄_j γ_μT^AL^j + (L ↔ R) ] , (35)

where Λ denotes the scale of the effective theory and G_V is the induced four-fermi coupling. In the second line we performed the Fierz transformation (see Appendix). Then the four-fermi operator may be regarded as the current-current interaction connected by a gauge propagator with momentum scale Λ. Therefore such higher order contributions in the vacuum polarization diagrams may be sum up by replacing the gauge boson exchange in the two-loop diagram by (g^2 + 2G_V )D_{μν} , where D_{μν} denotes the gauge boson propagator. The two-loop vacuum polarization is calculated with dimensional regularization in the gauge invariant way. Thus the vacuum polarization Π_{μν} including the effective interaction is found out to be Π_{μν} (q) = −N_f [ 4 3 α_g + 2α^2_g + α_gg_V ] ( q^2g_{μν} − q_μq_ν ) ln Λ, (36) where the epsilon pole in the dimensional regularization is replaced by ln Λ.

Consequently we may derive the RG flow equation for the gauge coupling α_g as Λ dα_g dΛ = β^{[2]}_g + 2rg_V α^2_g, (37)

where the rescaling for the large N_c and N_f limit has been performed and the two-loop beta function β^{[2]}g is given by

β^{[2]}_g = − 2 3 (11 − 2r)α^2_g − 2 3 (34 − 13r)α^3_g, (38)

in this limit. It is noted that the second term of Eq. (37) corresponds to −bλ_6 in Eq. (6) defined for the scalar toy model, which contains non-perturbative informations. We used the two-loop beta function β^{[2]}g as the perturbative part, since the non-perturbative part contains corrections only of more than the two-loop order. We may apply the three- or four-loop beta function [26, 27] to the perturbative part as well, although the corrections may be overlapping with the second term partly [38]. In this paper we perform explicit calculations of the RG flow equation given by Eq. (37) only.

IV. RG FLOWS AND THE RENORMALIZED TRAJECTORIES

In this section we show the RG flows obtained by solving numerically the RG flow equations in the large N_c and N_f limit given by (29), (30) and (37). Before studying the gauge theories, let us examine the flows of the pure four-fermi couplings by setting α_g = 0. The RG flows in the g_S-g_V plane are shown in Fig. 6. It is seen that the RG flows are separated into two parts by the phase boundary. The chiral symmetry is broken in the upper region, since g_S diverges towards the infrared direction. On the phase boundary there is a UV fixed point, where g_V takes a negative value. The IR fixed point is trivial.

At the UV fixed point the four-fermi operators are recombined into a relevant one and an irrelevant one. The relevant operator,

O_{rel} = ηO_S + O_V , (39)

where the coefficient is η = 2(−2− √ r^2 − r + 4)/r. The scaling dimension of this operator is found to be just 2 at the fixed point. Though the relevant direction is given by a straight line as seen in Fig. 6, the line will be found to be curved in the presence of the gauge interaction.

Next we examine the RG flows of the gauge theories. It is immediate to find the fixed points, since they are just given by zero points of the RG flow equations (29), (30) and (37)

FIG. 6: Aspect of the RG flows of the pure four-fermi interactions in the g_S -g_V plane.

[39]. In Fig. 7, the fixed points are shown in the 3 dimensional coupling space for various numbers of r = N_f /N_c. In the conformal window the IR fixed point carries non-trivial couplings and a UV fixed point also appears. As reducing the flavor number, these fixed point couplings become strong. Eventually the UV fixed point and the IR fixed point merge with each other and disappear around r ≃ 4.05.

FIG. 7: UV and IR fixed points for r = N_f /N_c = 16/3, 15/3, 14/3, 13/3 and 4.05

The scaling dimensions of the fermion operator at the vicinity of the IR and the UV fixed points are important physical quantities to be measured. Especially, the eigenvalues of the

RG flow equations linearized around the fixed point are nothing but the scaling dimensions of the four-fermi operators. We are interested in the most relevant dimension, since it shows the (ir)relevance of the four-fermi operators at the fixed point. Fig. 8 shows the dimensions Δ_{4f} evaluated at the UV (blue) and the IR (red) fixed points in the cases of various flavor numbers [11–13] . The scaling dimension obtained in the large N and ladder approximation is also shown for comparison. It is seen that the dimensions are almost same as those evaluated in the ladder approximation. It is noted that the dimension should be 4 exactly at the edge of the conformal window, since the four-fermi operator becomes marginal by fixed point merger there.

In the present scheme, the anomalous dimension of fermion mass is simply represented by the diagrams given in Fig. 9 [5, 12]. The crossed vertex stands for the mass insertion. It is immediate to evaluate these corrections at the fixed points and the scaling dimension of the fermion mass operator Δ¯_{ψψ} are shown in Fig. 10 for various flavor numbers in the conformal window. We also present the results obtained in the large N and ladder approximation for comparison. It is found that the scaling dimensions at the UV fixed points differ from the ladder results significantly, while there is not much differences at the IR fixed points [12]. It is noted that sum of the anomalous dimensions at the IR fixed point and the UV fixed point is more than the value, −2, which is expected in the large N_c analysis [28]. This is because the corrections taken in the RG flow equations contains not only planer diagrams but also non-planer ones due to large N_f contributions, which influence the anomalous dimension significantly.

Next we consider change in behavior of the RG flows near the lower edge of the conformal window. In Fig. 11 and Fig. 12, the RG flows of SU(3) gauge theories are shown in the case with N_f = 13 and N_f = 12 respectively. The fixed points are shown by red points. For N_f = 13, the theory lies within the conformal window and the UV and the IR fixed points with non-trivial gauge couplings exist. Meanwhile the theory with N_f = 12 is slightly out of the conformal window and these fixed points have annihilated in pair.

First let us discuss the RG flows of the theories in the conformal window. As seen in Fig. 11, there is the phase boundary and the chiral symmetry is broken in the upper region. The flows in the lower symmetric region run into the IR fixed point. Then the flows converge towards a line connecting three fixed points; the trivial fixed point, the IR fixed point and the UV fixed point. This line is nothing but the renormalized trajectory. The

FIG. 8: Scaling dimensions of the most relevant four-fermion operator at the IR and the UV fixed points in the conformal window.

FIG. 9: Diagrammatic representation for the anomalous dimension of fermion mass operator. The crossed vertex stands for the mass insertion.

FIG. 10: Scaling dimensions of the fermion mass operator at the IR and the UV fixed points in the conformal window.

FIG. 11: Aspect of the RG flows in the 3 dimensional theory space in the case of N_f = 13. The fixed points are marked by red points.

FIG. 12: Aspect of the RG flows in the case of N_f = 12.

flow starting from the UV fixed point for the IR one corresponds to an asymptotically safe theory, while the flow approaching the IR fixed point from the trivial fixed point corresponds to an asymptotically free theory. The both theories can be defined as the continuum limit and, therefore, renormalizable.

On the other hand, it is seen in Fig. 12 that the non-trivial fixed points and the phase boundary disappear just below the conformal window. The four-fermi coupling g_S diverges in all flows, therefore the theories in the entire region belong to the broken phase. The RG flows converge into a RT corresponding to the the asymptotically free theory [40]. The RT is unique and extended to infinity. When the flavor number N_f is lowered further, the RG flows show the basically same structure and the RT remains in the QCD with a small number of flavors. Now it is clearly seen from these two figures that the RT connecting the trivial fixed point and the UV fixed point passing through the IR fixed point for the theories in the conformal window is transformed continuously to the asymptotically free RT below the conformal window.

However, when we look into the RG flows in the conformal window more carefully, then these show a somewhat curious feature as follows. The RG flows obtained in the case of N_f = 15, which is near upper bound of the conformal window of the SU(3) gauge theory, is shown in Fig. 13. The flows are projected on the (α_g, g_S) plane. There is the UV fixed point as well as the IR fixed point and, therefore, the flow connecting them is a RT, while the flow connecting the trivial fixed point and the IR fixed point is also another RT.

We note first that the RG flows in the symmetric phase converge into a distinct line from the RT, when the gauge coupling approach the IR fixed point from the strong side. The RT of the asymptotically free theory is unique. Therefore, there seem to exist two different theories remaining in the continuum limit.

When the IR fixed point couplings are sufficiently weak, then the perturbative analysis is reliable around the fixed point. So we examine the RT by solving the RG flow equations given in (29), (30) and (37) by perturbative expansion. We may carry out the similar analysis performed for the scalar model and find the following relations in the continuum limit,

g^∗_S = 9 4 α^2_g − 9 4 (−3 + 2b_0)α^3_g + 9 32 (90 − 120b_0 + 48b^2_0 − 16b_1 − 3r)α^4_g + · · · , (40) g^∗_V = 3 8 α^2_g − 3 4 b_0α^3_g + 3 128 (−3 + 96b^2_0 − 32b_1 − 30r)α^4_g + · · · . (41)

In Fig. 13, the RTs obtained in this manner up to the 8-th order are also shown order by order. It is seen that the asymptotically free RT is perfectly described by the perturbative solutions. However the series of these RTs converge to a line distinct from the RT connecting the UV fixed point beyond the IR fixed point. This shows that the theory described by the RT connecting the UV fixed point cannot be obtained by perturbative renormalization. Therefore we may say that the asymptotically safe theories are truly non-perturbative in this sense.

While the perturbative RTs seem to converge around the IR fixed point, they do not seem to converge for a larger gauge couplings. Therefore it may be expected that the perturbative RT does not represent the true continuum limit in the non-perturbative sense. When the flavor number exceeds the conformal window, N_f > (11/2)N_c, the theory becomes IR free and behaves like QED [41]. The continuum limit of 4 dimensional QED has been discussed in the context of ERG and absence of the continuum limit is pointed out [30].

FIG. 13: The RG flows and the perturbative RTs obtained in various order calculations are shown in the α_g-g_S plane for N_f = 15. The asymptotically safe RT is shown by a bold line.

As the flavor number N_f is reduced and the fixed point couplings become strong, the perturbative RT also becomes close to the non-perturbative one. In Fig. 14 and in Fig. 15, the projected RG flows are shown in the case of N_f = 13 and N_f = 12 the for SU(3) QCD respectively. There the RTs obtained by the perturbative expansion are also shown by the dashed lines order by order. Still the asymptotically free RT is found to be described well by the perturbative series [42].

It is seen in the figures that the perturbative RT gets closer to the RT passing through the UV fixed point for N_f = 13 and becomes indistinguishable from the asymptotically free RT for N_f = 12. So it is supposed that the perturbative RT and the non-perturbative RT become identical with each other out of the conformal window. These statements are somewhat speculative, although we may naively expect them by looking at the figures. Of course, it is desirable to prove them mathematically, but it is beyond our present purpose.

FIG. 14: RG flows and perturbative flows in the continuum limit projected on the α_g-g_S plane for N_f = 13

V. NON-PERTURBATIVE BETA FUNCTIONS

Now we discuss the non-perturbative gauge beta functions for the many flavor QCD in and out of the conformal window. As discussed in section 2, the non-perturbative beta function can be given by the scale transformation on the RT. It was also shown that the dependence on the non-renormalizable couplings in the sense of the perturbative expansion is essential to obtain the non-perturbative beta function. Now the RG flow equation for the gauge coupling (37) contains a term dependent on the four-fermi coupling g_V , which reflects the non-perturbative corrections.

First we examine the beta functions for the SU(3) gauge theory with N_f = 15, which lies in the conformal window. As we discussed, we can define the non-perturbative RT in addition to the perturbative RT, which seems to be distinct in the conformal window. The beta function depends on which RT we choose to define it. We may define the nonperturbative beta function given by Eq. (37) based on the non-perturbative RT, which

FIG. 15: RG flows and perturbative flows in the continuum limit projected on the α_g-g_S plane for N_f = 12

transforms to the RTs out of the conformal window smoothly. In Fig. 16 the beta functions are shown by the bold lines. The figure also presents how the non-perturbative beta function changes it’s form as the flavor number is reduced. It is seen that the gauge beta function possesses a UV fixed point in addition to the IR fixed point in the conformal window and that these fixed points merge with each other and disappear at the edge of the conformal window. Such a behavior of the beta function has been discussed in more general contexts by Kaplan et. al. recently [17]. Our analysis shows that the “conformality lost” may realize in the gauge beta function of QCD with many flavors.

On the other hand, we may also define the perturbative beta functions by substituting the solution given by Eq. (41) into the non-perturbative beta function defined by Eq. (37). The beta functions are shown by the dashed lines in Fig. 16. It is seen that the perturbative beta functions are almost same as the two-loop beta functions, which are shown by the dotted lines. Especially it is noted that no sign of the UV fixed point is seen for the perturbative beta functions. Although the RT obtained by the perturbative calculation approach the non-perturbative RT near the edge of the conformal window, the beta functions are clearly different. Thus we find that appearance of the UV fixed point in the gauge beta function is purely due to non-perturbative effect.

FIG. 16: The non-perturbative gauge beta beta functions are shown by the bold lines in some cases of different flavor numbers. The red points represent the fixed points. The perturbative beta functions and the two-loop beta functions are also shown by dashed lines and the dotted lines respectively for comparison.

One may wonder that disappearance of the fixed point in the gauge beta function, or lost of the scale invariance, is due to fermion mass generation in the chiral symmetry broken phase. Furthermore, it may be thought that the bending behavior of the gauge beta function out of the conformal window is induced by fermion decoupling due to mass generation. However, we may also make the following objections. Suppose that the beta function possesses only the IR fixed point and the gauge coupling α_{gIR} is slightly less than the critical gauge coupling α_{gcr} for the chiral symmetry breaking. According to the above picture, the beta function should bend in the region of α_g > α_{gcr} by fermion decoupling. Then a UV fixed point appears in the beta function inevitably. However this is forbidden in the broken phase. The gauge couplings at the fixed points α_{gIR,UV} should be less than the critical coupling α_{gcr} and this is exactly the case realized in our analysis. Obviously the bending behavior of the non-perturbative beta function between the IR fixed point and the UV fixed point cannot be induced by fermion decoupling, since the theory stays in the symmetric phase.

In our RG anlaysis chiral symmetry breaking occurs when the four-fermi couplings goes to infinity. Therefore the scale of dynamically generated fermion mass should be much less than the scale range of the RG flows in our analysis. Accordingly the bending behavior of the non-perturbative beta function out of the conformal window is not caused by chiral symmetry breaking either. It is an interesting problem to evaluate the dynamical scale in our RG framework, though it is beyond our present scope. Then we may explicitly discuss the gauge beta function with fermion decoupling effect and clarify the differences from the non-perturbative beta function obtained in this paper.

VI. CONCLUSIONS AND DISCUSSIONS

In this paper we considered the gauge beta functions of the SU(N_c) gauge theories in the conformal window. So far, dynamics of the chiral symmetry breaking near the conformal window has been investigated by means not only of the DS equations but also of the lattice MC simulations. The phase structure and the IR/UV fixed points in the conformal window have been already examined by the ERG approach as well. So far the analytic approaches adopted the perturbative gauge beta functions. This paper presents the first study in order to understand the non-perturbative aspect of the gauge beta function in and near the conformal window.

It is shown explicitly that the non-perturbative beta function can be evaluated without perturbative expansion in the Wilson RG. Here, of course, non-perturbative does not mean exact, since we cannot help but performing some approximations in the practical analysis of the RG flow equations. We incorporated 4 independent four-fermi operators allowed by the symmetry in the Wilsonian effective action, but discarded all other higher-dimensional operators. Then the RG flow equations for these four-fermi couplings are derived explicitly in the sharp cut-off scheme. In practice, we analyzed the flow equations in the large N_c and N_f limit, in order to discuss qualitative behavior of the gauge beta function.

We extended the RG flow equation for the gauge coupling so as to include the higher order corrections through the four-fermi operators. Explicitly we used two-loop beta function as the perturbative part and added the non-perturbative corrections through the effective four-fermi coupling. This is the most important point in our analyses. We discarded gauge variant corrections, which are induced due to momentum cutoff, just to make the analysis simple. Among all we neglected the vertex corrections with the four-fermi operators.

We obtained the RG flows in the 3 dimensional coupling space by solving the flow equations numerically. In the conformal window, there exists a UV fixed point on the critical surface of the chiral symmetry in addition to the IR fixed point. At the edge of the conformal window, these fixed points merge with each other and disappear. Apparently the flow connecting the UV fixed point and the IR fixed point is a RT, which describes an asymptotically safe theory. This RT is found to be transformed continuously to the RTs of the asymptotically free theories out of the conformal window.

On the other hand we may take the continuum limit of the perturbative solutions of the RG flow equations. However it is found that the perturbative RTs do not converge to the asymptotically safe RT in the conformal window, although convergence to the asymptotically free theory is remarkably good. In other words, perturbative renormalization cannot describe the asymptotically safe theory. Moreover the series of the perturbative RTs itself does not seem to converge at the strongly coupled region. It is seen also that the perturbative RT coincides with the RT obtained by RG flows in the theories below the conformal window.

We defined the non-perturbative gauge beta function, which gives the scale transformation on the RT. Then it is found that the gauge beta function possesses not only the IR (BZ) fixed point but also a UV fixed point and these fixed points merge with each other at the edge of the conformal window. Meanwhile the beta function evaluated by the perturbative analysis of the RG flow equations does not show the UV fixed point. In addition, the perturbative beta function keeps an IR fixed point even below the conformal window. Thus it is said that the phenomenon of fixed point merger is owing to the non-perturbative corrections taken in the gauge beta function.

Recently Kaplan et. al argued that the BKT type phase transition occurs in such situations in general [17]. For gauge theories in the conformal window, this phase transition has been known as the Miransky scaling [18]. In this paper we gave the explicit beta functions showing the “conformality lost” in the SU(N) gauge theories.

The order parameters of chiral symmetry breaking can be evaluated by using the RG flow equations in the broken phase. It would be an interesting problem to verify the scaling properties with respect to the flavor numbers and compare with the BKT type scaling expected by the gauge beta function [43]. Further studies along this line of consideration will be reported elsewhere.

Lastly let us make a comment on the beta function for the N = 1 supersymmetric QCD. It has been known that there is also the conformal window in the supersymmetric QCD and the region is exactly given by (3/2)N_c < N_f < 3N_c [32]. It is remarkable that the anomalous dimension of the mass parameter at the fixed point is related with the charge of R-symmetry carried by the quark superfields and, therefore, is determined exactly. Accordingly the anomalous dimension at the fixed point is unique. This seems to imply that the fixed point is also unique, or that the UV fixed point is absent.

Furthermore the N=1 supersymmetric QCD is known to satisfy the so-called exact beta function [33], which is given in terms of the anomalous dimension of the quark superfields. If the anomalous dimension is a monotonic function of the gauge coupling, then the beta function also has a unique fixed point. We cannot know how the gauge coupling at the fixed point changes in the conformal window, since we do not know the anomalous dimesion as a function of gauge coupling except for the perturbative calculation. However uniqueness of the fixed point suggests that the fixed point value moves to infinity in order to transform to the beta function without a fixed point continuously. If magnetic coupling of the dual gauge theory behaves like inverse of the gauge coupling, then the infinitely strong fixed point is thought to be allowed [17]. This feature seems quite contrasting with the nonperturbative beta function discussed in this paper [44]. Thus extension of the present study to the supersymmetric cases will be also quite interesting and remains for future studies.

Acknowledgements

H.T thanks Yoshio Kikukawa, Hiroshi Ohki, Etusko Itoh, Tetsuya Onogi, Tim R. Morris and Koichi Yamawaki for valuable discussions. H.T is supported in part by the Grants-in- Aid for Scientific Research (No. 20340053) from the Ministry of Education, Science, Sports and Culture, Japan.

Appendix A: Invariant four-fermi operators

In this section we show that the four-fermi operators given by (17-20) offer the independent basis of the invariant four-fermi operators [12]. The set of independent four-fermi operators has been also discussed previously in Ref. [19, 20], however, the operators given there are somewhat different from ours. So, we make a brief explanation on the invariant four-fermi operators and also present some useful formulae.

The effective four-fermi interactions of massless SU(N_c) gauge theories should satisfy the global SU(N_f )_L × SU(N_f )_R chiral symmetry and the parity interchanging the left- and the right-handed fermions in addition to the SU(N_c) gauge symmetry. Here we use a, b, · · · for the color indices and i, j, · · · for the flavor indices and represent components of a left- and a right-handed chiral fermion by ψ^{ai}_L = L^{ai} and ψ^{ai}_R = R^{ai} respectively. Then it is found that any invariant operator is given by a combination of the following operators; 2L̄_{ai}γ^μL^{ai}R̄_{bj} γ_μR^{bj} = 1 2 [ (ψ̄_{ai}γ^μψ^{ai})^2 − (ψ̄_{ai}γ^μγ_5ψ^{ai})^2 ] , (A1) 2L̄_{ai}γ^μL^{bi}R̄_{bj} γ_μR^{aj} = 1 2 [¯ ψ_{ai}γ^μψ^{bi}ψ̄_{bj} γ_μψ^{aj} − ψ̄_{ai}γ^μγ_5ψ^{bi}ψ̄_{bj} γ_μγ_5ψ^{aj} ] , (A2) L̄_{ai}γ^μL^{ai}L̄_{bj} γ_μL^{bj} + (L ↔ R) = 1 2 [ (ψ̄_{ai}γ^μψ^{ai})^2 + (ψ̄_{ai}γ^μγ_5ψ^{ai})^2 ] , (A3) L̄_{ai}γ^μL^{bi}L̄_{bj} γ_μL^{aj} + (L ↔ R) = 1 2 [¯ ψ_{ai}γ^μψ^{bi}ψ̄_{bj} γ_μψ^{aj} + ψ̄_{ai}γ^μγ_5ψ^{bi}ψ̄_{bj} γ_μγ_5ψ^{aj} ] , (A4) L̄_{ai}γ^μL^{aj}L̄_{bj} γ_μL^{bi} + (L ↔ R) = 1 2 [¯ ψ_{ai}γ^μψ^{aj}ψ̄_{bj} γ_μψ^{ai} + ψ̄_{ai}γ^μγ_5ψ^{aj}ψ̄_{bj} γ_μγ_5ψ^{bi} ] , (A5) L̄_{ai}γ^μL^{bj}L̄_{bj} γ_μL^{ai} + (L ↔ R) = 1 2 [¯ ψ_{ai}γ^μψ^{bj}ψ̄_{bj} γ_μψ^{ai} + ψ̄_{ai}γ^μγ_5ψ^{bj}ψ̄_{bj} γ_μγ_5ψ^{ai} ] . (A6)

Then we may obtain following formulae of the Fierz transformation, which are useful in calculations of the RG flow equations for the four-fermi couplings;

ψ̄_1γ^μψ_2ψ̄_3γ_μψ_4 + ψ̄_1γ^μγ_5ψ_2ψ̄_3γ_μγ_5ψ_4 = ψ̄_1γ^μψ_4ψ̄_3γ_μψ_2 + ψ̄_1γ^μγ_5ψ_4ψ̄_3γ_μγ_5ψ_2, (A7) and ψ̄_1ψ_2ψ̄_3ψ_4 − ψ̄_1γ_5ψ_2ψ̄_3γ_5ψ_4 = −1 2 [¯ ψ_1γ^μψ_4ψ̄_3γ_μψ_2 − ψ̄_1γ^μγ_5ψ_4ψ̄_3γ_μγ_5ψ_2 ] . (A8)

By using these identities the operators given in (A1-A6) are rewritten into

(A1) = − (¯ ψ_{ai}ψ^{bj}ψ̄_{bj} ψ^{ai} − ψ̄_{ai}γ_5ψ^{bj}ψ̄_{bj} γ_5ψ^{ai} ) = −4L̄_{ai}R^{bj}R̄_{bj} L^{ai}, (A9) (A2) = − (¯ ψ_{ai}ψ^{aj}ψ̄_{bj} ψ^{bi} − ψ̄_{ai}γ_5ψ^{aj}ψ̄_{bj} γ_5ψ^{bi} ) = −4L̄_{ai}R^{aj}R̄_{bj} L^{bi}, (A10) (A3) = 1 2 (¯ ψ_{ai}γ^μψ^{bj}ψ̄_{bj} γ_μψ^{ai} − ψ̄_{ai}γ^μγ_5ψ^{bj}ψ̄_{bj} γ_μγ_5ψ^{ai} ) = (A6), (A11)

(A4) = 1 2 (¯ ψ_{ai}γ^μψ^{aj}ψ̄_{bj} γ_μψ^{bi} − ψ̄_{ai}γ^μγ_5ψ^{aj}ψ̄_{bj} γ_μγ_5ψ^{bi} ) = (A5), (A12)

Therefore it is seen that there are 4 independent operators. We have selected the operators in which the color indices are contracted with in the bi-linears among all. Then the operators given by (17-20) are chosen as the independent basis of the invariant 4-fermi operators. It is also noted that the operator O_S , which is the NJL type four-fermi operator, is found to be suitable to explore the dynamics of chiral symmetry breaking.

The Fierz identities containing the color generator matrix T^A are also given by using the completeness identity, 2 dimG∑

A=1 ( T^A )_a d ( T^A )_c b = δ^a_b δ^c_d − 1 N_c δ^a_d δ^c_b . (A13)

Then the formulae are given as follows; 2 ∑ A L̄_iT^Aγ^μL^i R̄_j T^Aγ_μR^j = −O_S − 1 2N_c O_{V 1} (A14) ∑ A L̄_iT^Aγ^μL^i L̄_j T^Aγ_μL^j + (L ↔ R) = 1 2 O_V − 1 2N_c O_{V 2} (A15) ∑ A L̄_iT^Aγ^μL^j L̄_j T^Aγ_μL^i + (L ↔ R) = 1 2 O_{V 2} − 1 2N_c O_V (A16)

These identities are also useful in deriving the RG flow equations given by Eq. (22-25).

Appendix B: RG flow equations for the four-fermi couplings

In this section, we show a sketch of derivation of the RG flow equations given by (22-25) in the sharp cut off limit. Corrections in the Wetterich equation (2) are represented as oneloop diagrams with effective couplings. Therefore the following diagrammatical derivation would be the easiest. The momentum integration is restricted into an infinitesimally small shell region by the derivative of the cutoff function ∂_tR_Λ. In the sharp cut off limit we may use ∫_′ dp ≡ ∫ d^4p (2π)^4 δ(|p| − Λ)δt, (B1) where t = ln Λ, and p stands for the Euclidean momentum.

We need to evaluate corrections for the effective four-fermi couplings, and, therefore, consider the one-loop diagrams with four external fermions. However there are many diagrams to be concerned, and we shall show only typical two kinds of diagrams among them here.

First we consider the diagrams using two effective four-fermi operators O_S . There are some diagrams depending on the ways of contraction. Here we consider only diagrams shown in Fig. 17. The correction represented by the diagram (a) is explicitly given by

(a) = − ( 2G_S Λ^2

)_2 N_c ∫_′ dp tr ( iδ^i_k p/ 1 + γ_5 2 iδ^l_j p/ ) L̄_iR^jR̄_lL^k = N_c 2π^2 G^2_S δt 1 Λ^2

O_S . (B2)

FIG. 17: The typical examples of diagrams for the RG corrections to the effective four-fermi

couplings involving 2 G_S interactions.

Therefore this correction induces variation of the effective coupling G_S by δG_S = − N_c 2π^2

G^2_S δt. (B3)

The correction given by the figure (b) is given by

(b) = 1 2 ( 2G_S Λ^2

)_2 ∫_′ dp L̄_i iδ^j_l p/ L^k L̄_k iδ^l_j p/ L^i + (L ↔ R) = − N_f 16π^2 G^2_S δt 1 Λ^2

O_V . (B4)

Therefore this generates the correction to G_V given by δG_V = N_f 16π^2

G^2_S δt. (B5)

We may repeat the similar calculations, though there are 29 one-loop diagrams involving two four-fermi couplings in total.

Another typical four-fermi diagram is given by the gauge interactions as shown in Fig. 18, which induces a correction of order of g^4. The gauge propagator in the Landau gauge is D_{μν} = 1 p^2 ( g_{μν} − p_μp_ν p^2 ) . (B6)

The correction given by the diagram (c) is evaluated as

(c) = g^4 ∑ A,B ∫_′ dp L̄_iT^Aγ^μ iδ^i_k p/ T^B γ^ρL^kR̄_lT^B γ^σ iδ^l_j p/ T^Aγ^ν R^j D_{μν} D_{ρσ}

= 9 16 ( N_c − 2 N_c ) g^4 8π^2 δt 1 Λ^2 O_S − 9 32 1 N^2_c g^4 8π^2 δt 1 Λ^2

O_{V 1}, (B7)

FIG. 18: The typical example of diagrams for the RG corrections to the effective four-fermi couplings involving 4 gauge interactions.

where we used the identity given by (A13). Therefore this correction induces the following variations, δG_S = − 9 16 ( N_c − 2 N_c ) g^4 8π^2 δt, (B8) δG_{V 1} = 9 32 1 N^2_c g^4 8π^2 δt. (B9) We may find 4 different diagrams of order of g^4 including the crossed ladder diagrams and evaluate them in a similar way.

Moreover there are 12 diagrams proportional G_ig^2(i = S, V, V 1, V 2). Thus we may derive the RG flow equations for the effective four-fermi couplings given by Eq. (22-25). It is noted that the 3-points or the 4-points interactions of the gauge bosons do not contribute to the 1PI diagram with 4 external fermions in the one-loop order.

[1] T. Banks and A. Zaks, Nucl. Phys. B196, 189 (1982).

[2] T. Appelquist, J. Terning and L.C.R. Wijewardhana, Phys. Rev. Lett. 77, 1214 (1996);

Phys. Rev. Lett. 79, 2767 (1997); T. Appelquist, A. Ratnaweera, J. Terning and L.C.R. Wijewardhana, Phys. Rev. D 58, 105017 (1998); T. Appelquist and F. Sannino, Phys. Rev. D 59, 067702 (1999).

[3] V.A. Miransky and K. Yamawaki, Phys. Rev. D 55, 5051 (1997), Erratum-ibid. 56, 3768 (1997); V.A. Miransky, Phys. Rev. D 59, 105003 (1999); M. Harada and K. Yamawaki, Phys. Rev. Lett. 83, 3374 (1999).

[4] D.D. Dietrich and F. Sannino, Phys. Rev. D 75, 085018 (2007); T.A. Ryttov and F. Sannino, Phys. Rev. D 76, 105004 (2007); F. Sannino, Phys. Rev. D 80, 017901 (2009); T.A. Ryttov and F. Sannino, Int. J. Mod. Phys. A25, 4603 (2010); H.S. Fukano and F. Sannino, Phys. Rev. D 82, 035021 (2010); T.A. Ryttov and R. Shrock, arXiv:1011.4542 [hep-ph].

[5] K-I. Aoki, K. Morikawa, J-I. Sumi, H. Terao and M. Tomoyose, Prog. Theor. Phys. 97, 479 (1997); Prog. Theor. Phys. 102, 1151 (1999); Phys. Rev. D 61, 045008 (2000).

[6] K.G. Wilson and J.B. Kogut, Phys. Rept. 12, 75 (1974). [7] F.J. Wegner and A. Houghton, Phys. Rev. A 8, 401 (1973). [8] J. Polchinski, Nucl. Phys. B231, 269 (1984).

[9] C. Wetterich, Phys. Lett. B 301, 90 (1993); for a review, for examle see, J. Berges, N. Tetradis and C. Wetterich, Phys. Rept. 363, 223 (2002).

[10] T.R. Morris, Int. J. Mod. Phys. A 9, 2411 (1994). [11] H. Gies and J. Jaeckel, Eur. Phys. J. C 46, 433 (2006). [12] H. Terao and A. Tsuchiya, arXiv:0704.3659 [hep-ph].

[13] J. Braun and H. Gies, JHEP 1005, 060 (2010). J. Braun, C.S. Fischer and H. Gies, arXiv:1012.4279 [hep-ph].

[14] Y. Iwasaki, K. Kanaya, S. Kaya, S. Sakai and T. Yoshie, Phys, Rev. D 69, 014507 (2004). [15] T. Appelquist, G.T. Fleming and E.T. Neil, Phys. Rev. Lett. 100, 171607 (2008), Erratum-ibid. 102, 149902 (2009); Phys. Rev. D 79, 076010 (2009); T. Appelquist et al., Phys. Rev. Lett. 104, 071601 (2010).

[16] A. Deuzeman, M.P. Lombardo and E. Pallante, Phys. Rev. D 82, 074503 (2010); Z. Fodor, K. Holland, J. Kuti, D. Nogradi and C. Schroeder, arXiv:0911.2463 [hep-lat]; A. Hasenfratz, Phys. Rev. D 82, 014506 (2010); T. DeGrand, arXiv:1010.4741 [hep-lat]; H. Ohki, T. Aoyama, E. Itou, M. Kurachi, C.-J.D. Lin, H. Matsufuru, T. Onogi, E. Shintani, T. Yamazaki,arXiv:1011.0373 [hep-lat]; M. Hayakawa, K.-I. Ishikawa, Y. Osaki, S. Takeda, S. Uno and N. Yamada, arXiv:1011.2577 [hep-lat]; A. Deuzeman, E. Pallante and M.P. Lombardo, arXiv:1012.5971 [hep-lat]; L.D. Debbio, arXiv:1102.4066 [hep-lat].

[17] D.B. Kaplan, J-W. Lee, D.T. Son and M.A. Stephanov, Phys. Rev. D 80, 125005 (2009). [18] P. I. Fomin, V. P. Gusynin and V. A. Miransky, Phys. Lett. B 78, 136 (1978); V.A. Miransky, Nuovo Cim. A90, 149 (1985); Int. J. Mod. Phys. A 8, 135 (1993).

[19] H. Gies, J. Jaeckel and C. Wetterich, Phys. Rev. D 69, 105008 (2004). J. Braun and H. Gies,

Phys. Lett. B 645, 53 (2007).

[20] K. I. Aoki and K. Miyashita, Prog. Theor. Phys. 121, 875 (2009).

[21] T.A. Ryttov and F. Sannino, Phys. Rev. D 78, 065001 (2008). M.T. Frandsen, T. Pickup and M. Teper, Phys. Lett. B 695, 231 (2011). F. Sannino, J. Schechter, Phys. Rev. D 82, 096008 (2010). C. Pica and F. Sannino, arXiv:1011.3832 [hep-ph].

[22] O. Antipin and K. Tuominen, Phys. Rev. D 81, 076011 (2010).

[23] V.A. Miransky, Sov. J. Nucl. Phys. 38, 280 (1984); K. Higashijima, Phys. Rev. D 29, 1228 (1984).

[24] T.R. Morris, JHEP 0012, 012 (2000); Nucl. Phys. B573, 97 (2000); S. Arnone, A. Gatti and T.R. Morris, Phys. Rev. D 67, 085003 (2003); T.R. Morris, O.J. Rosten, Phys. Rev. D 73, 065003 (2006); J. Phys. A39, 11657 (2006).

[25] C. Becchi, Lecture given at the Parma Theoretical Physics Seminar, Sep 1991, hep-th/9607188;

M. Bonini, M. D’Attanasio and G. Marchesini, Nucl. Phys. B409, 441 (1993); Nucl. Phys. B418, 81 (1994); Nucl. Phys. B421, 429 (1994); U. Ellwanger, Phys. Lett. B 335, 364 (1994); F. Freire, D. F. Litim and J. M. Pawlowski, Int. J. Mod. Phys. A 16, 2035 (2001).

[26] T. van Ritbergen, J.A.M. Vermaseren and S.A. Larin, Phys. Lett. B 400, 379 (1997);

J.A.M. Vermaseren, S.A. Larin and T. van Ritbergen, Phys. Lett. B 405, 327 (1997); M. Czakon, Nucl. Phys. B710, 485 (2005).

[27] C. Pica and F. Sannino, Phys. Rev. D 83, 035013 (2011). [28] I.R. Klebanov and E. Witten, Nucl. Phys. B556, 89 (1999).

[29] K-I. Kondo, M. Tanabashi and K. Yamawaki, Prog. Theor. Phys. 89, 1249 (1993). K-I. Kubota and H. Terao, Prog. Theor. Phys. 102, 1163 (1999).

[30] H. Gies and J. Jaeckel, Phys. Rev. Lett. 93, 110405 (2004). [31] E. Gardi and G. Grunberg, JHEP 9903, 024 (1999).

[32] N. Seiberg, Nucl. Phys. B435, 129 (1995). K.A. Intriligator and N. Seiberg, Nucl. Phys. Proc. Suppl. 45BC, 1 (1996).

[33] V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Nucl. Phys. B229, 381 (1983).

[34] It is remarkable that the conformal window has been explicitly found for the N = 1 supersymmetric QCD. However, chiral symmetry is supposed to be intact beyond the conformal window. Thus dynamical aspect seems rather different from the non-supersymmetric case.

The gauge coupling at the IR fixed point may become infinitely strong at the edge of the conformal window. We will discuss this problem in the last section.

[35] We have chosen so that the Nambu Jona-Lasinio type four-fermi operator is one of the independent basis and the fermion bi-linears are always color singlets [12]. This basis is slightly different from those given in Ref. [19].

[36] Though manifestly gauge invariant formulation of the ERG equations has been investigated [24], we do not apply it to our problem for the simplicity.

[37] Non-ladder diagrams are sub-leading in the large Nc limit. Planer diagrams involving gauge boson vertices are not included in this treatment. It is beyond our present scope to includes all planer diagrams as well.

[38] The four-loop gauge beta function shows a UV fixed point [26, 27]. However such a fixed is seen in general perturbative beta functions evaluated in some higher orders, and it is a fake of perturbation. For example, the perturbative beta functions shown in Fig. 2 also show a UV fixed point in some orders. This fixed point should not be confused with the non-perturbative fixed point shown in section 5. Actually the fixed point gauge coupling is much smaller than the perturbative fake couplings.

[39] Although we may find many solutions as the roots, some of them are thought to be fake. We take only the fixed points linked with the IR fixed point by the RG flow line.

[40] It has been shown that the gauged NJL models are also renormalizable in some special cases [29]. It would be interesting problem to clarify the asymptotically safe theories given by the RT emerging from the UV fixed point of the pure 4-fermi interactions [41] In practice, the UV fixed point remains, when N_f is slightly more than (11/2)N_c. The RG flows similar to the QED case is obtained after the UV fixed point is reduced to the pure four-fermi fixed point.

[42] It has been also shown in Ref. [31] that the IR fixed point in QCD is perturbative in the entire conformal window.

[43] Recently the scaling of the chiral order parameter has been considered in Ref. [13]. However the analysis is based on the perturbative beta functions.

[44] The essential difference in the gauge beta functions between QCD and supersymmetric QCD has been also discussed in Ref. [31].