arXiv:1104.3892v1 [math-ph] 19 Apr 2011

Uniqueness of the ground state in the Feshbach renormalization analysis

D. Hasler^{1∗}and I. Herbst^{2†}

1. Department of Mathematics, College of William & Mary Williamsburg, VA

2. Department of Mathematics, University of Virginia, Charlottesville, VA, USA

Abstract

In the operator theoretic renormalization analysis introduced by Bach, Fröhlich, and Sigal we prove uniqueness of the ground state.

Mathematics Subject Classification (2010). 81T17

keywords. Bach-Fröhlich-Sigal, renormalization group, ground state, uniqueness

1 Introduction

In 1998 Bach, Fröhlich, and Sigal (BFS) introduced an operator theoretic renormalization group scheme [2] to analyze certain field theoretic models. This scheme was applied in [2] and refined by Bach, Chen, Fröhlich, and Sigal [1] (see also the work of Griesemer and Hasler [7]). More recently the renormalization group analysis was applied in [8, 14, 4, 10, 11, 12, 5]. If there is a positivity improving representation of the semigroup generated by the Hamiltonian then a ground state can often be shown to be unique for arbitrary coupling constant (if it exists). There are other methods (for example [3], [15]) that have been used to show that in some models with regular infrared behavior or minimal coupling, the multiplicity of the ground state is the same as for the electronic Hamiltonian for small coupling. We include the usual model of non-relativistic quantum electrodynamics (QED) as a model with regular infrared behavior (at least for its behavior near the ground state

∗E-mail: dghasler@wm.edu, on leave from Ludwig Maximilians University, Munich. †E-mail: iwh@virginia.edu.

energy). This occurs because of an approximate gauge invariance. In the present paper we show that for small coupling, and under rather weak hypotheses, the renormalization group analysis leads to uniqueness of the ground state if the electronic Hamiltonian has a unique ground state even in certain QED models without any gauge invariance.

In Section 2 we state the main result in Theorem 2.1. In Section 3 we apply Theorem 2.1 to explicit models of non-relativistic QED. In the Appendix we apply Theorem 2.1 to operator theoretic renormalization as defined in [1].

2 An Abstract Result

We give the necessary hypotheses for an abstract result and then specialize to get to the applications in the next section. A further explicit application based directly on [1] is in an Appendix. Thus suppose H is a separable Hilbert space and T_0 a self-adjoint operator in H with spectrum σ(T_0) = [0, ∞) such that T_0 has an eigenvalue at 0 of multiplicity m (thus m > 0). Suppose {Γ_t}_{t>0} is a group of unitary scale transformations on H satisfying Γ_sΓ_u = Γ_{su} and that T_0 is such that Γ_sT_0Γ^{−1}_s = sT_0. We define H_{red} := 1_{[0,1]}(T_0)H.

We assume we have a sequence of bounded operators {H_n}^∞_{n=1} on H_{red}, such that the members of the sequence {H_n}^∞_{n=1} are related by the fact that H_{n+1} is up to a constant multiple and a scale transformation a Feshbach transform of H_n, that is we assume that (2.3) below holds. To state this more precisely we need some further notation. Suppose χ and χ are non-negative Borel functions on R satisfying χ^2 + χ^2 = 1 with χ(x) = 1 for x ∈ [0, a] for some a ∈ (0, 1] and χ(x) = 0 for x ≥ 1. We assume that χ is non-increasing. We write H_n = T_n + W_n where both T_n and W_n are bounded operators on H_{red}. We assume T_n commutes with T_0. For any t > 0 let χ_t(x) = χ(t^{−1}x) and similarly for χ_t. Choose 0 < ρ < a. Define

H_n := (T_n + χ_ρ(T_0)W_nχ_ρ(T_0))|_{Ranχρ(T0)}^⋂_{Hred} . (2.1)

We assume that H_n and T_n are invertible on Ranχ_ρ(T_0) ⋂ H_{red} with bounded inverses and define F_n := T_n + χ_ρW_nχ_ρ − χ_ρW_nχ_ρ(H_n)^{−1}χ_ρW_nχ_ρ (2.2)

where here the arguments of χ_ρ and χ_ρ are both T_0. Then we assume

H_{n+1} = ρ^{−1}Γ_ρF_nΓ^{−1}_ρ . (2.3)

This equality is on the subspace H_{red}.

Note that Γ^{−1}_ρ : H_{red} → 1_{[0,ρ]}(T_0)H and that F_n preserves the latter space. Finally Γ_ρ : 1_{[0,ρ]}(T_0)H → H_{red}. A crucial component of our analysis is the fact shown in [7] that in our context χ_ρ(T_0) is an isomorphism of kerH_n onto kerF_n and thus Γ_ρχ_ρ(T_0) is an isomorphism of kerH_n onto kerH_{n+1}. (It was shown in [1] that χ_ρ(T_0) is injective as a map from kerH_n → kerF_n and this is all we will use below.) It follows that (Γ_ρχ_ρ(T_0))^n is an isomorphism of kerH_1 onto kerH_{n+1}.

Theorem 2.1. Given the hypotheses and definitions above, we make the following additional assumptions. There exist δ_0 > 0 and {a_n}^∞_{n=1} ∈ ℓ^2(N), such that (a) ||T_nψ|| ≥ δ_0||T_0ψ|| − a_n||ψ|| for all ψ ∈ H_{red}, (b) ||W_n|| ≤ a_n. Then ker H_1 is at most m dimensional.

Proof. Suppose kerH_1 is at least m + 1 dimensional. Then there exists a non-zero vector ψ_1 ∈ kerH_1 so that 1_{{0}}(T_0)ψ_1 = 0. It follows that (Γ_ρχ_ρ(T_0))^nψ_1 is a non-zero vector in kerH_{n+1}. Note that because ρ < a, χ_ρχ = χ_ρ. This gives (Γ_ρχ_ρ(T_0))^n = Γ_ρn χ_ρn (T_0). Now it is readily verified that 1_{{0}}(T_0) + ∞∑ j=n (1_{[aρ}j+1_{,∞)}(T_0)χ_ρj (T_0))^2 ≥ χ_ρn (T_0)^2. (2.4)

Thus (aρ)^2||Γ_ρn χ_ρn (T_0)ψ_1||^2 = (aρ)^2||χ_ρn (T_0)ψ_1||^2 ≤ (aρ)^2 ∞∑ j=n ||1_{[aρ}j+1_{,∞)}(T_0)χ_ρj (T_0)ψ_1||^2

≤ ∞∑ j=n ρ^{−2j} ||T_01_{[aρ}j+1_{,∞)}(T_0)χ_ρj (T_0)ψ_1||^2

≤ ∞∑ j=n ρ^{−2j} ||T_0χ_ρj (T_0)ψ_1||^2

= ∞∑ j=n ρ^{−2j} ||Γ_ρj T_0χ_ρj (T_0)ψ_1||^2

= ∞∑ j=n ||T_0Γ_ρj χ_ρj (T_0)ψ_1||^2. (2.5)

By hypothesis 0 = ||H_{j+1}Γ_ρj χ_ρj (T_0)ψ_1|| ≥ δ_0||T_0Γ_ρj χ_ρj (T_0)ψ_1|| − 2a_{j+1}||Γ_ρj χ_ρj (T_0)ψ_1||.

Thus ||T_0Γ_ρj χ_ρj (T_0)ψ_1|| ≤ 2δ^{−1}_0 a_{j+1}||Γ_ρj χ_ρj (T_0)ψ_1||. (2.6)

By the monotonicity of χ if j ≥ n

||Γ_ρj χ_ρj (T_0)ψ_1|| = ||χ_ρj (T_0)ψ_1|| ≤ ||χ_ρn (T_0)ψ_1|| = ||Γ_ρn χ_ρn (T_0)ψ_1||.

Thus by (2.5) and (2.6)

(aρ)^2||Γ_ρn χ_ρn (T_0)ψ_1||^2 ≤ ∞∑ j=n (2δ^{−1}_0 a_{j+1})^2||Γ_ρn χ_ρn (T_0)ψ_1||^2 = d_n||Γ_ρn χ_ρn (T_0)ψ_1||^2

where d_n := (2δ^{−1}_0 )^2 ∑_∞ j=n |a_{j+1}|^2 → 0 as n → ∞. Thus for large enough n, Γ_ρn χ_ρn (T_0)ψ_1 = 0, a contradiction.

3 Applications

In the paper [10] a version of the BFS renormalization group approach [1] is developed to prove existence of ground states in certain models. In many models, after one or two initial Feshbach transformations, one arrives at the situation treated in [10], Sections 6– 10. From this point on the presentation applies to any model satisfying the hypotheses. We used the method in the spin-boson model [10] and in a model of non-relativistic QED (see [11], [12]) to prove existence of a ground state and analyze some of its properties.

In fact in both of the above models uniqueness is known by methods other than the one presented in this paper. In the spin-boson model one has a representation where e^{−tH} is positivity improving. In our QED model this cannot work in the multi-electron case since we assumed that the electrons were fermions. However, there is a simple method due to Hiroshima and Spohn [13] (or see Section 15.3 of [15]) which gives uniqueness if the Hamiltonian of the model is infrared regular, and in minimally coupled QED, this can be accomplished by a so called Pauli-Fierz gauge transformation. In addition the method of [3] works for minimally coupled QED without any infrared regularization. We would like to point out that there are models where the latter methods will not work but which have unique ground states nevertheless (which can be seen by applying Theorem 2.1 as we do below). In particular if in our QED model Hamiltonian, given in (3.1) below, one drops the (A_Λ(x_j ))^2 terms to obtain a dipole approximation these methods apparently do not give uniqueness but as mentioned in [11] the proof given there works with no essential change for this model to give existence of a ground state. (The main reason that we do not need a Pauli-Fierz transformation to regularize the Hamiltonian in the infra-red is because of the absence of terms of the form ∫ w[H_f ; k]a(k, λ)dk and their adjoints in the renormalization group iteration procedure. Of course in models where these terms have good infrared behavior, the method also works (for example see [14])).

We consider the following models and then apply Theorem 2.1. Define the self adjoint operators

H^{(1)} = N∑ n=1 (p_j + gA_Λ(βx_j ))^2 + V (x_1, · · · , x_N ) + H_f (3.1)

H^{(2)} = N∑ n=1 (p^2_j + 2gp_j · A_Λ(βx_j )) + V (x_1, · · · , x_N ) + H_f

H^{(3)} =(σ_z + 1) ⊗ I + I ⊗ H_f + gσ_x ⊗ ϕ(f)

The operators H^{(1)} and H^{(2)} act in the Hilbert space H = L^2_a(R^{3N} ; F) and β, g ∈ R. Here F is the Fock space for transversally polarized photons and the a indicates anti-symmetry in the N electron coordinates, x_1, · · · , x_N . The potential V is assumed to be invariant under rotations and permutations of the co-ordinates and Kato small with respect to the electron kinetic energy ∑_N j=1 p^2_j where p_j = −i∇_{xj} . By A_Λ(x) we denote the quantized vector potential at position x [15, 11]. The subscript Λ indicates a rotation invariant ultraviolet cut-off. We do not impose an infrared regularization. The operator H_f is the kinetic energy of the photons each of which has dispersion relation ω(k) = |k|. See [11] and [12] for details of the model. It is known that these models have ground states (at least for small g). For H^{(1)} (for all g) see [6] and references given there. Although only H^{(1)} is explicitly treated in [11] the results given there also hold for H^{(2)} by essentially the same but a slightly simpler proof. For the spin boson Hamiltonian, H^{(3)}, see [10]. This Hamiltonian acts in C^2 ⊗F. Here F is the Fock space over the square integrable functions on R^3 . The operator ϕ(f) = (a^∗(f/ √ ω)) + (a^∗(f/ √ ω))^∗ where f is in L^∞(R^3 ) ∩ L^2(R^3 ) and a^∗(·) is the usual creation operator. By σ_z and σ_x we denote the Pauli matrices. Let H_{atom} = ∑_N j=1 p^2_j + V (x_1, · · · , x_N ) in L^2_a(R^{3N} ). Then we have the following result.

Theorem 3.1. Suppose H = H^{(1)}, H = H^{(2)}, or H = H^{(3)} with the definitions given above. Suppose H_{atom} has a non-degenerate ground state in L^2_a(R^{3N} ). Then there exists g_0 > 0 so that if g ∈ [−g_0, g_0], H has a non-degenerate ground state. Proof. Referring to [11] and [10] after one or two Feshbach transformations the operator H^{(j)} − E^{(j)}_0 transforms to an operator unitarily equivalent to an operator H_1 = T_1 + W_1 acting in H_{red} := 1_{[0,1]}(H_f )F. The null spaces of the operator and its Feshbach transform, H_1, are isomorphic. Here E^{(j)}_0 is the ground state energy of H^{(j)}. We have omitted superscripts. T_1 is a real C^1 function of H_f . Thus referring to Theorem 2.1, H = F and T_0 = H_f . The unitary scale transformation Γ_ρ leaves the vacuum invariant and acts on the usual creation operators as

Γ_ρa^∗(k)Γ^{−1}_ρ = ρ^{−3/2}a^∗(ρ^{−1}k)

We have omitted polarization indices for H^{(1)} and H^{(2)}. The functions χ and χ are assumed to be real and in C^∞(R) with χ monotone,

χ^2 + χ^2 = 1, supp χ ⊂ (−∞, 1], and χ(x) = 1 if x ∈ [0, 3/4]. (3.2)

Thus in Theorem 2.1, a = 3/4. In [10] , [11], and [12], omitting polarization indices for H^{(1)} and H^{(2)}, W_n is given by

W_n = ∞∑ l+m=1 ∫_l∏ j=1 a^∗(k_j )w^{(n)}_{l,m}[z_n; H_f ; k_1, · · · , k_l, ~k_1, · · · , ~k_m] m∏ i=1 a(~k_j) dk_1 |k_1|^{1/2} · · · dk̃_m |k̃_m|^{1/2} .

The kernels w^{(n)}_{l,m}[z_n; r; k_1, · · · , k_l, k̃_1, · · · , k̃_m] are such that ‖W_n‖ ≤ ϵ_0/2^n (so that W_n satisfies (b) of Theorem 2.1). The quantity z_n is a real spectral parameter with |z_n| < c_1/2^n. The operators H_n are defined inductively by (2.3) where ρ is chosen suitably small. T_n is a real C^1 function of H_f satisfying (for r ∈ [0, 1])

|(∂_rT_n(r) − 1)| ≤ ϵ_0 (3.3) |T_n(0) + z_n| ≤ ϵ_0/2^n (3.4)

Here ϵ_0 is a small positive number. It follows that

T_n(r) = (r + ∫_r 0 (∂_sT_n(s) − 1)ds)) + (T_n(0) + z_n) − z_n (3.5)

so that ‖T_n(H_f )ψ‖ ≥ (1 − ϵ_0)‖H_f ψ‖ − 2ϵ_02^{−n}‖ψ‖ (3.6)

Thus T_n satisfies hypothesis (a) of Theorem 2.1. The smallness of ϵ_0 and the bounds satisfied by T_n and W_n require |g| to be small and the proof of these bounds requires ρ to be small, in particular ρ < 3/4.

In view of the conformal transformation which is part of the renormalization group analysis of [10] we make some remarks to justify (2.3). In [10] operator functions of a complex variable, ~H_n(z) = ~T_n(z) + ~W_n(z) are a crucial part of the analysis and the Hamiltonians H_n are given by evaluating ~H_n(z) at the real spectral parameter z_n, H_n = ~H_n(z_n) where z_n is given by a certain limit. We have

z_n = J^{−1}_n (z_{n+1}) (3.7)

where J_n is a conformal transformation (see [10] for further definitions and details). We have ~H_{n+1}(J_n(z)) = ρ^{−1}Γ_ρ ~F_n(z)Γ^{−1}_ρ

where ~F_n(z) is given by (2.1) and (2.2) with H_n replaced by ~H_n(z) and similarly for T_n and W_n. Substituting z = z_n and noting the composition law (3.7), we see that H_{n+1} and H_n are indeed related by (2.3).

A Appendix

In this appendix we show that Theorem 2.1 can be used to obtain uniqueness in the framework of operator theoretic renormalization as defined in [1]. To this end we recall the setup of [1]. Let I = [0, 1], let B_1 denote the unit ball in R^d , and let D_{1/2} := {z ∈ C ||z| ≤ 1/2}. Here the Fock space F is over the space of square integrable functions on R^d . Let W^#_{m,n} denote the Banach space of functions B^m_1 × B^n_1 → C^1(I), which are a.e. defined, totally symmetric under the interchange of components in B^m_1 respectively B^n_1 , and which satisfy the norm bound ‖w_{m,n}‖^#_μ := ‖w_{m,n}‖_μ + ‖∂_rw_{m,n}‖_μ < ∞, where ‖w_{m,n}‖_μ := [∫ B^{m+n} 1 sup_{r∈I} | | |wm,n[r; k1, ..., km, k̃1, ..., k̃n] | | |^2 m∏ i=1 d^dk_i |k_i|^{3+2μ} m∏ j=1 d^d~k_j |~k_j|^{3+2μ} ]_{1/2}

for some μ > 0. For 0 < ξ < 1 one defines, W^#_ξ := ⨁ m+n≥0 W # m,n, to be the Banach space of sequences w = (w_{m,n})_{m+n≥1} obeying ‖w‖^#_{μ,ξ} := ∑ m+n≥1 ξ^{−(m+n)}‖w_{m,n}‖^#_μ < ∞. We define

W_{m,n}[w_{m,n}] :=1_I (H_f ) ∫ B^{m+n} 1 m∏ j=1 a^∗(k_j)w_{m,n}[H_f ; k_1, ..., k_m, ~k_1, ..., ~k_n] n∏ l=1 a(~k_l)

× m∏ j=1 d^dk_j |k_j|^{1/2} n∏ l=1 d^d~k_l |~k_l|^{1/2} 1_I (H_f ),

where a^∗(k) and a(k) denote the usual creation and annihilation operator. In [1] it is shown that H(w) = ∑ m+n≥0 Wm,n[wm,n] defines a bounded operator on Hred := 1I (Hf )F, with

bound ‖H(w)‖ ≤ ‖w‖^#_{μ,ξ}. (A.1) We define the polydics D(ϵ, δ) to consist of the analytic^1 functions w[·] : D_{1/2} → W^#_ξ , with sup z∈D_{1/2} sup_{r∈I} |∂_rw_{0,0}[z; r] − 1| ≤ ϵ, sup z∈D_{1/2} |w_{0,0}[z; 0] + z| ≤ δ, sup_{z∈D1/2} ‖(w_{m,n}[z])_{m+n≥1}‖^#_{μ,ξ} ≤ δ. 1Analytic on the closed set D_{1/2} means that the function is analytic in an open neighborhood of D_{1/2}.

Let 0 < ρ < 1/2, and assume w ∈ D(ρ/8, ρ/8). In [1] it is shown that the following map is biholomorphic E_ρ[·] : U[w] → D_{1/2}, z → −ρ^{−1}w_{0,0}[z; 0], where U[w] := {z ∈ D_{1/2}||w_{0,0}[z; 0]| ≤ ρ/2}. Assume χ, χ ∈ C^∞(R; [0, 1]) satisfy (3.2) and that χ is monotone. Define χ_ρ := χ(ρ^{−1}H_f ) and χ_ρ := χ(ρ^{−1}H_f ). Let ζ ∈ D_{1/2}, and set T (r) := w_{0,0}[E^{−1}_ρ (ζ); r], W := ∑ m+n≥1 W_{m,n} [ w_{m,n}[E^{−1}_ρ (ζ)] ] . Then, as shown in [1], the map H_{χρ} := T (H_f )+χ_ρW χ_ρ is bounded invertible on the range of χ_ρ and there exists a unique so called renormalized kernel, R_ρ(w), such that

H(R_ρ(w)[ζ]) = 1 ρ Γ_ρ ( T (H_f ) + χ_ρW χ_ρ − χ_ρW χ_ρH^{−1}_{χρ} χ_ρW χ_ρ ) Γ^∗_ρ. (A.2)

Furthermore, for fixed μ > 0, there exist ρ, ξ, ϵ_0 > 0 such that R_ρ : D(ϵ, δ) → D(ϵ + δ/2, δ/2) (A.3) for all ϵ, δ ∈ [0, ϵ_0]. The existence part of the following theorem has been proven in [1, Theorem 3.12], i.e., with assertion l.h.s. (A.4) ≥ r.h.s. (A.4). Using Theorem 2.1 one can show that one has uniqueness, i.e., l.h.s. (A.4) ≤ r.h.s. (A.4).

Theorem A.1. Fix μ > 0, and choose ρ, ξ, ϵ_0 > 0 sufficiently small such that (A.3) holds for all 0 ≤ ϵ ≤ ϵ_0 and 0 ≤ δ ≤ ϵ_0. Suppose that w ∈ D(ϵ_0/2, ϵ_0/2). Then the complex number e_{(0,∞)} ∈ D_{1/2} defined in (A.6) is an eigenvalue of H(w), in the sense that

dim ker { H(w[e_{(0,∞)}]) } = 1. (A.4)

Proof. In view of [1, Theorem 3.12] it remains to show dim ker { H(w[e_{(0,∞)}] } ≤ 1. To this end we combine the proof given in [1] with Theorem 2.1. The contraction property (A.3) allows to iterate the renormalization transformation, and hence for n ∈ N_0 the kernels w^{(n)} := R^n_ρ (w) satisfy w^{(n)} ∈ D(ϵ_0, 2^{−n}ϵ_0). (A.5) We define E_n[z] := w^{(n)}_{0,0} [z; 0], J_n[z] = ρ^{−1}E_n[z], and for n ≤ m ∈ N_0

e_{(n,m)} := J^{−1}_{(n)} ∘ · · · ∘ J^{−1}_{(m)}[0].

Using property (A.5) it was shown in [1] (c.f. Eq. (3.146)) that the following limit exits

z_n := e_{(n,∞)} := lim_{m→∞} e_{(n,m)}. (A.6)

It follows from the definition of the renormalization transformation (A.2) that

H_n = 1 ρ Γ_ρF_{n−1}Γ^∗_ρ, where

H_n := H(w^{(n)}[e_{(n,∞)}]), T_n(r) := w^{(n)}_{0,0} [e_{(n,∞)}; r], W_n := ∑ m+l≥1 W_{m,l} [ w^{(n)}_{m,l}[e_{(n,∞)}] ] , F_n := T_n(H_f ) + χ_ρW_nχ_ρ − χ_ρW_nχ_ρ ( T_n(H_f ) + χ_ρW_nχ_ρ )_{−1} χ_ρW_nχ_ρ. It follows from (A.5), that (3.3) and (3.4) hold. Then using the decomposition (3.5) we find (3.6). Thus T_n(H_f ) satisfies Hypothesis (a) of Theorem 2.1 with T_0 = H_f . Now Hypthesis (b) of Theorem 2.1 follows from

‖W_n‖ ≤ ϵ_02^{−n}. (A.7)

Ineq. (A.7) can be shown using (A.1) and (A.5). The theorem now follows as a consequence of Theorem 2.1.

References

[1] V. Bach, T. Chen, J. Fröhlich, I.M. Sigal, Smooth Feshbach map and operatortheoretic renormalization group methods, J. Funct. Anal. 203 (2003), 44–92.

[2] V. Bach, J. Fröhlich, I.M. Sigal, Renormalization group analysis of spectral problems in quantum field theory, Adv. Math. 137 (1998), 205–298.

[3] V. Bach, J. Fröhlich, I.M. Sigal, Quantum electrodynamics of confined nonrelativistic particles, Adv. Math. 137 (1998), no. 2, 209–395.

[4] T. Chen, Infrared renormalization in non-relativistic QED and scaling criticality. J.

Funct. Anal. 254 (2008), 2555–2647.

[5] J. Fröhlich, M. Griesemer, I.M. Sigal, On spectral renormalization group. Rev. Math.

Phys. 21 (2009), no. 4, 511–548.

[6] M. Griesemer, E. Lieb, M. Loss, Ground states in non-relativistic quantum electrodynamics, Invent. Math. 145 (2001), no. 3, 557–595.

[7] M. Griesemer, D. Hasler, On the smooth Feshbach-Schur Map, J. Funct. Anal. 254 (2008), 2329–2335.

[8] M. Griesemer, D. Hasler, Analytic Perturbation Theory and Renormalization Analysis of Matter Coupled to Quantized Radiation, Ann. Henri Poincaré 10 (2009), no. 3, 577–621.

[9] C. Hainzl, R. Seiringer, Mass renormalization and energy level shift in non-relativistic QED, Adv. Theor. Math. Phys. 6 (2002), 847–871.

[10] D. Hasler, I. Herbst, Ground state properties of the spin boson model, arXiv:1003.5923, to appear in Ann. Henri Poincaré.

[11] D. Hasler, I. Herbst, Convergent expansions in non-relativistic QED: Analyticity of the ground state, arXiv:1005.3522.

[12] D. Hasler, I. Herbst, Smoothness and analyticity of perturbation expansions in QED, arXiv:1007.0969, to appear in Adv. Math.

[13] F. Hiroshima, H. Spohn, Two-fold degeneracy of the ground state band for the Pauli- Fierz model with spin, Adv. Theor. Math. Phys. 5 (2002) 1091–1104.

[14] I.M. Sigal, Ground state and resonances in the standard model of the non-relativistic QED, arXiv:0806.3297.

[15] H. Spohn, Dynamics of charged particles and their radiation field, Cambridge University Press, Cambridge, 2004.