arXiv:1104.4804v2 [hep-th] 20 Jun 2011

Imperial-TP-EM-2011-01

Splitting of folded strings in AdS_3

E. M. Murchikova^1

Blackett Laboratory, Imperial College, London SW7 2AZ, U.K. Skobeltsyn Institute, Moscow State University, Moscow, 119991, Russia

Abstract

In this paper we present semiclassical computations of the splitting of folded spinning strings in AdS_3, which may be of interest in the context of AdS/CFT duality. We start with a classical closed string and assume that it can split into two closed string fragments, if at a given time two points on it coincide in target space and their velocities agree. First we consider the case of the folded string with large spin. Assuming the formal large-spin approximation of the folded string solution in AdS_3, we can completely describe the process of splitting: compute the full set of charges and obtain the string solutions describing the evolution of the final states. We find that, in this limit, the world surface does not change in the process and the final states are described by the solutions of the same type as the initial string, i.e. the formal large-spin approximation of the folded string in AdS_3. Then we consider the general case — splitting of string given by the exact folded string solution. We find the expressions for the charges of the final fragments, the coordinate transformations diagonalizing them and, finally, their energies and spins. Due to the complexity of the initial string profile, we cannot find the solutions describing the evolution of the final fragments, but we can predict their qualitative behavior. We also generalize the results to include circular rotations and windings in S^5.

1e.murchikova@imperial.ac.uk

1 Introduction

Decay properties of massive strings have been studied for a long time [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. In this paper we present semiclassical computations of the splitting of folded spinning strings in AdS_3. Classical string solutions have proved to be a useful tool for exploring the AdS/CFT correspondence in the sector of large charges [16, 17, 18, 19, 20, 21, 22, 23].

For flat Minkowski space splitting of semiclassical strings was analyzed in detail in [12, 13], for R_t × S^5 space in [14, 15]. There is an obvious lack of results in AdS space, and the purpose of the present paper is to fill this gap. Following the conventional approach, we start with a classical closed string and assume that it can split into two fragments, if at a given time τ_0 two points on it coincide in target space and their velocities agree. Closed string periodicity conditions are separately imposed on each of the two final pieces. Initial conditions are defined by the initial string at τ_0. The relations between the energies and spins of the cut fragments — together with “conservation laws” of splitting E(E_I, E_{II}, ...), S(S_I, S_{II}, ...), etc — are completely determined by the charge conservation. Thus they may be found (at least parametrically) for the initial string solution of arbitrary complexity. Determining the evolution is much more complicated: one has to solve the string equations with the boundary conditions given by a part of the profile of the initial string. At the moment, this is possible only in the simplest cases.

The main purpose of this paper is to investigate splitting of folded spinning string in AdS_3 [17]

Y_0 + iY_5 = dn [ κℓ^{−1}σ, −ℓ^2 ] e^{iκτ} , Y_1 + iY_2 = ℓ sn [ κℓ^{−1}σ, −ℓ^2 ] e^{iωτ} , κ = 2 π ℓ K [−ℓ^2 ], w^2 κ^2

= 1 + 1 ℓ^2 , (1.1)

where sn[z, m] and dn[z, m] are Jacobi elliptic functions, K [z] is the complete elliptic integral of the first kind. First we consider the limit of the folded string with large spin. Then solution (1.1) may be approximated by

Y_0 + iY_5 = cosh(κσ) e^{iωτ} , Y_1 + iY_2 = sinh(κσ) e^{iωτ} , κ = ω ≫ 1. (1.2)

In this simple case, we can completely describe the process of splitting: compute the full set of charges and find string solutions describing the evolution of the final states. It appeared that when such a string splits, the world surface does not change in the process and the final states are described by the solutions of the same type as (1.2):

Y_{I,II 0} + iY_{I,II 5} = cosh(κ_{I,II}σ)e^{iκI,IIτ} , Y_{I,II 1} + iY_{I,II 2} = sinh(κ_{I,II}σ)e^{iκI,IIτ} , κ_{I,II} = κ π ∓ 2σ_0 2π , (1.3)

where σ_0 parameterizes the coordinate of the splitting point.

In the general case we find expressions for the charges of the final fragments, the coordinate transformations that diagonalize them and, at the end, their energies and spins as the functions of ℓ and σ_0 (in the coordinate system where no non-Cartan components present). These are

E_{I,II} = √ λ 2 √ (κC_{I,II} + ωS_{I,II})^2 − M^2_{I,II} (ω + κ)^2 + √ λ 2 √ (κC_{I,II} − ωS_{I,II})^2 − M^2_{I,II} (ω − κ)^2

S_{I,II} = √ λ 2 √ (κC_{I,II} + ωS_{I,II})^2 − M^2_{I,II} (ω + κ)^2 − √ λ 2 √ (κC_{I,II} − ωS_{I,II})^2 − M^2_{I,II} (ω − κ)^2.

(1.4)

Here

κC_{I,II} = 1 2 E_{fold} ∓ ℓ π E [ am[κℓ^{−1}σ_0, −ℓ^2], −ℓ^2 ] , ωS_{I,II} = 1 2 S_{fold} ∓ √ 1 + ℓ^2 ( − 2 π σ_0K [−ℓ^2 ] + E [ am[κℓ^{−1}σ_0, −ℓ^2], −ℓ^2 ]) , M_{I,II} = ± ℓ^2 κπ cn [ κℓ^{−1}σ_0, −ℓ^2 ] , (1.5)

where E_{fold} = √ λE_{fold} and S_{fold} = √ λS_{fold} are the energy and spin of the folded string (1.1); E [z] and E [z, m] are the complete and incomplete elliptic integrals of the second kind, respectively, and cn[z, m] is a Jacobi elliptic function. These relations parametrically encode the conservation laws of splitting, namely E(E_I, E_{II}), S(S_I, S_{II}), etc.

Due to the complexity of the folded string profile (1.1), we are unable to find the solutions describing the evolution of the final fragments explicitly. However, we can describe the evolution qualitatively. Let us examine the case of large but not infinitely large (as in (1.2)) spin, with the cut occurring far enough from the string ends for σ_0 to satisfy κ(π/2 − σ_0) ≫ 1. In this limit one expects the final pieces to have almost the standard folded shape (1.1), disturbed by a kink moving along the string, similar to the one observed in flat Minkowski space [12]. The kink is a “correction” to the “leading” folded shape of the cut fragments, thus the angle of bending has to depend on the position of the kink. It may be substantial at the string ends but must be small close to the center.

The results obtained for the folded string in AdS_3 generalizes to include circular rotations and windings in S^5. We discuss such a generalization with the example of the string in AdS_3×S^3.

The rest of the paper is organized as follows. In Section 2 we introduce notations and discuss a general approach to studying splitting of classical bosonic closed strings in AdS_5×S^5. Section 3 is a review of the splitting of the folded strings in flat Minkowski space. Section 4 is dedicated to the splitting of Gubser–Klebanov–Polyakov folded strings in AdS_3. The results obtained in AdS_3 are generalized to include circular rotations and windings in S^5 in Section 5.

2 Splitting of closed strings in AdS_5×S^5. General formalism.

In this section we discuss a general approach to studying of splitting of classical closed bosonic strings in AdS_5×S^5.

The action for a bosonic string in AdS_5×S^5 reads

I_B = 1 2 T ∫ dτ 2π∫ 0 dσ(L_{AdS} + L_S ), T = R^2 2πα^′ = √ λ 2π , (2.1)

where

L_{AdS} = −∂_aY_P ∂^aY^P − Λ̃(Y_P Y^P + 1), L_S = −∂_aX_M ∂^aX_M + Λ(X_M X_M − 1). (2.2)

Here X_M , M = 1, ..., 6 and Y_P , P = 0, ..., 5 are embedding coordinates of R^6 with the Euclidean metric δ_{MN} = (+1, +1, +1, +1, +1, +1) in L_S and of R^{2,4} with η_{P Q} = (−1, +1, +1, +1, +1, −1) in L_{AdS}, respectively (Y_P = η_{P Q}Y^Q). Λ and Λ̃ are the Lagrange multipliers imposing the two hypersurface conditions:

η_{P Q}Y^P Y^Q = −1 X_M X_M = 1. (2.3)

The action (2.1) is supplemented with the conformal gauge constraints Ẏ_P Ẏ^P + Y^′_P Y^{′P} + Ẋ_M Ẋ_M + X^′_M X^′_M = 0, Ẏ_P Y^{′P} + Ẋ_M X^′_M = 0 (2.4) and the closed string periodicity conditions Y_P (τ, σ + 2π) = Y_P (τ, σ), X_M (τ, σ + 2π) = X_M (τ, σ). (2.5) The classical equations of motion following from (2.1) are ∂^a∂_aY_P − Λ̃Y_P = 0, Λ̃ = ∂^aY_P ∂_aY^P , Y_P Y^P = −1, ∂^a∂_aX_M + ΛX_M = 0, Λ = ∂^aX_M ∂_aX_M , X_M X_M = 1.

(2.6)

The action is invariant under the SO(2, 4) and SO(6) rotations with correspondent conserved (on-shell) charges

S_{P Q} = √ λ 2π∫ 0 dσ 2π (Y_P Ẏ_Q − Y_QẎ_P ), J_{MN} = √ λ 2π∫ 0 dσ 2π (X_M Ẋ_N − X_N Ẋ_M ) . (2.7)

We will be working with “spinning” string solutions which have nonzero values of these charges.

It is useful to solve the constraints (2.3) by choosing an explicit parametrization of the embedding coordinates Y_P and X_M , e.g. Y_{05} = Y_0 + iY_5 = cosh ρe^{it} , Y_{12} = Y_1 + iY_2 = sinh ρ cos θe^{iϕ1} , Y_{34} = Y_3 + iY_4 = sinh ρ sin θe^{iϕ2} ;

(2.8)

X_{12} = X_1 + iX_2 = sin γ cos ψe^{iφ1} , X_{34} = X_3 + iX_4 = sin γ sin ψe^{iφ2} , X_{56} = X_5 + iX_6 = cos γe^{iφ3} .

(2.9)

The corresponding metrics take the form ds^2_{AdS5} = − cosh^2 ρ dt^2 + dρ^2 + sinh^2 ρ (dθ^2 + cos^2 θ dϕ^2_1 + sin^2 θ dϕ^2) (2.10) ds^2_S5 = cos^2 γ dφ^2_3 + dγ^2 + sin^2 γ (dψ^2 + cos^2 ψ dφ^2_1 + sin^2 ψ dφ^2). (2.11) The Cartan generators of SO(2, 4) corresponding to the three linear isometries of the AdS_5 metric are the translations in the AdS-time t and two angles ϕ_1 and ϕ_2 : S_0 ≡ S_{05} ≡ E = √ λE, S_1 ≡ S_{12} = √ λS_1, S_2 ≡ S_{34} = √ λS_2. (2.12) The Cartan generators of SO(6) corresponding to the three linear isometries of the S^5 metric are the translations in the three angles φ_1, φ_2 and φ_3 : J_1 ≡ J_{12} = √ λJ_1, J_2 ≡ J_{34} = √ λJ_2, J_3 ≡ J_{56} = √ λJ_3. (2.13) Let us consider a string solution X_M = X_{inM} (τ, σ), Y_P = Y_{inP} (τ, σ) (2.14) with energy E and spins S_n, J_k. We assume that if at a given τ_0 two points on the string coincide in the target space

X_{inM} (τ_0, σ_1) = X_{inM} (τ_0, σ_2) Y_{inP} (τ_0, σ_1) = Y_{inP} (τ_0, σ_2) (2.15)

and their velocities agree Ẋ_{in M} (τ_0, σ_1) = Ẋ_{in M} (τ_0, σ_2) Ẏ_{in P} (τ_0, σ_1) = Ẏ_{in P} (τ_0, σ_2), (2.16)

then the string can split into two pieces

fragment I : σ ∈ (0, σ_1) ∪ (σ_2, 2π) (2.17) fragment II : σ ∈ (σ_1, σ_2).

The behavior of the cut fragments is governed by equations (2.4) and (2.6) with the boundary conditions defined by the initial string at the moment of splitting:

X_{IM} (τ_0, σ) = X_{inM} (τ_0, σ) Ẋ_{I M} (τ_0, σ) = Ẋ_{in M} (τ_0, σ)

Y_{IP} (τ_0, σ) = Y_{inP} (τ_0, σ) Ẏ_{I P} (τ_0, σ) = Ẏ_{in P} (τ_0, σ) σ ∈ (0, σ^1) ∪ (σ^2, 2π);

X_{IIM} (τ_0, σ) = X_{inM} (τ_0, σ) Ẋ_{II M} (τ_0, σ) = Ẋ_{in M} (τ_0, σ)

Y_{IIP} (τ_0, σ) = Y_{inP} (τ_0, σ) Ẏ_{II P} (τ_0, σ) = Ẏ_{in P} (τ_0, σ) σ ∈ (σ^1, σ^2).

(2.18)

The closed string periodicity conditions are imposed on each fragment separately: X_{I,IIM} (τ, σ) = X_{I,IIM} (τ, σ + 2π_{I,II}) Y_{I,IIP} (τ, σ) = Y_{I,IIP} (τ, σ + 2π_{I,II}), where

2π_I = 2π − (σ_2 − σ_1) 2π_{II} = σ_2 − σ_1.

(2.19)

Conditions (2.18) and (2.19) uniquely determine the final states. The relations between the energies (E_{I,II}) and spins (S_{I,II n}, J_{I,II k}) of the cut fragments — together with “conservation laws” of splitting E(E_I, E_{II}, ...), S(S_I, S_{II}, ...), etc — are completely determined by the charge conservation. Thus they may be found (at least parametrically) for the initial string solution of arbitrary complexity. Determining the evolution is much more complicated: one has to solve the string equations (2.4), (2.6) with the boundary conditions (2.18) and (2.19). At the moment, this is possible only in the simplest cases.

3 Splitting of folded strings in the flat space. A review.

In this section we review splitting of the folded strings in flat Minkowski space [12]. The solution for the folded strings in flat Minkowski space reads

X_0 = ℓτ , X_1 = ρ cos ϕ = ℓ cos(σ) cos(τ) , X_2 = ρ sin ϕ = ℓ cos(σ) sin(τ). (3.1)

The energy and spin E = ℓ , J = 1 2 ℓ^2 (3.2)

obey the standard Regge relation E^2 = 2J .

Any two points on the string parameterized by σ_1 and σ_2 = 2π − σ_1 coincide in the target space and their velocities agree at any given time. Let us assume that at τ_0 = 0 the string splits into two pieces. The cut occurs at X_1 = ℓ cos(aπ), X_2 = 0, i.e. σ_{cut 1} = aπ and σ_{cut 2} = 2π − aπ : fragment I : σ ∈ (0, aπ) ∪ (2π − aπ, 2π) fragment II : σ ∈ (aπ, 2π − aπ), 0 < a < 1 2 . (3.3)

Figure 1: Splitting of the folded string in the flat space.

Here without loss of generality 0 < a <^1_2 , i.e. the fragment I is always “smaller” than the fragment II (see schematic plot in figure 1).

Quantum numbers of the fragment I are the energy (E_I), linear momentum (P_{I i} = √ λP_{I i}) and angular momentum (J_I):

E_I = P_{I 0} = 2 πa∫ 0 dσ 2π Ẋ_{0 I} = ℓa , (3.4)

P_{I 1} = 0 , (3.5)

P_{I 2} = 2 πa∫ 0 dσ 2π Ẋ_{I 2} = 2 πa∫ 0 dσ 2π cos(σ) = ℓ sin(πa) π , (3.6)

J_I = L_I + S_I = 2 πa∫ 0 dσ 2π (X_{I 1}Ẋ_{I 2} − Ẋ_{I 1}X_{I 2}) = ℓ^2a ( sin(2πa) πa − 1 ) . (3.7)

Here the orbital momentum (L_I = √ λL_I) and spin (S_I = √ λS_I) are^1

L_I = ℓ^2a sin^2(πa) (πa)^2

, S_I = ℓ^2a ( sin(2πa) πa − sin^2(πa) (πa)^2 − 1 ) . (3.8)

The mass of the fragment I, i.e. its energy in the center-of-mass system read

M^2_I = E^2_I − P^2_I = ℓ^2 ( a^2 − sin^2(πa) π^2 ) . (3.9)

1 Orbital momentum is defined as LI = XcmI PI 2, where XcmI is the coordinate of the center of mass of the string XcmI = 1 πa πa∫ 0 dσ XI 1 = ℓ sin(πa) πa .

The conserved charges for the fragment II may be found similarly:

E_{II} = ℓ(1 − a), P_{II} = − ℓ sin(πa) π , J_{II} = L_{II} + S_{II},

M^2_{II} = E^2_{II} − P^2_{II} = ℓ^2 ( (1 − a)^2 − sin^2(πa) π^2 ) , L_{II} = ℓ^2(1 − a) sin^2(πa) (π(1 − a))^2

, S_{II} = −ℓ^2(1 − a) ( 1 + sin^2(πa) (π(1 − a))^2 + sin(2πa) π(1 − a) ) . (3.10)

The energy, linear momentum and angular momentum are conserved in the process of splitting:

E_I + E_{II} = E , P_{I 2} + P_{II 2} = 0 , J_I + J_{II} = J . (3.11)

The string solution describing the evolution of the final states may be found using the general solution for a closed bosonic string in flat Minkowski space. Imposing the boundary and periodicity conditions [12] on it, one finds

X_{I 0} = 2ℓτ,

X_{I 1} = ℓ sin(πa) πa ( 1 + 2 ∞∑ n=1 (−1)^n 1 −^{n2}_{a2} cos( nτ a ) cos( nσ a ) ) , X_{I 2} = ℓ sin(πa) πa ( τ + 2a ∞∑ n=1 (−1)^n n(1 −^{n2}_{a2} ) sin( 2nτ a ) cos( 2nσ a ) ) , (3.12)

where −πa < σ < πa, and X_{II 0} = 2ℓτ,

X_{II 1} = − ℓ sin(πa) π(1 − a) ( 1 + 2 ∞∑ n=1 (−1)^n 1 −^{n2}_{(1−a)2} cos( nτ (1 − a)

) cos( nσ (1 − a) ) ) , X_{II 2} = − ℓ sin(πa) π(1 − a) ( τ + 2(1 − a) ∞∑ n=1 (−1)^n n(1 −^{n2}_{(1−a)2} ) sin( nτ (1 − a)

) cos( nσ (1 − a) ) ) , (3.13)

where −π(1 − a) < σ < π(1 − a). Summing the series up, we obtain

X_{I,II μ}(σ, τ) = X^+_{I,II μ}(σ^+) + X^−_{I,II μ}(σ^−), σ^± = σ ± τ, (3.14)

where

X^±_{I 0} = ± ℓ 2 aσ^± , X^±_{I 1} = ℓ 2 C_I (σ^±) , X^±_{I 2} = ± ℓ 2 [sin(aπ) π σ^± + S_I(σ^±) ] , (3.15)

C_I (ξ) = cos(aξ) , S_I(ξ) = sin(aξ) −^{sin(aπ)}_π ξ for 0 ≤ ξ < π , C_I (ξ) = cos(aξ − 2aπ) , S_I(ξ) = sin(aξ − 2aπ) − sin(aπ) π (ξ − π) for π ≤ ξ < 2π and X^±_{II 0} = ± ℓ 2 (1 − a)σ^± , X^±_{II 1} = ℓ 2 C_{II} (σ^±), X^±_{II 2} = ± ℓ 2 [ − sin(aπ) π σ^± + S_{II}(σ^±) ] , (3.16)

C_{II} (ξ) = cos((1 − a)ξ + aπ) , S_{II}(ξ) = sin((1 − a)ξ + aπ) + sin(aπ) π ξ for 0 ≤ ξ < 2π.

In the expressions (3.15) and (3.16), the world-sheet parameters are rescaled as

fragment I : fragment II : τ, σ → aτ, aσ τ, σ → (1 − a)τ, (1 − a)σ. (3.17)

The derivatives X^′_{I,II i}, i = 1, 2 have discontinuities at the points of splitting, i.e. at σ^± = π for the fragment I and σ^± = 0 for the fragment II. These discontinuities show up as an angular bending on the folded shape of the strings moving along the strings as a function of τ (for more details see the original paper [12]). Equations (2.6) are satisfied at each point on the string, in spite of the discontinuity. The δ−functions arising from the second derivative ∂_{σ,σ} X_{I,II i} cancel with those coming from ∂_{τ,τ} X_{I,II i}, due to the chiral properties of (3.14).

4 Splitting of folded strings in AdS_3.

In this section we discuss splitting of Gubser-Klebanov-Polyakov folded spinning strings in AdS_3.

4.1 Folded string in AdS_3

The folded string solution in the AdS_3 in the embedding coordinates read [17]

Y_{05} = cosh ρ e^{iκτ} , Y_{12} = sinh ρ e^{iωτ} , (4.1)

where

sinh ρ = ℓ sn [ κℓ^{−1}σ, −ℓ^2 ] , cosh ρ = dn [ κℓ^{−1}σ, −ℓ^2 ] , w^2 κ^2

= 1 + 1 ℓ^2

. (4.2)

Here sn[z, m] and dn[z, m] are the Jacobi elliptic functions, ℓ defines the length of the string: sinh ρ_{max} = ℓ. Expressions (4.2) are valid on the interval 0 ≤ σ <^π_2 only. To get the formal periodic solution on the interval 0 ≤ σ < 2π one has to combine four stretches of (4.2):

Y_{05} = cosh ρ(σ)e^{iκτ} Y_{12} = sinh ρ(σ)e^{iωτ} for σ ∈ [0,^π_2 ) Y_{05} = cosh ρ(π − σ)e^{iκτ} Y_{12} = sinh ρ(π − σ)e^{iωτ} for σ ∈ [^π_2 , π) Y_{05} = cosh ρ(σ − π)e^{iκτ} Y_{12} = − sinh ρ(σ − π)e^{iωτ} for σ ∈ [π,^{3π}_2 ) Y_{05} = cosh ρ(2π − σ)e^{iκτ} Y_{12} = − sinh ρ(2π − σ)e^{iωτ} for σ ∈ [^{3π}_2 , 2π).

(4.3)

and impose

Y_P (σ + 2π) = Y_P (σ). (4.4)

The closed string periodicity conditions require κ = 2 π ℓ K [−ℓ^2 ]. (4.5)

The energy and spin are E = 2 π ℓ E [−ℓ^2 ], S = 2 π √ 1 + ℓ^2 (E[−ℓ^2 ] − K [−ℓ^2 ]) . (4.6)

Here K [z] and E [z] are the complete elliptic integrals of the first and second kinds, respectively.

The classical energy of the string in the limit of large spin is [17, 24]^2 E ≃ S + √ λ π ln S √ λ + ... , S √ λ ≫ 1 . (4.7)

4.2 Large-spin limit. Formal κ = ω approximation.

There is a useful simplification of the solution (4.2), when the spin of the folded string is large:

ρ = κσ , κ = ω ≫ 1. (4.8)

This is a formal limit, as κ → ω implies ℓ → ∞.

The energy and spin read

E = S_{05} ≃ κ 2π π + 1 4π e^{κπ} , S = S_{12} ≃ − κ 2π π + 1 4π e^{κπ} . (4.9)

Expansion of the classical energy in large S is consistent with the one coming from (4.6) in the first two orders^3 E ≃ S + √ λ π ln S √ λ + ... , S √ λ ≫ 1 . (4.10)

Any two points on the string parameterized by σ_1 and σ_2 = π − σ_1 coincide in the target space and their velocities agree at any given time. Let us assume that at τ_0 = 0 the string splits into two pieces. The cut occurs at ρ = κσ_0, i.e. σ_{cut 1} = σ_0 and σ_{cut 2} = π − σ_0

fragment I : σ ∈ (σ_0, π − σ_0) fragment II : σ ∈ (0, σ_0) ∪ (π − σ_0, 2π),

0 < σ_0 < 1 2 . (4.11)

Here without loss of generality 0 < σ_0 <^π_2 , i.e. the fragment I is always smaller than the fragment II (see schematic plot in figure 2).

Approximation (4.8) is invalid close to the string ends, thus we have to demand π 2 − σ_0 ≫ 1 κ . (4.12)

The charges (S_{I,II})_{P Q} of the cut fragments read

(S_{I,II})_{05} = κ 2π (π 2 ∓ σ_0 ) + sinh(κπ) ∓ sinh(2κσ_0) 4π , (S_{I,II})_{12} = − κ 2π (π 2 ∓ σ_0 ) + sinh(κπ) ∓ sinh(2κσ_0) 4π , (S_{I,II})_{02} = −(S_{I,II})_{51} = ± cosh(κπ) − cosh(2κσ_0) 4π , (S_{I,II})_{01} = 0, (S_I)_{52} = 0.

(4.13)

They are conserved in the process of splitting

E = S_{05} = (S_I)_{05} + (S_{II})_{05}, S = (S_I)_{12} + (S_{II})_{12}, (S_{in})_{02} = (S_I)_{02} + (S_{II})_{02}, (S)_{51} = (S_I)_{51} + (S_{II})_{51}.

(4.14)

2 There is an elegant method to obtain expansion for E(S) in large or small S with arbitrary accuracy [25]. 3 One has to be careful using (4.8) for computing charges. It is easy to see, that the absolute values of E and S in (4.9) approximately twice exceed those of (4.6) taken at equal κ. This inconsistency comes from the fact, that approximation (4.8) is invalid close to the string ends [24], while the largest contribution to the charges comes exactly from them.

Figure 2: Splitting of the folded string in AdS_3.

Spins of the fragments I and II given in (4.13) have non-Cartan components, as they are written in the “center-of-mass system” of the initial string (the coordinate system where S_{P Q} of the string has Cartan components only). It is more natural to analyze the fragments in their own center-of-mass systems. Let us diagonalize (S_{I,II})_{P Q}.

Performing the boost rotations independently for each string^4 (~ Y_{I,II 0} Ỹ_{I,II 1} ) = ( cosh α_{I,II} sinh α_{I,II} sinh α_{I,II} cosh α_{I,II} ) ( Y_{I,II 0} Y_{I,II 1} ) (4.15) (~ Y_{I,II 5} Ỹ_{I,II 2} ) = ( cosh β_{I,II} sinh β_{I,II} sinh β_{I,II} cosh β_{I,II} ) ( Y_{I,II 5} Y_{I,II 2} ) (4.16)

with the parameters (α_I, β_I for the fragment I and α_{II}, β_{II} for the fragment II)

α_{I,II} = β_{I,II} = ∓ κ 2 (π 2 ± σ_0 ) , (4.17)

we find the energies and spins of the cut fragments in their own center-of-mass systems^5

E_{I,II} ≃ κ 2π ( π 2 ∓ σ_0 ) + e^{κ( π}2^{∓σ0)} 4π , S_{I,II} ≃ − κ 2π (π 2 ∓ σ_0 ) + e^{κ( π}2^{∓σ0)} 4π . (4.18)

These expressions coincide with (4.9) up to parameter definitions. The expansions of the classical energies E_{I,II}(S_{I,II}) in large spins obviously agree with (4.10):

E_{I,II} ≃ S_{I,II} + √ λ π ln S_{I,II} √ λ + ... , S_{I,II} √ λ ≫ 1. (4.19)

Let us find the string solutions describing the evolution of the cut fragments.

4 Any rotation in the Y0Y5, Y1Y2, Y0Y2 or Y5Y1 would result in (SI,II)01 and (SI,II)52 gaining nonzero values. We are left only with boosts in Y0Y1 and Y5Y2 planes.

5Making use of (4.12), we set sinh(κ(^π_2 ∓ σ0)) ∼^1_2 e^{κ( π2 ∓σ0)}.

The evolution of the fragment I is governed by the string equations (2.4) and (2.6) with the initial conditions at τ_0 = 0 (written in the center-of-mass of the fragment):

Ỹ_{I 0} = cosh [ κ ( σ − π 4 − σ_0 2 )] , Ỹ_{I 1} = sinh [ κ ( σ − π 4 − σ_0 2 )] , Ỹ_{I 5} = 0, Ỹ_{I 2} = 0, ∂ ∂τ Ỹ_{I 0} = 0, ∂ ∂τ Ỹ_{I 1} = 0, ∂ ∂τ Ỹ_{I 5} = κ cosh [ κ ( σ − π 4 − σ_0 2 )] , ∂ ∂τ Ỹ_{I 2} = κ sinh [ κ ( σ − π 4 − σ_0 2 )] (4.20)

for the interval σ_0 < σ <^π_2 and the same expressions with σ → π − σ for the interval^π_2 < σ < π − σ_0.

After rescaling of the world-sheet parameters σ to ξ in such a way that σ_0 < σ <^π_2 → −^π_2 < ξ <^π_2 : σ = π − 2σ_0 2π ξ + π 4 + σ_0 2 and τ = π − 2σ_0 2π η, (4.21)

we rewrite (4.20) in the following form

Ỹ_{I 0} = cosh(κ_Iξ), Ỹ_{I 1} = sinh(κ_Iξ), Ỹ_{I 5} = 0, Ỹ_{I 2} = 0, ∂ ∂η Ỹ_{I 0} = 0, ∂ ∂η Ỹ_{I 1} = 0, ∂ ∂η Ỹ_{I 5} = κ_I cosh(κ_Iξ), ∂ ∂η Ỹ_{I 2} = κ_I sinh(κ_Iξ),

κ_I = κ π − 2σ_0 2π . (4.22)

Such boundary conditions are satisfied by

Ỹ_{I 05} = cosh(κ_Iξ)e^{iκ}I^η, Ỹ_{I 12} = sinh(κ_Iξ)e^{iκ}I^η. (4.23)

That is the same as (4.8) up to parameter definitions.

For the fragment II we get similar result

Ỹ_{II 05} = cosh(κ_{II}ξ)e^{iκ}II^η, Ỹ_{II 12} = sinh(κ_{II}ξ)e^{iκ}II^η, κ_{II} = κπ + 2σ^0 2π . (4.24)

Making use of (4.9) and (4.18) the following conservation laws of the splitting may be derived^6

E^{1−2/E} = 4πE^{1−2/EI}_I E^{1−2/EII}_{II} , S^{1+2/S} = 4πS^{1+2/SI}_I S^{1+2/SII}_{II} . (4.25)

The boost parameters (4.17) may be expressed as

α_{I,II} = β_{I,II} ≃ ∓ ln E^{1−2/E} E^{1−2/EI,II} I,II ≃ ∓ ln S^{1+2/S} S^{1+2/SI,II} I,II . (4.26)

Given (4.8), (4.23), (4.24) and (4.17) we see that when the initial string described by the formal κ = ω limit of the folded string (4.8) splits into two pieces the world surface does not change and the fragments are described by the solutions of the same type as the parent string.

6 Here we used the relations E = κ 2π π + 1 4π e^{κπ} ⇒ ln E = κπ − ln 4π + 2πκe^{−κπ} ⇒ κπ = ln E + ln 4π − 2 E ln E.

It is interesting to point out that (4.8) is not just a formal approximation of the folded string profile (in the limit κ = ω → ∞), but a true solution of the string equations (2.4), (2.6) (with arbitrary values of κ = ω). Strings of this type have a peculiar property. They may be divided into an arbitrary number of fragments each of which is an independent solution of the same type as (4.8), simply boosted from its center-of-mass. However, its stretches may not be consistently glued to form a closed string. Such glued string would have jumps of the first derivatives at the string ends ρ^′(σ_{ends} + 0) ≠ ρ^′(σ_{ends} − 0), resulting in ρ^{′′}(σ_{ends}) ∼ δ(σ ± σ_{ends}), and, consequently, would not satisfy (2.6)^7. The δ−functions arising on the r.h.s. of the equations (2.4) may be interpreted as point masses attached to the string ends [26].

4.3 String with an arbitrary spin. The general case

In this section we discuss the most general case of splitting of folded strings in AdS_3. Starting with the folded string solution in its exact form (4.1), (4.2), (4.5) and, following the approach of section 4.2, we assume that the string splits into two fragments (I and II) defined in (4.11) and in figure 2. Their charges (S_{I,II})_{P Q} read

(S_{I,II})_{05} = κC_{I,II} = ℓ π ( E[−ℓ^2 ] ∓ E [ am[κℓ^{−1}σ_0, −ℓ^2], −ℓ^2 ]) , (S_{I,II})_{12} = ωS_{I,II} = − √ 1 + ℓ^2 π^2

(π ∓ 2σ_0)K [−ℓ^2 ] + √ 1 + ℓ^2 π^2 ( E [−ℓ^2 ] ∓ E [ am[κℓ^{−1}σ_0, −ℓ^2], −ℓ^2 ]) , (S_{I,II})_{02} = ωM_{I,II} = ± 1 π ℓ √ 1 + ℓ^2 cn [ κℓ^{−1}σ_0, −ℓ^2 ] , (S_{I,II})_{15} = κM_{I,II} = ± 1 π ℓ^2 cn [ κℓ^{−1}σ_0, −ℓ^2 ] , (S_{I,II})_{01} = (S_{I,II})_{52} = 0 ,

(4.27)

where E [z, m] is the incomplete elliptic integral of the second kind. We want to find a coordinate systems where the non-Cartan components of the spins vanish and find the energies and spins of the final fragments. (S_{I,II})_{P Q} may be diagonalized by boosts in the Y_0Y_1 and Y_5Y_2 planes (4.15), (4.16) with parameters^8

sinh(α_{I,II} + β_{I,II}) = −

M_{I,II} (ω + κ) √ (κC_{I,II} + ωS_{I,II})^2 − M^2_{I,II} (ω + κ)^2

sinh(α_{I,II} − β_{I,II}) =

M_{I,II} (ω − κ) √ (κC_{I,II} − ωS_{I,II})^2 − M^2_{I,II} (ω − κ)^2 , (4.28)

where

C_{I,II} = ℓ κπ ( E[−ℓ^2 ] ∓ E [ am[κℓ^{−1}σ_0, −ℓ^2], −ℓ^2 ]) , S_{I,II} = − π ∓ 2σ_0 2 + C_{I,II}

M_{I,II} = ± ℓ^2 κπ cn [ κℓ^{−1}σ_0, −ℓ^2 ] , κ = 2 π ℓ K [−ℓ^2 ]. (4.29)

7 In the flat space this inconsistency is avoided due to the chiral properties of the solutions for the final fragments (see above).

8 Vanishing of the non-Cartan components of the spins implies

M I,II (κ + ω) cosh(αI,II + βI,II) + (κC I,II + ωSI,II) sinh(αI,II + βI,II) = 0 M I,II (κ − ω) cosh(αI,II − βI,II) + (κC I,II − ωSI,II) sinh(αI,II − βI,II) = 0.

That leads to (4.28).

Then the energies and spins of the cut fragments read

E_{I,II} = 1 2 √ (κC_{I,II} + ωS_{I,II})^2 − M^2_{I,II} (ω + κ)^2 + 1 2 √ (κC_{I,II} − ωS_{I,II})^2 − M^2_{I,II} (ω − κ)^2

S_{I,II} = 1 2 √ (κC_{I,II} + ωS_{I,II})^2 − M^2_{I,II} (ω + κ)^2 − 1 2 √ (κC_{I,II} − ωS_{I,II})^2 − M^2_{I,II} (ω − κ)^2.

(4.30)

These relations parametrically encode the conservation laws of splitting, e.g. E(E_I, E_{II}), S(S_I, S_{II}), etc.

The evolution of the fragments I and II is governed by the string equations (2.4) and (2.6) with the boundary conditions given by the initial string (4.1), (4.2), (4.5) on the intervals (4.11) at τ_0 = 0. Due to the complexity of the folded string profile (4.2), we are unable to find solutions to these equations. However, we could describe the evolution qualitatively based on the result of section 4.2 and section 3, in the limit of large — but not infinitely large (as in (4.8)) — spin, so long as the cut occurs far enough from the string ends for σ_0 to satisfy κ(π/2 − σ_0) ≫ 1. In this case, one should expect the final pieces have almost the standard folded shape (4.1), (4.2), (4.5), which is disturbed by a kink moving along the string, similar to that observed in flat Minkowski space, see section 3 and [12]. The kink is a “correction” to the “leading” folded shape of the cut fragments, thus the angle of bending has to depend on the position of the kink. It may be substantial at the string ends but must be small close to the center.

5 Splitting of strings in AdS_3×S^5.

In this section we generalize the results for the splitting of the folded string in AdS_3 to AdS_3×S^5, including into consideration circular rotations and windings in S^5.

Let us consider the string solution having the folded shape in the AdS_3 and the circular one with windings in S^3 :

Y_{05} = cosh ρ e^{iκτ} , Y_{12} = sinh ρ e^{iωτ} , X_{12} = ae^{i(ντ +mσ)}, X_{34} = be^{i(ντ −mσ)}, a^2 + b^2 = 1, m ∈ N,

(5.1)

where

sinh ρ = ℓ̃ sn [ κ̃ℓ̃^{−1}σ, −ℓ̃^2 ] , κ̃ = 2 π ℓ̃ K [−ℓ̃^2 ], ω̃^2 κ̃^2

= 1 + 1 ℓ̃2 , ω̃^2 = ω^2 − (ν^2 + m^2), κ̃^2 = κ^2 − (ν^2 + m^2).

(5.2)

Comparing that with (4.1), (4.2) and (4.5), we see that the only result of accounting for the S^3 part is redefinition of κ, ω → k̃, w̃. That is also true if one adds other spins and windings in S^5.

Combining together four stretches of (5.1), each of which is valid on the interval 0 ≤ σ <^π_2 , we obtain a periodic solution on the interval 0 ≤ σ < 2π. Its classical energy and spins read

E_J = 2 π κ κ̃ ℓ̃ E[−ℓ̃^2 ] = √ 4 π^2 ℓ̃2 + m^2 + (J^1 + J^2))^2 K^2 [−ℓ̃^2]

E [−ℓ̃^2 ] ,

S_J = 2 π ω ω̃ √ 1 + ℓ̃^2 (E [−ℓ̃^2 ] − K [−ℓ̃^2 ]) = √ 4 π^2

(1 + ℓ̃^2) + m^2 + (J_1 + J_2))^2 K^2 [−ℓ̃^2]

(E [−ℓ̃^2 ] − K [−ℓ̃^2 ]),

J_1 = a^2ν, J_2 = b^2ν, ν = J_1 + J_2 . (5.3)

Following the approach of section 4, first, we consider the limit of the string with large spin in AdS_3. Then the AdS-part of the solution (5.2) may be approximated by ρ = √ κ^2 − (ν^2 + m^2) σ = κ̃σ , κ = ω , κ̃ ≫ 1. (5.4)

This is a formal limit as κ → ω implies ℓ̃ → ∞.

The energy and AdS-spin of the string read

E_J = S_{05} ≃ κ 2π π + κ 4πκ̃ e^{κ̃π}, S_J = S_{12} ≃ − κ 2π π + κ 4πκ̃ e^{κ̃π}. (5.5)

Spins in S^3 are unaffected by the limit.

Two points on the string parameterized by σ_1 and σ_2 coincide in the target space and their velocities agree, if σ_1 = σ_0, σ_2 = π − σ_0 and

σ_0 = ( 1 2 − n m ) π, n ∈ N, if m ≠ 0 (5.6)

or for arbitrary σ_0 if m = 0. The string is not folded in AdS_3×S^3, when m ≠ 0.

Approximation (5.4) is invalid close to the string ends, thus we have to demand π 2 − σ_0 ≫ 1 κ̃ (5.7)

for the coordinates of the cut (σ_{cut 1} = σ_0 and σ_{cut 2} = π − σ_0).

The charges (S^J_{I,II})_{P Q} of the cut fragments read

(S^J_{I,II})_{05} = κ 2π ( π 2 ∓ σ_0 ) + κ κ̃ sinh(κ̃π) ∓ sinh(2κ̃σ_0) 4π , (S^J_{I,II})_{12} = − κ 2π (π 2 ∓ σ_0 ) + κ κ̃ sinh(κ̃π) ∓ sinh(2κ̃σ_0) 4π , (S^J_{I,II})_{02} = −(S^J_{I,II})_{51} = ± κ κ̃ cosh(κ̃π) − cosh(2κ̃σ_0) 4π , (S^J_{I,II})_{01} = 0, (S^J_I )_{52} = 0,

(J_{I,II})_1 = a^2 ν 2π (π ∓ 2σ_0), (J_{I,II})_2 = b^2 ν 2π (π ∓ 2σ_0).

(5.8)

They are conserved in the process of splitting

E^J = (S^J_I )_{05} + (S^J_{II} )_{05}, S^J = (S^J_I )_{12} + (S^J_{II} )_{12}, S^J_{02} = (S^J_I )_{02} + (S^J_{II} )_{02}, S^J_{51} = (S^J_I )_{51} + (S^J_{II} )_{51}, J_1 = (J_I)_1 + (J_{II})_1, J_2 = (J_I)_2 + (J_{II})_2.

(5.9)

It is natural to transform (5.8) to the center-of-mass systems of the final strings and explicitly find their energies and spins. (S^J_{I,II})_{P Q} may be diagonalized by boosts in the Y_0Y_1 and Y_5Y_2 planes (4.15), (4.16) with parameters

α^J_{I,II} = β^J_{I,II} = ∓ κ̃ 2 (π 2 ± σ_0 ) . (5.10)

We obtain the energies and AdS-spins of the fragments in the form^9

E^J_{I,II} = κ 2π (π 2 ∓ σ_0 ) + κ κ̃ e^{κ̃( π}2^{∓σ0)} 4π , S^J_{I,II} = − κ 2π (π 2 ∓ σ_0 ) + κ κ̃ e^{κ̃( π}2^{∓σ0)} 4π . (5.11)

9Making use of (5.7), we set sinh(κ̃(^π_2 ∓ σ0)) →^1_2 e^{κ̃( π2 ∓σ0)}.

The evolution of the fragments (in the own center-of-mass system for each fragment) is described by (Ỹ_{I,II})_{05} = cosh(κ̃_{I,II}ξ)e^{iκI,IIη} (Ỹ_{I,II})_{12} = sinh(κ̃_{I,II}ξ)e^{iκI,IIη} (X̃_{I,II})_{12} = ae^{i(νI,IIη+mI,IIξ)} (X̃_{I,II})_{34} = be^{i(νI,IIη−mI,IIξ)},

(5.12)

where

κ_{I,II} = κ π_0 ∓ 2σ_0 2π , κ̃_{I,II} = κ̃ π_0 ∓ 2σ_0 2π , ν_{I,II} = ν π ∓ 2σ_0 2π , m_{I,II} = m π ∓ 2σ_0 2π (5.13)

and σ_0 satisfy (5.6) if m ≠ 0. Note, that while the AdS part of (5.12) is just a large-spin approximation, the solution for the S^3 part is exact.

Given (5.4), (5.12) and (5.10) we see that, when the initial string, described by the formal κ = ω limit of the string (5.4) in AdS_3×S^3, splits into two pieces the world surface does not change and the fragments are described by the solutions of the same type as the parent string.

In the general case, starting from the exact solution in AdS_3×S^3 in the form (5.1), (5.2), we obtain the following expressions for the charges of the cut fragments (in the center-of-mass of the initial string):

(S^J_{I,II})_{05} = 1 2 E_J ∓ √ 1 π^2 ℓ̃2 + J^2 4K^2 [−ℓ̃^2] E [ am[κ̃ℓ̃^{−1}σ_0, −ℓ̃^2], −ℓ̃^2 ] , (S^J_{I,II})_{12} = 1 2 S_J ∓ √ 1 π^2

(1 + ℓ̃^2) +

J^2 4K^2 [−ℓ̃^2] ( E [ am[κ̃ℓ̃^{−1}σ_0, −ℓ̃^2], −ℓ̃^2 ] − 2 π σ_0K [−ℓ̃^2 ] ) ,

(S^J_{I,II})_{02} = ±ω ℓ̃2 cn [ κ̃ℓ̃^{−1}σ_0, −ℓ̃^2 ] κπ , (S^J_{I,II})_{15} = ± ℓ̃2 cn [ κ̃ℓ̃^{−1}σ_0, −ℓ̃^2 ] π , (S^J_{I,II})_{01} = (S^J_{I,II})_{52} = 0, (J_{I,II})_1 = a^2 ν 2π (π ∓ 2σ_0), (J_{I,II})_2 = b^2 ν 2π (π ∓ 2σ_0),

(5.14)

where E_J and S_J are defined in (5.3). That may be transformed to the center-of-mass systems of the final states by the boosts in the Y_0Y_1 and Y_5Y_2 planes (4.15), (4.16) with parameters

sinh(α^J_{I,II} + β^J_{I,II}) = −

M̃_{I,II} (ω + κ) √ (κC̃_{I,II} + ωS̃_{I,II})^2 − M̃^2_{I,II} (ω + κ)^2

sinh(α^J_{I,II} − β^J_{I,II}) =

M̃_{I,II} (ω − κ) √ (κC̃_{I,II} − ωS̃_{I,II})^2 − M̃^2_{I,II} (ω − κ)^2 , (5.15)

where C̃_{I,II} , S̃_{I,II} and M̃_{I,II} are given by (4.29) with ℓ replaced for ℓ̃.

The general expressions for the energies and spins of the fragments read

E^J_{I,II} =^1_2 √ (κC̃_{I,II} + ωS̃_{I,II})^2 − M̃^2_{I,II} (ω + κ)^2 +^1_2 √ (κC̃_{I,II} − ωS̃_{I,II})^2 − M̃^2_{I,II} (ω − κ)^2

S^J_{I,II} =^1_2 √ (κC̃_{I,II} + ωS̃_{I,II})^2 − M̃^2_{I,II} (ω + κ)^2 −^1_2 √ (κC̃_{I,II} − ωS̃_{I,II})^2 − M̃^2_{I,II} (ω − κ)^2 (J_{I,II})_1 = a^{2 ν}_{2π} (π ∓ 2σ_0), (J_{I,II})_2 = b^{2 ν}_{2π} (π ∓ 2σ_0).

These relations parametrically encode the conservation laws of splitting.

The evolution of the fragments I and II is governed by the string equations (2.4) and (2.6) with the boundary conditions given by the initial string (5.1), (5.2) on the intervals (4.11) at τ_0 = 0 with σ_0 satisfying (5.6). The solutions describing the profiles of the fragments consist of AdS- and S^3-parts. The expressions for the S^3-parts presented in (5.12), but we are unable to find the exact expressions for the AdS-parts, due to the complexity of (5.2). Up to parameter definitions, the AdS-parts coincide with the solutions describing the splitted fragments of the folded string in pure AdS_3. This is based on the fact that the only result of accounting for the S^5 is redefinition of κ, ω → k̃, w̃ and discretizing of σ_0, if any.

Concluding remarks

In this paper we have investigated splitting of folded spinning strings in AdS_3 and its generalization to include circular rotations and windings in S^5. We computed the energies and spins of products of splitting and showed that in the case of splitting of strings with large AdS-spins (which is of greatest interest in the context of AdS/CFT duality) the cut fragments are described by the solutions very similar to the initial string. The complexity of the exact folded string profile prevents us from finding the evolution of the final fragments by solving the string equations with boundary conditions given by the initial string. However, one hopes that this might be reachable “indirectly” by applying the finite gap technique (see [27, 28] for reviews). The profiles of the cut fragments are known at the moment of splitting, thus we can find the full set of the conserved charges for them, including the higher ones. This uniquely determines the algebraic surface which, being explicitly constructed, would allow the determination of the string profiles. Implementation of such an approach is promising, but quite complicated. It requires detailed investigation.

Acknowledgments

I am grateful to Arkady Tseytlin for the most valuable discussions and suggestion to look at the strings splitting problem, to Jorge Russo for sharing his Mathematica files and to David Weir for the help with proofreading. This work is supported by a grant of the Dynasty Foundation and in part by the grant Scientific Schools SS—4142.2010.2.

References

[1] M. B. Green and G. Veneziano, “Average Properties Of Dual Resonances,” Phys. Lett. B 36, 477 (1971).

[2] D. Mitchell, N. Turok, R. Wilkinson and P. Jetzer, “The Decay Of Highly Excited Open Strings,” Nucl. Phys. B 315, 1 (1989) [Erratum-ibid. B 322, 628 (1989)].

[3] J. Dai and J. Polchinski, “The Decay Of Macroscopic Fundamental Strings,” Phys. Lett. B 220, 387 (1989).

[4] H. Okada and A. Tsuchiya, “The Decay Rate Of The Massive Modes In Type I Superstring,” Phys. Lett. B 232, 91 (1989).

[5] B. Sundborg, “Selfenergies Of Massive Strings,” Nucl. Phys. B 319, 415 (1989).

[6] R. B. Wilkinson, N. Turok and D. Mitchell, “The Decay Of Highly Excited Closed Strings,” Nucl.

Phys. B 332, 131 (1990).

[7] D. Mitchell, B. Sundborg and N. Turok, “Decays Of Massive Open Strings,” Nucl. Phys. B 335, 621 (1990).

[8] D. Amati and J. G. Russo, “Fundamental strings as black bodies,” Phys. Lett. B 454, 207 (1999) [arXiv:hep-th/9901092].

[9] R. Iengo and J. Kalkkinen, “Decay modes of highly excited string states and Kerr black holes,” JHEP 0011, 025 (2000) [arXiv:hep-th/0008060].

[10] J. L. Manes, “Emission spectrum of fundamental strings: An algebraic approach,” Nucl. Phys. B 621, 37 (2002) [arXiv:hep-th/0109196].

[11] R. Iengo and J. G. Russo, “The decay of massive closed superstrings with maximum angular momentum,” JHEP 0211, 045 (2002) [arXiv:hep-th/0210245].

[12] R. Iengo and J. G. Russo, “Semiclassical decay of strings with maximum angular momentum,” JHEP 0303, 030 (2003) [arXiv:hep-th/0301109].

[13] R. Iengo and J. Russo, “Black hole formation from collisions of cosmic fundamental strings,” JHEP 0608, 079 (2006) [arXiv:hep-th/0606110].

[14] K. Peeters, J. Plefka and M. Zamaklar, “Splitting spinning strings in AdS/CFT,” JHEP 0411, 054 (2004) [arXiv:hep-th/0410275].

[15] P. Y. Casteill, R. A. Janik, A. Jarosz and C. Kristjansen, “Quasilocality of joining/splitting strings from coherent states,” JHEP 0712, 069 (2007) [arXiv:0710.4166 [hep-th]].

[16] D. E. Berenstein, J. M. Maldacena and H. S. Nastase, “Strings in flat space and pp waves from N = 4 super Yang Mills,” JHEP 0204, 013 (2002) [arXiv:hep-th/0202021].

[17] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “A semi-classical limit of the gauge/string correspondence,” Nucl. Phys. B 636, 99 (2002) [arXiv:hep-th/0204051].

[18] S. Frolov and A. A. Tseytlin, “Semiclassical quantization of rotating superstring in AdS(5) x S(5),” JHEP 0206, 007 (2002) [arXiv:hep-th/0204226].

[19] S. Frolov and A. A. Tseytlin, “Multi-spin string solutions in AdS(5) x S5,” Nucl. Phys. B 668, 77 (2003) [arXiv:hep-th/0304255].

[20] A. A. Tseytlin, “Spinning strings and AdS/CFT duality,” in “From Fields to Strings: Circumnavigating Theoretical Physics”, M. Shifman et al, eds. (World Scientific, 2004). vol. 2, 1648-1707. [arXiv:hep-th/0311139]. “Semiclassical strings and AdS/CFT,” in “Cargese 2004, String theory: From gauge interactions to cosmology”, 265-290 [arXiv:hep-th/0409296].

[21] J. Plefka, “Spinning strings and integrable spin chains in the AdS/CFT correspondence,” Living Rev. Rel. 8, 9 (2005) [arXiv:hep-th/0507136].

[22] J. M. Maldacena, “Wilson loops in large N field theories,” Phys. Rev. Lett. 80, 4859 (1998) [arXiv:hep-th/9803002]. L. F. Alday and J. M. Maldacena, “Gluon scattering amplitudes at strong coupling,” JHEP 0706, 064 (2007) [arXiv:0705.0303].

[23] L. F. Alday and R. Roiban, “Scattering Amplitudes, Wilson Loops and the String/Gauge Theory Correspondence,” Phys. Rept. 468, 153 (2008) [arXiv:0807.1889 [hep-th]].

[24] M. Beccaria, V. Forini, A. Tirziu and A. A. Tseytlin, “Structure of large spin expansion of anomalous dimensions at strong coupling,” Nucl. Phys. B 812, 144 (2009) [arXiv:0809.5234 [hepth]].

[25] M. Pawellek, “Semiclassical Strings in AdS_5×S^5 and Automorphic Functions,” arXiv:1103.2819 [hep-th].

[26] B. M. Barbashov, V. V. Nesterenko, “Introduction to the relativistic string theory,” Singapore, Singapore: World Scientific (1990) 249 p.

[27] S. Schafer-Nameki, “Review of AdS/CFT Integrability, Chapter II.4: The Spectral Curve,” arXiv:1012.3989 [hep-th].

[28] B. Vicedo, “Finite-g Strings,” J. Phys. A 44, 124002 (2011) [arXiv:0810.3402 [hep-th]].