arXiv:1104.4837v1 [hep-th] 26 Apr 2011

Relativistic action at a distance and fields

Domingo J. Louis-Martinez

Department of Physics and Astronomy, University of British Columbia Vancouver, Canada, V6T 1Z1 martinez@physics.ubc.ca

Abstract

After a brief review of the field formulations and the relativistic non-instantaneous action-at-a-distance formulations of some well known classical theories, we study Rivacoba’s generalization of a theory with a linearly rising potential as a relativistic non-instantaneous action-at-a-distance theory. For this case we construct the corresponding field theory, which turns out to coincide with a model proposed by Kiskis to describe strong interactions. We construct the action functional for this field theory. Although this model belongs to the class of Lagrangian theories with higher derivatives, it is shown that its action-at-a-distance counterpart has a much simpler form. A proposal to construct an action-at-a-distance description of Yang-Mills interactions is also presented.

PCAS No. 03.30.+p, 03.50.-z.

The concept of action at a distance was introduced by Isaac Newton to describe gravitational interactions. It became the dominant paradigm in physics until approximately the last quarter of the XIXth century. Relativistic action at a distance became a topic of research after the works of Wheeler and Feynman [1] on classical electrodynamics. Several non-instantaneous action-at-a-distance theories, modeled after Wheeler-Feynman electrodynamics have been studied[2]-[15]. Instantaneous action-at-a-distance formulations have been investigated using a variety of approaches[16]-[21].

Within the action-at-a-distance framework, great effort has been devoted to the investigation of relativistic bound states. New results for the relativistic two-body problem have been obtained recently by Droz-Vincent [22] using the a priori Hamiltonian formalism of predictive relativistic dynamics. The relativistic two-body problem has also been considered recently in [23, 24].

In this paper, after a short review of the relation between the action-at-a-distance and field formulations of well known classical theories, we focus on the study of models of vector confinement, both in their action-at-a-distance and field formulations. We find a correspondence between Rivacoba’s[11] action at a distance theory and a field theory proposed by Kiskis[25] in the 70’s as a model of vector confinement. We construct the action functional for this field theory. It is shown that the action-at-a-distance formulation in this case has a simpler form than its field theory counterpart, which is a Lagrangian field theory with higher derivatives. We also present a proposal to construct an action-at-a-distance formulation in the case of Yang-Mills interactions. As in the case of electrodynamics, it is expected that the two-body problem becomes more tractable in this formulation.

Classical electrodynamics is usually presented as a field theory. For example, it is well known that this theory can be described by the action functional[26]: S = −mc ∫ ds(ż^2)^{12} − e c ∫ dsA_μż^μ − 1 16πc ∫ d^4xF_{μν} F^{μν} , (1)

where s = cτ, τ is the proper time of the charged particle, c is the speed of light in vacuum and m and e are the mass and electric charge of the particle. In (1) A^μ (μ = 0, 1, 2, 3) are the components of the 4-vector potential of the electromagnetic field and

F^{μν} = ∂^μA^ν − ∂^ν A^μ. (2) The world line of the particle in Minkowski spacetime is described by the 4-vector z^μ(s).

We denote the 4-vector velocity ż^μ =^{dzμ}_{ds} .

The equations of the theory take the form:

mz̈^μ = e c^2

F^{μν}ż_ν , (3)

□A^μ − ∂^μ (∂_ν A^ν ) = 4π c j^μ, (4)

where j^μ is the current 4-vector associated to the charged particle: j^μ = ce ∫ dsδ^4 (x − z(s)) ż^μ(s). (5)

It is known that classical electrodynamics admits an action at a distance formulation[1], [26]-[28]. In this formulation the interactions are not mediated by fields.

The action-at-a-distance theory of electrodynamics is described by the action functional: S = − ∑ i m_ic ∫ ds_i ( ż^2_i

) 1_2 − 1 2c ∑ i ∑ j≠i e_ie_j ∫ ∫ ds_ids_jδ ( (z_i − z_j)^2 ) (ż_iż_j) . (6)

In this formulation the charged particles obey the equations of motion:

m_iz̈^μ_i = e_i c^2

F^{μν}_i ż_{iν} , (7)

where i = 1, 2, ..., N (N is the total number of charged particles) and F^{μν}_i are antisymmetric tensors given by the expressions:

F^{μν}_i = ∑ j≠i e_j ∫ ds_j δ ( (z_i − z_j )^2 ) (ż_j (z_i − z_j ))^2 (( (z^μ_i − z^μ_j )ż^ν_j − ż^μ_j (z^ν_i − z^ν_j ) ) (1 − (z̈_j (z_i − z_j ))) + ( (z^μ_i − z^μ_j )z̈^ν_j − z̈^μ_j (z^ν_i − z^ν_j ) ) (ż_j (z_i − z_j )) ) (8) The Dirac delta function in (8) accounts for the interactions propagating at the speed of light forward and backward in time.

The description given above is an example of a non-instantaneous action-at-a-distance theory.

The equations of motion (7, 8) admit exact circular orbits solutions for any number of particles[29, 30].

Similarly, it is known that if the interactions between particles are mediated by a scalar the corresponding field theory can be described by the action functional[31]: S = −c ∫ ds ( m + gϕ c^2 ) (ż^2)^{12} − 1 8πc ∫ d^4x∂_αϕ∂^αϕ, (9) or equivalently by the equations: d ds (( m + gϕ c^2 ) ż^μ ) = g c^2

∂^μϕ, (10) □ϕ = 4πg ∫ dsδ^4 (x − z(s)) (11)

This theory too admits an action-at-a-distance formulation described by the action functional[31]:

S = − ∑ i m_ic ∫ ds_i ( ż^2_i

) 1_2 − 1 2c ∑ i ∑ j≠i g_ig_j ∫ ∫ ds_ids_jδ ( (z_i − z_j )^2 ) (ż^2_i )^{12} (ż^2_j )^{12} . (12)

This is a relativistic action-at-a-distance theory of particles with variable rest masses[5, 32, 33]:

m̄_i = m_i + g_i c^2 ∑ j≠i g_j ∫ ds_jδ ( (z_i − z_j )^2 ) . (13)

The particles obey the equations of motion[32, 33]:

m̄_iz̈^μ_i = g_i c^2

Γ^μ_{iαβ}ż^α_i ż^β_i , (14)

where:

Γ^μ_{iαβ} = ∑ j≠i g_j ∫ ds_j δ ((z_i − z_j )^2) (ż_j (z_i − z_j ))^2 [( (z^μ_i − z^μ_j )η_{αβ} − 1 2 ( δ^μ_α(z_{iβ} − z_{jβ}) + δ^μ_β (z_{iα} − z_{jα}) ) ) (1 − (z̈_j (z_i − z_j ))) − ( ż^μ_j η_{αβ} − 1 2 (δ^μ_αż_{jβ} + δ^μ_βż_{jα}) ) (ż_j (z_i − z_j )) ] (15)

In the context of the action-at-a-distance formulations, in [32] the following action functional, describing a system of N interacting relativistic particles, was investigated:

S = − ∑ i m_ic ∫ dλ_iζ^{12}_i − 1 2c ∑ i ∑ j≠i g_ig_j ∫ ∫ dλ_idλ_jδ (ρ_{ij} ) F (ξ_{ij}, γ_{ij}, γ_{ji}, ζ_i, ζ_j) (16)

In (16) the λ_i (i = 1, ..., N) are Poincare invariant parameters labeling the events along the world lines of the particles and ż^μ_i =^{dzμ}_{dλi} . The metric tensor η_{μν} = diag(+1, −1, −1, −1) and the Poincare invariants ζ_i, ξ_{ij}, γ_{ij} and ρ_{ij} are defined as follows:

ζ_i = ż^2_i (17)

ξ_{ij} = (ż_iż_j ) (18)

γ_{ij} = (ż_i(z_j − z_i)) (19)

ρ_{ij} = (z_i − z_j )^2 (20) The action functional (16) is the most general action depending only on the 4-vector velocities and the relative positions of the particles. It does not depend on the 4-vector accelerations or on higher derivatives. In (16) it is assumed that the particles interact pairwise at a distance in flat spacetime and that the interactions propagate at the speed of light in vacuum.

In [32] it was shown that if (i) the Poincare invariant parameters λ_i are identified with the proper times of the particles (λ_i = s_i = cτ_i) and (ii) all the masses are assumed to be scalars under Poincare transformations, then the most general expression for F (ξ_{ij}, γ_{ij}, γ_{ji}, ζ_i, ζ_j) that satisfies these conditions is:

F = αγ_{ij}γ_{ji} + βξ_{ij} + γζ^{12}_i ζ^{12}_j , (21) where α, β and γ are constants.

Let us consider the following three cases: (a) α ≠ 0, β = γ = 0, (b) α = 0, β ≠ 0, γ = 0, (c) α = β = 0, γ ≠ 0. It is not difficult to see that case (b) corresponds to the functional (6), which describes electrodynamics. Case (c) corresponds to the action functional (12), which describes scalar interactions between the particles. As noted above, these two cases admit formulations as field theories.

The case (a) (α ≠ 0, β = γ = 0) coincides with a theory proposed in [11] by Rivacoba. This action-at-a-distance model is described by the action functional:

S = − ∑ i m_ic ∫ ds_i ( ż^2_i

) 1_2 − α 2c ∑ i ∑ j≠i g_ig_j ∫ ∫ ds_ids_jδ ( (z_i − z_j )^2 ) (ż_i(z_j − z_i)) (ż_j(z_i − z_j)) .

(22) The relativistic equations of motion for the system consisting of N particles take the form:

m_iz̈^μ_i = g_i c^2

F^{μν}_i ż_{iν} , (23)

where, F^{μν}_i = α ∑ j≠i g_j ∫ ds_jδ ( (z_i − z_j )^2 ) ( (z^μ_i − z^μ_j )ż^ν_j − ż^μ_j (z^ν_i − z^ν_j ) ) (24)

In the non-relativistic approximation this theory is derived from the Lagrangian [11, 33]: L = 1 2 ∑ i m_iv^2_i + α 2 ∑ i ∑ j≠i g_ig_jr_{ij} (25)

where, ⃗r_{ij} = ⃗r_i −⃗r_j is the relative position of particle i with respect to particle j and ⃗v_i is the velocity of the i^{th} particle. The potential energy depends linearly on the distances r_{ij} = |⃗r_{ij}| between particles (a linear potential).

In the theory of strong interactions confinement is associated with a linearly rising potential[34, 35]. The relativistic non-instantaneous action-at-a-distance formulation of [32] predicts that a linearly rising potential is purely a vector potential[33] (vector confinement). This is in agreement with the analysis given in [36] concluding that scalar confinement appears to be ruled out by experiments.

In the semirelativistic approximation (up to terms of second order (^{v2}_{c2} )) the Lagrangian of the theory takes the form[33]:

L = ∑ i m_iv^2_i 2 + ∑ i m_iv^4_i 8c^2 + α 2 ∑ i ∑ j≠i g_ig_j r_{ij} + α 4c^2 ∑ i ∑ j≠i g_ig_jr_{ij} (−(⃗v_i⃗v_j ) + (⃗n_{ij}⃗v_i)(⃗n_{ij}⃗v_j)) (26)

where ⃗n_{ij} ≡^{⃗rij}_{rij} .

We have shown that the theory described by the action (22) (and the equations of motion (23,24)) can be obtained from general considerations and assumptions within the action-at-a-distance paradigm. Does this theory have a formulation as a field theory? To answer this question, let us first notice that the antisymmetric tensors F^{μν}_i given by (24) obey the Bianchi identities: ∂F^{αβ}_i ∂z_{iγ} + ∂F^{βγ}_i ∂z_{iα} + ∂F^{γα}_i ∂z_{iβ} = 0. (27)

Therefore, there must exist 4-vectors A^μ_i such that:

F^{μν}_i (z_i) = ∂A^ν_i ∂z_{iμ} − ∂A^μ_i ∂z_{iν} . (28)

Indeed, from (24) and (28) it is not difficult to verify that the 4-vectors A^μ_i can be written as: A^μ_i (z_i) = −α ∑ j≠i g_j ∫ ds_jδ ( (z_i − z_j )^2 ) (ż_j (z_i − z_j )) ( z^μ_i − z^μ_j ) . (29)

Notice that from (29) it follows that: ∂A^ν_i ∂z^ν_i = 0, (30)

□^2A^μ_i (z_i) = 8πα ∑ j≠i g_j ∫ ds_jδ^4 (z_i − z_j (s_j)) ż^μ_j (s_j ). (31)

This immediately suggests that in a field theoretical formulation the field associated with a particle of charge g following the world line z(s) can be written as: A^μ(x) = −αg ∫ dsδ ( (x − z(s))^2 ) (ż(s)(x − z(s))) (x^μ − z^μ(s)) . (32)

Therefore, the field theory corresponding to the action-at-a-distance theory described by the action functional (22) is governed by the equations:

mz̈^μ = g c^2

F^{μν}ż_ν , (33)

□^2A^μ − ∂^μ (□∂_ν A^ν ) = 8παg ∫ dsδ^4 (x − z(s)) ż^μ(s). (34)

Notice that A^μ given by equation (32) obeys the Lorenz condition:

∂_ν A^ν = 0. (35) Therefore, A^μ given by (32) is only one possible solution of (34).

The theory described by the equations (33) and (34)) was proposed in the 70’s by Kiskis [25] as a model for the strong interactions between quarks.

It is not difficult to verify that the equations (33) and (34) can be derived from the following action functional: S = −mc ∫ ds(ż^2)^{12} − g c ∫ dsA_μż^μ + 1 32παc ∫ d^4x (∂_σF_{μν} ) (∂^σ F^{μν} ) . (36)

This completes our construction of the field theory for the case (a) (α ≠ 0, β = γ = 0) in (21).

As can be seen from (34, 36) this is an example of a field theory with a Lagrangian depending on higher derivatives, which leads to complications[26]. Of the three cases considered, this is the one that appears in a more complex form when considered as a field theory. Nevertheless, it is interesting to note that this case is the simplest of the three cases considered when viewed as an action-at-a-distance theory. This can be seen by comparing (24) with (8) and (15). Notice that F^{μν}_i given by formula (24) does not depend on the 4-vector accelerations z̈_j .

It can be said that there is a sort of duality between the field formulation and the action at a distance formulation of a theory. In case (a) (α ≠ 0, β = γ = 0) it appears that the action-at-a-distance formulation of the theory has a simpler form than the field formulation.

It is generally believed that strong interactions are best described by quantum chromodynamics, which is a field theory of the Yang-Mills type with SU(3) as its internal symmetry group. At the classical level the Yang-Mills fields A^μ_a (a = 1, ..., d), where d is the dimension of the compact Lie group (the internal symmetry group), obey the equations[37, 38]: ∂_ν F^{μν}_a − gf_{abc}F^{μν}_b A_{cν} = − 4π c j^μ_a , (37)

where,

F^{μν}_a = ∂^μA^ν_a − ∂^ν A^μ_a + gf_{abc}A^μ_b A^ν_c . (38) The structure constants f_{abc} are real and completely antisymmetric. It is well known that the Yang-Mills equations can be derived from the action functional: S = − 1 c^2 ∫ dsA_{aμ}j^μ_a − 1 16πc ∫ d^4xF_{aμν} F^{μν}_a . (39)

As a first step in an attempt to find an action-at-a-distance formulation of this theory, it may be convenient to assume the source to be a point particle with world line z^μ(s) and internal degrees of freedom q_a(s) (a = 1, ..., d) obeying Wong’s equations[39, 38]:

mz̈^μ = 1 c^2 q_aF^{μν}_a ż_ν , (40)

q̇_a = g c f_{abc}q_bA^ν_c ż_ν . (41)

It is assumed here that the currents j^μ_a in (39) take the form:

j^μ_a = c ∫ dsδ^4 (x − z(s)) q_a(s)ż^μ(s). (42)

The internal degrees of freedom q_a (a = 1, ..., d) are assumed to be the components of an isovector under the adjoint representation of the symmetry group.

A conformally invariant version of the direct interparticle action for systems of massless particles with Yang-Mills interactions was studied in[40].

In an action-at-a-distance description of Yang-Mills interactions the equations of motion of the particles may be postulated to be as follows:

m_iz̈^μ_i = 1 c^2 q_{ia}F^{μν}_{ia} ż_{iν} , (43) q̇_{ia} = g c f_{abc}q_{ib}A^ν_{ic}ż_{iν} . (44) where, F^{μν}_{ia} = ∂A^ν_{ia} ∂z_{iμ} − ∂A^μ_{ia} ∂z_{iν} + gf_{abc}A^μ_{ib}A^ν_{ic}, (45) with the condition that the functions A^μ_{ia} obey the equations: ∂F^{μν}_{ia} ∂z_{iν} − gf_{abc}F^{μν}_{ib} A_{icν} = −4π ∑ j≠i ∫ ds_jδ^4 (z_i − z_j (s_j)) q_{ja}(s_j )ż^μ_j (s_j). (46)

A major difficulty in this approach is, of course, the nonlinearity of the equations (46). Nevertheless, in this formulation the two-body problem may admit exact circular orbits solutions, analogous to Schild’s solutions[29] of the electromagnetic two-body problem.

The main results presented in this paper are (i) a proof of a correspondence between the action-at-a-distance and field formulations of a relativistic theory of vector confinement given by the action functionals (22) and (36) and (ii) a proposal of a relativistic action-at-a-distance formulation of Yang-Mills interactions, which may simplify the computations when searching for exact classical solutions of the two-body problem in this model.

References

[1] J. A. Wheeler and R. P. Feynman, Rev. Mod. Phys. 17, 157 (1945); 21, 425 (1949).

[2] J.W. Dettman and A. Schild, Phys. Rev. 95, 1057 (1954).

[3] J. Dyer and A. Schild, Journal of Mathematical Analysis and Applications 4, 328 (1962).

[4] F. Hoyle and J.V. Narlikar, Proceedings of the Royal Society, Ser. A 282, 191 (1964).

[5] C.M. Andersen and H.C. von Baeyer, Ann. Phys. (N.Y.) 60, 67 (1970).

[6] A. Schild, Ann. Phys. (N.Y.) 93, 88 (1975). [7] P. Ramond, Phys. Rev. D7, 449 (1973).

[8] A. Katz, J. Math. Phys. 10, 1929 (1969); 10, 2215 (1969). [9] A. Degasperis, Phys. Rev. D3, 273 (1971). [10] J.M. Cornwall, Nucl. Phys. B128, 75 (1977). [11] A. Rivacoba, Nuovo Cim. B84, 35 (1984). [12] J. Weiss, J. Math. Phys. 27, 1015 (1986). [13] M. Kalb and P. Ramond, Phys. Rev. D9, 2273 (1974). [14] B. Jensen and U. Lindstrom Phys. Lett. B398, 83 (1997). [15] J. Friedman and K. Uryu, Phys. Rev. D73, 104039 (2006). [16] L. Bel and X. Fustero, Ann. Inst. H. Poincare A 25, 411 (1976). [17] P. Droz-Vincent, Lett. Nouvo Cimento 1, 839 (1969).

[18] I. T. Todorov, in Relativistic Action at a Distance: Classical and Quantum Aspects, Ed.

by J. Llosa, Lectures Notes in Physics 162, Springer-Verlag (1982). [19] L. P. Horwitz and F. Rohrlich, Phys. Rev. D24, 1528 (1981). [20] H. Sazdjian, Ann. of Phys. 136, 136 (1981).

[21] G. Longhi, D. Dominici, J. Gomis and J. A. Lobo in Relativistic Action at a Distance: Classical and Quantum Aspects, Ed. by J. Llosa, Lectures Notes in Physics 162, Springer-Verlag (1982).

[22] P. Droz-Vincent, Hamiltonian two-body system in special relativity, arXiv:1006.5443 [math-ph] (2010).

[23] U. Ben-Ya’acov, J. Phys. A: Math. Theor. 42, 225401 (2009). [24] J. De Luca, Phys. Rev. E 82, 026212 (2010). [25] J. Kiskis, Phys. Rev. D 11, 2178 (1975).

[26] A. O. Barut, Electrodynamics and Classical Theory of Fields and Particles (Dover Publications Inc, New York, 1980).

[27] R.A. Moore, T.C. Scott and M.B. Monagan, Phys. Rev. Lett. 59, 525 (1987). [28] F. Hoyle and J.V. Narlikar, Lectures on Cosmology and Action at a Distance Electrodynamics, (World Scientific, 1996).

[29] A. Schild, Phys. Rev. 131, 2762 (1963). [30] D.J. Louis-Martinez, Phys. Lett. A320, 103 (2003).

[31] J.L. Anderson, Principles of Relativity Physics (Academic Press, New York, 1967). [32] D.J. Louis-Martinez, Phys. Lett. B632, 733 (2006). [33] D.J. Louis-Martinez, Phys. Lett. A364, 93 (2007). [34] T.J. Allen and M.G. Olsson, Phys. Rev D68, 054022 (2003). [35] F. Jugeau and H. Sazdjian, Nucl. Phys. B670, 221 (2003).

[36] T. Allen, M. Olsson, Y. Yuan, J. Schmidt and S. Veseli, Phys. Rev. D 70, 054012 (2004). [37] V. Rubakov, Classical Theory of Gauge Fields (Princeton University Press, 2002). [38] B. Kosyakov, Introduction to the Classical Theory of Particles and Fields (Springer, 2007).

[39] S.K. Wong, Nuovo Cimento A 65, 689 (1970). [40] B. Kosyakov, J. Phys. A: Math. Teor. 41, 465401 (2008).