arXiv:1105.0038v3 [hep-th] 13 May 2011

CAS-KITPC/ITP-257

Holographic de Sitter Universe

Miao Li and Yi Pang

Kavli Institute for Theoretical Physics, State Key Laboratory of Frontiers in Theoretical Physics, Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100190, P.R.China

ABSTRACT

We propose to embed de Sitter space into five dimensional anti-de Sitter space to compute some physical quantities of interest, using the AdS/CFT correspondence. The static de Sitter can be considered as the conformal structure of the boundary of the hyperbolic AdS_5 with a horizon, thus energy as well as entropy can be computed. The global dS can be embedded into a half-global AdS_5, and the dS entropy can be regarded as entanglement entropy in this case. Finally, the inflationary dS can also be regarded as the boundary of AdS_5, and this can be extended to include general cosmology with a positive cosmological constant, however at the price of introducing a naked null singularity in the bulk unless the cosmology is pure de Sitter space.

1 Introduction

The problem of dark energy is one of the most profound problems in fundamental physics and cosmology. More specifically, we do not yet understand a positive cosmological constant and physics in de Sitter space.

Understanding de Sitter space can be viewed as a first step toward understanding dark energy and the origin of the universe with dark energy. Many attempts have been made to understand the origin of de Sitter space as well as physics in de Sitter space, such as the string landscape scenario [1]-[3] , matrix model of de Sitter space [4], the dS/CFT correspondence [5]-[8], and resonant bubble in AdS [9, 10, 11]^1, to name a few. However, no serious progress has been made by far.

The present work is motivated by our previous study on using metamaterials to mimic de Sitter space and our calculation of the Casimir energy in de Sitter space [27, 28].

It is known that de Sitter space can be embedded into anti-de Sitter space as its boundary, while some aspects of quantum field theory on de Sitter space based on the AdS/CFT correspondence were explored in [13]-[20] and references therein. We carry out a deeper study in this paper. The static de Sitter can be considered as the conformal structure of the boundary of the hyperbolic AdS_5 with a horizon, thus energy as well as entropy can be computed. Of course, the volume of the horizon of the hyperbolic AdS is infinite, we need to introduce an infrared cut-off. Interestingly, this cut-off corresponds to a cut-off separating a stretched horizon from the real horizon in the static de Sitter, the conformal boundary of the hyperbolic AdS. As we shall see, energy computed using the AdS/CFT picture is proportional to the radius of dS when the infrared cut-off is interpreted in the above fashion. The energy/entropy ratio computed has the same functional form as we expect from the dS physics.

The global dS can be embedded into a half-global AdS_5, and the dS entropy can be regarded as entanglement entropy in this case. Finally, the inflationary dS can also be regarded as the boundary of AdS_5, the extension of this includes general cosmology with a positive cosmological constant. However, an imperfect point is that this embedding has null singularity for a general cosmology.

1Some comments on embedding inflation in AdS/CFT can be found in [12]

In the next section, we embed the static de Sitter space as well as the global de Sitter space into AdS_5, and we embed the inflationary de Sitter space into AdS_5 in sect.3 and we show that this embedding can be generalized to a general cosmology with a positive cosmological constant.

2 Holographic Static de Sitter

Both energy and entropy are well-defined in the static patch of de Sitter space:

ds^2_4 = −(1 − r^2 ℓ^2

)dt^2 + (1 − r^2 ℓ^2

)^{−1}dr^2 + r^2dΩ^2, (2.1)

Thermodynamics was considered by Gibbons and Hawking in [21], the de Sitter space entropy is still proportional to the area of the horizon. By embedding de Sitter space to five dimensional anti-de Sitter space, we shall show that this entropy can be explained as the usual black hole entropy in the hyperbolic patch of 5D anti-de Sitter space, as well as the entanglement entropy of the two halves of the boundary of a half-global (time-dependent ) anti-de Sitter space.

We first consider embedding the static de Sitter to 5D anti-de Sitter. Since only the conformal structure is relevant when de Sitter space is taken as the boundary of anti-de Sitter, we perform the following transformation. By multiplying a conformal factor Ω^2 = (1 −^{r2}_{ℓ2} )^{−1}, above metric can be mapped to the metric on R × H^3

ds^2_4 = −dt^2 + dρ^2 1 + ρ^2/ℓ^2

+ ρ^2dΩ^2, (2.2)

where r is related to ρ by the following transformation r = ρ √ 1 + ρ^2/ℓ^2

. (2.3)

From this expression, it is straightforward to see that the de Sitter horizon is mapped to ρ = ∞. But usually, when discussing physics in a space time with a nondegenerate horizon, the boundary condition is always put at the stretched horizon which is away from the real horizon by a proper distance in Planck unit. In terms of coordinate r, the stretched horizon is at r_s ≃ ℓ − ℓ^2_p/2ℓ, (2.4) where ℓ_p is the proper distance between the stretched horizon and the real horizon, and can be considered to be on the scale of the Planck length. r_s is mapped to an infrared cut-off of ρ, namely the maximum value of ρ

ρ_{max} ≃ ℓ^2/ℓ_p. (2.5)

To a field conformally coupled to gravity, the background metric (2.1) and (2.2) are equivalent up to some quantum mechanical anomaly. However, as we will see the anomaly contribution to physical quantities of interest of us is negligible.

Before proposing the holographic dual of static de Sitter, we should mention that it is known for a long time that to an observer sitting at the center of static de Sitter, the global de Sitter vacuum of a quantum field appears to be a thermal state with temperature 1/(2πℓ) [21]. To keep this feature in the conformal metric (2.2), we require the global de Sitter vacuum be described by a thermal state on R × H^3 with temperature 1/(2πℓ).

Now we propose the holographic dual to the static de Sitter is the the hyperbolic foliatation of pure AdS_5

ds^2_5 = −( r^2 ℓ^2

− 1)dt^2 + ( r^2 ℓ^2

− 1)^{−1}dr^2 + r^2 ℓ^2 dH^2_3 , (r ≥ ℓ) (2.6)

with dH^2_3 = (1 + ρ^2 ℓ^2

)^{−1}dρ^2 + ρ^2dΩ^2, (2.7) the boundary of (2.6) is conformal to the metric in (2.2), thus is conformal to the static de Sitter. The hyperbolic AdS_5 has a horizon thus has a temperature 1/(2πℓ) coinciding with the temperature of boundary field theory on R × H^3. Therefore, this geometry provides a holographic description of boundary thermal state with temperature 1/(2πℓ) which is the global de Sitter vacuum of quantum field observed by the center observer. We now compute the energy and entropy of this state via AdS/CFT method [22]-[25]. They are given by E = 3V_H3 64πG_5ℓ

, (2.8)

S = V_H3 4G_5

. (2.9)

In above expressions, V_H3 is the volume of hyperbolic space

V_H3 = Ω_2

∫_{ρmax} 0 ρ^2dρ √ 1 + ρ^2/ℓ^2

≃^1_2 Ω_2l^3ρ^2_{max} = 2πℓ^5/ℓ^2_p. (2.10)

Inserting this value into (2.11) and (2.9), we obtain E = 3ℓ^3 32G_5 ℓ ℓ^2_p

, (2.11)

S = πℓ^3 2G_5 ℓ^2 ℓ^2_p

. (2.12)

the dimensionless quantity ℓ^3/G_5 should to be replaced by a certain pure number associated with the degrees of freedom in the dual field theory. For instance, in the well-known AdS/SYM correspondence,

πℓ^3/2G_5 → N^2. (2.13)

Thus we find that in the de Sitter horizon, energy of the global de Sitter vacuum of field observed by the center observer is proportional to the size of de Sitter horizon as predicted in [26, 27, 28] and the entropy is proportional to the area of horizon previously found in [29] as geometric or entanglement entropy of field in static de Sitter. Based on the formulas of energy and entropy, one can compute the energy per degree of freedom. It is given by E/S = 3 16πℓ . (2.14)

This ratio, unlike the total energy and entropy, is independent of the two undetermined parameters ℓ^3/G_5 and ℓ^2_p.

While for the pure de Sitter vacuum, the energy momentum tensor of cosmological constant is T^μ_ν = −3δ^μ_ν /(8πG_4ℓ^2). The corresponding energy inside the horizon can be computed as E_Λ = ∫_ℓ 0 T^μ_ν ξ^ν n_μ √ γdrdθdϕ = ℓ 2G_4

, (2.15) where ξ^ν is the time Killing vector in the horizon and n^μ is the future directed unit normal vector of constant time surface. Since the Gibbons-Hawking entropy of de Sitter is S_Λ = πℓ^2 G_4

, (2.16) thus energy per degree of freedom of pure de Sitter is given by

E_Λ/S_Λ = 1 2πℓ . (2.17)

Comparing (2.14) and (2.17), we find the energy per degree of freedom of the global de Sitter vacuum of field observed by the center observer is smaller than that of pure de Sitter by a factor^3_8 . It is interesting to note that ratio (2.17) is just the de Sitter temperature. We do not know how to explain the mismatch factor 3/8 in (2.14), nevertheless, it is apparent that by taking dS_4 as the boundary of the hyperbolic AdS_5, there is no gravity in dS_4, thus physical quantities are not expected to be identical to those in a dS_4 with gravity.

In the following, we will show that the entropy (2.9) indeed has a holographic interpretation of entanglement entropy [30]. To see this clearly, we study AdS_5 in the following coordinates

ds^2_5 = (1 + r^2 ℓ^2

)^{−1}dr^2 + r^2(−dt^2/ℓ^2 + cosh^2(t/ℓ)dΩ^2_3). (2.18)

The conformal boundary of above metric is the global de Sitter space. This metric has the following flat embedding in the R^{(2,4)} as

ds^2_6 = −dX^2_0 − dX^2_1 + dX^2_2 + dX^2_3 + dX^2_4 + dX^2_5 , (2.19)

X_0 = r sinh(t/ℓ) X_1 = √ ℓ^2 + r^2, X_2 = r cosh(t/ℓ) cos χ X_3 = r cosh(t/ℓ) sin χ cos θ, X_4 = r cosh(t/ℓ) sin χ sin θ cos ϕ X_5 = r cosh(t/ℓ) sin χ sin θ sin ϕ. (2.20)

Since X_1 ≥ ℓ in this embedding, the metric (2.18) covers approximately only half of AdS_5. One can check that the bifurcate hyperbolic horizon corresponds to X_0 = 0, X_2 = 0 and 0 ≤ r ≤ ρ_{max}. To see this clearly, we present flat embedding of hyperbolic foliation of AdS_5

X_0 = √ r̃^2 − ℓ^2 sinh(t̃/ℓ), X_1 = r̃ √ 1 + ρ^2/ℓ^2, X_2 = √ r̃^2 − ℓ^2 cosh(t̃/ℓ), X_3 = (r̃/ℓ)ρ cos θ̃, X_4 = (r̃/ℓ)ρ sin θ̃ cos ϕ̃, X_5 = (r̃/ℓ)ρ sin θ̃ sin ϕ̃, (2.21)

where we use letters with tilde to denote coordinates of the hyperbolic foliation of AdS_5. Thus horizon of hyperbolic foliation of AdS_5 is at X^2_0 = X^2_2 . The finite hyperbolic time cross section of hyperbolic horizon resides at X_0 = 0 and X_2 = 0. In terms of global de Sitter coordinates, it is t = 0 and χ = π/2. At t=0, the boundary theory (r = ρ_{max}) is defined on S^3 and χ = π/2 is the equator dividing S^3 into two halves. Meanwhile, it can be found that the equator defined at t = 0 and χ = π/2 is the event horizon to the north pole observer [31]. Taking the equator as the boundary of field theory defined on one of the two halves. The holographic entropy is then [32] S^{hol} = Area(Σ) 4G_5

, (2.22)

where Σ is a three dimensional minimal surface in AdS_5 bounded by the equator.

Although the half-global patch (2.18) is time-dependent, the equator on the boundary we are interested in sits at time t = 0 thus we expect that the minimal surface bounded by this equator also sits at t = 0 due to the reflection symmetry of (2.18) in time (t → −t). The surface Σ has the area Area(Σ) = 4π ∫_{ρmax} 0 r^2 sin^2(χ) √ r^2χ^{′2} + 1 1 + r^2/ℓ^2 dr, (2.23)

where χ^′ = ∂_rχ. The minimal surface solves the following equation

r^2 sin(2χ) √ r^2χ^{′2} + 1 1 + r^2/ℓ^2 = ∂_r ( r^4 sin^2(χ) χ^′ √ r^2χ^{′2} +^1_{1+r2/ℓ2} ) . (2.24)

A solution is just given by χ = π/2. Inserting this into (2.23), immediately we recover the result in (2.9)

3 Holographic Cosmological Solutions Asymptotic to de Sitter

We first note that the expanding de Sitter can be embedded in AdS_5 as ds^2_5 = (1 + r^2 ℓ^2

)^{−1}dr^2 + r^2 ℓ^2

(−dt^2 + e^{2t/ℓ}(dx^2 + dy^2 + dz^2)). (3.1) In this section, we are interested in generalizing the above embedding to a more general and realistic cosmology. For a generic scale factor a^2(t), the nonvanishing components of Einstein tensor are obtained in the following G_{rr} = 6 ℓ^2 + r^2 − 3ℓ^2 r^2(1 + r^2/ℓ^2)

(Ḣ + 2(H^2 − ℓ^{−2})), G_{tt} = −6r^2/ℓ^4 + 3(H^2 − ℓ^{−2}), G_{ij} = δ_{ij} ( 6r^2a^2/ℓ^4 − (2Ḣ + 3(H^2 − ℓ^{−2}))a^2 ) , (3.2) We require the following Einstein equations be satisfied G_{MN} = 6ℓ^{−2}g_{MN} + 8πG_5T_{MN} , M, N = (r, t, x, y, z) (3.3) where the energy momentum tensor is assumed to be T^M_N = ℓ^2 r^2 diag{q, −ρ, p, p, p}. (3.4) The energy momentum conservation demands that ρ̇ + 3H(p + ρ) = 0, r∂_rq + 2q + (ρ − 3p) = 0. (3.5) We find that (3.3) and (3.5) are solved by H^2 = ℓ^{−2} + 8πG_5 3 ρ(t), ρ̇(t) + 3H ( p(t) + ρ(t) ) = 0, (3.6) q(t) = −^1_2 (ρ − 3p). (3.7) In the following, we will discuss the constraints on the state parameter w from five dimensional energy conditions. For p = wρ, q = −^1_2 (1 − 3w)ρ

• 1) Weak energy condition ρ ≥ 0, ρ + p ≥ 0 and ρ + q ≥ 0 require w ≥ −^1_3 ,

• 2) Null energy condition ρ + p ≥ 0 and ρ + q ≥ 0 gives the same answer if ρ ≥ 0,

• 3) Strong energy condition ρ + 3p + q ≥ 0, ρ + p ≥ 0 and ρ + q ≥ 0 demands that w ≥ −^1_9 ,

• 4) Dominant energy condition ρ ≥ 0, ρ ≥ |p| and ρ ≥ |q| reads −^1_3 ≤ w ≤ 1. To end this section, we should mention that the five dimensional embedding of inflationary universe (except the pure de Sitter case) has a naked singularity at r = 0 which can be seen below. The curvature square is

R_{MNP Q}R^{MNP Q} = 16ℓ^{−4} + 12(ℓ^{−2} − ℓ^2H^2 − 1 r^2

)^2 + 12(ℓ^{−2} − ℓ^2Ḣ + ℓ^2H^2 − 1 r^2

)^2. (3.8)

Since near r = 0, the (t, r) component of the five dimensional embedding of an inflationary universe with matter approaches the Rindler metric, the singularity at r = 0 lies on the Rindler horizon and is null. We also made attempts to hide this singularity behind a black hole horizon but it turns out that new singularity will appear at the horizon, thus there seems to be always a null singularity in the simple embedding of time dependent solutions.

4 Conlusion

In this paper, we try to understand quantum field theory in de Sitter via the AdS/CFT correspondence. We find that the static de Sitter is conformally related to R × H^3, and the latter can be embedded into the hyperbolic AdS_5 as conformal boundary. The hyperbolic AdS_5 has a horizon thus has a temperature. The temperature is precisely the de Sitter temperature. We compute energy and entropy of the hyperbolic AdS_5 which correspond to the same quantities of certain quantum field theory living on the boundary. It turns out that energy is proportional to the size of the dS horizon and entropy is proportional to the horizon area if an IR cut-off is introduced in the bulk. The functional dependence of energy and entropy with respect to horizon size recovers previous results using quantum field theory method.

We also tackle the problem of embedding inflationary dS into AdS_5. It is found that the solution can be obtained by introducing a simple matter energy momentum tensor in the bulk. An imperfect point is that this embedding often has naked null singularity which can not be resolved in a simple way. Thus how to deal with this singularity deserves further study.

Acknowledgement

This work is supported by the NSFC under Grant Nos.10535060/A050207, 10975172 and 10821504, and Ministry of Science and Technology 973 program under grant No.2007CB815401.

References

[1] L. Susskind, “The Anthropic landscape of string theory,” arXiv:hep-th/0302219.

[2] M. R. Douglas and S. Kachru, “Flux compactification,” Rev. Mod. Phys. 79, 733 (2007) [arXiv:hep-th/0610102].

[3] S. Kachru, R. Kallosh, A. D. Linde and S. P. Trivedi, “De Sitter vacua in string theory,” Phys. Rev. D 68, 046005 (2003) [arXiv:hep-th/0301240].

[4] M. Li, “Matrix model for de Sitter,” JHEP 0204, 005 (2002) [arXiv:hep-th/0106184].

[5] J. M. Maldacena and A. Strominger, “Statistical entropy of de Sitter space,” JHEP 9802, 014 (1998) [arXiv:gr-qc/9801096].

[6] F. L. Lin and Y. S. Wu, “Near horizon Virasoro symmetry and the entropy of de Sitter space in any dimension,” Phys. Lett. B 453, 222 (1999) [arXiv:hep-th/9901147].

[7] S. Hawking, J. M. Maldacena and A. Strominger, “de Sitter entropy, quantum entanglement and AdS / CFT,” JHEP 0105, 001 (2001) [arXiv:hep-th/0002145].

[8] A. Strominger, “The dS/CFT correspondence,” JHEP 0110, 034 (2001) [arXiv:hep-th/0106113].

[9] B. Freivogel, V. E. Hubeny, A. Maloney, R. C. Myers, M. Rangamani and S. Shenker, JHEP 0603, 007 (2006) [arXiv:hep-th/0510046].

[10] G. L. Alberghi, D. A. Lowe and M. Trodden, “Charged false vacuum bubbles and the AdS / CFT correspondence,” JHEP 9907, 020 (1999) [arXiv:hep-th/9906047].

[11] D. A. Lowe and S. Roy, “Punctuated eternal inflation via AdS/CFT,” Phys. Rev.

D 82, 063508 (2010) [arXiv:1004.1402 [hep-th]].

[12] D. A. Lowe, “Some comments on embedding inflation in the AdS/CFT correspondence,” Phys. Rev. D 77, 066003 (2008) [arXiv:0710.3564 [hep-th]].

[13] K. Koyama and J. Soda, “Strongly coupled CFT in FRW universe from AdS / CFT correspondence,” JHEP 0105, 027 (2001) [arXiv:hep-th/0101164].

[14] A. Buchel, “Gauge / gravity correspondence in accelerating universe,” Phys.

Rev. D 65, 125015 (2002) [arXiv:hep-th/0203041].

[15] O. Aharony, M. Fabinger, G. T. Horowitz and E. Silverstein, “Clean time dependent string backgrounds from bubble baths,” JHEP 0207, 007 (2002) [arXiv:hep-th/0204158].

[16] V. Balasubramanian, K. Larjo and J. Simon, “Much ado about nothing,” Class.

Quant. Grav. 22, 4149 (2005) [arXiv:hep-th/0502111].

[17] T. Hirayama, “A Holographic dual of CFT with flavor on de Sitter space,” JHEP 0606, 013 (2006) [arXiv:hep-th/0602258].

[18] J. A. Hutasoit, S. Prem Kumar and J. Rafferty, “Real time response on dS(3):

The Topological AdS Black Hole and the Bubble,” JHEP 0904, 063 (2009) [arXiv:0902.1658 [hep-th]].

[19] D. Marolf, M. Rangamani and M. Van Raamsdonk, “Holographic models of de Sitter QFTs,” Class. Quant. Grav. 28, 105015 (2011) [arXiv:1007.3996 [hep-th]].

[20] J. Maldacena, “Vacuum decay into Anti de Sitter space,” arXiv:1012.0274 [hepth].

[21] G. W. Gibbons and S. W. Hawking, “Cosmological Event Horizons, Thermodynamics, and Particle Creation,” Phys. Rev. D 15, 2738 (1977).

[22] V. Balasubramanian and P. Kraus, “A stress tensor for anti-de Sitter gravity,” Commun. Math. Phys. 208, 413 (1999) [arXiv:hep-th/9902121].

[23] R. C. Myers, “Stress tensors and Casimir energies in the AdS/CFT correspondence,” Phys. Rev. D 60, 046002 (1999) [arXiv:hep-th/9903203].

[24] R. Emparan, C. V. Johnson and R. C. Myers, “Surface terms as counterterms in the AdS/CFT correspondence,” Phys. Rev. D 60, 104001 (1999) [arXiv:hep-th/9903238].

[25] R. Emparan, “AdS/CFT duals of topological black holes and the entropy of zero-energy states,” JHEP 9906, 036 (1999) [arXiv:hep-th/9906040].

[26] P. Candelas and J. S. Dowker, “Field Theories On Conformally Related Space- Times: Some Global Considerations,” Phys. Rev. D 19, 2902 (1979).

[27] M. Li, R. X. Miao and Y. Pang, “Casimir Energy, Holographic Dark Energy and Electromagnetic Metamaterial Mimicking de Sitter,” Phys. Lett. B 689:55-59, (2010), [arXiv: 0910.3375 [hep-th]].

[28] M. Li, R. X. Miao and Y. Pang, “More studies on Metamaterials Mimicking de Sitter,” Opt. Express. 18:9026-9033, (2010), [arXiv:0912.4837 [physics.optics]].

[29] J. S. Dowker, “Remarks on geometric entropy,” Class. Quant. Grav. 11, L55 (1994) [arXiv:hep-th/9401159].

[30] R. C. Myers and A. Sinha, “Holographic c-theorems in arbitrary dimensions,” JHEP 1101, 125 (2011) [arXiv:1011.5819 [hep-th]].

[31] E. Witten, “Quantum gravity in de Sitter space,” arXiv:hep-th/0106109.

[32] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from AdS/CFT,” Phys. Rev. Lett. 96, 181602 (2006) [arXiv:hep-th/0603001].