arXiv:1105.0127v3 [hep-th] 26 Aug 2011

Geometry of a desingularization of eleven-dimensional gravitational spinors.

M.V. Movshev Stony Brook University Stony Brook, NY, 11794-3651, USA

mmovshev@math.sunysb.edu

August 29, 2011

Abstract We show that the space of gravitational spinors in eleven dimensions, defined by equations Γ^i_{αβ} λ^αλ^β = 0 admits a desingularization with nice geometric properties. In particular the desingularization fibers over the isotropic Grassmannian OGr(2, 11). This enables us to recast equations of linearized eleven-dimensional supergravity adapted to 3-form potential into Cauchy-Riemann equations on a super extension of isotropic Grassmannian OGr(2, 11).

Mathematics Subject Classification(2010). main 83E50, secondary 14M17,14M30,18G15 Keywords. Supergravity, pure spinors, fibration

Contents

1 Introduction 2

2 Local structure of X 7 2.1 Affine charts of the smooth locus. . . . . . . . . . . . . . . . . . . 8 2.1.1 Spinor representation of Spin(7) . . . . . . . . . . . . . . 10 2.1.2 Description of elven dimensional Γ matrices in terms of γ 11 2.1.3 G_2-equivariant solution of gravitational spinor constraint 12 2.2 Affine charts near the singular locus . . . . . . . . . . . . . . . . 14 2.2.1 gl_5 decomposition of s_{11} . . . . . . . . . . . . . . . . . . . 14

3 Properties of the blowup of X 18 3.1 The structure of the map p : ~X → OGr(2, 11) . . . . . . . . . . . 22 3.2 On the dualizing sheaf of X . . . . . . . . . . . . . . . . . . . . . 27 3.3 On the topology of X . . . . . . . . . . . . . . . . . . . . . . . . 29 3.4 More on singularities of X . . . . . . . . . . . . . . . . . . . . . . 31

4 Applications to eleven-dimensional supergravity 32 4.1 Sheafification of Gr . . . . . . . . . . . . . . . . . . . . . . . . . . 33 4.2 A homogeneous space of super-Poincaré group . . . . . . . . . . 33 4.3 Algebra of linearized supergravity . . . . . . . . . . . . . . . . . . 34

A Homological properties of Serre algebra of X 36

B Proof of Proposition 6 41

1 Introduction

One of the mathematical problems in eleven-dimensional supergravity ([15]) is to find a formulation of the theory where symmetries, including supersymmetries, have a geometric interpretation. The classical superspace formulation ([4], [10]) makes supersymmetries manifest, with a drawback that the fields it encodes are not unconstrained but satisfy supergravity equations. Proposal [7] is supposed to rectify this. Cederwall’s construction still depends on the choice of a background solution of supergravity equations, but the fields are unconstraint.

In the flat background the fields in his theory are elements of an algebra

Gr^∞ = A ⊗ Λ[s^∗_{11}] ⊗ C^∞(R^{11} ). (1)

Commutative algebra A is defined to be

A = C [λ^1 , . . . , λ^{32}]/(v^i) (2)

v^i = Γ^i_{αβ} λ^αλ^β = 0, i = 1, . . . , 11, α, β = 1, . . . , 32 (3) where Γ^i_{αβ} are eleven-dimensional Γ-matrices (see e.g. [12] for mathematical introduction). Variables λ^α are linear coordinates on the spinor representation s_{11} of the complex spinor group Spin(11). The generators θ^1, . . . , θ^{32} of the Grassmann algebra Λ[s^∗_{11}] are linear functions on the odd spinor representation s_{11}.

This algebra Gr^∞ is equipped with the differential D = λ^α ∂ ∂θ^α − Γ^i_{αβ} λ^αθ^β ∂ ∂x^i , According to [44],[36],[1] cohomology of Gr^∞ coincide with the space of solutions of the linearized equations of eleven-dimensional supergravity.

We find the name of eleven-dimensional pure spinors used for X in the physics literature ([2], [7]) mathematically misleading, because it is already reserved for another closely related object. Not having a better alternative we propose to call X the space of gravitational spinors.

In order to take advantage of analytic methods (cf. [7] where Dolbeault forms has been used to write the Lagrangian) it is reasonable to desingularise X. The space X contains a subvariety X_{sing} defined by equations

v^{ij} = Γ^{i1 i2}_{αβ} λ^αλ^β = 0, 1 ≤ i_1, i_2 ≤ 11, (4)

as a singular locus. A natural way to desingularise X is to blow it up along X_{sing} . This desingularization ~X has already been used in [2] for a computation of virtual characters.

Our prime goal is to carry out a mathematical study of topology and algebraic geometry of ~X.

Submanifold X_{sing} is isomorphic to the space of Cartan’s pure spinors OGr(5, 11) ([6]). The fundamental representation V^{11} of the complex orthogonal group SO(11) is equipped with invariant complex-linear inner product (·, ·). The space of pure spinors is a one in the series of isotropic (also called orthogonal) Grassmanians OGr(k, 11) = {F ⊂ V^{11}| dim F = k, (·, ·)|_F = 0}.

Let us briefly go over the characteristic features of X and ~X. By results of Igusa [31] X partitions into a union of two Spin(11) orbits O_{15} ∼= OGr(5, 11) and O_{22} of dimensions 15 and 22 respectively. It turns out that ~X is smooth and possesses a fibration p : ~X → OGr(2, 11). (5)

λ^p→ Γ^{i1 i2}_{αβ} λ^αλ^β e_{i1} ∧ e_{i2} (6) A fiber p^{−1}(x) is isomorphic to a projective space P^7. The exceptional divisor Y ⊂ ~X of the blowdown Bl : ~X → X is a total space of a fibration on quadrics

Y → OGr(2, 11), (7)

p^{−1}(x) ∩ Y ∼= Q ⊂ P^7. Variety Y is isomorphic to the space of partial isotropic flags

OFl(2, 5, 11) = {F_1 ⊂ F_2 ⊂ V^{11}| dim F_1 = 2, dim F_2 = 5, (·, ·)|_{F2} = 0}.

Projection OFl(2, 5, 11) → OGr(2, 11) coincides with (7); the map

OFl(2, 5, 11) → OGr(5, 11)

is the blowdown onto O_{15}. The diagram

X^{Bl}← ~X^p→ OGr(2, 11) (8) can be thought of as an eleven-dimensional analogue of duality diagrams X ← Y → Z studied in [38]. Penrose-Radon transform ([38]) can be employed to carry geometric objects from X to Z. This idea can be adapted to elevendimensional supergravity setup advocated in [44],[36],[1]. Here is the precise statement.

The algebra Gr^∞ contains a subalgebra Gr^{pol} = A ⊗ Λ[s^∗_{11}] ⊗ Sym[V^{11}]. Sym stands for symmetric or polynomial algebra; in the presence of the inner product (·, ·) we make no distinction between V^{11} and (V^{11})^∗. Gr^{pol} is an object associated with the left space in the duality diagram (8).

Let P = P_2 be the stabilizer St(x) ⊂ Spin(11), x ∈ OGr(2, 11). The spinor representation s_{11} has a filtration F_1 ⊂ F_2 by P -invariant subspaces. Dimension of F_1 is eight, dimension of F_2 is twenty four. The linear space t = F_1 is an abelian subalgebra in the supersymmetry algebra susy = V^{11} +Πs_{11} (see Section 4.2 for details). We use Π for the parity change operation. We define L to be a algebraic homogenous superspace of super-Poicaré group Spin(11) ⋉ susy with isotropy subgroup P ⋉ Πt. L is an object associated with the right space in the diagram (8). Eleven-dimensional manifestation of Penrose-Radon transform takes the following form.

Proposition 1 There is an isomorphism of the cohomology of Gr^{pol} and the cohomology of the structure sheaf of L.

Note that cohomology in the analytic version of the theory can be computed through ¯∂ complex. This makes a connection between cohomology of Gr^{an} = A ⊗ Λ[s^∗_{11}] ⊗ O^{an}(V^{11}) an Dolbeault cohomology of the structure sheaf of L.

Roughly the proof consists of two steps. In the first step we replace the tensor factor A in Gr^{pol} by a quasiisomorphic differential graded algebra (B, d_B ). The Λ[s^∗_{11}] and Sym[C^{11} ] stay unchanged. The differential D changes to d_B + D. To be more precise B is related to A by a sequence of quasiisomorphisms A ∼= B_1 ∼= B_2 ∼= B_3 = B. To define B_1 we replace the graded algebra A = ⨁ i≥0 A_i by the Čech complex B_1 = ⨁_{i≥0} Čech^•(O(i)) of some affine covering of X. Algebra B_2 is the Čech complex ⨁ i≥0 Čech^•(Bl^∗O(i)) of the pullback of sheaves O(i) on ~X. A fiber of the projection p (5) is a projective space P^7. The space of the global sections of Bl^∗O(i) over P^7 is a space of homogeneous polynomials in eight variables λ^1, . . . , λ^8 of degree i. Globalizing it we get a polynomialvalued sheaf p_∗Bl^∗O(i) over the base of p fibration. The algebra B_3 = B is the Čech complex ⨁_{i≥0} Čech^•(p_∗Bl^∗O(i)) over OGr(2, 11). The core of the second step is an observation that λ^1, . . . , λ^8 form a contracting pair with some eight generators θ^1, . . . , θ^8 in Λ[s^∗_{11}].

Several interesting problems remained out of the scope of this note.

1. Lagrangian of the linearized theory should have a form ∫ L f ¯∂fdμ, where dμ is some integral volume form on L. We have not attempted to find a formula for it.

2. The work [7] gives a description of supergravity Lagrangian L_{SUGRA} in a superspace formulation with auxiliary gravitational spinor fields (former eleven dimensional pure spinors). Some of the terms of L_{SUGRA} can be interpreted as objects defined on ~X or on OGr(2, 11). It is tempting to speculate that the Lagrangian can be defined on ~X or even on L.

3. The space V^{11} × Πs_{11} is equipped with a non-integrable odd distribution, defined by differential forms dθ^α − Γ^i_{αβ} θ^β dx^i. The space L is a moduli of complex purely odd eight-dimensional integrable subspaces. An example of a point in this moduli is given by Πt. A (1|8)-dimensional object appeared in [45], [50] in a description of ten-dimensional supergravity and Yang-Mills theory. We think this analogy worth a more close investigation.

We plan to address these questions in the following publications.

Here is an outline of the paper. In Section 2 we undertake a detailed analysis of the local structure of X, by exhibiting affine charts. Octonion calculus turns to be indispensable. In Section 3 we establish most of algebro-geometric facts claimed in this introduction. In Section 4 we discuss the gravitational applications. We moved some technical computation into appendix. In particular in Appendix A we settle some questions in homological algebra related to gravitational spinors and in particular prove that computations of cohomology in [36] pertinent to eleven-dimensional supergravity are mathematically correct. For this we heavily use algebra system Macauly2.

All algebraic groups, varieties and linear spaces in this note are defined over the field of complex numbers if not stated otherwise. We also used convention of summation over repeated indices.

The author would like to thank Jason Starr for his help with algebraic geometry and A.S. Schwarz for stimulating conversations. The concluding part of the work on this paper has been done at IHES. The author would like to thank this institution for the hospitality and inspiring mathematical environment.

2 Local structure of X

Local structure of X is far from obvious, because X is not smooth. It is neither obvious that X is reduced. We settle these issues in this section.

We start with a reminder of the minimal set of facts about Γ-matrices. Symmetric tensor square Sym^2s_{11} decomposes (see Appendix in [49]) into the direct sum of representations Sym^2s_{11} ∼= V^{11} + Λ^2V^{11} + Λ^5V^{11} (9)

In particular there is a unique linear Spin(10)-equivariant Γ map

Sym^2s_{11} → V^{11}, (10)

which coefficients in a basis in s_{11} and an orthonormal basis in V^{11} are Γ^i_{αβ} , α = 1, . . . 32, i = 1, . . . 11. We shall use also an intertwiner Sym^2s_{11} → Λ^2V^{11}, which gives rise to Γ^{ij}_{αβ}.

The algebraic variety X is defined as the projective spectrum of A (2). Following [31] we define a polynomial function J(λ) on s_{11} by the formula

J(λ) = Γ_{iαβ} Γ^i_{γδ}λ^αλ^β λ^γ λ^δ

This function is manifestly Spin(11) invariant. Let N be projectivization of subset of spinors, satisfying J(λ) = 0. Igusa [31] found that N is a union of four orbits of dimensions 15, 22, 24, 30. In addition P(s_{11}) contains one open orbit J(λ) ≠ 0 of dimension 31.

It is a well known fact of algebraic geometry (or better of general topology) that orbits of connected algebraic groups are irreducible in Zariski topology.

Remark 2 Theory of highest weights ([20]) implies that the projective space of an irreducible representation of a semi-simple group contains a unique closed orbit - the orbit of the highest weight vector.

It means that the orbit O_{15} is closed, but O_{22} of dimension 22 is not; the complement O_{22}\O_{22} must coincide with O_{15} (other orbits do not intersect with the closure by dimensional reasons). The closure of an irreducible set is irreducible (see e.g. [3]), and we arrive to the following proposition

Proposition 3 The closure O_{22} is irreducible.

Corollary 4 Reduced scheme X_{red} coincides with O_{22}.

Proof. Dimension of reduced, closed in P^{31} Spin(11)-invariant scheme X_{red} is 22 (Corollary 55). Then it must be a union of O_{15} and O_{22}.

The remaining part of this section contains a proof of the statement that X = X_{red}. This is shown by explicit construction of affine charts and the corresponding local rings.

2.1 Affine charts of the smooth locus.

To construct an affine chart in X containing a point λ ∈ O_{22} we shall need to develop some representation theory.

We start with describing accurately the embedding St(λ) ⊂ Spin(11). According to [31] the Levi factor of St(λ) is G_2 × GL(2). In order to characterize its embedding into SO(11) we fix an orthogonal decomposition:

V^{11} ∼= V^7 + U + U^′ = V^7 + V^4 (11)

In the following V^i stands for i-dimensional complex Euclidean space. Twodimensional spaces U, U^′ ⊂ V^4 are isotropic and U ∩ U^′ = 0. The inner product defines a non-degenerate pairing between U and U^′ . The Lie group G_2 has a defining 7-dimensional orthogonal representation in V^7 (see e.g. [5]).

Decomposition of AdSO(11) ∼= Λ^2V^{11} into G_2 × GL(2)-irreducible components takes a form of a grading by weights of a central element c ∈ gl_2:

Ad(so_{11})_2 = Λ^2U Ad(so_{11})_1 = V^7 ⊗ U Ad(so_{11})_0 = Λ^2V^7 + U ⊗ U^′ = V^7 + AdG_2 + AdGL(2) Ad(so_{11})_{−1} = V^7 ⊗ U^′ Ad(so_{11})_{−2} = Λ^2U^′

(12)

We have taken into account an isomorphism Λ^2(V )_{G2} ∼= Ad(G_2) + V (see [5] for more on G_2 representations). The Lie algebra of the unipotent radical of St(λ) ([31]) is rad = Ad(so_{11})_{−1} + Ad(so_{11})_{−2}. (13) The space of (Dirac) spinors s_{11} in eleven dimensions can be constructed as irreducible module over a Clifford algebra Cl(V^{11}). Decomposition (11) gives rise to an isomorphism

Cl(V^{11}) ∼= Cl(V^7) ⊗ Cl(V^4)

of Z_2-graded algebras. It in turn gives an identification of irreducible Clrepresentations

s_{11} ∼= s_7 ⊗ s_4, dim(s_{11}) = 32, dim(s_7) = 8, dim(s_4) = 4

It is well known ([12]) that s_{2n+1} is an irreducible representation of Spin(2n+1), whereas s_{2n} is a sum of two chiral (Weil) representation S_{2n} + S^′_{2n}.

The complex group Spin(4) is isomorphic to SL(2) × SL(2). Let W_l and W_r be defining representations of left and right copies of SL(2). Then s_4 is isomorphic to W_l + W_r. We arrived to an isomorphism of Spin(7) × Spin(4) representations s_{11} = s_7 ⊗ W_l + s_7 ⊗ W_r (14) In the spin notations V^4 is isomorphic to W_l ⊗ W_r.

2.1.1 Spinor representation of Spin(7)

In order to solve the system 3 in a neighborhood of solution λ ∈ O_{22} we need to make description of s_7 more explicit. We use construction of s_7 that utilizes Cayley numbers O.

More precisely we make an identification s_7 = O ⊗ C . To describe the relevant Γ-matrices and the structure of the Clifford module on s_7 we recall some basic properties of R-algebra O. Following [33] we denote non-associative multiplication in O by x.y. In O an alternating property holds: any subalgebra generated by two elements is associative. In those cases where the product of elements is associative we shall drop the dot sign.

We shall use some of the properties of octonions. Among these are

1. Existence of anti-involution x → x̄, xy = ȳx̄.

2. Decomposition into real and imaginary parts: x =^{x+x̄}_2 +^{x−x̄}_2 = Re(x) + Im(x)

3. Positivity of the inner product (x, y) = Re(xȳ).

4. xx̄ = ||x||^2 ∈ R ⊂ O. This implies a formula for the inverse: x^{−1} =^{x̄}_{||x||2}

5. Identity x^{−1}xy = y holds in the non-associative O. In particular if x ∈ Im(O)^{def}= V_R then the formula xxy = −||x||^2y defines an action of the Clifford algebra Cl(V_R).

We define a skew-symmetric map γ : Λ^2_RO → V_R by the formula γ(x, y) = Im(xȳ) = xȳ − Re(xȳ) = xȳ − (x, y)

According to [33] (vy, x) = (v, xȳ), which implies that for v ∈ V_R the operator of multiplication on v is adjoint to γ.

If we set V^7 = V_R⊗C then complexification of γ by general theory of Clifford modules [8] gives a Spin(7)-map Λ^2s_7 → V^7.

2.1.2 Description of elven dimensional Γ matrices in terms of γ In this section we make use of the information about s_7 found in the previous section to write eleven-dimensional Γ matrices in more elementary terms of decomposition (14).

We start with an observation that Γ-maps analogous to (10) exist in all dimensions [12].

The Γ map in four dimensions is the projection

Sym^2(W_l + W_r) ∼= Sym^2W_l + W_l ⊗ W_r + Sym^2W_r → W_l ⊗ W_r ∼= V^4 We equip linear spaces W_l and W_r with symplectic SL(2)-invariant dot products ω_l, ω_r. Details about spinors in four dimensions can be found in [46].

The Γ-map in eleven dimensions can be formulated in terms of four and seven-dimensional Γ-matrices and a choice of ω_l, ω_r.

Under identification Sym^2[s_7 ⊗ W_l + s_7 ⊗ W_r] ∼= Sym^2[s_7 ⊗ W_l] + s_7 ⊗ W_l ⊗ s_7 ⊗ W_r + Sym^2[s_7 ⊗ W_r] (15) the map Γ is a sum of intertwiners: Sym^2[s_7 ⊗ W_i] → V^7, i ∈ {l, r} θ ⊗ w ⊗ θ^′ ⊗ w^′ → γ(θ, θ^′)ω_i(w ∧ w^′) (16) s_7 ⊗ W_l ⊗ s_7 ⊗ W_r → W_l ⊗ W_r ∼= V^4

θ ⊗ w_l ⊗ θ^′ ⊗ w_r → (θ, θ^′)w_l ⊗ w_r (17) The mathematical proof of this statement follows from decomposition Λ^2s_7^{γ(2)⊕γ}−→ Λ^2V + V Sym^2s_7^{q⊕γ(3)}−→ C + Λ^3V (18) (see [49]), surjectivity of Γ (10) and Schur lemma.

2.1.3 G_2-equivariant solution of gravitational spinor constraint

In this section we solve the gravitational spinor constraint (3) in the neighborhood of a generic point. The language of octonions turns to be very useful. Appearance of octonions, which symmetry group is a compact form of G_2, is not surprising. The same group as we know is is a part of St(λ) for generic λ ∈ X. To adapt decomposition (14) to our needs we note that spinor representation s_7 upon restriction on G_2 ⊂ Spin(7) splits into the sum of the the defining representation V^7 and the trivial representation [5]. A G_2 × Spin(4)-equivariant identification

s_{11} = V^7 ⊗ W_l + W_l + V^7 ⊗ W_r + W_r. (19) will be used to solve equations (3).

We choose a basis e_i, i = 1, 2 in W_l and f_i, i = 1, 2 in W_r such that ω_l(e_1, e_2) = ω_r(f_1, f_2) = 1.

A spinor λ ∈ s_{11} can be decomposed into the sum

λ = v^1 ⊗ e_1 + v^2 ⊗ e_2 + u^1 ⊗ f_1 + u^2 ⊗ f_2 + w^1e_1 + w^2 ⊗ e_2 + r^1f_1 + r^2 ⊗ f_2 (20)

for some v^1, v^2, u^1, u^2 ∈ V^7, w^i, r^i ∈ C . We can say that λ is a four-spinor with (complexified) octonion coefficients. Equations (3) becomes

− v^1v^2 + w^2v^1 − w^1v^2 − (v^1, v^2) − u^1u^2 + r^2u^1 − r^1u^2 − (u^1, u^2) = 0 (v^1, u^1) + w^1r^1 = 0 (v^1, u^2) + w^1r^2 = 0

(21)

(v^2, u^1) + w^2r^1 = 0 (v^2, u^2) + w^2r^2 = 0 (22) We plan to solve these equation for v^2 and r^1, r^2. To do this we consider an operator A : O → O defined by the formula A_l(x) = lx + (l, x) l ∈ ImO

Lemma 5 1. The operator leaves ImO invariant.

2. The inverse is equal to

A^{−1}_l (x) = l^{−1}(x − ( l Re(l) , x ) ) Proof.

1. Suppose Rex = 0, i.e x̄ = −x. Then (A_l(x), 1) = (lx + (l, x), 1) = (lx, 1) + (l, x) = (l, x) + (l, x) = 0. 2. A^{−1}_l A_l(x) = l^{−1} ( lx + (l, x) − ( l Re(l) , lx + (l, x) )) = x + (l, x)l^{−1} − ( l Re(l) , lx ) l^{−1} − (l, x) (l, 1) Re(l) l^{−1} = x

We use an identity in O: (la, lb) = (l̄la, b) = (l, l)(a, b) (23) (see [33])

The first of the equations (21) can be written as

v^1v^2 + w^1v^2 + (v^1, v^2) = w^2v^1 − u^1u^2 + r^2u^1 − r^1u^2 − (u^1, u^2)

The left hand side can be interpreted as A_l(v^2) (v^i, u^i ∈ O ⊗ C ), where l = w^1 + v^1. The formula for A^{−1}_l enables us to solve equation with respect to v^2. Simultaneously we eliminate r^1, r^2 using the second pair of equations (21):

v^2 = w^2v^1 w^1 + 1 (v^1, v^1) + w^1w^1 ( −w^1u^1u^2 − (v^1, u^2)u^1 + (v^1, u^1)u^2 − w^1(u^1, u^2)

+v^1.(u^1.u^2) +

(v^1, u^2)

w^1 v^1u^1 −

(v^1, u^1)

w^1 v^1u^2 + (u^1, u^2)v^1 −

(v^1, u^1u^2) w^1 v^1 + (v^1, u^1u^2) )

+ w^2(v^1, v^1)

w^1 v^1 −

(v^1, u^1u^2) w^1 v^1 − w^2(v^1, v^1) + (v^1, u^1u^2) )

r^1 = −(v^1, u^1)/w^1 r^2 = −(v^1, u^2)/w^1 (24)

Proposition 6 Upon substitution v^2, r^1, r^2 (24)

equations (22) become identities.

Proof. See Appendix B.

Let U be an open subset in X defined by inequalities (v^1, v^1) + w^1w^1 ≠ 0, w^1 ≠ 0. It contains a spinor λ with all vanishing projective coordinates but one w^1 = 1.

Corollary 7 The scheme (U, O_U ) is reduced. The algebra O_U is a localization of a polynomial algebra (S)^{−1}C [w^1 , w^2]⊗Sym[s^∗_7+s^∗_7+s^∗_7] , where a multiplicative set S is generated by {w^1, (v^1, v^1) + w^1w^1}.

Scheme X\O_{15} is reduced because Spin(11) acts transitivity on (X\O_{15})_{red} = O_{22}. In any reduced scheme smooth points form an open subset (see e.g. [29] p.40).

Thus X\O_{15} is a smooth scheme, because of the transitive Spin(11) action. Our conclusion is that scheme-theoretically X\O_{15} = O_{22}

Corollary 8 By the reason of transitivity of Spin(11)-action, for any λ ∈ O_{22} there is a subgroup G_2 × GL(2) ∈ St(λ) such that in the corresponding decomposition (19) λ has all coordinates in (20) but w^1 equal to zero.

2.2 Affine charts near the singular locus

In this section we exhibit an affine chart in X near a point λ ∈ O_{15}. According to [31] the Levi factor of St(λ) coincides with gl_5. Following the method of the previous section we shall decompose s_{11} into gl_5 irreducibles. A spinor λ will be accordingly broken into the sum ∑ i λ_i of components. Equations (3) will be solved for some of λ_i.

2.2.1 gl_5 decomposition of s_{11}

Our plan is to explicitly describe local rings near X_{sing} . Our analysis follows closely [2].

Spinor representation s_{11} has a description in terms of Grassmann algebra [8]. Let A and A^′ be a five-dimensional isotropic subspace in V^{11} such that A ∩ A^′ = 0. We have a decomposition

V^{11} = V^{10} + V^1 = A + A^′ + V^1 (25)

where A + A^′ = V^{10} is a 10-dimensional Euclidean space. A one dimensional subspace V^1 spanned by vector u is orthogonal to V^{10}. The bilinear form (·, ·) defines a pairing between A and A^′ . The group GL(5) acts on A+A^′ preserving (·, ·) and trivially on V^1.

This defines an embedding

GL(5) ⊂ SO(10) ⊂ SO(11). (26)

Spinor representation s_{11} restricted on double cover ~GL(5) is isomorphic to Λ(A^′ ) ⊗ det^{12} (see [6]). We shall drop det^{12} -factor in the following to simplify notations.

Spinor representation s_{11} is symplectic [12]. Let Ω be the corresponding skew-symmetric Spin(11)-invariant inner product. Components of the Γ-maps are Ω-adjoint to multiplication A^′ ⊗ Λ^iA^′ → Λ^{i+1}A^′ , contraction A ⊗ Λ^{i+1}A^′ → Λ^iA^′ and the Clifford multiplication defined by u: u|_Λi_A′ = (−1)^iid.

The spaces Λ^iA^′ and Λ^{5−i}A^′ are Ω-dual. The only nontrivial components of Γ-map are:

Γ^+ : Λ^iA^′ ⊗ Λ^{4−i}A^′ → A Γ^− : Λ^iA^′ ⊗ Λ^{6−i}A^′ → A^′ Γ^0 : Λ^iA^′ ⊗ Λ^{5−i}A^′ → C Let e^i be a basis in A^′ . Elements {e_{i1} ∧ · · · ∧ e_{ik} |i_1 < · · · < i_k} form a basis in Λ^k(A^′ ). A spinor λ can be written as λ = 5∑ k=0 λ_i = 5∑ k=0 u^{i1,...ik} e_{i1} ∧ · · · ∧ e_{ik} where u^{i1,...ik} are variables defined for i_1 < · · · < i_k. We set them to zero for other combinations of indices.

Let ι_r : Λ^iA^′ → Λ^{i−1}A^′ a graded-differentiation, defined as a contraction with a vector r ∈ A. In the spirit of [2] equations (3) can be written in terms of components λ_i:

λ_0λ_5 + λ_1λ_4 − λ_2λ_3 = 0 − 2λ_0λ_4 − 2λ_1λ_3 + λ_2λ_2 = 0 − 2ι_r(λ_1)λ_5 + 2ι_r(λ_2)λ_4 + ι_r(λ_3)λ_3 = 0

(27)

The third equation should be valid for every vector r ∈ A.

The element λ_0 is a scalar. We solve the first two equation for λ_4 and λ_5. Upon a substitution λ_3 = τ_3 + λ_1λ_2/λ_0, τ_3 ∈ Λ^3A^′ (28) the third equation becomes ι_r(τ_3)τ_3 = 0. (29) We use ~GL(5)-invariant inner-product Ω to identify Λ^3A^′ with Λ^2A. Equation (29) has a simple interpretation in the dual variable :

τ^2 = u_{ij} e^i ∧ e^j ∈ Λ^2A τ^2τ^2 = 0 (30)

P ol = C [u_{ij} ]/(u_{ij} + u_{ji}), 1 ≤ i, j ≤ 5 is a polynomial algebra on coefficients of skew-symmetric matrices. Equation τ^2τ^2 = 0 can be formulated as relations between u_{ij} . These relations define an ideal in P ol, which is according to ([18], Section 8.4) is prime. Relations describe the Plücker embedding of Gr(2, 5) into P^9 ([18]). The affine cone CGr(2, 5) is singular precisely at the a apex, which is characterized by equation τ_3 = 0 (31) Presented arguments show validity of the following proposition.

Proposition 9 The algebra of regular functions on the affine chart in X, defined by equation λ_0 ≠ 0 is a reduced, irreducible affine scheme. The algebra of regular functions is isomorphic to C [u, u^{−1} , u^{ij} ] ⊗ B, 0 ≤ i < j ≤ 5.

B = P ol/(Pf(M_k)), k = 1, . . . , 5 (32)

M_k is a sub-matrix of (u_{ij} ) obtained by removing k-th row and k-th column. Pf is the Pfaffian. B is the algebra of homogenous functions on Gr(2, 5) ⊂ P^9. We formulate decomposition of the adjoint SO(11)-representation under GL(5) ⊂ SO(11) as a Z grading. The graded index is the eigenvalue of a central element c ∈ gl_5.

Ad(SO(11))_2 = Λ^2A^′ Ad(SO(11))_1 = A^′ Ad(SO(11))_0 = Ad(GL(5)) Ad(SO(11))_{−1} = A Ad(SO(11))_{−2} = Λ^2A

(33)

The parabolic Lie subalgebra p_5 = gl_5 ⋉u^{′′} (u^{′′} = Ad(SO(11))_{−1} +Ad(SO(11))_{−2} ) exponentiates to an algebraic Lie group P_5 ⊂ Spin(11) (34) Elements of A^′ and Λ^2A^′ act in s_{11} by multiplication, elements of A and Λ^2A by contraction. In particular the unit vector 1 ∈ Λ(A^′ ) is invariant with respect to p_5. This makes it a lowest vector.

The Spin(11)-orbit of λ = 1 in P(s_{11}) coincides [6] with:

O_{15} ∼= Spin(11)/P_5 ∼= OGr(5, 11) (35) By transitivity of Spin(11) action on O_{15} we conclude that points λ ∈ O_{15} ⊂ X have isomorphic neighborhoods. The space X can be covered by charts described in Sections 2.1.3, 2.2.1. This leads to the following corollary Corollary 10 The scheme X is reduced.

Proposition 11 The subscheme of singular points X_{sing} is reduced and irreducible. It coincides with the orbit O_{15}.

Proof. In a local chart, described in Proposition 9 X_{sing} is described by equation (31). We can express homogeneous coordinates λ_3, λ_4, λ_5 as functions of λ_0, λ_1 and λ_2: λ_3 =^{λ1 λ2}_{λ0} , λ_4 =^{λ2}_{λ0} , λ_5 =^{λ1 λ2}_{2λ20} .

We immediately see that the local ring is a subalgebra in the field of fractions C (u, u^i , u^{ij} ) and has no zero divisors.

The proper closed (see [23]) subscheme X_{sing} is invariant under Spin(11) action.

By Igusa classification it must coincide with O_{15}.

3 Properties of the blowup of X

Presently we shall establish some of the elementary properties of the blowup of X. We start with a reminder of some classical facts. Let V_μ be an irreducible representation of a semisimple group G of a highest (or a lowest) weight μ. Suppose the highest weight vector space v_μ is invariant with respect to parabolic subgroup P . The formula g → gv_μ defines a projective embedding G/P → P(V_μ). A classical theorem of Kostant (see e.g. [34], Theorem 1.1) asserts that algebra R = R_{G/P} = ⨁ i≥0 H^0(G/P, O(i)) of homogeneous functions is quadratic, i.e. it is generated by its first graded component, and the ideal of relations is generated by elements of degree two. The algebra contains no zero divisors. Borel-Weil-Bott theory (see e.g. [38]) tells us that the spaces of homogeneous elements H(G/P, O(i)) are irreducible representations of G.

The closed Spin(11)-orbit O_{15} ∼= Spin(11)/P_5 in P^{31} is an orbit of a lowest vector. The theory described in the previous paragraph allows us to unambiguously determine relations in R_{O15} . We immediately conclude that H^0(O_{15}, O(2)) is isomorphic to Λ^5V^{11} (this is a representation from decomposition 9); Γ^{ij}_{αβ} λ^αλ^β ∈ Λ^2V^{11} must be equal to zero on O_{15}. Let CY be the affine cone over projective variety Y . We denote p_{af f} the map (6) of affine cone CX to Λ^2V^{11}.

Lemma 12 For every λ ∈ CO_{22} p_{af f} (λ) ≠ 0

Proof. The group Spin(11) acts transitively on CO_{22}\0. In the case of failure of the statement p_{af f} (λ) would be zero for all λ ∈ CO_{22}\0. The scheme O_{22} is reduced (Corollary 10), therefore Γ^{ij}_{αβ} λ^αλ^β = 0 in algebra A. This contradicts with the definition of ideal (2).

Corollary 13 The map p (6) is well defined on O_{22}. Its singular locus is a subscheme O_{15}.

Definition 14 We define ~X to be the closure of the graph p in the product X × P^{54} ⊂ P^{31} × P^{54}. For blowup construction see the end of this section.

In the remaining part of this section we shall exhibit a structure of projective fiber-bundle on the blowup ~X over OGr(2, 11) .

We start with a construction of a large number of projective subspaces in X. Proposition 15 An element λ ∈ s_{11} of the form v ⊗ e ∈ s_7 ⊗ W_l or u ⊗ f ∈ s_7 ⊗ W_r (see decomposition 14) satisfies Γ(λ, λ) = 0. Proof. Follows from formula (21).

The elements u ⊗ f with a fixed f generate P^7 ⊂ X. One of the results of [31] is that P(s_7) is a union of two Spin(7) orbits. One closed orbit coincides with the quadric Q, defined by the Spin(7)-invariant inner product. The other orbit is O_7 = P^7\Q. (36) The group St(v), v ∈ O_7 is isomorphic to G_2. From this we deduce that as long as (v, v) ≠ 0 we can always find g ∈ Spin(7) and transform v into gv ∈ C ⊂ C + C ⊗ ImO Let P_2 ⊂ Spin(11) be a connected subgroup, which Lie algebra

p_2 = Ad(so_{11})_0 + Ad(so_{11})_{−1} + Ad(so_{11})_{−2} (37)

in the notations of decomposition (12). The Levi factor of p_2 is so_7 × gl_2; the radical rad is the same as (13).

Proposition 16 Subvariety P^7 ⊂ X is invariant with respect to P_2. The action of the unipotent radical in P_2 on P^7 is trivial.

Proof. There is a Z-grading on s_{11}, that can be obtained in full analogy with (12) as a grading by eigenspaces of the central element c ∈ gl_2.

s^1 = s_7 ⊗ f^+ s^0 = s_7 ⊗ W_l s^{−1} = s_7 ⊗ f^−

(38)

where f^± is a c eigenbasis in W_r

Element s_7 ⊗ f^− has c-weight −1. Both gradings (12) and (38) are compatible. Homogenous elements in rad have weights −1 and −2. Therefore rad acts on s_7 ⊗ f^− by zero. We conclude that subspace P(s_7 ⊗ f^−) ⊂ X is invariant under P_2. Let W_r be the same as in decomposition (14). A choice of a basis f^± ∈ W_r uniquely determines a subalgebra gl_2 ⊂ so_4 in decomposition (12), for which f^± are the weight vectors.

Proposition 17 The image of the map p : O_{22} → P^{54} (6) contains in OGr(2, 11) ⊂ P^{54}.

Proof.

If we compare decomposition of Sym^2[s_{11}] (15) and decomposition of

Λ^2V^{11} = Λ^2[V^7 + V^4] = Λ^2[V^7 + W_l ⊗ W_r] = Λ^2V^7 + Sym^2W_l + Sym^2W_r + V ⊗ W_l ⊗ W_r,

(39)

we see that by representation theoretic reasons there are only the following nontrivial intertwiners between the components (see formula (18) for definition of γ(2))

Sym^2[s_7 ⊗ W_l] → Λ^2V + Sym^2W_l v^1 ⊗ e^1 ⊗ v^2 ⊗ e^2 → γ(2)(v^1, v^2)ω_r(e^1, e^2) + (v^1, v^2)e^1e^2

s_7 ⊗ W_l ⊗ s_7 ⊗ W_r → V ⊗ W_l ⊗ W_r v^1 ⊗ e^1 ⊗ u^2 ⊗ f^2 → (v^1, u^2)e^1 ⊗ u^2

Sym^2(s_7 ⊗ W_r) → Λ^2V + Sym^2W_r u^1 ⊗ f^1 ⊗ u^2 ⊗ f^2 → γ(2)(u^1, u^2)ω_r(f^1, f^2) + (u^1, u^2)f^1f^2

(40)

e^1e^2 and f^1f^2 stand for symmetric product of vectors.

By Corollary 8 we can assume that λ ∈ O_{22} has a form u ⊗ f, (u, u) ≠ 0. Then p_{af f} (λ) ≠ 0 (Proposition 12) and p_{af f} (λ) is equal to

q(u)ff = (u, u)ff ∈ Sym^2W_r ⊂ Λ^2V^{11} (41)

(the Λ^2V -component is equal to zero because ω_r(f, f) = 0). We need to show that ff ∈ Λ^2V^{11} is a decomposable tensor and it defines an isotropic twoplane. We shall use representation theoretic arguments to show that ff can be identified with an element of Λ^2U^′ in decomposition (12). By definition U^′ is isotropic and proposition would follow.

It suffice to show that there is subalgebra so_7 × gl_2 ⊂ so_{11} such that ff is invariant under so_7. In addition ff has the same weight under the action of the central part of gl_2 as the elements of Λ^2U^′ .

Note that decomposition (14) dictates the choice of so_7 and a choice of so_4 = sl_2 × sl_2 that contains our gl_2 = sl_2+ < c >. In the notations of decomposition (39) the Lie algebra sl_2 × sl_2 coincides with Sym^2W_l + Sym^2W_r. We choose sl_2 ⊂ gl_2 to be equal to Sym^2W_l. We complete f to an eigenbasis f, f^′ of W_r for some element c ∈ sl_2 = Sym^2W_r The element c is a generator of a Cartan subalgebra in sl_2 ∼= Sym^2W_r; elements f, ff are the lowest vectors of the corresponding representations. From this we conclude that ff has the same weight as elements of Λ^2U^′ in decomposition (14) constructed with respect to our subgroup so_7 × gl_2 ⊂ so_{11}.

We note in passing that ff is a nilpotent element in so_{11}.

Corollary 18 Variety ~X contains in X × OGr(2, 11) ⊂ X × P^{54}. Projection on OGr(2, 11) defines a Spin(11)-equivariant map (5).

By construction the map p (5) is projective ([23] p.103). The space ~X coincides with the blowup of X associated with the sheaf of ideals generated by sections (4) ( [23] Example 7.17.3.). By Theorem 4.9 [23] the map p is proper.

3.1 The structure of the map p : ~X → OGr(2, 11)

Our plan for now is to show that ~X is a total space of a projectivization of an eight-dimensional algebraic vector bundle over OGr(2, 11).

The map (5) is a Spin(11)-morphism; therefore the stabilizer St(x) ⊂ Spin(11) of x ∈ OGr(2, 11) acts on the fiber p^{−1}(x).

Lemma 19 Let I be ideal in A generated by v^{ij} . The blowup algebra BlA = ⨁ n≥0 I^n is generated by 66 elements. In particular ~X is a noetherian scheme of finite type.

Proof. The algebra BlA is generated by λ^α and v^{ij} .

From this we immediately deduce that p is a morphism of finite type ([23], p.84)

Proposition 20 ([43], page 57) Let X^f→ Y be a morphism of finite type of noetherian schemes, and let F be a coherent sheaf on X. Assume that Y is reduced and irreducible. Then there is a non-empty open subset U ⊂ Y such that the restriction of F to f^{−1}(U) is flat over U.

Projective homogenous variety OGr(2, 11) is of finite type. We choose F to be O_{~X} . The Spin(11)-action and the previous proposition lets to deduce the following.

Corollary 21 The map p : ~X → OGr(2, 11) is flat.

Proposition 22 Fibers of the map p are smooth and isomorphic to P^7.

Proof. We denote Bl-preimage of O_{22} in ~X by Δ. Let r be projection Δ → OGr(2, 11). Then the closure r^{−1}(x) of r^{−1}(x) in ~X contains in p^{−1}(x). Let us prove that r^{−1}(x) = p^{−1}(x) (42) We shall shaw first that any point y ∈ ~X belongs to the closure r^{−1}(x) for some x (by closure we mean here a closure in analytic topology). Let a_i ∈ Δ be a sequence that converges to y ∈ ~X. A compact group Spin(11, R) ⊂ Spin(11) acts transitively on OGr(2, 11) [41]. We choose g_i ∈ Spin(11, R) such that g_i(p(a_i)) is equal to some fixed x^′. Compactness allows us to extract a convergent subsequence g^′_i such that lim_{i→∞} g^′_i = g. We set g^{−1}x^′ = x. Then g^{−1}g^′_ia_i ∈ r^{−1}g^{−1}x^′ = r^{−1}(x) and lim_{i→∞} g^{−1}g^′_ia_i = y ∈ r^{−1}(x).

The fiber r^{−1}(x) ⊂ P^{31} × P^{54} being St(x)-orbit is locally closed in Zariski topology. By Chow theorem [9] its set-theoretic (analytic) closure coincides with the closure in Zariski topology. This verifies (42).

We shall shaw next that there is an isomorphism of the fiber p^{−1}(x) onto P^7. Projective Bl maps p^{−1}(x) onto some closed scheme G_x ⊂ X. Schemes p^{−1}(x) and G_x are acted upon by St(x) ∼= P_2. By Proposition 16 Bl r^{−1}(x) ⊂ X is a dense in P^7 ⊂ X. We conclude that P^7 ⊂ G_x. The intersection of the locus of indeterminacy of p : X → OGr(2, 11) with P^7, defined in the proof of Proposition 17, coincides with the zero set of a quadratic function q(v) = (v, v) (41), which defines a sheaf of invertible ideals I_Q on P^7. The pre-image of P^7 in ~X under Bl is P^7. This is because a blowup of a scheme along an invertible sheaf of ideals is a trivial operation [23]. We have a chain of inclusions r^{−1}(x) ⊂ P^7 ⊂ p^{−1}(x), which implies a scheme isomorphism p^{−1}(x) = r^{−1}(x) ∼= P^7.

Proposition 23 ([23], Ex III.10.2) Let f : X → Y be a proper, flat morphism of varieties over C . Suppose for some point y ∈ Y that the fiber X_y is smooth over C (y). Then there is an open neighborhood U of y in Y such that f : f^{−1}(U) → U is smooth.

Corollary 24 The map p is smooth and defined a structure of projective bundle over OGr(2, 11). In particular ~X is smooth.

Proof. The first statement follows directly from Corollary 21 and Propositions 22, 23.

Note that ~X carries the pullback of the tautological line bundle Bl^∗O(1). It restriction on P^7 ∼= p^{−1}(x) is a degree one line bundle. The direct image

E = p_∗Bl^∗O(1) (43)

is an eight-dimensional homogeneous vector bundle on OGr(2, 11), which projectivization is ~X.

Corollary 25 The exceptional divisor Y = ~X\O_{22} of the blowdown Bl is a fiber bundle of quadrics over OGr(2, 11).

Proof. We want prove that p^{−1}(x) ∩ Y is a quadric. As before Δ stands for Bl^{−1}(O_{22}). The open subset p^{−1}(x) ∩ Δ is invariant under St(x) ∼= P_2 (37). The group P_2 contains Spin(7). Spin(7) has an open orbit (36) O_7 in P^7 and its complement - the quadric. We conclude that p^{−1}(x) ∩ Δ = O_7 and p^{−1}(x) ∩ Y = p^{−1}(x)\O_7 is the quadric Q.

Define L^{⊗n} to be L^{⊗n} = Bl^∗O(n). (44)

Proposition 26 A fiber of E^n = p_∗L^{⊗n} over a point x ∈ OGr(2, 11) is isomorphic to the space of n-homogeneous functions Sym^ns^∗_7 on the projective space P(s_7). The higher direct images R^ip_∗L^{⊗n}, n ≥ −7 vanish.

Proof. See [23], Section 5 on cohomology of relative projective spaces.

Proposition 27 The group Spin(11) acts transitively on Y .

Proof. The action of the stabilizer St(x) of x ∈ OGr(2, 11) on the quadric Q_x = p^{−1}(x) ∩ Y factors through Spin(7) × ~GL(2). The group Spin(7) acts transitively on the quadric Q_x. With this remark proposition follows from transitivity of Spin(11) on OGr(2, 11).

Remark 28 The isotropy group St(x) acts through Spin(7)× ~GL(2) on the fiber E^n_x . The space ⨁ n≥0 E^n_x ∼= Sym[s^{−1 ∗}(x)] (see formula (38) for notations).

is a free graded commutative algebra. The data that completely characterizes the graded bundle ⨁ n≥0 E^n is the representation of Spin(7) × ~GL(2) in the fiber E^1_x, isomorphic to s^{−1 ∗}.

Proposition 29 Exceptional divisor Y is a fiber bundle over O_{15} ∼= OGr(5, 11) with a fiber isomorphic to Gr(2, 5). The space Y is isomorphic to the space of isotropic flags OFl(2, 5, 11).

Proof.

By transitivity of Spin(11) action on O_{15} we get Bl(Y ) = O_{15}. By Proposition 11 and Corollary 13 the scheme X_{sing} coincides with the locus of indeterminacy of the map p : X → OGr(2, 11). The exceptional fiber of the blowup of X along X_{sing} in a chart λ_0 ≠ 0 as in Proposition 9 is Y = Proj( ⨁ n≥0 I^n/I^{n+1}) (see [23] about the details of the blowup construction).

The ideal is generated by section τ_3. Because of the isomorphism (35) O_{15} is equipped with 5-dimensional tautological bundle

{(A, l)|l ∈ isotropic A ⊂ V^{11}}

From formula (30) we conclude that Y is a subbundle of Spin(11)-homogeneous bundle over O_{15}, with a fiber P(Λ^3A^′ ) ∼= P(Λ^2A). Equation (30) defines an embedding of Gr(2, 5) into P(Λ^2A).

The fiber of projection OFl(2, 5, 11) → OGr(5, 11) over a point λ is canonically isomorphic to Grassmannian in P(Λ^2A_λ). From this we conclude that Y is isomorphic to OFl(2, 5, 11).

Let O^{⊕11}_{OGr(2,11)} be a trivial bundle over OGr(2, 11) with a fiber isomorphic to V^{11}. Let i : W → O^{⊕11}_{OGr(2,11)} be inclusion of the two-dimensional tautological bundle The trivial bundle O^{⊕11}_{OGr(2,11)} is equipped with an inner product induced from V^{11}. A composition of i with the dual map i^∗O^{11}_{OGr(2,11)} → W^∗ is trivial, because W_x is isotropic. We define V to be Ker i^∗/W. The inner product on O^{11}_{OGr(2,11)} can be pushed to V. This makes V a seven-dimensional Spin(11)- homogeneous bundle, equipped with an algebraic orthogonal structure. Let V = V_x be a fiber over x ∈ OGr(2, 11).

Proposition 30 An isotropic Grassmannian OGr(3, 7) ⊂ P(Λ^3V ) is isomorphic to a quadric Q^6 ⊂ P(s_7).

Proof. Let s_7 and V be as in equations (38) and (11). Recall that there is a Spin-equivariant linear isomorphism for Sym^2s_7 (18).

The trivial representation corresponds to equation, that defines quadric Q ⊂ P^7 (41). This quadric coincides with the orbit of the highest vector in projectivization of Λ^3V under the map λ → γ(3)(λ, λ). By uniqueness of the closed orbit, mentioned earlier, this orbit coincides with the Plücker embedding of OGr(3, 7).

Corollary 31 The structure of bundle of quadrics on Y ∼= OFl(2, 5, 11) coincides the structure defined by the forgetful map OFl(2, 5, 11) → OGr(2, 11).

Proof. This is a relative version of the previous statement.

Proposition 32 Cohomology groups H^i( ~X, L^{⊗n}) coincide with H^i(X, O(n)).

Proof. The exceptional fiber of Bl over x ∈ OGr(5, 11) is isomorphic to Gr(2, 5). By Borel-Weil-Bott theory (see e.g. [38])

H^i(Gr(2, 5), O) =

C i = 0 {0} i ≠ 0 Proposition follows immediately from the spectral sequence for direct images of Bl.

3.2 On the dualizing sheaf of X

Existence of the dualizing sheaf ω of X is far from obvious, because X is not smooth. Still we shall now that ω is well defined an isomorphic O_X (−16).

We begin this section reminder of some basic definitions used in the coherent duality theory.

Let M be a module over commutative ring R.

Definition 33 An element x ∈ R is called a nonzero divisor on M if xz = 0 for z ∈ M then z = 0. A sequence x_1, x_2, ..., x_n of elements in R is called a regular M-sequence if x_i is a nonzero divisor on M/(x_1, x_2, ..., x_{i?1})M for all i = 1, 2, ..., n and M/(x_1, x_2, ..., x_n)M ≠ 0. Definition 34 A local ring (A, m) is a Cohen-Macaulay ring if there exists a regular sequence x_1, x_2, ..., x_n ∈ m such that the quotient ring is Artinian A/(x_1, x_2, ..., x_n). The maximal n in this case is call the depth.

An ideal of a commutative ring is said to be irreducible if it cannot be written as a finite intersection of ideals properly containing it.

Definition 35 A local ring (A, m) is Gorenstein if for any maximal regular sequence x_1, x_2, ..., x_n ∈ m the ideal (x_1, x_2, ..., x_n) ⊂ m is irreducible.

The reader may wish to consult [39] on the details about Cohen-Macaulay (CM) and Gorenstein (G) properties of rings. In this book the reader can find a generalization of the definitions to nonlocal rings, find that a tensor product of two CM (G) algebras over the ground field is still CM (G) algebra, see the proof that classes of CM and G algebras are stable under localization. An implication G⇒CM and the fact that polynomial algebras are Gorenstein are also proved in this book.

It has been shown in [26] that Grassmann varieties have homogeneous coordinate rings which are Cohen-Macaulay. It is also shown that they are Gorenstein.

Putting this information together we come to the following proposition.

Proposition 36 Local rings of X are normal and Gorenstein.

Proof. Normality of the polynomial algebra is established for example in [16] Proposition 4.10. Relation of normalization and localization is discussed in [16] Proposition 4.12. Proposition follows from the structure of local rings of X, established in Corollary 7 and Proposition 9. Normality of algebra B (32) has been verified in [30].

We define the Hilbert function of a finitely generated local ring (A, m) over C by the formula A(t) = ∑ dim m^i/m^{i+1}t^i. If A is Cohen-Macaulay we can extract the maximal length of the regular sequence using the following procedure. The formal power series A(t) is in fact a rational function q(t)/(1 − t)^d (see [16]). If numerator and denominator are relatively prime, then the depth is equal to d. In the case of algebra B the depth is 7. It coincides with the dimension of the affine cone over Gr(2, 5).

Let Ω^i_Z be a sheaf of algebraic differential forms on Z (see [23] for details) When Z is smooth the dualizing complex K^• coincides with ω_Z = Ω^{dim Z} . A general theory of coherent duality (see [47]) furnish any scheme with a dualizing complex K^•. If Z has a Gorenstein singularity then the dualizing sheaf is quasiisomorphic to an invertible sheaf ([47] Theorem 9.1). This implies the following.

Proposition 37 The dualizing complex K^• on X is quasi-isomorphic to some invertible sheaf ω.

Proposition 38 Let j : O_{22} → X we the open embedding. We have an isomorphism ω ∼= j_∗j^∗ω. Proof. The group of sections of an abelian sheaf F on X, which have support in Z, is denoted by Γ_Z F. We have a long exact sequence of sheaves (see e.g [47] p.220) 0 → Γ_{O15} ω → ω → j_∗j^∗ω → R^1Γ_{O15} ω → 0 Let I be a sheaf of ideals that defines subscheme Z and let F be a coherent sheaf. Then according to [47] R^iΓ_Z F is lim_n EX T^i_O(O/I^n, F).

Suppose Z = O_{15}. Computations of lim_n EX T^i_O(O/I^n, ω) can be done locally in the chart defined in Proposition 9. The space lim_n EX T^i_O(O/I^n, ω)(U) equal to some localization of C [u, u^{−1} , u^{ij} ] ⊗ lim_n Ext^i_B (B/I^n, B). By result of ([47]3.10; [37] 2.1) lim_n Ext^i_B (B/I^n, B) = 0 for 0 ≤ i ≤ 6.

Proposition 39 There is an isomorphism ω = O_X (−16).

Proof. The orbit O_{22} ⊂ X is a homogenous space of Spin(11). The sheaf j^∗ω must be ([47]) a dualizing sheaf on O_{22}. It is isomorphic to ω_{O22} because O_{22} is smooth. It is a Spin(11)-homogeneous sheaf, and is completely characterized by representation of isotropy group St(λ) in the fiber ω_{O22λ}. Comparing representations of GL(2) in Λ^{22}[V + Ad(so_{11})_2 + Ad(so_{11})_1] (see formula 12) with representation in O(1)_λ (this can be readily extracted from decomposition (19)) we arrive at the proof.

The principal statement of the coherent duality theory adapted to our setup takes the form of existence a canonical non-degenerate pairing H^0(X, O(n)) ⊗ H^{22}(X, O(−16 − n)) → C . 3.3 On the topology of X

In this section we compute basic topological invariants of ~X-the Poincaré polynomial of the Chow groups.

Chow groups CH_k(G/P ) of complete homogenous spaces of semi-simple groups has been studied in [8] [21]. They are generated by Schubert cells and have no torsion. The map to singular homology CH_k(G/P ) → H_{2k}(G/P ) is an isomorphism. Hodge cohomology H^{ij} = H^i(G/P, Ω^j ) is in nonzero iff i = j. From de Rham isomorphism we have rankCH_k(G/P ) = dim(H^{p,p}), p + n = dim_C G/P .

Our plan is to take advantage of fiber-bundle structure on ~X and use Leray- Hirsh arguments for homology computation. For this we need to know homology of the base of the fibration. We study this in the following proposition.

Proposition 40

1. dim_C OGr(2, 11) = 15.

2. The index ind is defined as O(−ind) = ω_{OGr(2,11)}, where O(−1) is the dual of the line bundle, corresponding to the Plücker embedding. Then indOGr(2, 11) = 8.

3. Let H_{OGr(2,11)}(t) be the Poincaré series of the Hodge cohomology ∑_{15}

ij=0 dim H

p,p(OGr(2, 11))t^p. Then H_{OGr(2,11)}(t) = 1 + t + 2 t^2 + 2 t^3 + 3 t^4 + 3 t^5 + 4 t^6 + 4 t^7 + 4 t^8 + 4 t^9 + 3 t^{10} + 3 t^{11} + 2 t^{12} + 2 t^{13} + t^{14} + t^{15}.

Proof.

1. dim_C OGr(2, 11) = dim_C Spin(11) − dim_C P_2 = 55 − 40 = 15. 2. det(Λ^2U + V ⊗ U)^{def}= Λ^2U^{⊗ind} 3. The algebra of cohomology H^{pp}(OGr(2, 11)) is generated by two classes c_1 ∈ H^{1,1} and c_2 ∈ H^{2,2} degree two and four. Defining relations in the algebra have degrees 16 and 20 (see.e.g. [28]). Thus the degree seven Maclaurin polynomials of H(t) and of the function^1_{(1−t)(1−t2)} coincide. The formula for H(t) then follows from Poincaré duality in H^{pp}(OGr(2, 11)).

Proposition 41 The map CH_∗( ~X) → H_∗( ~X, Z) is an isomorphism. Moreover H_{~X} (t) = t^{22} + 2 t^{21} + 4 t^{20} + 6 t^{19} + 9 t^{18} + 12 t^{17} + 16 t^{16} + 20 t^{15} + 23 t^{14} + 26 t^{13} + 27 t^{12} + 28 t^{11} + 27 t^{10} + 26 t^9 + 23 t^8 + 20 t^7 + 16 t^6 + 12 t^5 + 9 t^4 + 6 t^3 + 4 t^2 + 2 t + 1

Proof.

The algebra CH^∗( ~X) is a free CH^∗(OGr(2, 11))-module, because ~X is a projective bundle over OGr(2, 11) (see [19] Theorem 3.3). The same theorem holds for singular cohomology (see [25] Leray-Hirsh theorem). From this we deduce that CH_∗( ~X) is isomorphic to H_∗( ~X, Z). Let L (44) be the relative tautological bundle over the relative projective space p : ~X → OGr(2, 11). Then the free basis of H( ~X) is constituted by 1, c_1, . . . , c^7_1(L). Thus Q(t) = H_{OGr(2,11)}(t)(1 + · · · + t^7), with H_{OGr(2,11)}(t) defined in Proposition 40 .

Locally factorial varieties (for example regular or smooth varieties) satisfy Pic(Y ) = CH^1(Y ) (see [16] p. 260).

This implies that Pic( ~X) = CH^1( ~X) = H^2( ~X, Z) = Z^2. It is generated by pullback p^∗O_{OGr(2,11)}(1) and Bl^∗O(1)_X - the tautological line bundle of P(E) (43).

3.4 More on singularities of X

We shall establish momentarily that algebraic variety X has canonical singularities (the concept introduced by Reid in the work on the minimal model program)

Proposition 42 Let ω_X , ω_{~X} be the dualizing sheaves on X and respectively on ~X. Then ω_{~X} = Bl^∗ω_X + 4Y (45) where Y ⊂ ~X is the exceptional divisor.

Proof. According to Proposition 39 ω_X = O_X (−16), ω_{~X} = p^∗ω_{OGr(2,11)} ⊗ ω_{~X/OGr(2,11)}, where ω_{~X/OGr(2,11)} is the relative canonical class. By Proposition 40 ω_{OGr(2,11)} = O_{OGr(2,11)}(−8).

In order to prove formula (45), due to the absence of torsion in CH_∗ it is suffice to check it numerically with respect to some linearly independent set of one-cycles. For these we choose in X two curves Σ_i, i = 1, 2 isomorphic to P^1s. Σ_1 is a projectivization of a linear space v ⊗ W_l ⊂ s_{11}, spanned by vectors v ⊗ e_1, v ⊗ e_2 as in Proposition 15. We choose v ∈ s_7 such that (v, v) ≠ 0 (see formula 41). The last condition guarantees that Σ_1 ⊂ O_{22}. Σ_2 is a projectivization of a linear space spanned by v_1 ⊗ e, v_2 ⊗ e ∈ s_7 ⊗ W_l. It is the Bl-image of a curve ~Σ_2 that contains in the fiber p. The cycles defined by Σ_i are linearly independent, because p_∗(Σ_2) = 0 in CH_1(OGr(2, 11)).

We have the following pairings ⟨Bl^∗ω, Σ_i⟩ = −16,

⟨ω_{~X} , Σ_1 >= ⟨ω_{OGr(2,11)}, p(Σ_1)⟩ = ⟨O_{OGr(2,11)}(−8), p(Σ_1)⟩ = −8,

⟨ω_{~X} , Σ_2⟩ = ⟨ω_{~X/OGr(2,11)}, Σ_2⟩ = ⟨ω_P7 , Σ_2⟩ = −8, ⟨Y, Σ_1⟩ = 0, ⟨Y, Σ_2⟩ = 2. The last equality holds because intersection of Y with a p fiber is a quadric (Corollary 25). With preparatory work behind, the formula ⟨ω_{~X} , Σ_i⟩ = ⟨Bl^∗ω_X , Σ_i⟩ + 4⟨Y, Σ_i⟩ i = 1, 2 is obvious.

Remark 43 It follows from Proposition 42 that variety X is an example of a Fano manifold with canonical singularities (see e.g. [32] for details).

4 Applications to eleven-dimensional supergrav- ity In this section we shall describe an alternative formulation of eleven-dimensional supergravity announced in the abstract. We shall arrive to this formulation through a series of a quasi-isomorphisms. We shall describe our construction for polynomial fields. Though this is not physically very realistic assumption, it lets to simplify the statements. In the end we discuss how to work with analytic fields.

The algebra Gr^∞ (1) contains a subalgebra Gr^{pol} = A ⊗ Λ[s^∗_{11}] ⊗ Sym[V^{11}]. One of the advantages of working with Gr^{pol} is that it has a Z grading, compatible with the action of D. This contrasts with Gr^∞, Gr^{an} modification, for which only Z_2-grading is possible. By definition deg(ξ^α) = 1, deg(λ^α) = deg(x^i) = 2. The algebra Gr = Gr^{pol} admits various reformulations.

4.1 Sheafification of Gr

Let us introduce a sheaf of graded algebras A = ⨁ n≥0 O(n) defined over X.

We use it to define a sheaf of differential graded algebras GR = (A ⊗ Λ[ξ^1, . . . , ξ^{32}] ⊗ Sym[V^{11}], D).

Vanishing results for cohomology of O(n) (Proposition 56) lets us to prove the following statement Proposition 44 Hypercohomology of GR coincide with H(Gr). From this and from Proposition 32 we deduce a corollary. Corollary 45 Hypercohomology of Bl^∗GR coincide with H(Gr). We define a sheaf of differential graded algebras H = p_∗Bl^∗GR (46) on OGr(2, 11).

Corollary 46 The hypercohomology of H coincide with H(Gr). Proof. This follows from Corollary 45, Proposition 26 and spectral sequence for direct images of a morphism.

4.2 A homogeneous space of super-Poincaré group

In this section we define a homogeneous space L of super-Poincaré group, that has some significance in eleven-dimensional supergravity. Let so_{11} ⋉ susy be the complexified super-Poincare Lie algebra. As usual susy is a direct sum of V^{11} (even part), s_{11} (odd part). The only nontrivial bracket is defined by the formula [s, s^′] = Γ(s, s^′), s, s^′ ∈ s_{11}. As far as global structure of the corresponding group is concerned then according to ([14] 2.10. Super Lie groups) a supergroup G, i.e. a super-manifold, equipped with a group structure is completely determined by the Lie algebra g of left-invariant vector fields and the topology of purely even subgroup G_0. In context of super-Poincaré group we require that underlying even group to be Spin(11) ⋉ V^{11}.

Citing the same source we claim that a homogenous space X = G/H of a supergroup G and isotropy subgroup H is completely determined by Lie algebras g, h and supporting manifold G_0/H_0.

We define L to be a quotient of super-Poincaré group Spin(11) ⋉ susy by an isotropy subgroup P_2 ⋉ Πt . ( P_2 as in (37), t = s^{−1} is as in formula (38)).

Remark 47 By Proposition 15 Πt is an abelian subalgebra in susy.

Super-Poincaé Lie algebra also has its own Z grading, The so_{11}-part has zero grading, Πs_{11} has grading minus one (opposite to deg(ξ^α)), translations have grading minus two (opposite to deg(x^i)).

Remark 48 The grading on so_{11} ⋉ susy induces a C^∗ action on the manifold L. The fixed points of the action are OGr(2, 11) ⊂ L. C^∗ acts on cohomology of any equivariant coherent sheaf on L. In particular H^i(L, O) splits into a direct sum H^i(L, O) = ⨁ k H^{i,k}(L, O) of C^∗ -weight spaces. It will be convenient for us to modify cohomological grading H^k_{tot}(L, O) = ⨁ i+j=k H^{i,j} (L, O) 4.3 Algebra of linearized supergravity

Proposition 49 There is an isomorphism of cohomology H^k(Gr^{pol}) and and cohomology of the structure sheaf H^k_{tot}(L, O).

Proof. We know that cohomology Gr coincide with hypercohomology of H (Corollary 46). The fiber of H at the point x ∈ OGr(2, 11) is isomorphic to H = Sym[t^∗] ⊗ Λ[s^∗_{11}] ⊗ Sym[V^{11}]. Homogeneous space OGr(2, 11) is trivially a Spin(11) ⋉ susy space. We have an equivariant fibration L → OGr(2, 11), corresponding to inclusion of isotropy subalgebras p_2 ⋉ Πt ⊂ p_2 ⋉ susy. Let SUSY and ΠT be the super group schemes corresponding to Lie algebras susy and Πt. A fiber of the projection is isomorphic to SUSY/ΠT . The algebra of polynomial functions on the fiber coincides with some subalgebra of functions on SUSY . The subalgebra consists of elements, invariant with respect to right translations on ΠT . The algebra of global functions O(SUSY ) is isomorphic to Λ[s^∗_{11}] ⊗ Sym[V^{11}], because susy is a nilpotent Lie algebra. Left invariant vector fields η_α ∈ Πs_{11} ⊂ susy act by the formula^∂_{∂θα} − Γ^i_{αβ} λ^αθ^{β ∂}_{∂xi} (see e.g. [13] formula 1.18). The subalgebra of invariants is the zero cohomology of the Cartan-Chevalley complex (see e.g. [17] on cohomology of Lie algebras) Sym[t^∗] ⊗ Λ[s^∗_{11}] ⊗ Sym[V^{11}] = C(Πt, Λ[s^∗_{11}] ⊗ Sym[V^{11}]). The module Λ[s^∗_{11}] ⊗ Sym[V^{11}] is co-induced. By Shapiro lemma its higher cohomology vanish. We see that O(SUSY/ΠT ) is quasi-isomorphic to Sym[t^∗]⊗Λ[s^∗_{11}]⊗Sym[V^{11}], which isomorphic to H. The fibers of projection L → OGr(2, 11) are affine. The proposition follows from the spectral sequence for cohomology of fibrations.

Reference to Shapiro lemma in the proof of the last proposition can be replaced by explicit computation. The computation uses decomposition (38). Let t^k, t^{′ k}u^{ik}, k = 1, . . . , 8, i = 1, 2 be linear coordinates in spaces t = s^{−1}, s^1 and s^0; τ^k , τ^{′ k}, ν^{ik} - coordinates in Πs^{−1}, Πs^1 and Πs^0.

Under the map

Gr^∞ → H^∞ = Sym[t^∗] ⊗ Λ[s^∗_{11}] ⊗ C^∞(R^{11} )

the image of e^i = Γ^i_{αβ} λ^αθ^β ∈ Gr^∞ can be written as a linear combination of ẽ^p = γ^p_{kl}t^kτ^{′ l} p = 1, . . . , 7, ẽ^i = t^kν^{ki}, i = 1, 2.

We use Spin(7) notations and formulas (16,17).

We have ẽ^p = D(γ^p_{kl}τ^k τ^{′ l}), ẽ^i = D(τ^k ν^{ki}) in H^∞. Introduce notations f^p = γ^p_{kl}τ^kτ^{′ l}, g^i = τ^kν^{ki}. We choose coordinates x^p on the space V^7, u^i on U, u_i on U^′ in decomposition (11) to satisfy Dx^p = ẽ^p , Du^i = e^i and Du_i = 0 . By construction elements y^p = x^p − f^p, h^i = g^i − u^i, u_i, τ^{′ k}, ν^{il} (47) are D-cocycles in H^∞. We use (47) augmented by τ^k as coordinates on V^{11} × Πs_{11}. In these coordinates the complex H^∞ becomes a tensor product of odd De Rham complex Ω[Πt] and the algebra F^∞ of C^∞ functions in (47). The cohomology H^∞ can be computed with the aid of the Küneth formula and coincide with F .

These arguments let to compute cohomology H^{an,R} = Sym[t^∗] ⊗ Λ[s^∗_{11}] ⊗ O^{an}(R^{11} ) and H^{an} = Sym[t^∗]⊗Λ[s^∗_{11}]⊗O^{an}(V^{11}). Dolbeault theory on complex super-manifolds has been treated in [24]. In particular Theorem 3.4 in [24] shows equivalence of Dolbeault and Čech approaches to cohomology of coherent sheaves.

Proposition 50 There is an isomorphism of cohomology H^k(Gr^{an}) and and cohomology of the structure sheaf H^k_{tot}(L, O^{an}) k ∈ Z_2.

Proof. We follows the lines of algebraic proof. The key moment is to use GAGA ([48] Section 12 Theorem 1 ) for comparison analytic and algebraic cohomology of compact (complete) spaces that appear in the proof of Proposition 44, Corollaries 45, 46. Finally we use Stein property of V^{11} (see [27] Definition 5.1.3, Theorem 2.5.5, Theorem 7.4.1.) to prove that analytic cohomology of a fiber of projection L → OGr(2, 11) coincide with F_{an}.

Corollary 51 There is one-to one correspondence between equivalence classes of solutions ¯∂f = 0 f ∈ ⨁ p≥0 Ω^{0p}_L and cohomology classes in Gr^{an}.

Appendix

A Homological properties of Serre algebra of X

Most of the statements presented in this appendix are well known to experts in supergravity. The main motivation for incorporating this material into the paper is to complement these facts (or conjectures in mathematical language) by proofs. Unfortunately the situation with the proofs is far from being satisfactory, because they rely on the use of algebra systems Mathematica, Macauley2 and LiE. The main text uses result of Corollary 55.

The space V^{11} has a physical interpretation of a complexified space-time. The number of nonzero entries in matrices Γ^i_{αβ} for a given i grows exponentially with dimension of the spaces-time. Computations with Γs are hard to handle by hands. This is why physicists designed a Mathematica package gamma.m [40] to generate Γ^i_{αβ}. The following code in Mathematica creates an array of v^i:

<< gamma.m
Var = Array[x, {32}];
Vec := Array[vec, {11}];
v[k_] := Simplify[
Sum[Sum[(WeylGamma[11, k].WeylC1[11])[[i]][[j]]*Var[[i]]*Var[[j]],
{i, 1, j}], {j, 1, 32}]]

One of the natural questions that can be asked about A is the following. The algebra A is a graded G = C [λ^1 , . . . , λ^{32}]-module. Find the minimal free resolution. This is a formidable task, because of the large homological dimension of G, but Macauley2 [22] is fit for the job. Here is a suitable Macauley2 code

i1 : G=QQ[x_(1) .. x_(32)];
i2 : a = matrix {{...}};
             1 11
o2 : Matrix G <--- G
i3 : A= coker a
o3 = cokernel |....|
o3 : G-module, quotient of G
i4 : R=res A

      1 11 66 263 352 352 263 66 11 1
o4 = G<-- G<-- G<-- G<-- G<-- G<-- G<-- G<-- G<-- G<-- 0
     0 1 2 3 4 5 6 7 8 9 10

The dots in matrix{{...}} stand for the array of relations found with gamma.m. Command R_i gives the degree of the generators of the i-th module of syzygies. We conclude that with the degrees taken into account the minimal resolution has the form R = G^1(0) ← G^{11}(−2) ← G^{66}(−4) ← G^{32}(−5) + G^{231}(−6) ← G^{352}(−7) ← ← G^{352}(−9) ← G^{32}(−11) + G^{231}(−10) ← G^{66}(−12) ← G^{11}(−14) ← G^1(−16) ← 0 (48) In G(n) n stands for the grading shift. It takes about 30 minutes to pass all steps of La Scala’s algorithm on 2.13GHz Processor with 4GB internal memory. The book [11] and the manual [22] will give a references on the internal structure of the algorithms employed.

The resolution (48) allows to compute the graded groups

Tor^G_i (A, C ) = ⨁ j Tor^G_{ij} (A, C ).

It makes sense to define a generating function of dimensions Tor^G_i (A, C )(t) and the Euler characteristic χ(Tor)(t) = ∑ i≥0(−1)^iTor^G_i (A, C )(t). In general Euler characteristic gives a limited information about cohomology of a complex. The statement has an exception when all cohomology but one vanish. This happens j component-wise in Tor groups at hand.

There is an alternative way to compute Tor^G_i (A, C ). It is to resolve the second argument C . The classical Koszul resolution G ⊗ Λ[ξ^1, . . . , ξ^{32}] with differential λ^α∂_ξα written in super notations does the job. The complex

K = (A ⊗ Λ[ξ^1, . . . , ξ^{32}], λ^α∂_ξα ) (49)

still computes Tor^G(A, C ). The group Spin(11) is the group of symmetries of G, A and A ⊗ Λ[ξ^1, . . . , ξ^{32}].

Lemma 52 The differentials in the minimal resolution R (48) commute with Spin(11) action.

Proof. Left to the reader.

An irreducible representation of a semi-simple group is labeled by coordinates of the highest weight (see e.g. [20] for details). A representation of Spin(11) has five coordinates (w_1, w_2, w_3, w_4, w_5). For example an elevendimensional fundamental representation has coordinates (10000), spinor representation - (00001).

The differential in K decreases degree in ξ^α . For this reason we use homological notations.

Proposition 53 (cf. [36]) Let H_i(K) = ⨁ j H_{ij} (K) be the decomposition into graded components. We have the following isomorphisms: H_{0,0} = (00000) H_{1,2} = (10000) H_{2,4} = (01000) + (10000) H_{3,5} = (00001), H_{3,6} = (00000) + (00100) + (20000) H_{4,7} = (00001) + (10001) H_{5,9} = (00001) + (10001) H_{6,10} = (00000) + (00100) + (20000), H_{6,11} = (00001) H_{7,12} = (01000) + (10000) H_{8,14} = (10000) H_{9,16} = (00000)

(50)

All other homology groups are trivial.

Proof. The groups Tor^G(A, C ) are Spin(11)-representations. It makes sense to define Euler characteristic χ(Tor)(t) with values in the ring of virtual finitedimensional representations Rep(Spin(11)). Such Euler characteristics has been computed in [36]. As it was argued above the structure of R lets to unambiguously interpret the coefficients of χ(Tor)(t) ∈ Rep(Spin(11))[[t]] as groups H_{ij} (K). Remark 54 We know that the differentials in the complex R commutes with Spin(11)-action. Representation theory uniquely fixes the differentials. This has been used in [2] (who worked under assumption of acyclicity of R)to find the formulas for the boundary maps in terms Γ matrices ([2] formula (5.5)). By inspection of the formulas we see that the complex R is self-dual: Hom_G(R, G) ∼= R. Resolution (48) enables us to compute the Hilbert polynomial H(n) = dim A_n, n ≫ 0 of the projective X: H(n) = ( 5 n^4 + 160 n^3 + 2107 n^2 + 13232 n + 38760 ) 5 × 2 × 3 × 7 × 19! 9∏ i=7 (n + i) 15∏ i=1 (n + i)

Corollary 55 Degree deg(H) is equal to twenty two.

From this we infer (see e.g. [16], [23] for discussion of Hilbert polynomials) that the greatest dimension of irreducible components of Proj(A) is 22.

This agrees with a computation done in [2]. Let O(n) = O_X (n) be the tautological bundle over X. The number H(n) coincides with the Euler characteristic χ(O(n))( see e.g. [23](Ex 5.2)). The formula for H(n) tells us that χ(O(n)) = 0 for n = −1, . . . , −15. The next Proposition is a refinement of this observation.

Proposition 56 1. The sheaves O(n), n = −1, . . . , O(−15) are acyclic, i.e.

H^l(X, O(n)) = 0, l = 0, . . . 22.

2. H^l(X, O(n)) = 0, l = 1, . . . 22, n ≥ 0.

3. H^l(X, O(n)) = 0, l = 0, . . . 21, n ≤ −16

Proof. Let i be the closed embedding of X into P^{31}. Sheafification of R gives a resolution R of i_∗O_X by locally free sheaves on P^{31} of the form R^i = ⨁ k O_P31 (n_{k,i}). The sheaves O_P31 (n) are acyclic for −31 ≤ n ≤ −1. They have trivial higher cohomology for n ≥ 0 and have only top degree cohomology if n ≤ 32(see e.g. [23] Theorem 5.1). By Serre duality H^{31}(P^{31}, R^i(n)) is C -dual to the suitable subgroup of Hom_G(R, G). The statement readily follows from the hypercohomology spectral sequence for R(n) and self-duality of R (Remark 54).

The complex K is a differential graded algebra. Let l : H_{9,16} → C be an isomorphism of vector spaces.

Proposition 57 There is a perfect pairing (a, b) in cohomology H(K), defined by the formula (a, b) = l(ab) Proof. The proof repeats the arguments of [42] (Theorem 55). The reader should keep in mind that though we haven’t established smoothness of X (in fact X is not smooth) we do have the necessary cohomology vanishing results for O_X (n) (Proposition 56) that suffice for the proof.

B Proof of Proposition 6

After elimination of r^1, r^2 the pair of equations in question becomes

(w^2v^1 − w^1v^2, u^1) = 0 (w^2v^1 − w^1v^2, u^2) = 0

Then (w^1v^2 − w^2v^1, u^1) = 1 (v^2, v^2) + w^1w^1 × ( −w^1w^1(u^1u^2, u^1) − w^1(v^1, u^2)(u^1, u^1) + w^1(v^1, u^1)(u^2, u^1) + w^1(v^1.(u^1.u^2), u^1) + (v^1, u^2)(v^1u^1, u^1) − (v^1, u^1)(v^1u^2, u^1) + w^1(u^1, u^2)(v^1, u^1) −(v^1, u^1u^2)(v^1, u^1) ) . We use (23) to eliminate (u^1u^2, u^1),^{(v1 ,u1)}_{w1} (v^1u^1, u^1) . Because of the identity (ab, cd) = 2(a, c)(b, d) − (ad, cb)

(see [33]) we replace (v^1.(u^1.u^2), u^1) = −(u^1u^2, v^1u^1) by −2(u^1, v^1)(u^2, u^1) + (u^1u^1, v^1u^2) = −2(u^1, v^1)(u^2, u^1) + (u^1, u^1)(v^1u^2)

(w^1v^2 − w^2v^1, u^1) = 1 (v^2, v^2) + w^1w^1 × ( −w^1(v^1, u^2)(u^1, u^1) + w^1(v^1, u^1)(u^1, u^2) − 2w^1(u^1, v^1)(u^1, u^2) + w^1(u^1, u^1)(v^1, u^2) + (v^1, u^1)(v^1, u^1u^2) + w^1(u^1, u^2)(v^1, u^1) −(v^1, u^1u^2)(v^1, u^1) ) = 0 Likewise (w^1v^2 − w^2v^1, u^2) = w^1 (v^2, v^2) + w^1w^1 × ( −w^1w^1(u^1u^2, u^2) − w^1(v^1, u^2)(u^1, u^2) + w^1(v^1, u^1)(u^2, u^2) + w^1(v^1.(u^1.u^2), u^2) + (v^1, u^2)(v^1u^1, u^2) − (v^1, u^1)(v^1u^2, u^2) + w^1(u^1, u^2)(v^1, u^2) −(v^1, u^1u^2)(v^1, u^2) ) We replace (v^1.(u^1.u^2), u^2) = −(u^1u^2, v^1u^2) by −(v^1, u^1)(u^2, u^2). We get

−w^1(u^2, u^2)(u^1, v^1) + w^1(v^1, u^1)(u^2, u^2) (v^2, v^2) + w^1w^1 = 0 References

[1] N. Berkovits. Towards covariant quantization of the supermembrane. J.

High Energy Phys., 0209(051), 2002.

[2] N. Berkovits and N Nekrasov. The character of pure spinors.

Lett.Math.Phys., 74:75–109, 2005.

[3] A. Borel. Linear algebraic groups. Number 126 in Graduate Texts in Mathematics. Springer, 2 edition, 1991.

[4] L. Brink and P. Howe. Eleven-dimensional supergravity on the mass-shell in superspace. Phys. Lett. B, 91:384, 1980.

[5] R.L. Bryant. Metrics with exceptional holonomy. The Annals of Mathematics, 126(3):525–576, Nov 1987.

[6] E. Cartan. The theory of spinors. Dover, New York, 1981.

[7] M. Cederwall. D=11 supergravity with manifest supersymmetry.

Mod.Phys.Lett.A, 25:3201–3212, 2010.

[8] C. Chevalley. The algebraic theory of spinors and clifford algebras, volume 2 of Collected Works. Springer, 1997.

[9] W-L. Chow. On compact complex analytic varieties. Amer. J. of Maths., 71:893–914, 1949.

[10] E. Cremmer and S. Ferrara. Formulation of eleven-dimensional supergravity in superspace. Phys. Lett. B, 91:61, 1980.

[11] M. Stillman D. Eisenbud, D. Grayson and B. Sturmfels, editors. Computations in algebraic geometry with Macaulay 2, volume 8 of Algorithms and Computations in Mathematics. Springer-Verlag, September 25 2001.

[12] P. Deligne. Notes on spinors. In P. Etingof P. Deligne, D. Kazhdan, editor, Quantum fields and strings. A course for mathematicians, volume 1. AMS, 1999.

[13] P. Deligne and D. Freed. Supersolutions. In P. Etingof P. Deligne, D. Kazhdan, editor, Quantum fields and strings. A course for mathematicians, volume 1. AMS, 1999.

[14] P. Deligne and J. W. Morgan. Notes on supersymmetry (following Joseph Bernstein). In P. Etingof P. Deligne, D. Kazhdan, editor, Quantum fields and strings. A course for mathematicians, volume 1. AMS, 1991.

[15] B. Julia E. Cremmer and J. Scherk. Supergravity theory in elevendimensions. Phys. Lett. B, 76:409–412, 1978.

[16] D. Eisenbud. Commutative algebra, with a view toward algebraic geometry, volume 150 of Graduate Texts in Mathematics. Springer, 1995.

[17] D. Fuchs. Cohomologies of infinite dimensional Lie algebras. Plenum Publ., New York, 1986.

[18] W. Fulton. Young tableau, representation theory and geometry, volume 35 of London Mathematical Society Student Texts. CUP, 1997.

[19] W. Fulton. Intersection theory. Springer, 1998.

[20] W. Fulton and J. Harris. Representation Theory: A First Course, volume 129 of Graduate Texts in Mathematics. Springer, 1991.

[21] I.N. Bernstein I.M. Gelfand and S.I. Gelfand. Schubert cells and cohomology of the spaces G/P. Russ. Math. Surv., 28:1–26, 1973.

[22] D. R. Grayson and M. E. Stillman. Macaulay 2 a system for computations in algebraic geometry and commutative algebra. http://www.math.uiuc.edu/Macaulay2/doc/Macaulay2- 1.4/share/doc/Macaulay2/Macaulay2Doc/html/index.html.

[23] R. Hartshorne. Algebraic Geometry, volume 52 of Graduate Texts in Mathematics. Springer, December 19 1977.

[24] C.R. Haske. Analysis on supermanifolds. PhD thesis, Rice University, ProQuest LLC, 1987.

[25] A. Hatcher. Algebraic Topology. Cambridge University Press, 2000.

[26] M. Hochster. Grassmannians and their Schubert Subvarieties are Arithmetically Cohen-Macaulayl. Journal of Algebra, 25:40–57, 1973.

[27] L. Hoermander. Introduction to complex analysis in several variables. NH, 2 edition, 1973.

[28] H.Tamvakis. Quantum cohomology of isotropic Grassmannians. In F.Bogomolov and Y.Tschinkel, editors, Geometric Methods in Algebra and Number Theory, volume 235 of Progress in Mathematics, pages 311–338. Birkhäuser, 2005.

[29] J. Humphreys. Linear algebraic groups. Number 21 in Graduate Texts in Mathematics. Springer, 4 edition, 1995.

[30] J.-I. Igusa. On the arithmetic normality of the Grassmann variety. Proc.

Nat. Acad. Sci. U. S. A., 40:309–313, 1954.

[31] J.-I. Igusa. A classification of spinors up to dimension twelve. American Journal of Mathematics, 92(4):997–1028, October 1970.

[32] V. A. Iskovskikh and Yu. G. Prokhorov. Fano Varieties. Springer, 1993.

[33] D.A. Smith J.H. Conway. On quaternions and octonions: their geometry, arithmetic and symmetry. AK Peters, Natick, Massachusetts, 2003.

[34] G. Lancaster and J. Towber. Representation-functors and flag-algebras for the classical groups. Jour. Alg., 59:16–38, 1979.

[35] S. Mac Lane. Homology. Die Grundlehren der mathematischen Wissenschaften. Springer-Verlag, Berlin-Göttingen-Heidelberg, 1963.

[36] B.E.W. Nilsson M. Cederwall and D. Tsimpis. Spinorial cohomology and maximally supersymmetric theories. J. High Energy Phys., 0202(009), 2002.

[37] I. G. Macdonald and R. Y. Sharp. An elementary proof of the non-vanishing of certain local cohomology modules. Quart. J. Math. (Oxford), 2(23):197– 204, 1972.

[38] Y.I. Manin. Gauge Field theory and Complex Geometry. Springer-Verlag, New York, 1988.

[39] H. Matsumura. Commutative ring theory. Cambridge University Press, 1989.

[40] J Michelson. A mathematica package for constructing dirac gamma matrices. http://www.physics.ohio-state.edu/ jeremy/mathematica/gamma/.

[41] D. Montgomery. Simply connected homogeneous spaces. Proc. Amer. Math.

Soc, 1:467–469, 1950.

[42] M. Movshev and A. Schwarz. Algebraic structure of yang-mills theory. In V. Retakh P. Etingof and I. M. Singer, editors, The Unity of Mathematics, volume 244 of Progress in Mathematics, pages 473–523. Birkhäuser, 2006,.

[43] D. Mumford. Lectures on curves on an algebraic surface. Princeton Univ.

Press, 1966.

[44] M. Cederwall U. Gran M. Nielsen and B.E.W. Nilsson. Manifestly supersymmetric M-theory. J. High Energy Phys., 0010(041), 2000.

[45] B. E. W. Nilsson. Simple 10-dimensional supergravity in superspace. Nuclear Phys. B, 188(1):176–192, 1981.

[46] R. Penrose and W. Rindler. Spinors and space-time., volume 1,2. Cambridge University Press, 1986.

[47] R.Hartshorne. Residues and Duality. Number 20 in Lecture Notes in Mathematics. Springer-Verlag, Berlin, New York, 1966.

[48] J.P. Serre. Géométrie algébrique et géométrie analytique. Annales de l’Institut Fourier, 6:1–42, 1956.

[49] E. B Vinberg and A. L. Onishchik. Seminar on Lie groups and algebraic groups. Springer series in Soviet mathematics. Springer Verlag, Berlin, New York, 1990.

[50] E. Witten. Twistor-like transform in ten dimensions. Nuclear Phys. B, 266(2):245–264, 1986.