arXiv:1105.1343v2 [hep-ph] 27 Jul 2011

QCD Sum Rules for the production of the X(3872) as a mixed molecule-charmonium state in B meson decay

C.M. Zanetti,^{1, ∗} M. Nielsen,^{1, †} and R. D. Matheus^{2, ‡} 1Instituto de Física, Universidade de São Paulo, C.P. 66318, 05389-970 São Paulo, SP, Brazil 2Departamento de Ciências Exatas e da Terra, Universidade Federal de São Paulo, 09972-270, Diadema, SP, Brazil

We use QCD sum rules to calculate the branching ratio for the production of the meson X(3872) in the decay B → X(3872)K, assumed to be a mixture between charmonium and exotic molecular [cq̄][qc̄] states with J^{P C} = 1^{++}. We find that in a small range for the values of the mixing angle, 5^∘ ≤ θ ≤ 13^∘, we get the branching ratio B(B → XK) = (1.00 ± 0.68) × 10^{−5} , which is in agreement with the experimental upper limit. This result is compatible with the analysis of the mass and decay width of the mode J/ψ(nπ) and the radiative decay mode J/ψγ performed in the same approach.

I. INTRODUCTION

The X(3872) state has been first observed by the Belle Collaboration in the decay B^+ → X(3872)K^+ → J/ψπ^+π^−K^+ [1], and was later confirmed by CDF, D0 and BaBar [2]. This was the first state of an increasing number of candidates for exotic hadrons discovered recently. The current world average mass is m_X = (3871.4 ± 0.6) MeV, and the width is Γ < 2.3 MeV at 90% confidence level. BaBar Collaboration reported the radiative decay mode X(3872) → γJ/ψ [3, 4], which determines C = +. Further studies from Belle and CDF that combine angular information and kinematic properties of the π^+π^− pair, strongly favors the quantum numbers J^{P C} = 1^{++} or 2^{−+} [3, 5, 6]. Although the new BaBar result favors the J^{P C} = 2^{−+} assignment [7], established properties of the X(3872) are in conflict with this assignment [8, 9]. Therefore, in this work we will consider the X(3872) as being a J^{P C} = 1^{++} state. BaBar Collaboration reported the upper limit of the branching ratio for the production in B meson decay [10]:

B(B^± → K^±X(3872)) < 3.2 × 10^{−4}. (1)

Recently, Belle Collaboration presented the most precise measurement of the branching fraction B(B^± → X(3872)K^±)B(X(3872)γJ/ψ) = (1.78^{+0.48}_{−0.44}±0.12)×10^{−6} [11].

The decay modes of the X(3872) into J/ψ and other charmonium states indicate the existence of a c̄c in its content. However the attempts to classify the state in the charmonium spectrum have to deal with the fact that the mass of the X(3872) is not compatible with any of the possible candidates in the quark model [12]. Another problem comes from the measurement of the decay rates of the processes X(3872) → J/ψ π^+π^−π^0 and X(3872) →J/ψπ^+π^−, which are comparable [3], X → J/ψ π^+π^−π^0 X →J/ψπ^+π^− = 1.0 ± 0.4 ± 0.3 , (2)

∗ carina@if.usp.br † mnielsen@if.usp.br ‡ matheus@unifesp.br

that could indicate a strong isospin and G parity violation, which is incompatible with a cc̄ structure.

The coincidence between the X(3872) mass and the D^{∗0}D^0 threshold: M(D^{∗0}D^0) = (3871.81 ± 0.36) MeV [13], inspired the proposal that the X(3872) could be a molecular (D^{∗0}D̄^0 − D̄^{∗0}D^0) bound state with small binding energy [14, 15]. In particular, considering the X(3872) as an admixture of neutral and charged components of molecules, i.e. D^0D̄^{∗0} and D^+D^{∗−}, the strong isospin violation observed in Eq. (2) could be explained in a very natural way [16, 17]. There is also a possibility that the observed ratio of the X decaying into J/ψ + 2π or 3π may not come from a large isospin breaking. In Ref. [18] the isospin breaking is investigated in the dynamical generation of the X as a molecular state, and it is found to be small. But, considering that the two pion and three pion states comes from the decays of ρ and ω mesons, the small isospin breaking is compensated by the larger phase space of the ρ meson, thus explaining the experimental data.

Another interesting interpretation for the X(3872) is that it could be a compact tetraquark state [19–21].

The co-existence of both c̄c and multiquark components is subject of debate in many works, and it is supported by some experimental data. In Ref. [22], a simulation for the production of a bound D^0D̄^{∗0} state with biding energy as small as 0.25 MeV, reported a production cross section that is an order of magnitude smaller than the cross section obtained from the CDF data. A similar result was obtained in Ref. [23] in a more phenomenological analysis. However, as pointed out in Ref. [24], a consistent analysis of the D^0D̄^{∗0} molecule production requires taking into account the effect of final state interactions of the D and D^∗ mesons.

Besides, the recent observation, reported by BaBar [25], of the decay X(3872) → ψ(2S)γ at a rate: B(X→ψ(2S) γ) B(X→ψγ) = 3.4 ± 1.4, it is much bigger than the

molecular prediction [26]:^{Γ(X→ψ(2S) γ)} Γ(X→ψγ) ∼ 4 × 10 −3. In the framework of the QCD sum rules (QCDSR) the mass of the X were computed with good agreement with data, considering tetraquark [27] and molecular structures [17]. The same success is not found in decay widths calculations. In Ref. [28] the decay width of the modes

J/ψ(nπ) are calculated for the tetraquark structure, and the result is one order larger that the total width. In Ref. [29, 30] the QCDSR approach was used to study the X(3872) structure including the possibility of the mixing between two and four-quark states, where it was successfully applied to obtain the mass of the state and the decays widths for the modes J/ψ(nπ) and the radiative decay mode J/ψγ. This was implemented following the prescription suggested in [31] for the light sector. The mixing is done at the level of the currents and is extended to the charm sector. In a different context (not in QCDSR), a similar mixing was suggested already some time ago by Suzuki [23]. Physically, this corresponds to a fluctuation of the cc state where a gluon is emitted and subsequently splits into a light quark-antiquark pair, which lives for some time and behaves like a molecule-like state

The models for the quark structure can also be applied to study the production of the state in B decays. This subject is studied in different approaches in Refs. [32–34]. In this work we will focus on production of the X(3872), using the mixed two-quark and four-quark prescription of Ref. [29, 30] to perform a QCDSR analysis of the process B^± → X(3872)K^±.

II. THE DECAY B → X(3872)K

FIG. 1.

The process B → X(3872)K occurs via weak decay of the b quark, while the u quark is a spectator. The X meson as a mixed state of molecule and charmonium interacts via c̄c component of the weak current. In effective theory, at the scale μ ∼ m_b ≪ m_W , the weak decay is treated as a four-quark local interaction described by the effective Hamiltonian (see Fig. 1):

H_W = G_F √ 2 V_{cb}V^∗_{cs} [( C_2(μ) +

C_1(μ) 3 ) O_2 + · · · ] , (3)

where V_{ik} are CKM matrix elements, C_1(μ) and C_2(μ) are short distance Wilson coefficients computed at the renormalization scale μ ∼ O(m_b). The four-quarks effective operator is O_2 = (c̄Γ_μc)(s̄Γ^μb), with Γ_μ = γ_μ(1−γ_5).

The decay amplitude of the process is calculated from the Hamiltonian (3), and it can be factorized by splitting the matrix element in two pieces: M = i G_F √ 2 V_{cb}V^∗_{cs} ( C_2 +

C_1 3 )

× ⟨B(p)|J^W_μ |K(p^′)⟩⟨X(q)|J^{μ(c̄c)}|0⟩, (4) where p = p^′ + q, and the currents are

J^W_μ = s̄Γ_μb , J^{(c̄c)}_μ = c̄Γ_μc . (5)

The matrix elements in Eq. (4) are parametrized in the following way

⟨X(q)|J^{(c̄c)}_μ |0⟩ = λ_W ϵ^∗_μ(q) , (6) and ⟨B(p)|J^W_μ |K(p^′)⟩ = f_+(q^2)(p_μ + p^′_μ) + f_−(q^2)(p_μ − p^′_μ) . (7) The parameter λ_W in (6) gives the coupling between the current J^{(c̄c)}_μ and the X state. The form factors f_±(q^2) describe the weak transition B → K. Hence we can see that the factorization of the matrix element describes the decay as two separated sub-processes.

The decay width for the process B^± → X(3872)K^± is given by Γ(B → XK) = 1 16πm^3_B λ^{1/2}(m^2_B , m^2_K , m^2_X )|M|^2, (8)

with λ(x, y, z) = x^2 + y^2 + z^2 − 2xy − 2xz − 2yz. The invariant amplitude squared can be obtained from (4):

|M|^2 =

G^2_F 2 |V_{cb}V_{cs}|^2 ( C_2 +

C_1 3 )_2

× λ(m^2_B , m^2_K , m^2_X )λ^2_W f^2_+(q^2)|_q2_{→−m}2_X . (9)

We will use QCD sum rules in order to determine the parameter λ_W and the form factor f_+(q^2), and therefore we can obtain the width of the decay.

III. TWO-POINT CORRELATOR

The QCD sum rule approach [35–37] is based on the two point correlator:

Π_{μν} (q) = i ∫ d^4y e^{iq·y}⟨0|T {J^X_μ (y)J^{(c̄c)}_ν }|0⟩ , (10) where the current J^{(c̄c)}_ν is defined in (5). For the X meson we will follow [31] and consider a mixed charmoniummolecular current as in Ref. [29, 30]. For the charmonium part we use the conventional axial current:

j^{′(2)}_μ (x) = c̄_a(x)γ_μγ_5c_a(x). (11)

The D^0 D^{∗0} molecule is interpolated by [38–40] (with q = u):

j^{(4q)}_μ (x) = 1 √ 2 [ (q̄_a(x)γ_5c_a(x)c̄_b(x)γ_μq_b(x))

− (q̄_a(x)γ_μc_a(x)c̄_b(x)γ_5q_b(x)) ] , (12)

As in Ref. [31] we define the normalized two-quark current as

j^{(2q)}_μ = 1 6 √ 2 ⟨ūu⟩j^{′(2)}_μ , (13) and from these two currents we build the following mixed charmonium-molecular current for the X(3872):

J^q_μ(x) = sin(θ)j^{(4q)}_μ (x) + cos(θ)j^{(2q)}_μ (x). (14)

We will consider a small admixture of D^+D^{∗−} and D^−D^{∗+} components, then we have for the X current:

J^X_μ (x) = cos αJ^u_μ (x) + sin αJ^d_μ (x), (15)

with J^u_μ (x) and J^d_μ(x) given by Eq.(14).

Considering the u and d quarks to be degenerate, i.e., m_u = m_d and ⟨ūu⟩ = ⟨d̄d⟩, and inserting the currents (5) and (15) in the correlator we have in the OPE side of the sum rule

Π^{OPE}_{μν} (q) = (cos α + sin α) ( sin θ Π^{4,2}_{μν} (q) + ⟨q̄q⟩ 6 √ 2 cos θ Π^{2,2}_{μν} (q) ) , (16)

where

Π^{2,4}_{μν} (q) = i ∫ d^4y e^{iq·y}⟨0|T {J^{4q}_μ (y)J_{ν(c̄c)}(0)}|0⟩ Π^{2,2}_{μν} (q) = i ∫ d^4y e^{iq·y}⟨0|T {J^{2q}_μ (y)J_{ν(c̄c)}(0)}|0⟩ . (17) The contribution from the vector part of the current J^{(c̄c)}_ν vanishes after the integration is performed, hence these correlators are equal (except for a minus sign) to the ones calculated in Ref. [29] for the two-point correlator of the X(3872).

On the phenomenological side the correlator is determined inserting the intermediate state of the X: Π^{phen}_{μν} (q) = i q^2 − m^2_X ⟨0|J^X_μ |X(q)⟩⟨X(q)|J^{(cc)}_ν |0⟩ , = iλ_X λ_W Q^2 + m^2_X ( g_{μν} − q_μq_ν m^2_X ) (18)

where q^2 = −Q^2, and we have used the definition (6) and

⟨0|J^X_μ |X(q)⟩ = λ_X ϵ_μ(q) . (19)

The parameter defining the coupling between the current J^X_μ and the X meson has been calculated in Ref. [29], and its value is λ_X = (3.6 ± 0.9) × 10^{−3} GeV^5.

In the QCDSR approach a Borel transform to Q^2 → M^2 (Q^2 = −q^2) is performed to improve the matching between both sides of the sum rules. The Borel transform exponentially suppresses the contribution from excited states in the phenomenological side of the sum rule. In the OPE side the Borel transform suppresses the contribution from higher dimension condensates [17]. After performing the Borel transform we get in the structure g_{μν} :

λ_W λ_X e^{− m} 2 X M 2 = −(cos α + sin α) ( sin θ Π^{24}(M^2) + ⟨q̄q⟩ 6 √ 2 cos θ Π^{2,2}(M^2) ) . (20)

This expression is analysed numerically to obtain the coupling parameter λ_W . We perform the calculation using the same values for the masses and QCD condensates listed in [29], and in the same region in threshold parameter s_0 and Borel mass M^2 that we have used in the mass and λ_X analysis in Ref. [29], √ s_0 = 4.4 GeV, 2.6 GeV^2 ≤ M^2 ≤ 3.0 GeV^2. The mixing angles determined in the same reference are:

5^∘ ≤ θ ≤ 13^∘ , α = 20^∘ . (21)

Taking into account the variation in the Borel mass parameter and the mixing angle θ, the result for the λ_W parameter is:

λ_W = (1.29 ± 0.51) GeV^2 . (22)

IV. THREE-POINT CORRELATOR

The form factor of the B → K transition matrix (7) can be evaluated from the three point correlator:

Π_μ(p, p^′) = ∫ d^4x d^4y e^{i(p′ ·x− p·y)}⟨0|T {J^W_μ (0)J_K (x)J^†_B (y)}|0⟩ (23) In the OPE side we use the weak current J^W_μ defined in (5) and the interpolating currents of the B and K pseudoscalar mesons:

J_K (x) = i ū_a(x)γ_5s_a(x) , J_B = i ū_a(x)γ_5b_a(x) .(24)

We work at leading order in α_s and consider condensates up to dimension 5 and terms linear in the mass of the s quark.

The phenomenological side of the sum rule is computed by inserting the intermediate states of the B and K mesons in the correlator:

Π^{phen}_μ = − f_B f_K m^2_K m^2_B m_b(m_s + m_u)

(f_+(t)(p + p^′)_μ + f_−(t)q_μ) (p^2 − m^2_B )(p^{′2} − m^2_K ) , (25) with t = q^2 = (p − p^′)^2, using (7) and the following definitions: ⟨0|J_K |K(p^′)⟩ = f_K m^2_K m_s + m_u ⟨0|J_B |B(p)⟩ = f_B m^2_B m_b . (26)

Performing a double Borel transform, P^2 → M^2 and P^{′2} → M^{′2}, and matching both sides of the sum rule, we get in the structure (p_μ + p^′_μ) (with P^2 = −p^2, P^{′2} = −p^{′2}, Q^2 = −q^2 = −t):

− f_Bf_K m^2_K m^2_B f_+(t)

m_b(m_u + m_u) e^{− m} 2 B M 2 −^{m2K}_{M ′2} = −1

4π^2 ∫_{s0} s_{min} ds ∫_{u0} 0 du ρ^{pert}(s, t, u)e^{− s}M^{2 − u}M^{′2} + 1 2 ⟨ūu⟩(m_b + m_s)e^{− m} 2 b M 2

− m^2_0⟨ūu⟩e^{− m} 2 b M 2 8M^4M^{′2} ( (m^3_b + m^2_b m_s)(M^2 + M^{′2}) − M^2(m_b(M^2 + 2M^{′2} + t) + m_s(M^{′2} + 2M^2 + t)) ) , (27)

where the perturbative contribution is given by

ρ^{pert}(s, t, u) = 3 4λ^32 (s, t, u) [ u(2m^2_b − s − t + u)

× (2m_bm_s − s − u + t) + ((s − m^2_b )(s − t + u) − 2su) × (2m_bm_s − s + t − u) + (s + u − mb^2)λ(s, t, u) ] . (28)

The integration limit s_{min} is given by

s_{min} = m^2_b + m^2_b u m^2_b − t

. (29)

s_0 = (m_B +Δ_s)^2 and u_0 = (m_K +Δ_u)^2 are the continuum threshold parameters for the B and K respectively. Note that, after the double Borel transform, the contributions from the quark condensate and mixed condensates of the s quark are eliminated.

We use the following relation between the Borel masses M^2 and M^{′2} [41]:

M^{′2} =

0.64 GeV^2 m^2_B − m^2_b

M^2 . (30)

A. Result for the form factor

The sum rules are analysed numerically using the following values for quark masses and QCD condensates, and for meson masses and decay constants [27, 42, 43]:

m_b(m_b) = 4.7 GeV, m_s = 0.140 GeV ⟨q̄q⟩ = −(0.23 ± 0.03)^3 GeV^3, m^2_0 = 0.8 GeV^2, m_B = 5.279 GeV m_K = 493.677 MeV f_B = 0.170 GeV , f_K = 0.160 GeV . (31)

We use the value of the mixing angles α and θ given in (21). For the continuum threshold parameters we take Δ_s = Δ_u = 0.5 GeV.

In Fig. 2 we show the plot for the form factor f_+ calculated in the sum rules from Eq. (27) as a function of the Borel mass M^2 and the momentum transfer Q^2. For the region M^2 ≥ 20 GeV^2 shown in the plot the sum rule presents a good stability.

In the following analysis, to determine the Q^2 dependence of the form factor, we choose the Borel mass within the region of stability around the mass of the B meson, 26 GeV^2 ≤ M^2 ≤ 30 GeV^2. We fit (27) within the stable region by matching both sides of the sum rule. In Fig. 3 we show, through the dots, the QCDSR results for the form factor f_+(Q^2) as a function of Q^2. The numerical results can be well fitted by a monopolar parametrization (shown by the solid line in Fig. (3)):

f_+(Q^2) =

(17.55 ± 0.04) GeV^2 (105.0 ± 1.76) GeV^2 + Q^2

. (32)

For the decay width calculation, we need the value of the form factor at Q^2 = −m^2_X , where m_X is the mass of the off-shell X meson. Therefore we have:

f_+(Q^2)|_Q2_{=−m}2_X = 0.195 ± 0.003 . (33)

B. The decay width B → XK

To determine the the decay width we insert, in the expression (8), the parameter λ_W (22) obtained in the two-point sum rule calculation, and the value of the form factor f_+, from the three-point sum rule, at the X meson pole (33). The branching ratio is therefore calculated

FIG. 2. The plot of the form factor f+ calculated as a function of Q^2 and M^2 from Eq. (27).

FIG. 3. Momentum dependence of C(Q^2) for Δs = Δu = 0.5 GeV. The solid line gives the parametrization of the QCDSR results (dots) through (32).

dividing the result by the total width of the B meson Γ_{tot} = h̄/τ_B :

B(B → X(3872)K) = (1.00 ± 0.68) × 10^{−5} , (34)

where we have used the mean life of the B meson τ_B = 1.638 × 10^{−12} s, the CKM parameters V_{cs} = 1.023, V_{cb} = 40.6 × 10^{−3} [43], and the Wilson coefficients C_1(μ) = 1.082, C_2(μ) = −0.185, computed at μ = m_b and Λ̄_{MS} = 225 MeV [44]. The result (34) is in agreement with the experimental upper limit (1).

For completeness we also compute the branching ratio for the X as pure c̄c and molecular states. We choose the mixing angle as θ = 90^∘ and θ = 0^∘ in Eq. (14), and we get respectively for the pure molecule and pure charmonium:

B(B → X_{mol}K) = (0.38 ± 0.06) × 10^{−6} , (35)

B(B → X_{c̄c}K) = (2.68 ± 0.50) × 10^{−5} . (36)

Comparing the results for the pure states with the one for the mixed state (34), we can see that the branching ratio for the pure molecule is one order smaller, while the pure charmonium is larger.

The result for the pure molecular state in Eq. (35) can be compared with the one from Ref. [32]. In this work the authors study the production of the X as a molecular state in the decay B → XK through the coalescence of charm mesons. The calculation of the branching ratio is strongly dependent on the choice of parameters, and it is found to be of order 10^{−4} to 10^{−6}. In Ref. [34], the production of the X as a 2^3P_1 charmonium state is studied in pQCD, and their result for the branching ratio is 7.88^{+4.87}_{−3.76} × 10^{−4}, which is an order bigger than our result for the pure charmonium (36).

V. SUMMARY AND CONCLUSIONS

We have presented a QCDSR analysis of the production of the X(3872) state considering a mixed charmonium-molecular current in the decay B → XK. We find that the sum rules result in Eq. (34), obtained by using the factorization hypothesis, is smaller, but compatible with the experimental upper limit. Since, it is known that non-factorizable contributions may play an important role in hadronic decays of B mesons [45], our result can be interpreted as a lower limit for the branching ratio.

This result was obtained by considering the mixing angles in Eqs. (15) and (14) with the values α = 20^∘ and 5^∘ ≤ θ ≤ 13^∘. The present result is also compatible with previous analysis of the mass of the X state and the decays into J/ψπ^0π^+π^− and J/ψπ^+π^− [29], and the radiative mode γJ/ψ [30], since the values of the mixing angles used in both calculations are the same. It is important to mention that there is no new free parameter in the present analysis and, therefore, the result presented here strengthens the conclusion reached in Refs. [29, 30] that the X(3872) is probably a mixture between a cc̄ state and D^0D̄^{∗0}, D̄^0D^{∗0}, D^+D^{∗−} and D^−D^{∗+} molecular states. From Eq. (14) one may be tempted to say that the cc̄ component of the state described by such current is dominant (∼97%), like the conclusion presented in Ref. [29]. However, from a closer look at Eq. (13), one can see that the cc̄ component of our current is already multiplied by a dimensional parameter, the quark condensate, in order to have the same dimension of the molecular part of the current. Therefore, it is not clear that only the angle in Eq. (14) determines the percentage of each component. To try to evaluate the importance of each part of the current it is better to analyse the results obtained with each component, like the results presented in Eqs. (35) and (36). From these results we see that the cc̄ part of the state plays a very important role in the determination of the branching ratio. By the other hand, in the decay X → J/ψπ^+π^− and X → J/ψπ^+π^−π^0, the width obtained in our approach for a pure cc̄ state is [29]: Γ(X_{c̄c} → J/ψnπ) = 0 , (37) and, therefore, the molecular part of the state is the only one that contributes to this decay, playing an essential role in the determination of this decay width. Also, for a pure cc̄ state one gets:

M_{Xcc̄} = (3.52 ± 0.05) GeV, (38) from where one sees again that the molecular part of the state plays a very important role in the determination of its mass.

Therefore, although we cannot determine the percentages of the cc̄ and the molecular components in the X(3872), we may say that both components are extremely important, and that, in our approach, it is not possible to explain all the experimental data about the X(3872) with only one component.

ACKNOWLEDGMENT

The authors would like to thank M.E. Bracco for discussions. This work has been partially supported by FAPESP and CNPq.

[1] S.-K. Choi et al. [Belle Collaboration], Phys. Rev. Lett.

91, 262001 (2003).

[2] V. M. Abazov et al. [D0 Collaboration], Phys. Rev. Lett.

93, 162002 (2004); D. Acosta et al. [CDF Collaboration], Phys. Rev. Lett. 93, 072001 (2004); B. Aubert et al. [BaBar Collaboration], Phys. Rev. D 71, 071103 (2005).

[3] K. Abe et al. [Belle Collaboration], hep-ex/0505037, hep-ex/0505038.

[4] B. Aubert et al. [BaBar Collaboration], Phys. Rev. D 74, 071101 (2006).

[5] D. Abulencia et al. [CDF Collaboration], Phys. Rev. Lett.

96, 102002 (2006).

[6] D. Abulencia et al. [CDF Collaboration], Phys. Rev. Lett.

98, 132002 (2007).

[7] P. del Amo Sanches et al. [BaBar Collaboration] Phys.

Rev. D 82, 011101 (2010).

[8] Yu. S. Kalashnikova and A. V. Nefediev, Phys. Rev. D 82, 097502 (2010).

[9] T. J. Burns, F. Piccinini, A. D. Polosa and C. Sabelli, Phys. Rev. D 82, 074003 (2010).

[10] B. Aubert et al. [BABAR Collaboration], Phys. Rev.

Lett. 96, 052002 (2006) [arXiv:hep-ex/0510070]. [11] V. Bhardwaj et al. [ Belle Collaboration ], [arXiv:1105.0177 [hep-ex]].

[12] T. Barnes and S. Godfrey, Phys. Rev. D 69, 054008 (2004).

[13] C. Cawfield et al. [CLEO Collaboration], Phys. Rev. Lett.

98, 092002 (2007).

[14] F.E. Close and P.R. Page, Phys. Lett. B 578, 119 (2004). [15] E.S. Swanson, Phys. Rept. 429, 243 (2006). [16] D. Gamermann, J. Nieves, E. Oset, E. Ruiz Arriola, Phys. Rev. D 81, 014029 (2010).

[17] M. Nielsen, F.S. Navarra, S.H. Lee, Phys. Rep. 497, 41 (2010).

[18] D. Gamermann, E. Oset, Phys. Rev. D 80, 014003 (2009).

[19] L. Maiani, F. Piccinini, A.D. Polosa, V. Riquer, Phys.

Rev. D 71, 014028 (2005).

[20] K. Terasaki, Prog. Theor. Phys. 122, 1285 (2009). [21] K. Terasaki, arXiv:1005.5573.

[22] C. Bignamini, B. Grinstein, F. Piccinini, A. D. Polosa and C. Sabelli, Phys. Rev. Lett. 103, 162001 (2009).

[23] M. Suzuki, Phys. Rev. D 72, 114013 (2005). [24] P. Artoisenet and E. Braaten, arXiv:0911.2016 [hep-ph]. [25] B. Aubert et al. [BaBar Collaboration], Phys. Rev. Lett.

102, 132001 (2009).

[26] E.S. Swanson, Phys. Lett. B 588, 189 (2004); Phys. Lett.

B 598, 197 (2004).

[27] R.D. Matheus, S. Narison, M. Nielsen and J.-M. Richard, Phys. Rev. D 75, 014005 (2007).

[28] F.S. Navarra, M. Nielsen, Phys. Lett. B 639, 272 (2006). [29] R. D. Matheus, F. S. Navarra, M. Nielsen and C. M. Zanetti, Phys. Rev. D 80, 056002 (2009) [arXiv:0907.2683 [hep-ph]].

[30] M. Nielsen and C. M. Zanetti, Phys. Rev. D 82, 116002 (2010) [arXiv:1006.0467 [hep-ph]].

[31] J. Sugiyama, T. Nakamura, N. Ishii, T. Nishikawa and M. Oka, Phys. Rev. D 76, 114010 (2007).

[32] E. Braaten and M. Kusunoki, Phys. Rev. D 71, 074005 (2005) [arXiv:hep-ph/0412268].

[33] E. Braaten and M. Kusunoki, Phys. Rev. D 72, 014012 (2005) [arXiv:hep-ph/0506087].

[34] X. Liu and Y. M. Wang, Eur. Phys. J. C 49, 643 (2007). [35] M.A. Shifman, A.I. and Vainshtein and V.I. Zakharov, Nucl. Phys. B 147, 385 (1979).

[36] L.J. Reinders, H. Rubinstein and S. Yazaki, Phys. Rept.

127, 1 (1985).

[37] For a review and references to original works, see e.g., S. Narison, QCD as a theory of hadrons, Cambridge Monogr. Part. Phys. Nucl. Phys. Cosmol. 17, 1 (2002) [hep-h/0205006]; QCD spectral sum rules , World Sci. Lect. Notes Phys. 26, 1 (1989); Acta Phys. Pol. B 26, 687 (1995); Riv. Nuov. Cim. 10N2, 1 (1987); Phys. Rept. 84, 263 (1982).

[38] Y.-R. Liu, X. Liu, W.-Z. Deng and S.-L. Zhu, Eur. Phys.

J. C 56, 63 (2008).

[39] Y. Dong, A. Faessler, T. Gutsche and V.E. Lyubovitskij, Phys. Rev. D 77, 094013 (2008).

[40] Fl. Stancu, arXiv:0809.0408.

[41] M.E. Bracco and M. Nielsen, Phys. Rev. D 82, 034012 (2010).

[42] S. Narison, Phys. Lett. B 466, 345 (1999); B 361, 121 (1995); B 387, 162 (1996); B 624, 223 (2005).

[43] K. Nakamura et al. (Particle Data Group), J. Phys. G 37, 075021 (2010) [44] G. Buchalla, A. J. Buras and M. E. Lautenbacher, Rev.

Mod. Phys. 68, 1125 (1996) [arXiv:hep-ph/9512380].

[45] A. Khodjamirian and R. Ruckl, arXiv:hep-ph/9405310.