arXiv:1105.1401v2 [hep-th] 15 Mar 2012

An Analogy of the Quantum Hall Condutivity in a Lorentz-symmetry Violation Setup

L. R. Ribeiro^∗ and C. Furtado^† Departamento de Física, Universidade Federal da Paraíba, Caixa Postal 5008, 58051-970, João Pessoa, PB, Brasil

E. Passos^‡ Departamento de Física, Universidade Federal de Campina Grande, Caixa Postal 10071, 58109-970 Campina Grande, Paraíba, Brazil

Abstract

We investigated some influences of unconventional physics, such Lorentz-symmetry violation, for quantum mechanical systems. In this context, we calculated a important contribution for Standard Model Extension. In the non-relativistic limit, we obtained a analogy of the Landau levels and the quantum Hall conductivity related to this contribution for low energy systems.

PACS numbers:

∗Electronic address: lrr@fisica.ufpb.br †Electronic address: furtado@fisica.ufpb.br ‡Electronic address: passos@fisica.ufpb.br

I. INTRODUCTION

Recent studies investigated the possibility of Lorentz-symmetry violation from the generalization of the usual Standard Model. This is called the Standard-Model Extension (SME), that has all the conventional properties but breaks the Lorentz-symmetry [1]. In summary, this framework provides a quantitative description of Lorentz-symmetry violation, controlled by a set of coefficients whose the values are to be determined or constrained by experiments [2]. As an example, the QED sector of the minimal (SME) is given here. The QED extension is obtained by restricting the minimal (SME) to the fermion and gauge field sectors. We rewrote the fermion sector in the form

L_f = i 2 ψ̄Γ^ν D_ν ψ − ψ̄Mψ , (1) where the quantities Γ^ν and M denote

Γ^ν = γ^ν + c^{μν} γ_μ + d^{μν} γ_5γ_μ , (2) and M = m + a/ + γ_5b/ + 1 2 H^{μν} σ_{μν} . (3)

The parameters a, b, c, d, and H are fixed background expectation values of tensor fields that breaks conventional particle Lorentz-symmetry. The gauge field sector is

L_g = − 1 4 F^{μν} F_{μν} + 1 2 υ_μ^∗F^{μν} A_ν + · · · , (4)

where^∗F^{μν} =^1_2 ϵ^{μνρσ} F_{ρσ} is the usual dual field-strength electromagnetic tensor and υ_μ is the fixed background tensor fields. Introduced by Carroll, Field and Jackiw [3], the extension of the QED (4), does not break the gauge symmetry of the action and equations of motion but it modifies the dispersion relations for different polarizations of photons. Interesting investigations in the context of Lorentz-symmetry violation have recently appeared in the literature, where several issues were addressed, such as Čerenkov-type mechanism called “vacuum Čerenkov radiation” to test the Lorentz symmetry [4], changing of gravitational redshifts for differently polarized Maxwell-Chern-Simons photons [5], evidence for the Lorentz-CPT violation from the measurement of CMB polarization [6], supersymmetric extensions [7], breaking of the Lorentz group down to the little group associated with υ_μ [8], magnetic monopoles inducing electric current [9] and radiative corrections argued [10].

In addition to the example of QED, we have new modifications to Standard Model of the type: L_{new} = ψ̄b_λ^∗F^{λρ}γ_ρψ . (5) This coupling describes the dynamics of a single neutral particle moving in the presence of the electromagnetic field and a constant parameter b_λ which controls the Lorentz-symmetry violation. We can observe in the expression (5) that it is analog to a non-minimal coupling, and this background represents a adaptation of the Chern-Simons-like term (4) to Dirac equation. Interesting investigations on the non-relativistic content of this new background have also recently appeared in the literature, as non-minimal coupling and implications [11–13], geometric phases [14–16], Landau analog levels [17], magnetic moment generation [18].

Our interest is devoted to different features of new coupling found in (5). The purpose of this paper is to study the possibility of calculate this coupling, and after analyzer unconventional implications on quantum Hall effect. The quantum Hall effect is one of the most interesting condensed-matter phenomena discovered in the second half of the 20th century. This effect is observed in two dimensional electrons at very low temperatures and in strong magnetic fields, and its discover have fundamental significance as a manifestation of quantum mechanics on macroscopic scales [19–21]. Now, the quantum Hall effect is used to maintain the standard of electrical resistance by metrology laboratories around the world, since the fine structure constant is related to the quantum Hall conductivity. Nowadays, the quantum Hall effect is being study in the context of the unconventional physics, more specifically, at the non-commutative geometry [22, 23].

Using the system of natural unit, the work structure is organized as follows: In section II we propose a certain model and through its, we calculate the coupling (5) via simple algebraic manipulation. In section III we coupling system (5) to Dirac equation e we determine the non-relativistic Hamiltonian associate using the Foldy-Wouthuysen (FW) transformation. In the section IV we calculate the Landau analog levels for space-like and time-like case independently. In the section V we calculate the quantum Hall analog conductivity also for space-like and time-like case independently. Finally, in section VI, we present our conclusions.

II. LORENTZ-SYMMETRY VIOLATION COUPLING

We wish now to study the possible appearance of relevant coupling found in the expression (5). For this purpose, we construct a interaction between the Dirac particle with usual fieldstrength electromagnetic tensor F_{μν} and an constant parameter that controls the Lorentzsymmetry violation. Therefore, we start with the following Dirac equation modified: ( i∂/ − gb_λ^∗F^{λρ}γ_ρ − m ) ψ = 0 , (6)

where the second term in (6) is exactly the new modifications to (SME). This Lorentzsymmetry violation dependent contribution reads gb_λ^∗F^{λρ}γ_ρ = gb_0⃗γ · ⃗B + g⃗b · ⃗Bγ_0 − g⃗γ · (⃗b × ⃗E) (7) where b_0 and ⃗b are time-like and space-like component of the coefficient b_μ respectively. We have also that γ^0 is hermitian, ⃗γ is anti-hermitian, and are related to the β̂ and ⃗α matrices through: γ^0 = β̂, ⃗γ = β̂⃗α. We choose the Dirac matrices in the form,

β̂ = γ^0 = 1 0 0 −1 and ⃗γ = 0 ⃗σ −⃗σ 0 . (8)

III. NON-RELATIVISTIC LIMIT

At this moment, we are interested just in the contribution that introduces the Lorentzsymmetry violation in the system. Then, we rewrite the Eq.(6) in the form ( i∂/ + gb_0⃗γ · ⃗B + g⃗b · ⃗Bγ_0 − g⃗γ · (⃗b × ⃗E) − m ) ψ = 0 . (9)

This system describes a neutral spin half particle moving in a background that breaks the Lorentz-symmetry, which can be written as i∂_0ψ = Hψ = [⃗α · ⃗π + g⃗b · ⃗B + β̂m]ψ , (10) where ⃗π = −i(⃗∇ + β̂(ig (⃗b × ⃗E − b_0 ⃗B)). At this point, we want to find the non-relativistic approach of our theory. Hence, we may use the Foldy–Wouthuysen (FW) transformation for the Dirac spinor [24]. According to the references [16] and [17], we may obtain the following Hamiltonian for this case: Ĥ ≈ β̂ [ m − 1 2m ( ⃗∇ + i ⃗A )_2

+A_0 ] (11) with ⃗A = g⃗b × ⃗E − gb_0 ⃗B (12) and A_0 = g β̂ 2m ⃗Σ · [⃗∇ × (⃗b × ⃗E)] − g β̂b_0 2m ⃗Σ · [⃗∇ × ⃗B] + g⃗b · ⃗B (13) The expression (11) is the non-relativistic quantum Hamiltonian for four-components fermions. However, for several applications in quantum mechanics, we can write (11) in the two-components fermions form H = − 1 2m ( ⃗∇ + i⃗a )_2

+a_0 , (14)

that is similar to the interaction of a particle with the electric and magnetic fields minimally coupled to a non-Abelian gauge field with potential a_μ, where

a_0 = g 2m ⃗σ · [⃗ ∇ × (⃗b × ⃗E) ] − gb_0 2m ⃗σ · [⃗ ∇ × ⃗B ] + g⃗b · ⃗B , (15) and ⃗a = g⃗b × ⃗E − gb_0 ⃗B . (16) Here ⃗σ = (σ_1, σ_2, σ_3), σ_i (i = 1, 2, 3) are the 2 × 2 Pauli matrices. The Hamiltonian (14) describes a system formed by a neutral particle under influence of a constant parameter which controls the Lorentz-symmetry violation in the presence of electric and magnetic fields.

IV. LANDAU LEVELS

In 1930, Landau showed that a charged particle moving in an homogeneous magnetic field presents quantized energy levels [25]. The Landau levels have a remarkable role in the study of several problems in physics, e.g. quantum Hall effect [26], different two-dimensional surfaces [27, 28], anyons excitations in a rotating Bose–Einstein condensate [29, 30], and others like analogies of Landau levels for dipoles. Ericsson and Sjöqvist developed a analogy of Landau quantization for neutral particles in presence of a external electric field [31]. The idea was based on the Aharonov–Casher effect in which neutral particles may interact with an electric field via a non-zero magnetic dipole moment. In the same way, we developed a analogy of Landau quantization for neutral particles, that possess a non-zero electric dipole moment, making use of the He–McKellar–Wilkens effect [32]. To solve the problem of magnetic monopoles, we proposed the study of a analogy of Landau quantization in quantum dynamics of an induced electric dipole in the presence of crossed electric and magnetic fields [33]. Several others Landau levels studies can be found in the literature [34–40].

Here, we investigate a analogy of Landau quantization for a system of a neutral particle in the presence of a background that violates the Lorentz-symmetry. We separate the coupling as space-like and time-like cases, as follow.

A. Space-like case

Considering the space-like terms only in Hamiltonian (14), and taking the electric field at the x-y plane[42][41], we have the space-like Hamiltonian as follow H = 1 2m [ ⃗p − g(⃗b × ⃗E) ]_2 + g 2m ⃗z · [⃗ ∇ × (⃗b × ⃗E) ] +g⃗b · ⃗B . (17) We may obtain a analogy of Landau levels for this system under determined conditions [31]. These conditions are vanishing torque over the particle, static electric field ∂_t ⃗E = 0 and ∇ × ⃗E = 0, and a uniform effective magnetic field. With the particle confined in the x-y plane, these conditions are fulfilled by the following choices

⃗z = (0, 0, 1) , ⃗E = E_0(x, 0, 0) , (18) ⃗B = B_0(0, 0, x) ,

where E_0 and B_0 are constants. We define the following effective quantities

⃗A_{eff} = ⃗z × ⃗E = E_0(0, x, 0) , (19) ⃗B_{eff} = ∇ × ⃗A_{eff} = E_0⃗z .

Note that ⃗B_{eff} is homogeneous and satisfies one of the conditions for the analogy of Landau quantization occurs [31]. The term g⃗b · ⃗B in the Eq. (17) may be understood as a effective electric scalar potential, taking ⃗b = b_3⃗z we have

V (x) = gb_3⃗z · ⃗B = gb_3B_0x , (20) that generates a effective crossed electric field

⃗E_{eff} = −∇V (x) = −gb_3B_0(1, 0, 0) , (21)

that is a constant field parallel to the plane where the particles can move. Now, we may rewrite the Hamiltonian (17) in the form H = 1 2m [ p^2_x + (p_y − gb_3E_0x)^2 ] − gb_3E_0 2m + gb_3B_0x , (22) or H = p^2_x 2m + 1 2 mω^2 [ x − ( p_yℓ^2 − gb_3B_0 mω^2 )]_2 − ω 2 + gb_3B_0 ( p_yℓ^2 − gb_3B_0 mω^2 ) , (23)

where ω =^{gb3E0}_m is the cyclotron frequency and ℓ =^{1√}_{gb3E0} is the fundamental length. Since the Hamiltonian (23) does not explicitly depend on y, we may use the ansatz Ψ(x) = exp (iky)Φ(x) to the wave function, where k is the eigenvalue of p_y. We define X_k = ( kℓ^2 −^{gb3B0}_{mω2} ) as the center of harmonic oscillator and rewrite the Hamiltonian (23) in the form H = p^2_x 2m + 1 2 mω^2 (x − X_k)^2 − ω 2 + gb_3B_0X_k + 1 2 mv^2_D , (24)

where v_D =

B_0 E_0 is related to the drift velocity

⃗E_{eff} × ⃗B_{eff} | ⃗B_{eff}|^2

= gb_3

B_0 E_0

⃗y. The energy eigenvalues are written as E_{nk} = [ n + 1 − ς 2 ] |ω| + gb_3B_0X_k + 1 2 mv^2_D , (25)

where ς = ± labels the revolution direction of the cyclotron frequency ω = ς|ω|. Note that the energy eigenvalues are linearly dependent on the position of the center of the oscillator X_k, and therefore linear in the momentum component p_y. Solving the harmonic oscillator differential Eq.(24), we found the eigenfunction to the lowest Landau level

Φ_0(x) = 1 √ ℓ √ π e^{− 1}2ℓ^{2 (x−Xk)2} . (26)

Higher levels are related to Hermite functions, but it is not necessary to our goals.

B. Time-like case

In the same way of the space-like case, if we consider the time-like part of Hamiltonian (14), also considering the fields in the x-y plane, we have H = 1 2m ( ⃗p + gb_0 ⃗B )_2 − gb_0 2m ⃗z · [⃗ ∇ × ⃗B ] . (27)

In the same way of the space-like case, we may choose a field configuration in which a analogy of Landau quantization occurs,

⃗z = (0, 0, 1) , ⃗A_{eff} = ⃗B = B_0(0, x, 0) , (28) ⃗B_{eff} = ∇ × ⃗A_{eff} = B_0⃗z ,

where B_0 is a constant. Thus, we rewrite the Hamiltonian (27) in the form H = p^2_x 2m + 1 2 mω^2 ( x − kℓ^2 )_2 + ω 2 , (29)

where we used the ansatz Ψ = e^{iky}Φ(x), k is the eigenvalue of p_y and ℓ =^{1√}_{gb0B0} is the fundamental length. Here, ω =^{gb0B0}_m is the cyclotron frequency and ω = ς|ω| where ς = ± labels the signal of cyclotron revolution. The Eq.(29) is a harmonic oscillator Hamiltonian, and have quantized energy eigenvalues

E_n = [ n + 1 + ς 2 ] |ω| . (30) The Landau lowest levels can be calculated

Φ_0(x) = 1 √ ℓ √ π e^{− 1}2ℓ^{2 (x−kℓ2)2} . (31)

In this case, the energy do not depend on the certer of harmonic oscilator.

V. THE HALL CONDUCTIVITY

Since we have the lowest Landau levels, we may calculate the average value of particles current in the x-y plane, and find a analogy of the Hall conductivity for our system. If we consider the strong fields limit, the spacing between Landau levels becomes infinite, and the lowest Landau level decouples form all the higher levels. Thus, this limit projects the quantum mechanical system onto the lowest Landau level. Considering the system of a neutral particle in the presence of a background that violates the Lorentz-symmetry, we analyze the space-like and time-like cases as follow.

A. Space-like case

Assuming the effective magnetic field very large, so we can ignore higher Landau levels, and take the lowest level only in (26). Thus, we calculate the expectation value of current ⟨ ⃗J⟩ = − gb_3ϱ m ⟨Ψ_0|⃗p − gb_3 ⃗A_{eff}|Ψ_0⟩ , (32)

that vanishes to the x component ⟨J_x⟩ = − gb_3ϱ m ⟨Ψ_0|p_x|Ψ_0⟩ = 0 , (33)

and to the y component results ⟨J_y⟩ = − gb_3ϱ m ⟨Ψ_0|p_y − gb_3E_0x|Ψ_0⟩ = − gb_3ϱ m 1 ℓ √ π ∫ e^{− 1}ℓ^{2 (x−Xk)2} (k − gb_3E_0x) dx = − gb_3ϱ m (k − gb_3E_0X_k) = −gb_3ϱ

B_0 E_0 = −gb_3ϱv_D , (34)

where ϱ is the density of particles. Now, we can find the conductivity J^x J_y = σ^{xx} σ^{xy} −σ_{xy} σ_{xx} E^x E_y , (35)

where σ_{ij} is the matrix formed by the elements of the conductivity tensor in the xy-plane, and ⃗E_{eff} = (E_x, E_y), so E_x = −gb_3B_0 and E_y = 0. Thus, the Hall conductivity σ_H = σ_{xy} is found σ_H = −νgb_3 , ν = ϱϕ_0 E_0

, (36) where ϕ_0 = (gb_3)^{−1} is the effective flux quantum. The Landau level filling factor ν =^ϱ_{(E0/ϕ0)} is the ratio of particles density ϱ and the effective magnetic flux density^{E0}_{ϕ0} ; thus ν is about p q (p and q integer) and may be a integer or fractional number.

B. Time-like case

Also supposing the effective magnetic field very large, so that we can ignore higher Landau levels, and take the lowest level only (31). Thus, we calculate the expectation value of current in the x-y plane. Again, the x component of current vanishes ⟨J_x⟩ = − gb_0ϱ m ⟨Ψ_0|p_x|Ψ_0⟩ = 0 , (37)

and the y component vanishes too ⟨J_y⟩ = − gb_0ϱ m ⟨Ψ_0|p_y − gb_0B_0x|Ψ_0⟩ = − gb_0ϱ m 1 ℓ √ π ∫ e^{− 1}ℓ^{2 (x−kℓ2)2} (k − gb_0B_0x) dx = − gb_0ϱ m (k − gb_0B_0kℓ^2) = 0 . (38)

Because the absence of the crossed effective electric field, the current density is antisymmetric about the peak of the gaussian and hence the total current vanishes. Therefore, we have no Hall conductivity for the time-like case.

VI. CONCLUSIONS

We investigate different situations associated to a certain coupling which can modify the fermionic sector of Standard Model Lagrangian. First, we use a convenient fermionic sector, composed by a term suggested by (SME), and a usual coupling that describes a neutral particle anomalous moment, and we show that such coupling may be calculated via algebraic manipulation. This result is very important because now we know that such modification in Lorentz-symmetry breaking can be obtained from other model previously well-known without needing to use a procedure more complicate such as radiative correction.

We write a Dirac equation modified by the coupling cited above and, at the non-relativistic limit, we construct a analogy of the Landau levels for a neutral particle system. We analyze the space-like and time-like cases, and find the energy eigenvalues and fundamental state eigenfunctions for both cases. At strong fields, the lowest Landau level decouples from the all of rest, and this limit projects the system onto lowest Landau level.

With the advent of a analogy of Landau levels, we calculate the average current and the Hall conductivity in the space-like case. We write the Hall conductivity in terms of the Landau filling factors, that may be a integer or fractional number. In the time-like case, we have no conductivity at the particles moving plane due the absence of a external scalar potential which generates the effective crossed electric field. Thus, the current density is antisymmetric about the peak of the probability density gaussian and the current expectation value vanishes, as well as the conductivity tensor in this case. It’s well know that Hall conductivity can be experimentally measured with very high accuracy. Thus it opens good opportunities to detect very small fenomena like Lorentz-symmetry breaking ones.

Acknowledgments. The authors are grateful to J. R. Nascimento for some criticism of the manuscript. This work was partially supported by PRONEX/FAPESQ-PB, FINEP, CNPq and CAPES/PROCAD.

[1] D. Colladay and V.A. Kostelecký, Phys. Rev. D 55, 6760 (1997); 58, 116002 (1998); Phys.

Lett. B511, 209 (2001); V.A. Kostelecký and R. Lehnert, Phys. Rev. D 63, 065008 (2001). [2] LSND Collaboration, L.B. Auerbach et al., Phys. Rev. D72, 076004 (2005); KTeV collaboration, Y.B. Hsiung et al., Nucl. Phys. Proc. Suppl. 86, 312 (2000); H. Dehmelt et al., Phys. Rev. Lett. 83, 4694 (1999); B. Heckel et al., Phys. Rev. Lett. 97, 021603 (2006).

[3] S. Carroll, G.Field, and R. Jackiw, Phys. Rev. D41, 1231 (1990). [4] R. Lehnert and R. Potting, Phys. Rev. Lett. 93, 110402 (2004). [5] E. Kant and F.R. Klinkhamer, Nucl. Phys. B731, 125 (2005).

[6] B. Feng, M. Li, J.-Q. Xia, X. Chen and X. Zhang, Phys. Rev. Lett. 96, 221302 (2006). [7] H. Belich, J. L. Boldo, L. P. Colatto, J.A. Helayel-Neto and A.L.M.A. Nogueira, Phys. Rev.

D68, 065030 (2003).

[8] A.J. Hariton and R. Lehnert, [hep-th/0612167].

[9] N.M. Barraz Jr., J.M. Fonseca, W.A. Moura-Melo, J.A. Helayel-Neto, [hep-th/0703042]. [10] R. Jackiw and V. A. Kostelecky, Phys. Rev. Lett. 82, 3572 (1999); M. Perez-Victoria, Phys.

Rev. Lett. 83, 2518 (1999); J. M. Chung, Phys. Rev. D60, 12790 (1999); J. M. Chung, Phys. Lett. B461, 138 (1999); A. A. Andrianov, P. Giacconi and R. Soldati, JHEP 0202, 030 (2002); F.A. Brito, T. Mariz, J.R. Nascimento, E. Passos and R.F. Ribeiro , JHEP 0510 019 (2005); F. A. Brito, J.R. Nascimento, E. Passos and Albert. Yu. Petrov, JHEP 0706, 016 (2007); Phys.Lett. B664, 112 (2008).

[11] H. Belich, T. Costa-Soares, M.M. Ferreira Jr. and J.A. Helayel-Neto, Eur.Phys.J. C 41 421, (2005).

[12] H. Belich, T. C. Soares, M.M. Ferreira Jr., J. A. Helayel-Neto and F. M. O. Moucherek, Phys.

Rev. D 74, 065009 (2006).

[13] Belich, H. ; Ferreira Jr., M.M. ; Silva, E. O. ; Orlando, M. T. D, Phys. Rev. D 83, 125025 (2011).

[14] K. Bakke, H. Belich, E. O. Silva, Ann. Phys. (Berlin) 523, 910 (2011). [15] BELICH, H. ; COSTA SOARES, T. ; FERREIRAJR, M ; HELAYEL NETO, J ; ORLANDO, M., Physics Letters B 639, 675-678 (2006).

[16] L.R. Ribeiro, E. Passos, C. Furtado, and J.R. Nascimento, arXiv: 0710.5858 [hep-th]. [17] E. Passos, L. R. Ribeiro, C. Furtado, and J. R. Nascimento, arXiv: 0802.2817 [hep-th]. [18] H. Belich, L.P. Colatto, T. Costa-Soares, J.A. Helayel-Neto, M.T.D. Orlando, Eur.Phys.J.C 62, 425-432 (2009).

[19] K. von Klitzing, G Dorda, and M Pepper, Phys. Rev. Lett. 45, 494 (1980). [20] R. Willet, J.P. Eisenstein, H.L. Störmer, D.C. Tsui, A.C. Gossard and J.H. English, Phys.

Rev. Lett. 59, 1776 (1987).

[21] R.B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983). [22] B. Harms and O. Micu, J. Phys. A 40, 10337-10348 (2007). [23] O. F. Dayi and A. Jellal, J. Math. Phys. 43, 4592 (2002) [24] L. L. Foldy and S.A. Wouthuysen, Phys. Rev., 78, No. 1, 29-36 (1950). [25] L. D. Landau, Z. Phys. 64, 629 (1930).

[26] R. E. Prange, S. M. Girvin (Eds.), The Quantum Hall Effect, Springer–Verlag, New York, 1990.

[27] A. Comtet, Ann. Phys. (N.Y.) 173, 185 (1987); C. Grosche, Ann. Phys. (N.Y.) 187, 110 (1988).

[28] G. V. dunne, Ann. Phys. (N.Y.) 215, 233 (1992).

[29] B. Paredes, P. Fedichev, J. I. Cirac, P. Zoller, Phys. Rev. Lett. 87, 010402 (2001). [30] B. Paredes, P. Zoller, J. I. Cirac, Solid State Commun. 127, 155 (2003). [31] M. Ericsson and E. Sjöqvist, Phys. Rev A, 65, 013607 (2001) [32] L. R. Ribeiro, C. Furtado and J. R. Nascimento, Phys. Lett. A 348, 135 (2006). [33] C. Furtado, J. R. Nascimento and L. R. Ribeiro, Phys. Lett. A 358, 336 (2006). [34] K. Bakke and C. Furtado, Int. J. Mod, Phys. D 19, 85 (2010). [35] K. Bakke and C. Furtado, Phys. Rev. A 80, 032106 (2009).

[36] K. Bakke, L. R. Ribeiro, C. Furtado, and J. R. Nascimento, Phys. Rev. D 79, 024008 (2009).

[37] Knut Bakke, Phys. Rev. A 81, 052117 (2010). [38] Knut Bakke, Phys. Rev. D 82, 084025 (2010).

[39] Knut Bakke, Lincoln R. Ribeiro and Claudio Furtado, C. Euro. J. Phys., 8, 084025 (2010). [40] K. Bakke, H. Belich, E. O. Silva, J. Math. Phys. 52, 063505 (2011). [41] B. Mirza and M. Zarei, Eur. Phys. J. C, 32, 583 (2004).

[42] If we choose the electric field in the x-y plane, the terms that contain the spin matrix σ may simplified if we take the spinor up-component only.