arXiv:1105.1585v2 [hep-th] 20 Jun 2011

Spinor with Schrödinger symmetry and non-relativistic supersymmetry

Hiroshi Yoda^1, Shin’ichi Nojiri^{1,2} 1Department of Physics, Nagoya University, Nagoya 464-8602, Japan 2Kobayashi-Maskawa Institute for the Origin of Particles and the Universe, Nagoya University, Nagoya 464-8602, Japan

We construct the d dimensional “half” Schrödinger equation, which is a kind of the root of the Schrödinger equation, from the d + 1 dimensional free Dirac equation. The solution of the “half” Schrödinger equation also satisfies the usual free Schrödinger equation. We also find that the explicit transformation laws of the Schrödinger and the half Schrödinger fields under the Schrödinger symmetry transformation are derived by starting from the Klein-Gordon equation and the Dirac equation in d+1 dimensions. We derive the 3 and 4 dimensional super-Schrödinger algebra from the superconformal algebra in 4 and 5 dimensions. The algebra is realized by introducing two complex scalar and one (complex) spinor fields and the explicit transformation properties have been found.

PACS numbers: 11.30.Pb ,11.25.Hf ,03.65.-w

I. INTRODUCTION

Motivated with the original AdS/CFT correspondence [1–3], non-relativistic conformal symmetry [4, 5], especially for the cold atom [6] has attracted some attentions as a correspondence between the gravity in the anti-de Sitter (AdS) background and the non-relativistic conformal field theory [7–12]. The non-relativistic conformal symmetry is the Galilean conformal symmetry containing the Galilei symmetry and conformal symmetry.

The symmetry in the free Schrödinger equation [13–16] , called as the Schrödinger symmetry, is a kind of Galilean conformal symmetry. The algebra of the Schrödinger symmetry in d − 1 spacial dimensions is the subalgebra of d + 1 dimensional conformal algebra, which is the algebra of the isometry of d + 2 dimensional AdS space-time. Then the d dimensional (d − 1 spacial dimensional) free Schrödinger equation can be derived from the d + 1 dimensional Klein-Gordon equation by choosing the wave function to be an eigenstate of the momentum of a light-cone direction. In this paper, we define the “half” Schrödinger equation, which is a kind of the root of the Schrödinger equation, from the d + 1 dimensional free Dirac equation^1. We find the solution of the “half” Schrödinger equation also satisfies the free Schrödinger equation. Since the Klein-Gordon equation and the Dirac equation have conformal symmetry, the explicit transformation laws of the Schrödinger and the half Schrödinger fields under the Schrödinger symmetry transformation can be derived. Since there are scalar field(s) corresponding to the Klein-Gordon field(s) and spinor field(s) to the Dirac field(s), we may consider the supersymmetry [18–21]. We should note that a non-relativistic supersymmetry for the vector and spinor has been considered in [24]. Starting from the superconformal algebra in 4 and 5 dimensions, we derive the 3 and 4 dimensional super-Schrödinger algebra. The algebra is realized by introducing two complex scalar and one (complex) spinor fields.

II. SCHRÖDINGER SYMMETRY FROM THE KLEIN-GORDON AND DIRAC EQUATIONS

We now show that the d dimensional free Schrödinger equation can be derived from d + 1 dimensional d’Alembert equation (massless Klein-Gordon equation) by choosing the wave function to be an eigenstate of the momentum of a light-cone direction.

We denote the coordinates in d + 1 dimensional flat space-time by {x^μ} (μ = 0, · · · d) and choose the metric tensor by η^{μν} := diag(−1, 1, · · · , 1). We now define the light-cone coordinates by

x^± := 1 √ 2 (x^0 ± x^d) . (1)

1 The Schrödinger symmetry for the spinor field has been investigated in [17].

Then in terms of the light-cone coordinates, the metric tensor has the following form:

η^{μν} = 0 −1 −1 0 1 .. . 1 (2)

Now μ, ν = +, −, i = 1, · · · d − 1. Then, for example, we have x^± = −x_∓ and

p_± := 1 √ 2 (p_0 ± p_d) , p^± = −p_∓ . (3)

Now the relativistic energy-momentum relationship for the massless particle p^μp_μ = −2p_+p_− + p^2 = 0 can be rewritten if we write

p_+ = M , p_− ≡ E , (4) as E = 1 2M p^2 , (5)

which is nothing but the expression of the kinetic energy for the non-relativistic particle with mass M in d dimensional space (d + 1 space-time dimensions).

Eq. (5) may suggest that the massless Klein-Gordon equation could be rewritten as the free Schrödinger equation. By using the light-cone coordinates, the Klein-Gordon equation has the following form:

(−2∂_+∂_− + ∂_i∂_i)ϕ = 0 . (6)

We now choose ϕ to be an eigenstate of ∂_+ as ∂_+ϕ = −iMϕ and we regard a light-cone coordinate x^− as a “time”- coordinate x^− ≡ t. Then the Klein-Gordon equation (6) can be rewritten as the free Schrödinger equation: i∂_tϕ = − 1 2M △ϕ . (7) Since we assume ϕ to be an eigenstate of ∂_+, ϕ has the following form:

ϕ(x^+, x^−, x^i) = e^{−iMx+}ϕ̃(x^−, x^i) . (8)

Later we consider the conformal transformation of the Schrödinger field ϕ, where the transformation of x^+ can be interpreted as a phase of ϕ̃.

The free massless Dirac field also satisfies the Klein-Gordon equation. Then by rewriting the Dirac equation by choosing the Dirac field ψ to be an eigenstate of ∂_+ as ∂_+ψ = −iMψ and regarding light-cone coordinate x^− as a “time”-coordinate x^− ≡ t, we obtain the Schrödinger version of the Dirac equation. We now use the following convention for the γ matrices:

{γ^μ, γ^ν } = 2η^{μν} , γ^{μ†} = γ^0γ^μγ^0 , Σ^{μν} := 1 4 [γ^μ, γ^ν ] ,

γ^5 := iγ^0γ^1γ^2γ^3 , γ^± := 1 √ 2 (γ^0 ± γ^d) = − 1 √ 2 (γ_0 ∓ γ_d) =: −γ_∓ . (9)

Then we obtain

{γ^+, γ^−} = −2 , {γ^±, γ^i} = 0 (i = 1, 2, · · · , d − 1) , (γ^+)^2 = (γ^−)^2 = 0 . (10)

Then by choosing the Dirac field ψ to be an eigenstate of ∂_+ as ∂_+ψ = −iMψ, the Dirac equation has the following form: ( iγ^a∂_a + Mγ^+ ) ψ = 0 (a = −, i) , (11) which tells ψ satisfies the Schrödinger equation:

(2iM∂_t + ∂_i∂_i)ψ = 0 . (12) Then Eq. (11) is the Schrödinger version of the Dirac equation, which we call the “half Schrödinger equation”.

The d-dimensional Schrödinger algebra is given as a subalgebra of the d + 1 dimensional conformal algebra SO(d + 1, 2), which is given by [M_{μν} , M_{ρσ} ] = i(η_{μσ} M_{νρ} − η_{μρ}M_{νσ} − η_{νσ} M_{μρ} + η_{νρ}M_{μσ}) , [M_{μν} , P_ρ] = i(η_{νρ}P_μ − η_{μρ}P_ν ) , [M_{μν} , K_ρ] = i(η_{νρ}K_μ − η_{μρ}K_ν ) , [D, P_μ] = −iP_μ , [D, K_μ] = iK_μ , [K_μ, P_ν ] = −2i(η_{μν} D + M_{μν} ) . (13) Here M_{μν} generates the Lorentz boost and the rotation and P_μ generates the translation. Furthermore the operator D generates the dilatation x^μ → e^{−λ}x^μ , (14) and K_μ generates the special conformal transformation given by x^μ → x^μ − c^μx^2 1 − 2c^μx_μ + c^2x^2

. (15)

The d−1 dimensional Schrödinger algebra sch(d−1) is the subalgebra of the conformal algebra which does not change the eigenvalue M of P_+, that is, the algebra given by the generators commuting with P_+. [J_{ij} , J_{kl}] = i(δ_{il}J_{jk} − δ_{ik}J_{jl} − δ_{jl}J_{ik} + δ_{jk}J_{il}) , [J_{ij} , H] = 0 , [J_{ij} , E] = 0 , [J_{ij} , F ] = 0 , [P_i, P_j ] = 0 , [P_i, H] = 0 , [P_i, E] = iP_i , [P_i, F ] = 0 , [J_{ij} , P_k] = i(δ_{jk} P_i − δ_{ik}P_j ) , [G_i, G_j ] = 0 , [G_i, H] = iP_i , [G_i, E] = iG_i , [G_i, F ] = 0 , [J_{ij} , G_k] = i(δ_{jk} G_i − δ_{ik}G_j ) , [P_i, G_j ] = iMδ_{ij} , [E, H] = −2iH , [E, F ] = 2iF , [F, H] = iE . (16) Here

H = P_− , P_i = P_i , P_+ = M , J_{ij} = M_{ij} , G_i = M_{+i} , E = D + M_{−+} , F = 1 2 K_+ . (17)

The generators H, P_i, J_{ij} , G_i, E, and F generate the translation of time, the translation of the spacial coordinates, the spacial rotation, the Galilei boost, the dilatation, and the special conformal transformation, which are explicitly given as the following transformation of the coordinates:

H : t → t + a , P_i : x_i → x_i + b_i , J_{ij} : x_i → R_{ij} x_j (R_{ij} ∈ SO (d − 1)) , G_i : x_i → x_i + v_it ,

E : t → λ^2t and x_i → λx_i F : t → 1 1 + ft t and x_i → 1 1 + ft x_i . (18)

In (16), since M can be regarded as a c number, the commutator of P_i and G_j becomes a central extension. In fact, this algebra is one of the central extended of the Galilean conformal algebra which is constructed by nonrelativistic limit (c → ∞) of conformal algebra. [22]

As well known, the Klein-Gordon equation (6) and the Dirac equation are invariant under the conformal transformation and therefore the Schrödinger equation (7) and the half Schrödinger equation (11) is invariant under the Schrödinger transformation. The invariance of the Klein-Gordon and the Dirac equations and the transformation law of the Klein-Gordon and the Dirac fields in general D dimensions are explicitly given in the appendices.

III. SUPER-SCHRÖDINGER SYMMETRY FROM SUPERCONFORMAL SYMMETRY

Since we have found that both of the Klein-Gordon equation and the Dirac equation have the Schrödinger symmetry and found the explicit transformation laws of the Klein-Gordon and the Dirac fields, we now like to find the transformation connecting the Klein-Gordon field(s) and the Dirac field(s), which is the super-Schrödinger symmetry transformation.

The supersymmetric extension of the conformal symmetry is known as the superconformal symmetry. In this section, for simplicity, we construct (2 + 1) and (3 + 1) dimensional super-Schrödinger algebra starting with the D = 4, N = 1 and D = 5, N = 2 superconformal algebra.

A. Construction of (2 + 1) dimensional super-Schrödinger algebra form the reduction of D = 4, N = 1 superconformal algebra

D = 4, N = 1 Superconformal algebra[23], which is given by, in addition to the conformal algebra SO(4, 2) (13),

{Q_α, Q̄_β } = − 1 2 iγ^μ_{αβ}P_μ , {S_α, S̄_β} = 1 2 iγ^μ_{αβ}K_μ , {Q_α, S̄_β} = − 1 2 iδ_{αβ} D + 1 2 iΣ^{μν}_{αβ}M_{μν} + γ^5_{αβ} A , [Q_α, M_{μν} ] = i(Σ_{μν} Q)_α , [S_α, M_{μν} ] = i (Σ_{μν} S)_α , [Q_α, D] = 1 2 iQ_α , [S_α, D] = − 1 2 iS_α , [Q_α, K_μ] = −i(γ_μS)_α , [S_α, P_μ] = i(γ_μQ)_α , [Q_α, A] = − 3 4 (γ^5Q)_α , [S_α, A] = 3 4 ( γ^5S ) α . (19)

In order to obtain the closed algebra, we define projection operators P and P̄ as follows P := − 1 2 γ^−γ^+ , P̄ := − 1 2 γ^+γ^− , (20)

which satisfy the following equations: P + P̄ = − 1 2 {γ^−, γ^+} = 1 , P^2 = 1 4 γ^−γ^+γ^−γ^+ = − 1 2 γ^−γ^+ = P ,

Pγ^− = γ^−P̄ = γ^− , γ^+P = P̄γ^− = γ^+ , Pγ^+ = γ^+P̄ = γ^−P = P̄γ^− = 0 , ηP = − 1 2 η^†P^† = − 1 2 η̄γ^+γ^− , P̄ = −P^† := − 1 2 γ^+γ^− , P̄γ^aP = 0 (a = −, 1, . . . , d − 1) , P̄γ^+P = γ^+ . (21)

If we define

T_α := P̄_{αβ} S_β , T̄_α := S̄_β P_{βα} = P̄_{αβ} S_β , (22)

we obtain

(γ^+T )_α = (T̄ γ^−)_α = 0 . (23)

Then a closed algebra, which we call the super-Schrödinger algebra, is given by {Q_α, Q̄_β } = − 1 2 iγ^−_{αβ}H − 1 2 iγ^i_{αβ} P_i − 1 2 iγ^+_{αβ} M , {T_α, T̄_β} = iγ^+_{αβ} F , {Q_α, T̄_β} = 1 4 i(γ^−γ^+)_{αβ} E − 1 4 i(Σ_{ij} γ^−γ^+)_{αβ} J_{ij} + 1 2 i(γ^+γ_i)_{αβ} G_i − 1 2 (γ^5γ^−γ^+)_{αβ} A ,

[Q_α, J_{ij} ] = i(Σ_{ij} Q)_α , [T_α, J_{ij} ] = i(Σ_{ij} T )_α , [Q_α, G_i] = − 1 2 i(γ^−γ_iQ)_α , [T_α, G_i] = 0 , [Q_α, E] = − 1 2 i(γ^−γ^+Q)_α , [T_α, E] = −iT_α , [T_α, H] = −i(γ^+Q)_α , [T_α, P_i] = − 1 2 i(γ^+γ^−γ_iQ)_α ,

[T_α, F ] = 0 , [Q_α, F ] = 1 2 i(γ^−T )_α , [Q_α, A] = − 3 4 (γ^5Q)_α , [T_α, A] = 3 4 (γ^5T )_α . (24)

We now consider the following Lagrangian L = iψ̄γ^μ∂_μψ − 1 2 ∑ i=i,2 ∂_μϕ^∗_i ∂^μϕ_i . (25)

The Lagrangian is invariant under the following superconformal transformation:

δ_Qϕ_1 = − 1 2 i(ξ̄ψ) , δ_Qϕ_2 = − 1 2 i(ξ̄γ^5ψ) , δ_Qψ = 1 2 (iγ^−∂_t + iγ^i∂_i + Mγ^+)(ξϕ_1 − γ^5ξϕ_2) ,

δ_T ϕ_1 = − 1 2 i(η̄P̄(tγ^+ − x_iγ_i)ψ) , δ_T ϕ_2 = 1 2 i(η̄P̄γ^5(tγ^+ − x_iγ_i)ψ) ,

δ_T ψ = 1 2 i[(2t∂_t + x_i∂_i + 2) + γ^+γ^i(t∂_i − iMx_i) − Σ_{ij} (x_i∂_j − x_j ∂_i)](ϕ_1 + γ^5ϕ_2)Pη ,

δ_Aϕ_1 = − 1 2 θϕ_2 , δ_Aϕ_2 = 1 2 θϕ_1 , δ_Aψ = − 1 4 θγ^5ψ . (26)

Here the ξ, η and θ are parameters of the transformation. The transformation (26) is closed on shell.

As we are considering the field theory in 4 dimensions, we may define γ^5 and the chiral projection operators P_{L,R} by γ^5 := iγ^0γ^1γ^2γ^3 , P_L := 1 2 ( 1 − γ^5 ) , P_R := 1 2 ( 1 + γ^5 ) . (27)

We also define the left and right parts for the Dirac field and also the scalar field by

ψ_L := P_Lψ , ψ_R := P_Rψ , ϕ_L := ϕ_1 − ϕ_2 , ϕ_R := ϕ_1 + ϕ_2 . (28)

Then the transformation laws (26) can be rewritten as δ_{QL} ϕ_L = −i(ξ̄ψ_L) , δ_{QR} ϕ_R = −i(ξ̄ψ_R) , δ_{QR} ψ_L = 1 2 (iγ^−∂_t + iγ_i∂_i + Mγ^+)P_Rξϕ_L , δ_{QL} ψ_R = 1 2 (iγ^−∂_t + iγ_i∂_i + Mγ^+)P_Lξϕ_R , δ_{TR} ϕ_L = −ix(η̄P̄(tγ^+ − x_iγ_i)ψ_L) , δ_{TL} ϕ_R = −ix(η̄P̄(tγ^+ − x_iγ_i)ψ_R) , δ_{TL} ψ_L = 1 2 i[(2t∂_t + x_i∂_i + 2) + γ^+γ_i(t∂_i − iMx_i) − Σ_{ij} (x_i∂_j − x_j ∂_i)]PP_Lηϕ_L ,

δ_{TR} ψ_R = 1 2 i[(2t∂_t + x_i∂_i + 2) + γ^+γ^i(t∂_i − iMx_i) − Σ_{ij} (x_i∂_j − x_j ∂_i)]PP_Rηϕ_R ,

δ_Ãϕ_L = −θϕ_R , δ_Ãϕ_R = θϕ_L , δ_Ãψ_L = 1 2 θψ_L , δ_Ãψ_R = − 1 2 θψ_R . (29)

Here Ã := 2A. Except the transformation generated by A, the transformations are closed on the left and right parts, respectively.

B. Construction of (3 + 1) dimensional super-Schrödinger algebra from the reduction of D = 5, N = 2 superconformal algebra

D = 5, N = 2 Superconformal algebra [25][26] is given by, {Q_{Aα}, Q̄^B_β } = − 1 2 iδ^B_A γ^μ_{αβ} P_μ , {S_{Aα}, S̄^B_β } = 1 2 iδ^B_A γ^μ_{αβ} K_μ , {Q_{Aα}, S̄^B_β } = δ^B_A ( 1 2 iδ_{αβ}D − 1 2 iΣ^{μν}_{αβ} M_{μν} ) + δ_{αβ}R^B_A , [Q_{Aα}, M_{μν} ] = i(Σ_{μν} Q_A)_α , [S_{Aα}, M_{μν} ] = i(Σ_{μν} S_A)_α , [Q_{Aα}, D] = 1 2 iQ_{Aα} , [S_{Aα}, D] = − 1 2 iS_{Aα} , [Q_{Aα}, K_μ] = −i(γ_μS_A)_α , [S_{Aα}, P_μ] = i(γ_μQ_A)_α , [Q_{Aα}, R_{BC} ] = 3 4 (ε_{AB} Q_{kα} + ε_{AC} Q_{jα}) , [S_{Aα}, R_{BC} ] = 3 4 (ε_{AB} S_{kα} + ε_{AC} S_{jα}) , [R_{AB} , R_{CD}] = 3 4 (ε_{AC} R_{BD} + ε_{BD}R_{AC} + ε_{AD}R_{BC} + ε_{BC} R_{AD} ) (30)

and conformal algebra SO(5, 2) (13).

Here fermionic generators with extra indices, A, B, C... = 1, 2 , is SU(2) Majorana spinors and R_{AB} = R_{BA} is SU(2) R-symmetry generators. These indices are raised and lowered with totally antisymmetric tensor ε_{AB} and ε^{AB} (ε_{12} = ε^{12} = 1), as

ζ^A := ε^{AB} ζ_B , ζ_A := ζ^B ε_{BA} , (31)

and SU(2) R invariant inner product is defined by contraction of raised and lowered indices,

ζ̄^A_1 ζ_{2A} = ε^{AB}ζ̄_{1B} ζ_{2A} = ε_{AB}ζ̄^{1A}ζ^{2B} . (32)

In the same way as in the (2 + 1) dimensional case (22), we reduce this algebra using by projection operators (20), such as {Q_{Aα}, Q̄^B_β } = − 1 2 iδ^B_A [γ^−_{αβ} H + γ_{iαβ} P_i + γ^+_{αβ} M] , {S_{Aα}, T̄^B_β } = iδ^B_A γ^+_{αβ}F , {Q_{Aα}, T̄^B_β } = −δ^B_A [ 1 4 i(γ^−γ^+)_{αβ} E − 1 4 i(Σ_{ij} γ^−γ^+)_{αβ} J_{ij} + 1 2 i(γ^+γ_i)_{αβ} G_i ] − 1 2 (γ^−γ^+)_{αβ} R^B_A ,

[Q_{Aα}, J_{ij} ] = i(Σ_{ij} Q_A)_α , [T_{Aα}, J_{ij} ] = i(Σ_{ij} T_A)_α , [Q_{Aα}, G_i] = − 1 2 i(γ^−γ_iQ_A)_α ,

[T_{Aα}, G_i] = 0 , [Q_{Aα}, E] = − 1 2 i(γ^−γ^+Q_A)_α , [T_{Aα}, E] = −iT_{Aα} , [T_{Aα}, H] = −i(γ^+Q_A)_α , [T_{Aα}, P_i] = − 1 2 i(γ^+γ^−γ_iQ_A)_α , [T_{Aα}, F ] = 0 , [Q_{Aα}, F ] = 1 2 i(γ^−T_A)_α , [Q_{Aα}, R_{BC} ] = 3 4 (ε_{AB} Q_{Cα} + ε_{AC} Q_{Bα}) , [T_{Aα}, R_{BC} ] = 3 4 (ε_{AB} T_{Cα} + ε_{AC} T_{Bα}) , [R_{AB} , R_{CD}] = 3 4 (ε_{AC} R_{BD} + ε_{BD}R_{AC} + ε_{AD}R_{BC} + ε_{BC} R_{AD}) . (33)

Thus, the on-shell transformation of hypermultiplet including two scalar fields ϕ^A and one spinor field ψ_α is

δ_Qϕ^A = − 1 2 i(ξ̄^Aψ) , δ_Qψ = (iγ^−∂_t + iγ_i∂_i + Mγ^+)ξ_Aϕ^A , δ_T ϕ^A = − 1 2 i(η̄^AP̄(tγ^+ − x_iγ_i)ψ) , δ_T ψ = −i[(2t∂_t + x_i∂_i + 3) + γ^+γ_i(t∂_i − iMx_i) − Σ_{ij} (x_i∂_j − x_j ∂_i)]Pη_Aϕ^A ,

δ_Rϕ^A = − 3 2 θ^A_B Φ^B , δ_Rψ = 0 . (34)

Here the SU(2) Majorana spinor ξ^A, η^A and 2 × 2 (anti-)Hermitian traceless matrix θ^A_B are parameters of the transformation. In contrast to the 3 dimensional algebra (except the transformation generated by A), because of R-symmetry invariance of spinor field ψ, the transformations of two scalar fields ϕ^A are not closed.

IV. SUMMARY

In this paper, we have found the “half” Schrödinger equation, which is a kind of the root of the Schrödinger equation, from the d + 1 dimensional free Dirac equation. Starting from the Klein-Gordon equation and the Dirac equation in d + 1 dimensions, the explicit transformation laws of the Schrödinger and the half Schrödinger fields under the Schrödinger symmetry transformation have been derived. We have also obtained the 3 and 4 dimensional super- Schrödinger algebra from the superconformal algebra in 4 and 5 dimensions. The algebra is realized by introducing two complex scalar and one (complex) spinor fields and the explicit transformation properties have been found. It could be interesting to find any system which has this kind of supersymmetry.

Acknowledgments

This research has been supported by Global COE Program of Nagoya University (G07) provided by the Ministry of Education, Culture, Sports, Science & Technology and by the JSPS Grant-in-Aid for Scientific Research (S) # 22224003 (SN).

Appendix A: Conformal transformations of scalar and spinor fields

1. Scalar

Here we review on the conformal symmetry in D dimensional space-time and show the invariance of the Klein- Gordon equation and the transformation law of the Klein-Gordon field under the conformal transformation.

We consider the coordinate transformation:

x^μ = f^μ (x̃^ν ) . (A1)

Under the coordinate transformation, the flat metric in D dimensions

ds^2 = η_{μν} dx^μdx^ν , (A2)

is changed as ds^2 = η_{μν} ∂f^μ ∂x̃^ρ ∂f^ν ∂x̃^σ dx̃^ρdx̃^σ . (A3)

When the transformed metric is proportional to η_{μν} η_{ρσ} ∂f^ρ ∂x̃^μ ∂f^σ ∂x̃^ν = C (x̃^τ ) η_{μν} , (A4)

the transformation (A4) is called conformal transformation. Here C (x̃^τ ) is a function of the coordinate and determined by multiplying Eq. (A4) with η^{μν} as

C (x̃^τ ) = 1 D η^{μν} η_{ρσ} ∂f^ρ ∂x̃^μ ∂f^σ ∂x̃^ν . (A5)

Then substituting (A5) into (A4), we obtain η_{ρσ} ∂f^ρ ∂x̃^μ ∂f^σ ∂x̃^ν = 1 D η_{μν} η_{ρσ} η_{αβ} ∂f^ρ ∂x̃^α ∂f^σ ∂x̃^β , (A6)

We call f^μ(x̃^ν ) satisfying (A6) as the conformal Killing vector. We now define a matrix M^μ_ν by M^μ_ν ≡ ∂f^μ (x̃^ρ) ∂x̃^ν , (A7)

Eq. (A6) can be rewritten as

η_{μν} M^μ_ρM^ν_σ = 1 D η_{ρσ} η^{αβ} η_{μν} M^μ_αM^ν_β . (A8)

By regarding the quantity in (A8) as a matrix with indexes ρ and σ and considering the determinant, we obtain

η^{αβ} η_{μν} M^μ_αM^ν_β = DM^{2D} . (A9)

Here M is the determinant of M^μ_ν : M = det M^μ_ν .

We now consider the coordinate transformation (A1) for the massless scalar field ϕ: S = 1 2 ∫ d^D x η^{μν} ∂_μϕ∂_ν ϕ . (A10)

Then we obtain S = 1 2 ∫ d^Dx̃ Mη^{μν} ( M^{−1} )_ρ μ ( M^{−1} )_σ ν ∂_ρ ( M^{2−D2} ϕ̃ ) ∂_σ ( M^{2−D2} ϕ̃ ) . (A11)

Here ϕ̃ is defined by

ϕ̃ = M^{D−2}2 ϕ . (A12)

By using (A8) and (A9), we can rewrite the action (A11) as S = 1 2 ∫ d^Dx̃ { η^{μν} ∂_μϕ̃∂_νϕ̃ + 2 ( 2 − D 2D ) η^{μν} ( M^{−1}∂_μM )~ ϕ∂_νϕ̃ + ( 2 − D 2D )_2 η^{μν} ( M^{−1}∂_μM ) ( M^{−1}∂_ν M )~ ϕ^2 } . (A13) By using the partial integration, we can further rewriting (A13) as S = 1 2 ∫ d^Dx̃ { η^{μν} ∂_μϕ̃∂_νϕ̃ − (D − 2) 4 (D − 1) ϕ̃^2 ( − (D − 1) η^{μν} ∂_μ∂_ν ζ − (D − 2) (D − 1) 4 η^{μν} ∂_μζ∂_ν ζ )} . (A14)

Here ζ is defined by ζ ≡ 2 D ln M . (A15)

Then Eqs. (A3), (A6), and (A7) tell that the metric tensor g_{μν} is given by

g_{μν} = e^ζ η_{μν} . (A16)

For the metric (A16), the scalar curvature R is given by R = ( − (D − 1) η^{μν} ∂_μ∂_ν ζ − (D − 2) (D − 1) 4 η^{μν} ∂_μζ∂_ν ζ ) e^ζ . (A17)

Since the metric (A16) is obtained from the flat metric (A2), where the scalar curvature vanishes, the scalar curvature (A17) also vanishes. Then the second term in (A14) vanishes and we find S = 1 2 ∫ d^Dx η^{μν} ∂_μϕ∂_ν ϕ = 1 2 ∫ d^Dx̃ η^{μν} ∂_μϕ̃∂_νϕ̃ , (A18)

that is, the action (A10) of massless free scalar is invariant under the coordinate transformation (A1) and (A12) where f^μ is the conformal Killing vector satisfying (A6).

2. Spinor

Here show the invariance of the Dirac equation and the transformation law of the Dirac field, that is, spinor field, under the conformal transformation.

In order to investigate the conformal transformation in the spinor field, we consider the infinitesimal transformation

x^μ = x̃^μ + δx^μ . (A19)

Then by defining, m^μ_ν ≡ ∂δx^μ ∂x̃^ν , (A20)

we can rewrite the condition (A8) for the conformal transformation as 1 2 (m_{μν} + m_{νμ}) = 1 D η_{μν} m , m ≡ m^μ_μ . (A21) The action of the Dirac fermion is given by S = i ∫ d^Dxψ̄γ^μ∂_μψ . (A22) We now consider the following infinitesimal transformation: ψ = ( 1 − D − 1 2D + 1 2 m^{μν} Σ_{μν} ) ψ̃ , (A23)

which gives

ψ̄ = ( 1 − D − 1 2D − 1 2 m^{μν} Σ_{μν} ) ~ψ̄ , (A24)

Then we find S = i ∫ d^D x ( ~ψ̄γμ∂_μψ̃ − mν_μ ~ψ̄γμ∂_νψ̃ − m ~ψ̄γμ∂_μψ̃ − D − 1 2D ~ψ̄γμψ̃∂_μm + 1 2 ~ψ̄γρΣ_{μν}ψ̃∂_ρmμν ) . (A25)

Since

d^Dx (1 − m) = d^Dx̃ , ~∂_μ ≡ ∂ ∂x̃_μ = ∂ ∂x_μ − m^ν_μ ∂ ∂x_ν , (A26)

we find S = i ∫ d^Dx̃ ( ~ψ̄γμ ~∂_μψ̃ − D − 1 2D ~ψ̄γμψ̃ ~∂_μm + 1 2 ~ψ̄γρΣ_{μν}ψ̃ ~∂_ρmμν ) . (A27)

In case of rotation (including the Lorentz transformation), translation, and dilatation, m^{μν} is a constant or vanishes and therefore ∂_μm = ∂_ρm^{μν} , which tells that the action (A22) is invariant under the rotation (including the Lorentz transformation), translation, and dilatation. In case of the special conformal transformation with a infinitesimal parameter c^μ,

δx = c^μ (x̃)^2 − 2x̃^μx̃^ρc_ρ , (A28)

we find

∂_μm = −2Dc_μ , γ^ρΣ_{μν} ∂_ρm^{μν} = −2 (D − 1) c_μγ^μ , (A29)

and therefore the second and the third te7rms in (A25) cancel with each other and the action (A22) is invariant under the special conformal transformation (A26).

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200]. [2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109]. [3] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150]. [4] D. T. Son, Phys. Rev. D 78, 046003 (2008) [arXiv:0804.3972 [hep-th]].

[5] K. Balasubramanian and J. McGreevy, Phys. Rev. Lett. 101, 061601 (2008) [arXiv:0804.4053 [hep-th]]. [6] Y. Nishida and D. T. Son, Phys. Rev. D 76, 086004 (2007) [arXiv:0706.3746 [hep-th]]. [7] C. P. Herzog, M. Rangamani and S. F. Ross, JHEP 0811, 080 (2008) [arXiv:0807.1099 [hep-th]]. [8] J. Maldacena, D. Martelli and Y. Tachikawa, JHEP 0810, 072 (2008) [arXiv:0807.1100 [hep-th]]. [9] A. Adams, K. Balasubramanian, J. McGreevy JHEP 0811, 059 (2008) [arXiv:0807.1111 [hep-th]]. [10] W. D. Goldberger, JHEP 0903, 069 (2009) [arXiv:0806.2867 [hep-th]]. [11] J. L. F. Barbon and C. A. Fuertes, JHEP 0809, 030 (2008) [arXiv:0806.3244 [hep-th]]. [12] A. Bagchi and R. Gopakumar, JHEP 0907, 037 (2009) [arXiv:0902.1385 [hep-th]]. [13] C. R. Hagen, Phys. Rev. D 5, 377 (1972). [14] U. Niederer, Helv. Phys. Acta 45, 802 (1972).

[15] M. Henkel, J. Statist. Phys. 75, 1023 (1994) [arXiv:hep-th/9310081].

[16] T. Mehen, I. W. Stewart and M. B. Wise, Phys. Lett. B 474, 145 (2000) [arXiv:hep-th/9910025]. [17] C. Duval, P. A. Horvathy, L. Palla, Annals Phys. 249, 265-297 (1996). [hep-th/9510114]. [18] M. Sakaguchi and K. Yoshida, J. Math. Phys. 49, 102302 (2008) [arXiv:0805.2661 [hep-th]]. [19] M. Sakaguchi and K. Yoshida, JHEP 0808, 049 (2008) [arXiv:0806.3612 [hep-th]]. [20] W. Y. Wen, arXiv:0807.0633 [hep-th].

[21] M. Sakaguchi, J. Math. Phys. 51, 042301 (2010) [arXiv:0905.0188 [hep-th]]. [22] J. Lukierski, P. C. Stichel and W. J. Zakrzewski, Phys. Lett. A357, 1 (2006) [arXiv:hep-th/0511259]. [23] M. Kaku, P.K. Townsend, P. van Nieuwenhuizen, Phys. Rev. D 17, 3179 (1978).

[24] P. A. Horvathy, M. S. Plyushchay, M. Valenzuela, J. Math. Phys. 51, 092108 (2010). [arXiv:1002.4729 [hep-th]]. [25] T. Fujita and K. Ohashi, Prog. Theor. Phys. 106, No. 1, 221 (2001) [arXiv:hep-th/0104130]. [26] E. Bergshoeff, S. Cucu, T. de Wit, Jos Gheerardyn, R. Halbersma, S. Vandoren, A. Van Proeyen, JHEP 0210, 045 (2002) [arXiv:hep-th/0205230].