arXiv:1105.2882v1 [gr-qc] 14 May 2011

Black hole horizon around a relativistic star

Hristu Culetu, Ovidius University, Dept.of Physics, B-dul Mamaia 124, 900527 Constanta, Romania, e-mail : hculetu@yahoo.com

May 17, 2011

Abstract A star surrounded by a black hole generated by it is analyzed. For an outer static observer the black hole mass (and radius) depends on his position in the gravitational field of the star. In spite of the black hole presence, the geometry remains that of Schwarzschild. For an inner observer the black hole mass is constant and depends on the star’s mass m and radius R. The entropy for r > R is one quarter of the area and is constant for r < R.

Keywords : surface gravity, BH horizon, entropy. 1. Introduction More than a decade ago Mannheim [1] obtained a 4-th order Einstein’s equations starting with a conformally invariant Lagrangean - the Weyl tensor squared. These equations admit a static spherically symmetric vacuum solution that contains, besides the Schwarzschild term const./r, another term proportional to r and, therefore, the metric is no longer asymptotically flat. In Mannheim’s view, this linearly rising potential term shows that a local matter distribution can actually have a global effect at infinity and gravity theories become global. Using conformal invariance, he showed also that the vacuum solution has also a constant term which arises not from within a galaxy but comes from the global Hubble flow of the Universe itself.

Recently Grumiller [2] (see also [3]) proposed a metric for gravitation at large distances, containing a new Rindler term in a spherically symmetric situation, just as Mannheim stated before in his conformally invariant model of cosmology. The Rindler constant acceleration may depend on the scale of the system under consideration and becomes important at large distances from the source. Throughout the paper we shall use the geometric units c = G = k_B = ℏ = 1.

In [4] we used the Mannheim - Grumiller geometry inside a relativistic star, where the proposed metric appears as

ds^2 = −(1 − 2ar)dt^2 + (1 − 2ar)^{−1}dr^2 + r^2dΩ^2, (0.1)

with the constant a - the intensity of the gravitational field (acceleration) anywhere its interior. Therefore, a = m/R^2, its surface value (m - the star mass, R

- its radius) and dΩ^2 stands for the metric on the unit 2-sphere. The spacetime (1) is a solution of Einstein’s equations only if an anisotropic stress tensor of the form

T^t_t = −ρ = − a 2πr , p_r = T^r_r = −ρ, T^θ_θ = T^ϕ_ϕ = p_⊥ = 1 2 p_r (0.2)

lies on its r.h.s. In (2) ρ is the energy density of the anisotropic fluid, p_r is the radial pressure and p_⊥ are the tangential pressures. The mass till the radius r is m(r) = ar^2 = mr^2/R^2 [4]. The line element (1) has an event horizon at r = 1/2a, located far beyond the star surface, namely in a region where the metric (1) is not valid.

2. Outside the star Let us now consider a static observer outside the star, at some distance r > R. According to the Equivalence Principle, the observer is noninertial, i.e. accelerates and, therefore, would have a horizon, exactly as the inner observer. If we take r >> 2m, its acceleration is given by m/r^2. We suppose that the above acceleration is rooted from a black hole (BH) of mass M(r), such that m r^2 = 1 4M(r) . (0.3)

In other words, the acceleration equals ”the surface gravity” associated to a BH horizon. Eq. (3) yields M(r) = r^2 4m . (0.4)

We observe that M(r) ∝ r^2, as we proposed recently for the BH interior [5]. The factor (1/4m) in front of r^2 plays the same role as the constant acceleration a = m/R^2 from the expression of m(r) inside the star. We therefore conjecture that a static exterior observer is in fact located inside a BH with a mass given by (4) and radius R_g = 2M = r^2/2m = r^2/r_g , where r_g denotes the gravitational radius associated to the star.

It is worth noting that R_g depends on observer’s position: any static observer has its own horizon. To approach the horizon the observer must remove from it. R_g reaches its minimum value when r = r_{min} = R, namely when it is located on the surface. If the star becomes a BH (by collapse), one has R = 2m and, therefore, R_g = 2m = r_g . In other words, the two horizons coincide.

Let us see now whether the model is compatible with the Schwarzschild metric outside the star. We found in [5] that the geometry inside a BH (outside the star in our situation) is given by

ds^2 = −(1 − r 2M ) dt^2 + (1 − r 2M )^{−1}dr^2 + r^2dΩ^2 (r < 2M), (0.5)

For a fixed r, we put here M = M(r) from (4). Hence 1 − r 2M = 1 − 2m r (0.6) and the Schwarzschild metric is recovered (we have here 2m < r < 2M). Having a Schwarzschild geometry outside the star of mass m (and inside the BH of mass M), the stress tensor vanishes, contrary to the case from [5], where M from Eq. (5) was constant.

Let M_r be the mass inside the BH, up to the radius r > R. Using (4) one obtains M_r = 1 4M r^2 = r^2 4^{r2}_{4m}

= m, (0.7)

namely M_r is independent of r and equals the star mass, as expected. In (7) we took advantage of the formula (6) from [5], i.e. M(r) = ar^2, with a = 1/4M, the surface gravity of the BH. Let us notice the difference between M(r) and M_r: while M(r) is the mass of the BH felt by an observer located at r > R, M_r is the mass inside a sphere of radius r, calculated from M(r).

As an example, we take the case of the Sun with m_s = 2.10^{33}g and R_s = 7.10^{10}cm, we get R_g = R^2_s /r_g ≈ 10^{16}cm; that is, for a static observer on the Sun surface, the BH horizon finds at a distance of 10^{16}cm with respect to the center of the Sun (here r_g ≈ 3.10^5cm, the Sun gravitational radius). In [4] the above value of R_s has been assigned to a ”Rindler” horizon located at the distance 1/2a. Let us study now the thermodynamic properties of our system. As we saw in [5], the gravitational field inside the BH is constant and is given by its surface value κ ≡ 1/4M = m/r^2. Therefore, the local temperature will be

T (r) = 1 8πM(r) = m 2πr^2 . (0.8)

The temperature is rooted from the fact that any Schwarzschild static observer is accelerated. Keeping track of all fundamental constants, we have

T (r) = mc^2 2πk_B ( l_P r )^2, (0.9)

where l_P is the Planck length. From (8) we obtain T = 1/8πm = 1/8πM when r = 2M or r = 2m, as it should be (the star becomes a BH). Taking again the case of the Sun, one obtains for the temperature of the BH surrounding it, on the surface, T_S ≈ 10^{−11}K.

To get the expression of the entropy, we use Padmanabhan relation [6] (see also [4]) M_r = 2T S. It yields S = m 2 T (r)

= πr^2 (0.10)

which is exactly the expression obtained in [5], using different arguments (see also [7]).

3. Inside the star We wish now to analyze the situation from the point of view of an observer located inside the star (r < R). We know from (4) that the acceleration inside is m/R^2 = const. Therefore, the BH mass will be M(r) = R^2/4m = const. which equals the BH mass corresponding to an observer sitting on the surface. Hence, the Hawking temperature is constant inside and is given by T_{in} = m/2πR^2, i.e. the temperature measured by an observer on the surface. For the entropy one obtains S = πR^2, a quarter of the surface area of the star.

4. The entire Universe Let us apply the present model to the Universe as a whole, where the metric appears as (see Eq. 5)

ds^2 = −(1 − r 2M_U ) dt^2 + (1 − r 2M_U )^{−1}dr^2 + r^2dΩ^2, (0.11)

with M_U the mass of the Universe and a ≡ a_U = 1/4M_U . We know from experiments that M_U ≈ R_U , the radius of the Universe. That means an observer located far from any local mass finds himself inside a BH of mass M_U , radius 2M_U and κ_U = 1/4M_U - the surface gravity on the horizon (or the acceleration anywhere in the interior). The horizon is located at r = 2M_U = 1/2κ_U ≡ R_U ≈ 10^{28}cm, with respect to a chosen origin of r. Therefore, κ_U ≈ 10^{−8}cm/s^2, which is of the order of the MOND critical acceleration a_0 [8].

We notice that the ”surface gravity” a_U is a scalar and, therefore, has no a certain direction. In addition, it takes the same value everywhere in empty space, far from local masses, because the cosmological horizon is not localized (it is position dependent). A similar property applies for the horizon of a BH surrounding a star: it depends on observer’s position in its gravitational field.

Our goal now is to compute the active gravitational energy of the anisotropic fluid (2) for our Universe. We shall use Padmanabhan’s prescription [6] (see also [4], Eq. 2.10) and obtain E = −M_U (we have a = 1/4M_U and the integration has been taken from 0 to 2M_U ). We reach the same conclusion as in [4] : the total energy (gravitational plus rest energy) of the Universe is vanishing.

It is interesting to find the behaviour of a free radial photon in the metric (11). Taking ds^2 = 0, one obtains r(t) = R_U (1 − exp (− |t| R_U )), t ∈ (−∞, ∞) (0.12)

In other words, the photon comes from the horizon r = R_U at t = −∞ with zero velocity, reaches r = 0 at t = 0 and goes on to r = R_U where arrives at t = ∞, on the opposite side of the horizon sphere (the curve r(t) is not differentiable at t = 0: that is related to the curvature singularity at r = 0). Hence, the null particle never reaches the horizon (it needs an infinite time to arrive there). That is an evidence of the BH interpretation for our Universe.

5. Conclusions We studied the properties of the horizon a static observer outside a star would feel due to its noninertial state. The star is surrounded by a BH whose mass depends on the observer position. When it becomes a BH (because of some collapsing process), the two horizons overlap and the system will contain one BH. The Hawking temperature outside the star depends on the radial coordinate but it is constant inside.

References

[1] P. Mannheim, Found. Phys. 26, 1683 (1996) (ArXiv: gr-qc/9611038); ArXiv:

astro-ph/9701128 ; astro-ph/9803135 ; 0707.2283 [hep-th].

[2] D. Grumiller, Phys.Rev.Lett.105: 211303, 2010 (ArXiv : 1011.3625 [gr-qc]). [3] T. Rador, S. Arapoglu and I. Semiz, ArXiv : 1012.4207 [gr-qc]. [4] H. Culetu, ArXiv: 1101.2980 [gr-qc]. [5] H. Culetu, ArXiv: 1103.2645 [gr-qc].

[6] T. Padmanabhan, Class. Quan. Grav. 21, 4485 (2004) (ArXiv :

gr-qc/0308070).

[7] A. Davidson and I. Gurwich, ArXiv : 1008.2196 [gr-qc]. [8] M. Milgrom, Astrophys. J. 270, 365 (1983).