arXiv:1105.3247v2 [hep-th] 21 May 2011

String Gas Cosmology: Progress and Problems

Robert H. Brandenberger

Physics Department, McGill University, Montreal, QC, H3A 2T8, Canada

E-mail: rhb@physics.mcgill.ca

Abstract.

String Gas Cosmology is a model of the evolution of the very early universe based on fundamental principles and key new degrees of freedom of string theory which are different from those of point particle field theories. In String Gas Cosmology the universe starts in a quasi-static Hagedorn phase during which space is filled with a gas of highly excited string states. Thermal fluctuations of this string gas lead to an almost scale-invariant spectrum of curvature fluctuations. Thus, String Gas Cosmology is an alternative to cosmological inflation as a theory for the origin of structure in the universe. This short review focuses on the building blocks of the model, the predictions for late time cosmology, and the main problems which the model faces.

PACS numbers:

Submitted to: Class. Quantum Grav.

1. Introduction

Standard Big Bang (SBB) cosmology teaches us that the further we go back in time in the history of the universe, the higher is the energy scale of the physics which is responsible for the detailed dynamical evolution of the early universe. Whereas at the present time, matter can be described by a collection of perfect fluids, already at the time of recombination atomic physics processes are crucial. Even earlier on, nuclear physics effects become important and allow the SBB to explain the origin and abundances of the light elements. Particle physics processes are crucial at even earlier times and allow us to construct models which can explain the observed asymmetry between matter and antimatter.

Neither atomic physics, nuclear physics or particle physics effects can change the conclusion that, as long as space-time is described in terms of Einstein’s theory of General Relativity, the temperature and density increase to infinite values in finite time as we go back in time. This is the “Singularity Problem” of SBB cosmology. However, at sufficiently high densities it is certainly not justified to neglect quantum gravity effects. If string theory is indeed the correct theory of quantum gravity, then string theory must be essential to describe the universe at the highest densities.

The origin of structure in the universe is a mystery which cannot be explained in SBB cosmology. Given the wealth of current data on the non-random distribution of galaxies on cosmological scales and on the observed anisotropies in the temperature maps of the Cosmic Microwave Background (CMB), a crucial goal of cosmology has become to come up with a causal explanation of this data. As realized already a decade before the invention of Inflationary cosmology [1, 2], an approximately scaleinvariant spectrum of primordial curvature fluctuations on scales which at early times (e.g. at the time of recombination) are super-Hubble is required to explain the observed distribution of matter on cosmological scales. These same authors realized that any model which provides such a spectrum of adiabatic fluctuations would predict angular CMB anisotropies with characteristic acoustic oscillations on angular scales smaller than about one degree.

Inflationary cosmology was proposed in 1980 [3] (see also [4] for related work) as a possible explanation for the large size, the large entropy, the approximate isotropy and the spatial flatness of the universe. It was then almost immediately realized [5] (see also [6] for related work) that inflation can provide an explanation for the origin of an approximately scale-invariant spectrum of cosmological fluctuations.

Inflationary cosmology (at least as we mostly understand it today) is based on coupling the potential energy of a slowly rolling scalar field to Einstein gravity. Thus, inflation does not eliminate the singularity problem of SBB cosmology [7]. Thus, we still need to address the question of what happened at times before the hypothetical inflationary phase. This is where string theory will play a key role.

Inflationary cosmology is faces with other conceptual problems (see e.g. [8, 9] for in depth discussions of some of these problems). For example, the wavelength of fluctuations which we observe today is predicted to be smaller than the Planck length at the beginning of the inflationary phase in all inflation models in which the period of inflation is somewhat longer than the minimal length required for inflation to solve the problems of SBB cosmology which it is designed to solve. This is the “trans-Planckian” problem for fluctuations in inflationary cosmology [8, 10]. Furthermore, in simple models of inflation the energy scale at which inflation takes place is too close to the string scale and Planck scale to comfortably neglect quantum gravity effects. Finally, the mechanism to obtain inflationary expansion of space is subject to our ignorance on how the cosmological constant problem is solves (the driving force of inflation can be viewed as a temporary cosmological constant). In light of these problems it is useful to consider the possibility of an alternative to inflation emerging from (for example) string cosmology.

It is certainly possible that a string theoretical understanding of the very early universe will lead to a convincing realization of inflationary cosmology (see e.g. [11] for reviews of work along these lines). Most of the work on string inflation is, however, based on particle physics quantum field models motivated by string theory rather than on string theory itself, and thus may be missing crucial aspects of early universe cosmology which arise due to the specific stringy nature of matter.

String Gas Cosmology (SGC) [12] (see also [13] for related work and [14] for reviews) is a model of early universe cosmology based on making use of fundamental principles which distinguish string theory from point particle theory: the existence of new stringy degrees of freedom and the resulting new symmetries. As realized in [12], SGC provides the framework for constructing a nonsingular cosmological model. As realized more recently [15, 16], SGC leads to a mechanism for producing an approximately scaleinvariant spectrum of cosmological fluctuations, and makes the key prediction [17] that the spectrum of gravitational wave should have a slight blue tilt. Thus, SGC emerges as a possible alternative to the inflationary scenario as an explanation for the observed large-scale structure of the universe.

In the following, I briefly review SGC. In the following section I present the basics of SGC. Section 3 explains how SGC leads to late time curvature fluctuations. The final section highlights challenges which SGC faces.

2. Basics of String Gas Cosmology

String Gas Cosmology is based on coupling a classical background which includes the graviton and the dilaton fields to a gas of closed strings (and possibly other basic degrees of freedom of string theory such as “branes” [18]). All dimensions of space are taken to be compact, for reasons which will become clear later. For simplicity, we take all spatial directions to be toroidal and denote the radius of the torus by R. For SGC to be effective in the way it is currently formulated, there need to be stable or at least long lived winding modes about all of the spatial dimensions which are not large today. For the SGC structure formation mechanism of [15] to work, there also need to be stable winding modes about our three large spatial dimensions. These provide constraints on the topology of space.

Strings have three types of states: momentum modes which represent the center of mass motion of the string, oscillatory modes which represent the fluctuations of the strings, and winding modes counting the number of times a string wraps the torus. Since the number of string oscillatory states increases exponentially with energy, there is a limiting temperature for a gas of strings in thermal equilibrium, the Hagedorn temperature [19] T_H . Thus, if we take a box of strings and adiabatically decrease the box size, the temperature T will never diverge. The fact that T remains finite as R ranges from 0 to ∞ indicates that the cosmological singularity can be resolved in SGC.

The second key feature of string theory upon which SGC is based is T-duality. Consider the radius dependence of the energy of the basic string states: The energy of an oscillatory mode is independent of R, momentum mode energies are quantized in units of 1/R, i.e. E_n = nμ l_s^2 R , (1)

where l_s is the string length and μ is the mass per unit length of a string, but winding mode energies are quantized in units of R, i.e. E_m = mμR , (2) where both n and m are integers. Thus, under the change R → 1/R (3) in the radius of the torus (in units of l_s) the energy spectrum of string states is invariant if winding and momentum quantum numbers are interchanged (n, m) → (m, n) . (4) This symmetry is part of a larger group, the T-duality symmetry group. The string vertex operators are consistent with this symmetry, and thus T-duality is a symmetry of perturbative string theory. Postulating that T-duality extends to non-perturbative string theory leads [20] to the need of adding D-branes to the list of fundamental objects in string theory. With this addition, T-duality is expected to be a symmetry of nonperturbative string theory. Specifically, T-duality will take a spectrum of stable Type IIA branes and map it into a corresponding spectrum of stable Type IIB branes with identical masses [21].

As discussed in [12], the above T-duality symmetry leads to an equivalence between small and large spaces. This reinforces the conclusion that there is no cosmological singularity in SGC. As R decreases, the physically measured size of the universe will initially decrease but then (once R has passed below the string length) increase again. The point R = 0 will not be reached in finite observer time.

Let us consider this evolution in a bit more detail and focus on the state of string gas matter as R changes. As R decreases from an initially very large value - maintaining thermal equilibrium - , the temperature first rises as in standard cosmology since the

Figure 1. The temperature (vertical axis) as a function of radius (horizontal axis) of a gas of closed strings in thermal equilibrium. Note the absence of a temperature singularity. The range of values of R for which the temperature is close to the Hagedorn temperature T_H depends on the total entropy of the universe. The upper of the two curves corresponds to a universe with larger entropy.

string states which are occupied (the momentum modes) get heavier. However, as the temperature approaches the Hagedorn temperature, the energy begins to flow into the oscillatory modes and the increase in temperature levels off. As the radius R decreases below the string scale, the temperature begins to decrease as the energy begins to flow into the winding modes whose energy decreases as R decreases (see Figure 1).

The equations that govern the background of string gas cosmology are not known. The Einstein equations are not the correct equations since they do not obey the Tduality symmetry of string theory. Many early studies of string gas cosmology were based on using the dilaton gravity equations [22, 23, 24], However, these equations are not satisfactory, either, as will be discussed in Section 4.

Some conclusions about the time-temperature relation in string gas cosmology can be derived based on thermodynamical considerations alone. One possibility is that R starts out much smaller than the self-dual value and increases monotonically. From Figure 1 it then follows that the time-temperature curve will correspond to that of a bouncing cosmology. Alternatively, it is possible that the universe starts out in a metastable state near the Hagedorn temperature, the Hagedorn phase, and then smoothly evolves into an expanding phase dominated by radiation like in standard cosmology (Figure 2). SGC is based on this assumption. Note that we are assuming that not only the scale factor but also the dilaton is constant in time.

The transition between the quasi-static Hagedorn phase and the radiation phase at the time t_R is a consequence of the annihilation of string winding modes into string loops. Since this process corresponds to the production of radiation, we denote this time by the same symbol t_R as the time of reheating in inflationary cosmology. As pointed out in [12], this annihilation process only is possible in at most three large spatial dimensions. This is a simple dimension counting argument: string world sheets have measure zero

Figure 2. The dynamics of string gas cosmology. The vertical axis represents the scale factor of the universe, the horizontal axis is time. Along the horizontal axis, the approximate equation of state is also indicated. During the Hagedorn phase the pressure is negligible due to the cancellation between the positive pressure of the momentum modes and the negative pressure of the winding modes, after time t_R the equation of state is that of a radiation-dominated universe.

intersection probability in more than four large space-time dimensions. Hence, string gas cosmology may provide a natural mechanism for explaining why there are exactly three large spatial dimensions.

One of the important features of SGC is that there is a natural mechanism to stabilize the size and shape moduli of the extra spatial dimensions, at least in heterotic string theory. The early Hagedorn phase of SGC is characterized by a gas in which all string states are excited. This includes modes with both winding and momentum numbers about the extra spatial dimensions. In heterotic string theory the lowest energy state are “enhanced symmetry states” which have zero mass when the radius of the extra spatial section equals the string scale, but non-vanishing winding and momenta. Following initial work of [25] and [26] (see also [27]), size moduli stabilization was studied in detail in [28, 29], and shape moduli stabilization in [30]. The only modulus which is not stabilized using the basic ingredients of SGC is the axion-dilaton modulus. As studied in [31], this modulus can be stabilized by making use of gaugino condensation, which in turn also leads to supersymmetry breaking [32] which is consistent with the current cosmological constraints. The gaugino condensation mechanism of dilaton stabilization does not disrupt the natural stabilization of the size and shape moduli via string gas effects [31].

The size modulus stabilization mechanism [25, 26, 28] is very geometrical: states with non-vanishing momenta and windings about the extra dimensions lead to a force resisting both contraction (because then the momenta lead to a large mass) and expansion (because then the winding states get very heavy), thus yielding a preferential value of the radius which is given by the string scale (larger if there is a chemical potential for winding number). In the case of heterotic string theory, the lightest states

Figure 3. Space-time sketch of inflationary cosmology. The vertical axis is time, the horizontal axis corresponds to physical distance. The solid line labelled k is the physical length of a fixed comoving fluctuation scale. The role of the Hubble radius and the horizon are discussed in the text.

for a value of the size modulus close to the string scale are the enhances symmetry states which contain both windings and momenta and whose energy at a value of the radion equal to the string length is given by the state’s kinetic energy in the large dimensions. As studied carefully in [29], these states fix the radion in a way which is consistent with cosmological constraints. The extra states act as radiation from our four-dimensional space-time point of view. With very little tuning of the initial density of the enhanced symmetry states, the resulting contribution of the states to the current radiation density is below the nucleosynthesis constraints, and at the same time the mass of the radion fluctuations about the ground state is above the current lower bound.

3. Cosmological Fluctuations from String Gas Cosmology

In this section we show how thermal fluctuations in the Hagedorn phase of SGC lead to an almost scale-invariant spectrum of cosmological perturbations. It is useful to first remind the reader of the mechanism by which inflationary cosmology leads to a causal generation mechanism for cosmological fluctuations yielding an almost scaleinvariant spectrum of perturbations. The space-time diagram of inflationary cosmology is sketched in Figure 3.

During the period of inflation, the Hubble radius l_H (t) ≡^a_ȧ is approximately constant. In contrast, the physical length of a fixed co-moving scale (labelled by k in the figure) is expanding exponentially. In this way, in inflationary cosmology scales which have microscopic sub-Hubble wavelengths at the beginning of inflation are red-shifted to become super-Hubble-scale fluctuations at the end of the period of inflation. In the post-inflationary phase of Standard cosmology the Hubble radius increases linearly in time, i.e. faster than the physical wavelength corresponding to a fixed co-moving scale. Thus, scales re-enter the Hubble radius at late times.

Since inflation red-shifts any classical fluctuations which might have been present at the beginning of the inflationary phase, fluctuations in inflationary cosmology are taken to be generated by quantum vacuum perturbations [5]. The fluctuations begin in their quantum vacuum state at the onset of inflation. Once the wavelength exceeds the Hubble radius, squeezing of the wave-function of the fluctuations sets in (see [33, 34] for reviews of the theory of cosmological perturbations). This squeezing plus the decoherence of the fluctuations due to the interaction between short and long wavelength modes generated by the intrinsic non-linearities in both the gravitational and matter sectors of the theory (see [35, 36] for recent discussions of this aspect and references to previous work) lead to the classicalization of the fluctuations on super-Hubble scales.

The process of generation and evolution of cosmological fluctuations in SGC is very different. Recall that the evolution of the scale factor in SGC is as represented in Figure 2 and leads to a space-time diagram as is sketched in Figure 4. As in Figure 3, the vertical axis is time and the horizontal axis denotes the physical distance. For times t < t_R, we are in the static Hagedorn phase and the Hubble radius is infinite. For t > t_R, the Einstein frame Hubble radius is expanding as in standard cosmology. The time t_R is when the string winding modes begin to decay into string loops, and the scale factor starts to increase, leading to the transition to the radiation phase of standard cosmology.

First of all, we see that in SGC all fluctuations emerge at early times from sub- Hubble scales, as in inflationary cosmology. This is the first key requirement for a causal generation mechanism to be possible. Scales are existing the Hubble radius not because their wavelength is increasing (as in the case of inflation), but rather because the Hubble radius is decreasing during the transition between the Hagedorn phase and the expanding radiation phase. Since the physical wavelength of fluctuations is constant in the Hagedorn phase, the Trans-Planckian problem for fluctuations does not arise: if we follow scale which corresponds to the current Hubble radius back to the time t_R, then - taking the Hagedorn temperature to be of the order 10^{16} GeV - we obtain a length of about 1 mm. Compared to the string scale and the Planck scale, this is in the far infrared.

The fact that the Hagedorn phase is static and dominated by a gas of strings lead to a generation mechanism for fluctuations which is very different from that in inflationary cosmology, Instead of quantum vacuum perturbations we have thermal fluctuations, and thermal fluctuations not of a particle gas, but of a gas of strings. It was realized in [15] that this mechanism yields approximately scale-invariant curvature perturbations at late times.

The main steps in the computation of cosmological fluctuations in SGC is as

Figure 4. Space-time diagram (sketch) showing the evolution of fixed co-moving scales in string gas cosmology. The vertical axis is time, the horizontal axis is physical distance. The solid curve represents the Einstein frame Hubble radius H^{−1} which shrinks abruptly to a micro-physical scale at t_R and then increases linearly in time for t > t_R. Fixed co-moving scales (the dotted lines labeled by k_1 and k_2) which are currently probed in cosmological observations have wavelengths which are smaller than the Hubble radius before t_R. They exit the Hubble radius at times t_i(k) just prior to t_R, and propagate with a wavelength larger than the Hubble radius until they reenter the Hubble radius at times t_f (k).

follows [15] (see [16] for a more detailed description). For a fixed co-moving scale with wavenumber k we compute the matter fluctuations while the scale is sub-Hubble (and therefore gravitational effects are sub-dominant). When the scale exits the Hubble radius at time t_i(k) we use the gravitational constraint equations to determine the induced metric fluctuations, which are then propagated to late times using the usual equations of gravitational perturbation theory. Since the scales we are interested in are in the far infrared, we use the Einstein constraint equations for fluctuations.

We write the metric including cosmological perturbations (scalar metric fluctuations) and gravitational waves in the following form (using conformal time η which is related to the physical time t via dt = a(t)dη)

ds^2 = a^2(η) { (1 + 2Φ)dη^2 − [(1 − 2Φ)δ_{ij} + h_{ij}]dx^idx^j } . (5)

Here, we have adopted the longitudinal gauge and we have taken matter to be free of anisotropic stress. The spatial tensor h_{ij}(x, t) is transverse and traceless and represents gravitational waves.

Note that in contrast to the case of slow-roll inflation, scalar metric fluctuations and gravitational waves are generated by matter at the same order in cosmological perturbation theory. This could lead to the expectation that the amplitude of gravitational waves in string gas cosmology should be generically larger than in inflationary cosmology. This expectation, however, is not realized [17] since there is a different mechanism which suppresses the gravitational waves relative to the density perturbations (namely the fact that the gravitational wave amplitude is set by the amplitude of the pressure, and the pressure is suppressed relative to the energy density in the Hagedorn phase).

Assuming that the fluctuations are described by the perturbed Einstein equations (they are not if the dilaton is not fixed [37, 38]), then the spectra of cosmological perturbations Φ and gravitational waves h are given by the energy-momentum fluctuations in the following way [16] ⟨|Φ(k)|^2⟩ = 16π^2G^2k^{−4}⟨δT^0_0(k)δT^0_0(k)⟩ , (6) where the pointed brackets indicate expectation values, and ⟨|h(k)|^2⟩ = 16π^2G^2k^{−4}⟨δT^i_j(k)δT^i_j (k)⟩ , (7) where the right hand side of (7) is the average over the correlation functions with i ≠ j, and h is the amplitude of the gravitational waves ‡.

To determine the spectrum of scalar metric fluctuations, we first calculate the root mean square energy density fluctuations in a sphere of radius R = k^{−1}. For a system in thermal equilibrium they are given by the specific heat capacity C_V via ⟨δρ^2⟩ = T^2 R^6

C_V . (8)

The specific heat of a gas of closed strings on a torus of radius R can be derived from the partition function of a gas of closed strings. This computation was carried out in [39] and yields

C_V ≈ 2

R^2/ℓ^3 T (1 − T/T_H ) . (9)

The specific heat capacity scales holographically with the size of the box. This result follows rigorously from evaluating the string partition function in the Hagedorn phase. The result, however, can also be understood heuristically: in the Hagedorn phase the string winding modes are crucial. These modes look like point particles in one less spatial dimension. Hence, we expect the specific heat capacity to scale like in the case of point particles in one less dimension of space §.

‡ The gravitational wave tensor h_{ij} can be written as the amplitude h multiplied by a constant polarization tensor.

§ We emphasize that it was important for us to have compact spatial dimensions in order to obtain the winding modes which are crucial to get the holographic scaling of the thermodynamic quantities.

With these results, the power spectrum P (k) of scalar metric fluctuations can be evaluated as follows

P_Φ(k) ≡ 1 2π^2 k^3|Φ(k)|^2 (10)

= 8G^2k^{−1} < |δρ(k)|^2 > . = 8G^2k^2 < (δM)^2 >_R = 8G^2k^{−4} < (δρ)^2 >_R

= 8G^2 T ℓ^3_s 1 1 − T/T_H , where in the first step we have used (6) to replace the expectation value of |Φ(k)|^2 in terms of the correlation function of the energy density, and in the second step we have made the transition to position space

The first conclusion from the result (10) is that the spectrum is approximately scale-invariant (P (k) is independent of k). It is the ‘holographic’ scaling C_V (R) ∼ R^2 which is responsible for the overall scale-invariance of the spectrum of cosmological perturbations. However, there is a small k dependence which comes from the fact that in the above equation for a scale k the temperature T is to be evaluated at the time t_i(k). Thus, the factor (1 − T/T_H ) in the denominator is responsible for giving the spectrum a slight dependence on k. Since the temperature slightly decreases as time increases at the end of the Hagedorn phase, shorter wavelengths for which t_i(k) occurs later obtain a smaller amplitude. Thus, the spectrum has a slight red tilt.

Now let us turn to the key prediction with which SGC can be differentiated observationally from inflation. It concern the tilt in the spectrum of gravitational waves. As discovered in [17], the spectrum of gravitational waves is also nearly scale invariant. However, in the expression for the spectrum of gravitational waves the factor (1 − T/T_H ) appears in the numerator, thus leading to a slight blue tilt in the spectrum. This contrasts with the predictions of inflationary models, where quite generically a slight red tilt for gravitational waves results. The physical reason for the blue tilt of the spectrum of gravitational waves in SGC is that large scales exit the Hubble radius earlier when the pressure and hence also the off-diagonal spatial components of T_{μν} are closer to zero.

The method for calculating the spectrum of gravitational waves follows what was presented above for the scalar metric fluctuations. For a mode with fixed co-moving wavenumber k, we compute the correlation function of the off-diagonal spatial elements of the string gas energy-momentum tensor at the time t_i(k) when the mode exits the Hubble radius and use (7) to infer the amplitude of the power spectrum of gravitational waves at that time. We then follow the evolution of the gravitational wave power spectrum on super-Hubble scales for t > t_i(k) using the equations of general relativistic perturbation theory.

The power spectrum of the tensor modes is given by (7):

P_h(k) = 16π^2G^2k^{−4}k^3⟨δT^i_j(k)δT^i_j(k)⟩ (11) for i ≠ j. Note that the k^3 factor multiplying the momentum space correlation function of T^i_j gives the position space correlation function C^i_j^i_j(R) , namely the root mean square fluctuation of T^i_j in a region of radius R = k^{−1} (the reader who is skeptical about this point is invited to check that the dimensions work out properly). Thus,

P_h(k) = 16π^2G^2k^{−4}C^i_j^i_j (R) . (12)

The correlation function C^i_j^i_j on the right hand side of the above equation follows from the thermal closed string partition function and was computed explicitly in [40] (see also [16]). We obtain

P_h(k) ∼ 16π^2G^2 T l^3_s

(1 − T/T_H ) ln^2 [ 1 l^2_s k^2 (1 − T/T_H ) ] , (13)

which, for temperatures close to the Hagedorn value reduces to P_h(k) ∼ ( l_{P l} l_s )_4

(1 − T/T_H ) ln^2 [ 1 l^2_s k^2 (1 − T/T_H ) ] . (14)

This shows that the spectrum of tensor modes is - to a first approximation, namely neglecting the logarithmic factor and neglecting the k-dependence of T (t_i(k)) - scaleinvariant.

On super-Hubble scales, the amplitude h of the gravitational waves is constant. The wave oscillations freeze out when the wavelength of the mode crosses the Hubble radius. As in the case of scalar metric fluctuations, the waves are squeezed. Whereas the wave amplitude remains constant, its time derivative decreases. Another way to see this squeezing is to change variables to

ψ(η, x) = a(η)h(η, x) (15)

in terms of which the action has canonical kinetic term. The action in terms of ψ becomes S = 1 2 ∫ d^4x ( ψ^{′2} − ψ_{,i}ψ_{,i} + a^{′′} a ψ^2 ) (16)

from which it immediately follows that on super-Hubble scales ψ ∼ a. This is the squeezing of gravitational waves [41]. Since there is no k-dependence in the squeezing factor, the scale-invariance of the spectrum at the end of the Hagedorn phase will lead to a scale-invariance of the spectrum at late times.

Note that in the case of string gas cosmology, the squeezing factor z(η) does not differ substantially from the squeezing factor a(η) for gravitational waves. In the case of inflationary cosmology, z(η) and a(η) differ greatly during reheating, leading to a much larger squeezing for scalar metric fluctuations, and hence to a suppressed tensor to scalar ratio of fluctuations. In the case of string gas cosmology, there is no difference in squeezing between the scalar and the tensor modes.

Let us return to the discussion of the spectrum of gravitational waves. The result for the power spectrum is given in (14), and we mentioned that to a first approximation this corresponds to a scale-invariant spectrum. As realized in [17], the logarithmic term and the k-dependence of T (t_i(k)) both lead to a small blue-tilt of the spectrum. This feature is characteristic of our scenario and cannot be reproduced in inflationary models. In inflationary models, the amplitude of the gravitational waves is set by the Hubble constant H. The Hubble constant cannot increase during inflation, and hence no blue tilt of the gravitational wave spectrum is possible.

A heuristic way of understanding the origin of the slight blue tilt in the spectrum of tensor modes is as follows. The closer we get to the Hagedorn temperature, the more the thermal bath is dominated by long string states, and thus the smaller the pressure will be compared to the pressure of a pure radiation bath. Since the pressure terms (strictly speaking the anisotropic pressure terms) in the energy-momentum tensor are responsible for the tensor modes, we conclude that the smaller the value of the wavenumber k (and thus the higher the temperature T (t_i(k)) when the mode exits the Hubble radius, the lower the amplitude of the tensor modes. In contrast, the scalar modes are determined by the energy density, which increases at T (t_i(k)) as k decreases, leading to a slight red tilt.

The reader may ask about the predictions of string gas cosmology for non- Gaussianities. The answer is [42] that the non-Gaussianities from the thermal string gas perturbations are Poisson-suppressed on scales larger than the thermal wavelength in the Hagedorn phase. However, if the spatial sections are initially large, then it is possible that a network of cosmic superstrings [43] will be left behind. These strings - if stable - would achieve a scaling solution (constant number of strings crossing each Hubble volume at each time). Such strings give rise to linear discontinuities in the CMB temperature maps [44], lines which can be searched for using edge detection algorithms such as the Canny algorithm (see [45] for recent feasibility studies).

4. Challenges for String Gas Cosmology

As as been argued in the above sections, SGC is an interesting model of early universe cosmology making use of fundamental principles of string theory which are not used in the standard string-motivated field theory approaches to string cosmology (most of string inflation model building falls into that category). SGC realized the hope that string theory will lead to a non-singular cosmology since there is a duality between large and small spatial sections [12]. SGC provides a natural solution to the stabilization of size and shape moduli [29]: these moduli are stabilized without the need to add any extra ingredients to the model. One extra ingredient is required in order to stabilize the dilaton - gaugino condensation is one possibility [31].

Thermal fluctuations of the string gas during an early quasi-static Hagedorn phase lead to an almost scale-invariant power spectrum of cosmological perturbations. Thus, SGC is an alternative to cosmological inflation for explaining the origin of structure in the universe. The key prediction of SGC is a slight blue tilt in the spectrum of gravitational waves, whereas inflation generically produces a slight red tilt.

The main problem of the current implementation of SGC is that it does not provide a quantitative model for the Hagedorn phase. This phase must be quasi-static (including a stable dilaton) and last for a sufficient length of time to be able to set up thermal equilibrium on scales which today become comparable to the current Hubble radius (if the string scale is close to the scale of Grand Unification), this length is of the order of 1mm). The criticisms of string gas cosmology raised in [38, 46] are based on assuming that the background is described by dilaton gravity.

The problem is that we currently have no framework for describing the Hagedorn phase mathematically. The Einstein action is obviously inapplicable since it conflicts with the T-duality symmetry which is crucial to string theory. Neither can dilaton gravity provide suitable background equations. Firstly, as the dilaton changes from weak to strong coupling, the nature of the light states in the string spectrum changes and it becomes inconsistent to model matter as a gas of strings. More importantly, at high densities such as the Hagedorn density the Einstein term in the gravitational action of both Einstein and dilaton gravity will no longer be the dominant terms in a derivative expansion of the action. This is known from all approaches to quantum gravity. Thus, we cannot expect that a simple effective action such as that of dilaton gravity will apply. Nevertheless, to make the string gas cosmology scenario into a real theory, it is crucial to obtain a good understanding of the background dynamics. For some initial steps in this direction see [47]. Another study of this problem was given in [48].

A second problem of string gas cosmology is the size problem (and the related entropy problem). If the string scale is about 10^{17}GeV as is preferred in early heterotic superstring models, then the radius of the universe during the Hagedorn phase must be many orders of magnitude larger than the string scale. Without embedding string gas cosmology into a bouncing cosmology, it seems unnatural to demand such a large initial size. This problem disappears if the Hagedorn phase is preceded by a phase of contraction, as in the model of [49]. In this case, however, it is non-trivial to arrange that the Hagedorn phase lasts sufficiently long to maintain thermal equilibrium over the required range of scales.

It should be noted, however, that some of the conceptual problems of inflationary cosmology such as the trans-Planckian problem for fluctuations, do not arise in string gas cosmology. As in the case of the matter bounce scenario, the basic mechanism of the scenario is insensitive to what sets the cosmological constant to its observed very small value.

Acknowledgments

The author is supported in part by an NSERC Discovery Grant, by a Killam Research Fellowship and by funds from the Canada Research Chair program.

[1] R. A. Sunyaev, Y. .B. Zeldovich, “Small scale fluctuations of relic radiation,” Astrophys. Space Sci. 7, 3-19 (1970).

String Gas Cosmology: Progress and Problems 15

[2] P. J. E. Peebles, J. T. Yu, “Primeval adiabatic perturbation in an expanding universe,” Astrophys.

J. 162, 815-836 (1970).

[3] Guth AH, “The Inflationary Universe: A Possible Solution To The Horizon And Flatness Problems,” Phys. Rev. D 23, 347 (1981).

[4] R. Brout, F. Englert and E. Gunzig, “The Creation Of The Universe As A Quantum Phenomenon,” Annals Phys. 115, 78 (1978);

A. A. Starobinsky, “A New Type Of Isotropic Cosmological Models Without Singularity,” Phys. Lett. B 91, 99 (1980);

K. Sato, “First Order Phase Transition Of A Vacuum And Expansion Of The Universe,” Mon. Not. Roy. Astron. Soc. 195, 467 (1981).

[5] V. Mukhanov and G. Chibisov, “Quantum Fluctuation And Nonsingular Universe. (In Russian),” JETP Lett. 33, 532 (1981) [Pisma Zh. Eksp. Teor. Fiz. 33, 549 (1981)].

[6] W. Press, “Spontaneous production of the Zel’dovich spectrum of cosmological fluctuations”, Phys.

Scr. 21, 702 (1980);

A. A. Starobinsky, “Spectrum of relict gravitational radiation and the early state of the universe,” JETP Lett. 30, 682 (1979) [Pisma Zh. Eksp. Teor. Fiz. 30, 719 (1979)].

[7] A. Borde and A. Vilenkin, “Eternal inflation and the initial singularity,” Phys. Rev. Lett. 72, 3305 (1994) [arXiv:gr-qc/9312022].

[8] R. H. Brandenberger, “Inflationary cosmology: Progress and problems,” publ. in Large Scale Structure Formation, ed. by R. Mansouri and R. Brandenberger (Wiley, Dordrecht, 1999), arXiv:hep-ph/9910410.

[9] R. H. Brandenberger, “Alternatives to the inflationary paradigm of structure formation,” invited talk at CosPA 2008: International Symposium on Cosmology and Particle Astrophysics arXiv:0902.4731 [hep-th];

R. H. Brandenberger, “Cosmology of the Very Early Universe,” AIP Conf. Proc. 1268, 3-70 (2010). [arXiv:1003.1745 [hep-th]].

[10] R. H. Brandenberger and J. Martin, “The Robustness of inflation to changes in superPlanck scale physics,” Mod. Phys. Lett. A 16, 999 (2001), [arXiv:astro-ph/0005432]; J. Martin and R. H. Brandenberger, “The TransPlanckian problem of inflationary cosmology,” Phys. Rev. D 63, 123501 (2001), [arXiv:hep-th/0005209].

[11] L. McAllister, E. Silverstein, “String Cosmology: A Review,” Gen. Rel. Grav. 40, 565-605 (2008).

[arXiv:0710.2951 [hep-th]];

S. -H. Henry Tye, “Brane inflation: String theory viewed from the cosmos,” Lect. Notes Phys. 737, 949-974 (2008). [hep-th/0610221];

C. P. Burgess, “Lectures on Cosmic Inflation and its Potential Stringy Realizations,” Class. Quant. Grav. 24, S795 (2007). [arXiv:0708.2865 [hep-th]]; J. M. Cline, “Inflation from string theory,” [hep-th/0501179].

[12] R. H. Brandenberger and C. Vafa, “Superstrings in the Early Universe,” Nucl. Phys. B 316, 391 (1989).

[13] J. Kripfganz and H. Perlt, “Cosmological Impact Of Winding Strings,” Class. Quant. Grav. 5, 453 (1988).

[14] R. H. Brandenberger, “String Gas Cosmology,” in String Cosmology, ed. by J. Erdmenger (Wiley, Berlin, 2009), arXiv:0808.0746 [hep-th];

T. Battefeld and S. Watson, “String gas cosmology,” Rev. Mod. Phys. 78, 435 (2006) [arXiv:hep-th/0510022].

[15] A. Nayeri, R. H. Brandenberger and C. Vafa, “Producing a scale-invariant spectrum of perturbations in a Hagedorn phase of string cosmology,” Phys. Rev. Lett. 97, 021302 (2006) [arXiv:hep-th/0511140].

[16] R. H. Brandenberger, A. Nayeri, S. P. Patil and C. Vafa, “String gas cosmology and structure formation,” Int. J. Mod. Phys. A 22, 3621 (2007) [arXiv:hep-th/0608121].

[17] R. H. Brandenberger, A. Nayeri, S. P. Patil and C. Vafa, “Tensor modes from a

String Gas Cosmology: Progress and Problems 16

primordial Hagedorn phase of string cosmology,” Phys. Rev. Lett. 98, 231302 (2007) [arXiv:hep-th/0604126].

[18] S. Alexander, R. H. Brandenberger and D. Easson, “Brane gases in the early universe,” Phys. Rev.

D 62, 103509 (2000) [arXiv:hep-th/0005212].

[19] R. Hagedorn, “Statistical Thermodynamics Of Strong Interactions At High-Energies,” Nuovo Cim.

Suppl. 3, 147 (1965).

[20] J. Polchinski, String Theory, Vols. 1 and 2, (Cambridge Univ. Press, Cambridge, 1998). [21] T. Boehm and R. Brandenberger, “On T-duality in brane gas cosmology,” JCAP 0306, 008 (2003) [arXiv:hep-th/0208188].

[22] A. A. Tseytlin and C. Vafa, “Elements of string cosmology,” Nucl. Phys. B 372, 443 (1992) [arXiv:hep-th/9109048].

[23] G. Veneziano, “Scale factor duality for classical and quantum strings,” Phys. Lett. B 265, 287 (1991).

[24] A. A. Tseytlin, “Dilaton, winding modes and cosmological solutions,” Class. Quant. Grav. 9, 979 (1992) [arXiv:hep-th/9112004].

[25] S. Watson and R. Brandenberger, “Stabilization of extra dimensions at tree level,” JCAP 0311, 008 (2003) [arXiv:hep-th/0307044].

[26] S. Watson, “Moduli stabilization with the string Higgs effect,” Phys. Rev. D 70, 066005 (2004) [arXiv:hep-th/0404177].

[27] L. Kofman, A. Linde, X. Liu, A. Maloney, L. McAllister and E. Silverstein, “Beauty is attractive: Moduli trapping at enhanced symmetry points,” JHEP 0405, 030 (2004) [arXiv:hep-th/0403001].

[28] S. P. Patil and R. Brandenberger, “Radion stabilization by stringy effects in general relativity and dilaton gravity,” Phys. Rev. D 71, 103522 (2005) [arXiv:hep-th/0401037].

[29] S. P. Patil and R. H. Brandenberger, “The cosmology of massless string modes,” JCAP 0601, 005 (2006) [arXiv:hep-th/0502069].

[30] R. Brandenberger, Y. K. Cheung and S. Watson, “Moduli stabilization with string gases and fluxes,” JHEP 0605, 025 (2006) [arXiv:hep-th/0501032].

[31] R. J. Danos, A. R. Frey and R. H. Brandenberger, “Stabilizing moduli with thermal matter and nonperturbative effects,” Phys. Rev. D 77, 126009 (2008) [arXiv:0802.1557 [hep-th]].

[32] S. Mishra, W. Xue, R. Brandenberger and U. Yajnik, “Supersymmetry Breaking and Dilaton Stabilization in String Gas Cosmology,” arXiv:1103.1389 [hep-th].

[33] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, “Theory of cosmological perturbations.

Part 1. Classical perturbations. Part 2. Quantum theory of perturbations. Part 3. Extensions,” Phys. Rept. 215, 203 (1992).

[34] R. H. Brandenberger, “Lectures on the theory of cosmological perturbations,” Lect. Notes Phys.

646, 127 (2004) [arXiv:hep-th/0306071].

[35] P. Martineau, “On the decoherence of primordial fluctuations during inflation,” Class. Quant.

Grav. 24, 5817 (2007) [arXiv:astro-ph/0601134].

[36] C. Kiefer, I. Lohmar, D. Polarski and A. A. Starobinsky, “Pointer states for primordial fluctuations in inflationary cosmology,” Class. Quant. Grav. 24, 1699 (2007) [arXiv:astro-ph/0610700].

[37] R. H. Brandenberger et al., “More on the spectrum of perturbations in string gas cosmology,” JCAP 0611, 009 (2006) [arXiv:hep-th/0608186].

[38] N. Kaloper, L. Kofman, A. Linde and V. Mukhanov, “On the new string theory inspired mechanism of generation of cosmological perturbations,” JCAP 0610, 006 (2006) [arXiv:hep-th/0608200].

[39] N. Deo, S. Jain, O. Narayan and C. I. Tan, “The Effect of topology on the thermodynamic limit for a string gas,” Phys. Rev. D 45, 3641 (1992).

[40] A. Nayeri, “Inflation free, stringy generation of scale-invariant cosmological fluctuations in D = 3 + 1 dimensions,” arXiv:hep-th/0607073.

[41] L. P. Grishchuk, “Amplification Of Gravitational Waves In An Istropic Universe,” Sov. Phys.

JETP 40, 409 (1975) [Zh. Eksp. Teor. Fiz. 67, 825 (1974)].

String Gas Cosmology: Progress and Problems 17

[42] B. Chen, Y. Wang, W. Xue and R. Brandenberger, “String Gas Cosmology and Non-Gaussianities,” arXiv:0712.2477 [hep-th].

[43] E. Witten, “Cosmic Superstrings,” Phys. Lett. B 153, 243 (1985).

[44] N. Kaiser and A. Stebbins, “Microwave Anisotropy Due To Cosmic Strings,” Nature 310, 391 (1984).

[45] S. Amsel, J. Berger and R. H. Brandenberger, “Detecting Cosmic Strings in the CMB with the Canny Algorithm,” JCAP 0804, 015 (2008) [arXiv:0709.0982 [astro-ph]]; A. Stewart and R. Brandenberger, “Edge Detection, Cosmic Strings and the South Pole Telescope,” JCAP 0902, 009 (2009) [arXiv:0809.0865 [astro-ph]];

R. J. Danos and R. H. Brandenberger, “Canny Algorithm, Cosmic Strings and the Cosmic Microwave Background,” Int. J. Mod. Phys. D 19, 183 (2010) [arXiv:0811.2004 [astro-ph]].

[46] N. Kaloper and S. Watson, “Geometric Precipices in String Cosmology,” Phys. Rev. D 77, 066002 (2008) [arXiv:0712.1820 [hep-th]].

[47] R. H. Brandenberger, A. R. Frey and S. Kanno, “Towards A Nonsingular Tachyonic Big Crunch,” Phys. Rev. D 76, 063502 (2007) [arXiv:0705.3265 [hep-th]].

[48] S. Arapoglu, A. Karakci and A. Kaya, “S-duality in string gas cosmology,” Phys. Lett. B 645, 255 (2007) [arXiv:hep-th/0611193].

[49] T. Biswas, R. Brandenberger, A. Mazumdar and W. Siegel, “Non-perturbative gravity, Hagedorn bounce and CMB,” JCAP 0712, 011 (2007) [arXiv:hep-th/0610274].