arXiv:1105.3509v2 [astro-ph.CO] 19 May 2011

Suppression of the Low-ℓ Multipoles of the CMB Anisotropy Spectrum as the Dark Energy Effect on Inflation

Zhe Chang^{1,2∗}, Ming-Hua Li^{1,2†}, Sai Wang^{1,2‡}, and Xin Li^{1,2§} 1Institute of High Energy Physics, Chinese Academy of Sciences, 100049 Beijing, China 2Theoretical Physics Center for Science Facilities, Chinese Academy of Sciences, 100049 Beijing, China

Confirmed by the WMAP 7-year results, the quadrupole C_ℓ(ℓ = 2) moment of the angular power spectrum of the Cosmic Microwave Background(CMB) temperature fluctuations has an anomalously low amplitude compared to the prediction of the standard inflationary scenario and the Λ-CDM model. In this paper, we try to take into account the effect of a cosmological-constant type dark energy during the inflation period in the early universe. This is accommodated by a new dispersion relation in a four dimensional de Sitter space, i.e. ω^2 = k^2 + ε^{∗2}_γ . A modified inflation model of a minimally-coupled scalar field is proposed as a possible dark-energy explanation of the low-ℓ multipole suppression of the CMB spectrum. For ε^{∗2}_γ ∼ 10^{−5}(GeV^2), a smaller theoretical value of C_ℓ(ℓ = 2) is obtained.

PACS numbers: 98.80.-k, 95.36.+x, 02.40.-k

I. INTRODUCTION

The anisotropy of the Cosmic Microwave Background(CMB) radiation, which was first discovered by the NASA Cosmic Background Explorer(COBE) satellite in the early 1990s, has been confirmed by subsequent balloon experiments and more recently by the Wilkinson Microwave Anisotropy Probe(WMAP)’s 7-year results [1][2]. The temperature fluctuations of the CMB are believed by most cosmologists to be generated as quantum fluctuations of a weakly self-coupled scalar matter field ϕ , which later leads to the exponential inflation of the early universe [3]-[9]. The anisotropic and inhomogeneous fluctuations δϕ(x, t) of this scalar field result in the perturbations of the comoving curvature R. During inflation, the wavelengths λ of these perturbations are then stretched exponentially out of the horizon H. As time goes by, the horizon of the universe grows. At some time after inflation, these once “frozen” perturbations finally reenter the horizon and causal region. For the rest of the time, they evolve according to the Poisson equation and the Boltzmann equation, giving rise to the matter and temperature perturbations we observe today.

The WMAP 7-year results provide a strong confirmation of the inflationary paradigm. With the Λ-CDM model and the basic set of cosmological parameters [10][11], one can now give quite a good global description of the universe, with an accuracy down to 10% level. However, there are still a number of anomalies in the WMAP 7-year data. The most longstanding one is the low-ℓ multipole controversy [12][13]. It is also confirmed by the earlier COBE Differential Microwave Radiometer(DMR) observations [14] that the power of the low-ℓ multipole moments of the CMB spectrum is lower when compared to that predicted by the standard Λ-CDM model. This is indicated as small observed values of C_ℓ for low ℓ.

One can interpret this as the result of the cosmic variance , which is quantitatively described as ( ΔC_ℓ C_ℓ ) cosmic variance = √ 2 2ℓ + 1

, (1)

or more astoundingly declare that, as suggested by H. Liu and T.-P. Li [15][16], the CMB quadrupole released by the WMAP team is almost completely artificial and the real quadrupole of the CMB anisotropy should be near zero. But considering its great success in describing most of the features of the anisotropy power spectrum and our universe, it would be too early to repudiate the standard cosmological model totally. It is tempting to investigate the possible mechanisms that would end in loss of power for the low-ℓ multipoles of the CMB spectrum. Lots of work have been done in this research field in the last decade. To name a few, a hybrid new inflation model was considered

∗ E-mail: changz@ihep.ac.cn † E-mail: limh@ihep.ac.cn ‡ E-mail: wangsai@ihep.ac.cn § E-mail: lixin@ihep.ac.cn

by M. Kawasaki [17] in trying to explain the suppressed lower multipoles in the CMB spectrum. Another idea is considering a double inflation model [18]. C. Contaldi et al. [19] once proposed the existence of a period of fast rolling of the inflaton field ϕ before the last stage of inflation. An instantaneous transition between the kinetic dominated regime, which is characterized by a scale factor a ≃ √ 1 + 2Hτ (τ ≤ 0) (here τ is the comoving time), and the usual de Sitter expansion (H is a contant) for which a ≃ 1/(1 − Hτ) (τ ≥ 0) would eventually lead to a suppression of the low-ℓ multipoles. A parallel result is later obtained by Y.-S. Piao [20], but with a string-theory interpretation. Similar behaviors of the inflaton field can also be obtained by fine-tuning the shape of its potential [21]-[27]. On the other hand, D. Rodrigues [28] came up with an elliptical universe proposal, analyzing a nondynamical anisotropic form of dark energy which is generated by the usual cosmological constant Λ in combination with a certain parameter B trying to solve the quadrupole anomaly. It was later pointed out by J. Liu, Y.-F. Cai, X.-M. Zhang and H. Li et al. [29] [30] that a bouncing model of early universe is also capable of generating a similar result.

Besides the lower-than-expected low-ℓ multipoles, there is still another problem concealed in most of the inflation models. Since the inflation period lasts for too long to generate a 60 to 65 e-foldings expansion of the scale factor in order to solve the flatness and horizon problem of the universe, the wavelengths corresponding to the large-scale structure at present must be once smaller than the Planck length ℓ_P , for which these theories break down. This problem is analogous to the trans-Planckian problem for black hole physics. The calculations of Hawking radiation would become irrational if one follows the modes infinitely to the past. To address this issue, two major approaches are proposed by the black hole physicists. One is to apply the stringy space-time uncertainty relation [31] on the fluctuation modes to pose a modification of the boundary condition [32]. The other is to mimic the quantum gravity effects by replacing the linear dispersion relation ω^2 = k^2 (for photons) by a non-standard one that derived from a quantum gravity theory [33]. Unruh [34] and Corley and Jacobson [35] have shown that the calculations of the thermal Hawking radiation spectrum of a black hole are actually insensitive to the physics in the ultraviolet limit, for which k ≪ k_0. k_0 is a wave number characterizing the scale of the new physics.

Some cosmologists believe that our universe in its early history can actually be approximated by a de Sitter one. The connection between a de Sitter space and the early universe lies on one or more of the hottest issues in modern cosmology—the cosmological constant and dark energy [36]. The cosmological constant Λ was first introduced by A. Einstein in 1917 to ensure a static large-scale structure of the universe. It was later dismissed by himself as “the biggest blunder he ever made in his life” in consideration of E. Hubble’s discovery in 1929 that all stars and galaxies are receding from us—the universe is not static but expanding. However, in the arena of astromomy, the cosmological constant was never abandoned by the astronomer and the astrophysicist, for a positive Λ would give a reasonable not-too-small age of the universe despite of the overestimated value of the Hubble parameter H_0 at that time [37]. The cosmological constant Λ, taken as one form of dark energy, gives rise to the prestigious cosmological “concordance model” (also known as the Λ-CDM model, or the standard cosmological model). It gives quite a good global description of the current observations in many aspects, such as an accelerating universe illustrated by the type Ia supernova data, certain element abundances after nucleosynthesis, et al. But the physical implications of a Λ-type dark energy during the inflation period is rarely discussed. On the other hand, a de Sitter universe is a cosmological solution to Einstein’s field equations of general relativity with a positive cosmological constant Λ. It models our universe as a spatially flat one and neglects ordinary matter. The dynamics of the universe are dominated by the cosmological constant Λ, which is thought to correspond to dark energy in our universe. All these give a physically befitting description of the universe at about a time t = 10^{−33} seconds after the fiducial Big Bang.

In this paper, we try to take into account the effect of a cosmological-constant type dark energy during the inflation period in the early universe. The possible effect of such a form of dark energy is accommodated by a new dispersion relation—a dispersion relation in de Sitter space. It stems from the kinematics of free particles in a four dimensional de Sitter space. A modified inflation model of a minimally-coupled scalar field is proposed as a dark-energy explanation of the low-ℓ multipole suppression of the CMB spectrum.

The rest of the paper is organized as follows. In Section II, a remarkable dispersion relation in a four dimensional de Sitter space is introduced to investigate possible effects of the Λ-type dark energy on the single-scalar-field inflation model. In Section III, we calculate the corresponding primordial spectrum of our model. An infrared-tilted primordial spectrum is obtained. In Section IV, we fit the result of such a spectrum to the WMAP 7-year data, in an attempt to attain a low-ℓ multipole suppression in the CMB spectrum. Conclusions and discussions are presented in Section V. The relation between our model and the Doubly Special Relativity(DSR) is discussed in this section. A detailed and pedagogical derivation of certain formulae in the article can be found in the Appendixes.

II. DISPERSION RELATION IN DE SITTER SPACE

De Sitter space, first discovered by Willem de Sitter in the 1920s, is a maximally symmetric space in mathematics. It is a space with constant positive curvature. In the language of general relativity, de Sitter space is the maximally symmetric, vacuum solution of Einstein’s field equations with a positive (or physically repulsive) cosmological constant Λ. It corresponds to a positive vacuum energy density with negative pressure of our universe, i.e. one form of dark energy.

A four dimensional de Sitter space (three space dimensions plus one time dimension) describes a cosmological model for the physical universe. It can be realized as a four-dimensional pseudo-sphere imbedded in a five dimensional Minkowski flat space with coordinates ξ_μ (μ = 0, 1, 2, 3, 4), to wit [38][39]

−ξ^2_0 + ξ^2_1 + ξ^2 + ξ^2_3 + ξ^2_4 = 1 K = R^2 ,

ds^2 = −dξ^2_0 + dξ^2_1 + dξ^2 + dξ^2_3 + dξ^2_4 , (2)

where K and R respectively denotes the Riemannian curvature and radius of the de Sitter spacetime. For mathematical reasons, we adopt the Beltrami coordinates given by x_μ ≡ R ξ_μ ξ_4

, μ = 0, 1, 2, 3, and ξ_4 ≠ 0 . (3)

In the Beltrami de Sitter(BdS) space, the line element in (2) can now be rewritten as σ ≡ σ(x, x) = 1 − Kη_{μν} x^μx^ν (> 0) , ds^2 = ( η^{μν} σ + Kη^{μα}η^{νβ} x_αx_β σ^2 ) dx_μdx_ν , μ, ν = 0, 1, 2, 3 , (4)

where η_{μν} = diag(−1, +1, +1, +1) is the Minkowski metric.

The five dimensional angular momentum M_{μν} of a free particle with mass m_0 is defined as M_{μν} ≡ m_0 ( ξ_μ dξ_ν ds − ξ_ν dξ_μ ds ) , μ = 0, 1, 2, 3, 4 , (5)

where s is the affine parameter along the geodesic. In the de Sitter spacetime, there is no translation invariance so that one can not introduce a momentum vector. However, it should be noticed that, at least somehow, we may define a counterpart of the four dimensional momentum P_μ of a free particle in the de Sitter spacetime:

P_μ ≡ R^{−1}M_{4μ} = m_0σ^{−1} dx_μ ds , μ, ν = 0, 1, 2, 3 . (6)

For the rest of the article, the Greek indices (i.e. μ, ν, α, β, etc.), if not specifically pointed out, run from 0 to 3. The Latin indices (i.e. i, j, k, etc.) run from 1 to 3.

In the same manner, the counterparts of the four dimensional angular momentum J_{μν} can be assigned as

J_{μν} ≡ M_{μν} = x_μP_ν − x_ν P_μ = m_0σ^{−1} ( x_μ dx_ν ds − x_ν dx_μ ds ) . (7)

Under the de Sitter transformations for a free particle, an invariant (which turns out to be just m^2_0) can be constructed in terms of the angular momentum M^{μν} as

m^2_0 = λ 2 M_{μν} M^{μν} = E^2 − P^2 + K 2 J_{ij} J^{ij} , E = P_0 , P = (P_1, P_2, P_3) . (8)

To discuss the quantum kinematics of a free particle, it is natural to realize the five dimensional angular momentum M_{μν} as the infinitesimal generators M̂_{μν} of the de Sitter group SO(1, 4), to wit M̂_{μν} ≡ −i ( ξ_μ ∂ ∂ξ^ν − ξ_ν ∂ ∂ξ^μ ) , μ, ν = 0, 1, 2, 3 . (9)

Since ξ_0(≡ σ(x, x)^{−1/2}x_0) is invariant under the spatial transformations of x_α acted by the subgroup SO(4) of SO(4, 1), two space-like events are considered to be simultaneous if they satisfy

σ(x, x)^{− 12} x^0 = ξ^0 = constant . (10)

Therefore, it is convenient to discuss physics of the de Sitter spacetime in the coordinate (ξ^0, x^α). With the de Sitter invariant (or the Casimir operator) in the relation (8), one can write down the equation of motion of a free scalar particle with mass m_0 in de Sitter space as ( K 2 M̂_{μν}M̂^{μν} − m^2_0 ) ϕ(ξ_0, x_α) = 0 , (11)

where the ϕ(ξ_0, x_α) denotes the scalar field.

A laborious but straight forward process of solving the equation (11) can be found in [38], from which one obtains the dispersion relation for a free scalar particle in the de Sitter space:

E^2 = m^2_0 + ε^{′2} + K(2n + l)(2n + l + 2) , (12)

where n and l refer to the radial and the angular quantum number respectively. For massless particles such as photons, the above dispersion relation becomes

ω^2 = k^2 + ε^{∗2}_γ , ε^∗_γ ≡ √ K(2n_γ + l_γ )(2n_γ + l_γ + 2) ,

(13)

where n_γ and l_γ respectively denotes the radial and the angular quantum number. w and k are in turn the frequency and the wavenumber.

III. PRIMORDIAL SPECTRUM WITH A CUTOFF

Given the dispersion relation (13), we are now in the position to calculate the primordial power spectrum P_{δϕ}(k), from which later the anisotropy spectrum of the CMB is obtained.

Let us denote the inhomogeneous perturbation to the inflaton field by δϕ(x, t). In the Fourier representation, the evolution equation of the primordial perturbation δσ_k, which is defined as δσ_k ≡ aδϕ_k, reads

δσ^{′′}_k + ( k^2_{eff} − 2 τ^2 ) δσ_k = 0 , k^2_{eff} ≡ k^2 + ε^{∗2}_γ . (14)

A detailed derivation of the equation (14) can be found in the Appendix A.

The equation (46) has an exact particular solution:

δσ_k = e^{−ikeff τ} √ 2k_{eff} ( 1 + i k_{eff}τ )

= e^{−i} √_{k2 +ε∗2γ τ} √ 2 ( k^2 + ε^{∗2}_γ )_{1/4} 1 + i √ k^2 + ε^{∗2}_γ τ . (15)

For the redefinition δϕ_k ≡ δσ_k/a , one has

|δϕ_k| = | | | | | 1 a · e^{−i} √_{k2 +ε∗2γ τ} √ 2 ( k^2 + ε^{∗2}_γ )_{1/4} 1 + i √ k^2 + ε^{∗2}_γ τ | | | | | = 1 √ 2a ( k^2 + ε^{∗2}_γ )_{1/4} 1 + 1 √ k^2 + ε^{∗2}_γ τ^2

. (16)

The power spectrum of δϕ_k, which is denoted by P_{δϕ}(k), is defined as [40]

⟨0|δϕ^∗_{k1} δϕ_{k2} |0⟩ ≡ δ^{(3)} (k_1 − k_2)

2π^2 k^3

P_{δϕ}(k) . (17)

For k_1 = k_2 = k, one has P_{δϕ}(k) ≡ k^3 2π^2

|δϕ_k|^2 . (18)

Given the results (16) and a = −1/Hτ (see the equation (43) in the Appendix A), one obtains the primordial power spectrum of the perturbation δϕ(x, t),

P_{δϕ}(k) = k^3 2π^2 · 1 2a^2 √ k^2 + ε^{∗2}_γ

1 + 1 √ k^2 + ε^{∗2}_γ τ^2 = H^2 4π^2 · k^3 ( k^2 + ε^{∗2}_γ

)_{3/2} +

H^2 4π^2 · k √ k^2 + ε^{∗2}_γ

· k^2τ^2 . (19)

According to the super-horizon criterion (47) (see the Appendix B), the wavelength λ of the primordial perturbation is beyond the horizon if − kτ = k aH ≪ 1 . (20)

Therefore, given the super-horizon condition (20), the second term at the right hand side of the expression (19) becomes sufficiently small when compared to the first term and can be neglected. The power spectrum is then given approximately as P_{δϕ}(k) ≃ H^2 4π^2 · k^3 ( k^2 + ε^{∗2}_γ

)_{3/2} . (21)

For k ≫ ε^∗_γ , one recovers the usual scale invariant primordial power spectrum of the perturbation: P_{δϕ}(k) = H^2 4π^2

∼ k^0 . (22)

For k ≪ ε^∗_γ , one obtains approximately P_{δϕ}(k) = H^2 4π^2 · k^3 ε^{∗3}_γ ∼ k^3 , (23)

which will provide a significant infrared cutoff to the angular power spectrum of the CMB. The asymptotic behavior of the primordial spectrum (21) at large scales is shown in the Fig.1.

It should be noted that this infrared behavior of the super-horizon solution does not hinge on the particular solution of the equation (14), but is intimately related to the impact of a Λ-type dark energy on inflation and the dispersion relation (13) in section II. It can be demonstrated as below. For sub-horizon condition −k_{eff}τ ≫ 1, i.e. k^2_{eff} ≫ 1/τ^2, the equation (14) reduces to

δσ^{′′}_k + k^2_{eff}δσ_k = 0 , (24)

which has a plane-wave solution

δσ_k = e^{−ikeff τ} √ 2k_{eff}

(k_{eff} ≫ aH) . (25)

On super-horizon scales −k_{eff}τ ≪ 1, i.e. k^2_{eff} ≪ 1/τ^2, the equation (14) reduces to δσ^{′′}_k − 2 τ^2 δσ_k = 0 , (26)

FIG. 1: The non-dimensional primordial power spectrum P_{δϕ}(k). It experiences a cutoff in the infrared region, which corresponds to small k (k ≪ ε^∗_γ ) or large λ. It is also shown in the bottom panel of Fig.2.

which is satisfied by

δσ_k = C(k_{eff}) a (k_{eff} ≪ aH) . (27)

The constant C(k_{eff}) in the solution (27) can be determined by matching the solution (25) and (27) at k_{eff} = aH (i.e. −k_{eff}τ = 1), which gives

|C(k_{eff})| = 1 a √ 2k_{eff} = H √ 2k^3_{eff}

. (28)

Going back to the original variable δϕ_k, we have the super-horizon solution as |δϕ_k| = 1 a √ 2k_{eff} = H √ 2k^3_{eff}

(k_{eff} ≪ aH) . (29)

The corresponding P_{δϕ}(k) is given by

P_{δϕ}(k) ≡ k^3 2π^2 · | | | | | H √ 2 ( k^2 + ε^{∗2}_γ )_{3/2} | | | | | 2 = H^2 4π^2 · k^3 ( k^2 + ε^{∗2}_γ

)_{3/2} , (30)

which is nothing else but the identity (21). Thus one can see that the asymptotic behavior of the super-horizon solution depends not on the particular solution of the equation (14) but on the effect of a Λ-type dark energy on inflation and the dispersion relation (13) in section II.

IV. AN INFRARED-TILTED-DOWN CMB SPECTRUM

As mentioned in the introduction, small quantum fluctuations of the inflaton field are intimately related to the perturbations of the curvature R, which are stretched exponentially outside the horizon during inflation and stay “frozen”. When they reenter the horizon at some radiation or matter-dominated epoch, they give rise to the primordial density perturbations of the radiation and the matter components of our universe. In the standard Λ-CDM cosmological model, there are density perturbations of four major components^1, i.e. that of the baryonic matter δ_b, the cold dark matter δ_{cdm}, the photons δ_γ , and the neutrinos δ_ν . The evolution of the matter density perturbations δ_b and δ_{cdm} are governed by the flow conservation equations (which can be obtained from the perturbed part of energymomentum conservation equations T^{μν}_{;ν} = 0, where T^{μν} is the stress energy-momentum tensor of a perfect fluid and the semicolon denotes the covariant differentiation), while the evolution of the radiation density perturbations δ_γ and δ_ν are subject to the coupled Boltzmann equations [42]. After that, the primordial matter perturbations will start growing, later giving rise to the structures of our current universe. The primordial perturbation of photons at the surface of last scattering is the one that responsible for the anisotropic power spectrum of the CMB radiation we observe today.

The power spectrum of the comoving curvature perturbation R is usually denoted by P_R(k), which is given as (see the Appendix C)

P_R(k) =

H^2 ϕ̇2 P^{δϕ}(k) ≡ A^{2s} ( k aH )_{ns−1} , (31)

where A_s is the normalized amplitude and n_s is the scalar spectral index. In the slow roll inflation model, n_s − 1 = 2η−6ϵ. The anisotropy spectrum of the CMB, indicated by the coefficient C_ℓ , is obtained by a line-of-sight integration over the spectrum P_R(k) with Δ_ℓ(k, τ), which is the solution of the collisionsless Boltzmann equation for the CMB photons, to wit [42][43]

C_ℓ = 4π ∫ d^3k P_R(k)|Δ_ℓ(k, τ)|^2 . (32)

The solution Δ_ℓ(k, τ) is obtained by numerically solving the coupled Boltzmann equations of the CMB photons under the adiabatic initial conditions^2 [44].

We use a modified version of the publicly available Code for Anisotropies in the Microwave Background(CAMB) [46] to compute the CMB temperature-temperature(TT) spectra with various ε^{∗2}_γ in the infrared-tilted primordial spectrum (21). The numerical results are shown in Fig.2 and Fig.3. The black solid curve in Fig.2 indicates the standard scale-invariant primordial spectrum model with the same cosmological parameters as those obtained from the best-fit to the WMAP 7-year data. The colored curves represent the theoretical predictions of our model. The cosmic variance contributions to the errors in both models of inflation, the standard one and ours, are shown respectively by the blue and red dash-dotted upper and lower contours in the two panels of Fig.3. For a simple numerical analysis, we arbitrarily choose the value of ε^{∗2}_γ to be 2 × 10^{−6}, 3 × 10^{−5}, and 2.3 × 10^{−4} (in unit of GeV^2). The corresponding χ^2 are respectively 1530.83063, 1534.18154, and 1560.87900, while the standard inflation model gives χ^2 = 1380.16810 (in both cases for 1200 data points). From Fig.2, we see that the lower CMB quadrupole is related to the value of ε^{∗2}_γ . It implies that in some sense the lower CMB quadrupole encodes the information of the geometric properties of the de Sitter space. A zero ε^{∗2}_γ will land us back at the standard scale-invariant spectrum model.

In order to obtain a more definite result, more data such as COBE [47], BOOMERANG [48], MAXIMA [49], DASI [50], VSA [51] and CBI [52][53] are needed for further numerical studies. Careful Monte Carlo simulations or a full Bayesian analysis is also necessary for drawing a more confirmatively quantitative conclusion [54]. But these are out of our current research area. For now, a simple numerical-recipe-level analysis may be enough for taking a look at possible qualitative features of the solution (21).

V. CONCLUSIONS AND DISCUSSIONS

In this paper, we studied the possible effects of a cosmological-constant type dark energy on the standard inflationary paradigm of modern cosmology. This is accommodated by the new dispersion relation (13). We find that such a dispersion relation, which stems from the kinematics of free particles in a four dimensional de Sitter space, will result in a significant infrared down-tilt in the angular power spectrum of the CMB. This outcome, to a large extent, leans on the asymptotic behavior of the corresponding primordial power spectrum as P_{δϕ}(k) ∼ k^3 on large scales. The

1 The density perturbations of the baryonic matter δ_b, the cold dark matter δ_{cdm}, the photons δ_γ , and the neutrinos δ_ν are often denoted in turn by Δ_b, Δ_{cdm}, Δ_γ , and Δ_ν in the references, such as [41].

2 For other initial conditions such as isocurvature conditions, you can refer to [44] and [45].

FIG. 2: The CMB angular power spectrum C_ℓ vs. ℓ with the primordial power spectrum P_{δϕ}(k) vs. k/(aH) . Black dots with error bars represent (part of) the TT data of the WMAP 7-year results. The black solid curve in the top panel is the theoretical prediction of the standard Λ-CDM model with the usual scale-invariant primordial power spectrum P_{δϕ}(k) = H^2/4π^2 (i.e. the spectral index ns = 1), and with the cosmological parameters fixed at h = 0.73, Ω_bh^2 = 0.0226, Ω_{cdm}h^2 = 0.112, ΩΛ = 0.728, τ = 0.087. The colored dashed curves are obtained with the same model, but with the infrared-cutoff primordial power spectrum (21). From up to down each of them sequently corresponds to the theoretical result with ε^{∗2}_γ = 2 × 10^{−6} (blue), 3 × 10^{−5}(red), and 2.3 × 10^{−4}(green) in unit of GeV^2. The asymptotic behavior of the primordial spectrum P_{δϕ}(k) at large scales is shown in the bottom panel.

ultraviolet behavior of the primordial spectrum in our model differs little from the usual scale-invariant one, which ensures a good agreement with the WMAP 7-year observations. As stated at the end of Section IV, a more careful and comprehensive numerical analysis should be carried out before announcing that the problem of the low CMB quadrupole is solved completely. In this paper we just provided a possible kinematic mechanism that will generate sufficient corrections to the low-ℓ multipoles of the CMB power spectrum.

One may find that the fact that such a dispersion relation, the form of which is as simple as (13), being able to provide a significant suppression of the low-ℓ multipole amplitude (not all ℓ multipoles but only the low-ℓ ones), is a little bit surprising. In the past decade, a general class of modified dispersion relations derived from various quantum gravity theories are introduced to compute the primordial power spectrum of the inflation model based on a single

FIG. 3: The CMB angular power spectrum C_ℓ vs. ℓ . Black dots with error bars in the two panels represent (part of) the TT data of the WMAP-7 results. The contributions of the cosmic variance to the errors in the two models, the standard one and ours, are shown by the dashed-dotted upper and lower contours in both panels. In the top panel, the black solid curve is the theoretical prediction of the standard Λ-CDM model with the usual scale-invariant primordial power spectrum P_{δϕ}(k) = H^2/4π^2 (i.e. the spectral index ns = 1), and with the cosmological parameters fixed at h = 0.73, Ω_bh^2 = 0.0226, Ω_{cdm}h^2 = 0.112, ΩΛ = 0.728, τ = 0.087. In the bottom panel, the red solid curve is obtained with the same cosmological model, but with the infrared-cutoff primordial power spectrum (21) when ε^{∗2}_γ = 3 × 10^{−5} (in unit of GeV^2).

scalar field. Some of them are nonlinear of the wavenumber k; others are complex [33]. Other than the above quantum gravity approaches, a primordial power spectrum of the form

P_{δϕ}(k) = A^2_s ( 1 − exp^{−(k/kc )α} ) k^{ns−1} (33)

will solve the problem, where k_c is the wavenumber that indicates the cut-off scale and n_s is the spectral index. The constant α is chosen to be α = 3.35 [33][55]. However, despite of its perfect-almost data-compatibility, the possible physical mechanism of generating such a primordial spectrum remains unclear.

Before triumphing on the success in accounting for the low CMB quadrupole, it is prudent for us to take a more careful look at the physics underlying the result ε^{∗2}_γ ∼ 10^{−5} GeV^2. For ε^{∗2}_γ ≡ K(2n_γ + l_γ )(2n_γ + l_γ + 2), we approximately have K ∼ 10^{−4} GeV^2. And from the identity (2), R = 1/ √ K ∼ 10^2 GeV^{−1} ∼ 10^{−14} m (for the natural units, 1 m = 5.0677 × 10^{15} GeV^{−1}). This result means that the radius of the early de Sitter universe on which a Λ-type dark energy begins to have an impact is about 10^{−14} m. That is approximately the diameter of a proton, well for considering quantum effects of gravity in terms of a modified dispersion relation. Thus our model, in the same manner as many other quantum gravity theories, provided a possible solution to the low-C_ℓ(ℓ = 2) problem in the CMB spectrum.

Last, a close relation between de Sitter space and Doubly Special Relativity(DSR) should be noticed. DSR, first proposed by Amelino-Camelia around the start of this millenium [56], is one of the possible explanations of the GZK feature in the energy spectrum of the ultra-high energy cosmic rays without invoking Lorentz symmetry violation. It is based on two fundamental assumptions:

• The principle of relativity still holds, i.e., all the inertial observers are equivalent;

• There exists two observer-independent scales: one is of dimension of velocity, which is identified with the speed of light c; the other is of dimension of length κ (or mass κ^{−1}), which is identified with the Planck length (or mass).

The energy-momentum space of DSR is found to be a four dimensional maximally symmetric one. In differential geometry, such a manifold must be locally diffeomorphic to one of the three kind of spaces of constant curvature: de Sitter, Minkowski, and Anti-de Sitter, of which the sign of curvature K is respectively +, 0, and −. It was first pointed out by J. Kowalski-Glikman [57][58] and later reaffirmed by H.-Y. Guo [59] that DSR can be taken as a theory with its energy-momentum space being a four dimensional de Sitter space. Different formulations of DSR can be identified with taking different coordinate systems on this space. In our paper, the curvature radius R of the de Sitter space plays the role of the length scale κ in DSR and our research is formulated in the Beltrami coordinates.

However, more research, in the theoretical as well as the phenomenological aspects, needs to be done before claiming that the particle kinematics in DSR can be identified with that in a de Sitter space. Relevant researches are currently undertaken.

Appendixes

Appendix A. The Klein-Gordon Equation

The action of the scalar inflaton field ϕ is (see the identity (48) in [40]) S = ∫ d^4x √ −g L = ∫ d^4x √ −g [ 1 2 g^{μν} ∂_μϕ∂_ν ϕ + V (ϕ) ] , (34)

where √ −g = a^3 for the Friedmann-Lemaître-Robertson-Walker(FLRW) metric g_{μν} = diag(−1, a^2, a^2, a^2). Ignoring the effect of the metric perturbation, i.e. δ √ −g = 0, the principle of least action yields

0 = δS = ∫ d^4x √ −g δL = ∫ d^4x √ −g ∂L ∂ϕ δϕ + ∫ d^4x √ −g ∂L ∂ (∂_μϕ) ∂_μδϕ = ∫ d^4x √ −g ∂L ∂ϕ δϕ + ∫ d^4x [ ∂_μ ( √ −g ∂L ∂ (∂_μϕ) δϕ ) − ∂_μ ( √ −g ∂L ∂ (∂_μϕ) ) δϕ ]

= ∫ d^4x √ −g ∂L ∂ϕ δϕ − ∫ d^4x∂_μ ( √ −g ∂L ∂ (∂_μϕ) ) δϕ = ∫ d^4x [ √ −g ∂L ∂ϕ − ∂_μ ( √ −g ∂L ∂ (∂_μϕ) )] δϕ . Since δϕ is arbitrary, there must be √ −g ∂L ∂ϕ − ∂_μ ( √ −g ∂L ∂ (∂_μϕ) ) = 0 , (35)

which, after some straightforward calculations, gives rise to

ϕ̈ + 3Hϕ̇ − ∇^2ϕ a^2

+ V^′(ϕ) = 0, (36) where V^′(ϕ) ≡ dV (ϕ)/dϕ . Let us consider an initial anisotropic and inhomogeneous perturbation δϕ(x, t) to ϕ , ϕ(x, t) ≡ ϕ_0(t) + δϕ(x, t) , (37) where ϕ_0(t) is the isotropic and homogeneous part of the inflaton field ϕ(x, t). Fourier decomposing the perturbation δϕ(x, t) as δϕ(x, t) = ∫ d^3k (2π)^{3/2} e^{ik·x} δϕ_k(t) ,

and applying the definition (37) to the equation (36), one obtains the evolution equation of δϕ_k(t) ,

δϕ̈_k + 3Hδϕ̇_k + [ V^{′′}(ϕ_0) + k^2 a^2 ] δϕ_k = 0 . (38)

Before launching ourselves into any further calculation, let us rewrite the equation (38) in terms of the conformal time τ, which is defined through the following relation with the proper time t, dτ = dt a . (39)

With the above relation, we have

δϕ̇_k(t) = δϕ^′_k(τ) a(τ) , δϕ̈_k(t) = δϕ^{′′}_k(τ) a^2(τ) − H δϕ^′_k(τ) a^2(τ) . Thus for a massless scalar field ϕ with a potential V (ϕ) =^1_2 m^2_ϕϕ^2, of which m^2_ϕ = ∂^2V (ϕ)/∂ϕ^2 = 0, the equation (38) now becomes δϕ^{′′}_k + 2Hδϕ^′_k + k^2δϕ_k = 0 , (40) where H ≡ a^′/a . A prime now indicates differentiation with respect to the conformal time τ. With the redefinition δϕ_k ≡ δσ_k a , (41)

the equation (40) becomes

δσ^{′′}_k + ( k^2 − a^{′′} a ) δσ_k = 0 . (42)

Further, the equation (42) can be rewritten by expressing^{a′′}_a in temrs of τ. For a pure de Sitter expansion period, during which a(t) ∼ e^{Ht}, and from the relation (39), one gets τ = ∫ e^{−Ht}dt ∼ − 1 He^{Ht} ∼ − 1 aH , which gives a(τ) = − 1 Hτ , τ < 0 . (43)

Using the expression H = ȧ a = a^′ a^2 to eliminate H in the result (43), one is left with

a^′ = a^2H = − a τ . So^{a′′}_a can be rewritten in terms of τ as a^{′′} a = 1 a d dτ ( − a τ )

= − a^′ a · 1 a + 1 τ^2 = 2 τ^2

. (44)

With the expression (44), the evolution equation of the primordial perturbation of the inflation ϕ, i.e. the equation (42), now becomes

δσ^{′′}_k + ( k^2 − 2 τ^2 ) δσ_k = 0 . (45)

Making the substitution k → k_{eff} in the equation (45), where k_{eff} (≡ √ k^2 + ε^{∗2}_γ ) is the effective wavenumber with respect to the dispersion relation (13), one obtains the modified evolution equation of the primordial perturbation of the inflation ϕ_k in terms of δσ_k as

δσ^{′′}_k + ( k^2_{eff} − 2 τ^2 ) δσ_k = 0 , k^2_{eff} ≡ k^2 + ε^{∗2}_γ . (46)

Appendix B. The Sub-Horizon and Super-Horizon Criterion

In a time dt, a photon travels a comoving distance dr = dt/a(t). The total comoving distance that a photon travels since the big bang until a later time t is (see the equation (2.41) in [60]) r = ∫_t 0 dt^′ a(t^′) . The corresponding physical distance, which is also called the particle horizon, is defined as

R_H(t) ≡ a(t) ∫_t 0 dt^′ a(t^′) = a(τ) ∫_τ τ_0 dτ^′ , where a(t) is the scale factor of the universe at time t. For a(t) ∝ t^n (n < 1), one gets

R_H(t) = t 1 − n = n H^{−1} (1 − n) ∼ H^{−1} . A physical length scale λ is within the horizon if λ < R_H(t) ∼ H^{−1}.

Identifying the length scale with the wavenumber k of the primordial perturbation δϕ, i.e. λ = 2πa/k, one arrives at the following conclusions [40]: λ ≫ H^{−1} ⇒ k aH ≫ 1 =⇒ scale λ is within the horizon , (47) λ ≪ H^{−1} ⇒ k aH ≪ 1 =⇒ scale λ is outside the horizon . (48)

Appendix C. From P_{δϕ}(k) to the Comoving Curvature Perturbation PR(k)

Considering only the scalar degrees of freedom of perturbations to the FLRW metric, conventionally we have

g_{μν} = a^2(τ) ( −1 − 2A(x, t) 0 0 (1 − 2ψ(x, t)) δ_{ij} ) , (49)

where A(x, t) corresponds to the Newtonian potential and ψ(x, t) represents the perturbation to the spacial curvature. The gauge (49) is also called the conformal Newtonian gauge (or the longitudinal gauge) [42].

The comoving curvature perturbation R is defined as [40] R ≡ ψ + H δϕ ϕ^′ = ψ + H δϕ ϕ̇ , (50)

where ψ is the ψ(x, t) in the definition (49). By the above definition, R physically represents the spacial curvature of comoving hypersurfaces. This is illustrated by the fact that it reduces to ψ when the perturbation to the inflaton field is zero, i.e. R = ψ|_{δϕ=0} .

From the scalar-perturbed FLRW metric (49) and after some tedious but straightforward calculations, one obtains the 0-i component of perturbations to the Einstein tensor G_{μν} , which, to the approximation of first-orders of the perturbation A and ψ (which is of the same order as δϕ), reads

δG^0_i = −2 a^′ a ∂_iA − 2∂_iψ^′ . (51)

The indices are raised and lowered with g_{μν} and its inverse g^{μν} , which is defined through g^{μα}g_{αν} = δ^μ_ν as

g^{μν} = a^2(τ) ( −1 + 2A(x, t) 0

0 (1 + 2ψ(x, t)) δ_{ij} ) . The 0-i component of the energy-momentum tensor of the inflaton field, which is defined as T_{μν} = ∂_μϕ ∂_ν ϕ − g_{μν} ( 1 2 g^{αβ} ∂_αϕ ∂_β ϕ − V (ϕ) ) , (52) is δT^0_i = −ϕ^′∂_iδϕ . (53)

Substituting the equation (51) and (53) into the 0-i component of Einstein’s equations

δG^0_i = 8πGδT^0_i ,

one has − 2 a^′ a ∂_iψ − 2∂_iψ^′ = −8πGϕ^′∂_iδϕ , (54) Since the above equation is to the approximation of first-orders of δϕ, the ϕ^′ on the right hand side should be at zero-order, which (see the definition (37)) is isotropic and homogeneous, i.e. ∂_iϕ^′ = ∂_iϕ^′_0 = 0. Using A = ψ (see the section 7.11 on page 49 in [40]), the equation (54) can be rewritten as ∂_i ( −2 a^′ a ψ − 2ψ^′ ) = ∂_i (−8πGϕ^′δϕ) . Integrating the above equation with proper choice of integration constant yields − 2 a^′ a ψ − 2ψ^′ = −8πGϕ^′δϕ ψ^′ + Hψ = 4πGϕ^′δϕ , or equivalently, ψ̇ + Hψ = 4πGϕ̇δϕ . (55)

Using the result (see the Appendix D) 4πGϕ̇ = ϵ H^2 ϕ̇ , (56)

we have ψ̇ + Hψ = ϵH^2 δϕ ϕ̇ , (57)

where ϵ is one of the slow-roll parameters in the slow-roll inflation model. On super-horizon scales, the gravitational potential ψ is nearly constant (up to a mild logarithmic time dependence proportional to the slow-roll parameter ϵ), to wit ψ̇_k ≃ ϵψ_k [40]. ψ_k is the coefficient of the Fourier transform of ψ(x, t), i.e. ψ(x, t) = ∫ d^3k (2π)^{3/2} e^{ik·x} ψ_k(t) .

Fourier transforming the equation (57) and then substituting the result ψ̇_k ≃ ϵψ_k into the left hand side of it, one obtains

(ϵ + H) ψ_k = ϵH^2 δϕ_k ϕ̇_k ,

and for the slow-roll condition ϵ ≪ 1,

ψ_k = 1 1 +^ϵ_H · ϵH δϕ_k ϕ̇_k = ( 1 − ϵ H + O(ϵ^2) ) · ϵH δϕ_k ϕ̇_k = ϵH δϕ_k ϕ̇_k + O(ϵ^2) ,

that is ψ_k ≃ ϵH δϕ_k ϕ̇_k . (58)

Substituting the result (58) into the definition of R in (50), we have

R_k = ψ_k + H δϕ_k ϕ̇ = (1 + ϵ) H δϕ_k ϕ̇ ≃ H δϕ_k ϕ̇ . (59)

Thus by the definition (17), the power spectrum of the comoving curvature perturbation R_k is P_R(k) ≡ k^3 2π^2

|R_k|^2 =

H^2 ϕ̇2 · k^3 2π^2

|δϕ_k|^2 =

H^2 ϕ̇2 P^{δϕ}(k) . (60)

On super-horizon scales, P_R(k) is usually parameterized as [22]

P_R(k) ≡ A^2_s ( k aH )_{ns−1} , (61)

where A_s is the normalized amplitude and n_s is the scalar spectral index. For the slow-roll inflation model, n_s − 1 = 2η − 6ϵ, where ϵ and η are the slow-roll parameters (see the Appendix D).

Appendix D. The Slow-Roll Parameters ϵ and η

In quantum field theory, the energy-momentum tensor of a scalar field is given by [61] T_{μν} = ∂_μϕ∂_ν ϕ − g_{μν} ( 1 2 g^{αβ}∂_αϕ∂_β ϕ + V (ϕ) ) .

Given the FLRW metric g_{μν} = diag(−1, , a^2, a^2, a^2), one can easily get the corresponding energy density of the inflaton:

T_{00} = ρ_ϕ = ϕ̇2 2 + V (ϕ) +

(∇ϕ)^2 2a^2 . For the isotropic and homogeneous part of the inflaton field, ∇ϕ = ∇ϕ_0(t) = 0, one is left with

ρ_ϕ = ϕ̇2 2 + V (ϕ) . (62) The equation (36) now becomes ϕ̈ + 3Hϕ̇ + V^′(ϕ) = 0 . (63) Consider a scalar field that is slowly rolling down its potential, i.e. ϕ̇^2 ≪ V (ϕ). This slow-roll condition means that ϕ̇ as well as ϕ̈ is negligible in the calculation. Therefore the above two equations (62) and (63) has now approximately become ρ_ϕ ≃ V (ϕ) , (64) and V^′(ϕ) ≃ −3Hϕ̇ . (65) In the period of inflation, the total energy density of the universe is dominated by that of the inflaton field, i.e. ρ = ρ_ϕ. So the Friedmann equation takes a form as

H^2 ≡ ( ȧ a )_2 = 8πGρ 3 ≃ 8πGV (ϕ) 3 . (66)

Differentiating the equation (66) with respect to proper time t yields Ḣ = 4πG 3H V^′(ϕ)ϕ̇ . Using the result (65), one finally has Ḣ = −4πGϕ̇^2 . (67) The slow-roll parameters ϵ and η are usually defined as [40] ϵ ≡ − Ḣ H^2

, (68) η ≡ 1 8πG ( V^{′′} V ) . (69)

Using the equations (65) and (67), one eventually obtains ϵ = 4πG ϕ̇2 H^2

, (70) η = 1 3 V^{′′} H^2

. (71) The equation (70) is nothing else but the identity (56) in the Appendix C.

ACKNOWLEDGMENTS

This work was supported by the National Natural Science Fund of China under Grant No. 10525522 and No. 10875129.

[1] N. Jarosik et al., “Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Sky Maps, Systematic Errors, And Basic Results,” Astrophys. J. Suppl. 192, 14 (2011). (The WMAP 7-year data is publicly available on the website http://lambda.gsfc.nasa.gov/product/map/current/m products.cfm )

[2] E. Komatsu et al., “Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Cosmological Interpretation,” Astrophys. J. Suppl. 192, 18 (2011).

[3] A. A. Starobinsky, “Spectrum Of Relict Gravitational Radiation And The Early State Of The Universe,” JETP Lett. 30, 682 (1979) [Pisma Zh. Eksp. Teor. Fiz. 30, 719 (1979)]; A. A. Starobinsky, “A New Type Of Isotropic Cosmological Models Without Singularity,” Phys. Lett. B 91, 99 (1980).

[4] V. F. Mukhanov and G. V. Chibisov, “Quantum Fluctuation And ‘Nonsingular’ Universe,” JETP Lett. 33, 532 (1981) [Pisma Zh. Eksp. Teor. Fiz. 33, 549 (1981)].

[5] A. H. Guth, “The Inflationary Universe: A Possible Solution To The Horizon And Flatness Problems,” Phys. Rev. D 23, 347 (1981).

[6] A. D. Linde, “A New Inflationary Universe Scenario: A Possible Solution Of The Horizon, Flatness, Homogeneity, Isotropy And Primordial Monopole Problems,” Phys. Lett. B 108, 389 (1982); A. D. Linde, “Coleman-Weinberg Theory And A New Inflationary Universe Scenario,” Phys. Lett. B 114, 431 (1982); A. D. Linde, “Temperature Dependence Of Coupling Constants And The Phase Transition In The Coleman-Weinberg Theory,” Phys. Lett. B 116, 340 (1982); A. D. Linde, “Scalar Field Fluctuations In Expanding Universe And The New Inflationary Universe Scenario,” Phys. Lett. B 116, 335 (1982).

[7] A. Albrecht and P. J. Steinhardt, “Cosmology For Grand Unified Theories With Radiatively Induced Symmetry Breaking,” Phys. Rev. Lett. 48, 1220 (1982).

[8] S. W. Hawking, “The Development Of Irregularities In A Single Bubble Inflationary Universe,” Phys. Lett. B 115, 295 (1982); A. A. Starobinsky, “Dynamics Of Phase Transition In The New Inflationary Universe Scenario And Generation Of Perturbations,” Phys. Lett. B 117, 175 (1982); A. H. Guth and S. Y. Pi, “Fluctuations In The New Inflationary Universe,” Phys. Rev. Lett. 49, 1110 (1982); J. M. Bardeen, P. J. Steinhardt and M. S. Turner, “Spontaneous Creation Of Almost Scale - Free Density Perturbations In An Inflationary Universe,” Phys. Rev. D 28, 679 (1983).

[9] V. F. Mukhanov, “Gravitational Instability Of The Universe Filled With A Scalar Field,” JETP Lett. 41, 493 (1985) [Pisma Zh. Eksp. Teor. Fiz. 41, 402 (1985)]; V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, “Theory Of Cosmological Perturbations,” Phys. Rept. 215, 203 (1992); V. F. Mukhanov, Physical Foundations of Cosmology, Cambridge University Press, 2008.

[10] H. Kurki-Suonio, “Physics Of The Cosmic Microwave Background And The Planck Mission,” Proceedings of the 2010 CERN Summer School, Raseborg (Finland), submitted for publication in a CERN Yellow Report (2010) [arXiv:1012.5204v1].

[11] D. Larson et al., “Seven-year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Power Spectra And WMAP- Derived Parameters,” Astrophys. J. Suppl. 192, 16 (2011).

[12] J. M. Cline, P. Crotty and J. Lesgourgues, “Does The Small CMB Quadrupole Moment Suggest New Physics?,” J. Cosmol.

Astropart. P. 9, (2003).

[13] G. Efstathiou, “Is The Low CMB Quadrupole A Signature Of Spatial Curvature?,” Mon. Not. Roy. Astron. Soc. 343, L95 (2003) [arXiv:astro-ph/0303127].

[14] Y. P. Jing and L. Z. Fang, “An Infrared Cutoff Revealed By The Two Years Of COBE - DMR Observations Of Cosmic Temperature Fluctuations,” Phys. Rev. Lett. 73, 1882 (1994) [arXiv:astro-ph/9409072].

[15] H. Liu, S.-L. Xiong, and T.-P. Li, “The Origin Of The WMAP Quadrupole,” (2010) [arXiv:1003.1073v2]. [16] H. Liu and T.-P. Li, “Observational Scan Induced Artificial CMB Anisotropy,” Astrophys. J. (2011), to be published [arXiv:1003.1073v2].

[17] M. Kawasaki and F. Takahashi, “Inflation Model With Lower Multipoles Of The CMB Suppressed,” Phys. Lett. B 570, 151 (2003).

[18] B. Feng and X.-M. Zhang, “Double Inflation And The Low CMB Quadrupole,” Phys. Lett. B 570, 145 (2003). [19] C. R. Contaldi et al., “Suppressing The Lower Multipoles In The CMB Anisotropies,” J. Cosmol. Astropart. P. 9, (2003). [20] Y.-S. Piao, “Possible Explanation To A Low CMB Quadrupole,” Phys. Rev. D 71, 087301 (2005). [21] L. Kofman, G. R. Blumenthal, H. Hodges and J. R. Primack, “Generation Of Nonflat And Nongaussian Perturbations From Inflation,” ASP Conf. Ser. 15, 339 (1991).

[22] J. E. Lidsey, A. R. Liddle, E. W. Kolb, E. J. Copeland, T. Barreiro and M. Abney, “Reconstructing The Inflaton Potential– An overview,” Rev. Mod. Phys. 69, 373 (1997) [arXiv:astro-ph/9508078].

[23] H. M. Hodges and G. R. Blumenthal, “Arbitrariness Of Inflationary Fluctuation Spectra,” Phys. Rev. D 42, 3329 (1990). [24] N. Arkani-Hamed, S. Dimopoulos, G. Dvali and G. Gabadadze, “Non-Local Modification of Gravity And The Cosmological Constant Problem,” [arXiv:hep-th/0209227]; N. Arkani-Hamed, S. Dimopoulos, G. Dvali, G. Gabadadze, and A.D. Linde, “Self-Terminating Inflation,” in preparation.

[25] A. D. Linde, D. A. Linde and A. Mezhlumian, “Do We Live In The Center Of The World?,” Phys. Lett. B 345, 203 (1995) [arXiv:hep-th/9411111]. A. D. Linde, D. A. Linde and A. Mezhlumian, “Nonperturbative Amplifications Of Inhomogeneities In A Self-Reproducing Universe,” Phys. Rev. D 54, 2504 (1996) [arXiv:gr-qc/9601005].

[26] A. A. Starobinsky, “Spectrum Of Adiabatic Perturbations In The Universe When There Are Singularities In The Inflation Potential,” JETP Lett. 55, 489 (1992) [Pisma Zh. Eksp. Teor. Fiz. 55, 477 (1992)].

[27] H. M. Hodges, G. R. Blumenthal, L. A. Kofman and J. R. Primack, “Nonstandard Primordial Fluctuations From A Polynomial Inflaton Potential,” Nucl. Phys. B 335, 197 (1990).

[28] D. C. Rodrigues, “Anisotropic Cosmological Constant And The CMB Quadrupole Anomaly,” Phys. Rev. D 77, 023534 (2008).

[29] Y. F. Cai, T. T. Qiu, J. Q. Xia and X. Zhang, “A Model Of Inflationary Cosmology Without Singularity,” Phys. Rev. D 79, 021303 (2009) [arXiv:0808.0819].

[30] J. Liu, Y. F. Cai and H. Li, “Evidences For Bouncing Evolution Before Inflation In Cosmological Surveys,” [arXiv:1009.3372].

[31] R. H. Brandenberger and P. M. Ho, “Noncommutative Spacetime, Stringy Spacetime Uncertainty Principle, And Density Fluctuations,” Phys. Rev. D 66, 023517 (2002) [arXiv:hep-th/0203119].

[32] R. H. Brandenberger, “Trans-Planckian Physics And Inflationary Cosmology,” Proceedings of the 2002 International Symposium on Cosmology and Particle Astrophysics, 101 (2003) [arXiv:hep-th/0210186v2].

[33] J. Martin and R. H. Brandenberger, “Trans-Planckian Problem Of Inflationary Cosmology,” Phys. Rev. D 63, 123501 (2001).

[34] W. Unruh, “Dumb Holes And The Effects Of High Frequencies On Black Hole Evaporation,” Phys. Rev. D 51, 2827 (1995).

[35] S. Corley and T. Jacobson, “Hawking Spectrum And High Frequency Dispersion,” Phys. Rev. D 54, 1568 (1996); S. Corley, “Computing The Spectrum Of Black Hole Radiation In The Presence Of High Frequency Dispersion: An Analytical Approach,” Phys. Rev. D 57, 6280 (1998).

[36] P. J. E. Peebles and B. Ratra, “The Cosmological Constant And Dark Energy,” Rev. Mod. Phys. 75, 559 (2003) [arXiv:astro-ph/0207347v2].

[37] A. Sandage, “The Hubble Atlas Of Galaxies,” Astrophys. J. 133, 355 (1961).

[38] Z. Chang, S.-X. Chen and C.-B. Guan, “Cosmic Ray Threshold Anomaly And Kinematics In The dS Spacetime,” (2004) [arXiv:astro-ph/0402351v1]; Z. Chang, S.-X. Chen, C.-B. Guan and C.-G. Huang, “Cosmic Ray Threshold In An Asymptotically DS Spacetime,” Phys. Rev. D 71, 103007 (2005) [arXiv:astro-ph/0505612v1].

[39] H.-Y. Guo, C.-G. Huang, Z. Xu and B. Zhou, “On Beltrami Model Of De Sitter Spacetime,”, Mod. Phys. Lett. A 19, 1701 (2004).

[40] A. Riotto, “Inflation And The Theory Of Cosmological Perturbations,” Lectures given at the Summer School on Astroparticle Physics and Cosmology (2002) [arXiv:hep-ph/0210162v1].

[41] A. Lewis, “CAMB Notes,” (2010) [http://camb.info/readme.html].

[42] C.-P. Ma and E. Bertschinger, ”Cosmological Perturbation-Theory In The Synchronous And Conformal Newtonian Gauges,” Astrophys. J. 455, 7 (1995) [arXiv:astro-ph/9506072v1].

[43] U. Seljak and M. Zaldarriaga, “A Line Of Sight Approach To Cosmic Microwave Background Anisotropies,” Astrophys. J.

469, 437 (1996) [arXiv:astro-ph/9603033].

[44] M. Bucher, K. Moodley and N. Turok, “The General Primordial Cosmic Perturbation,” Phys. Rev. D 62, 083508 (2000). [45] J. Liu, M. Li and X. Zhang, “On Dark Energy Isocurvature Perturbation,” [arXiv:1011.6146]. [46] A. Lewis and A. Challinor, Code for Anisotropies in the Microwave Background(CAMB) (2011) [http://camb.info/] (This code is based on CMBFAST by U. Seljak and M. Zaldarriaga (1996) [http://lambda.gsfc.nasa.gov/toolbox/tb

cmbfast ov.cfm]).

[47] C. L. Bennett et al., “Four-Year COBE* DMR Cosmic Microwave Background Observations: Maps And Basic Results,” Astrophys. J. Lett. 464, (1996).

[48] C. B. Netterfield et al., “A Measurement By BOOMERANG Of Multiple Peaks In The Angular Power Spectrum Of The Cosmic Microwave Background,” Astrophys. J. 571, 604 (2002) [arXiv:astro-ph/0104460].

[49] S. Hanany et al., “MAXIMA-1: A Measurement Of The Cosmic Microwave Background Anisotropy On Angular Scales of 10 Arcminutes To 5 Degrees ,” Astrophys. J. 545, L5 (2000) [arXiv:astro-ph/0005123].

[50] N. W. Halverson et al., “DASI First Results: A Measurement Of The Cosmic Microwave Background Angular Power Spectrum ,” Astrophys. J. 568, 38 (2002) [arXiv:astro-ph/0104489].

[51] P. F. Scott et al., “First Results From The Very Small Array—III. The CMB power spectrum,” Mon. Not. Roy. Astron.

Soc. 341, 1076 (2003) [arXiv:astro-ph/0205380].

[52] T. J. Pearson et al., “The Anisotropy of the Microwave Background To ℓ = 3500: Mosaic Observations With The Cosmic Background Imager ,” Astrophys. J. 591, 556 (2003) [arXiv:astro-ph/0205388].

[53] CBI Supplementary Data, 10 July (2002) [http://www.astro.caltech.edu/∼tjp/CBI/data/]. [54] A. Lewis and S. Bridle, “Cosmological Parameters From CMB And Other Data: A Monte-Carlo Approach,” Phys. Rev.

D 66, 103511 (2002) [arXiv:astro-ph/0205436].

[55] S. Shankaranarayanan and L. Sriramkumar, “Trans-Planckian Corrections To The Primordial Spectrum In The Infrared And The Ultraviolet,” Phys. Rev. D 70, 123520 (2004).

[56] G. Amelino-Camelia, “Relativity In Space-times With Short-Distance Structure Governed By An Observer-Independent (Planckian) Length Scale,” Int.J.Mod.Phys. D 11, 35 (2002) [arXiv:gr-qc/0012051]; G. Amelino-Camelia, “Testable Scenario For Relativity With Minimum-Length,” Phys. Lett. B 510, 255, (2001) [arXiv:hep-th/0012238]; G. Amelino-Camelia, “Doubly Special Relativity,” Nature 418, 34 (2002) [arXiv:gr-qc/0207049].

[57] J. Kowalski-Glikman, “De Sitter Space As An Arena For Doubly Special Relativity,” Phys. Lett. B 547, 291 (2002). [58] J. Kowalski-Glikman, “Introduction To Doubly Special Relativity,” Lect. Notes Phys. 669, 131 (2005). [59] H. Y. Guo et al., “Snyder’s Model- De Sitter Special Relativity Duality And De Sitter Gravity”, Class. Quantum Grav.

24, 4009 (2007).

[60] S. Dodelson, Modern Cosmology, Elsevier(Singapore) Pte Ltd., 2003. [61] W. Greiner and J. Reinhardt, Field Quantization, Springer Press, 1996.