arXiv:1105.4515v1 [gr-qc] 23 May 2011

Preprint typeset in JHEP style - HYPER VERSION

General solution of scalar field cosmology with a (piecewise) exponential potential

Alexander A. Andrianov

V.A. Fock Department of Theoretical Physics, Saint Petersburg State University, 198904, S.Petersburg, Russia Departament d’Estructura i Constituents de la Materia and Institut de Ciències del Cosmos (ICCUB) Universitat de Barcelona, 08028, Barcelona, Spain E-Mail: andrianov@bo.infn.it

Francesco Cannata

INFN, sezione di Bologna, Via Irnerio 46, 40126 Bologna, Italy E-Mail: cannata@bo.infn.it

Alexander Yu. Kamenshchik

Dipartimento di Fisica and INFN, Via Irnerio 46, 40126 Bologna,Italy L.D. Landau Institute for Theoretical Physics of the Russian Academy of Sciences, Kosygin str. 2, 119334 Moscow, Russia E-Mail: kamenshchik@bo.infn.it

Abstract: We study in detail the general solution for a scalar field cosmology with an exponential potential, correcting some imprecisions, encountered previously in the literature. In addition, we generalize this solution for a piecewise exponential potential, which is continuous, but not smooth (with cusps).

Keywords: exact cosmological solutions; scalar field with exponential potential, phantom cosmology.

Contents

1. Introduction 1

2. The general solution with an exponential potential versus the “old” particular solution 2 2.1 The particular exact solution 3 2.2 The general solution 4 2.2.1 The hyperbolic case 5 2.2.2 The trigonometric case 8 2.2.3 The case λ = √ 18 9

3. The exact solution for a phantom scalar field with an exponential potential 11 3.1 The particular exact solution for the phantom case 11 3.2 The general exact solution for the phantom case 11 3.3 The complexification of the scalar field and of its potential 13

4. General exact solutions for piecewise exponential potentials 14

5. Conclusions 16

1. Introduction

Exact solutions of the Einstein equations play a very important role in cosmology, because they permit to study in a convenient way the qualitative and quantitative features of the behavior of the universe as a whole. During the last decade the cosmological models with scalar fields have acquired a great popularity. It is worth mentioning various scenarios of the inflationary expansion of the early universe [1] or the the quintessence models of the dark energy [2] responsible for the phenomenon of cosmic acceleration [3]. Nevertheless the number of known exact solutions for cosmological models based on scalar fields is rather limited. One of such models is the flat Friedmann universe filled with a minimally coupled scalar field with exponential potential. A particular solution for this model was known since the eighties and was studied in detail [4, 5, 6, 7, 8, 9]. This solution describes a power-law expansion of the universe. More recently, the general solution of the Einstein equations for this model was constructed [10]–[18]. This general solution was used for the description of such effects as transient acceleration, and for the analysis of some models related to strings and branes.

Notwithstanding this activity, a good description of the general solution, emphasizing its difference from the “old” particular solutions [4, 5, 6, 7, 8, 9], is not available to our

– 1 – knowledge. In addition, all the considerations of the general solution for the scalar field with an exponential potential involved a real scalar fields with real potentials. However, there are attempts to consider cosmological models with complex scalar fields and complex potentials. Such models do not contradict to common sense, if the observable (first of all, geometrical) characteristics are real. In our preceding papers [19], inspired by the development of the PT-symmetric quantum theory [20, 21], we have developed models with complex potentials and have shown that they are rather convenient for the description of the so called phantom cosmology [23] , including such an enigmatic phenomenon as phantom divide line crossing [24].

In the present paper we provide a comprehensible description of the general cosmological solution with an exponential potential; then we explore the general solution for the phantom field. Finally, we describe the general exact cosmological solution for the case of a piecewise exponential potential.

The paper is organized as follows: in Sec. 2 we describe the general cosmological solution with an exponential potential in contrast to the “old” particular solution; in Sec. 3 we present the phantom version of this solution; in Sec. 4 we construct the general solution for a piecewise exponential potential with cusps; the last section is devoted to Conclusions.

2. The general solution with an exponential potential versus the “old” particular solution

We shall study the flat Friedmann cosmological model described by the metric

ds^2 = dt^2 − a^2(t)dl^2,

where a(t) is the cosmological radius of the universe. The dynamics of the cosmological evolution is characterized by the Hubble variable h ≡ ȧ a , which satisfies the Friedmann equation

h^2 = ε, (2.1)

where ε is the energy density of the matter populating the universe and “dot” means the derivative with respect to the cosmic time parameter t.

We now basically follow the approach presented in Ref. [16], adapting it to our purposes. We shall consider the flat Friedmann universe (2) filled with the minimally coupled scalar field with the potential V (ϕ) = V_0e^{λϕ}. (2.2) Now the Friedmann equation (2.1) has the form

ȧ^2 a^2 = ϕ̇2 2 + V_0e^{λϕ}, (2.3)

while the Klein-Gordon equation is

ϕ̈ + 3ȧ a ϕ̇ + λV_0e^{λϕ} = 0. (2.4)

– 2 –

2.1 The particular exact solution

A particular exact solution [4, 5, 6, 7, 8, 9], describing the power-law expansion of the universe can be found as follows: Suppose that the scalar field has a time dependence

ϕ(t) = ϕ_0 ln t + ϕ_1, (2.5)

while the cosmological radius behaves as

a = a_0t^k. (2.6)

In this case the Klein-Gordon (2.4) equation acquires the form − ϕ_0 t^2 + 3kϕ_0 t^2 + λV_0e^{λϕ1} t^{−λϕ0} = 0. (2.7)

It follows immediately that ϕ_0 = − 2 λ . (2.8)

Then 2(3k − 1) = λ^2V_0e^{λϕ1} . (2.9)

The Friedmann equation (2.3) gives now

k^2 = 2 λ^2

+ V_0e^{λϕ1} . (2.10)

Combining Eqs. (2.9) and (2.10) we obtain k = 6 λ^2

. (2.11)

Substituting (2.11) into the relation (2.10) and requiring positivity of the coefficient V_0, we obtain the following restriction on λ: |λ| < 3 √ 2. (2.12)

(Note that the limiting case |λ| = 3 √ 2, would imply k = 1/3, i.e. the law of expansion of the universe filled with stiff matter or massless scalar field, which in turn, means that V_0 = 0). We can find also the value of the constant ϕ_1:

ϕ_1 = 1 λ ln ( 2(18 − λ^2) λ^4V_0 ) . (2.13)

Here, let us note that for the case of an imaginary λ the particular solution still exists and is purely imaginary [19]. Here, both the potential and kinetic energy are real, but the latter is negative and, hence, we encounter the phantom kind of matter.

It is convenient to write down again the explicit form of the exact particular solution: ϕ(t) = − 2 λ ln t + 1 λ ln ( 2(18 − λ^2)

λ^4V_0 ) , (2.14)

– 3 – h(t) = 6 λ^2t

. (2.15)

The important feature of this solution is the rigid relation between the ϕ(t) and its time derivative ϕ̇(t): ϕ = − 2 λ ln ( − 2 λϕ̇ ) + 1 λ ln ( 2(18 − λ^2) λ^4V_0 ) . (2.16)

Thus, the particular exact solution corresponds to a particular choice of the initial conditions: at any moment of time fixing the value of ϕ, we automatically fix the value of ϕ̇. It means that on the phase space of the problem under consideration the particular exact solution is described by a unique trajectory. It is convenient to introduce a new variable: Φ ≡ √ V_0e^{λϕ}. (2.17)

Choosing the phase space variables as Φ and ϕ̇ we can calculate their relation: ϕ̇ Φ = − 2λ √ 36 − 2λ^2 = const. (2.18) Thus, the trajectory on our phase space is a ray, beginning at the infinity and ending at the coordinate origin. Correspondingly, the universe begins its evolution from a Big Bang singularity and then undergoes an infinite expansion (see Eq. (2.15).

2.2 The general solution Now, let us turn to the construction of the general exact solution. It is convenient to introduce new variables, u and v such that

a^3 = e^{v+u}, (2.19)

ϕ = A(v − u), (2.20) where A is a coefficient to be defined. Now the Friedmann equation (2.3) is 1 9 (u̇^2 + v̇^2 + 2u̇v̇) =

A^2 2 (u̇^2 + v̇^2 − 2u̇v̇) + V_0e^{λA(v−u)}. (2.21)

The Klein-Gordon equation (2.4) has now the form

A(v̈ − ü) + A(v̇^2 − u̇^2) + λV_0e^{λA(v−u)} = 0. (2.22)

Choosing the coefficient A as A = √ 2 3 , (2.23)

we give a “light-cone form” to Eq. (2.21): v̇u̇ = 9 4 V_0e √ 2 3 λ(v−u). (2.24)

Now we want to simplify further this equation, choosing a new time parameter τ. Rewriting Eq. (2.24) as v^′u^′τ̇^2 = 9 4 V_0e √ 2 3 λ(v−u) (2.25)

– 4 – where prime denotes the derivative with respect to τ. It is convenient to choose this new time parameter such that

τ̇ = 3 2 √ V_0e^{λϕ2} = 3 2 √ V_0e^{λ(v−u)√6} , (2.26)

we come to v^′u^′ = 1. (2.27)

Correspondingly, the Klein-Gordon equation (2.22) is now v^{′′} − u^{′′} + √ 2λ 6 (v^′ − u^′)^2 + (v^{′2} − u^{′2}) + 2 √ 2 3 λ = 0. (2.28)

Substituting u^′ = 1/v^′ from Eq. (2.27) into Eq. (2.28) one arrives to v^{′′} + ( 1 + √ 2λ 6 ) v^{′2} + (√ 2λ 6 − 1 ) = 0. (2.29)

Introducing a new variable x ≡ v^′ (2.30) we rewrite the Klein-Gordon equation (2.29) in the Riccati form:

x^′ + ( 1 + √ 2λ 6 ) x^2 + (√ 2λ 6 − 1 ) = 0. (2.31)

Making the substitution x = 1 ( 1 + √ 2λ 6 ) y^′ y , (2.32)

we obtain the second-order linear differential equation y^{′′} + ( λ^2 18 − 1 ) y = 0. (2.33)

We should consider separately two cases : the “hyperbolic” one, when the constant λ satisfies the condition (2.12) and “trigonometric” one, when the condition (2.12) is not satisfied.

2.2.1 The hyperbolic case The solution of Eq. (2.33) in this case is y(τ) = Be^{κτ} + Ce^{−κτ} , (2.34) where κ ≡ √ 1 − λ^2 18 . (2.35)

Then, substituting (2.34) into Eqs. (2.30) and (2.32) after an elementary integration we find v = 1 ( 1 + √ 2λ 6 ) ln(Be^{κτ} + Ce^{−κτ} ) + v_0. (2.36)

– 5 –

Using the relation (2.27) we can analogously find u = 1 ( 1 − √ 2λ 6 ) ln(Be^{κτ} − Ce^{−κτ} ) + u_0. (2.37)

Now, remembering the formulae (2.20) and (2.23), we can write

ϕ = √ 2 3 (v_0 − u_0) + 1( 1 + √ 2λ 6 ) ln(Be^{κτ} + Ce^{−κτ} )

− 1 ( 1 − √ 2λ 6 ) ln(Be^{κτ} − Ce^{−κτ} ) . (2.38)

We have to consider separately two cases: C = 0 and C ≠ 0. If C = 0 the solution (2.38) can be rewritten as ϕ = ϕ_2 − 2λτ 9κ , (2.39)

where ϕ_2 is an arbitrary constant. Substituting Eq.(2.39) into Eq. (2.26), connecting the time parameter τ with the cosmic time t we obtain the following equation dτ dt = 3 2 √ V_0 exp ( λϕ_2 2 − λ^2τ 9κ ) . (2.40)

Integrating the equation (2.40) we find the parameter τ as a function of t and substituting it into Eq. (2.39) we come to the particular exact solution (2.14). The dependence on the constant ϕ_2 disappears. Thus, the case C = 0 coincides with the particular exact solution described in the subsection 2.1. One can easily show that the case B = 0 corresponds to the particular solution, described in the preceding subsection, but it refers to a universe contracting from a state with an infinite radius to the Big Crunch singularity.

In the case when C ≠ 0, B ≠ 0 the solution (2.38) can be rewritten as

ϕ = ϕ_3 − 2λτ 9κ + √ 2 3 ( 1 + √ 2λ 6 ) ln ( 1 + C B e^{−2κτ} )

− √ 2 3 ( 1 − √ 2λ 6 ) ln ( 1 − C B e^{−2κτ} ) , (2.41)

where ϕ_3 is a constant. As a matter of fact, here there are two families of solutions. We can rescale the factor^C_B , that is equivalent to a shift of the variable τ. Let us consider first the case C/B = 1. Then we come to a more simple expression:

ϕ = ϕ_3 − 2λτ 9κ + √ 2 3 ( 1 + √ 2λ 6 ) ln(1 + e^{−2κτ} ) − √ 2 3 ( 1 − √ 2λ 6 ) ln(1 − e^{−2κτ} ). (2.42)

While the particular solution (2.14) describes the unique trajectory in the two-dimensional phase space of variables (Φ, ϕ̇) which can be represented by Eq. (2.16) or by Eq. (2.18) the

– 6 – general solution (2.42) describes a family of solutions, parameterized by the constant ϕ_3. Indeed, in this case a rigid relation between ϕ and ϕ̇ is absent. If one fixes the value of ϕ then the corresponding value of ϕ̇ is given by ϕ̇ = ϕ^′ · τ̇ . As it follows from Eq. (2.26) fixing the value of ϕ determines the value of τ̇. However, changing the value of the constant ϕ_3 while preserving the value of ϕ is equivalent to shifting the value of τ, and, hence, changing the value of ϕ^′ and ϕ̇. One can represent it in a different manner. Let us note that the value of τ in Eq. (2.42) is changed in the interval 0 ≤ τ < ∞. We can now calculate the relation between ϕ̇ and the phase space variable Φ analogous to (2.18). One obtains ϕ̇ Φ = − λ 3κ − √ 2e^{−2κτ} κ(1 − e^{−4κτ} ) ( 2 + √ 2λ 3 e^{−2κτ} ) . (2.43)

Note, that the value of both ϕ^′ and ϕ̇ is negative during the cosmological evolution.

In contrast to the formula (2.18) the formula (2.43) does not describe a ray. The corresponding curve begins at the point Φ(τ = 0) = +∞, ϕ̇(τ = 0) = −∞ and ends at τ = +∞ at the origin of the coordinates. It is easy to see from Eq. (2.43) that the value of^{ϕ̇}_Φ at the moment τ = 0 tends to −∞. That means that at the beginning of the cosmological evolution the kinetic term dominates the potential term. It is well-known that in this case (the case of the massless scalar field or, equivalently, the stiff matter) the Hubble parameter behaves as h(t) → 1 3t , t → 0. (2.44)

The direct evaluation obtained by the substitution of the exact solution (2.42) into the Friedmann equation (2.3) and using the relation (2.26) in the limiting case t → 0 confirms the behaviour (2.44). At the end of the evolution τ = +∞, the relation (2.43) coincide with that of the ray (2.18). Thus, the curves, corresponding to the general solution (2.42) (excluding the particular solution (2.14)) begins at the Big Bang singularity, where the kinetic term dominates the potential one, which in the phase plane (Φ, ϕ̇) corresponds to the asymptote coinciding with the negative semi-axis Φ = 0. Then, the curves (2.43) are located under the ray (2.18) and conclude their evolution at the coordinate origin, which corresponds to an eternal expansion.

Now we can consider the second family of solutions, which can be obtained by putting C/B = −1. The time parameter again runs between 0 and +∞. However, the expression for the scalar field is now

ϕ = ϕ_3 − 2λτ 9κ + √ 2 3 ( 1 + √ 2λ 6 ) ln(1 − e^{−2κτ} ) − √ 2 3 ( 1 − √ 2λ 6 ) ln(1 + e^{−2κτ} ). (2.45)

This solution also describes an evolution from the Big Bang to an infinite expansion, however, now at the beginning of the evolution the scalar field ϕ → −∞ and the potential energy is equal to zero. During the evolution, the scalar field is growing, then at some moment its time derivative changes the sign and it becomes decreasing. At the end of the evolution (an infinite expansion) when τ → ∞ the scalar field again tends to −∞ and both the kinetic and potential energy vanish.

– 7 –

The particular exact solution plays a role of the separatrix between these two families of solutions. One can ask how to understand to which exactly family belong a certain trajectory being given the values of the scalar field ϕ and its time derivative (with respect to the cosmic time t) at some moment of time. The answer is simple. It is enough to calculate the derivative of the scalar field with respect to the parametric time τ, which is ϕ^′ =^{2ϕ̇}_3√_{V (ϕ)} . If its value is less than −^{2λ}_{9κ} . then the trajectory belongs to the first family. In the opposite case it belongs to the second one. In Figure 1, we sketch the trajectory describing the particular exact solution and two trajectories, representing two families of the general solution for the hyperbolic case (for definiteness, we have chosen for all figures the subcase λ > 0).

Figure 1: The phase space diagram Φ, π, where π stays for the velocity π = ϕ̇. The straight line represents the exact particular solution for the hyperbolic case, while two curved lines represents solutions, belonging to two families of general hyperbolic solutions described in this subsection.

2.2.2 The trigonometric case Now we consider the case when λ^2 > 18. In this case the solution of Eq. (2.33) can be chosen as sin ωτ or cos ωτ. However, in contrast with the hyperbolic case, these two choices do not imply the real difference between cosmological evolutions, because the transition from one to another corresponds to the shift of the parametric time interval. Thus, we shall choose y(τ) = D sin ωτ, (2.46)

where ω ≡ √ λ^2 18 − 1, (2.47)

and D and α_0 are real constants. Then using the definitions of (2.32) and (2.30) we get v = 1 1 + √ 2λ 6 ln sin ωτ + v_0, (2.48)

and similarly u = − 1 √ 2λ 6 − 1 ln cos ωτ + u_0. (2.49)

– 8 –

Finally, the general solution for this trigonometric case looks like

ϕ = ϕ_4 + √ 2 3 ( 1 1 + √ 2λ 6 ln sin ωτ + 1 √ 2λ 6 − 1 ln cos ωτ ) , (2.50)

where ϕ_4 is a constant. We note that the expression describes an expanding universe if the parametric time τ is changing inside the interval 0 ≤ ωτ ≤ π 2 . (2.51)

The relation between the parametric time τ and the cosmic time t is

τ̇ = 3 2 √ V_0e^{λϕ4/2}(sin ωτ) √ 2λ 6 1+ √ 2λ 6 (cos ωτ) √ 2λ 6 √ 2λ 6 −1 . (2.52)

We shall present also

ϕ^′ = 2 √ 2 ( √_{2λ} 6 cos 2ωτ − 1 ) 3ω sin 2ωτ

. (2.53)

Using the formulae (2.50), (2.52) and (2.53) one can find that when τ runs from 0 to π/2ω, the cosmic time runs from 0 to ∞. At the beginning of the evolution the velocity ϕ̇ is infinite, while the potential energy is zero. The direct calculation shows that the Hubble parameter behaves at the beginning of the evolution as h =^1_{3t} as it should be for universe, filled with a massless scalar field arising from the Big Bang singularity. At the end of the evolution the potential energy again tends to zero, while the velocity ϕ̇ being negative also tends to zero. (Note that the time derivative with respect to the parametric time τ diverges when ωτ → π/2 and one can think that here we again encounter the singularity as was mentioned in [16]. However, it is not the case, because the expression τ̇ tends to zero more rapidly and thus, the kinetic energy of the scalar field tends to zero). This situaiton corresponds to an eternal expansion. From Eq. (2.53) it follows that the velocity changes sign at the moment

τ_1 = 1 2ω arccos 3 √ 2 λ . (2.54)

In Figure 2 we represent a typical trajectory for the trigonometric case.

2.2.3 The case λ = √ 18 In this case the equation for the variable v is the following :

v^{′′} + 2v^{′2} = 0, (2.55)

whose solution is v = 1 2 ln τ + v_0. (2.56)

Correspondingly u = τ^2 + u_0 (2.57)

– 9 –

Figure 2: The phase space diagram Φ, π, where π stays for the velocity π = ϕ̇. The curved line represents one of trajectories, belonging to the family, given by the general solution for the trigonometric case. and ϕ = ϕ_5 + √ 2 3 ( 1 2 ln τ − τ^2 ) . (2.58)

The relation between τ and t is now

τ̇ = 3 2 √ V_0e^3 √ 2ϕ_5/2√τe−τ^2 . (2.59)

It is easy to see that τ runs from 0 to ∞ and the cosmic time t has the same range. Then

ϕ^′ = √ 2 6τ − 2 √ 2τ 3 . (2.60)

It is easy to see that at the beginning and at the end of the evolution the field ϕ tends to −∞ and hence the potential energy vanishes. Then, at the beginning of the evolution the ϕ̇ is infinite and that means that the universe is born from the Big Bang singularity, while at the end of the evolution the negative time derivative of the scalar field ϕ̇ vanishes and the universe is expanding infinitely.

It is curious to note that the particular solution described in the subsection 2.1 exists in the case λ^2 = 18. In this case, as it follows from Eqs. (2.9)–(2.11),

V_0 = 0 (2.61)

and this is simply the case of the massless scalar field. This particular case cannot be extracted from the general solution (2.58) because the very existence of this general solution is based on the introduction of the parametric time τ which is defined by means of Eq. (2.26) which is senseless when V_0 = 0. Thus, the particular solution for the hyperbolic case is contained in the general formula (2.38). In the case λ^2 = 18 the particular solution exists, but it should be treated separately, while the trigonometric case does not have a particular solution.

– 10 –

3. The exact solution for a phantom scalar field with an exponential potential

Considering the phantom scalar field with a negative kinetic term, we shall have the following Friedmann ȧ^2 a^2 = − ϕ̇2 2 + V_0e^{λϕ}, (3.1)

and Klein-Gordon ϕ̈ + 3ȧ a ϕ̇ − λV_0e^{λϕ} = 0 (3.2)

equations. We shall first present the particular solution for this case.

3.1 The particular exact solution for the phantom case As in the subsection 2.1, we shall look for the solution for the phantom scalar field, which depends logarithmically on the cosmic time t, while the scale factor undergoes a power-law expansion (or contraction). If we would like to consider an expanding universe, then the solution will be ϕ(t) = − 2 λ ln(−t) + 1 λ ln ( 2(18 + λ^2) λ^4V_0 ) , (3.3)

where t is running from −∞ to 0. The Hubble parameter is now h(t) = − 6 λ^2t

. (3.4)

Thus, the formulae (3.3) and (3.4) describe a cosmological evolution which begins at t = −∞ with infinitely small cosmological radius and ends at t = 0, encountering a Big Rip singularity. However, another particular solution for the phantom case does exist. Here the formula for the Hubble factor is the same (3.4), but in the formula for the scalar field (3.3) ln t instead of ln(−t) enters. This solution describes the contraction of the universe, which begins at the moment t = 0 in the “anti-Big Rip” singularity characterized by an infinite radius and infinite negative Hubble parameter, and ends at t = +∞ with an endless contraction.

3.2 The general exact solution for the phantom case As in the subsection 2.2 we shall introduce the variables v and u (see Eqs. (2.19),(2.20), (2.23)). However, because of the negative sign of the kinetic term in the right-hand side of Eq. (3.1) we shall obtain instead of (2.24)

v̇^2 + u̇^2 = 9 2 V_0e^{λϕ}. (3.5)

It is convenient now to introduce a complex variable z ≡ 1 √ 2 (v + iu). (3.6)

Now, Eq. (3.5) looks like ż ˙z̄ = 9 4 V_0e^{λϕ}, (3.7)

– 11 – where “bar” stands for the complex conjugation. Introducing now the time parameter τ like in Eq. (2.26) we obtain z^′z̄^′ = 1. (3.8) Rewriting the Klein-Gordon equation (3.2) and taking into account the relation (3.8) we come to z^{′′} + √ 2(1 − i) 2 [ z^{′2} ( 1 + √ 2λi 6 ) − i − √ 2λ 6 ] = 0. (3.9)

Introducing the function f such that z^′ ≡ 1 α f^′ f , (3.10)

where α ≡ √ 2(1 − i) 2 ( 1 + √ 2λi 6 ) . (3.11)

The auxiliary function f satisfies the following equation

f^{′′} − κ̃^2f = 0, (3.12)

where κ̃ ≡ √ 1 + λ^2 18 . (3.13)

The general solution of Eq. (3.12) is

f(τ) = F e^{κ̃τ} + Ge^{−κ̃τ} . (3.14)

Hence, z = 1 α ln f. (3.15)

Now, we can find the expression for the scalar field ϕ(τ) = 2λ 9κ̃^2 ln |f| − 2 √ 2 3κ̃^2 arg f + const. (3.16) Now, substituting the expression for f (3.14) into the expression for z (3.15) and substituting the latter into the condition (3.8) we come to the consistency equation

F Ḡ + GF̄ = 0. (3.17)

These equation can be satisfied if one of the coefficients is equal to zero or if the difference of their phases is equal to π/2.

First, we consider the case G = 0. Then ϕ(τ) = 2λτ 9κ̃ + ϕ_8. (3.18)

Substituting this expression into Eq. (2.26) we can find τ as a function of the cosmic time t. τ = − 9κ̃ λ^2 ( ln(−t) + λϕ_9 2 + ln (√ V_0λ^2 6κ̃ )) . (3.19)

– 12 –

Substitung this expression into the solution (3.18) we come to the particular exact solution (3.3) as it should be and in complete analogy with the hyperbolic case. It is easy to see from Eq. (3.19) that when the cosmic time runs from −∞ to 0, the parameter τ runs from −∞ to +∞, while the cosmic time t runs from t = −∞ to t = 0. In contrast to the hyperbolic case considered in subsubsection 2.2.1 (cf. Eq. (2.38)) we can here put also F = 0, while G ≠ 0. In this case we reproduce the second particular solution, describing an infinite contraction of the universe, which begins at the anti-Big Rip singularity.

Now, we consider the case when both the constants F and G are different from zero. We can choose one of these constants, say F equal to 1 while G = i.

ϕ(τ) = ϕ_{10} + 2λ 9κ̃^2 ln cosh 2κ̃τ − 2 √ 2 3κ̃^2 arctan(e^{−2κ̃τ} ). (3.20)

Here, the time parameter τ runs from −∞ to +∞. When τ → −∞ the field ϕ → +∞, while when τ → +∞ the field ϕ → +∞ again. Thus, the beginning and the end of the cosmological evolution are characterized by a positive infinite value of the scalar field, and, hence by the positive infinite value of the potential V . It is useful to write down also the explicit expression for the Hubble parameter: h(τ) = 2τ̇ 3k̃ ( sinh 2κ̃τ − √ 2λ 6 cosh 2κ̃τ ) . (3.21)

It is easy to see that at τ → −∞ the Hubble parameter h → −∞ at τ → +∞ the Hubble parameter h → +∞ and at τ =^1_{2κ̃} arcsinh √ 2λ 6 the Hubble parameter changes the sign and, hence, the universe passes through the point of minimal contraction. The complete cosmological evolution involves a finite period of the cosmic time t. One can say that these finite time evolutions represent the phantom counterpart of the well-known cosmological evolutions, which begin in the Big Bang singularity, reach the point of maximal expansion and then have a stage of contraction culminating in the Big Crunch singularity. These evolutions can be observed not only in the closed Friedmann models, but also in the flat Friedmann models with the standard scalar field with a negative potential. (As far as we could understand this solution beginning from “anti-Big-Rip” singularity and ending in the Big Rip singularity, passing through the point of minimal contraction was not considered in paper [17] devoted to the study of phantom solutions with exponential potentials).

In Figure 3 we represent two particular exact solution and a typical example of general solution for the phantom case.

3.3 The complexification of the scalar field and of its potential

In principle, the phantom solutions can be obtained from the hyperbolic non-phantom solutions by some kind of analytic continuation. Let us consider the case when the parameter λ = iΛ (where Λ is real) is imaginary. One can see that this case is a ramification of the hyperbolic case, because the parameter κ = √ 18 + Λ^2 (2.35) is well defined. However, now also the solution of Klein-Gordon equation should be purely imaginary. Thus, taking Eq. (2.33) with κ = √ 18 + Λ^2 we obtain the general equation of the hyperbolic type, which can be written as was don in Eq. (2.38) with arbitrary coefficients B and C. Now, choosing

– 13 –

Figure 3: The phase space diagram Φ, π, where π stays for the velocity π = ϕ̇. Two straight line trajectories describe two particular solutions, corresponding to the expanding and contracting universes. The curved line represents a trajectory, belonging to the family of those evolving from the anti-Big Rip singularity to the Big Rip singularity, passing through the point of minimal contraction of the universe.

these coefficients as B = 1 and C = i, we come to purely imaginary solution, which behaves just like our phantom solution (3.20). multiplied by i. Substituting this solution into the Friedmann equation we obtain an equation of the evolution of the universe, filled with a phantom scalar field. Naturally, all the observables appear to be real, and when necessary also positive (cf. [19]).

4. General exact solutions for piecewise exponential potentials

In this section we analyze the generalization of the previous results for the case of the potentials, represented by piecewise functions, where all the pieces are exponential. We limit ourselves by continuous (but not smooth) potentials. Such potentials can be written down as

V^{(N)}(ϕ) = θ(ϕ_1 − ϕ)V_0e^{λ0ϕ} +θ(ϕ − ϕ_1)θ(ϕ_2 − ϕ)V_1e^{λ1ϕ} + · · · +θ(ϕ − ϕ_{N−1})θ(ϕ_N − ϕ)V_{N−1}e^{λN−1 ϕ} +θ(ϕ − ϕ_N )V_N e^{λN ϕ}. (4.1)

where θ is the Heaviside function and where −∞ < ϕ_1 < ϕ_2 < · · · < ϕ_N < ∞, (4.2) and V_ke^{λk ϕk+1} = V_{k+1}e^{λk+1ϕk+1} , 0 ≤ k ≤ N − 1, (4.3)

The general exact solutions exist also in this case and can be realized by means of the matching across the values of scalar field, where the exponent λ changes its value. This matching involves not only the value of the scalar field, but also the continuity of ϕ̇ and,

– 14 – hence, ϕ^′. In the opposite case, one would encounter a jump in the value of the Hubble parameter, following from the Friedmann equation, which seems unphysical. The simplest potential with cusp of this type is V (ϕ) = V_0e^{λ|ϕ|}, which can be obtained from our general potential (4.1) by choosing N = 1, ϕ_1 = 0, V_1 = V_0 and λ_0 = −λ_1 = −λ.

To get an idea of new possibilities let us consider, for example, the matching across the value ϕ = ϕ_1 and focus on an expanding universe. If λ_0 satisfies the relation λ^2_0 > 18 (the trigonometric case) two situations are possible: the derivative ϕ^′ can be positive (an initial part of the evolution) and it can be negative (the final part of the evolution) as follows from Eq. (2.53). If the derivative is negative, that means that we cross the value ϕ = ϕ_1 from the right ( from the side of larger values of ϕ) and then the value of ϕ is decreasing indefinitely.

If this derivative is positive the field crosses the point ϕ = ϕ_1 and enters the range of values between ϕ_1 and ϕ_2, where the exponent λ is equal to λ_1. If λ_1 is also trigonometric, then the universe continues its expanding evolution, with the scalar field given by Eq. (2.50) with λ = λ_1 and the corresponding initial conditions. Then, again two situations are possible - the field ϕ continues growing arriving to the value ϕ = ϕ_2, where another change of regime occurs, or it can arrive at some moment to the value ϕ = ϕ_∗ < ϕ_2 while ϕ^′ = 0. After that the field begins decreasing arriving at the value ϕ = ϕ_1 with a negative derivative ϕ^′ and enters into the range of values with ϕ < ϕ_1, decreasing indefinitely until −∞, which corresponds to an eternal expansion with the vanishing value of the Hubble parameter.

If the value of λ^2_1 < 18 (hyperbolic case) and if the value of ϕ^′ is less than −^{2λ1}_{9κ1} then the solution in the range ϕ_1 ≤ ϕ ≤ ϕ_2 is the hyperbolic solution of the first kind (described in the subsubsection 2.2.1) and the field enters into the region ϕ < ϕ_1 from the right, continuing to decrease indefinitely. If the value of ϕ^′ at the point, where ϕ = ϕ_1 is negative but larger than −^{2λ1}_{9κ1} , then the solution in the region ϕ_1 ≤ ϕ ≤ ϕ_2 is the hyperbolic solution of the second kind and again the scalar field after the crossing the value ϕ = ϕ_1 decreases indefinitely. If instead the value of ϕ^′ at the point of transition is positive the fields enters into the region ϕ_1 ≤ ϕ ≤ ϕ_2 increasing and following the hyperbolic solution of the second kind. Then, again, two situations are possible: the field ϕ growing can achieve the value ϕ_2 with the subsequent change of the regime or it can begin decreasing after achieving some maximal value ϕ_{max} < ϕ_2, entering back into the region ϕ < ϕ_1.

It is important to pay a special attention to the situation when the field ϕ arrives at the value ϕ = ϕ_1 with ϕ^′ = 0. As follows from Eq. (2.53) that means that the field ϕ has reached its maximal value and begin decreasing. Thus, in this case the change of regime does not occur. In our preceding papers [25, 26] (see also [27]), in was shown that the phantom divide line crossing effect, provoked by self-conversion of a non-phantom scalar field into a phantom scalar field (or vice versa) can take place in the models with a unique minimally coupled scalar field. To realize this effect it is necessary to consider the cusped potentials and some particular initial conditions. In other words, it is necessary to approach the cusp with a vanishing time derivative of the scalar field [25, 26]. We see that in the case of piecewise exponential potentials such an effect is impossible, in spite of the presence of cusps. As a matter of fact the cusps, permitting such an exotic phenomenon should be

– 15 – non-analytic [25, 26], while the cusps, which we treat now are still too smooth.

Concluding this section, we remark that choosing some simultaneous values of ϕ and ϕ̇, or, equivalently ϕ and ϕ′ and having the piecewise potential (4.1) one is able to reconstruct the whole past and future evolution of the universe, using the general exact solutions, described in section 2. One can describe also the evolution of the phantom field in the piecewise potential using the results of section 3. However, the effects of (de)-phantomization do not occur. As was mentioned above, the effect of (de)-phantomization requires the presence of strong non-analyticity of potential. Besides, the field should approach the cusp with zero velocity and cross it. In the case considered in this section instead of crossing we have a reverse motion.

5. Conclusions

As far as we know the only general exact cosmological solution in the presence of a scalar field, constructed explicitly, is the solution for a flat Friedmann universe filled with a minimally coupled complex field with exponential potential. While a particular exact solution for this case was known from 1985 [4], the general solution was constructed only in 1998 [10]. In the present paper, we have studied accurately this solution, correcting some imprecisions, encountered in the literature. In addition, we have generalized this solution for a piecewise exponential potential, which is continuous, but not smooth (with cusps). In spite of presence of cusps, in such a model the effect of (de)-phantomization does not exist [25, 26] which requires non-analyticity of the potential.

Acknowledgments

A.K. was partially supported by the RFBR grant 11-02-643. A.A. was supported by Grants RFBR 09-02-00073-a, 11-01-12103-ofi-mand by SPbSU grant 11.0.64.2010 and also acknowledges the financial support from projects FPA2010-20807-C02-01 and 2009SGR502.

References

[1] Starobinsky A A, Stochastic de Sitter (inflationary stage in the early universe, 1986 In *De Vega, H.j. ( Ed.), Sanchez, N. ( Ed.): Field Theory, Quantum Gravity and Strings*, 107-126; Linde A D, Particle Physics and Inflationary Cosmology, 1990 (Harwood, Chur, Switzerland).

[2] Sahni V and Starobinsky A A, The Case for a Positive Cosmological Lambda-term, 2000 Int.

J. Mod. Phys. D 9 373 [astro-ph/9904398];

Sahni V and Starobinsky A A, Reconstructing dark energy, 2006 Int. J. Mod. Phys. D 15 2105 [astro-ph/0610026].

Padmanabhan T, Cosmological constant: The weight of the vacuum, 2003 Phys. Rept. 380 235 [hep-th/0212290];

Peebles P J E and Ratra B, The cosmological constant and dark energy, 2003 Rev. Mod. Phys. 75 559 [astro-ph/0207347];

Copeland E J, Sami M and Tsujikawa S, Dynamics of dark energy, 2006 Int. J. Mod. Phys. D 15 1753 [hep-th/0603057].

– 16 –

[3] Riess A G et al. [Supernova Search Team Collaboration], Observational Evidence from Supernovae for an Accelerating Universe and a Cosmological Constant, 1998 Astron. J. 116 1009 [astro-ph/9805201];

Perlmutter S et al. [Supernova Cosmology Project Collaboration], Measurements of Omega and Lambda from 42 High-Redshift Supernovae, 1999 Astrophys. J. 517 565 [astro-ph/9812133].

[4] Lucchin F and Matarrese S, Power Law Inflation, 1985 Phys. Rev. D 32 1316;

[5] Halliwell J J, Scalar Fields In Cosmology With An Exponential Potential, 1987 Phys. Lett. B 185 341.

[6] Burd A B and Barrow J D, Inflationary Models with Exponential Potentials, 1988 Nucl.

Phys. B 308 929;

[7] Ellis G F R and M. S. Madsen M S, Exact scalar field cosmologies, 1991 Class. Quant. Grav.

8 667.

[8] Liddle A R and Scherrer R J, A classification of scalar field potentials with cosmological scaling solutions, 1999 Phys. Rev. D 59 023509 [astro-ph/9809272].

[9] Gorini V, Kamenshchik A Y, Moschella U and Pasquier V, Tachyons, scalar fields and cosmology, 2004 Phys. Rev. D 69 123512 [hep-th/0311111].

[10] Chimento L P, General solution to two-scalar field cosmologies with exponential potentials, 1998 Class. Quant. Grav. 15 965.

[11] Townsend P K, Cosmic acceleration and M-theory, 2003 arXiv:hep-th/0308149.

[12] Chimento L P, Cossarini A E and Zuccala N A, Isotropic and anisotropic N-dimensional cosmologies with exponential potentials, 1998 Class. Quant. Grav. 15 57.

[13] Townsend P K and Wohlfarth M N R, Accelerating cosmologies from compactification, 2003 Phys. Rev. Lett. 91 061302 [hep-th/0303097].

[14] Emparan R and Garriga J, A note on accelerating cosmologies from compactifications and S-branes, 2003 JHEP 0305 028 [hep-th/0304124].

[15] Neupane I P, Accelerating cosmologies from exponential potentials, 2004 Class. Quant. Grav.

21 4383 [hep-th/0311071].

[16] Russo J G, Exact solution of scalar-tensor cosmology with exponential potentials and transient acceleration, 2004 Phys. Lett. B 600 185 [hep-th/0403010].

[17] Elizalde E, Nojiri S and Odintsov S D, Large-time cosmology in a (phantom) scalar-tensor theory: Dark energy and cosmic speed-up, 2004 Phys. Rev. D 70 043539 [hep-th/0405034].

[18] Dudas E, Kitazawa N and Sagnotti A, On Climbing Scalars in String Theory, 2010 Phys.

Lett. B 694 80 [arXiv:1009.0874 [hep-th]].

[19] Andrianov A A, Cannata F, Kamenshchik A Y and Regoli D, Phantom cosmology based on PT symmetry, 2010 Int. J. Mod. Phys. D 19 97.

[20] Bender C M and Boettcher S, Real Spectra in Non-Hermitian Hamiltonians Having PT Symmetry, 1998 Phys. Rev. Lett. 80 5243 [physics/9712001];

Bender C M, Boettcher S and Meisinger P, PT-Symmetric Quantum Mechanics, 1999 J. Math. Phys. 40 2201 [quant-ph/9809072];

– 17 –

Bender C M, Brody D C and Jones H F, Complex Extension of Quantum Mechanics, 2003 eConf C0306234 617 [Phys. Rev. Lett. 89, (2002 ERRAT,92,119902.2004) 270401] [quant-ph/0208076];

Bender C M, Brod J, Refig A, Reuter M, The C operator in PT-symmetric quantum theories, 2004 J. Phys. A 37 10139;

Bender C M, Chen J H and Milton K A, PT-symmetric versus Hermitian formulations of quantum mechanics, 2006 J. Phys. A 39 1657 [hep-th/0511229];

Bender C M, Brody D C, Chen J H, Jones H F, Milton K A and Ogilvie M C, Equivalence of a complex PT-symmetric quartic Hamiltonian and a Hermitian quartic Hamiltonian with an anomaly, 2006 Phys. Rev. D 74 025016 [hep-th/0605066].

[21] Andrianov A A,The large-N expansion as a local perturbation theory, 1982 Ann. Phys. 140 82;

Andrianov A A, Dual oscillators and Quantum Pendulums: spectrum and correlators, 2007 Phys. Rev. D 76 025003 [arXiv: hep-th/0703052].

[22] Ahmed Z, Bender C M and Berry M V, Reflectionless Potentials and PT Symmetry, 2005 J.

Phys. A 38 L627 [quant-ph/0508117];

Andrianov A A, Cannata F and Kamenshchik A Y, Complex Lagrangians and phantom cosmology, 2006 J. Phys. A 39 9975 [gr-qc/0604126];

Andrianov A A, Cannata F and Kamenshchik A Y, Phantom universe from CPT symmetric QFT, 2006 Int. J. Mod. Phys. D 15 1299 [gr-qc/0512038].

[23] Caldwell R R, A Phantom Menace?, 2002 Phys. Lett. B 545 23 [astro-ph/9908168].

Starobinsky A A, Future and origin of our universe: Modern view, 2000 Grav. Cosmol. 6 157 [astro-ph/9912054];

Caldwell R R, Kamionkowski M and Weinberg N N, Phantom Energy and Cosmic Doomsday, 2003 Phys. Rev. Lett. 91 071301 [astro-ph/0302506].

[24] Boisseau B, Esposito-Farese G, Polarski D and Starobinsky A A, Reconstruction of a scalar tensor theory of gravity in an accelerating universe, 2000 Phys. Rev. Lett. 85 2236 [gr-qc/0001066]; Esposito-Farese G and Polarski D, Scalar tensor gravity in an accelerating universe, 2001 Phys. Rev. D 63 063504 [gr-qc/0009034]; Vikman A, Can dark energy evolve to the phantom?, 2005 Phys. Rev. D 71 023515 [astro-ph/0407107]; Perivolaropoulos L, Constraints on linear negative potentials in quintessence and phantom models from recent supernova data, 2005 Phys. Rev. D 71 063503 [astro-ph/0412308]; McInnes B, The Phantom divide in string gas cosmology, 2005 Nucl. Phys. B 718 55 [hep-th/0502209]; Aref’eva I Ya, Koshelev A S and Vernov S Yu, Crossing of the w = -1 barrier by D3-brane dark energy model, 2005 Phys. Rev. D 72 064017 [astro-ph/0507067]; Perivolaropoulos L, Crossing the Phantom Divide Barrier with Scalar Tensor Theories, 2005 JCAP 0510 001 [astro-ph/0504582]; Caldwell R R and Doran M, Dark-energy evolution across the cosmological-constant boundary, 2005 Phys. Rev. D 72 043527 [astro-ph/0501104]; Sahni V and Shtanov Yu, Brane world models of dark energy, 2003 JCAP 0311 014 [astro-ph/0202346]; Sahni V and Wang L, A New cosmological model of quintessence and dark matter, 2000 Phys. Rev. D 62 103517 [astro-ph/9910097]; Wei H, Cai R G and Zeng D F, Hessence: A New view of quintom dark energy, 2005 Class. Quant. Grav. 22 3189 [hep-th/0501160]; Wei H, Cai R G, Cosmological evolution of hessence dark energy and avoidance of big rip, 2005 Phys. Rev. D 72 123507 [astro-ph/0509328]; Wei H, Cai R G, A note on crossing the phantom divide in hybrid dark energy model, 2006 Phys. Lett. B 634 9 [astro-ph/0512018]; Cai R G and Wang A, Cosmology with interaction between phantom dark

– 18 – energy and dark matter and the coincidence problem, 2005 JCAP 0503 002 [hep-th/0411025]; Gannouji R, Polarski D, Ranquet A and Starobinsky A A, Scalar-Tensor Models of Normal and Phantom Dark Energy, 2006 JCAP 0609 016 [astro-ph/0606287].

[25] Andrianov A A, Cannata F and Kamenshchik A Y, Smooth dynamical crossing of the phantom divide line of a scalar field in simple cosmological models, 2005 Phys. Rev. D 72 043531 [gr-qc/0505087].

[26] Cannata F and Kamenshchik A Yu, Networks of cosmological histories, crossing of the phantom divide line and potentials with cusps, 2007 Int. J. Mod. Phys. D 16 1683 [gr-qc/0603129];

[27] Zhuravlev V M, Chervon S V and Shchigolev V K, New classes of exact solutions in inflationary cosmology, 1998 JETP 87 223; Chervon S V and Zhuravlev V M,The cosmological model with an analytic exit from inflation gr-qc/9907051; Yurov A V, Phantom scalar fields result in inflation rather than Big Rip astro-ph/0305019; Yurov A V and Vereshchagin S D, he Darboux transformation and exactly solvable cosmological models, 2004 Theor. Math. Phys. 139 787 [hep-th/0502099].

– 19 –