arXiv:1105.4661v3 [hep-th] 18 May 2012

Another Two Dark Energy Models Motivated from Károlyházy Uncertainty Relation

Cheng-Yi Sun^{∗,1}, Wen-Li Yang^1, Rui-Hong Yue^2 and Yu Song^1

1Institute of Modern Physics, Northwest University, Xian 710069, P.R. China.

2Faculty of Science, Ningbo University, Ningbo 315211, P.R. China.

May 21, 2012

Abstract The Károlyházy uncertainty relation indicates that there exists the minimal detectable cell δt^3 over the region t^3 in Minkowski spacetime. Due to the energytime uncertainty relation, the energy of the cell δt^3 can not be less δt^{−1}. Then we get a new energy density of metric fluctuations of Minkowski spacetime as δt^{−4}. Motivated by the energy density, we propose two new dark energy models. One model is characterized by the age of the universe and the other is characterized by the conformal age of the universe. We find that in the two models, the dark energy mimics a cosmological constant in the late time.

PACS: 95.36.+x, 98.80.Cq, 98.80.-k Key Words: Károlyházy uncertainty relation, dark energy, energy-time uncertainty relation

1 Introduction

The study of dark energy has become one of the most active fields in modern cosmology. Considerable efforts have been expended to explore the nature of dark energy [1, 2]. Recently, the agegraphic dark energy (ADE) [3] and new agegraphic dark energy (NADE) [4] models are motivated from the Károlyházy uncertainty relation [5, 6] which tells us that the time t in Minkowski space-time can not be known to a better accuracy than [5, 6] (see Ref.[7] for a recent review)

δt = βt^{2/3}_p t^{1/3}. (1)

∗cysun@mailis.gucas.ac.cn; ddscy@163.com

Here β is a dimensionless constant, t_p is the reduced Planck time. In this paper, we adopt the units c = ℏ = 1. Following [8, 9], Eq.(1) indicates that for a length scale t, there exists a minimal detectable cell δt^3 ∼ t^2_pt over a region t^3. And the time-energy uncertainty relation indicates that the energy of the minimal cell can not be smaller than [8, 9, 10] E_{δt}3 ∼ t^{−1}. (2) Then the energy density of the metric fluctuations of the Minkowski space-time is [8, 9, 10] ρ_q ∼ E_{δt}3 δt^3 ∼ 1 t^2_pt^2

. (3)

Motivated by the equation, the energy density of ADE was proposed to be [3]

ρ_q =

3n^2M^2_p T^2 . Here n is a dimensionless constant parameter, M_p = (8πG)^{−1/2} and T is the age of the universe T = ∫_t 0 dt^′ = ∫_a 0 da Ha , (4)

where a is the scale factor, H ≡ ȧ/a is the Hubble parameter and a dot denotes the derivative with respect to the cosmic time t. However, it is found that there exist some implicit inconsistences in the model that ADE tracks the matter during the matterdominated epoch [3, 4] and the ability of ADE in deriving the accelerated expansion contradicts the existence of the radiation/matter-dominated epoch [11, 12].

In order to address the drawbacks, the NADE model was proposed. In NADE model, the energy density of dark energy was proposed to be [4]

ρ_q =

3n^2M^2_p η^2 , where η is the conformal age of the universe η = ∫_t 0 dt^′ a(t^′) = ∫_a 0 da Ha^2 . (5)

The NADE model is very successful in fitting the observation data [14, 15]. However, in the NADE model, there is one thing, which makes us uneasy, that the conformal age η is not a physical scale and can be rescaled arbitrarily.

We find that there may exist other ways out of the difficulties in the ADE model. The relation (3), which plays the key role in the above motivations, is based on the Károlyházy uncertainty relation (1) and Eq.(2). The equation (2) is motivated from the energy-time uncertainty relation. However, the energy-time uncertainty relation may indicate the other natural result. The Károlyházy uncertainty relation (1) tells us that the time t fluctuates with the amplitude δt ∼ t^{2/3}p t^{1/3}. Due to the energy-time uncertainty relation, this indicates the existence of energy E ∼ δt^{−1} ∼ 1 t^{2/3}p t^{1/3}

. (6)

Actually, in [8], the above energy has been proposed and supposed to distribut uniformly over the volume t^3. Then the density energy ρ_q ∼ t^{−2/3}p t^{−10/3} was derived [8]. Yet, this density energy cannot be used to motivate a dark energy model since the corresponding fractional energy density Ω_q ∼ ρ_qt^2_p/H^2 ∼ t^{4/3}p /t^{4/3} is a decreasing function of t. However, if we suppose that the energy given in Eq.(6) is distributed homogeneously over the minimal detectable cell δt^3 ∼ t^2_pt, then we get the energy density ρ_q associated with the fluctuation of the Minkowski space-time as ρ_q ∼ E δt^3 ∼ 1 δt^4 ∼ 1 t^{8/3}p t^{4/3}

. (7)

Fortunately, we find that from the above energy density, new dark energy models can be motivated.

Based on Eq.(7), in Sec.2, we propose a new dark energy model characterized by the age of the universe to address the drawbacks in the ADE model. In Sec.3, following the motivation of NADE, we motivate a new dark energy model characterized by the conformal age of the universe from Eq.(7). Finally, the summary is given.

2 New Model Characterized by Age of the Universe

Based on Eq.(7), following the motivation of the ADE model we may propose a new model of dark energy characterized by the age of the universe as

ρ_q =

3n^{2/3}M^{8/3}p T^{4/3}

, (8)

where n is a constant parameter and T is the age of the universe defined in Eq.(4). The corresponding fractional energy density is

Ω_q ≡ n^{2/3}M^{2/3}p T^{4/3}H^2

. (9)

Let us show whether the dark energy (8) can drive the present accelerated expansion of the universe or not. In the matter-dominated (MD) epoch, since H =^2_{3t} ∝ a^{−3/2}, then we have Ω_q ∝ T^{2/3} ∝ a. Then the fractional energy density (9) increases during the MD epoch and the dark energy (8) becomes dominated eventually. So the tracking behavior of ADE during the MD epoch does not exist in this model. From Eq.(8), we have

ρ̇_q + 4 3 ρ_q T = 0. (10)

By comparing the equation with the conservation law of the dark energy ρ̇_q + 3H(1 + w_q)ρ_q = 0 and using Eq.(9), we can get the equation of state (EoS) parameter w_q as

w_q = −1 + 4 9 Ω^{3/4}_q √ H nM_p . (11)

We can derive from Eq.(11) that in the dark-energy-dominated (DED) epoch the parameter w_q is given by w_q ≃ −1 + 4 9 1 (nM_pT )^{1/3}

, (12)

since approximately Ω_q ≃ 1 and H^2 ≃^{n2/3M 2/3p}_{T 4/3} . Then, as the increasing of T , w_q approaches −1 and the dark energy (8) mimics a cosmological constant to drive the accelerated expansion. So, from the above analysis, we know that the dark energy (8) has at least the reasonable qualitative behavior.

Now considering the flat Friedmann-Robertson-Walk (FRW) universe with the dark energy (8) and pressureless matter, the corresponding Friedmann equation reads

H^2 = 1 3M^2_p

(ρ_m + ρ_q). (13)

Here ρ_m is the energy density of the matter and the corresponding conservation law is

ρ̇_m + 3Hρ_m = 0. (14)

Then using Eqs.(9), (13), (8) and (14), we find that the evolution of the fractional energy density (9) is governed by the two equations dΩ_q da = 3 a Ω_q(1 − Ω_q) ( 1 − 4 9 Ω^{3/4}_q √ H̃ ñ ) , (15) dH̃ da = − 3H̃ 2a ( 1 − Ω_q + 4 9 Ω^{7/4}_q √ H̃ ñ ) , (16)

where H̃ ≡ H H_0 , ñ ≡ nM_p H_0

, (17) and the subscript 0 denotes the present value of the corresponding parameter. By choosing a_0 = 1, ñ = 20 and the initial condition Ω_{q0} = 0.728, we solve the equations and display the evolution of Ω_q with respect to log_{10} a in Fig.1. The result displayed in Fig.1 tells us that the dark energy (8) is negligible in the early universe and becomes dominated in the late, which is consistent with the analysis in the last paragraph.

Using Eq.(17), we may rewrite Eq.(11) as

w_q = −1 + 4 9 Ω^{3/4}_q √ H̃ ñ . (18)

Then using the above equation and the numerical solution obtained by solving Eqs.(15) and (16) with a_0 = 1, ñ = 20 and Ω_{q0} = 0.728, we display the evolution of w_q with respect to log_{10} a in Fig.2. We also plot the current value of w_q versus ñ with fixed Ω_{q0} = 0.728 in Fig.3. We see that w_{q0} ≲ −0.89 as ñ ≳ 10. Therefore the EoS parameter is consistent with the Wilkinson Microwave Anisotropy Probe(WMAP) observation [13], as ñ is taken to be a number of order ten.

Furthermore, let us calculate the shift parameter R, which characterizes the position of the first peak of the cosmic microwave background spectrum and is defined as [16] R = √ Ω_{m0} ∫_{z∗} 0 dz H̃(z). (19)

Here z_∗ is the redshift of decoupling. The 7-year WMAP observations tell us that z_∗ = 1091.3 ± 0.91 at 1σ confidence level [13]. In this paper, we choose z_∗ = 1091. Then, using the numerical solution of Eqs.(15) and (16) with a_0 = 1, ñ = 20 and Ω_{q0} = 0.728, we obtain the value of R to be R = 1.722. (20)

The 7-year WMAP observations tell us R = 1.725 ± 0.018 at 1σ confidence level [13]. So the dark energy model (8) with ñ = 20 is consistent with the 7-year WMAP observations.

3 New Model Characterized by Conformal Age of Universe

In order to eliminate the inconsistences in the ADE model, the authors in Ref.[4] proposed the NADE model by replacing the age T with the conformal age η. The NADE model is very successful in fitting the observation data [14, 15]. Motivated by this, from Eq.(7) we propose a dark energy model characterized by the conformal age of the universe as

ρ_q =

3n^{2/3}M^{8/3}p η^{4/3} , (21)

Fig. 1: The evolution of Ω_q for the dark energy (8) versus log_{10} a with the initial condition Ω_{q0} = 0.728 and ñ = 20.

Fig. 2: The evolution of w_q for the dark energy (8) versus log_{10} a with the initial condition Ω_{q0} = 0.728 and ñ = 20.

Fig. 3: The current equation of state parameter w_q versus the parameter ñ with fixed Ω_{q0} = 0.728.

Fig. 4: The evolution of Ω_q for the dark energy (21) versus log_{10} a with the initial condition Ω_{q0} = 0.728 and ñ = 20.

Fig. 5: The evolution of w_q for the dark energy (21) versus log_{10} a with the initial condition Ω_{q0} = 0.728 and ñ = 20.

where η is the conformal age of universe defined in Eq.(5). The corresponding fractional energy density is

Ω_q = n^{2/3}M^{2/3}p η^{4/3}H^2

. (22)

Let us consider the flat FRW universe filled with the dark energy (21) and the pressureless matter. In the MD epoch, the energy conservation equation of the matter, Eq.(14), tells us H^2 ∝ a^{−3}. Substituting this into Eq.(5), we have η ∝ √ a. Then Eq.(22) tells us that in the MD epoch, Ω_q ∝ a^{7/3}. Then we know that the fractional energy density (22) increases in the matter-dominated epoch and eventually, the dark energy (21) becomes dominated. From Eqs.(21), (5), (22) and the conservation equation ρ̇_q + 3H(1 + w_q)ρ_q = 0, we can easily get the EoS parameter as

w_q = −1 + 4 9 Ω^{3/4}q a √ H nM_p . (23)

In the DED epoch, since approximately Ω_q ≃ 1 and H^2 ≃^{n2/3M 2/3p}_{η4/3} , from Eq.(23) we have w_q ≃ −1 + 4 9 1 a(nM_pη)^{1/3} . (24)

So, as the expansion of the universe, w_q approaches −1 and the dark energy (21) mimics a cosmological constant. The above analysis makes us believe that qualitatively the dark energy (21) is a reasonable model.

In order to confirm the qualitative analysis in the last paragraph, now let us survey the evolution of the fractional energy density (22) quantitatively. Using Eqs.(5), (13), (21), (22) and (14), we find that the evolution of Ω_q is governed by the two equations dΩ_q da = 3 a Ω_q(1 − Ω_q) [ 1 − 4 9 Ω^{3/4}q a √ H̃ ñ ] , (25) dH̃ da = − 3H̃ 2a [ 1 − Ω_q + 4 9 Ω^{7/4}q a √ H̃ ñ ] , (26)

where H̃ ≡ H/H_0 and ñ ≡ nM_p/H_0. Still choosing a_0 = 1, ñ = 20 and Ω_{q0} = 0.728, we solve the equations numerically and display the evolution of Ω_q with respect to log_{10} a in Fig.4. The result displayed in Fig.4 tells us that the dark energy (21) is negligible in the early universe and becomes dominated in the late, which confirms the qualitative analysis in the last paragraph.

By rewriting Eq.(23) as

w_q = −1 + 4 9 Ω^{3/4}q a √ H̃ ñ , (27) we display the evolution of w_q versus log_{10} a in Fig.5 with a_0 = 1, ñ = 20 and Ω_{q0} = 0.728. From Fig.5, we know that w_q approaches −1 in the future, which confirms the qualitative analysis. With a_0 = 1, we find that the curve representing the current value of w_q defined in Eq.(27) versus ñ with Ω_{q0} = 0.728 is just that displayed in Fig.3. So, as in the last section, from Fig.3 we may conclude that the EoS parameter of the dark energy (21) is consistent with the WMAP observation [13], as ñ is taken to be a number of order ten. Further, with a_0 = 1, ñ = 20 and Ω_{q0} = 0.728, we obtain the value of the shift parameter R as R = 1.716. (28)

So the dark energy model (21) with ñ = 20 is in agreement with the 7-year WMAP observations (R = 1.725 ± 0.018) [13].

4 Summary

We propose two new models of dark energy based on the Károlyházy uncertainty relation (1). The two models are different from the ADE [3] and NADE [4] models. The ADE and NADE models are motivated from Eq.(3) which is deduced from Eq.(1) by taking the energy of the minimal detectable cell δt^3 to be t^{−1}, while the two models in this note are motivated from Eq.(7) which is obtained by arguing the energy of the cell δt^3 to be δt^{−1}. Both Eq.(3) and Eq.(7) are the natural results of the relation (1) and the energy-time uncertainty relation. So, following the motivation of the ADE and NADE models, we motivate the two models from Eq.(7).

It is well known that there exist implicit inconsistences in the model of ADE [3, 4, 11, 12]. In fact, it is in order to eliminate the inconsistences of ADE that the model of NADE is proposed [4]. We find that in the two models in the note, the dark energy has the reasonable behavior that the dark energy is negligible in the MD epoch and eventually becomes dominated to derive the accelerated expansion, and no inconsistences exist in the two model. Particularly, the model proposed in Sec.2 is characterized by the age of the universe T , not the unphysical scale η.

By calculating the shift parameter, we compare the two models with the observational data. We find the two models with ñ = 20 fit the 7-year WMAP date well. We hope that the two models can shed new light on the solving of the dark energy problem.

Acknowledge

This work has been supported in part by the NNSF of China under Grant No.11147017, the Research Fund for the Doctoral Program of Higher Education of China under Grant No.20106101120023, the NNSF of China under Grant No.10875060 and the Natural Science Foundation of the Shaanxi Province under Grand No.2011JQ1002.

References

[1] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).

[2] V. Sahni and A. A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2000), [astro-ph/9904398]; S. M. Carroll, Living Rev. Rel. 4, 1 (2001), [astro-ph/0004075]; P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003), [astro-ph/0207347]; T. Padmanabhan, Phys. Rept. 380, 235 (2003), [hep-th/0212290]; E. J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod. Phys. D 15, 1753 (2006), [hep-th/0603057]; R. Bousso, Gen. Rel. Grav. 40, 607 (2008), arXiv:0708.4231 [hep-th].

[3] R. G. Cai, Phys. Lett. B 657, 228 (2007), arXiv:0707.4049[hep-th]. [4] H. Wei and R. G. Cai, Phys. Lett. B 660, 113 (2008), arXiv:0708.0884[astro-ph]. [5] F. Károlyházy, Nuovo Cim. A 42, 390 (1966);

F. Károlyházy, A. Frenkel and B. Lukács, in Physics as Natural Philosophy, edited by A. Simony and H. Feschbach, MIT Press, Cambridge, MA (1982); F. Károlyházy, A. Frenkel and B. Lukács, in Quantum Concepts in Space and Time, edited by R. Penrose and C. J. Isham, Clarendon Press, Oxford (1986).

[6] Y. J. Ng and H. Van Dam, Mod. Phys. Lett. A 9, 335 (1994);

Y. J. Ng and H. Van Dam, Mod. Phys. Lett. A 10, 2801 (1995). [7] Y. J. Ng, “Various Facets of Spacetime Foam”, arXiv:1102.4109[gr-qc]. [8] M. Maziashvili, Int. J. Mod. Phys. D 16, 1531 (2007), [arXiv:gr-qc/0612110]. [9] M. Maziashvili, Phys. Lett. B 652, 165 (2007), arXiv:0705.0924[gr-qc]. [10] N. Sasakura, Prog. Theor. Phys. 102, 169 (1999), [arXiv:hep-th/9903146]. [11] I. P. Neupane, Phys. Lett. B 673, 111 (2009), arXiv:0708.2910[hep-th]. [12] C. Y. Sun and Y. Song, “Inconsistences in Interacting Agegraphic Dark Energy Models”, arXiv:1008.0688[hep-th].

[13] E. Komatsu et al., Astrophys. J. Supp. 192, 18 (2011), arXiv:1001.4538[astroph.CO].

[14] M. Li, X. D. Li, S. Wang and X. Zhang, JCAP 0906, 036 (2009), arXiv:0904.0928[astroph.CO].

[15] Y. H. Li, J. Z. Ma, J. L. Cui, Z. Wang and X. Zhang, arXiv:1011.6122[astro-ph.CO]. [16] G. Efstathiou and J. R. Bond, MNRAS 304, 75 (1999).