arXiv:1105.4727v3 [gr-qc] 27 Sep 2011

TILTED LEMAITRE–TOLMAN–BONDI SPACETIMES: HYDRODYNAMIC AND THERMODYNAMIC PROPERTIES

L. Herrera^∗,^† A. Di Prisco^‡,^§ and J. Ibáñez^¶ Departamento de Física Teórica e Historia de la Ciencia, Universidad del País Vasco, Bilbao, Spain (Dated: September 28, 2011)

We consider Lemaitre–Tolman–Bondi spacetimes from the point of view of a tilted observer, i.e. one with respect to which the fluid is radially moving. The imperfect fluid and the congruence described by its four–velocity, as seen by the tilted observer is studied in detail. It is shown that from the point of view of such tilted observer the fluid evolves non–reversibly (i.e. with non–vanishing rate of entropy production). The non–geodesic character of the tilted congruence is related to the non–vanishing of the divergence of the 4–vector entropy flow. We determine the factor related to the existence of energy–density inhomogeneities and describe its evolution, these results are compared with those obtained for the non–tilted observer. Finally, we exhibit a peculiar situation where the non–tilted congruence might be unstable.

PACS numbers: 04.40.-b, 04.40.Nr, 05.70.Ln, 95.30.Tg Keywords: Relativistic fluids, tilted observers, dissipative fluids, causal dissipative theories.

I. INTRODUCTION

It is already a stablished fact that a variety of line elements may satisfy the Einstein equations for different (physically meaningful) stress–energy tensors (see [1]– [13] and references therein). This ambiguity in the description of the source is generally related to the arbritariness in the choice of the four velocity in terms of which the energy–momentum tensor is split.

Thus, when the two possible interpretations of a given spacetime correspond to a boost of one of the observer congruence with respect to the other, both the general properties of the source and the kinematical properties of the congruence would be different.

This is for example the case of the zero curvature FRW model, which represents a perfect fluid solution for observers at rest with respect to the timelike congruence defined by the eigenvectors of the Ricci tensor, but can also be interpreted as the exact solution for a viscous dissipative fluid as seen by observers moving relative to the previously mentioned congruence of observers [4]. An important point to mention is that the relative (“tilting”) velocity between the two congruences may be related to a physical phenomenon such as the observed motion of our galaxy relative to the microwave background radiation.

In other words, zero curvature FRW models as described by “tilted” observers will detect an imperfect fluid, energy–density inhomogeneity, different evolution of the expansion scalar and the shear tensor, among other differences, with respect to the “standard” observer (see [4] for a comprehensive discussion on this example).

∗Also at U.C.V., Caracas ‡Also at U.C.V., Caracas †Electronic address: laherrera@cantv.net.ve §Electronic address: adiprisc@fisica.ciens.ucv.ve ¶Electronic address: j.ibanez@ehu.es

However, as it has been discussed before (e.g see [14]– [16]) imperfect fluids are not necessarily incompatible with reversible processes, accordingly, since the dissipative character of the fluid defined by the non–vanishing of the divergence of the four–vector entropy flow has an absolute meaning, it is very important to elucidate whether or not entropy production is actually happening.

In the context of the standard Eckart theory [17] a necessary condition for the compatibility of an imperfect fluid with vanishing entropy production (in the absence of bulk viscosity) is the existence of a conformal Killing vector field CKV) χ^α such that χ^α =^{V α}_T where V^α is the four–velocity of the fluid and T denotes the temperature. In the context of causal dissipative theories, e.g. [18]– [23], as we shall see below, the existence of such CKV is also necessary for an imperfect fluid to be compatible with vanishing entropy production.

Now, as it is well known FRW spacetimes admit CKV [24]; therefore tilted FRW even though described by imperfect fluids, might not be associated to irreversible processes (as it seems to be indeed the case, see [15] and [16] for a detailed discussion on this point).

It is our goal in this work to study in detail tilted Lemaitre–Tolman–Bondi spacetimes (LTB). The reasons to undertake such an endeavour are twofold. On the one hand LTB dust models [25–27] are among the oldest and most interesting solutions to Einstein equations. They describe spherically symmetric distribution of inhomogeneous non–dissipative dust (see [28, 29] for a detailed description of these spacetimes).

They have been used as cosmological models (see [30– 34] and references therein), in the study of gravitational collapse and the problem of the cosmic censorship [35]– [42], and in quantum gravity [43, 44].

A renewed interest in LTB has appeared, in relation with recent observations of type Ia supernovae, indicating that the expansion of the universe is accelerating. Indeed, even if it is true that there is general consensus to invoke dark energy as a source of anti-gravity for understanding the cosmic acceleration, it is also true that a growing number of researchers consider that inhomogeneities can account for the observed cosmic acceleration, without invoking dark energy (see [45–52] and references therein).

On the other hand, we know that LTB does not admit CKV [53] and therefore heat flux vector appearing in the energy–momentum tensor of the tilted congruence would be necessarily associated to a “truly” (i.e. entropy producing) dissipative phenomenon. Indeed, we shall show that in the context of causal dissipative theories too, the existence of a CKV is necessary for the compatibility of imperfect fluids with vanishing entropy production.

We shall provide a possible explanation of such “truly” dissipative processes based on the non–geodesic character of the tilted congruence.

The “inhomogeneity factor”, i.e. the variable representing those aspects of the fluid distribution which are responsible for the appearance of energy–density inhomogeneities has been identified for the tilted congruence and its evolution equation has been integrated.

Also a discussion about the stability of the non–tilted congruence and the consequences of attaining the so called “critical point” are presented.

Finally a summary of the different issues discussed throughout the text, is given in the last section.

II. TILTED LTB SPACETIMES

We shall now provide a general description of tilted LTB spacetimes, as well as the basic equations required for our discussion.

Let us consider a line element of the form

ds^2 = −dt^2 + B^2dr^2 + R^2(dθ^2 + sin^2 θdϕ^2), (1)

where B(r, t) and R(r, t) are functions of their arguments, and an energy momentum tensor describing a dust distribution with energy density μ̄ in comoving coordinates

T_{μν} = μ̄v_μv_ν . (2)

The general form of LTB metric is obtained from the integration of the (t r) component of Einstein equations which in turn implies the vanishing of any dissipative flux in (2), the result of such integration produces B(t, r) = R^′ [1 + k(r)]^{1/2}

, (3)

where k is an arbitrary function of r and prime denotes derivative with respect to r.

In the above we have assumed the congruence to be comoving with the fluid and accordingly

v^μ = (1, 0, 0, 0). (4)

In order to obtain the tilted congruence, let us perform a Lorentz boost from the Locally Minkowskian frame associated to (4) to the Locally Minkowskian frame with respect to which a fluid element has radial velocity ω. The corresponding tilted congruence is characterized by the vector field

V^μ = ( 1 (1 − ω^2)^{1/2} , ω B(1 − ω^2)^{1/2} , 0, 0 ) . (5)

We shall now assume that the source as seen by the tilted observer consists of an anisotropic fluid (principal stresses unequal) dissipating energy in both, the streaming out limit (a radially directed flow of a null fluid) and the diffusion approximation (described by means of a heat flow vector q^μ), whose four velocity is given by (5). In this case the energy momentum tensor reads:

T_{αβ} = (μ + P_⊥)V_αV_β + P_⊥g_{αβ} + (P_r − P_⊥)s_αs_β +q_αV_β + V_αq_β + ϵl_αl_β, (6)

where as usual, μ, P_r, P_⊥ denote the energy density, the radial pressure and the tangential pressure respectively. ϵ is the energy density of the null fluid describing dissipation in the streaming out approximation, l_α is a null four vector and the heat flux vector q^μ satisfying q^μV_μ = 0, is

q^μ = qs^μ, (7)

where

s^μ = ( ω (1 − ω^2)^{1/2} , 1 B(1 − ω^2)^{1/2} , 0, 0 ) , (8) and

l^μ = ( 1 + ω (1 − ω^2)^{1/2} , 1 + ω B(1 − ω^2)^{1/2} , 0, 0 ) , (9)

satisfying

V^αV_α = −1, V^αq_α = 0, s^αs_α = 1, s^αV_α = 0, l_αV^α = −1, l_αs^α = 1, l_αl^α = 0. (10)

An equivalent form to write the energy momentum tensor is T_{αβ} = μ̃V_αV_β + P̂ h_{αβ} + Π_{αβ} + q̃ (s_αV_β + V_αs_β ) , (11)

where

h_{αβ} = g_{αβ} + V_αV_β , (12)

P̂ =

P̃_r + 2P_⊥ 3 , (13)

Π = P̃_r − P_⊥, (14)

Π_{αβ} = Π ( s_αs_β − 1 3 h_{αβ} ) , (15)

μ̃ = μ + ϵ; P̃_r = P_r + ϵ; q̃ = q + ϵ. (16)

A. Relationships between tilted and non–tilted variables

From (2) and (11) it is a simple matter to obtain the following relationships linking tilted and non–tilted variables:

P_r = μ − μ̄, (17)

ϵ = μ̄ 1 − ω^2 − μ, (18)

q = −ϵ − μ̄ω 1 − ω^2 = μ − μ̄ 1 − ω = P_r − μω 1 − ω . (19)

It is worth noticing that for the tilted observer dissipative fluxes ( in either approximation) should be present since q = ϵ = 0 implies ω = 0.

In the case of bounded configurations the second fundamental form would be discontinuous at the outer boundary implying the presence of a thin shell there. Some special cases are:

1. ϵ = 0, q ≠ 0

In this case it follows from the above equations

P_r = μω^2, μ = μ̄ 1 − ω^2 , q = − μ̄ω 1 − ω^2

. (20)

Observe that the expression for the pressure corresponds to that of ram pressure, which is intuitively evident.

2. ϵ ≠ 0, q = 0

In this case it follows from the above equations P_r = μω, μ = μ̄ 1 − ω , ϵ = − μ̄ω 1 − ω^2

. (21)

3. Pr = 0

In this case we have μ = μ̄, q = − μω 1 − ω , ϵ = μω^2 1 − ω^2

. (22)

B. Einstein equations

In terms of tilted variables, Einstein’s equations G_{αβ} = R_{αβ} − 1 2 Rg_{αβ} = 8πT_{αβ}, take the form

8πT_{00} = 8π 1 − ω^2 ( μ̃ + P̃_rω^2 + 2q̃ω ) = ( 2 Ḃ B + Ṙ R ) Ṙ R − ( 1 B )_2 [ 2 R^{′′} R + ( R^′ R )_2 − 2 B^′ B R^′ R − ( B R )_2] , (23)

8πT_{01} = − 8πB 1 − ω^2 [ (μ̃ + P̃_r)ω + q̃(1 + ω^2) ] = −2 ( Ṙ^′ R − Ḃ B R^′ R ) , (24)

8πT_{11} = 8πB^2 1 − ω^2 ( μ̃ω^2 + P̃_r + 2q̃ω ) = −B^2 2 R̈ R + ( Ṙ R )_2 + ( R^′ R )_2 − ( B R )_2

, (25)

8πT_{22} = 8π sin^2 θ

T_{33} = 8πR^2P_⊥ = −R^2 ( B̈ B + R̈ R + Ḃ B Ṙ R ) + ( R B )_2 ( R^{′′} R − B^′ B R^′ R ) , (26)

where dot denotes derivative with respect to t.

Since the Einstein tensor is the same for the tilted and non–tilted observers we should have

μ̄ = μ̃ + P̃_r ω^2 + 2q̃ω 1 − ω^2

, (μ̃ + P̃_r)ω + q̃(1 + ω^2) = 0, (27)

μ̃ω^2 + P̃_r + 2q̃ω = 0, (28)

which follow at once from (17)–(19). Also from (26)

P_⊥ = 0. (29)

Fluids with vanishing tangential stresses have been considered in the past in different contexts [54, 55].

III. QUANTITIES DEPENDING ON THE CONGRUENCE

Since we are going to compare the physical picture as described by two different congruences of observers, it should be obvious that quantities depending explicitly on the congruence would play a fundamental role in such study. We shall consider two different kinds of quantities, namely: kinematical quantities and dynamical quantities, these latter being defined in terms of Riemann and Weyl tensors.

A. Kinematical quantities

In the absence of rotations (as is the case here) the congruence is described through the three kinematical quantities: the four–acceleration, the expansion and the shear. The four acceleration a^α is given by

a^α = V^α_{;β} V^β = as^α, (30)

where a = 1 √ 1 − ω^2 [ ωḂ B + ω̇ (1 − ω^2) + ωω^′ B(1 − ω^2) ] . (31)

It is worth noticing that the tilted congruence is no longer geodesic, in contrast with the non–tilted one. This fact is going to play a relevant role in the physical interpretation of results, as we shall see below.

It is also worth noticing that while a nontrivial solution for a = 0 might exist for a specific LTB spacetime, producing a specific “velocity” field (ω), the generic situation is characterized by a ≠ 0. At any rate we were unable to find such a solution.

Next, the expansion Θ = V^α_{;α} is Θ = 1 √ 1 − ω^2 [ Ḃ B + 2 Ṙ R + ωω̇ (1 − ω^2) + ω^′ B(1 − ω^2) + 2 ωR^′ BR ] . (32) Finally, the shear tensor is defined as usually by

σ_{αβ} = V_{(α;β)} + a_{(α}V_{β)} − 1 3 Θh_{αβ} , (33)

which in this particular case may also be written as

σ_{αβ} = σ ( s_αs_β − 1 3 h_{αβ} ) , (34)

where σ^{αβ} σ_{αβ} = 2 3 σ^2, (35) and σ = 1 √ 1 − ω^2 [ Ḃ B − Ṙ R + ωω̇ (1 − ω^2) + ω^′ B(1 − ω^2) − ωR^′ BR ] . (36) As it is evident from the above, for the non–tilted observer (ω = 0) the fluid is geodesic (a = 0) and the expansion and shear take the standard form.

B. Dynamical quantities

Dynamical congruence dependent quantities are defined from the Weyl and Riemann tensors. Thus let us first introduce the Weyl tensor, which is defined through the Riemann tensor R^ρ_{αβμ}, the Ricci tensor R_{αβ} and the curvature scalar R, as: C^ρ_{αβμ} = R^ρ_{αβμ} − 1 2 R^ρ_β g_{αμ} + 1 2 R_{αβ} δ^ρ_μ − 1 2 R_{αμ}δ^ρ_β

+ 1 2 R^ρ_μg_{αβ} + 1 6 R(δ^ρ_β g_{αμ} − g_{αβ} δ^ρ_μ). (37)

The electric part of Weyl tensor (in this particular case the magnetic part vanishes due to the spherical symmetry) is defined by

E_{αβ} = C_{αμβν} V^μV^ν , (38) we may also write E_{αβ} as: E_{αβ} = E(s_αs_β − 1 3 h_{αβ} ), (39)

where E = 1 2 [ R̈ R − B̈ B − ( Ṙ R − Ḃ B ) Ṙ R ]

+ 1 2B^2 [ − R^{′′} R + ( B^′ B + R^′ R ) R^′ R ] − 1 2R^2

. (40)

Next, let us introduce the tensors Y_{αβ} , X_{αβ} and Z_{αβ} which are elements of the orthogonal splitting of the Riemann tensor and are defined by [56, 57]

Y_{αβ} = R_{αγβδ}V^γ V^δ, (41)

X_{αβ} =^∗ R^∗_{αγβδ}V^γ V^δ = 1 2 η^{ϵρ}_{αγ} R^∗_{ϵρβδ}V^γ V^δ, (42) and Z_{αβ} = 1 2 η_{αγϵρ}R^{ϵρ}_{βδ}V^γ V^δ = − 1 2 ϵ_{αϵρ}V^δ R^{ϵρ}_{βδ}, (43) where η_{αγϵρ} is the Levi–Civita tensor, ϵ_{αϵρ} = V^γ η_{γαϵρ} and R^∗_{αβγδ} =^1_2 η_{ϵργδ}R^{ϵρ}_{αβ} .

With these definitions and Einstein’s equations we find

Y^β_α = 4π ( μ̃ 3 + P̂ ) h^β_α − (4πΠ − E) ( s^βs_α − 1 3 h^β_α ) , (44)

X^β_α = 4π ( 2μ̃ 3 ) h^β_α − (4πΠ + E) ( s^β s_α − 1 3 h^β_α ) , (45)

Z_{αβ} = −4πq̃^μϵ_{αμβ} . (46) Tensors Y_{αβ} and X_{αβ} may be expressed through their traces and their trace-free parts, as Y_{αβ} = 1 3 Y_T h_{αβ} + Y_{T F} ( s_αs_β − 1 3 h_{αβ} ) , (47)

X_{αβ} = 1 3 X_T h_{αβ} + X_{T F} ( s_αs_β − 1 3 h_{αβ} ) . (48)

From (44) and (45) it follows at once that

Y_T = 4π(μ̃ + 3P̂ ), Y_{T F} = E − 4πΠ, (49)

X_T = 8πμ̃, X_{T F} = −E − 4πΠ. (50)

These scalars which obviously are congruence dependent were introduced in [58] and have been shown to play a relevant role in the study of self–gravitating systems, in particular;

• In the absence of dissipation, X_{T F} controls inhomogeneities in the energy density [58].

• Y_{T F} describes the influence of the local anisotropy of pressure and density inhomogeneity on the Tolman mass [58]

• Y_T turns out to be proportional to the Tolman mass “density” for systems in equilibrium or quasi– equilibrium [58].

• The evolution of the expansion scalar and the shear tensor is fully controlled by Y_{T F} and Y_T [53, 58, 59].

Another interesting congruence dependent quantity is the super–Poynting vector P_α, which is associated to any dissipative flux present in the fluid distribution. From its definition P_α = ϵ_{αβγ} ( Y^γ_δ Z^{βδ} − X^γ_δ Z^{δβ} ) , (51)

and using (44)–(46) and (17)–(19) we have

P_α = 32π^2 ( μ̃ + P̃_r ) q̃_α = −32π^2ωμ̄^2 [ 1 + ω^2 (1 − ω)^2 ] s_α. (52) Evidently for the non–tilted congruence the super– Poynting vector vanishes as it should be for LTB described by a non–tilted observer.

IV. SOME BASIC AUXILIARY EQUATIONS

For the forthcoming discussion we shall need the explicit form of some basic equations, these are: the equations of motion , two differential equations relating the Weyl tensor with physical variables and the transport equation for the heat flow.

A. Equations of motion

The two independent components of Bianchi identities T^α_{β;α} = 0, after some lengthy calculations can be written as μ̃^∗ + μ̃Θ + q̃^† + q̃ ( ωΘ + 2R^′ BR √ 1 − ω^2 + 2ω̇ √ 1 − ω^2 ) = 0, (53) and P̃^†_r +(μ̃+P̃_r)a+ 2q̃ 3 [ 2Θ + σ − 3ω(ln R)^† ] +q̃^∗ = 0, (54)

with f^† = f_{,α}s^α and f^∗ = f_{,α}V^α .

B. Equations for the Weyl tensor

As mentioned before two differential equations for the Weyl tensor will be needed for the discussion below. These two equations originally found by Ellis [60, 61] are here reobtained following the procedure adopted in [62] and expressed in terms of X_{T F} . They are

(X_{T F} + 4πμ̃)^† = −3X_{T F} (ln R)^† +12πq̃ [ ω(ln R)^† + Ṙ√1 − ω2 R ] , (55) and

X^∗_{T F} = −3X_{T F} (ln R)^∗ + 4πq̃^† + 4πμ̄σ 1 − ω^2 +4πq̃ ( 2ω̇ √ 1 − ω^2 + ωΘ − R^′ √ 1 − ω^2 BR ) , (56)

where (53) has been used.

C. Transport equation

In the diffusion approximation (ϵ = 0, q̃ = q), we shall need a transport equation derived from a causal dissipative theory ( e.g. the Müller-Israel-Stewart second order phenomenological theory for dissipative fluids [18–21]).

Indeed, the Maxwell-Fourier law for radiation flux leads to a parabolic equation (diffusion equation) which predicts propagation of perturbations with infinite speed (see [22], [23], [63]-[65] and references therein). This simple fact is at the origin of the pathologies [66] found in the approaches of Eckart [17] and Landau [67] for relativistic dissipative processes. To overcome such difficulties, various relativistic theories with non-vanishing relaxation times have been proposed in the past [18–21, 68, 69]. The important point is that all these theories provide a heat transport equation which is not of Maxwell-Fourier type but of Cattaneo type [70], leading thereby to a hyperbolic equation for the propagation of thermal perturbations.

A fundamental parameter in these theories is the relaxation time τ of the corresponding dissipative process.

This positive–definite quantity has a distinct physical meaning, namely the time taken by the system to return spontaneously to the steady state (whether of thermodynamic equilibrium or not) after it has been suddenly removed from it. Therefore, when studying transient regimes, i.e., the evolution between two steady–state situations, τ cannot be neglected. In fact, leaving aside that parabolic theories are necessarily non–causal, it is obvious that whenever the time scale of the problem under consideration becomes of the order of (or smaller) than the relaxation time, the latter cannot be ignored, since neglecting the relaxation time ammounts -in this situation- to disregarding the whole problem under consideration.

Sometimes in the past it has been argued that dissipative processes with relaxation times comparable to the characteristic time of the system are out of the hydrodynamic regime. However, that argument can be valid only if the particles making up the fluid are the same ones that transport the heat. But, this is never the case. Specifically, for a neutron star, τ is of the order of the scattering time between electrons (which carry the heat) but this fact is not an obstacle (no matter how large the mean free path of these electrons may be) to consider the neutron star as formed by a Fermi fluid of degenerate neutrons. The same is true for the second sound in superfluid Helium and solids, and for almost any ordinary fluid. In brief, the hydrodynamic regime refers to fluid particles that not necessarily (and as a matter of fact, almost never) transport the heat. Therefore large relaxation times (large mean free paths of particles involved in heat transport) does not imply a departure from the hydrodynamic regime (this fact has been streseed before [71], but it is usually overlooked).

Thus, the transport equation for the heat flux reads

τh^{αβ} V^γ q_{β;γ} +q^α = −κh^{αβ} (T_{,β} + T a_β)− 1 2 κT^2 ( τV^β κT^2 ) ;β q^α, (57) where κ denotes the thermal conductivity, and T and τ denote temperature and relaxation time respectively. The transport equation has only one independent component which may be written as

τ ( q̇ + ωq^′ B ) + q(1 − ω^2)^{1/2} = −κ [( ωṪ + T^′ B ) + ωT ( Ḃ B + ω̇ ω(1 − ω^2) + ω^′ B(1 − ω^2) )]

− κT^2 2 q [( τ κT^2 )_˙ + ω B ( τ κT^2 )_′] − τΘ 2 q(1 − ω^2)^{1/2}. (58)

We are now in capacity to analyze some relevant aspects of tilted LTB spacetimes.

V. DOES THE TILTED OBSERVER DETECT A REAL DISSIPATIVE PROCESS? (AND WHY?)

We have seen that for the tilted observer the energy momentum tensor corresponds to that of an imperfect fluid. However we know that non–dissipative (reversible) processes within imperfect fluids are not forbidden a priori, in the context of the standard irreversible thermodynamics (see [14–16] and references therein).

What is the situation for a causal thermodynamic theory such as Israel–Stewart? In order to eilucidate this point we shall for simplicity consider in the dissipative part of the energy–momentum tensor only the terms associated to the heat flux, excluding any shear and bulk viscosity term as well as viscous/heat coupling constants. Then from the Gibbs equation and Bianchi identities it follows (see eq.(42) in [72])

T S^α_{;α} = −q^α [ h^μ_α(ln T )_{,μ} + V_{α;μ}V^μ + β_1q_{α;μ}V^μ + T 2 ( β_1 T V^μ ) ;μ q_α ] , (59)

where S^α is the entropy four–current and β_1 =^τ_{κT} .

Let us first review the situation for the standard irreversible thermodynamics, in this case we have τ = 0 and (59) becomes

T S^α_{;α} = −q^α [h^μ_α(ln T )_{,μ} + V_{α;μ}V^μ] , (60)

which after simple manipulations takes the form

S^α_{;α} = − 1 2 T^{αβ}_{dis.}L_χg_{αβ} , (61) where L_χ denotes the Lie derivative with respect to the vector field χ^α =^{V α}_T , and T^{αβ}_{dis.} = V^αq^β + V^β q^α. From the above is evident that if χ defines a conformal Killing vector (CKV), i.e.

L_χg_{αβ} = ψg_{αβ} , (62)

for an arbitrary function ψ, then

S^α_{;α} = 0. (63)

However we know that LTB spacetimes do no admit CKV [53], accordingly at least in the context of the standard irreversible thermodynamics, our tilted observer detects a real dissipative process.

Let us now consider the situation for the causal thermodynamics. In this latter case we obtain from (59)

S^α_{;α} = − 1 2 T^{αβ}_{dis.}L_χg_{αβ} − 1 2 ( q^2V^μτ κT^2 ) ;μ . (64)

The equation above allows two possibilities for the vanishing of S^α_{;α}. Either the two terms on the right cancel each other or both terms vanish separately. Now, since the second term on the right of (64) contains two phenomenological parameters (κ and τ) which are absent in the first term, it follows that the vanishing of S^α_{;α} in the first case would imply a specific relationship between those two parameters. While this situation is possible, it would refer to a specific example and is certainly not describing a generic scenario. Therefore we shall consider the second case, which requires the vanishing of both terms simultaneously. However this is not possible in our case since LTB as mentioned before does not admit CKV, and therefore we conclude that also in the context of the Israel-Stewart theory, there is entropy production associated with the heat flow vector q^α.

For spacetimes admitting CKV (e.g. FRW) vanishing entropy production requires the vanishing of the last term in (64), which implies C^μ_{;μ} ≡ 1 √ −g ∂( √ −gC^μ) ∂x^μ = 0, (65)

with g being the metric determinant and C^μ ≡ (_{q2 V μτ} κT^2 ) , implying in turn the conservation of^{√−gq2 τ}_{κT 2} . At this point we do not know what is the physical meaning (if any) of such quantity, nor can we understand why its conservation is necessary for the reversibility of the process.

It is worth mentioning that reversible dissipative processes may occur in collisionless plasma, an example of which is the well known Landau damping [73]. In that case, the dissipation is related to electrons whose speed in the direction of propagation of an electric wave, equals the phase speed of the latter. It is not clear to us if there is some link between Landau damping and reversible processes satisfying (62) and (65)

The remarkable fact that the tilted observer detects a real (entropy producing) dissipative process while for the non–tilted observer the evolution proceeds adiabatically, requires a deeper analysis. For doing that we shall heavily rely on a discussion presented in [74] where it is shown that forces may be interpreted in terms of collisional terms appearing in the Boltzmann equations, and thereby producing entropy. Basically, what authors of [74] show is that a specific collisional interaction may be mapped onto an effective force, implying thereby that there exists a certain freedom to interpret collisional events (producing entropy) in terms of forces (and viceversa).

Now, we have seen that for the tilted observer the congruence of V^μ is (in general) non–geodesic, leading such an observer to conclude that some “force” other than gravitation is acting on the fluid. If we interpret this “force” as a collisonal term in the Boltzman equation we can understand why the tilted observer detects a truly dissipative process while for the non–tilted observer the evolution occurs adiabatically. In this sense it could be said that the four–acceleration is producing extra entropy. On the other hand we saw that dissipation is a distinctive characteristic associated to tilted observers, accordingly it could also be concluded that those dissipative fluxes are at the origin of the observed four–acceleration.

VI. THE INHOMOGENEITY FACTOR AND ITS EVOLUTION

As it is well known, the energy–density in the “standard” (non–tilted) LTB is inhomogeneous. The same is true for the tilted LTB, however in this latter case the physical factors related to that inhomogeneity and their evolution are different. We shall now elaborate on this issue in some detail.

First of all observe that from (55) it follows that, assuming the fluid to be regular everywhere,

Ψ = 0 ⇔ μ̃^† = 0, (66)

with Ψ ≡ X_{T F} − ∫_x 0 AR^3dx^′ R^3

, (67)

where

A ≡ 12πq̃ [ ω(ln R)^† + Ṙ√1 − ω2 R ] , (68)

and x is a parameter of the curves of the congruence defined by s^α. We shall refer to Ψ as the inhomogeneity factor.

In the non–tilted case (ω = q̃ = 0), we have X_{T F} = −E, and therefore the Weyl tensor becomes the inhomogeneity factor, a well known result [75].

Next, we shall use (56) to find the evolution of Ψ. Replacing (67) into (56) and integrating we obtain

Ψ = ∫_s 0 [ 4πq̃^† + 4πq̃(ωΘ +^{2ω̇√}_{1−ω2} −^{R′ √1−ω2}_{BR} ) + 4πμ̃σ ] R^3ds^′ − ∫_x 0 AR^3dx^′ R^3

, (69)

where s is the parameter of the curves of the congruence of V^α. In the non–tilted case (69) becomes E = − 4π ∫_t 0 μσR^3dt R^3

, (70)

implying that deviations from an initially homogeneous configuration depend on the shear [75]. We see that in the tilted version the situation is by far more complicated, and deviations from an initially homogeneous configuration depend also on the dissipative flux.

VII. ON THE STABILITY OF THE NON–TILTED CONGRUENCE

Let us consider a non–tilted congruence, which at t = 0 is submitted to perturbations keeping the spherical symmetry. For simplicity we shall consider the possibility of dissipation only in the pure diffusion case (ϵ = 0).

We shall study the perturbed system on a time scale which is small as compared to the thermal relaxation time and the hydrostatic time scale.

Then, immediately after perturbation (“immediately” understood in the sense above), ω = q = 0; ω̇ ≈ q̇ ≠ 0 (small). (71) With the above conditions we obtain from (54) evaluated just after the perturbation

μω̇ + q̇ = 0. (72)

Next, evaluating the transport equation (58) just after the perturbation, we obtain τq̇ = −κT ω̇, (73) where use has been made of the fact that just before the perturbation the system is geodesic and in thermal equilibrium, and therefore T^′ = 0. Combining (72) with (73) we obtain ω̇(μ − κT τ ) ≡ ω̇μ(1 − α) = 0, (74)

with α ≡^{κT}_{μτ} .

From the above it is obvious that if α ≠ 1 then ω̇ = 0 and taking repeatedly, time derivative of (54) and (58) it follows that time derivatives of any order of ω vanish, implying that the non–tilted congruence can be analytically extended beyond t = 0.

However if α = 1, it is not longer possible to assure the stability of the non–tilted congruence after perturbations. The situation described by such a condition has been studied in detail in the past, (see [13], [76]–[83] and references therein for details). Basically that condition (usually referred to as the “critical point”) implies the vanishing of the effective inertial mass density and because of the equivalence principle, of the passive gravitational mass density, leading to important consequences in the dynamics of gravitational collapse.

In order to evaluate the circumstances under which such condition appear, observe that in c.g.s. units

κT = G c^5 [κ] [T ], τ = c [τ], μ = G c^2

[μ], (75)

where G is the gravitational constant (G ≡ 6.67 × 10^{−8} g^{−1}cm^3 s^{−2}) and [κ], [T ], [τ] and [μ] denote the numerical value of these quantities in erg s^{−1} cm^{−1} K^{−1}, K, s and g cm^{−3} respectively.

Thus

α ≡ κT τμ ≈ 1 81 [κ] [T ] [τ] [μ]

× 10^{−40}. (76)

At present we may speculate that α may increase substantially (for non-negligible values of τ) in a presupernovae event. Indeed, at the last stages of massive star evolution, the decreasing of the opacity of the fluid, from very high values preventing the propagation of neutrinos (trapping [84]), to smaller values, gives rise to neutrino radiative heat conduction. Under these conditions both κ and T could be sufficiently large as to imply a substantial increase of α. In fact, the values suggested in [85] ([κ] ≈ 10^{37};[T ] ≈ 10^{13}; [τ] ≈ 10^{−4}; [μ] ≈ 10^{12}, in c.g.s. units and Kelvin) lead to α ≈ 1.

VIII. CONCLUSIONS

We have seen that LTB spacetimes as seen by a tilted observer exhibit physical properties which drastically differ from those present in the standard non–tilted LTB. Particular attention deserves the occurrence of dissipative fluxes which are associated to “real” (irreversible) dissipative processes. We put forward a qualitative explanation for the presence of such processes based on the equivalence between forces and collision terms discussed in [74] and the fact that the congruence of V^μ is non– geodesic.

Next we have isolated the inhomogeneity factor, which differs drastically from the corresponding factor in the non–tilted case. There too the dissipative fluxes makes the difference. This result appears to be relevant with respect to the Penrose’s proposal [86] to define a gravitational arrow of time. Indeed, since the rationale behind Penrose’s idea is that tidal forces tend to make the gravitating fluid more inhomogeneous as the evolution proceeds, thereby indicating the sense of time, it should be clear that all factors associated to energy–density inhomogenity (and not only the Weyl tensor) should be present in any definition of the gravitational arrow of time a la Penrose, implying thereby that such definition would be also congruence dependent.

Finally we have shown that under extreme conditions (the critical point) the non–tilted congruence might be unstable, meaning that if that condition is attained, the “natural” version of the model would be a non–tilted one.

We would like to conclude with three remarks:

• It should be emphasized that our goal here is not to provide specific models for given astrophysical scenarios, but just to bring out the relevance of the role of the observer in the description of physical phenomena.

• Since the physical interpretation of both models (tilted and non–tilted) is so different, one could ask what interpretation is the better one? However we agree with Cooley and Tupper [4], in that the key issue is not: what the “correct” interpretation of the model is? since both are physically viable. The point is that each interpretation is related to a specific congruence of observers, and the subjective element ensuing from any specific choice brings out the relevance of the observer in the description of a physical phenomenon. This should not be taken as weakness of the theory but quite the opposite as expression of its richness.

• In a recent work [53] some of us tried to generalize LTB as to admit dissipative fluxes, here we have seen that a simple way to do that is just to look at LTB from the point of view of a tilted observer.

Acknowledgments

LH wishes to thank Fundación Empresas Polar for financial support and Departamento de Física Teórica e Historia de la Ciencia, Universidad del País Vasco, for financial support and hospitality. ADP acknowledges hospitality of the Departamento de Física Teórica e Historia de la Ciencia, Universidad del País Vasco. This work was partially supported by the Spanish Ministry of Science and Innovation (grant FIS2010-15492).

[1] A. R. King and G. F. R. Ellis Commun. Math. Phys. 31, 209 (1973).

[2] B. O. J. Tupper, J. Math. Phys. 22, 2666 (1981). [3] A. K. Raychaudhuri and S. K. Saha, J. Math. Phys. 22, 2237 (1981).

[4] A. A. Coley and B. O. J. Tupper Astrophys. J 271, 1 (1983).

[5] A. A. Coley and B. O. J. Tupper Gen. Rel. Grav. 15, 977 (1983).

[6] B. O. J. Tupper, Gen. Rel. Grav. 15, 849 (1983). [7] A. A. Coley and B. O. J. Tupper Phy. Lett. A 100, 495 (1984).

[8] J. Carot and J. Ibáñez, J. Math. Phys. 26, 2282 (1985). [9] A. A. Coley, Astrophys. J. 318, 487 (1987). [10] M. Calvao and J. M. Salim Class. Quantum Grav. 9, 127 (1992).

[11] G. F. R Ellis, D. R. Matravers and R. Treciokas Gen.

Rel. Grav. 15, 931 (1983).

[12] S. D. Maharaj and R. Maartens Gen. Rel. Grav. 19,499 (1987).

[13] L. Herrera, A. Di Prisco and J. Ibáñez, Class. Quantum Grav. 18, 1475 (2001).

[14] H. Stephani Introduction to General Relativity (Cambridge: Cambridge University Press) (1982).

[15] M. L. Bedran and M. O. Calvao Class. Quantum Grav.

10, 767 (1993).

[16] J. Triginer and D. Pavón, Class. Quantum. Grav. 12, 199 (1995).

[17] C. Eckart Phys. Rev. 58, 919 (1940). [18] I. Müller Z. Physik 198, 329 (1967). [19] W. Israel Ann. Phys. (NY) 100, 310 (1976). [20] W. Israel and J. Stewart Phys. Lett. A 58. 213 (1976). [21] W. Israel and J. Stewart Ann. Phys. (NY) 118, 341 (1979).

[22] D. Jou, J. Casas-Vázquez and G. Lebon Rep. Prog. Phys.

51, 1105 (1988).

[23] D. Jou, J. Casas-Vázquez and G. Lebon Extended irreversible Thermodynamics (Berlin: Springer) (1993).

[24] R. Maartens and S. D. Maharaj Class. Quantum Grav.

3, 1005 (1986).

[25] G. Lemaître Ann. Soc. Sci. Bruxelles A 53, 51 (1933) (Gen. Rel. Grav. 29, 641 (1997)) .

[26] R. C. Tolman Proc. Natl. Acad Sci 20, 169 (1934) (Gen.

Rel. Grav. 29, 935 (1997)).

[27] H. Bondi Mon. Not. R. Astron. Soc. 107, 410 (1947) (Gen. Rel. Grav. 31, 1783 (1999)).

[28] A. Krasinski Inhomogeneous Cosmological Models,(Cambridge University Press, Cambridge) (1998).

[29] J. Plebanski and A. Krasinski An Introduction to General Relativity and Gravitation,(Cambridge University Press, Cambridge) (2006).

[30] R. Sussman, in Gravitation and Cosmology: Proceedings of the Third International Meeting on Gravitation and Cosmology, edited by A. Herrera–Aguilar, F. S. Guzmán Murillo, U. Nucamendi Gómez, and I. Quiros, AIP Conf. Proc. 1083 (AIP, New York, 2008), pp. 228-235.

[31] R. Sussman and G. Izquierdo arXiv:1004.0773. [32] N. Humphreys, R. Maartens and D. Matravers arXiv:

9804023.

[33] D. R. Matravers and N. P. Humphreys Gen. Rel. Grav.

33, 531 (2001).

[34] C. Hellaby and A. Krasinski Phys. Rev. D 73, 023518 (2006).

[35] D. M. Eardley and L. Smarr Phys. Rev. D 19, 2239 (1979).

[36] B. Waugh and K. Lake Phys. Rev. D 40, 2137 (1989). [37] P. S. Joshi and I. H. Dwivedi Phys. Rev. D 47, 5357 (1993).

[38] P. S. Joshi and T. P. Singh Phys. Rev. D 51, 6778 (1995). [39] P. S. Joshi, N. Dadhich and R. Maartens Phys. Rev. D 65, 101501(R) (2002).

[40] J. P. Mimoso, M. Le Delliou and F. C. Mena Phys. Rev.

D 81, 123514 (2010).

[41] M. Le Delliou, F. C. Mena and J. P. Mimoso arXiv:

0911.0241.

[42] M. Le Delliou, F. C. Mena and J. P. Mimoso arXiv:

1103.0976.

[43] C. Vaz, L. Witten and T. P. Singh Phys. Rev. D 63, 104020 (2001).

[44] M. Bojowald, T. Harada and R. Tibrewala Phys. Rev. D 78, 064057 (2008).

[45] A. A. Coley and N. Pelavas Phys. Rev. D 74, 087301 (2006).

[46] A. A. Coley and N. Pelavas Phys. Rev. D 75, 043506 (2007).

[47] M. N. Celerier New Advances in Physics 1, 29 (2007). [48] S. Viaggiu arXiv:0907.0600v1. [49] R. Sussman arXiv: 0807.1145v2.

[50] M. N. Celerier AIP Conf. Proc. 1241, 767 (2010). [51] R. Sussman arXiv: 1001.0904v1.

[52] K. Bolejko, M. N. Celerier and A. Krasinski arXiv:

1102.1449.

[53] L. Herrera, A. Di Prisco, J. Ospino and J. Carot Phys.

Rev.D 82, 024021 (2010).

[54] S. M. C. V. Goncalves and S. Jhingan Gen. Rel. Grav.

33, 2125 (2001).

[55] T. Harko and F.S.N. Lobo arXiv:1104.2674. [56] L. Bel, Ann. Inst. H Poincaré 17, 37 (1961). [57] A. García–Parrado Gómez–Lobo Class. Quantum Grav.

25, 015006 (2008).

[58] L. Herrera, J. Ospino, A. Di Prisco, E. Fuenmayor and O. Troconis, Phys. Rev. D 79, 064025 (2009).

[59] L. Herrera, A. Di Prisco and J. Ospino Gen.Rel. Grav.

42, 1585 (2010).

[60] G. F. R. Ellis, Relativistic Cosmology in: Proceedings of the International School of Physics “ Enrico Fermi”, Course 47: General Relativity and Cosmology. Ed. R. K. Sachs (Academic Press, New York and London) (1971).

[61] G. F. R. Ellis, Gen. Rel. Grav. 41, 581 (2009). [62] L. Herrera, A. Di Prisco, J. Martín, J. Ospino, N. O.

Santos and O. Troconis Phys. Rev. D 69, 084026 (2004). [63] D. Joseph and L. Preziosi Rev. Mod. Phys. 61, 41 (1989). [64] R. Maartens astro-ph/9609119.

[65] L. Herrera and D. Pavón Physica A, 307, 121 (2002). [66] W. Hiscock and L. Lindblom Ann. Phys. (NY) 151, 466 (1983).

[67] L. Landau and E. Lifshitz, Fluid Mechanics (Pergamon Press, London) (1959).

[68] D. Pavón, D. Jou and J. Casas-Vázquez Ann. Inst. H Poincaré A36, 79 (1982).

[69] B. Carter Journées Relativistes, ed. M. Cahen, R. Debever and J. Geheniau, (Université Libre de Bruxelles)

(1976).

[70] C. Cattaneo Atti Semin. Mat. Fis. Univ. Modena 3, 3 (1948).

[71] L. Herrera and N. O. Santos Mon. Not. R. Astr. Soc.

287, 161 (1997).

[72] L. Herrera, A. Di Prisco, E. Fuenmayor and O. Troconis Int. J. Mod. Phys. D 18, 129 (2009).

[73] E. Lifchitz and L. Pitayevski Cinétique Physique (Ed.

Mir, Moscow), (1990).

[74] W. Zimdahl, D. J. Schwarz, A. B. Balakin and D. Pavón Phys. Rev. D 64, 063501 (2001).

[75] L. Herrera Int. J. Mod. Phys. D 20, 1689 (2011). [76] L. Herrera, A. Di Prisco, J. Hernández-Pastora, J.

Martín and J. Martínez Class. Quantum Grav. 14, 22 (1997).

[77] L. Herrera Phys. Lett. A 300, 157 (2002). [78] L. Herrera and N.O. Santos Phys. Rev. D 70, 084004 (2004).

[79] L. Herrera, A. Di Prisco and W. Barreto Phys. Rev. D 73 , 024008 (2006).

[80] L. Herrera Int. J. Mod. Physics D 15, 2197 (2006). [81] A. Di Prisco, L. Herrera, G. Le Denmat, M. MacCallum and N.O. Santos Phys. Rev. D 76, 064017 (2007).

[82] M. Sharif and Z. Rehmat Gen. Rel. Grav 42, 1795 (2010). [83] M. Sharif and A. Siddiqa Gen. Rel. Grav 43, 73 (2011). [84] W. Arnett Astrophys. J. 218, 815 (1977). [85] J. Martínez Phys. Rev. D 53, 6921 (1996). [86] R. Penrose, General Relativity, An Einstein Centenary Survey, Ed. S. W. Hawking and W. Israel (Cambridge: Cambridge University Press) p. 581–638 (1979).