arXiv:1105.4852v3 [hep-th] 21 Aug 2011

AdS_5 Supersymmetry in N = 1 Superspace

Jonathan Bagger^∗ Department of Physics and Astronomy, Johns Hopkins University, 3400 North Charles Street, Baltimore, MD 21218, U.S.A.

Chi Xiong^† Department of Physics, University of Virginia, 382 McCormick Road, P.O. Box 400714, Charlottesville, VA 22904-4714, U.S.A. (Dated: August 23, 2011)

We use N = 1 superspace to construct the supersymmetric matter couplings of vector and hyper multiplets in a five-dimensional anti-de Sitter spacetime background. For hypermultiplets, we find that AdS5 supersymmetry requires the scalar fields to lie on a hyper-Kähler manifold endowed with a certain type of holomorphic Killing vector.

I. INTRODUCTION

In four flat dimensions, supersymmetric nonlinear sigma models have a natural interpretation in terms of Kähler geometry. The scalar fields are the coordinates of a Kähler manifold; the vector fields gauge its holomorphic isometries. In five flat dimensions, supersymmetric theories enjoy a similar description. The scalar fields are the coordinates of a hyper-Kähler manifold, while the vector fields gauge its tri-holomorphic isometries [1].

In this paper we extend this story to five-dimensional anti-de Sitter backgrounds. We work in superspace to make the supersymmetry manifest. However, fivedimensional superfields generally contain an infinite number of auxiliary fields [2]. To avoid this issue, we use what are essentially N = 1 superfields [3]–[8]. Our approach spoils manifest invariance under half the AdS_5 supersymmetries. Nevertheless, it provides a simple and convenient superspace framework for supersymmetric theories in AdS_5. It offers a natural way to construct bulk-plus-brane scenarios in which flat three-branes foliate a fivedimensional AdS_5 bulk.

We illustrate our approach using vector and hyper multiplets, and construct AdS_5 versions of supersymmetric Yang Mills theory and the supersymmetric nonlinear sigma model. In the latter case, we show that the scalar fields must parametrize a special type of hyper-Kähler manifold, one that admits a holomorphic Killing vector that obeys a certain condition on the target space.

This paper is organized as follows. In Sect. II we review the formulation of five-dimensional supersymmetric nonlinear sigma models in N = 1 superspace. In Sect. III we introduce warped superspace as an appropriate venue for constructing supersymmetric theories in a fixed AdS_5 background. We apply our formalism to vector multiplets in Sect. IV and to hypermultiplets in Sect. V. We

∗ bagger@jhu.edu † xiong@virginia.edu

conclude with some brief remarks in Sect. VI.

II. NONLINEAR SIGMA MODEL IN MINK5

Four-dimensional flat-space N = 2 supersymmetric sigma models were constructed long ago using both component fields [9, 10] and superfields [4, 11, 12]. Supersymmetry requires that the complex scalar fields be the coordinates of a hyper-Kähler manifold.

Such theories are relevant to five dimensions because five-dimensional spinors split naturally into two fourdimensional spinors. For that reason, five-dimensional supersymmetric theories can be described in terms of N = 1 superfields: the single five-dimensional supersymmetry splits into two four-dimensional supersymmetries. The first is manifest in superspace, while the second takes one superfield into another. The full five-dimensional structure emerges in the closure of the first and second supersymmetries: by Lorentz invariance, they close into a translation along the fifth dimension.

In previous work [8], we extended [4] to fivedimensional Minkowski space. Invariance of the action and closure of algebra require the lowest components of the chiral superfields to be the coordinates of a hyper- Kähler manifold, just like N = 2 in four dimensions [13].

To see this explicitly, consider the most general (twoderivative) action for 2n chiral superfields in flat space. We use N = 1 superspace, so the action is S = ∫ d^5xd^4θ K(Φ^b, Φ̄^{c∗}) (1) + [∫ d^5xd^2θ [H_a(Φ^b)∂_5Φ^a + P (Φ^b)] + h.c. ] . Here K is the Kähler potential, a real function of the superfields, and H_a and P are holomorphic. By construction, the first supersymmetry is manifest. The second is given by

δ_η Φ^a = 1 2 J^{ab}D̄^2[K_b(θη + θ̄η̄)] − 4J^{ab}P_b θη, (2) where J_{ab} = H_{a,b} − H_{b,a} is an antisymmetric, holomorphic, covariantly constant tensor that satisfies J^{ac}J_{cb} = δ^a_b. (The existence of such a tensor is what makes a Kähler manifold hyper-Kähler.) Note that this formalism obscures the five-dimensional Lorentz invariance. It becomes evident after expanding in terms of component fields and integrating out the auxiliary fields through their equations of motion. (For details, see [8].)

When P = 0, it is not hard to show that the action (1) is invariant under the second supersymmetry transformation. The transformations close into the fivedimensional algebra with the help of the superfield equations of motion. When P ≠ 0, closure imposes conditions on X^a = iJ^{ab}P_b:

∇_aX̄¯_b + ¯∇¯_bX_a = 0 J^a¯_b ¯∇_ēX̄^{b̄} − J^c_ē ∇_cX^a = 0. (3)

The first implies that X^a is a Killing vector. The second says it must be tri-holomorphic, in which case the isometry leaves the three complex structures invariant.

III. WARPED SUPERSPACE

In this section we construct a modified fourdimensional N = 1 superspace that is appropriate for five-dimensional supersymmetric theories in an AdS_5 background. We take our bosonic coordinates to be x^n and z = x^5, where n = 1, ..., 4, with (warped) metric

ds^2 = e^{−2λz}η_{mn}dx^mdx^n + dz^2 (4)

and cosmological constant λ. The metric admits 15 isometries that obey the SO(4,2) algebra. The AdS_5 superalgebra is SU(2,2|1), which has the following commutation relations [14–17]: {Q_A , Q̄_B } = 2Γ^M_{AB}P̂_M + 2iλΣ^{MN}_{AB} M̂_{MN} + 6λδ_{AB} R [M̂_{MN} , M̂_{LR}] = 2i(η_{[ML}M̂_{N]R} − η_{[MR}M̂_{N]L}) [M̂_{MN} , P̂_L] = 2iη_{[ML}P̂_{N]}

[P̂_M , P̂_N ] = −iλ^2M̂_{MN}

[M̂_{MN} , Q_A ] = − 1 2 (Σ_{MN} Q)_A

[M̂_{MN} , Q̄_A ] = + 1 2 (Q̄ Σ_{MN} )_A

[P̂_M , Q_A ] = + λ 2 (Γ_M Q)_A

[P̂_M , Q̄_A ] = − λ 2 (Q̄ Γ_M )_A

[R, Q_A ] = + 1 2 Q_A [R, Q̄_A ] = − 1 2 Q̄_A . (5)

The bosonic generators M̂_{MN} and P̂_M describe the 15 isometries. Writing the generators Q_A , M̂_{m5} and P̂_m in four-dimensional form,

P̂_m = 1 2 (P_m + K_m), λM̂_{m5} = − 1 2 (P_m − K_m)

Q_A = (Q_α, iS̄^{α̇})^T , (6)

and dropping the hats, we obtain a realization of SU(2,2|1) in a four-dimensional notation that is appropriate for our construction, {Q_α, Q̄_{α̇}} = 2σ^a_{αα̇}P_a, {S_α, S̄_{α̇}} = 2σ^a_{αα̇}K_a {Q_α, S_β} = 2ϵ_{αβ}P_5 + i6λϵ_{αβ}R − 2λσ^{ab}_{αβ} M_{ab} [K^a, Q_α] = iλσ^a_{αα̇}S̄^{α̇}, [K^a, Q̄_{α̇}] = iλS^ασ^a_{αα̇} [P_a, S_α] = iλσ_{aαα̇}Q̄^{α̇}, [P_a, S̄_{α̇}] = iλQ^ασ_{aαα̇} [P_5, P_a] = −iλP_a, [P_5, K_a] = +iλK_a

[R, Q_α] = + 1 2 Q_α, [R, Q̄_{α̇}] = − 1 2 Q̄_{α̇} [P_5, Q_α] = −i λ 2 Q_α, [P_5, Q̄_{α̇}] = −i λ 2 Q̄_{α̇} [R, S_α] = − 1 2 S_α, [R, S̄_{α̇}] = + 1 2 S̄_{α̇} [P_5, S_α] = +i λ 2 S_α, [P_5, S̄_{α̇}] = +i λ 2 S̄_{α̇}. (7)

The four-dimensional SO(3,1) generators M_{mn} have the usual commutation relations with the other generators and with themselves. (See [17] for a slightly different notation.) In the limit of λ → 0, eqs. (5) and (7) reduce to the ordinary N = 2 super-Poincaré algebra in five flat spacetime dimensions.

It is easy to see that the generators P_m, P_5, Q_α and M_{mn} form a subalgebra of SU(2,2|1). In what follows we use this subalgebra to construct “warped superspace” – a version of N = 1 superspace compatible with the AdS_5 algebra. (Full AdS_5 N = 2 superspace requires a different coset. The results obtained here can also be found using that approach [2, 18].) We start by forming the coset element Ω: Ω ≡ e^{i(θQ+θ̄Q̄)} e^{iPm xm} e^{iP5z} . (8) Symmetry transformations g act on Ω by left multiplication,

Ω → Ω^′ = gΩ. (9)

This induces a transformation (x, z, θ, θ̄) → (x^′, z^′, θ^′, θ̄^′) on superspace.

The superfield Φ(x, z, θ, θ̄) is a function on superspace defined by

Φ(x, z, θ, θ̄) ≡ Ω Φ(0), (10) where Φ(0) transforms in a finite-dimensional representation of SO(3,1). By construction, the superfield transforms covariantly under g.

Given Ω, we compute the left and right vielbeins E^L_M^A and E^R_M^A in terms of the left and right Maurer-Cartan forms,

iP_A E^L_M^A = ∂_M Ω Ω^{−1}, iP_A E^R_M^A = Ω^{−1}∂_M Ω. (11)

Here we use a compact notation in which A = (a, 5, α, α̇), and likewise for M. We use the inverse vielbeins to construct left and right differential operators D^L_A = E^L_A^M ∂_M and D^R_A = E^R_A^M ∂_M . It is an exercise to show that the right derivatives close into the original algebra, while the left derivatives close into the algebra with the opposite sign on the right-hand side. (For a detailed explanation, see [19].)

The operators D^L_A and D^L_A act on the coordinates of (scalar) superfields Φ(x, z, θ, θ̄). The D^L_A generate isometries, δΦ(x, z, θ, θ̄) ≡ ξ^AD^L_AΦ(x, z, θ, θ̄) = iξ^AP_AΩ Φ(0), (12) while the D^R_A are covariant derivatives, D_AΦ(x, z, θ, θ̄) ≡ D^R_A Φ(x, z, θ, θ̄) = iΩP_AΦ(0). (13) The right vielbein serves as the (invariant) vielbein of the superspace.

For the case at hand, it is easy to compute the covariant derivatives. They are given by

D_a = D^R_a = e^{λz}∂_a D_5 = D^R_5 = ∂_5

D_α = D^R_α = e^{12 λz} D_α D̄_{α̇} = D̄^R_{α̇} = e^12^{λz}D̄_{α̇}, (14)

where D_α and D̄_{α̇} are the spinor derivatives in ordinary N = 1 superspace,

D_α = ∂ ∂θ^α + iσ^m_{αα̇}θ̄^{α̇}∂_m D̄_{α̇} = − ∂ ∂θ̄^{α̇} − iθ^ασ^m_{αα̇}∂_m. (15) The spinor covariant derivatives take a simple form in terms of the curly variables ϑ = e^{− 12 λz}θ,

D_α = ∂ ∂ϑ^α + iσ^a_{αα̇}ϑ̄^{α̇}e^m_a∂_m D̄_{α̇} = − ∂ ∂ϑ̄^{α̇} − iϑ^ασ^a_{αα̇}e^m_a∂_m. (16) The bosonic part of the vielbein is e_m^a = e^{−λz}δ_m^a and e_5^5 = 1, consistent with the metric (4). (The curly ϑ are essentially the new Θ variables of [20].)

In a similar fashion, one can compute the differential operators that generate the isometries. They are

iP_a = D^L_a = ∂_a

iP_5 = D^L_5 = ∂_5 + λx^m∂_m + λ 2 ( θ^α ∂ ∂θ^α + θ̄_{α̇} ∂ ∂θ̄_{α̇} )

Q_α = D^L_α = Q_α Q̄_{α̇} = D̄^L_{α̇} = Q̄_{α̇}, (17)

where

Q_α = ∂ ∂θ^α − iσ^m_{αα̇}θ̄^{α̇}∂_m Q̄_{α̇} = − ∂ ∂θ̄^{α̇} + iθ^ασ^m_{αα̇}∂_m (18)

are the usual N = 1 supersymmetry generators in flat superspace. In terms of the curly ϑ variables, they are

Q_α = e^{− 12 λz} ( ∂ ∂ϑ^α − iσ^a_{αα̇}ϑ̄^{α̇}e^m_a∂_m )

Q̄_{α̇} = e^{− 1}2^{λz} ( − ∂ ∂ϑ̄^{α̇} + iϑ^ασ^a_{αα̇}e^m_a∂_m ) , (19)

as well as

iP_5 = ∂_5 + λx^m∂_m + λ 2 ( ϑ^α ∂ ∂ϑ^α + ϑ̄_{α̇} ∂ ∂ϑ̄_{α̇} ) . (20)

These differential operators are the essential ingredients of warped superspace. By construction, the D^L_A commute with the D^R_A. The D^R_A realize the supersymmetry algebra, while the D^L_A realize the algebra with the opposite sign.

The warp factor in (19) is very intriguing. It suggests that we take ξ_K ≡ e^{− 12 λz}ξ as half a Killing spinor on AdS_5. Indeed, the Killing equation on AdS_5 is as follows:

D_M Ξ^i_K − i λ 2 Γ_M (τ_3)^i_j Ξ^j_K = 0. (21)

Its solution is

Ξ^1_K = ( ξ_K − iλ σ^aη̄_K e^a_m x^m η̄_K ) , (22)

and likewise for Ξ^2_K , where ξ_K = e^{− 12 λz}ξ and η_K = e^{+ 12 λz}η.

We now have what we need to write supersymmetric AdS_5 actions. We start by defining warped chiral superfields in complete analogy to N = 1:

D̄_{α̇}Φ = 0. (23)

This condition is consistent with integrability since

[D_5, D̄_{α̇}] = λ 2 D̄_{α̇}, [D_m, D̄_{α̇}] = 0. (24)

Then, using these superfields, it is easy to write the most general two-derivative action, in analogy with (1): S = ∫ d^5xd^4ϑ det e K(Φ^b, Φ̄^{c∗}) (25) + [∫ d^5xd^2ϑ det e [H_a(Φ^b)D_5Φ^a + P (Φ^b)] + h.c. ] . Because Q_α ∼ D_α up to an x^m derivative, this action is invariant under the isometries generated by Q_α (and likewise for Q̄_{α̇}). By construction, it is also invariant under the isometries generated by P_m and P_5. In terms of N = 1 superspace, (25) reduces to S = ∫ d^5xd^4θ e^{−2λz} K(Φ^b, Φ̄^{c∗}) (26) + [∫ d^5xd^2θ e^{−3λz} [H_a(Φ^b)∂_5Φ^a + P (Φ^b)] + h.c. ] . Component fields and θ expansions are defined using the covariant derivatives. Indeed, as in flat space, we define Φ| = A, D_αΦ| = √ 2ψ_α, D^2Φ| = −4F. (27)

This gives rise to the following θ expansion

Φ = A + √ 2 ϑψ + ϑϑF + iϑσ^aϑ̄e^m_a∂_mA + . . . (28) = A + √ 2 e^{− 12 λz}θψ + e^{−λz} θθF + iθσ^mθ̄∂_mA + . . . where ϑ = e^{− 12 λz}θ and e^m_a = e^{λz} δ^m_a. The D provide just the right warp factors to give the correct component results [7]. Indeed, the component supersymmetry transformations are

δA ≡ δΦ| = (ξ^αQ_α + ξ̄_{α̇}Q̄^{α̇})Φ| = √ 2 ξ^α_K ψ_α δψ_α ≡ 1 √ 2 δD_αΦ| = 1 √ 2 D_α(ξ^αQ_α + ξ̄_{α̇}Q̄^{α̇})Φ| = i √ 2 σ^a_{αα̇}ξ̄^{α̇}_K e^m_a∂_mA + √ 2 ξ_{Kα}F. (29)

These are half the component supersymmetry transformations in AdS_5, recognizing that ξ_K = e^{− 12 λz}ξ_α is half of the AdS_5 Killing spinor.

IV. VECTOR MULTIPLET IN ADS5

We are now in position to construct rigidly supersymmetric theories in an AdS_5 background. We first consider the five-dimensional vector multiplet. To set notation, we start by writing the action and supersymmetry transformations in flat space.

The five-dimensional vector multiplet contains a fivedimensional vector gauge field A_M , a four-component

Dirac gaugino λ_i, and a real scalar Σ. They can be collected into two N = 1 superfields [5, 7]: a vector superfield V and a chiral superfield χ,

V = −θσ^mθ̄A_m + iθ̄^2θλ_1 − iθ^2θ̄λ̄_1 + 1 2 θ̄^2θ^2D χ = 1 2 (Σ + iA_5) + √ 2θλ_2 + θ^2F. (30)

In this expression, V is in the Wess-Zumino gauge and χ is in the chiral basis. The action is given by S = 1 4g^2 [ ∫ d^5xd^2θ W^αW_α + h.c. ]

+ 1 g^2 ∫ d^5xd^4θ (χ + χ̄ − ∂_5V )^2. (31)

It is invariant under the following gauge transformations:

δV = Λ + Λ̄ δχ = ∂_5Λ, (32)

where Λ is a chiral superfield. The action describes fivedimensional supersymmetric Yang-Mills theory, with a U(1) gauge group, written in N = 1 superspace. (The action and transformations can be readily generalized to nonabelian gauge groups.)

With this construction, the first supersymmetry is manifest. The second is a little trickier. It rotates the two superfields into each other:

δ_η V = 2(χ + χ̄ − ∂_5V )(θη + θ̄η̄) δ_η χ = −ηW. (33) A small calculation shows that these transformations close into the five-dimensional flat-space supersymmetry algebra.

Let us now consider an AdS_5 background. A natural guess is to replace the flat-space D’s with their curly AdS_5 counterparts. The field strength is

W_α = − 1 4 D̄^2D_αV ; (34)

it is still chiral because of the D algebra. The action is S = 1 4g^2 [ ∫ d^5xd^2ϑ det e W^αW_α + h.c. ]

+ 1 g^2 ∫ d^5xd^4ϑ det e (χ + χ̄ − D_5V )^2. (35)

As above, it is invariant under the following gauge transformations:

δV = Λ + Λ̄ δχ = D_5Λ. (36)

The superfield χ remains chiral because of the D algebra.

The action (35) can be easily written in terms of ordinary N = 1 superspace. One finds S = 1 4g^2 [ ∫ d^5xd^2θ W^αW_α + h.c. ]

+ 1 g^2 ∫ d^5xd^4θ e^{−2λz}(χ + χ̄ − ∂_5V )^2. (37)

where W_α = −^1_4 D̄^2D_αV . This is the same action as in [7].

Let us now determine the supersymmetry transformation laws for (35). The first supersymmetry is manifest. A plausible guess for the second supersymmetry is δ_η V = 2(χ + χ̄ − D_5V )(ϑη_K + ϑ̄η̄_K ) − λ η̃^A_s D_AV δ_η χ = −η_K W − λ η̃^A_s D_Aχ, (38) where η̃^A_s D_A = η̃^a_s D_a + η̃^α_s D_α + ¯η̃_{sα̇}D̄^{α̇} and η̃^A_s is the four-dimensional S-supersymmetry transformation [21] in warped superspace:

η̃^a_s = −2(ϑσ^aσ̄^bη_K + η̄_Kσ̄^bσ^aϑ̄)x^me_{mb} + 2i(ϑ̄^2ϑσ^aη̄_K + ϑ^2ϑ̄σ̄^aη_K )

η̃^α_s = − i 8 (D̄σ̄_a)^αη̃^a_s , (39)

where η_K = e^{+ 12 λz} η and e_{mb} = e_m^aη_{ab}. In flat N = 1 superspace, (38) reduces to

δ_ηV = 2(χ + χ̄ − ∂_5V )(θη + θ̄η̄) − λ η^A_s D_AV δ_ηχ = −e^{2λz}η W − λ η^A_s D_Aχ, (40) where η^A_s is the four-dimensional S-supersymmetry transformation in flat spacetime [21], η^a_s = −2(θσ^aσ̄^bη + η̄σ̄^bσ^aθ̄)x^mê_{mb} + 2i(θ̄^2θσ^aη̄ + θ^2θ̄σ̄^aη)

η^α_s = − i 8 (D̄σ̄_a)^αη^a_s , (41)

The parameters η̃^A_s and η^A_s are related as follows,

η̃^A_s = (η̃^a_s , η̃^α_s , ¯η̃_{sα̇}) = (e^{−λz}η^a_s , e^{− 12 λz} η^α_s , e^{− 12 λz}η̄_{sα̇}). (42) We have checked that the action (35) is invariant under the transformation (38). When λ goes to zero, (38) reduces to (33), the supersymmetry transformation in flat spacetime. In fact, comparing (38) with (22), a consistent story emerges: the second AdS_5 supersymmetry is the combination of a second flat-space supersymmetry (with parameter η_K ) and a four-dimensional superconformal supersymmetry with the same parameter.

The closure of two second supersymmetry transformations (38) produces a transformation of the form, δ_f V = f^a_K D_aV + 2λx^af_{Ka}(χ + χ̄ − D_5V ) + λ^2 ξ̃^A_f D_AV

δ_f χ = f^a_K D_aχ + i 4 λf_{Ka}D̄^2(D^αV σ^a_{αα̇}ϑ̄^{α̇}) + λ^2 ξ̃^A_f D_Aχ, (43) where f^a_K = e^{+λz}f^a, and ξ̃^A_f is the four-dimensional superconformal Killing vector of special conformal transformations in warped superspace. It is related to the flat one [21] in a similar way as (42) ξ̃^a_f = f^a_K x^2 − 2x^a(x · f_K ) + 2ϵ^{abcd}f_{Kb}x_cϑσ_dϑ̄ − ϑ^2ϑ̄^2f^a_K

ξ̃^α_f = − i 8 (D̄σ̄_a)^αξ^a_f . (44)

It is straightforward to check that (43) is an isometry of the AdS_5 background, consistent with (7), written in terms of superfield transformations.

V. NONLINEAR SIGMA MODEL IN ADS5

We now apply what we have learned to construct the nonlinear sigma model that describes hypermultiplets in an AdS_5 background. (For harmonic and projective superspace, see [2].) In warped superspace, we write the action as S = ∫ d^5xd^4ϑ det e K(Φ^b, Φ̄^{c∗}) (45) + [∫ d^5xd^2ϑ det e [H_a(Φ^b)D_5Φ^a + P (Φ^b)] + h.c. ] , which, in flat superspace, becomes S = ∫ d^5xd^4θ e^{−2λz}K(Φ^b, Φ̄^{c∗}) (46) + [∫ d^5xd^2θ e^{−3λz}[H_a(Φ^b)∂_5Φ^a + P (Φ^b)] + h.c. ] . In the flat spacetime limit, where λ → 0, the gradient of the superpotential P must be a tri-holomorphic Killing vector Z^a = iJ^{ab}P_b [8]. When λ ≠ 0, one can redefine the holomorphic one-form H_a, H_a → H_a − 1 3λ P_a, (47)

and integrate by parts to absorb the superpotential P into H_a. Therefore, without loss of generality, we can take the action to be S = ∫ d^5xd^4ϑ det e K(Φ^b, Φ̄^{c∗}) + [∫ d^5xd^2ϑ det e H_a(Φ^b)D_5Φ^a + h.c. ]

= ∫ d^5xd^4θ e^{−2λz}K(Φ^b, Φ̄^{c∗}) (48) + [∫ d^5xd^2θ e^{−3λz} H_a(Φ^b)∂_5Φ^a + h.c. ] . As we will see, H_a obeys a constraint whose solution is determined up to a tri-holomorphic Killing vector, which precisely reflects the degree of freedom in (47).

We take the following ansatz for the second supersymmetry transformation,

δ_η Φ^a = 1 2 D̄^2[J^{ab}K_b(ϑη_K + ϑ̄η̄_K )] + 12λJ^{ab}H_bϑη_K − λη̃^A_s D_AΦ^a = 1 2 e^{λz}D̄^2[J^{ab}K_b(θη + θ̄η̄)]

+ 12λJ^{ab}H_bθη − λη^A_s D_AΦ^a, (49)

where η̃^A_s and η^A_s are the four-dimensional superconformal Killing supervectors for the S-supersymmetry. The transformation (49) preserves the chirality of Φ^a. In the limit λ → 0, the action (45) and the transformation (49) reduce to the correct flat space forms.

The invariance of the action (48) under (49) imposes a constraint on the holomorphic one-form H_a:

K_aJ^{ab}H_b − iF = K_āJ̄^{āb̄}H̄¯_b + iF̄ ≡ D_H . (50)

Here F is a holomorphic function and D_H is real. Equation (50) represents a new restriction on the hyper-Kähler target space in an AdS_5 background – one that does not appear in the flat space limit.

This constraint (50) is also necessary to ensure the five-dimensional invariance of the action. To see this, we compute the component Lagrangian and integrate out the auxiliary fields F^a. This gives rise to the following terms:

L ⊆ − det e g^{ab̄} (J_{ab}J̄¯_{bc̄} ∂_5A^b∂_5A^{∗c̄} + 9λ^2H_aH̄¯_b −3λH_aJ̄¯_{bc̄}∂_5A^{∗c̄} − 3λH̄¯_bJ_{ab}∂_5A^b). (51)

Since g^{ab̄}J_{ab}J̄¯_{bc̄} = g_{bc̄}, the first term of (51) contributes to the scalar kinetic term. The second term contributes to the scalar potential. The cross terms in the second line of (51) are dangerous, however, because they appear to violate the five-dimensional Lorentz symmetry.

Fortunately, Eq. (50) neutralizes the cross terms. From (50), one finds

g^{ab̄}H_aJ̄¯_{bc̄} = ∂D_H ∂A^{∗c̄} g^{ab̄}H̄¯_bJ_{ac} = ∂D_H ∂A^c . (52)

This permits the cross terms to be combined into a total derivative,

−3λg^{ab̄}(H_aJ̄¯_{bc̄}∂_5A^{∗c̄} + H̄¯_bJ_{ab}∂_5A^b) = −3λ (∂_āD_H ∂_5A^{∗ā} + ∂_aD_H ∂_5A^a) = −3λ ∂_5D_H . (53)

Substituting (53) into (51), and integrating by parts, we find a second contribution to the AdS_5 scalar potential,

V = 9λ^2 ( g^{ab̄}H_aH̄¯_b − 4 3 D_H ) . (54)

Note that this potential arises even in the absence of a superpotential.

The function D_H is, in fact, a Killing potential. Its gradient gives rise to a holomorphic Killing vector, X^a ≡ iJ^{ab}H_b = ig^{ab̄} ∂D_H ∂A^{∗b̄} , (55)

where

∇_aX̄¯_b + ∇¯_bX_a = 0. (56)

Since H_a = −iJ_{ab}X^b, the fact that H_{a,b} − H_{b,a} = J_{ab} imposes an additional constraint on X^a: J_{ac}∇_bX^c − J_{bc}∇_aX^c = iJ_{ab}, (57) or equivalently,

J^a¯_b∇_{c̄}X̄^{b̄} − J^b_{c̄}∇_bX^a = −iJ^a_{c̄}. (58)

This modified tri-holomorphic constraint is also needed to close the second supersymmetry transformation (49). It is similar to the condition found in [22] for N = 2 hyper-Kähler models in AdS_4.

It is easy to see that two different solutions of Eq. (58), say X_1 and X_2, differ by a tri-holomorphic Killing vector, since

J^a¯_b∇_{c̄}Z̄^{b̄} − J^b_{c̄}∇_bZ^a = 0 (59)

is the tri-holomorphic condition for Z = X_1 − X_2. As we saw previously, adding such a vector adds a superpotential to the system.

In general we do not know how to solve the Eqs. (56) and (57) for X^a. However, they can be readily solved if

∇_aX̂^b = i 2 δ_a^b. (60)

Then any solution of (56) and (57) can be written as

X^a = X̂^a + cZ^a, (61)

where Z is tri-holomorphic and c is a real constant. Note that the Killing vector X̂^a is holomorphic, but not triholomorphic, in accord with Eq. (58). (In fact, Y ≡ −2iX̂ is a homothetic Killing vector [23, 24]. Manifolds admitting such vectors are called hyper-Kähler cones or Swann spaces [24].)

Let us now check invariance under P_5. Following (17), we take the variation of Φ^a to be

δ_D Φ^a = Λ_D∂_5Φ^a + λϵ^A_DD_AΦ^a, (62)

where ϵ^A_D = (ϵ^a_D, ϵ^α_D, ϵ̄_{Dα̇}) is the four-dimensional superconformal dilatation Killing supervector

ϵ^m_D = Λ_Dx^m, ϵ^α_D = 1 2 Λ_Dθ^α, ϵ̄_{Dα̇} = 1 2 Λ_Dθ̄_{α̇}. (63)

One can check that the action (48) is invariant under (62). This requires that the warped factors be exactly as in (48), but it does not restrict the Kähler potential K or the holomorphic one-form H_a.

In a similar way, we can promote the four-dimensional axial symmetry into the five-dimensional U(1) Rsymmetry:

δ_RΦ^a = Λ_RX^a − ϵ^A_RD_AΦ^a. (64)

The first term contains the Killing vector (55) and the second implements the four-dimensional axial symmetry,

ϵ^m_R = Λ_Rθσ^mθ̄, ϵ^α_R = i 2 Λ_Rθ^α, ϵ̄_{Rα̇} = − i 2 Λ_Rθ̄_{α̇}. (65)

As in the dilatation case, invariance of the action (48) under (64) imposes no new conditions.

Finally, closing the second supersymmetry (49) with itself gives the five-dimensional lift of a special conformal transformation,

δ_f Φ^a = e^{2λz}f^m∂_mΦ^a − 2λy^mf_m∂_5Φ^a (66) − i λ 2 e^{λz}D̄^2 [J^{ab}K_bθσ^mθ̄f_m] + λ^2ξ^A_f D_AΦ^a,

where y^m = x^m + iθσ^mθ̄ and ξ^A_f is four-dimensional special conformal Killing supervector.

We close by presenting a simple model, described by two chiral multiplets, U and V , with Kähler potential K = UŪ +V V̄ and antisymmetric tensor J_{UV} = −J_{V U} = −J^{UV} = −1. As shown in [24], this hyper-Kähler manifold has a rich structure because of its large symmetry group. First, there is an SU(2) R-symmetry group with Killing vectors [24]

X^3 = iU∂_U + iV ∂_V X^+ = −V ∂¯_U + U∂¯_V X^− = −V̄ ∂_U + Ū∂_V . (67)

Note that X^3 is holomorphic, while X^+, X^− are nonholomorphic, and none of them are tri-holomorphic. There is also a second SU(2) isometry group, generated by Z^1 = V ∂_U − U∂_V , Z^2 = iV ∂_U + iU∂_V Z^3 = −iU∂_U + iV ∂_V . (68)

All three of these vectors are tri-holomorphic.

The AdS_5 sigma model corresponding to this hyper- Kähler manifold has the action S = ∫ d^5x d^4θ e^{−2λz} (UŪ + V V̄ ) (69) + [∫ d^5x d^2θ e^{−3λz}(H_U ∂_5U + H_V ∂_5V ) + h.c. ] .

To find the vector X^a, we solve ∇_aX̂^b =^i_2 δ_a^b:

X̂^U = i 2 U, X̂^V = i 2 V. (70)

Note that X̂ is proportional to the Killing vector X^3 in (67). We then write X = X̂+cZ, with Z tri-holomorphic. For the case at hand, we take Z = Z^3 and compute X^a and H_a:

X^U = i ( 1 2 − c ) U, X^V = i ( 1 2 + c ) V H_U = − ( 1 2 + c ) V, H_V = ( 1 2 − c ) U. (71)

(Choosing Z^1 or Z^2 leads to the same mass spectrum after a field redefinition.) The action is then S = ∫ d^5xd^4θ e^{−2λz} (UŪ + V V̄ ) + [ ∫ d^5xd^2θe^{−3λz} [ 1 2 (U∂_5V − V ∂_5U) − 3cλUV ] + h.c. ] , (72)

where the “superpotential” term emerges after integration by parts.

To determine the mass spectrum, we calculate the Killing potential according to (50):

D_H = 1 2 ( UŪ + V V̄ ) − c ( UŪ − V V̄ ) . (73)

Note that c is real, and F =0 in (50). The scalar potential is (54):

V = m^2_uUŪ + m^2_v V V̄ , (74)

where the masses are given by

m^2_u = μ^2 − μλ − 15 4 λ^2

m^2_v = μ^2 + μλ − 15 4 λ^2, (75)

with μ = −3λc, in accord with [7, 25].

VI. DISCUSSION AND CONCLUSIONS

In this paper we created a warped superspace to facilitate the construction of supersymmetric matter couplings in AdS_5 backgrounds. Our superspace is based on ordinary N = 1 superspace, so it is easy to use and well suited to brane foliations of AdS_5.

We applied our construction to AdS_5 vector and hyper multiplets. For vector multiplets, we found results similar to those in flat five-dimensional space. For hypermultiplets, we found that the most general couplings are more restrictive than in flat space. Not only must the scalar fields parametrize a hyper-Kähler manifold, but the manifold itself must be endowed with a holomorphic Killing vector that obeys an inhomogeneous tri-holomorphic condition. Swann manifolds satisfy the condition, but perhaps others do as well.

While this work was being written up, two papers were posted that considered superspace sigma models in fourdimensional anti de-Sitter backgrounds [22, 26]. In our paper we focussed our attention on five-dimensional anti de-Sitter supersymmetry without boundary terms. It would be interesting to determine the relation between bulk and boundaries for the case at hand [27].

ACKNOWLEDGMENTS

J.B. is supported by the US National Science Foundation, grant NSF-PHY-0910467. C.X. is supported by the U.S. Department of Energy under grant No. DE-FG02- 97ER41027 and grant No. DE-FG02-91ER40681(task B). C.X. would like to thank T.E. Clark, S.T. Love and T. ter Veldhuis for thoughtful conversations. C.X. and J.B. would also like to thank Jingsheng Li for helpful discussions, and S. Kuzenko and G. Tartaglino Mazzucchelli for correspondence.

[1] B. Zumino, Phys. Lett. B 87, 203 (1979);

T. L. Curtright and D. Z. Freedman, Phys. Lett. B 90, 71 (1980) [Erratum B 91, 487 (1980)];

L. Alvarez-Gaumé and D. Z. Freedman, Commun. Math. Phys. 80, 443 (1981);

L. Alvarez-Gaumé and D. Z. Freedman, Commun. Math. Phys. 91, 87 (1983);

J. Bagger and E. Witten, Phys. Lett. B 118, 103 (1982). [2] S. M. Kuzenko and G. Tartaglino-Mazzucchelli, Nucl.

Phys. B 785, 34 (2007) [arXiv:0704.1185 [hep-th]]; S. M. Kuzenko and G. Tartaglino-Mazzucchelli, Fortsch. Phys. 56, 929 (2008) [arXiv:0804.3246 [hep-th]]; S. M. Kuzenko and G. Tartaglino-Mazzucchelli, JHEP 802, 4 (2008) [arXiv:0712.3102 [hep-th]];

S. M. Kuzenko and G. Tartaglino-Mazzucchelli, arXiv:0711.0063 [hep-th];

S. M. Kuzenko and G. Tartaglino-Mazzucchelli, JHEP 806, 97 (2008) [arXiv:0804.1219 [hep-th]].

[3] N. Marcus, A. Sagnotti and W. Siegel, Nucl. Phys. B 224, 159 (1983).

[4] C. M. Hull, A. Karlhede, U. Lindström and M. Roček, Nucl. Phys. B 266, 1 (1986).

[5] N. Arkani-Hamed, T. Gregoire and J. G. Wacker, JHEP 203, 55 (2002) [arXiv:hep-th/0101233].

[6] S. M. Kuzenko and W. D. I. Linch, JHEP 602, 38 (2006) [arXiv:hep-th/0507176] [7] D. Marti and A. Pomarol, Phys. Rev. D 64, 105025 (2001) [arXiv:hep-th/0106256];

G. Cacciapaglia, G. Marandella and J. Terning, JHEP 906, 27 (2009) [arXiv:0802.2946].

[8] J. Bagger and C. Xiong, arXiv:hep-th/0601165. [9] J. Bagger and E. Witten, Nucl. Phys. B 222, 1 (1983). [10] J. de Jaegher, B. de Wit, B. Kleijn and S. Vandoren, Nucl. Phys. B 514, 553 (1998) [arXiv:hep-th/9707262].

[11] J. A. Bagger, A. S. Galperin, E. A. Ivanov and V. I. Ogievetsky, Nucl. Phys. B 303, 522 (1988).

[12] A. Karlhede, U. Lindstrom and M. Rocek, Phys. Lett. B 147, 297 (1984);

S.J. Gates, Jr. T. Hubsch and S. Kuzenko, Nucl. Phys.

B 557, 443 (1999) [arXiv:hep-th/992211];

S. M. Kuzenko, U. Lindstrom, M. Rocek and G. Tartaglino-Mazzucchelli, JHEP 809, 051 (2008) [arXiv:0805.4683 [hep-th]].

[13] G. Sierra and P. Townsend, Nucl. Phys. B 233, 289 (1984);

J. Gauntlett, D. Tong and P. Towsend, Phys. Rev. D 63, 085001 (2001) [arXiv:hep-th/0007124].

[14] B. Zumino, Nucl. Phys. B 127, 189 (1977). [15] A. Van Proeyen, arXiv:hep-th/9910030;

J. W. van Holten and A. van Proeyen, J. Phys. A 15, 3763 (1982).

[16] E. Bergshoeff, R. Kallosh and A. van Proeyen, Fortsch.

Phys. 49, 625 (2001) [arXiv:hep-th/0012110].

[17] T. E. Clark and S. T. Love, Phys. Rev. D 73, 025001 (2006) [arXiv:hep-th/0510274].

[18] S. M. Kuzenko and I. N. McArthur, Phys. Lett. B 522, 320 (2001) [arXiv:hep-th/0109183];

I. A. Bandos, E. Ivanov, J. Lukierski and D. Sorokin, JHEP 206, 40 (2002) [hep-th/0205104].

[19] D. Butter, Annals Phys. 325, 1026 (2010) [arXiv:0906.4399 [hep-th]].

[20] J. Wess and J. Bagger, Supersymmetry and supergravity, Princeton University Press (1992).

[21] I. Buchbinder and S. Kuzenko, Ideas and methods of supersymmetry and supergravity, Institute of Physics Publishing (1998).

[22] D. Butter and S. M. Kuzenko, arXiv:1105.3111 [hep-th]. [23] E. Sezgin and Y. Tanii, Nucl. Phys. B 443, 70 (1995) [arXiv:hep-th/9412163].

[24] B. de Wit, B. Kleijn and S. Vandoren, Nucl. Phys. B 568, 475 (2000) [arXiv:hep-th/9909228];

B. de Wit, M. Rocek and S. Vandoren, JHEP 102, 39 (2001) [arXiv:hep-th/0101161].

[25] E. Shuster, Nucl. Phys. B 554 198 (1999) [arXiv:hep-th/9902129].

[26] G. Festuccia and N. Seiberg, arXiv:1105.0689 [hep-th]. [27] J. Bagger and Jingsheng Li, arXiv:1106.2343 [hep-th].