arXiv:1106.0279v1 [hep-th] 1 Jun 2011

IPMU11-0096

String theory of the Omega deformation

Simeon Hellerman, Domenico Orlando and Susanne Reffert

Institute for the Physics and Mathematics of the Universe, The University of Tokyo, Kashiwa-no-Ha 5-1-5, Kashiwa-shi, 277-8568 Chiba, Japan.

This paper is dedicated to the memory of the victims of the Tohoku earthquake and tsunami of March 2011.

Abstract

In this article, we want to turn on real masses for the fields in the effective low energy gauge theory describing the motion of a stack of D2-branes. We do so by placing the D2-branes into the T–dual of a fluxbrane background. We furthermore show that the fluxbrane background is the string theory realization of an Ω deformation of flat space in the directions transverse to the branes where the deformation parameters satisfy ε_1 = −ε_2. This Ω deformation therefore serves to give real masses to the chiral fields of the gauge theory.

1 Introduction

In this article, we want to study the low energy effective gauge theory describing the motions of a stack of D2–branes extended in the x^0, x^1, x^2 directions. Our aim is to give real masses to the fields describing the motions of the D2–branes in the directions x^4, . . . , x^7. We will do so by placing the D2–branes into a closed string background corresponding to the T–dual of a supersymmetric NS fluxbrane [1–7]. We will point out that the fluxbrane is the string theory realization of an Ω–deformation [8–10], of flat space in the directions x^4, . . . , x^7, where the deformation parameters fulfill ε_1 = −ε_2.

Our strategy is as follows. The (2 + 1)–dimensional gauge theory with real mass terms that we consider can be understood as coming from the reduction of (3 + 1)–dimensional gauge theories with Wilson line boundary conditions for a global symmetry. These in turn have a natural string theory interpretation in terms of D3–branes embedded in flat space with discrete identifications. Such backgrounds have been rediscovered a number of times, starting from the work of Melvin [1], and have taken different names, such as fluxbranes or Ω–deformed flat space. Since the string theory realization of the reduction from (3 + 1) to (2 + 1) dimensions can be achieved via a T–duality in a direction parallel to the D3–brane, we can finally propose a string theory interpretation of the real mass in terms of D2–branes living in the T–dual fluxbrane background that we dub fluxtrap. The different interpretations are summarized in Table 1. The setup we will be using is summarized in Table 2.

The fluxtrap background described in this paper also serves to give twisted masses to the adjoint fields in the Hanany–Hori-type setup [11] which was used in [12] in the context of the Gauge/Bethe correspondence [13, 14]. The full setup including NS5–branes and D4–branes in the fluxtrap background will be the subject of a forthcoming publication [15].

The plan of this note in as follows. In Section 2 the real mass deformations of 2+1- dimensional gauge theory are discussed. In Section 3, we introduce the fluxbrane setup, which is equivalent to turning on an Omega background and will give real masses to the adjoint fields living on a stack of D2-branes. In Section 3.2, the Killing spinors preserved by the fluxbrane background are given. In Section 4, we describe the three dimensional gauge theory living on the worldvolume of D2-branes extended in the (x_1, x_2) directions. The action, fermionic symmetries and preserved Killing spinors are detailed in Section 4.1. In Section 4.2, the bps condition is derived and it is shown that the real mass parameter stemming from the fluxbrane background gives exactly the mass of the bps states. In Section 4.3, the low energy effective action is derived in quadratic order in the

gauge theory string theory 3d real mass D2-brane in fluxtrap

4d Wilson line bc

D3-brane in fluxbrane = Ω background

Table 1: Gauge and string theory interpretation of the real mass in three and four dimensions. The reduction in gauge theory is realized as a T–duality in string theory.

direction 0 1 2 3 4 5 6 7 8 9 fluxtrap × × × × × D2 × × × Table 2: Embedding of the D2-brane with respect to the fluxtrap. The × indicates a direction parallel to the brane (for the D2) or in which the bulk geometry is flat (for the fluxtrap).

fields, where the real mass terms appear as expected. Section 6 gives the conclusions. In Appendix A we show how to incorporate a stack of NS5 branes into the setup. Finally, in Appendix B, some notations and conventions are collected.

2 Comments on twisted masses

The guiding principle is that "twisted masses" in 1+1 dimensions in the sense of [11] descend from "real masses" in 2+1 dimensions in the sense of [16] upon dimensional reduction on a circle or nterval.

The 1+1-dimensional theory in [9, 10, 12] comes from the reduction of a 2+1-dimensional theory on an interval, and the twisted mass term of [9, 10, 12] lifts to a real mass term in the 2+1 dimensional system. There are two ways in which 1+1-dimensional deformations of the theory may arise: either by deforming the 2+1-dimensional theory directly, or else by deforming the boundary conditions on the interval. There seems to be exactly one 2+1- dimensional local deformation and one deformation of the boundary conditions, each of which descends to a twisted mass term for the adjoint chiral multiplet. However, in the system of [9, 10, 12] , only one real component of the complex mass term is ever activated, and that real component can be taken to be the one corresponding to a local deformation in 2+1 dimensions, with the boundary conditions on the endpoints of the interval treated symmetrically. (We will see that this democratic treatment of the two boundaries has a special significance for the strong-coupling behavior of the gauge-Bethe system of [9, 10] as embedded via [12].) With this restriction of the real mass parameter, the real mass term in 2+1 dimensions and twisted mass term in 1+1 dimensions correspond canonically, and we will not distinguish them.

We shall now examine the string theory embedding of the real mass term in 2+1 dimensions and its 1+1 dimensional compactification on the interval.

2.1 Twisted (or “real”) mass deformation of the D2-brane theory

When we talk about the local term in 2+1 dimensions, we will refer to the “real mass”, and when we refer to the term it descends to in 1+1 dimensions we will refer to the “twisted mass”.

The 2+1-dimensional real mass and its SUSY properties are mentioned in [11]. They give the original reference as a 1997 paper by Aharony, Hanany, Intrilligator, Seiberg and Strassler, henceforth [16]. The real mass is introduced on pp. 7-8 of [16] , so let’s turn to that reference for now.

The configuration preserves 16 supercharges among the 32 of Type IIA string theory. This is evident – the ambient space is flat and there is only one type of D-brane, which is a BPS state in flat space [17]. We note that this configuration is invariant under SO(2, 1) rotations in the 016 directions, SO(7) rotations in the 2345789 directions. These will be inherited as the Lorentz invariance and as global R-symmetry group SO(7)_{2345789} of the D2-brane theory. This is the theory that at low energies flows to the ABJM model at level one, which is a nontrivial conformal field theory with an SO(8) R-symmetry group. But it is well-known that the SO(8) is only an accidental enhancement that emerges in the infrared; at any finite energy scale there are always irrelevant operators that break the SO(8) to SO(7). See for instance the discussion in section 4 of [18] .

The D2-brane theory has many mass deformations. For instance there are superpotential terms as well as FI parameters. These are of a different type as they leave the SUSY algebra undeformed. The twisted mass in 1+1 dimensions and the real mass in 2+1 dimensions have the property that their introduction always requires a (central) deformation of the SUSY algebra itself. This is mentioned in [11] for twisted masses in 1+1 dimensions and in [16] for real masses in 2+1 dimensions. This is a logical necessity – the mass term amounts to a half-superspace integral of an integrand that would not be invariant under the other two supersymmetries if the SUSY representations of the chiral multiplets were undeformed. However the deformation of the SUSY algebra by a central charge carried by the chiral multiplets deforms the SUSY representations of the chiral multiplets and allows half-superspace terms whose integrand could not otherwise be invariant under the complementary half of the SUSY.

How should we think about real masses in 3D? A real mass deformation is defined by a particular set of ingredients:

• A set of continuous Abelian global symmetries U(1)_i, whose Hermitean generators are q_i. These symmetries should not be an R-symmetries – they should all act trivially on the supercharges themselves.

• A choice of real mass parameters m^i, one corresponding to each of the Abelian global symmetries. It’s important even if each of the individual generators q̂_i may be broken.

If the symmetry generators q̂_i are indeed exact symmetries of the dynamics, then the mass parameters m^i can be chosen arbitrarily. If only some linear combinations of the q̂_i are exact, then this imposes a consistency condition on the m^i: they must be chosen such that a certain linear combination Z ≡ m^iq̂_i of U(1) symmetries be an exact symmetry. This Z is identical with the central term that deforms of the SUSY algebra.

Given these two ingredients – the symmetries q̂_i and the mass parameters m^i satisfying the consistency condition – we can define a “real mass” deformation for a 2+1 dimensional SUSY theory with N = 2 SUSY, in a canonical way.

To describe the deformation, just introduce a set of spurious, non-dynamical N = 2 abelian vector multiplets, one for each of the global symmetries U(1)_i. Then minimally couple these non-dynamical vector multiplets to the rest of the theory as dictated by gauge invariance and N = 2 supersymmetry. Note that the “complex masses” (i.e. the quadratic terms in the superpotential) need not vanish in order for supersymmetric minimal coupling to be well defined – all that is needed is for the quadratic terms in the superpotential to respect the symmetries U(1)^i, which is a weaker condition. In 3 dimensions, an N = 2 vector multiplet contains a single real scalar σ = σ^∗, as well as a gauge field and a Dirac fermion. Let them be normalized such that the kinetic term for the gauge field would be −^1_{4 g23} F_{μν}F^{μν}, and the kinetic term for the scalar would be −^1_{2 g23} (∂_μσ)(∂^μσ). With this normalization, the gauge field and the scalar have mass dimension 1, and the SUSY transformations are coupling independent. Keeping only the vevs of the real scalars σ^i and setting them equal to the mass parameter ⟨ σ^i ⟩ = m^i we obtain a deformation for the action for the actual dynamical degrees of freedom. Define the normalizations of the charges q_i to be coupling-independent. That is to say, under a constant gauge transformation χ = θ = const., normalized such that θ = 2π is the smallest nonzero value of θ that defines a trivial gauge transformation, each chiral multiplet with charges gets a phase of exp[iq_i θ^i]. Then the real mass terms are such that each chiral multiplet with charges q_i gets a mass ∑_i q_im_i.

In order for this to be consistent, the SUSY algebra must be deformed by a real central charge Z = m^iq_i. Suppose the undeformed SUSY algebra is

{ Q_α, Q^†_β } = −2(Γ_μΓ_0)_{αβ} P^μ , (2.1)

where we use the standard sign convention 0 < H = +P^0 = −P_0, and μ runs from 0 to 2. Then when the masses are turned on, the central charge Z, normalized as defined above, enters as

{ Q_α, Q^†_β } = −2(Γ_μΓ_0)_{αβ} P^μ − 2i Z (Γ_0)_{αβ} .

This description of the real mass deformation is completely equivalent to the description in [16]. The exact same construction applies to construct “twisted mass” deformations in 2+1 dimensions, the difference being that the vev of the spurious vector multiplet scalars σ^i are now complex σ ≠ σ^†, and so the twisted mass parameters m^i can be complex instead of real.

2.2 Lift to N = 1 theories in 3+1 dimensions on a circle

For 2+1-dimensional N = 2 theories that lift to 3+1 dimensional N = 1 theories by dimensional oxidation on a circle, there is an even simpler way of understanding the real mass deformation, including the normalizations. For the construction of the real mass deformation to lift correctly, it’s important that the U(1) symmetries q̂_i that enter the central charge Z should lift to exact symmetries in four dimensions, rather than just emerging as accidental symmetries upon compactification to 2 + 1 dimensions and integrating out of Kaluza-Klein modes.

Generic N = 2 theories in 2+1 dimensions do not have a lift to 3 dimensions, but many do, including the theories of present interest to us, namely maximally supersymmetric gauge theory. From the point of view of string theory, this dimensional oxidation to 3 + 1 dimensions is a T-duality on a coordinate x^8 transverse to the D2-brane, to a T-dual coordinate x̃^8 longitudinal to the a D3-brane. The size of the coordinate is of course fixed by consistency of the relation between gauge couplings. If the radius of the circle of compactification is R̃, and the four dimensional gauge coupling is g_4, then the relationship is

2πR̃ g^2_4 = 1 g^2_3 . (2.2)

Now, how do we think of the real mass deformation in 4-dimensional terms? The construction proceeds in exactly the same way; we simply lift the three-dimensional N = 2 vector multiplet in the obvious way to a four-dimensional N = 1 vector multiplet, which contains a gauge field A_{0,1,2,~8}, a Weyl gluino, and no scalars. With the normalizations we’ve chosen for the real scalar σ in the three-dimensional vector multiplet, it is identified with the zero mode piece of the x^{~8} component A_{~8} of the four-dimensional gauge field, with unit coefficient (and possibly a sign, which we could absorb into a reversal of the coordinate x^{~8}): taking A_{~8} to be constant in the x^eit direction, then

σ = (+1) · A_{~8} .

Modulo the sign, the coefficient of proportionality can be determined from the relative normalizations of the kinetic terms for the (spurious, non-dynamical) fields σ and A_μ that we have coupled minimally to the 2 + 1-dimensional theory. So when we set the fictional vector multiplet scalar σ^i equal to the corresponding mass parameter m^i, this is the same thing as setting A^i_{~8} to m^i in the four-dimensional lift. In other words, this is a compactification with a Wilson line boundary condition for fields charged under the symmetries U(1)_i such that, when parallel transported around the circle, every field transforms to itself up to the action of the monodromy

Û_8 ≡ exp i ∑_i ϕ^iĝ_i ,

where

ϕ^i ≡

∮_{2π}~_R 0 dx^{~8} A^i_{~8} = 2πR̃σ^i .

We are setting σ^i to m^i, which means

ϕ^i = 2πR̃m^i .

Therefore in the cases where the three-dimensional theory lifts to four dimensions (with the appropriate symmetries intact), then the real mass term in the three-dimensional theory can be obtained by starting with the undeformed four-dimensional theory and compactifying down to three dimensions on a circle of radius R̃ with monodromy

Û_8 ≡ exp {2πiR̃ ∑_i m^iĝ_i} (2.3)

around the x^{~8} direction, in the limit where R̃ → 0.

In this language the consistency conditions for twisted mass deformations are particularly transparent. It’s clear that one can pick any symmetries ĝ_i and mass parameters m^i that one likes, as long as the Wilson line compactification preserves at least N = 2

SUSY in 2+1 dimensions, the criterion for which is that Z ≡ ∑ m_iq̂^i is a non-R symmetry with respect to at least one four-dimensional Weyl doublet of supercharges Q_α. So if the four dimensional theory has only N = 1 and no extended supersymmetry, then this just means the combination Z must be a non-R global symmetry. If there is extended SUSY in four dimensions, then the condition is that the action of Z on supercharges must have at least one element in its kernel.

In the case of interest, the four dimensional theory is N = 4 super-Yang-Mills in 3+1 dimensions. Its only continuous global symmetries are the SO(6) ≃ SU(4) R-symmetry group. This group acts on 3+1-dimensional Weyl supercharges Q^A_α in the fundamental representation 4 of SU(4). We are only interested in symmetries that preserve at least one of the four Weyl doublets, say the fourth one A = 4. Then we will restrict the generators ĝ to lie in an SU(3) subgroup that acts nontrivially on the first three elements of the 4 only. So our Wilson line compactification is defined by some mass parameters m^i, one for each appropriately normalized generator ĝ_i of the SU(3) ⊂ SO(6) inside the R-symmetry group of N = 4 of super-Yang-Mills theory in 3+1 dimensions. Then each massless four-dimensional chiral multiplet with eigenvalues q_i under the generators ĝ_i gets a mass in three dimensions that is equal to |Z| = | ∑ q_im^i|. For chiral multiplets that are not massless in four dimensions – if for instance they have D-term or F-term masses given by M_4 in four dimensions – then the setup makes it quite clear what their masses must be in three dimensions, since Z is a generalized momentum in the x^8-direction. Therefore the mass formula at tree level is

M_3 = √ M^2_4 + Z^2 ,

Z ≡ ∑_i m^iq_i .

The mass M_4 is the same as the three-dimensional mass that comes from F-term and D-term potentials. So in strictly three-dimensional terms we can write

M_{full,tree−level} = √ M^2_{F+D} + Z^2 ,

Z ≡ ∑_i m^iq_i .

This was computed from a classical four-dimensional dispersion relation so of course it will get perturbative quantum corrections in general when M_4 = M_{F+D} is nonzero. However when M_4 = M_{F+D} vanishes, then the state is massless from the four-dimensional perspective and BPS from a three-dimensional perspective, and the quantum corrections to its mass should be under control – presumably vanishing perturbatively and perhaps calculable nonperturbatively, as in [11] .

So the data specifying a real mass in 2+1 dimensions in the 16-supercharge D2-brane theory are clear – for each SU(3) generator ĝ_a pick a parameter m^a, and the real masses in the three dimensional sense are going to be the eigenvalues of the operator Z ≡ m^aĝ_a. The theory can be thought of as coming from the compactification on the D3-brane theory on a circle of radius R̃, with a monodromy given by Û_8 ≡ exp 2πiR̃Z. Having noticed that the real mass can be realized by dimensional reduction with monodromy, let us use that description to find a string embedding of the D2-brane theory with a twisted mass.

2.3 String embedding of the twisted mass for N = 8 SYM in D = 3.

Consider an isolated D2-brane (we could equally well consider a set of N D2-branes) whose gauge coupling is g_3. We want to lift to a D3-brane theory on a circle of radius R̃. The relation between gauge couplings is simply

2πR̃ g_4 2 =^1_{g23} , so g_4 = g_3 · √ 2πR̃ . (2.4)

So now let us consider a D3-brane extended in directions 012~8, where the tilde denotes that the direction x̃^8 is going to be the T-dual of the x^8 direction transverse to the twobrane that will be the object of our ultimate interest. The threebrane in type IIB string theory is a BPS state that preserves sixteen supercharges. We wish to compactify the x̃^8 direction with radius R̃. However a straightforward identification x̃^8 ≃ x̃^8 + 2πR̃ would leave all sixteen supercharges unbroken and would not generate a mass term. It also would impose periodic boundary conditions on the fields living on the D3-brane, whereas we want to impose boundary conditions twisted by the monodromy Û_8 given in equation (2.3).

The only consistent way to do that in string theory is just to impose that same monodromy on the compactification of spacetime as a whole. From the point of view of the spacetime as a whole, the SO(6) generators of the D3-brane gauge theory are rotations of the six directions transverse to the threebrane, which in this case are x^{3−7,9}. So the SO(6) of the gauge theory just acts on the coordinates x^{3−7,9} in the vector representation in an obvious way. We are interested in preserving at least N = 2 supersymmetry in three dimensions, which forces us to restrict ourselves to an SU(3) subgroup of SO(6), which imposes a choice of complex structure on x^{3−7,9}-space. To focus on the more constrained case of N = 4 supersymmetry in three dimensions, we can restrict the rotation to an SU(2) subgroup, in which case there are a triplet of such complex structures, but we will just focus on one for simplicity.

Either way, we choose a complex structure on x^{3−7,9}-space. So define

w^1 ≡ x^4 + ix^5 ,

w^2 ≡ x^6 + ix^7 ,

w^3 ≡ x^3 + ix^9 .

Then the condition to preserve at least N = 2 SUSY in 3D is that the generators ĝ of the monodromy lie in a subgroup that acts as traceless Hermitean matrices on the three complex coordinates w^p. The condition to preserve N = 4 in 3D is that the Hermitean matrices ĝ additionally lie in an SU(2) subgroup – that is, they have a common zero eigenvalue. For now, that is to that most supersymmetric case to which we would like to turn our attention.

We take the rotation matrices to lie in the SU(2) subgroup that acts only on the directions w^{1,2}, and leaves w^3 alone. Since we are compactifying only one dimension, we have only one linear combination of generators to worry about, so we pick m^a g_a to be m σ_3, where σ_3 is the Pauli matrix acting on the directions w^{1,2} and leaving all the other directions invariant.

According to our prescription, we should impose Û_8 = exp { 2πim R̃ σ^3 } as a monodromy around the x̃^8 direction, which we compactify with radius R̃. This is equivalent to identifying the flat, ten dimensional space by the combined identification (as opposed to two independent identifications) as follows:

x̃^8 → x̃^8 + 2πR̃ , ( w_1 w_2 ) → Û_8 · ( w_1 w_2 ) . (2.5)

This space, with these identifications, defines a purely closed-string background in which the D3-brane can be thought of as a probe. So for now, let us focus on the description of the closed string background itself.

3 Closed string fluxbrane and fluxtrap backgrounds

Fortunately this type of space has been studied already very well. Spaces of this kind, defined by a simultaneous identification by a shift of one direction and a rotation of some other directions, go by the name of “fluxbranes” and have been studied for quite some time, starting with work in the pure general relativity context by a relativist named Mael Melvin [1] The “flux” in “fluxbrane” refers to the idea of starting in 5D general relativity with one circle compactified á la Kaluza-Klein.

In the case of an S^1 compactification with a monodromy Û around the S^1 acting on some other space X, it is natural to think of X as fibered over the circle, with the circle as the base and the fibration data defined as gluing maps on the fiber, specified by the monodromy. But the space carries a second fibration structure in which the S^1 is the fiber rather than the base of the fibration. The space can be thought of as an S^1 fibration, where the base is not X but the quotient X/Γ, where Γ is the cyclic group generated by Û.

In the picture where the S^1 shift-circle is the fiber direction, the fiber is nontrivial even locally, in the sense of there being a local curvature of the connection of the bundle. In other words, there is Kaluza-Klein flux. This is not true in the original picture, where the S^1 is the base and the fibration of X over it is described by a connection that is locally flat since the base is one-dimensional. The “fluxbrane” picture – in which the space X/Γ is the base and the shift-circle S^1 the fiber – is the more natural in one in the Kaluza-Klein theory of 4D general relativity and electromagnetism, or any theory in which the S^1 is taken to be small. That is the picture in which Melvin and the relativists thought of these spaces, and hence the name “fluxbrane”. For us, the shift-circle S^1 is the direction x̃^8 in the type IIB string theory, and the Euclidean directions z_{1,2} are the space X, and indeed when we think of X/Γ as the base, there really is Kaluza-Klein flux, as we shall see in the next section.

3.1 Bulk fields and T–duality transformations In the following, we specify the fluxbrane background in cylindrical coordinates. We will then perform a T–duality along the x_8–direction and derive the expressions for the metric, Vielbein, B–field and the dilaton for the fluxtrap. This resulting geometry will provide the closed string background for the D2-branes in the following sections.

Fluxbrane. In cylindrical coordinates, our fields have the following simple form:

~g_{μν} d ~X^μ d ~X^ν = d⃗x^2_{0...3} + dρ^2_1 + ρ^2_1 dθ^2_1 + dρ^2 + ρ^2 dθ^2 + ~R^2 d~u^2 + dx^2_9 , (3.1) ~B_{μν} d ~X^μ d ~X^ν = 0 , (3.2) ~Φ = ln( ~Rg^2_3) , (3.3)

where ~X^μ = (x_0, . . . , x_3, ρ_1, θ_1, ρ_2, θ_2, ~u, x_9), and

d⃗x^2_{0...m} = − dx^2_0 + dx^2_1 + · · · + dx^2_m . (3.4)

The choice of the constant value for the dilaton in Eq. (3.3) will become clear in later on: g_3 will be the gauge coupling for the effective quantum field theory living on D2 branes.

The space R^5/Γ is obtained by imposing the identifications

~u ≃ ~u + 2π k_1 , θ_1 ≃ θ_1 − 2πm ~R k_1 , θ_2 ≃ θ_2 + 2πm ~R k_1 , k_1 ∈ Z , (3.5)

in addition to the standard identifications for cylindrical coordinates,

θ_1 ≃ θ_1 + 2π k_2 , θ_2 ≃ θ_2 + 2π k_3 , k_2, k_3 ∈ Z . (3.6)

It is convenient to disentangle the periodicities. For this reason we introduce the new angular variables { ϕ_1 = θ_1 − m ~R~u , ϕ_2 = θ_2 + m ~R~u ,

(3.7)

to rewrite the metric in the form

~ds2 = d⃗x2_{0...3} + dρ2_1 + ρ2_1 dϕ2_1 + dρ2 + ρ2 dϕ2 + 2m ~R ( ρ^2_1 dϕ_1 − ρ^2 dϕ_2 ) d~u + ~R^2 ( 1 + m^2 ( ρ^2_1 + ρ^2 )) d~u^2 + dx^2_9 , (3.8)

with the three independent sets of identifications:

(~u, ϕ_1, ϕ_2) → (~u + 2π n_1, ϕ_1 + 2π n_2, ϕ_2 + 2π n_3) , n_1, n_2, n_3 ∈ Z . (3.9)

The space is of course still locally flat, but in this coordinate system one can see immediately the S^1 fibration structure where the fiber is described by ~u. This can be interpreted in terms of a Kaluza–Klein flux ( ρ^2_1 dϕ_1 − ρ^2 dϕ_2 ) , which explains the origin of the name fluxbrane. The natural Vielbein is given by

~e^n = dx^n , n = 0, 1, 2, 3, 9

~e^4 = dρ_1 , ~e^5 = ρ_1 ( dϕ_1 + m ~R d~u ) , ~e^6 = dρ_2 , ~e^7 = ρ_2 ( dϕ_2 − m ~R d~u ) , ~e^8 = ~R d~u .

(3.10)

An alternative description for the same space can be obtained by passing to rectilinear coordinates:

z_1 = x_4 + i x_5 = ρ_1 e^{i ϕ1} , z_2 = x_6 + i x_7 = ρ_2 e^{i ϕ2} , x_8 = ~R~u . (3.11)

Then the metric can be recast in the form

~g_{μν} d ~X^μ ~X^ν = d⃗x^2_{0...3} + 7 ∑_{i=4}^{(dx}i^{+ mVi dx}8^{)2 + dx2}8^{+ dx2}9^{, (3.12)}

where V^i ∂_i is the Killing vector

V^i ∂_i= −x^5 ∂_{x4} +x^4 ∂_{x5} +x^7 ∂_{x6} −x^6 ∂_{x7} = ∂_{ϕ1} − ∂_{ϕ2} (3.13)

with norm ‖V‖^2 = x^2_4 + x^2_5 + x^2_6 + x^2_7 = ρ^2_1 + ρ^2 . (3.14)

The is precisely the form of the Ω deformation of flat space in the directions z_1 and z_2 with parameters ε_1 = −ε_2 = m as described in [9].

Fluxtrap. In order to make contact with the 2+1 dimensional theory living on the D2– branes we want to describe, we now perform a T–duality in the x_8–direction. Since the three identifications in Equation (3.9) are independent we can make use of Buscher’s rules [19] for the T–duality to exchange the coordinate ũ for a new coordinate u, also with periodicity 2π. The metric and B-field become:

g_{σρ} = ~g_{σρ} +

~B_{ũσ} ~B_{ũρ} − ~g_{ũσ} ~g_{ũρ} ~g_{ũũ}

, g_{uu} =

(α^′)^2 ~g_{ũũ}

, g_{uσ} = α^′

~B_{ũσ} ~g_{ũũ} , B_{σρ} = ~B_{σρ} +

~B_{ũσ} ~g_{ũρ} − ~B_{ũρ} ~g_{ũσ} ~g_{ũũ}

, B_{uσ} = α^′

~g_{ũσ} ~g_{ũũ}

, Φ = ~Φ − 1 2 ln ( ~g_{ũũ} α^′ ) , (3.15)

where (σ, ρ) run over all coordinates except ũ or the dual coordinate u. It is convenient to introduce the radius R = α^′ ~R . (3.16)

The new dimensionful coordinate is

x_8 = Ru , (3.17) such that the metric, B–field and dilation after T–duality are given by:

ds^2 = d⃗x^2_{0...3} + dρ^2_1 + dρ^2 + ρ^2_1 dϕ^2_1 + ρ^2 dϕ^2 +

−m^2 ( ρ^2_1 dϕ_1 − ρ^2 dϕ_2

)_2

+ dx^2_8 1 + m^2 ( ρ^2_1 + ρ^2

) + dx^2_9 ,

(3.18)

B = m ρ^2_1 dϕ_1 − ρ^2 dϕ_2 1 + m^2 ( ρ^2_1 + ρ^2

) ∧ dx_8 , (3.19)

e^{−Φ} = √ 1 + m^2 ( ρ^2_1 + ρ^2 ) g^2_3 √ α^′

. (3.20)

Observe that the combinations z_1 and z_2 are left untouched by T–duality in the direction ~u since the three identifications in Equation (3.9) are independent. Moreover, V^μ ∂_μ remains a Killing vector for the geometry. The fluxtrap solution (3.18) - (3.20) is the string theory of the Ω-deformation.

Fluxtrap solution as the string theory of the Ω-background.

So far we have considered branes – specifically D2-branes – embedded transverse to the z^{1,2} directions. To understand the relationship with the Ω-deformation of fourdimensional gauge theory, let us consider a different type of D-brane, which we shall embed to fill the z^{1,2} directions and denote with a prime.

The Ω-deformation of maximally supersymmetric gauge theory[9] can be defined by starting with five-dimensional gauge theory and dimensionally reducing on a circle with twisted boundary conditions defined by the identifications (2.5), where the rotation (2.5) acts on directions in the gauge theory itself, rather than on scalar fields. That is to say, the directions of the 5D gauge theory, in our coordinates would be x^{4,5,6,7,~8}. It is natural to interpret this gauge theory as the dynamical theory of Euclidean D4^′-branes spanning the x^{4,5,6,7,~8} directions.

Dimensionally reducing to 4-dimensional gauge theory, as in [9] amounts to performing a T-duality along the x̃^8 direction, leaving us with the flux-trap solution (3.18) - (3.20). The D4^′-branes have now been transformed into D3^′-branes spanning the z^{1,2} directions. The Ω-deformation of four-dimensional N = 4 super-Yang-Mills theory can be thought of precisely as the α^′ → 0 limit of a set of D3^′-branes embedded in the fluxtrap solution (3.18) - (3.20), spanning the directions z^{1,2}.

The prime on the D3^′-branes emphasizes that the four dimensional gauge theory here is not to be identified with the four dimensional gauge theory from which we constructed our three-dimensional gauge theory with twisted masses. The two types of branes are entirely separate, and not to be included simultaneously in the same dynamical system. (Indeed, the primed branes live in type IIB string theory and the unprimed branes in type IIA, although this is not significant – a T-duality along a trivial direction such as x^{1,2,3,9} transforms a IIA brane into a IIB brane and leaves the fluxtrap solution unaffected.)

The primed D3-branes, on which the Ω-deformed gauge theory lives, are Euclidean and space-filling in the z^{1,2} directions. The unprimed D2-branes, on which the gauge theory of [13] lives, are transverse to the z^{1,2} directions. The Ω-deformation appears in the former as a position-dependent gauge coupling, and in the latter as a twisted mass term.

The relationship between the twisted mass deformation of the unprimed D2-branes and the Ω-deformation of the primed D3-branes is that both arise from the same deformation of the closed string background in which each type of brane is embedded in its own way.

We expect that embedding the Ω-deformation in string theory via the fluxtrap solution clarifies and simplifies certain aspects of the Ω-deformation that otherwise appear somewhat technical and opaque. Let us take one easy example: The most salient feature of the Ω-deformation is its localization of instantons to the origin of the four spacetime dimensions of the gauge theory. Even from the gauge theory perspective, a moment’s thought makes it clear that such a localization can only come about through a positiondependent gauge coupling with a maximum at the origin. A small instanton is pointlike, and cannot therefore couple to a metric or B-field; its only interaction with background fields is through the gauge coupling. Since its action is inversely proportional to g^{′2}_4 , the instanton’s action is minimized where the gauge coupling attains its maximum value.

For a D3-brane in the flux-trap solution, the four-dimensional gauge coupling is

g^{′ 2}_{4 Ω} =^g ′ 2 4 (0) √ 1+ϵ̄^2r^2 ,

where

g^′_{4 (0)} ≡ (2π)^12 (α^′)^14 g_3

is the local gauge coupling of the four-dimensional gauge theory near the origin, and

ϵ̄ ≡ m .

We have introduced the primed branes only to clarify the relationship between the mass-deformed 3D theory and the Ω-deformed 4D Euclidean theory. Hereafter we shall leave the primed branes and not return to them in the present article. However we expect that the string theory embedding of the Ω-deformation may be a useful tool for analyzing the Ω-deformed theory on the primed D3^′-branes.

Vielbein for the solution

It is convenient to introduce a “natural” Vielbein for the T–dual geomety. This is obtained by imposing ~e^m_μ ∂ ~X^μ = e^m_μ ∂X^μ , (3.21)

where ∂X is the worldsheet derivative. Under T–duality, ∂X transforms as (see e.g. [20]): ∂~u → 1 ~g_{~u ~u} (α^′ ∂u − (~g_{σ~u} + ~B_{σ~u}) ∂X^σ) , (3.22)

∂ ~X^σ → ∂X^σ , (3.23) where X^σ runs again over all the coordinates other than u. The invariance of e^m_μ ∂X^μ results in e^m_u = α^′ ~g_{~u ~u} ~e^m_{~u}

e^m_σ = ~e^m_σ −

~g_{σ~u} + ~B_{σ~u} ~g_{~u~u} ~e^m_{~u} for X^σ ≠ u.

(3.24)

The inverse of these transformations is given by

e^u_m = ~g_{~u~u} α^′

~e^{~u}_m +

~g_{σ~u} + ~B_{σ~u} α^′

~e^σ_m

e^σ_m = ~e^σ_m for X^σ ≠ u.

(3.25)

Starting from the Vielbein for flat space in Equation (3.10), we obtain

e^n = dx^n , n = 0, 1, 2, 3, 9

e^4 = dρ_1 , e^5 = ρ_1 Δ^2 ( dϕ_1 + m^2ρ^2 (dϕ_1 + dϕ_2) + m dx_8 ) , e^6 = dρ_2 , e^7 = ρ_2 Δ^2 ( dϕ_2 + m^2ρ^2_1 (dϕ_1 + dϕ_2) − m dx_8 ) , e^8 = 1 Δ^2 ( −mρ^2_1 dϕ_1 + mρ^2 dϕ_2 + dx_8 ) , (3.26)

where Δ^2 = 1 + m^2 ( ρ^2_1 + ρ^2 ) . (3.27)

With this, we have collected all the necessary expressions for the fluxtrap geometry.

3.2 Supersymmetry

After having derived the form of the metric, B–field, dilaton and the Vielbein in the fluxtrap background, we will now investigate the number of supersymmetries that are preserved by this background and explicitly give the preserved Killing spinors. It is convenient to first study the fluxbrane background and then apply the T–duality to transform the Killing spinors.

In our choice of coordinates, the Killing spinors in the flat background are given by

K^{IIB} = exp[^1_2 θ_1Γ_{45} +^1_2 θ_2Γ_{67}]ϵ_0 , (3.28)

where ϵ_0 is a complex Weyl spinor. Introducing ϕ_1 and ϕ_2, this becomes

K^{IIB} = exp[^1_2 ϕ_1Γ_{45} +^1_2 ϕ_2Γ_{67}] exp[ m ~R~u 2 (Γ_{45} − Γ_{67})]ϵ_0 . (3.29)

Observe that all the variables are 2π–periodic. The matrix Γ_{45} − Γ_{67} has eigenvalues ±2i and 0. There are thus two possibilities for the Killing spinor to have the right periodicity [4]:

1. m ~R is an integer. In this case the original variables θ_1 and θ_2 are only 2π-periodic and the only non–trivial identification in Equation (3.5) is ~u ≃ ~u + 2πk_1. In other words, the spacetime is the standard flat space, preserving 32 real supercharges.

2. For generic values of m ~R, the second exponential is not periodic in ũ unless Γ_{45} − Γ_{67} vanishes, in which case the dependence on ~u drops out of the spinor.

The first case is simply flat space without any deformation; in the following we will pursue the second alternative, which cuts down the number of Killing spinors by half. Consider the orthogonal projectors

Π^{flux}_± =^1_2 (1 ±Γ_{4567}) , (3.30)

which satisfy

Γ_i Π^{flux}_± = { Π^{flux}_∓ Γ_i if i = 4, 5, 6, 7, Π^{flux}_± Γ_i otherwise.

(3.31)

Using the fact that

Π^{flux}_− (Γ_{45} − Γ_{67}) = Π^{flux}_− (1 +Γ_{4567}) Γ_{45} = Π^{flux}_− Π^{flux}_+ Γ_{45} = 0 , (3.32)

we find the expression for the 16 type IIB Killing spinors of the fluxbrane background:

K^{IIB} = Π^{flux}_− exp[^1_2 ϕ_1Γ_{45} +^1_2 ϕ_2Γ_{67}]ϵ_0 . (3.33)

Having obtained the expressions for the Killing spinors in type IIB, we can translate them into the T–dual type IIA fluxtrap picture (see e.g. [21]): K^{IIA} = ϵ_L + ϵ_R, where { ϵ_L = e^{−Φ/8}(1 +Γ_{11}) Π^{flux}_− exp[^1_2 ϕ_1Γ_{45} +^1_2 ϕ_2Γ_{67}] ϵ_0 , ϵ_R = e^{−Φ/8}(1 −Γ_{11}) Γ_u Π^{flux}_− exp[^1_2 ϕ_1Γ_{45} +^1_2 ϕ_2Γ_{67}] ϵ_1 ,

(3.34)

with ϵ_0 and ϵ_1 constant Majorana spinors, and

Γ_u = Δ e^a_uΓ_a = mρ_1 Δ Γ_5 − mρ_2 Δ Γ_7 + 1 Δ Γ_8 (3.35)

is the Γ matrix in the u direction, normalized to square to the identity, (Γ_u)^2 = 1. These spinors are such that the corresponding variations of the dilatino and gravitino (Equations (B.9) and (B.10)) vanish.

Both ϵ_0 and ϵ_1 have 32 real components. The projectors Π^{flux}_− and (1 ±Γ_{11}) each reduce the preserved supercharges by a factor of one half. In our fluxtrap background, we are therefore left with 16 preserved real supercharges.

4 Open strings

In the following section, we want to describe the three-dimensional gauge theory that lives on the worldvolume of a D2–brane extended in the directions x_1 and x_2 in the fluxtrap background (see Table 2). After briefly discussing the kappa-symmetry fixed action in the static gauge, we derive the expressions for the eight Killing spinors preserved by the D2-brane located at ρ_1 = ρ_2 = 0. We then derive the supersymmetry generators Q and find a rotating brane solution which saturates the bps bound and preserves four supercharges. Finally we show how the low energy description of the D2-brane dynamics contains the expected form of a real mass term.

4.1 Action and fermionic symmetries

We would like to describe the dynamics of a D2–brane extended in the (x_1, x_2) directions. Since the background is symmetric under translations in the x_1 and x_2 directions, we can choose a consistent truncation of the theory where:

• the two-form on the D2-brane is vanishing,

B_{αβ} + 2πα^′ F_{αβ} = 0 ; (4.1)

• the position of the D2-brane in the transverse direction only depends on time. Under these assumptions, the relevant part of the bosonic action and the dynamical term for the fermionic part at quadratic order [22] are in our conventions (see Appendix B):

S = −μ_2 ∫ d^3ζ e^{−Φ} √ − det g_{αβ} ( 1 − e^{Φ/4} 2 θ̄ (1 −Γ_{D2}) g^{αβ}Γ_β ∂_αθ ) + O ( θ^4 ) , (4.2)

where μ_2 = (2π)^{−2} (α^′)^{−3/2}, θ = θ_L + θ_R is a Majorana spinor, g_{αβ} is the pullback of the metric on the D2-brane,

g_{αβ} = g_{μν}

∂X^μ ∂ζ^α

∂X^ν ∂ζ^β α, β = 0, 1, 2 , (4.3)

ζ^α are the coordinates on the worldvolume of the D2–brane and Γ_{D2} is given by [23]

Γ_{D2} = 1 √ − det g_{ab} ϵ^{αβγ} 3! Γ_αΓ_βΓ_γ , (4.4)

where Γ_α is the pullback of the gamma matrices on the brane^1:

Γ_α =

∂X^μ ∂ζ^α e^m_μΓ_m . (4.5)

Since ∂_x0 , ∂_x1 and ∂_x2 are Killing vectors for the bulk metric in Equation (3.18) we can choose a static gauge for the embedding:

x^0 = ζ^0 , x^1 = ζ^1 , x^2 = ζ^2 . (4.6)

The corresponding pullback of the metric is simply

g_{αβ} dζ^α dζ^β = ĝ_{00}(dζ^0)^2 + (dζ^1)^2 + (dζ^2)^2 , (4.7)

1The normalization factors are chosen such that Γ_{D2} squares to the identity: (Γ_{D2})^2 = 1.

where ^g_{00} = −1 + ∂_0X^ρ ∂_0X^σ g_{ρσ} and X^ρ and X^σ run over the transverse coordinates,

X^ρ, X^σ = { x_3, ρ_1, ϕ_1, ρ_2, ϕ_2, x_8, x_9 } . (4.8)

The fact that the B field does not contribute can be understood by observing that ∂_{x1} and ∂_{x2} are Killing vectors and a double T–duality in these directions maps our D2-brane to a D0 brane.

The action is invariant under kappa-symmetry and under the susy transformations induced by the bulk Killing spinors ϵ. On the fermionic variable θ they act as follows:

δ_κθ = (1 +Γ_{D2}) κ , δ^{susy}_ϵ θ = ϵ , (4.9)

where κ is a Majorana spinor. The transformation δ_κ can be used to impose a covariant gauge fixing, Γ_{11} θ = θ ⇒ θ_R = 0, (4.10)

in order to obtain the same number of bosonic and fermionic degrees of freedom. After gauge fixing, the dynamical term of the fermionic action takes the form

S_f = μ_2 2 ∫ d^3ζ e^{−3Φ/4} √ − det g_{αβ} ψ̄ g^{αβ}Γ_β ∂_αψ , (4.11)

and using the form of the pullback in Equation (4.7):

S_f = − μ_2 2 ∫ d^3ζ e^{−3Φ/4} √ − det g_{αβ} ψ̄ Γ̂_0ψ̇ , (4.12)

where ψ is the Majorana–Weyl spinor ψ = θ_L and Γ̂_0 is the pullback of the gamma matrices in the direction ζ^0:

Γ̂_0 = Γ_α|_{α=0} = ∂X^σ ∂ζ^0 e^m_σΓ_m . (4.13)

The action is invariant under the transformation

δ_ϵψ = ( δ^{susy}_ϵ − δ_κ |_{κ=ϵR} ) ψ = ϵ_L − Γ_{D2} ϵ_R , (4.14)

which leaves θ_R invariant, consistently with the gauge choice θ_R = 0.

Supersymmetries preserved by the static embedding. We say that a Killing spinor ϵ = ϵ_L + ϵ_R is preserved by the D2–brane if the associated transformation leaves ψ invariant:

δ_ϵψ = ϵ_L − Γ_{D2} ϵ_R = 0 . (4.15)

If we choose the static embedding in which ĝ_{00} = 1, the expression of Γ_{D2} is simply

Γ_{D2} = Γ_{012} . (4.16)

In the previous section (Equation (3.34)) we have found that the Killing spinors in the bulk are { ϵ_L = e^{−Φ/8}(1 +Γ_{11}) Π^{flux}_− exp[^1_2 ϕ_1Γ_{45} +^1_2 ϕ_2Γ_{67}]ϵ_0 , ϵ_R = e^{−Φ/8}(1 −Γ_{11}) Γ_u Π^{flux}_− exp[^1_2 ϕ_1Γ_{45} +^1_2 ϕ_2Γ_{67}]ϵ_1 .

(4.17)

Using the commutation relations of Π^{flux}_− with the components of Γ_u, we find that the conservation of supersymmetry requires

Π^{flux}_− ( ϵ_0 − 1 Δ Γ_{1208} ϵ_1 ) + Π^{flux}_+ ( m Δ Γ_{120} (ρ_1Γ_5 − ρ_2Γ_7) ) ϵ_1 = 0 . (4.18)

The two parts must vanish separately since the two projectors are orthogonal^2. We obtain the conditions

ρ_1 = ρ_2 = 0 and ϵ_0 = Γ_{1208} ϵ_1 . (4.19)

The first condition fixes the transverse position of the D2–brane, the second one breaks half of the 16 supersymmetries, resulting in a total of 8 preserved supercharges: { ϵ_L = e^{−Φ/8} Γ_{1208} (1 + Γ_{11}) Π^{flux}_− exp[^1_2 (ϕ_1 + ϕ_2) Γ_{67}]ϵ_1 , ϵ_R = e^{−Φ/8} Γ_u (1 + Γ_{11}) Π^{flux}_− exp[^1_2 (ϕ_1 + ϕ_2) Γ_{67}]ϵ_1 .

(4.20)

It is convenient to introduce the Majorana–Weyl spinor ~ϵ,

~ϵ = e^{−Φ/8}(1 + Γ_{11}) Π^{flux}_− exp[^1_2 (ϕ_1 + ϕ_2) Γ_{67}]ϵ_1 , (4.21)

and write the spinors conserved by the static embedding of the D2–brane as

ϵ_L = Γ_{1208} ~ϵ , ϵ_R = Γ_u~ϵ . (4.22)

The spinor ~ϵ is normalized such that it can written as the sum of 8 orthogonal components^3: ~ϵ = 8 ∑_{A=1}^{~ϵA , (~ϵA)T ~ϵB = δAB , A, B = 1, . . . , 8 , (4.23)}

where ϵ^T is the transposed spinor.

4.2 BPS excitations We have seen that the static embedding of the D2-brane breaks half of the 16 supersymmetries of the bulk. Now we would like to describe a different bps embedding that preserves only 1/4 of the bulk supersymmetries.

2The contribution of the directions x_1 and x_2 can be factored out, which is consistent with the fact that our configuration is T–dual to a D0 brane.

3This is possible because (~ϵ)^T ~ϵ does not depend on ϕ_1 or ϕ_2.

Hamiltonian formalism. In order to impose a bps condition we need to pass to the Hamiltonian formalism. The conjugate momentum to the bosonic variable X^ρ is given by

P_ρ ≡ ∂L ∂Ẋ^ρ

= μ_2 e^{−Φ}

Ẋ^σ g_{ρσ} √ − det g_{αβ}

, (4.24)

where Ẋ is the derivative with respect to ζ^0:

Ẋ^ρ ≡ ∂X^ρ ∂ζ^0

. (4.25)

The Hamiltonian is therefore given by

H = P_ρẊ^ρ − L = μ_2 e^{−Φ}

Ẋ^ρẊ^σ g_{ρσ} √ − det g_{αβ}

+ μ_2 e^{−Φ} √ − det g_{αβ} = μ_2 e^{−Φ} √ − det g_{αβ}

, (4.26)

and in particular the energy of the static embedding configuration (^g_{00} = −1, ρ_1 = ρ_2 = 0) is H^{static} = μ_2 g^2_3 √ α^′ = 1 4π^2 g^2_3 (α^′)^2

. (4.27)

The last quantity we want to derive from the bosonic action is the angular momentum for a rotation in the direction of the Killing vector V^ρ ∂_ρ= ∂_{ϕ1} − ∂_{ϕ2} :

J = V^ρ P_ρ = μ_2 e^{−Φ}

V^ρẊ^σ g_{ρσ} √ − det g_{αβ}

= μ_2 e^{−Φ} √ − det g_{αβ} ρ^2_1ϕ̇_1 − ρ^2ϕ̇_2 1 + m^2 ( ρ^2_1 + ρ^2

) . (4.28)

Clearly, the angular momentum is vanishing for the static configuration:

J^{static} = 0 . (4.29)

In order to canonically quantize the fermionic part of the action we introduce the conjugate momentum

Π_a ≡ δL δψ̇^a = i μ_2 e^{−3Φ/4} 2 √ − det g_{αβ} ψ^b ( Γ_0Γ̂_0 ) ba , a, b = 1, . . . , 16 , (4.30)

which by definition satisfies the canonical anticommutation relation

{Π_a, ψ^b} ≡ i δ^b_a , a, b = 1, . . . , 16 (4.31)

whence {Π_a, Π_b} = − μ_2 2 e^{−3Φ/4} √ − det g_{αβ} ( Γ_0Γ̂_0 ) ab . (4.32)

Using the conjugate momentum one can directly write down the supercharges that generate the supersymmetry transformations in Equation (4.14):

Q_ϵ = i Π_a δ_ϵψ^a , (4.33) which satisfy the anticommutation relation

{Q^A, Q^B} = δ_ϵA ψ^a {Π_a, Π_b} δ_ϵB ψ^b . (4.34)

At this point we have all the ingredients to calculate the explicit expression for the anticommutator. Since we want to consider fluctuations over the static embedding, we plug in the expressions for the preserved Killing spinors in Equation (4.21):

{Q^A, Q^B} = − μ_2 e^{−3Φ/4} 2 √ − det g_{αβ} ( ϵ^A_L − Γ_{D2} ϵ^A_R

)_a ( Γ_0Γ̂_0 ) ab ( ϵ^B_L − Γ_{D2} ϵ^B_R

)_b

= − μ_2 e^{−3Φ/4} 2 √ − det g_{αβ} [ Γ_{1208} ~ϵ^A −

Γ̂_{012}Γ_u √ − det g_{αβ}

~ϵ^A

]_a ( Γ_0Γ̂_0 ) ab [ Γ_{1208} ~ϵ^B −

Γ̂_{012}Γ_u √ − det g_{αβ}

~ϵ^B

]_b . (4.35)

After a straightforward calculation we obtain

{Q^A, Q^B} = ( μ_2 e^{−Φ} √ − det g_{αβ} − μ_2 g^2_3 √ α^′ ) δ^{AB} − μ_2 e^{−Φ} 2 √ − det g_{αβ}

{Γ_8 − 1 Δ Γ_u, Γ̂_0}(~ϵ^A)^TΓ_{08} ~ϵ^B .

(4.36) Using the explicit expression for Γ_u in Equation (3.35), and the pullback Γ̂_0 in Equation (4.13), we find that:

{Γ_8 − 1 Δ Γ_u, Γ̂_0} = − 2m Δ^2 ( ρ^2_1ϕ̇_1 − ρ^2ϕ̇_2 ) , (4.37)

which allows us to compare the anticommutator with the expressions for the Hamiltonian and angular momentum that we have found from the bosonic action in Equations (4.26) and (4.28). The final result is:

{Q^A, Q^B} = ( H − H^{static} ) δ^{AB} + mJ (~ϵ^A)^TΓ_{08} ~ϵ^B . (4.38)

The anticommutator vanishes for the static embedding since we are discussing the supercharges preserved by this configuration.

Rotating branes. The expression of the angular momentum suggests the following Ansatz for a rotating D2-brane:

ϕ_1 = ϕ̇ ζ^0 , ϕ_2 = −ϕ̇ ζ^0 , (4.39)

where ϕ̇ is constant and all the other transverse coordinates have a fixed value independent of ζ^0. The non-trivial pullbacks of metric and gamma matrices are given by

^g_{00} = − 1 + ( ρ^2_1 + ρ^2 ) ( m^2 − ϕ̇^2 ) 1 + m^2 ( ρ^2_1 + ρ^2

) , (4.40)

Γ̂_0 = Γ_0 − ϕ̇ m Γ_8 + ϕ̇ mΔ Γ_u . (4.41)

The bosonic part of the Lagrangian is then given by

L_b = − 1 4π^2 g^2_3(α^′)^2 √ 1 + ( ρ^2_1 + ρ^2 ) (m^2 − ϕ̇^2) . (4.42)

bps states are extrema of the action. The non-trivial equations of motion are:

ρ_1 ( m^2 − ϕ̇^2 ) = ρ_2 ( m^2 − ϕ̇^2 ) = 0 . (4.43)

These are satisfied either if ρ_1 = ρ_2 = 0, which is the static embedding, or if

ϕ̇ = ±m . (4.44)

This is the rotating D2-brane embedding. Note that even if we are not in a linear approximation, the frequency is constant and no conditions are imposed on the position of the D2-brane in the other transverse directions.

By substituting the condition in Equation (4.44) into the general expressions for energy and angular momentum we find

H^{rot}_± = 1 4π^2 g^2_3(α^′)^2 ( 1 + m^2 ( ρ^2_1 + ρ^2 )) J^{rot}_± = ± m 4π^2 g^2_3(α^′)^2 ( ρ^2_1 + ρ^2 ) , (4.45)

where the ± refers to the two branches of the solution ϕ̇ = ±m. After subtracting the energy of the static configuration we obtain the bps condition

H^{rot}_± − H^{static} J^{rot}_±

= ±m . (4.46)

In order to verify that this is indeed a bound, we have to turn to the fermionic action. A Killing spinor ϵ is conserved iff:

ϵ_L = Γ_{D2} ϵ_R . (4.47)

Using the expression for the bulk Killing spinors in Equation (3.34), and the pullback of the Γ matrices on the rotating brane Ansatz, we obtain the equation

Π^{flux}_− (ϵ_0 − Γ_{1208} ϵ_1) + Π^{flux}_+ (m Γ_{120} (1 ±Γ_{08}) (ρ_1Γ_5 − ρ_2Γ_7)) ϵ_1 = 0 . (4.48)

The two parts must vanish separately since the two projectors are orthogonal. This implies

ϵ_0 = Γ_{1208} ϵ_1 , and (1 ±Γ_{08}) ϵ_1 = 0 . (4.49)

The two conditions together preserve a total of 4 supercharges. Explicitly: { ϵ_L = e^{−Φ/8} Γ_{1208} (1 + Γ_{11}) Π^{flux}_− exp[^1_2 (ϕ_1 + ϕ_2) Γ_{67}] (1 ∓Γ_{08}) ϵ_2 , ϵ_R = e^{−Φ/8} Γ_u (1 + Γ_{11}) Π^{flux}_− exp[^1_2 (ϕ_1 + ϕ_2) Γ_{67}] (1 ∓Γ_{08}) ϵ_2 ,

(4.50)

where ϵ_2 is a constant Majorana spinor. This is precisely the same form that we have found for the static embedding in Equation (4.21), with an extra projector^1_2 (1 ∓Γ_{08}).

To be precise, a given Killing spinor ϵ = (Γ_{1208} + Γ_u) ~ϵ which is preserved in the static embedding is also preserved by the rotating brane if

Γ_{08} ~ϵ_{pres} = ∓~ϵ_{pres} , (4.51)

and not preserved otherwise: Γ_{08} ~ϵ_{pres} = ±~ϵ_{pres}.

Using the expression for the anticommutator of the supercharges in Equation (4.38) we find that the supercharges corresponding to Killing spinors preserved and not preserved by the rotating D2-brane satisfy

{Q^A_{pres}, Q^B_{pres}} = ( H − H^{static} ∓ mJ ) δ^{AB} (4.52)

{Q^A_{pres}, Q^B_{pres}} = 0 (4.53)

{Q^A_{pres}, Q^B_{pres}} = ( H − H^{static} ± mJ ) δ^{AB} . (4.54)

This implies that ( H − H^{static} ) + mJ ≥ 0 , ( H − H^{static} ) − mJ ≥ 0 , (4.55)

where one of the two conditions is trivial depending on the sign of mJ . The bound is saturated if ϕ̇ = ±m:

H^{rot}_± − H^{static} ∓ mJ^{rot}_± = 0 . (4.56)

4.3 Low energy effective gauge theory

In this section we derive the low energy action describing the dynamics of the D2-brane in the fluxtrap background. The parameter m that we have introduced in the identifications in Section 3 will appear explicitly as a real mass term for the fields describing the motion of the D2-brane in the directions x_4 . . . x_7.

Let us start with the kappa–symmetry-fixed dbi action at second order in the fermions. In order to get the canonical normalization for the fermionic term it is convenient to pass to the democratic formulation (see [22]) in which the action is written as:

S = −μ_2 ∫ d^3ζ e^{−Φ} √ − det(g_{αβ} + B_{αβ}) [ 1 − 1 2 ψ̄ ( (g + B)^{αβ}Γ_β D_α + Δ^{(1)} ) ψ ] , (4.57)

where

D_α = ∂_αX^μ ( ∇_μ + 1 8 H_{μmn}Γ^{mn} ) , (4.58)

Δ^{(1)} = 1 2 Γ^m ∂_mΦ − 1 24 H_{mnp}Γ^{mnp} . (4.59)

Since we are only interested in the low energy dynamics we expand all the terms at the respective leading order. The bulk fields are

g_{μν} dX^μ dX^ν = d⃗x^2_{0...9} + O(X^4) , (4.60) H_{μνρ} dX^μ ∧ dX^ν ∧ dX^ρ = 2m (ρ_1 dρ_1 ∧ dϕ_1 − ρ_2 dρ_2 ∧ dϕ_2) ∧ dx_8 + O(X^5) , (4.61) e^{−Φ} = 1 g^2_3 √ α^′ ( 1 + m^2 2 ( ρ^2_1 + ρ^2 ) ) + O(X^4) . (4.62)

In our consistent truncation the dynamics only depends on ζ^0, hence √ − det(g_{αβ} + B_{αβ}) = 1 − 1 2 Ẋ^σẊ_σ + O(X^4) ; (4.63)

moreover the only relevant covariant derivative, at leading order reduces to

∇_0 = ∂_0 . (4.64)

A straightforward calculation shows that

g^{αβ}Γ_βD_α = −Γ_0∂_0 + O(X^2) , (4.65)

Δ^{(1)} = − m 2 (Γ_{45} − Γ_{67}) Γ_8 + O(X^2) . (4.66)

And substituting the expansion into the action we obtain:

S = − 1 8π^2 g^2_3(α^′)^2 ∫ dζ^0 [ −Ẋ^σẊ_σ + m^2 ( ρ^2_1 + ρ^2 ) + ψ̄Γ_0ψ̇ + m 2 ψ̄ (Γ_{45} − Γ_{67}) Γ_8ψ ] + . . . .

(4.67) The result is more transparent in rectilinear coordinates,

z_1 = x_4 + i x_5 = ρ_1 e^{i ϕ1} z_2 = x_6 + i x_7 = ρ_2 e^{i ϕ2} , (4.68)

in which the relevant part of the action becomes S = 1 8π^2 g^2_3(α^′)^2 ∫ dζ^0 [ ż_1 ˙z̄_1 + ż_2 ˙z̄_2 − m^2 (z_1z̄_1 + z_2z̄_2) − ψ̄Γ_0ψ̇ − i m ψ̄ ( Π^{z1}_− − Π^{z2}_− ) Γ_8ψ ] + . . . , (4.69) where the projectors Π^{z1} and Π^{z2} are defined by:

Π^{z1}_− = 1 2 (1 − i Γ_{45}) , and Π^{z2}_− = 1 2 (1 − i Γ_{67}) . (4.70)

5 Relation to the gauge-Bethe correspondence

We will now make some brief comments on the connection of our work to the gauge/Bethe correspondence of [10]. The string theory embedding of the gauge theories there involve the addition of NS-fivebranes and D4-branes to the background, as described in [12] . Let us sketch the issues involved in the addition of these other branes.

In the Appendix we have included the effects of the fluxtrap deformation on the geometry of parallel NS-fivebranes, which break the supersymmetry again by half. When the fivebranes are separated, we have also constructed static and rotating BPS solutions of the D2-branes suspended between the NS5s, which preserve 4 and 2 supercharges, respectively, and again satisfy the relation E − E_0 = |m J|.

Twisted mass terms for chiral multiplets in the adjoint are a key ingredient in the dynamics of the gauge theories studied in [10] , which have not previously been embedded in string theory. It is interesting to consider how the string background described in this article is related to the gauge theories of [10], in which the gauge-Bethe correspondence is realized.

It was shown in [12] that the gauge theories of [10] are realized – almost – as the dynamics of D2-branes suspended between NS5’s deformations and D4-branes added. The sole missing ingredient in [12] distinguishing their brane theories from the gauge theories of [10] are the twisted mass deformations for chiral multiplets in the fundamental and adjoint representations; these mass terms are present in [10] , playing a key role in the infrared dynamics, but absent in [12].

The present paper has filled in the missing ingredient, namely twisted mass terms for the adjoint chiral multiplets of the D2-brane theory. (Twisted mass terms for the fundamental and antifundamental chiral multiplets can be added as open string moduli of the D4-branes that correspond to breaking the D4-branes into pieces terminating on the NS5’s [11]).

One might wonder whether the ingredient added here – the twisted mass deformation for the adjoints – combines consistently with the other ingredients of [12], the NS5-branes on which the D2’s terminate, and the D4-branes providing the matter in the fundamental representation.

The answer is affirmative. The D4-branes can be added unproblematically to the solutions described in this article; the string coupling exp[Φ] is bounded above by an arbitrarily small value in all the solutions we consider, the backreaction of the D4-branes on the rest of the geometry can be made arbitrarily small.

At first sight, combining the NS5’s with the fluxtrap deformation may appear to be a tricker issue. Both the NS5’s and the fluxtrap are solutions of nonlinear equations of the equations of motion of the massless modes of closed string theory. There is no principle that guarantees that such solutions need superpose with one another. However we show by explicit construction, in the Appendix, that the solutions do in fact combine; there is a combined fivebrane-fluxtrap solution that reduces to the pure fluxtrap when the fivebranes are moved to infinity, and reduces to a solution of arbitrarily positioned parallel NS-fivebranes when the fluxtrap deformation is turned off.

Furthermore, we show that the D2-branes have classically BPS-saturated static and rotating embeddings into the fivebrane-fluxtrap geometry that are BPS-saturated, with the D2-branes suspended amongst pairs of NS-fivebranes as in The BPS embeddings again satisfy E − E_0 = | mJ |, which can be thought of as representing a condensate of BPS-saturated particles in 2+1-dimensional gauge theory compactified on an interval.

The existence of this brane construction has the potential to teach us many interesting things about the remarkable relationships among 2-dimensional gauge theories. To take one immediate example, we consider the case of two NS-fivebranes, parallel and separated by a distance δ_2, with N D2-branes suspended between them and an adjoint twisted mass parameter m characterizing the strength of the fluxtrap. We also add L D4- branes in the configuration described in [12], broken in halves on the NS5s as in [11] to yield produce twisted masses for the fundamental matter.

As the separation δ_2 between the fivebranes is taken to zero with g_3 held fixed, the two-dimensional gauge coupling becomes infinitely strong and quantum effects dominate the system; there is a rich set of quantum vacuum states depending on N and L, which have been shown [10] to be in one-to-one correspondence with the full Hilbert space of a spin chain with L spin sites. The organization of the states is simplified by the existence of a global SU(2) symmetry [24] organizing the states into SU(2) representations with irreducible components of dimension at most L+1. As δ_2 → 0 this symmetry becomes an exact symmetry of the supersymmetric vacuum states of the gauge theories.

From the spin chain point of view, the SU(2) is immediately apparent: each spin variable transforms in a two-dimensional representation and the full state of the system is trivially a tensor product of those. From the gauge theory point of view, on the other hand, the quantum SU(2) has been mysterious. Particularly striking is the nature of the action of the SU(2) generators on the quantum number N, the number of D2-branes. In the correspondence of [10], the number N is^L_2 plus the Cartan generator of the SU(2). The raising and lowering operators of the SU(2) therefore raise and lower the rank of the 1+1-dimensional gauge theory itself. This peculiar SU(2) is clearly a powerful and unfamiliar type of symmetry – it acts not on the SUSY vacuum sector of a particular gauge theory, but on the set of SUSY vacua of an ensemble of gauge theories of different ranks N, mapping vacua of theories of different rank to one another.

The string embedding sheds some light on the origin of this mysterious SU(2) symmetry. Upon compactification of the spatial direction of the 1 + 1-dimensional gauge theory, the brane configuration becomes equivalent under T-duality to a system of D1- branes suspended between NS-fivebranes in type IIB string theory. It is well known that this configuration supports a dynamical SU(2) gauge symmetry propagating on the system of NS-fivebranes that is broken when the NS5s are separated and restored when the NS5s become coincident. This gauge symmetry has the property that the number of D1-branes suspended between NS5s does indeed play the role of the Cartan generator, with the raising and lowering operators literally creating and destroying D1-branes. This seemingly exotic action of the gauge symmetry can be understood most simply through the S-duality of type IIB string theory, under which the NS5-branes become D5-branes and the D1-branes suspended between them become open fundamental strings, transforming in the adjoint of the SU(2).

Though a gauge symmetry from the point of view of the fivebranes themselves, this symmetry appears as a global symmetry to the D2-branes, as the gauge bosons of the SU(2) propagate on the fivebranes and not on the twobranes. This SU(2) also becomes unbroken when the NS5s become coincident. It appears to pass all the most obvious tests to play the role of the SU(2) symmetry organizing the ground states of the supersymmetric gauge theories of [10]. Indeed, the string-theoretic embedding suggests an even more radical possibility: if the SU(2) is a exact dynamical symmetry of the system, then it ought to act on non-vacuum as well as vacuum states. This suggests an even more remarkable set of relationships among two dimensional gauge theories and their quantum states than that contemplated in [10].

There are several facts that may temper one’s most fervent hopes in this regard. Among them:

• It is not clear that there is a decoupling limit in which the dynamics of non-vacuum states of the twobranes decouple from the degrees of freedom of the bulk and from the fivebranes. The SU(2) may be an exact symmetry of the system of string theory on the fivebranes, but that symmetry may not act on states that can be understood as excitations of the D2-branes alone; it may be necessary to add states in the bulk or attached to the fivebranes.

• The SU(2) may be destroyed at the quantum level by the fluxtrap deformation. The fluxtrap deformation does not carry SU(2) quantum numbers and cannot break the gauge symmetry explicitly; nor can it trigger spontaneous breaking in the usual sense, as the solution with coincident fivebranes is still a valid supersymmetric solution even after the fluxtrap deformation (as shown in the Appendix). Rather, the danger is that the fluxtrap deformation may trigger quantum dynamics on the fivebranes that would give rise to confinement of the SU(2). This would be a bit unfamiliar in a six-dimensional gauge theory, but in order to preserve supersymmetry and allow the D2-branes to be suspended between them while preserving supersymmetry, the NS5s must be oriented in the x^{0,1,6,7,8,9} directions. The fluxtrap deformation therefore breaks the Poincare symmetry on the NS-fivebranes down to SO(2, 1)_{019} × SO(2)_{67}, times translational symmetries in the 0, 1, 2, and 8 directions. The supersymmetry of the fivebrane theory is broken by the fluxtrap down to eight supercharges, which is enough to allow a gauge coupling running to strong and confining in the infrared. This peculiar, Lorentz-breaking six-dimensional gauge theory is sufficiently unfamiliar that we do not know how to constrain its dynamics sufficiently to show that it does not confine in the infrared. It is a logical possibility that strong coupling dynamics deforms the moduli space such that there is no point at which the SU(2) is restored, perhaps similarly to [25] Our attitude is to take the restoration of the SU(2) at the quantum level as a working hypothesis, but by no means a proven fact.

• Even if our string embedding explains the emergence of an SU(2) after compactification of x_1, we still have not explained the apparent existence of an SU(2) prior to compactification, which still appears to be valid. The uncompactified type IIA NS-fivebrane does not support a gauge symmetry in the usual sense.

The points above make clear that the string embedding offers a plausible framework for explaining the SU(2) symmetry but not a full explanation in the absence of further refinement.

All comments above apply, on the gauge theory side, the spin-chain side, and the string theory side, to the case of k fivebranes, where the gauge theory becomes a more complex quiver [10], and the mysterious symmetry of the spin chain is enhanced to SU(k), as reproduced by the k coincident fivebranes.

6 Conclusions

In this paper we have constructed a simple solution of type II string theory, the fluxtrap solution, realized as a T-dual of a free quotient of flat space preserving half the supersymmetry of the flat covering space. This fluxtrap can be viewed as a lift of the Ω-deformation to string theory. This background unifies the Ω-deformed 4-dimensional gauge theories of [9] and the Lorentz-invariant 3-dimensional gauge theories with twisted masses [10];

each gauge theory is realized on a type of D-brane in the fluxtrap background, with the former oriented longitudinal to the z^{1,2} directions of the fluxtrap geometry, and the latter transverse to z^{1,2}. The coupling to the curved metric, B-field and dilaton gradient of the closed string background provide simple ways of understanding the deformed dynamics of each type of theory. In particular we saw explicitly that the same deformation of the closed string background that produces the twisted masses on the D2-branes, also produces the Omega deformation.

We have constructed the BPS-saturated classical solutions of the D2-branes rotating in the fluxtrap background. These states are half-supersymmetric states of the branes in the fluxtrap background, preserving 4 of the 8 dynamical supercharges preserved by the static brane and satisfying the exact relation E − E_0 = |m J| where m is the twisted/real mass parameter and J is the angular momentum generator that rotates z_1 and z_2 with opposite phases. The translationally invariant classical solutions are simply Bose-Einstein condensates of BPS oscillators that have zero momentum in the x^{1,2} direction. We have further shown in the appendix that these classical solutions have analogous BPS solutions when NS-fivebranes are added to the background, with the D2s suspended between the NS-fivebranes, and either rotating or not.

We have discussed (without much detail) the addition of D4-branes together with NSfivebranes to the solution, in order to make contact with the gauge/Bethe correspondence of Nekrasov and Shatashvili. By doing this, we have found a partial explanation of the myseterious quantum mechanical SU(k) symmetry that acts on the quantum ground states of the system when the 2D gauge coupling goes to infinity. Certain gaps, however, remain in this explanation.

The emergence of classical BPS states, consisting of excitations of the z_1 and z̄_2 degrees of freedom, and their superpartners, is intriguing. The BPS formula for these states suggests that their energies do not become infinite even when the two-dimensional gauge coupling goes to infinity. It would appear that the quantum vacuum states of the gauge theories are augmented by a set of non-vacuum BPS states that survive and should organize themselves into SU(k) representations (in the presence of k fivebranes) in the strong coupling limit. It would be interesting indeed to understand how the spin chain picture could be enlarged to understand these states.

It may seem puzzling why a simple deformation as a dimensional reduction on a twisted circle should need to be understood in terms of a complicated-looking supergravity solution involving curved metrics, B-fields and dilaton gradients. And yet already we have seen that some of these dynamical elements have allowed us to see aspects of the Ω-deformation of 4D gauge theory, and twisted mass deformation of 3D and 2D gauge theory, with a certain clarity. Experience tells us that it is always better to use a description where irrelevant heavy degrees of freedom have been removed from the system. The irrelevant degrees of freedom, which were the momentum modes on the x^{~8} circle, have been removed in the T-dual picture and turned into infinitely heavy winding string modes, which play no role in the dynamics.

We consider it likely that the fluxtrap description of the Ω-background will prove efficient for computations where the description as a twisted compactification is unwieldy. There is hope that this soution will further the investigation of the remarkable relationships among gauge theories first noted in [10].

Finally we would like to note that the results of this article were announced in a talk at the "Branes and Bethe Ansatz in Supersymmetric Gauge Theory Workshop", March, 2011 [26].

Acknowledgements

It is our pleasure to thank Luca Martucci, Konstadinos Sfetsos, and Linda Uruchurtu for correspondence.

D.O. and S.R. are happy to thank the National Center for Theoretical Sciences, Taipei, Taiwan R.O.C. for hospitality during the final stages of this work.

This work was supported by the World Premier International Research Center Initiative, MEXT, Japan. SH also gratefully acknowledges support by a Grant-in-Aid for Scientic Research (22740153) from the Japan Society for Promotion of Science (JSPS).

A The NS5 fluxtrap

In order to describe a Hanany–Hori set-up as used in [12], we need to consider D2–branes stretched between parallel NS5–branes. Consider a stack of parallel NS5 branes in flat space, extended in the directions x^1, x^6, x^7, x^8, x^9 (see table 3). Since the configuration preserves rotations in the 45 and 67 planes it is possible to repeat the same fluxbrane construction as in Section 3. The fields in the bulk in the non–trivial directions read:

~ds^2 = V [dx^2 + dx^2_3 + dρ^2_1] + dρ^2 + Vρ^2_1 ( dϕ_1 + m ~R d~u

)_2

+ ρ^2 ( dϕ_2 − m ~R d~u

)_2 + ~R^2 d~u^2 , (A.1)

B = V_{,3} ( − ( x^2_3 + ρ^2_1 ) dx_2 + x_2x_3 dx_3 + x_2ρ_1 dρ_1 ) ∧ ( dϕ_1 + m ~R d~u ) , (A.2) Φ = 1 2 log V , (A.3)

where V = 1 +

N_5α^′ x^2 + x^2_3 + ρ^2_1

, (A.4) and V_{,3} = d dx_3

V . (A.5)

direction 0 1 2 3 4 5 6 7 8 9 NS5 × × × × × × fluxtrap × × × × × D2 × × × Table 3: Embedding of the D2-brane with respect to the NS5 fluxtrap.

Following the same procedure as in Section 3 we can T–dualize in ~u and get the NS5 fluxtrap background:

ds^2 = V [ dx^2 + dx^2_3 + dρ^2_1 ] + dρ^2 +

V ρ^2_1 [ dϕ^2_1 + m^2ρ^2 (dϕ_1 + dϕ_2)^2 ] + ρ^2 dϕ^2

Δ^2 + Λ^2 ( x^2_3 + ρ^2_1 ) Δ^2 ( x^2_3 + ρ^2_1 ) dx_2 − x_2 x_3 dx_3 − x_2ρ_1 dρ_1 + √ x^2_3 + ρ^2_1 dx_8 Λ 2 (A.6)

B = Λ [ − ( x^2_3 + ρ^2_1 ) dx_2 + x_2x_3 dx_3 + x_2ρ_1 dρ_1 ] ∧ [( 1 + m^2ρ^2 ) dϕ_1 + m^2ρ^2 dϕ_2 ] m ( x^2_3 − ρ^2_1 ) Δ^2 − m V ρ^2_1 dϕ_1 − ρ^2 dϕ_2 Δ^2

∧ dx_8 ,

(A.7)

Φ = log [ g^2_3 √ α^′V Δ^2 ] , (A.8)

where

Δ^2 = 1 + m^2 ( Vρ^2_1 + ρ^2 ) , (A.9) Λ = 2mx_3 ( x^2_3 + ρ^2_1 ) ( x^2 + x^3 + ρ^2_1

)_2 √ 1 + m^2 ( Vρ^2_1 + ρ^2

) . (A.10)

This configuration preserves 8 real supercharges and the Killing spinors have the following explicit expression: { ϵ_L = e^{Φ/8}(1 +Γ_{11}) Π^{NS5}_− Π^{flux}_− exp[^1_2 ϕ_1Γ_{45} +^1_2 ϕ_2Γ_{67}]ϵ_0

ϵ_R = e^{Φ/8}(1 −Γ_{11}) Γ_u Π^{NS5}_+ Π^{flux}_− exp[^1_2 ϕ_1Γ_{45} +^1_2 ϕ_2Γ_{67}]ϵ_1

(A.11)

where ϵ_0 and ϵ_1 are constant Majorana spinors,

Π^{NS5}_± =^1_2 (1 ±Γ_{2345}) , (A.12) and Γ_u = mρ_1 √ V Δ Γ_5 − mρ_2 Δ Γ_7 + 1 Δ Γ_8 . (A.13)

B Conventions

In this appendix we collect the conventions used in the paper.

The indices are used according to Table 4. The signature of the metric is (−, +, . . . , +). Hence the flat Gamma matrices Γ_m satisfy the Clifford algebra:

{Γ_m, Γ_n} = 2 η_{mn} = 2 diag{−1, 1, . . . , 1} . (B.1) description index range spacetime flat m, n, . . . 0, . . . , 9 spacetime curved μ, ν, . . . 0, . . . , 9 D2–brane worldvolume α, β, . . . 0, 1, 2 transverse to the D2–brane ρ, σ, . . . 3, . . . , 9 spinor components a, b, . . . 1, . . . , 16 D2–brane-preserved Killing spinors A, B, . . . 1, . . . , 8

Table 4: Conventions for the choice of indices.

The chirality matrix Γ_{11} is given by

Γ_{11} = Γ_0Γ_1 · · · Γ_9 . (B.2)

The antisymmetric product of N gamma matrices is normalized as follows:

Γ_{m1...mN} = ϵ^{m1...mN} N! Γ_{m1} . . . Γ_{mN} , (B.3)

where ϵ is the totally antisymmetric tensor. The gamma matrices in the bulk are

Γ_μ = e^m_μΓ_m , {Γ_μ, Γ_ν} = g_{μν} , (B.4)

and their pullbacks on the D–brane are given by

Γ_α =

∂X^μ ∂ζ^α e^m_μΓ_m , {Γ_α, Γ_β} = g_{αβ} . (B.5)

In order to avoid confusion, the pullback of the gamma matrices in the ζ^0 direction is denoted by Γ̂_0: Γ̂_0 = Γ_α|_{α=0} = ∂X^μ ∂ζ^0 e^m_μΓ_m . (B.6)

In type IIA the spinors are Majorana and are decomposed into the sum of two chiral components:

ϵ = ϵ_L + ϵ_R , Γ_{11}ϵ_L = ϵ_L , Γ_{11}ϵ_R = −ϵ_R . (B.7)

The conjugate is defined as:

ϵ̄ = i ϵ^TΓ^0 = − i ϵ^T Γ_0 . (B.8)

The supersymmetry transformations of the dilatino λ and the gravitino Ψ_m are given e.g. in [27]:

δ_ϵλ = e^{Φ/4} √ 2 [ − 1 2 ∂_m Φ Γ^mΓ^{11} + 1 24 H_{mnp} Γ^{mnp} ] ϵ , (B.9)

δ_ϵΨ_m = e^{Φ/4} [ ∇_m + 1 8 ∂_nΦ Γ^n_m + 1 96 H_{npq} ( Γ^{npq}_m − 9 δ^n_m Γ^{pq} ) Γ^{11} ] ϵ , (B.10) where the action of the covariant derivative on a spinor is given by

∇_m ϵ = ∂_m ϵ + 1 4 ω^{np}_m Γ_{np} ϵ , (B.11)

and ω is the spin connection. A spinor ϵ is a Killing spinor if

δ_ϵλ = 0 and δ_ϵΨ_m = 0 . (B.12)

References

[1] M. A. Melvin, Pure magnetic and electric geons, Phys. Lett. 8 (1964) 65–70. [2] A. A. Tseytlin, Melvin solution in string theory, Phys.Lett. B346 (1995) 55–62, [hep-th/9411198].

[3] A. A. Tseytlin, Closed superstrings in magnetic field: Instabilities and supersymmetry breaking, Nucl.Phys.Proc.Suppl. 49 (1996) 338–349, [hep-th/9510041].

[4] J. Russo and A. A. Tseytlin, Supersymmetric fluxbrane intersections and closed string tachyons, JHEP 0111 (2001) 065, [hep-th/0110107].

[5] M. Gutperle and A. Strominger, Fluxbranes in string theory, JHEP 0106 (2001) 035, [hep-th/0104136].

[6] T. Takayanagi and T. Uesugi, Orbifolds as Melvin geometry, JHEP 0112 (2001) 004, [hep-th/0110099].

[7] S. Hellerman and J. Walcher, Worldsheet CFTs for Flat Monodrofolds, hep-th/0604191. [8] N. A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv.Theor.Math.Phys. 7 (2004) 831–864, [hep-th/0206161]. To Arkady Vainshtein on his 60th anniversary.

[9] N. Nekrasov and A. Okounkov, Seiberg-Witten theory and random partitions, hep-th/0306238. [10] N. Nekrasov and E. Witten, The Omega Deformation, Branes, Integrability, and Liouville Theory, arXiv:1002.0888.

[11] A. Hanany and K. Hori, Branes and N = 2 theories in two dimensions, Nucl. Phys. B513 (1998) 119–174, [hep-th/9707192].

[12] D. Orlando and S. Reffert, Relating Gauge Theories via Gauge/Bethe Correspondence, JHEP 1010 (2010) 071, [arXiv:1005.4445].

[13] N. A. Nekrasov and S. L. Shatashvili, Supersymmetric vacua and Bethe ansatz, Nucl. Phys.

Proc. Suppl. 192-193 (2009) 91–112, [arXiv:0901.4744].

[14] N. A. Nekrasov and S. L. Shatashvili, Quantum integrability and supersymmetric vacua, Prog.

Theor. Phys. Suppl. 177 (2009) 105–119, [arXiv:0901.4748]. [15] S. Hellerman, D. Orlando, and S. Reffert, To Appear, .

[16] O. Aharony, A. Hanany, K. A. Intriligator, N. Seiberg, and M. Strassler, Aspects of N=2 supersymmetric gauge theories in three-dimensions, Nucl.Phys. B499 (1997) 67–99, [hep-th/9703110].

[17] J. Polchinski, Dirichlet Branes and Ramond-Ramond charges, Phys.Rev.Lett. 75 (1995) 4724–4727, [hep-th/9510017].

[18] N. Seiberg, Notes on theories with 16 supercharges, Nucl.Phys.Proc.Suppl. 67 (1998) 158–171, [hep-th/9705117].

[19] T. Buscher, A Symmetry of the String Background Field Equations, Phys.Lett. B194 (1987) 59.

[20] I. Bakas and K. Sfetsos, T duality and world sheet supersymmetry, Phys.Lett. B349 (1995) 448–457, [hep-th/9502065].

[21] E. Bergshoeff, R. Kallosh, and T. Ortin, Duality versus supersymmetry and compactification, Phys.Rev. D51 (1995) 3009–3016, [hep-th/9410230].

[22] L. Martucci, J. Rosseel, D. Van den Bleeken, and A. Van Proeyen, Dirac actions for D-branes on backgrounds with fluxes, Class.Quant.Grav. 22 (2005) 2745–2764, [hep-th/0504041].

[23] E. Bergshoeff and P. Townsend, Super D-branes, Nucl.Phys. B490 (1997) 145–162, [hep-th/9611173].

[24] D. Orlando and S. Reffert, The Gauge-Bethe Correspondence and Geometric Representation Theory, arXiv:1011.6120.

[25] N. Seiberg and E. Witten, Electric - magnetic duality, monopole condensation, and confinement in N=2 supersymmetric Yang-Mills theory, Nucl.Phys. B426 (1994) 19–52, [hep-th/9407087].

[26] D. Orlando, The gauge-Bethe correspondence: Dualities and branes – Talk given at the Branes and Bethe Ansatz in supersymmetric gauge theories Workshop, Simons Center for Geometry and Physics, march 2011, .

[27] J. H. Schwarz, Covariant Field Equations of Chiral N=2 D=10 Supergravity, Nucl.Phys. B226 (1983) 269.