arXiv:1106.0332v2 [math-ph] 17 Mar 2012

IPT-11/145 CERN-2011-121

Loop equations and topological recursion for the arbitrary-β two-matrix model

M. Bergère^1 Institut de physique théorique F-91191 Gif-sur-Yvette Cedex, France.

B. Eynard^2 Institut de physique théorique F-91191 Gif-sur-Yvette Cedex, France.

CERN PH-TH, Case C01600, CERN, CH-1211 Geneva 23.

O. Marchal^3 Department of Mathematics and Statistics University of Alberta Edmonton, Canada.

A. Prats–Ferrer^4 Department of mathematics Concordia University Montréal, Canada.

Abstract We write the loop equations for the β two-matrix model, and we propose a topological recursion algorithm to solve them, order by order in a small parameter. We find that to leading order, the spectral curve is a “quantum” spectral curve, i.e. it is given by a differential operator (instead of an algebraic equation for the hermitian case). Here, we study the case where that quantum spectral curve is completely degenerate, it satisfies a Bethe ansatz, and the spectral curve is the Baxter TQ relation.

1 E-mail: michel.bergere@cea.fr 2 E-mail: bertrand.eynard@cea.fr 3 E-mail: olivier.marchal@polytechnique.org 4 E-mail:pratsferrer@crm.umontreal.ca

Contents

1 Introduction: Generalization of the two-matrix model 3 1.1 The hermitian two-matrix model . . . . . . . . . . . . . . . . . . . . . 4 1.2 Generalization to arbitrary β two-matrix models . . . . . . . . . . . . . 5 1.3 The angular integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Summary of the main results 7

3 Loop equations for the β-deformed two-matrix model 9 3.1 Notations for correlation functions . . . . . . . . . . . . . . . . . . . . . 9 3.2 First step: deriving an auxiliary result . . . . . . . . . . . . . . . . . . 11 3.3 Second step: finding the loop equations . . . . . . . . . . . . . . . . . . 12 3.4 Higher order loop equations . . . . . . . . . . . . . . . . . . . . . . . . 15 3.5 Relationships between correlators . . . . . . . . . . . . . . . . . . . . . 17

4 Topological expansion(s) 18 4.1 Topological regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.2 Large N regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.3 WKB large β regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 4.4 Notations for the expansion . . . . . . . . . . . . . . . . . . . . . . . . 20

5 Spectral curve and Loop equations as an ODE 21 5.1 Loop equations in g_s expansion . . . . . . . . . . . . . . . . . . . . . . 21 5.2 The linear differential system . . . . . . . . . . . . . . . . . . . . . . . 22 5.3 ODE satisfied by ψ(x) . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 5.4 Quantum spectral curve . . . . . . . . . . . . . . . . . . . . . . . . . . 24 5.5 Non-unicity of the solutions of the loop equations . . . . . . . . . . . . 24

6 The Bethe ansatz 25 6.1 WKB approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 6.2 Introduction of the ansatz in the equations . . . . . . . . . . . . . . . . 26 6.3 Computation of the s_i’s and of the u_{k,i}’s . . . . . . . . . . . . . . . . . 27 6.4 Rewriting U^{(0)}_0 (x, y) in terms of S and B . . . . . . . . . . . . . . . . . 29 6.5 Rewriting P^{(0)}_0 (x, y) in terms of S and B . . . . . . . . . . . . . . . . . 29 6.6 Yang-Yang Variational approach of the Bethe ansatz . . . . . . . . . . 30 6.7 Computation of W^{(0)}_2 (x, x^′) and W^{(0)}_3 (x, x^′, x^{′′}) via the variational approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 6.7.1 Computation of W^{(0)}_2 (x, x^′) via the variational approach . . . . 33 6.7.2 Computation of W^{(0)}_3 (x_1, x_2, x_3) via the variational approach . . 35

7 The topological recursion 36 7.1 Higher loop equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 7.2 Matrix form of the loop equations for g ≥ 1 . . . . . . . . . . . . . . . 37 7.3 Inversion of the linear system: kernels K(x_0, x) and G(x_0, x) . . . . . . 39 7.4 The topological recursion . . . . . . . . . . . . . . . . . . . . . . . . . 41 7.5 Determination of the kernel K(x_0, x) . . . . . . . . . . . . . . . . . . . 42 7.6 Leading free energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 7.7 Subleading g = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 7.8 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 7.9 WKB computation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

8 Conclusion 47

A Hessian matrix of the Yang–Yang function 47

B Finding kernels K(x_0, x) and G(x_0, x) 49 B.1 Decomposition of the matrix D^t(x) . . . . . . . . . . . . . . . . . . . . 49 B.2 Solving the system: Finding G(x_0, x) and K(x_0, x) . . . . . . . . . . . . 50 B.3 Computation/choice of K^′(x_0, s_i) and K^{′′}(x_0, s_i) . . . . . . . . . . . . . 54 B.4 Recursion to determine K^{(n)}(x_0, s_i) . . . . . . . . . . . . . . . . . . . . 57

C Compatibility of the system at order 0 58

D Example: Only one root s 63

E Computation of W^{(1)}_1 (x) in the general case 69

1 Introduction: Generalization of the two-matrix model

Random matrix models have played a very important role in physics and mathematics [9, 26, 36–38, 50, 62, 67]. The eigenvalue statistics of large random matrices tend to universal statistical laws, which can be observed in many systems in nature, ranging from nuclear physics to finance and biology. Moreover, random matrices, treated as formal series, provide generating functions for counting discretized surfaces [14, 22, 25, 26, 44, 55], and are a very useful tool for string theory [30–33, 57–60, 64].

So far, the random matrices studied were mostly hermitian matrices, because it was the easiest case. From the beginning, Wigner [62, 67, 69] introduced 3 ensembles of matrices, classified by an exponent 2β, Hermitian: 2β = 2, real–symmetric: 2β = 1, and quaternionic: 2β = 4. However, it is rather easy to analytically extend the joint eigenvalue distribution to arbitrary values of β [15, 24, 35].

The case of one random matrix belonging to an arbitrary β ensemble, although less studied than the hermitian case, has received lot of attention, and many works were done. In particular loop equations have been known for a long time, and their recursive solution was recently proposed in [17–19, 46].

For the hermitian case, it turned out that a 1-matrix model was not general enough, for instance the spectral curve for 1-matrix model is always quadratic, it can’t have higher degree, the critical behaviors are related to only a small subset of all possible conformal field theories. A 2-matrix hermitian model turns out to be much more general, it allows to reach spectral curves of any degrees, and any conformal minimal model [21, 26, 27, 56]. Moreover, as applications to counting discretized surfaces, a 2-matrix model allows to count discrete surfaces carrying colors [25, 54].

Unfortunately, trying to generalize the 2-matrix model to arbitrary β seemed very difficult, and was almost never studied. One reason, is that the joint eigenvalue distribution was not known, because the integration over the angular parts of the matrix was not known (properties of angular integrals for hermitian matrix models can be found for example in [68]).

Recently, some progress was made [6] in those angular integrals, and although we don’t know yet how to compute angular integrals for arbitrary β, we know already that those angular integrals have to satisfy some differential equations, and this is sufficient to derive loop equations. This is what we do in this article, we derive the loop equations, and solve them perturbatively by expanding in some small parameter.

1.1 The hermitian two-matrix model

The hermitian two-matrix model is given by the partition function:

Z_{Herm} = e^F = ∫ dM_1 dM_2 e^{− NT tr [V1(M1)+V2(M2)−M1M2]} (1.1)

where M_1 and M_2 are N × N hermitian matrices and the measure dM_i is the corresponding Lebesgue measure associated with all independent entries of the matrices. V_1 and V_2 are called the potentials, we shall assume in this article that V_1 and V_2 are polynomials. The parameter T , often called the temperature, is redundant, it can be absorbed by a change of variable M_2 → T M_2 and a redefinition of V_2, however, we prefer to keep it for convenience, and because of its future geometric interpretation. The hermitian 2-matrix model was introduced in particular as a formal series to study the Ising model on a random surface, i.e. the Ising model coupled to 2D gravity [26,44,54].

It is very well known [61] now that this integral can be rewritten in term of its eigenvalues problem as:

Z_{Herm} = ∫ dXdY Δ(X)^2Δ(Y )^2e^− N T [_N ∑ i=1 V_1(x_i)+^N ∑ j=1 V_2(y_j ) ] I(X, Y ) (1.2) where X = diag(x_1, . . . , x_N ) and Y = diag(y_1, . . . , y_N ) are diagonal matrices representing the eigenvalues of M_1 and M_2, Δ(X) = ∏ i<j (x_j − x_i) is the Vandermonde

determinant, and I(X, Y ) is the Itzykson-Zuber integral [51, 52] which corresponds to the integration about the angular variables: I(X, Y ) = ∫ U_N dUe^{NT Tr (XUY U −1)} (1.3) where U_N is the unitary group equipped with the Haar measure. Relatively to the Itzykson-Zuber integral, one can also define the quantities: M_{i,j} = ∫ U_N dU‖U_{i,j} ‖^2e^{NT Tr (XUY U −1)} (1.4) which can be used to determine the Itzykson-Zuber integral by the formula: I(X, Y ) = N∑ i=1 M_{i,j} = N∑ j=1 M_{i,j} (1.5)

Note in particular that the r.h.s. does not depend on the second index i or j. Technically, the last formulas are obvious since^N ∑ i=1 ‖U_{i,j} ‖^2 = 1 =^N ∑ j=1 ‖U_{i,j}‖^2 in the unitary

group. Eventually, in the hermitian case, it is also known that the M_{i,j} ’s satisfy the Dunkl equation [15, 16, 24], namely: ∀ 1 ≤ i, j ≤ N : ∂ ∂x_i M_{i,j} + ∑ k≠i M_{i,j} − M_{k,j} x_i − x_k = y_jM_{i,j} (1.6)

We will see in the next sections that these properties can be extended uniquely in the case of the β-deformation of the hermitian two-matrix model case.

1.2 Generalization to arbitrary β two-matrix models

Similarly to what happens in the one-matrix model, we would like to generalize the hermitian two-matrix model to other β–ensembles of matrices. As in the case of onematrix models, the usual generalization is made from the diagonalized version of the problem (1.2) by:

Z_β^{def}= ∫ dXdY Δ(X)^{2β}Δ(Y )^{2β}e^− Nβ T [_N ∑ i=1 V_1(x_i)+^N ∑ j=1 V_2(y_j ) ] I_β(X, Y ) (1.7)

where I_β(X, Y ) is a generalized version of the Itzykson-Zuber integral that we will describe later. Note that with our convention, the hermitian case corresponds to β = 1 (notation used by people working on AGT conjecture [2], and Laughlin wave function), whereas sometimes in the literature it is normalized to β = 2 (Wigner’s notation

[62, 67]). We prefer to use the first notation in order to avoid unnecessary powers of 2 in all formulas.

The diagonalized version (1.7) corresponds to the idea of the generalized matrix integral: Z_β“ = ” ∫ E_{N,β} dM_1 dM_2 e^{− NβT tr [V1(M1)+V2(M2)−M1M2]} (1.8)

where E_{N,β} would be an ensemble of matrices such that the diagonalization of M_1 and M_2 gives (1.7). Note that this definition is only formal since apart from β = 1, 0,^1_2 or 2 where E_N corresponds to hermitian, diagonal, real-symmetric or quaternionic matrices, no other ensemble is known presently (it would be interesting to see if the β-matrix ensemble introduced by [35] also reproduces the I_β term).

1.3 The angular integral

We shall now define the I_β(X, Y ) angular integral, so that it coincides with the actual angular integral for the matrix cases β = 1, 0,^1_2 , 2, and in fact we shall use the angular matrix integral defined in [6].

Following [6], we first define a good generalization of the M_{i,j} and from (1.5) we will define the generalized version of the Itzykson-Zuber integral. In [6], the authors claim that the natural generalization of the M_{i,j} , noted here M^{(β)}_{i,j} is the following:

1. The M^{(β)}_{i,j} ’s satisfy the generalized Dunkl-Calogero-Moser equations:

∀ 1 ≤ i, j ≤ N : ∂ ∂x_i M^{(β)}_{i,j} + β ∑ k≠i M^{(β)}_{i,j} − M^{(β)}_{k,j} x_i − x_k = Nβ T y_j M^{(β)}_{i,j} (1.9)

(The factor^{Nβ}_T comes from the same factor in the exponential term of the partition function which can be absorbed by the change Y ↔^{Nβ}_T Y )

2. M^{(β)}_{i,j} must be stochastic matrices, i.e. I_β =^N ∑ i=1 M^{(β)}_{i,j} must be independent from j

and I_β =^N ∑ j=1 M^{(β)}_{i,j} must be independent from i

3. They must have the symmetry M^{(β)}_{i,j} (X, Y ) = M^{(β)}_{j,i} (Y, X). In particular, this

implies that I_β(X, Y ) =^N ∑ i=1 M^{(β)}_{i,j} (X, Y ) must be symmetric in the exchange X ↔ Y . 4. They must also have the symmetry M^{(β)}_{σ(i),j} (X_σ, Y ) = M^{(β)}_{i,j} (X, Y ) where σ ∈ Σ_N is a permutation. This implies that I_β(X_σ, Y ) = I_β(X, Y ).

5. They are normalized so that I_β(Id_{N×N} , Y ) = e^{Nβ}T^{tr Y} .

These conditions define the M^{(β)}_{i,j} ’s uniquely making the previous set of conditions a proper definition (in [6], an explicit solution for those M^{(β)}_{i,j} is provided as an integral, or is given by a recursion on N). Moreover all these properties are standard results in the hermitian case β = 1 and hold for β = 1,^1_2 , 2. In particular note that M^{(β)}_{i,j} (X, Y ) = M^{(β)}_{j,i} (Y, X) gives another formulation of (1.9) as: ∀ 1 ≤ i, j ≤ N : ∂ ∂y_j M^{(β)}_{i,j} + β ∑ k≠j M^{(β)}_{i,j} − M^{(β)}_{i,k} y_j − y_k = Nβ T x_iM^{(β)}_{i,j} (1.10)

Similarly to what happens in the hermitian case, it is logical to define the generalized Itzykson-Zuber integral by:

I_β(X, Y )^{def}= N∑ i=1 M^{(β)}_{i,j} (X, Y ) = N∑ j=1 M^{(β)}_{i,j} (X, Y ). (1.11)

Note again that this definition recovers the known cases when β = 1,^1_2 , 2. Eventually, from this definition we can prove (see [6]) that the generalized Itzykson-Zuber integral I_β(X, Y ) satisfies the following Calogero-Moser equation [16]:

H^{(β)}_X I_β^{def}= N∑ i=1 ∂^2I_β ∂x^2_i + β ∑ i≠j 1 x_i − x_j ( ∂I_β ∂x_i − ∂I_β ∂x_j ) = ( Nβ T )_2 (_N∑ j=1 y^2_j ) I_β (1.12)

where H^{(β)}_X is the Calogero-Moser Hamiltonian. Note again that I_β(X, Y ) is well known to satisfy (1.12) in the β = 1,^1_2 , 2 cases.

Now that we have introduced a proper generalized two-matrix model, we can try to solve it in the large N limit and in various regimes of the parameters. In particular, since no (bi)-orthogonal polynomials techniques are known in the case of an arbitrary exponent β in the Vandermonde determinant (although some work has been done in [34]), we will use in this article the method of the loop equations to determine the correlation functions of the models.

2 Summary of the main results

Our goal is to compute the asymptotic (possibly formal) expansion of the 2-matrix model integral and its correlation functions.

Z_β” = ” ∫ E_{N,β} dM_1 dM_2 e^{− NβT tr [V1(M1)+V2(M2)−M1M2]}

and the cumulants (subscript_c) of expectation values of products of traces of resolvents

W_n(x_1, . . . , x_n) = ⟨ Tr 1 x_1 − M_1 . . . 1 x_n − M_1 ⟩ c .

We want to expand them in powers of a small parameter ϵ as

ln Z = ∑ g ϵ^{2g−2} F_g

W_n = ∑ g ϵ^{2g−2+n}W^{(g)}_n .

The small parameter ϵ is a combination of^1_N and β. There can be several asymptotic regimes of interest, which we discuss in detail in section 4.

Main results • In section 3 we derive the loop equations for the 2-matrix model with arbitrary β. • In section 5 we solve the loop equation to leading order for the resolvent W_1, i.e.

we compute W^{(0)}_1 . We show that

W^{(0)}_1 (x) = T N ψ^′(x) ψ(x) where ψ(x) is solution of a linear differential equation with polynomial coefficients E ( x, T N ∂ ∂x ) .ψ(x) = 0 where E(x, y) is a polynomial in 2 variables.

• This equation for ψ can be thought of as a ”quantum spectral curve”. We remind that for β = 1 one gets an algebraic equation E(x, W^{(0)}_1 (x)) = 0. Here, we replace this algebraic equation by a linear operator E(x, ŷ) where

ŷ = T N ∂ ∂x , [ŷ, x] = T N , i.e. the non-commutative version of the algebraic equation E(x, y) = 0.

• This equation can also be seen as a Baxter T-Q equation where ψ(x) is the Q function. Its zeros s_i’s (ψ(s_i) = 0) are thus the Bethe roots, and the equation E(x, ŷ).ψ = 0 can be translated into a Bethe Ansatz equation for the s_i’s. We do it in 6.17. The Bethe equation for S = diag(s_1, . . . , s_N ) can be written in the following way: find a matrix B such that:

(V^′_2 (B) − S)e = 0 , e^t(V^′_1 (S) − B) = 0 , [S, B] = T N (Id − e e^t)

where e = (1, 1, . . . , 1)^t.

• In section 6.6 we show that this Bethe ansatz equation can also be written as the extremization of a Yang-Yang action: N T S(S, S̃, A, ⃗u) = tr V_1(S) + tr V_2(S̃) − tr (SAS̃A^{−1}) − T N ln(Δ(S))

− T N ln(Δ(S̃)) + T N ln det(A) − T N ⃗u^t (A⃗e − ⃗e) At the extremum of S we have S = diag(s_1, . . . , s_N ).

The leading order F_0 of ln Z is the value of the Yang-Yang action at its extremum, and the first subleading term F_1 is half the log of the determinant of the Hessian of S:

ln Z_N = ∞∑ g=0 ϵ^{2g−2}F_g , F_0 = −S(extremum) , F_1 = − 1 2 ln det S^{′′}

• In section 6.7.1 we compute the leading order of the 2-point function W^{(0)}_2 in terms of the Hessian H = S^{′′} of the Yang-Yang action:

W^{(0)}_2 (x, x^′) = N∑ i,j=1 (H^{−1})_{i,j} (x − s_i)^2 (x^′ − s_j)^2 .

In a similar way, we compute the leading order of the 3-point function W^{(0)}_3 in terms of H = S^{′′} and S^{′′′} in (6.7.2).

• In section 7 we provide a “topological recursion” algorithm to compute every subleading correction to any n-point function, i.e. W^{(g)}n , in the form:

W^{(g)}_{n+1}(x_0, x_1, . . . , x_n) = N∑ i=1 Res_{x→si} K(x_0, x) ( combination of W^{(h)}_m^′s with 2h+m < 2g +n )

However, in contrast with [48], the recursion kernel K(x_0, x) is here a matrix of dimensions d_2 = deg V^′_2 . We derive the topological recursion in section 7.4, and then we describe the kernel K(x_0, x) in more details in section 7.5 and in appendix.

3 Loop equations for the β-deformed two-matrix model

The loop equations, also called “Schwinger–Dyson” equations, are a very powerful tool to study random matrices, perturbatively in the expansion in some small parameter (for the hermitian case, the small parameter is usually 1/N in the large N limit), see [3, 23, 26, 40, 53, 66]. In short, Schwinger–Dyson equations exploit the fact that an integral is invariant by change of variable, or an alternative way to obtain the same equations is doing integration by parts.

3.1 Notations for correlation functions

For the hermitian two-matrix models, the loop equations are well known [20,41–43,47, 48, 56, 65] and they are very useful to compute the large N expansion of correlations functions, W^{(g)}n and symplectic invariants F_g presented in a more general context in [48].

In the one-matrix model, it is also known [46] that the loop equations method can be generalized for arbitrary β quite directly from the hermitian case. Indeed, we remind the reader that we can see loop equations as integration by part or Schwinger-Dyson equations of the diagonalized problem (1.7). In the present β-deformed two-matrix model case, we will see that we can get also some loop equations by following the same approach. Before writing down these equations, we need to introduce some notations (the same as in [20, 41, 42]):

• The potentials are assumed to be polynomials:

V^′_1 (x) =

d_1∑

k=0 t_kx^k , V^′_2 (x) =

d_2∑

k=0 t̃_kx^k (3.1)

• The correlation functions are defined by:

W_n(z_1, . . . , z_n) = ⟨_N ∑ i_1,...,i_n=1 1 z_1 − x_{i1} . . . 1 z_n − x_{in} ⟩ c (3.2)

where the brackets ⟨ ⟩ indicates that we take the expectation value relatively to the measure defined by (1.7) for the random variables X = diag(x_1, . . . , x_n) and Y = diag(y_1, . . . , y_N , namely:

⟨A(X, Y )⟩^{def}= 1 Z_β ∫ dXdY A(X, Y )e^{− NβT ( tr V1(X)+V2 (Y ))}Δ(X)^{2β} Δ(Y )^{2β}I_β (X, Y )

(3.3) The index_c stands for the connected component (also called cumulant) of the correlation function that is to say:

< A_1 > = < A_1 >_c < A_1A_2 > = < A_1A_2 >_c + < A_1 >_c< A_2 >_c < A_1A_2A_3 > = < A_1A_2A_3 >_c + < A_1A_2 >_c< A_3 > + < A_1A_3 >_c< A_2 > + < A_2A_3 >_c< A_3 > + < A_1 >< A_2 >< A_3 >

< A_1 . . . A_n > = < A_J >= n∑ k=1 ∑ I_1⊎I_2···⊎I_k=J k∏ i=1 < A_{Ii} >_c (3.4)

In order to have more compact notations, we will sometimes simply denote W (x) = W_1(x) for the first correlation function.

• We can define similarly the second type of correlation functions:

W̃_n(z_1, . . . , z_n) = ⟨_N ∑ i_1,...,i_n=1 1 z_1 − y_{i1} . . . 1 z_n − y_{in} ⟩ c (3.5)

and denote W̃ (y) = W̃_1(y) for the first correlation function.

• To close the loop equations we will need to introduce the following functions: U_n(x, y; z_1, . . . , z_n) = N∑ i,j,i_1,...,i_n=1 ⟨ 1 x − x_i M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j 1 z_1 − x_{i1} . . . 1 z_n − x_{in} ⟩ c (3.6)

Note that they are polynomials in the variable y, and remember that M^{(β)}_{i,j} (X, Y ) depends on X and Y and is also a random variable. In a similar way, we also introduce: P_n(x, y; z_1, . . . , z_n) = N∑ i,j,i_1,...,i_n=1 ⟨ V^′_1 (x) − V^′_2 (x_i) x − x_i M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j 1 z_1 − x_{i1} . . . 1 z_n − x_{in} ⟩ c (3.7)

Note that this time P_n(x, y; z_1, . . . , z_n) are polynomials in both x and y.

The loop equations method is a powerful method of deriving an infinite set of equations connecting the correlation functions and the functions P_n and U_n introduced before. There are several ways to derive the loop equations and we choose here to use the integration by part way which is the most convenient in our setting. In the case of hermitian, real-symmetric or quaternionic matrix models, these loop equations are already known and can be derived directly from the matrix integral settings (before any diagonalization). They can be found in many different places in the literature [13,20,21,26,41–43,48,54,56,65]. In our arbitrary β setting, we do not have the initial matrix integral model properly defined, thus we must adapt the derivation of the loop equations with our definitions (1.9) and (1.11). This is done in different successive steps that are fully detailed in the next sections.

3.2 First step: deriving an auxiliary result

We start by evaluating the following integral: 0 = N∑ i,j=1 ∫ dXdY ∂ ∂y_j ( e^{− NβT tr (V1(X)+V2 (Y ))}Δ(X)^{2β} Δ(Y )^{2β} 1 x − x_i M^{(β)}_{i,j} ) (3.8)

The result is clearly null if we choose an integration path which goes to ∞ in directions in which e^{− N}T^{V1(X)} and e^{− N}T^{V2(Y )} vanish exponentially, because we integrate a total derivative. The right hand side yields 3 different contributions:

• Acting on the exponential we find: − Nβ T N∑ i,j=1 ⟨ V^′_2 (y_j) 1 x − x_i M^{(β)}_{i,j} I_β ⟩ (3.9)

• Acting on the Vandermonde determinant, we find: 2β ⟨_N ∑ i,j=1 ∑ k≠j 1 y_j − y_k 1 x − x_i M^{(β)}_{i,j} I_β ⟩ (3.10)

• Eventually, acting on M^{(β)}_{i,j} and using the Dunkl differential equation satisfied by the M^{(β)}_{i,j} ’s (1.10) we find: ⟨_N ∑ i,j=1 1 x − x_i ( Nβ T x_iM^{(β)}_{i,j} − β ∑ k≠j M^{(β)}_{i,j} − M^{(β)}_{i,k} y_j − y_k ) 1 I_β ⟩ (3.11)

Then we see that (3.10) cancels with the last part of (3.11) so that we have our first equation: N∑ i,j=1 ⟨ V^′_2 (y_j) 1 x − x_i M^{(β)}_{i,j} I_β ⟩ = N∑ i,j=1 ⟨ x_i x − x_i M^{(β)}_{i,j} I_β ⟩ (3.12)

Remembering now that^N ∑ j=1 M^{(β)}_{i,j} = I_β gives:

N∑ i,j=1 ⟨ V^′_2 (y_j) 1 x − x_i M^{(β)}_{i,j} I_β ⟩ = −N + xW (x) (3.13)

3.3 Second step: finding the loop equations

Then consider: 0 = N∑ i,j=1 ∫ dXdY ∂ ∂x_i ( e^{− NβT tr (V1(X)+V2 (Y ))}Δ(X)^{2β}Δ(Y )^{2β} 1 x − x_i M^{(β)}_{i,j} V^′_2 (y) − V^′_2 (y_j) y − y_j )

(3.14) whose r.h.s. yields 4 contributions:

• Acting on the exponential, we find: − Nβ T N∑ i,j=1 ⟨ V^′_1 (x_i) x − x_i M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ (i) (3.15)

• Acting on the Vandermonde determinant we find: 2β N∑ i,j=1 ⟨ ∑ k≠i 1 x_i − x_k 1 x − x_i M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ (ii) (3.16)

• Acting on^1_{x−xi} we find: N∑ i,j=1 ⟨ 1 (x − x_i)^2 M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ (iii) (3.17)

• Acting on M^{(β)}_{i,j} and using (1.9) we find: N∑ i,j=1 ⟨ 1 x − x_i 1 I_β ( Nβ T y_jM^{(β)}_{i,j} − β ∑ k≠i M^{(β)}_{i,j} − M^{(β)}_{k,j} x_i − x_k ) V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ (iv) (3.18)

Now we observe the following identities: first in (3.15) we can perform V^′_1 (x_i) = V^′_1 (x_i)− V^′_1 (x) + V^′_1 (x) so that we have (using the notations U_0 and P_0 introduced in (3.6) and (3.7)): (i) ⇔ − Nβ T (V^′_1 (x)U_0(x, y) − P_0(x, y)) (3.19)

Secondly we can split (ii) in the following form: (ii) = β N∑ i,j=1 ⟨ ∑ k≠i 1 x_i − x_k 1 x − x_i M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩

+β N∑ i,j=1 ⟨ ∑ k≠i 1 x − x_i 1 x − x_k M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩

+β N∑ i,j=1 ⟨ ∑ k≠i 1 x − x_k 1 x_i − x_k M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j ) y − y_j ⟩

= β N∑ i,j=1 ⟨ ∑ k≠i 1 x − x_i 1 x − x_k M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ (ii)^′

+β N∑ i,j=1 ⟨ ∑ k≠i M^{(β)}_{i,j} − M^{(β)}_{k,j} (x_i − x_k)(x − x_i)

V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ (ii)^{′′} (3.20)

Note that (ii)^{′′} is the same as the last terms of (iv) so that it cancels out. We can also split (ii)^′ into a sum over i, k minus the case i = k which is identical to (iii) except as a factor β. Therefore we can regroup (ii), (iii) and (iv) to get:

(ii) + (iii) + (iv) = (1 − β) N∑ i,j=1 ⟨ 1 (x − x_i)^2 M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ (1)

+β N∑ i,j,k=1 ⟨ 1 x − x_i 1 x − x_k M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ (2)

+ Nβ T N∑ i,j=1 ⟨ y_j x − x_i M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ (3) (3.21)

Observe now, that we have:

(1) = (1 − β) N∑ i,j=1 ⟨ 1 (x − x_i)^2 M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ = (β − 1) ∂ ∂x U_0(x, y) (3.22)

Then we have also: T Nβ ⟨ ∂ ∂V_1(x) U_0(x, y) ⟩ c = N∑ i,k,j=1 ⟨ 1 x − x_i 1 x − x_k M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩

− N∑ i,j=1 ⟨ 1 x − x_i M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j ⟩ ⟨ 1 x − x_k M^{(β)}_{i,j} I_β ⟩

= N∑ i,k,j=1 ⟨ 1 x − x_i 1 x − x_k M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j ) y − y_j ⟩

−W (x)U_0(x, y) (3.23)

We recognize here one the second term of (3.21):

(2) ⇔ T N ⟨ ∂ ∂V_1(x) U_0(x, y) ⟩ c + βW (x)U_0(x, y) ⇔ βU_1(x, y; x) + βW (x)U_0(x, y) (3.24)

Eventually, we are left with (3). We perform the change y_j ↔ y_j − y + y and split it into two parts:

(3) ⇔ Nβ T yU_0(x, y) − Nβ T V^′_2 (y) N∑ i,j=1 ⟨ 1 x − x_i M^{(β)}_{i,j} I_β ⟩

+ Nβ T N∑ i,j=1 ⟨ V^′_2 (y_j) x − x_i M^{(β)}_{i,j} I_β ⟩ (3.25)

But remember that^N ∑ j=1 M^{(β)}_{i,j} = I_β . and that from our first step we have (3.13) so

that eventually:

(3) ⇔ Nβ T yU_0(x, y) − Nβ T V^′_2 (y)W (x) + Nβ T (−N + xW (x)) (3.26)

Now we can put everything back together to get the loop equation:

0 = − Nβ T (V^′_1 (x)U_0(x, y) − P_0(x, y)) − (1 − β) ∂ ∂x U_0(x, y) +βU_1(x, y; x) + βW (x)U_0(x, y) + Nβ T yU_0(x, y) − Nβ T V^′_2 (y)W (x) + Nβ T (−N + xW (x)) (3.27) which can be rewritten (performing a multiplication by −^T_{Nβ} ) as the master loop equation: ( y − V^′_1 (x) + T N W (x) + ℏ∂_x ) U_0(x, y) = (V^′_2 (y) − x)W (x) − P_0(x, y) + N − T N U_1(x, y; x) (3.28)

where we have defined ℏ =^T_N (1 −^1_β ) which we prefer to write

ℏ = T N √ β (√ β − 1 √ β ) . (3.29)

3.4 Higher order loop equations

With the same approach as before, one can deduce higher order loop equations for U_n(x, y, ξ_1, . . . , , ξ_n). Indeed, if one look at the auxiliary integral: 0 = N∑ i,j=1 ∫ dXdY ∂ ∂y_j ( e^{− NβT tr (V1(X)+V2 (Y ))} [ Δ(X)^{2β}Δ(Y )^{2β} 1 x − x_i M^{(β)}_{i,j} (X, Y ) (_n ∏ p=1 tr 1 ξ_p − X ) c − C_p(ξ_1, . . . , ξ_p)Δ(X)^{2β}Δ(Y )^{2β} 1 x − x_i M^{(β)}_{i,j} ])

(3.30)

with

C_p(ξ_1, . . . , ξ_p) = ∫ dXdZe^{− NβT tr (V1(X)+V2(Z))}Δ(X)^{2β} Δ(Z)^{2β}I_β(X, Z) (_n ∏ p=1 tr 1 ξ_p − X ) c (3.31) One finds: N∑ i,j=1 ⟨ V^′_2 (y_j) 1 x − x_i M^{(β)}_{i,j} I_β n∏ p=1 tr 1 ξ_p − X ⟩ c = xW_{n+1}(x, ξ_1, . . . , ξ_n) (3.32)

Then the second step can be carried out using the integral: 0 = N∑ i,j=1 ∫ dXdY ∂ ∂x_i ( e^{− NβT tr (V1(X)+V2(Y ))}Δ(X)^{2β} Δ(Y )^{2β} 1 x − x_i M^{(β)}_{i,j} V^′_2 (y) − V^′_2 (y_j) y − y_j n∏ p=1 tr 1 ξ_p − X ) (3.33)

First, we find the same terms as before (the new term^n ∏ p=1 tr^1_{ξp−X} being treated as a

constant). This gives: − Nβ T ( V^′_1 (x)U_n(x, y, ξ_1, . . . , ξ_n) − P_n(x, y, ξ_1, . . . , ξ_n) )

−(1 − β) ∂ ∂x U_n(x, y, ξ_1, . . . , ξ_n) + βU_{n+1}(x, y; x, ξ_1, . . . , xi_n) +βW (x)U_n(x, y, ξ_1, . . . , ξ_n) + Nβ T yU_n(x, y, ξ_1, . . . , ξ_n) +β ∑ I⊔J={ξ_1,...,ξ_n}, I≠∅ W_{1+|I|}(x, I) U_{|J|}(x, y; J) − Nβ T V^′_2 (y)W_{n+1}(x, ξ_1, . . . , ξ_n) + xW_{n+1}(x, ξ_1, . . . , ξ_n) ) (3.34)

However, the main difference is that now the derivative will also act on^n ∏ p=1 tr^1_{ξp−X} .

This gives an additional contribution: ∑ i,j,k,i_K ⟨ 1 x − x_i M^{(β)}_{i,j} I_β V^′_2 (y) − V^′_2 (y_j) y − y_j 1 ξ_1 − x_{i1} . . . 1 ξ_{k−1} − x_{ik−1} 1 (ξ_k − x_i)^2 1 ξ_{k+1} − x_{ik+1} . . . 1 ξ_n − x_{in} ⟩ (3.35)

Then observe the two identities: 1 (ξ_k − x_i)^2 = − ∂ ∂ξ_k 1 ξ_k − x_i (3.36)

and: 1 x − x_i 1 ξ_k − x_i = 1 x − ξ_k ( 1 ξ_k − x_i − 1 x − x_i ) (3.37)

Therefore the action of the derivative can be rewritten as: n∑ k=1 ∂ ∂ξ_k ( U_{n−1}(x, y, ξ_1, . . . , ξ_{k−1}, ξ_{k+1}, . . . , ξ_n) − U_{n−1}(ξ_k, y, ξ_1, . . . , ξ_{k−1}, ξ_{k+1}, . . . , ξ_n) x − ξ_k )

(3.38) Eventually, adding (3.34) and (3.38) to get (3.33) we get the higher order loop equations:

( y − V^′_1 (x) + T N W (x) + ℏ∂_x ) U_n(x, y; ξ_1, . . . , ξ_n) + T N U_{n+1}(x, y; x, ξ_1, . . . , ξ_n) + T N ∑ I⊔J={ξ_1,...,ξ_n}, I≠∅ W_{1+|I|}(x, I) U_{|J|}(x, y; J) + T Nβ n∑ k=1 ∂ ∂ξ_k ( U_{n−1}(x, y, ξ_1, . . . , ξ_{k−1}, ξ_{k+1}, . . . , ξ_n) − U_{n−1}(ξ_k, y, ξ_1, . . . , ξ_{k−1}, ξ_{k+1}, . . . , ξ_n) x − ξ_k )

= (V^′_2 (y) − x)W_{n+1}(x, ξ_1, . . . , ξ_n) − P_n(x, y; ξ_1, . . . , ξ_n)

(3.39) These loop equations (3.28), (3.39) are exact equations satisfied by the correlation functions, they hold for every N and every β. Now, in order to solve them, we want to consider some limit and expansion around that limit, in which they can be solved order by order.

3.5 Relationships between correlators

The loop equations which we have written, involve the resolvent W (x), as well as higher correlation functions W_n, and also some auxiliary functions U_n and P_n. However all of them are related.

First, notice that P_n is the large x polynomial part of V^′_1 U_n:

P_n(x, y; x_1, . . . , x_n) = (V^′_1 (x) U_n(x, y; x_1, . . . , x_n))_+ (3.40)

Second, notice that the large y behavior of U_n is related to W_{n+1}:

U_n(x, y; x_1, . . . , x_n) ∼_{y→∞} t̃_{d2} y^{d2−1} W_{n+1}(x, x_1, . . . , x_n) + O(y^{d2−2}) (3.41)

And then, the loop insertion operators allow to increase the index n by 1. Define: ∂ ∂V_1(x)

:= − ∞∑ k=1 1 x^{k+1} k ∂ ∂t_{k−1} ∂ ∂V_2(x)

:= − ∞∑ k=1 1 y^{k+1} k ∂ ∂t̃_{k−1} (3.42)

These operators, called loop-insertion-operators, are formal and they have the property that: ∂V_j (x) ∂V_l(x^′) = δ_{j,l} 1 x − x^′ , ∂V^′_j (x) ∂V_l(x^′) = −δ_{j,l} 1 (x − x^′)^2

(3.43)

The main interest of these operators is that they can be used to connect the correlation functions W_n(x_1, . . . , x_n) to the next correlation functions W_{n+1}(x_1, . . . , x_{n+1}): Nβ T W (x) = ∂F ∂V_1(x) Nβ T W_n(x_1, . . . , x_n) = ∂W_{n−1}(x_1 . . . , x_{n−1}) ∂V_1(x_n) Nβ T U_n(x, y; x_1, . . . , x_n) = ∂U_{n−1}(x, y; x_1 . . . , x_{n−1}) ∂V_1(x_n) (3.44)

We also have Nβ T P_n(x, y; x_1, . . . , x_n) = ∂P_{n−1}(x, y; x_1 . . . , x_{n−1}) ∂V_1(x_n) + ∂ ∂x_n U_{n−1}(x, y; x_1 . . . , x_{n−1}) − U_{n−1}(x_n, y; x_1 . . . , x_{n−1}) x − x_n (3.45)

4 Topological expansion(s)

One sees, that the loop equation (3.28) involves U_0 and U_1, and similarly (3.39) involves U_n and U_{n+1}. This is why loop equations can only be solved perturbatively, order by order in some small parameter, in a regime where the U_{n+1} term is subleading compared to the U_n term.

We thus need to expand all our observables in powers of some parameter, and this expansion is usually called topological expansion. Most often for hermitian matrices, the small parameter is chosen to be 1/N where N is the size of the matrices, i.e. the topological expansion is an asymptotic expansion for large random matrices.

Such a power series expansion does not always exist for convergent matrix models, but by definition it does for formal matrix models which is our context here (we do not interest ourselves in convergence here). For the subtle differences between convergent and formal matrix models in the hermitian case, we invite the interested reader to refer to [11, 39].

We thus need a small parameter in which to compute an expansion. For the hermitian case, the good choice is an expansion into powers of 1/N in the large N limit. However, for β ≠ 1, we can already see on loop equations, that the most interesting regime (in which loop equation are most conveniently solved) is a regime where ℏ = O(1), and so is not simply N → ∞. In fact, depending on which application of random matrices one is interested in, several limit regimes can be interesting. Fortunately, all of them are related together, and knowing one expansion allows to recover the others. Let us present 3 main regimes:

Before presenting those regimes, let us introduce some usual notations:

g_s = T N √ β g_s = string coupling constant

ϵ_1 = g_s √ β 1^{st} equivariant parameter ϵ_2 = − g_s √ β 2^{nd} equivariant parameter ℏ = ϵ_1 + ϵ_2 g^2_s = −ϵ_1ϵ_2 β = − ϵ_1 ϵ_2

(4.1)

Those notations are those used in different applications of matrix models, in particular string theory [10, 28, 29] and in relationship to the now famous AGT conjecture [2].

4.1 Topological regime

This is the regime where we expand in powers of g_s at fixed ℏ. This regime is the one interesting for applications to geometry and topological strings. In this regime, we wish to expand:

F = ln Z = ∞∑ g=0 g^{2g−2}_s F_g(ℏ) = ∞∑ g=0 ∞∑ k=0 g^{2g−2}_s ℏ^k F_{g,k} (4.2)

Each coefficient F_g(ℏ) = ∑ k=0 ℏ^kF_{g,k} have a geometric interpretation. Notice that F_{g,k} depends neither on N nor on β (but of course it depends on the potentials V_1, V_2 and on T ).

In topological strings, F_{g,k} is the generating function for counting equivariant Gromov-Witten numbers [12].

4.2 Large N regime

This is an expansion in powers of N, at fixed β. This is the regime interesting for large random matrices. Most often, one is interested in specific values of β, like β = 1/2 or β = 2. We shall write:

F = ln Z = ∞∑ l=0 (N/T )^{2−l} F̂_l(β) (4.3)

This expansion is related to the topological expansion by

F̂_l(β) =

E(^l_2 )∑

g=0 β^{1+g−l}(β − 1)^{l−2g}F_{g,l−2g}. (4.4) For example F̂_0(β) = β F_{0,0} , F̂_1(β) = (β − 1) F_{0,1} (4.5)

F̂_2(β) = F_{1,0} + (β − 1)^2 β F_{0,2} , F̂_3(β) = β − 1 β F_{1,1} +

(β − 1)^3 β^2

F_{0,3} (4.6)

and more generally by (4.4)

4.3 WKB large β regime

This is an expansion in powers of β at fixed N. This is the regime we shall consider below. It can be computed with standard WKB techniques, but we shall analyze it here with loop equations.

We expand in powers of g_s =^T_N^√_β at fixed N:

F = ln Z = ∞∑ h=0 g^{2h−2}_s f_h(N) (4.7)

This regime can be related to the topological regime as follows:

f_h(N) = h∑ g=0 (−1)^g g! ∞∑ k=0 ( T N )_{k−g} (k + g)! k! F_{h−g,g+k} (4.8) For example

f_0(N) = ∑ k ( T N )_k f_{0,k} = F_0(T/N) , f_1(N) = F_1( T N ) − N T F^′_0( T N ). 4.4 Notations for the expansion

In this article, we want to study perturbatively the BKW regime where β → ∞, N fixed, and we write g_s =^T_N^√_β . We thus expand all our correlation functions as:

W_n(x_1, . . . , x_n) = ( N T )_{n ∞}∑ g=0 g^{2g−2+2n} s W^{(g)}_n (x_1, . . . , x_n)

U_0(x, y) = N T ( U^{(0)}_0 (x, y) − x + V^′_2 (y) ) + N T ∞∑ g=1 g^{2g}_s U^{(g)}_0 (x, y) U_n(x, y; x_1, . . . , x_n) = ( N T )_{n+1 ∞}∑ g=0 g^{2g+2n} s U^{(g)}_n (x, y; x_1, . . . , x_n) P_n(x, y; x_1, . . . , x_n) = ( N T )_{n+1 ∞}∑ g=0 g^{2g+2n} s P^{(g)}_n (x, y; x_1, . . . , x_n) (4.9)

Note that the functions W^{(g)}n , U^{(g)}n , and P^{(g)}n are only functions of N (and of course of their corresponding x_i, of T and of the potentials V_1, V_2) but not of g_s, β or ℏ.

Eventually, we define the numbers f_g by the expansion of the logarithm of the partition function itself:

Z = e^F , F = ∞∑ g=0 g^{2g−2}_s f_g(N). (4.10)

Again, f_g(N) is also implicitly a function of T , V_1 and V_2, and we recall that f_g(N) is related to F_g(ℏ) which is the usual topological expansion.

As we will see in the next sections, most of the formulas get nicer if we shift the first correlation function by the derivative of the potentials. Therefore, for convenience, we introduce the shifted functions:

Y (x) := (V^′_1 (x) − W^{(0)}_1 (x)) , X(y) := (V^′_2 (y) − W̃^{(0)}_1 (y)) (4.11)

It is also useful to redefine a shifted version of the polynomial P^{(0)}(x, y) as:

E(x, y) := (V^′_1 (x) − y)(V^′_2 (y) − x) − P^{(0)}_0 (x, y) + T + T N , (4.12)

which is a polynomial in both x and y (and it depends on T , N, V_1, V_2 but not on β).

5 Spectral curve and Loop equations as an ODE

In this section, we shall see that the loop equation satisfied by the leading order W^{(0)}_1 of the resolvent W_1(x) = ⟨ tr^1_{x−M1} ⟩ can be written as an ODE E ( x, T N ∂ ∂x ) .ψ(x) = 0 (5.1)

where E(x, y) is up to some shifts, the polynomial E(x, y) introduced above in (4.12). This ODE is called the “spectral curve” and plays a central role.

5.1 Loop equations in g_s expansion

The leading order at large β and fixed N of loop equation (3.28) (notice that we have W^{(0)}_1 (x) = V^′_1 (x) − Y (x) and U^{(0)}_0 (x, y) includes a shift by x − V^′_2 (y)) is: ( y − Y (x) + T N ∂_x ) U^{(0)}_0 (x, y) = (V^′_1 (x) − y)(V^′_2 (y) − x) − P^{(0)}_0 (x, y) + T + T N (5.2)

which is equivalent to (See (4.12)): ( y − Y (x) + T N ∂_x ) U^{(0)}_0 (x, y) = E(x, y) (5.3)

This is the master loop equation, also called the “spectral curve”. It generalizes the hermitian 2-matrix models’s spectral curve [13, 41, 54, 56, 65].

If we expand in powers of y:

U^{(0)}_0 (x, y) =

d_2∑

k=0 y^k U^{(0)}_{0,k} (x) , E(x, y) =

d_2+1∑

k=0 y^k E_k(x) (5.4)

equation (5.2) reads:

U^{(0)}_{0,k−1}(x) + ( −Y (x) + T N ∂_x ) U^{(0)}_{0,k} (x) = E_k(x) (5.5)

Remark: equation (5.5) with k = d_2 + 1 gives us that:

U^{(0)}_{0,d2} (x) = −t̃_{d2} (5.6)

In the same way, since P^{(0)}_0 (x, y) is only a polynomial in y of degree d_2 − 1 we have also:

U^{(0)}_{0,d2−1}(x) = t̃_{d2} (V^′_1 (x) − Y (x)) − t̃_{d2−1} (5.7)

5.2 The linear differential system

In order find the lower coefficients U^{(0)}_{0,k} (x) with k = 0, . . . , d_2 − 2 we introduce for convenience the functions ψ_k(x) (0 ≤ k ≤ d_2) defined by:

U_{0,k}(x)^{def}= ψ_k(x) ψ(x) , W^{(0)}_1 (x)^{def}= T N ψ^′(x) ψ(x) = T N ∂ ∂x ln ψ(x) (5.8)

which is equivalent to say that:

ψ(x) = e^{NT ∫ x W (0)1 (z)dz} , ψ_k(x) = ψ(x)U^{(0)}_{0,k} (x) (5.9)

By definition, the function ψ(x) is only determined up to a global multiplicative constant which can be fixed by specifying the lower bound of the integral in the last formula.

The first loop equation (5.5) can now be rewritten into a linear differential equation (ODE):

ψ_{k−1}(x) + ( T N ∂_x − V^′_1 (x) ) ψ^{(0)}_k (x) = E_k(x)ψ(x) (5.10) and using ψ_{d2} (x) = −t̃_{d2} ψ(x), this leads to a set of linear equations that can be written into a matrix form: (equivalent to (5.10))

T N d dx ψ_{d2} (x) ψ_{d2 −1}(x) . . ψ_0(x) =

t̃_{d2−1} t̃_{d2} −1 0 . . . 0

−^{Ed2−1(x)}_{t̃d2} V^′_1 (x) ... ... . . . . 0 ... ... 0 −^{E1(x)}_{t̃d2} . . ... ... −1 −^{E0(x)}_{t̃d2} 0 . . . 0 V^′_1 (x) ψ_{d2} (x) ψ_{d2 −1}(x) . . ψ_0(x)

= C(x) ψ_{d2} (x) ψ_{d2−1}(x) . . ψ_0(x)

(5.11)

Therefore, we have obtained a system of first order linear ordinary differential equations given by a companion-like matrix. The determinant of the matrix C(x) is given by the standard formula for the determinant of a companion matrix:

−t̃_{d2} det((y − V^′_1 (x))Id + C(x)) = E(x, y) (5.12)

That is to say that the characteristic polynomial of the matrix C(x) is exactly our function E(x, y).

There is no known notion of integrable system associated to the arbitrary β two matrix model, but the fact that the spectral curve turns out to be a characteristic polynomial (also called spectral determinant), is very suggestive from the point of view of integrability [4, 7, 8], this could be a promising route, and needs to be further investigated...

5.3 ODE satisfied by ψ(x)

The matrix equation (5.11) can be used to find a linear ODE satisfied by the function ψ(x). Indeed we can rewrite it in following way: ( V^′_1 (x) − T N ∂_x ) ψ_{d2} (x) =

E_{d2} (x)

t̃_{d2} ψ^{d2} (x) + ψ^{d2−1}(x) ( V^′_1 (x) − T N ∂_x ) ψ_{d2−1}(x) = E_{d2−1}(x) t̃_{d2} ψ^{d−1}(x) + ψ^{d2−2}(x) . . . ( V^′_1 (x) − T N ∂_x ) ψ_1(x) =

E_1(x) t̃_{d2} ψ^{d2} (x) + ψ^0(x) ( V^′_1 (x) − T N ∂_x ) ψ_0(x) =

E_0(x) t̃_{d2} ψ^{d2} (x)

(5.13)

Multiplying line k on the left by (V^′_1 (x) − ℏ∂_x)^{d2−k} and summing the whole set of equations give that: ( V^′_1 (x) − T N ∂_x )_{d2+1} ψ(x) − d_2∑

k=0 (V^′_1 (x) − ℏ∂_x)^k (E_k(x)ψ(x)) = 0 (5.14)

which can be rewritten as:

ŷ = T N ∂_x : (E(x, V^′_1 (x) − ŷ)) ψ(x)^{def}=

(_{d2+1} ∑ k=0 (V^′_1 (x) − ŷ)^k E_k(x) ) ψ(x) = 0

(5.15) Note in particular that since x and ŷ do not commute ([ŷ, x] =^T_N ), we must specify the position of the ŷ compared to x. In the last formula, it is implicitly assumed that powers of V^′_1 − ŷ are always to the left of all powers of x, and:

(V^′_1 (x) − ŷ)^k = (V^′_1 (x) − ŷ) (V^′_1 (x) − ŷ) . . . (V^′_1 (x) − y)

k times

(5.16)

Eventually we find that ψ(x) must satisfy a linear ODE of order d_2 + 1, with polynomial coefficients, given by the quantized spectral curve E(x, ŷ). This generalizes the Schrödinger equation in the case of the arbitrary-β one-matrix model [46].

5.4 Quantum spectral curve

The spectral curve E(x, Y (x)) = 0 in the hermitian case, gets replaced by [ŷ, x] = T N , E(x, V^′_1 (x) − ŷ) . ψ(x) = 0. (5.17)

This can be interpreted as having now a quantum spectral curve.

5.5 Non-unicity of the solutions of the loop equations

In order to identify a solution of loop equations, it remains to compute the polynomial coefficients E_k(x) of this ODE, and choose a solution ψ.

Then, as soon as ψ(x) is chosen, we can find ψ_{d2} (x) by using ψ_{d2} (x) = −t̃_{d2} ψ(x). The other functions ψ_k(x) follow by a descending recursion with the help of (5.10). Eventually, the connection between ψ_k(x) and U^{(0)}_k (x) is given by (5.8) so that the polynomial U^{(0)}(x, y) is known.

One may think that the knowledge of the loop equations would be enough to determine all the correlation functions by solving them properly. But we remind the reader here that in general the loop equations (even in the hermitian case) have infinitely many solutions.

Even if (5.11) gives us some linear differential equations with polynomial coefficients, the main problem, also present in the hermitian case, is that the function E(x, y) is not known at the moment. Indeed, in the definition of E(x, y), we face the polynomial P^{(0)}_0 (x, y) whose coefficients are unknown. The coefficients of the polynomial P^{(0)}_0 (x, y) are not given by the loop equations, they have to be determined by some other informations which we have not used so far.

Therefore, in order to pick the proper solution of the loop equations one need to understand the missing information in the loop equations. When dealing with convergent matrix models, the answer is quite simple: the missing information is about the choice of the contour of integration of the model. Indeed, we have assumed here that the eigenvalues of the matrices were real, but one could take a different onedimensional contour and get the same loop equations as the ones we have derived here (as soon as there is no hard edges, i.e. no boundary terms in integration by parts). Nevertheless, different integration paths would lead to different correlation functions and thus to different solutions of the loop equations. In the case of formal matrix models, the path of integration and the associated convergence is pointless and some other considerations have to fix the choice of the solution of the loop equations (in the hermitian case it is the notion of “filling fractions”). In this article we will restrict ourselves (specifically at equation (6.5)) to a specific kind of solutions of the loop equations because it corresponds to the less technical possible case.

Let us just mention that, in the hermitian case, the homology space of possible integration paths, has exactly the same dimension as the number of unknown coefficients of the polynomial P^{(0)}_0 (x, y), and basically, every choice of P^{(0)}_0 (x, y) is acceptable, and corresponds to a given integration path for the eigenvalues. However, finding the integration path from the knowledge of P^{(0)}_0 (x, y) is not so easy in general.

In the non-hermitian case β ≠ 1, it is not even clear what the homology space of possible integration paths is, and a good understanding of the missing information, its connections to the initial model and of the generalization of the notion of “filling fractions” for our case is still missing and is postponed for a future article.

6 The Bethe ansatz

6.1 WKB approximation

Here, we work at large β and fixed N (working at large β or small g_s when N is fixed is completely equivalent since they are related by g_s =^T_N^√_β ), so that our integral: Z = ∫ dx_1 . . . dx_N dy_1 . . . dy_N e^{− 1g2}s^{A[X,Y ]} (6.1) where X = diag(x_1, . . . , x_N ), Y = diag(y_1, . . . , y_N ), with the action A[X, Y ] = T N ( Tr V_1(X) + Tr V_2(Y )) − 2

T^2 N^2 ln Δ(X) − 2

T^2 N^2 ln Δ(Y ) − lim_{β→∞} g^2_s ln (I_β(X, Y )) + O(g_s) (6.2)

can be computed by standard saddle point approximation, and in particular, we find that N T W^{(0)}_1 (x) = lim β→∞ , N fixed W_1(x) = N∑ i=1 1 x − x̄_i (6.3)

i.e. it is a rational fraction with N poles x̄_i which are the saddle points for X, i.e. the points such that ∂ ∂x_i | | |_{xi=x̄i} A^{β=∞}[X, Y ] = 0 , ∂ ∂y_i | | |_{yi=ȳi} A^{β=∞}[X, Y ] = 0. (6.4)

Therefore, W^{(0)}_1 (x) =^T_N^{ψ′}_ψ must be a rational function with N poles, i.e. ψ(x) is a polynomial of degree N. This is the case we will develop below and that corresponds to the generalization of the solution presented in [46] in the case of a Schrödinger equation.

However, we would like to stress again that this is not the only possible regime. Indeed, we could also try to study directly the “topological regime” where N → ∞, T fixed, and β → 0 in such a way that ℏ =^T_N ( 1 −^1_β ) remains finite. This regime is more interesting for applications to string theory and AGT conjecture [1, 2, 10, 28, 29]. In this case, ψ(x) would not be a polynomial, instead, the coefficients of E(x, y), i.e. the choice of W^{(0)}_1 (x) would be dictated by asymptotic behaviors in accordance with the regime studied. This is more challenging, we have done it for the 1-matrix model case [18, 19], and we plan to do it for multi-matrix models in the near future.

Therefore in the rest of the article, we restrict ourselves to the “Dirac” case (the terminology “Dirac” is used here to remind that the density of eigenvalues is a discrete measure, i.e. a sum of δ-functions, i.e. a “Dirac comb”), where N is fixed and β → ∞. In particular it correspond to assume that ψ(x) is a polynomial (whose degree is the number N of eigenvalues).

6.2 Introduction of the ansatz in the equations

So, let us look for a solution where ψ(x) is polynomial in x. Then it is clear from the recursion relation (5.10) that all the ψ_k(x)’s are also polynomials. We will use the following notation: ψ(x) = N∏ i=1 (x − s_i) (6.5)

So that:

Y (x) = V^′_1 (x) − T N N∑ i=1 1 x − s_i (6.6)

Here we have simply assumed that ψ(x) is a monic (remember that ψ(x) is only determined up to a multiplicative constant) polynomial of degree N and labeled (s_i)_{i=1,...,N} its complex zeros. Note that this ansatz is very restrictive, since usually a linear ODE of the kind (5.15) does not admit polynomial solution if the coefficients E_k(x) are generic. Then, from the definition of U_0(x, y), it is also trivial that U^{(0)}_{0,k} (x) can only have simple poles at the s_i’s. Taking into account the term in V^′_2 (y) − x in the definition we have:

∀ 0 ≤ k ≤ d_2 : U^{(0)}_{0,k} (x) = N∑ i=1 u_{k,i} x − s_i − t̃_k + δ_{k,0}x (6.7)

where the u_{k,i} are at the moment unknown coefficients.

6.3 Computation of the s_i’s and of the u_{k,i}’s

Putting this ansatz back into the recursion relations (5.10) for the U^{(0)}_{0,k} (x) and identifying the coefficient in^1_{x−si} , we get for all k and i: (Note that the double poles cancel)

u_{k−1,i} − (V^′_1 (s_i) − T N ∑ j≠i 1 s_i − s_j )u_{k,i} + T N ( ∑ j≠i u_{k,j} s_i − s_j − t̃_k + δ_{k,0}s_i ) = 0 (6.8)

In order to solve this recursion we introduce the following matrices of size N × N:

S = diag(s_1, . . . , s_N ) , B =

B_{i,i} = V^′_1 (s_i) −^T_N ∑ j≠i 1 s_i−s_j B_{i,j} = −^T_{N(si−sj )} (6.9)

and define the vectors :

⃗e = 1 1 . . 1 , ⃗u_k = u_{k,1} u_{k,2} . . u_{k,N} (6.10)

Then the previous set of equations turns into: ⃗u_{k−1} − B⃗u_k = T N (t̃_k − δ_{k,0}S)⃗e (6.11)

Remember again that we have some extra knowledge for k = d_2 and k = d_2 − 1 (Cf. (5.6) and (5.7)):

⃗u_{d2} = ⃗0 , ⃗u_{d2−1} = T N t̃_{d2}⃗e. (6.12)

Starting from ⃗u_{d2−1} =^T_N t̃_{d2}⃗e and using the recursion relation, we have: ⃗u_{d2−2} = B⃗u_{d2−1} + T N t̃_{d2−1}⃗e = T N ( t̃_{d2} B⃗e + t̃_{d2−1}⃗e )

⃗u_{d2−3} = B⃗u_{d2−2} + T N t̃_{d2−2}⃗e = T N ( t̃_{d2} B^2⃗e + t̃_{d2−1}B⃗e + t̃_{d2−2}⃗e ) down to ⃗u_0 = B⃗u_1 + T N t̃_1⃗e = T N ( t̃_{d2} B^{d2−1}⃗e + t̃_{d2−1}B^{d2−2}⃗e + · · · + t̃_1⃗e )

−B⃗u_0 = T N (t̃_0 − S)⃗e In fact all the previous relations can be summarized into the matrix form:

⃗u_k = T N d_2−k−1 ∑ p=0 t̃_{k+p+1}B^p⃗e (6.13)

or else in components: u_{k,i} = T N N∑ j=1 d_2−k−1 ∑ p=0 t̃_{k+p+1}(B^p)_{i,j} (6.14)

Eventually using the fact that −B⃗u_0 =^T_N (t̃_0 − S)⃗e we eventually get: (V^′_2 (B) − S)⃗e = 0 (6.15) On the other hand, from the definition of B we have:

0 = ⃗e^t(V^′_1 (S) − B) , [B, S] = T N (⃗e⃗e^t − Id) (6.16)

Therefore we obtain a system of equations determining the roots (s_i)_{1≤i≤N} :

(V^′_2 (B) − S)⃗e = 0 , ⃗e^t(V^′_1 (S) − B) = 0 , [S, B] = T N (Id − ⃗e⃗e^t) (6.17) The last system of equations (6.17) gives us a complete set of equations to compute all the s_i’s. In fact, this corresponds to a Bethe ansatz [5] found in [46] for the arbitraryβ one-matrix model (where the authors got in the same context: V^′(s_i) =^T_N ∑ j≠i 1 s_i−s_j ).

Remark: (6.17) is a set of algebraic equations which determine the s_i’s, and the solution is in general not unique. The choice of a solution, is also a choice of a saddle point for computing our eigenvalue integral at large β, and thus it is related to a choice of integration path for the eigenvalue integral. The number of solutions of (6.17), coincides with the dimension of the homology space of all possible integration paths.

6.4 Rewriting U^{(0)}_0 (x, y) in terms of S and B

With the previous results, we have that:

U^{(0)}_0 (x, y) = x − V^′_2 (y) +

d_2∑

k=0 N∑ i=1 u_{k,i} x − s_i y^k = x − V^′_2 (y) + T N d_2∑

k=0 N∑ i,j=1 d_2−k−1 ∑ p=0 t̃_{k+p+1} 1 x − s_i (B^p)_{i,j}y^k (6.18)

Moreover we have:

d_2∑

k=0 d_2−k−1 ∑ p=0 t̃_{k+p+1}B^py^k =

d_2∑

k=0 k−1∑ p=0 t̃_ky^pB^{k−1−p} = V^{′2} (y) − V^{′2} (B) y − B (6.19)

so that:

U^{(0)}_0 (x, y) = x − V^′_2 (y) + T N N∑ i,j=1 ( V^′_2 (y) − V^′_2 (B) y − B ) i,j 1 x − s_i (6.20)

Hence in the context of the Bethe ansatz, we can express easily the function U^{(0)}_0 (x, y) by: U^{(0)}_0 (x, y) = T N ⃗e^t 1 x − S V^′_2 (y) − V^′_2 (B) y − B ⃗e + x − V^′_2 (y) (6.21)

6.5 Rewriting P^{(0)}_0 (x, y) in terms of S and B

We start with equation (5.2) giving that: ( y − V^′_1 (x) + W (x) + T N ∂_x ) U^{(0)}_0 (x, y) = (V^′_1 (x) − y)(V^′_2 (y) − x) − P^{(0)}_0 (x, y) + T + T N (6.22) We can compute the l.h.s. with the help of the definition (6.7): ( y − V^′_1 (x) + W (x) + T N ∂_x ) U^{(0)}_0 (x, y) = (V^′_1 (x) − y)(V^′_2 (y) − x) + T N +(y − V^′_1 (x))

d_2∑

k=0 N∑ i=1 u_{k,i} x − s_i y^k − T N d_2∑

k=0 N∑ i=1 u_{k,i} (x − s_i)^2 y^k + T N d_2∑

k=0 N∑ i=1 u_{k,i} (x − s_i)(x − s_j ) y^k + T N (x − V^′_2 (y)) N∑ j=1 1 x − s_j = (V^′_1 (x) − y)(V^′_2 (y) − x) + T N + d_2∑

k=0 N∑ i=1 u_{k−1,i} x − s_i y^k − d_2∑

k=0 N∑ i=1 u_{k,i}V^′_1 (x) x − s_i y^k

− T N d_2∑

k=0 N∑ i=1 u_{k,i} (x − s_i)^2 y^k + T N d_2∑

k=0 N∑ i=1 u_{k,i} (x − s_i)(x − s_j ) y^k +T + T N N∑ i=1 (s_i − V^′_2 (y)) x − s_i (6.23)

Note that we have used the fact that u_{d2,i} = 0. With the help of the recursion relation for the u_{k,i}’s (6.8) we find: ( y − V^′_1 (x) + W (x) + T N ∂_x ) U^{(0)}_0 (x, y) = (V^′_1 (x) − y)(V^′_2 (y) − x) + T N + T + d_2∑

k=0 N∑ i=1 (V^′_1 (s_i) − V^′_1 (x))u_{k,i} x − s_i y^k − d_2∑

k=0 N∑ j≠i u_{k,i} + u_{k,j} (x − s_i)(s_i − s_j ) y^k

+ T N d_2∑

k=0 N∑ j≠i u_{k,i} (x − s_i)(x − s_j ) y^k (6.24)

Observe now that we have the identity:

∀ 0 ≤ k ≤ d_2 : − N∑ j≠i u_{k,i} + u_{k,j} (x − s_i)(s_i − s_j) + N∑ j≠i u_{k,i} (x − s_i)(x − s_j )

= 0 (6.25)

Moreover we have also (using (6.19)):

d_2∑

k=0 N∑ i=1 (V^′_1 (s_i) − V^′_1 (x))u_{k,i} x − s_i y^k = − T N ⃗e^t V^′_1 (x) − V^′_1 (S) x − S V^′_2 (y) − V^′_2 (B) y − B ⃗e (6.26)

so that we are left with:

P^{(0)}_0 (x, y) = T N ⃗e^t V^′_1 (x) − V^′_1 (S) x − S V^′_2 (y) − V^′_2 (B) y − B ⃗e (6.27)

Eventually, we can summarize the results in the following way. With (6.17) we can compute all the s_i’s and then using the relations (6.13) we can get every u_{k,i} (0 ≤ k ≤ d_2 and 1 ≤ i ≤ N). Hence we have found an algorithm to compute explicitly all U^{(0)}_k (x)’s or equivalently every ψ_k(x)’s (and ψ(x)), that is to say that we have the solution of the loop equation at the dominant order in the studied limit. In particular, assuming that ψ(x) is polynomial in x is sufficient to determine it completely which indicates that the structure of the loop equations are very rigid and hides integrable structure.

6.6 Yang-Yang Variational approach of the Bethe ansatz

The Bethe ansatz equation (6.17) can also be obtained from a variational approach with a Yang–Yang action. Consider the following functional : N T S(S, S̃, A, ⃗u) = tr V_1(S) + tr V_2(S̃) − tr (SAS̃A^{−1}) − T N ln(Δ(S))

− T N ln(Δ(S̃)) + T N ln det(A) − T N ⃗u^t (A⃗e − ⃗e) (6.28) where S and S̃ are diagonal matrices of size N × N, A is a N × N invertible matrix, ⃗u is an N-dimensional vector, and remember that ⃗e^t = (1, . . . , 1). We now look for the extremal values of S. First taking the derivative relatively to ⃗u gives: ∂S ∂⃗u = 0 ⇔ A⃗e = ⃗e ⇔ A^{−1}⃗e = ⃗e (6.29) Performing the derivative relatively to S = diag(s_1, . . . , s_N ) yields: ∂S ∂s_i = 0 ⇔ V^′_1 (s_i) − ( AS̃A^{−1} ) i,i − T N ∑ j≠i 1 s_i − s_j = 0 (6.30)

Performing the derivative relatively to S̃ = diag(s̃_1, . . . , s̃_n) is the same: ∂S ∂s̃_i = 0 ⇔ V^′_2 (s̃_i) − (A^{−1}SA)_{i,i} − T N ∑ j≠i 1 s̃_i − s̃_j = 0 (6.31)

Performing the derivative relatively to A = (A_{i,j})_{i,j} is more difficult, consider an infinitesimal variation A → A + δA, that yields: δS = − tr (SδAS̃A^{−1}) + tr (SAS̃A^{−1}δAA^{−1}) − T N tr (AδA) + T N ⃗u^tδA⃗e = − tr ((δA)A^{−1} ( [AS̃A^{−1}, S] + T N (Id − A⃗e⃗u^t) ) ) (6.32)

thus since A is invertible and A⃗e = ⃗e: ∂S ∂A = 0 ⇔ [AS̃A^{−1}, S] + T N (Id − ⃗e⃗u^t) = 0 (6.33)

But since S and S̃ are diagonal we have [AS̃A^{−1}, S]_{i,i} = 0, and the diagonal term of (6.33) gives ∀i : 1 = (⃗e⃗u^t)_{i,i} i.e. we have ∀i : u_i = 1 that is to say ⃗u = ⃗e. Then a non diagonal element of the relation (6.33) gives: ∀i ≠ j : ( AS̃A^{−1} ) i,j = T N(s_i − s_j) (6.34)

Combining (6.30) and (6.34) gives that at the extremum we must have AS̃A^{−1} = B. Then, we can rewrite (6.32) as: δS = − tr (SδAS̃A^{−1}) + tr (SAS̃A^{−1}δAA^{−1}) − T N tr (AδA) + T N ⃗u^tδA⃗e

= − tr (A^{−1}(δA) ( [S̃, A^{−1}SA] + T N (Id − ⃗e⃗u^tA) ) ) (6.35)

Therefore the extremum equation^{δS}_{δA} = 0 gives also that [S̃, A^{−1}SA] + T N (Id − ⃗e⃗u^tA) = 0 (6.36)

Again, since S and S̃ are diagonal, we have [S̃, A^{−1}SA]_{i,i} = 0, which implies that ∀i : (⃗e⃗u^tA)_{i,i} = 1. Since at the extremum ⃗u = ⃗e, the last equation gives us that at the extremum:_N ∑ k=1 A_{k,j} = 1 ⇔ ⃗e^tA = ⃗e^t (6.37)

Let’s now introduce the matrix B̃ = A^{−1}SA. Then taking a non-diagonal element of (6.36), we find: ∀j ≠ i : B̃_{i,j} = (A^{−1}SA)_{i,j} = T N(s̃_i − s̃_j)

(6.38)

We can now rewrite (6.30) as: B̃⃗e = A^{−1}SA⃗e = V^′_2 (S̃)⃗e ⇒ AB̃⃗e = AV^′_2 (S̃)⃗e ⇒ AB̃A^{−1}⃗e = AV^′_2 (S̃)A^{−1}⃗e ⇒ S⃗e = V^′_2 (B)⃗e (6.39)

Therefore if we combine all previous results we find that an extremum of S must satisfies the following identities: • ⃗u = ⃗e • A⃗e = ⃗e and ⃗e^tA = ⃗e^t • [AS̃A^{−1}, S] =^T_N (−Id + ⃗e⃗e^t) and [S̃, A^{−1}SA] +^T_N (Id − ⃗e⃗e^t) = 0

• AS̃A^{−1} = B and S⃗e = V^′_2 (B)⃗e

We recover all the equations of (6.17) giving us a variational way of deriving all quantities. Note also that by using (6.30) and (6.34) we have: B = A^{−1}S̃A leading to S̃⃗e = V ′_1 (B̃)⃗e where remember that B̃ = A−1SA. The last relations show that the system is completely symmetric in tilde quantities and non-tilde quantities. Eventually the relation S̃⃗e = V^′_1 (B̃)⃗e allows to determine directly the s̃_i similarly to the fact that S⃗e = V^′_2 (B)⃗e determines the s_i at the extremum. The determination of A at the extremum is unfortunately more complicated. Indeed, S⃗e = V^′_2 (B)⃗e and S̃⃗e = V^′_1 (B̃)⃗e determines the s_i and the s̃_j at the extremum and then the matrices B and B̃ at the extremum. The matrix A can then be computed by the relations B = A^{−1}S̃A and A⃗e = ⃗e or equivalently by B̃ = A^{−1}SA and A ⃗E = ⃗e. This leads to the system of equations: ∀ i, j : 0 = ∑ k≠j A_{i,k} − A_{i,j} s_k − s_j + A_{i,j} (V^′_1 (s_j ) − s̃_i)

1 = N∑ k=1 A_{i,k} (6.40)

Remark 6.1 It looks like the Yang–Yang action should be the β → ∞ limit of the actual action A[X, Y ] defined in (6.2). Unfortunately, since the angular integral I_β(X, Y ) is not very well known, this cannot be proved at the moment. But vice versa, that would give us some knowledge of the angular integral I_β.

6.7 Computation of W^{(0)}_2 (x, x^′) and W^{(0)}_3 (x, x^′, x^{′′}) via the variational approach

Since W^{(0)}_{n+1} =^{dW (0)n}_{dV1} , and since we know W^{(0)}_1 (x) =^T_N ∑ i 1 x−s_i where the si’s are

obtained by the Bethe ansatz i.e. from the extremization of the Yang-Yang action S, we can easily find W^{(0)}_2 and W^{(0)}_3 . We will see later 7 another way of getting formulas for these functions which can be extended by recursion but having the main disadvantage that the symmetry of the functions is not obvious at all.

6.7.1 Computation of W^{(0)}_2 (x, x^′) via the variational approach

Starting from

W^{(0)}_1 (x) = N∑ i=1 1 x − s_i , W^{(0)}_2 (x, x^′) = ∂ ∂V_1(x^′)

W^{(0)}_1 (x)

we get:

W^{(0)}_2 (x, x^′) = ∑ i 1 (x − s_i)^2 ∂s_i ∂V_1(x^′) . It remains to compute the quantities^{∂si}_{∂V1(x′)} . For that we use that the s_i’s are the extrema of the functional S(s, s̃, A, u).

We introduce the variable R = (s, s̃, A, u) as a “global” variable to avoid detailing each of the cases. It is a vector of dimension N + N + N^2 + N = 3N + N^2. Therefore, the functional S(R) is a functional of R whose extremum R_{extr} gives us the solution of our model. Thus we have for every variation δ and every component i:

0 = δ (( ∂S ∂R_i ) |R=R_{extr} )

= ( δ ∂S ∂R_i ) |R=R_{extr} + 3N+N^2∑

j=1 ( ∂^2S ∂R_i∂R_j ) |R=R_{extr}

δ ((R_{extr})_j)

(6.41)

The first equality comes from the fact that^{∂S}_{∂Ri} (R = R_{extr}) = 0 since we place ourselves at the extremum. Let’s introduce the Hessian of the functional at the extremum point:

H_{r,s}^{def}= ( ∂^2S ∂R_r∂R_s ) |R=R_{extr}

(6.42)

It is a 3N +N^2 ×3N +N^2 matrix whose shape is given in appendix A. The last identity gives us that: ( δ ∂S ∂R_i ) |R=R_{extr} = − 3N+N^2∑

j=1 ( ∂^2S ∂R_i∂R_j ) |R=R_{extr}

δ ((R_{extr})_j ) ⇔ δ ((R_{extr})_i) = −

3N+N^2∑

j=1 ( H^{−1} ) i,j ( δ ∂S ∂R_j ) |R=R_{extr}

(6.43)

Let’s now specialize the last formula for the case when the variation δ is^∂_{∂V1(x)} . Since the potential V_1 only appears in the term Tr V_1(S) in the functional S it gives: ∂S ∂V_1(x)

= − Tr 1 x − S (6.44)

Since it only depends on S (and not S̃, T or u), we see that in the last sum of (6.43), j only varies from 1 to N, corresponding to the variables s_j ’s (i.e.^∂_{∂sj}^∂_{∂V1(x)} S = −^1_{(x−sj )2} and ∀ j > N :^∂_{∂Rj}^∂_{∂V1(x)} S = 0). Therefore we find (taking 1 ≤ i ≤ N): ∂s_i ∂V_1(x) = N∑ k=1 ( H^{−1} ) i,k 1 (x − s_k)^2 (6.45)

Note that this last result is only a small fraction of the results contained in the formula:

δ ((R_{extr})_i) = −

3N+N^2∑

j=1 ( H^{−1} ) i,j ( δ ∂S ∂R_j ) |R=R_{extr}

(6.46)

depending on the choice of variation δ and the component i you take. With the help of formula (6.45), it is straightforward to compute W^{(0)}_2 (x, x^′):

W^{(0)}_2 (x, x^′) = T N N∑ i,j=1 (H^{−1})_{i,j} (x − s_i)^2(x^′ − s_j)^2 (6.47)

In particular, in this formalism, it is clear that (x, x^′) → W^{(0)}_2 (x, x^′) is a symmetric function since H and its inverse are symmetric matrices.

6.7.2 Computation of W^{(0)}_3 (x_1, x_2, x_3) via the variational approach

We use the same method:

W^{(0)}_3 (x, y, z) = ∂ ∂V_1(z)

W^{(0)}_2 (x, y)

For any variation δ and every component k, we have:

δ (( H^{−1}_{|extr} ) i,j ) = 3N+N^2∑

k=1 ∂ (H^{−1})_{i,j} ∂R_k δ((R_{extr})_k) + ( δ ( H^{−1} ) i,j )

= 3N+N^2∑

k=1 ∂ (H^{−1})_{i,j} ∂R_k δ((R_{extr})_k) − (( H^{−1} (δH) H^{−1} ) i,j )

(6.48)

We choose δ =^d_{dV1(x′′)} and thus δH_{i,j} = ∂ ∂R_i ∂ ∂R_j ∂ ∂V_1(x^{′′}) S = − ∂ ∂R_i ∂ ∂R_j Tr 1 x^{′′} − S i.e. δH_{i,j} = { −^{2δi,j} (x^{′′}−s_i)^3 if i ≤ N, j ≤ N 0 otherwise, i.e. i > N or j > N.

(6.49)

Moreover, we have ∂ (H^{−1})_{i,j} ∂R_k = − 3N+N^2∑

p,q=1 ( H^{−1} ) i,p ∂^3S ∂R_p ∂R_q ∂R_k ( H^{−1} ) q,j and ∂R_k ∂V_1(x^{′′}) = − 3N+N^2∑

l=1 ( H^{−1} ) k,l ∂^2S ∂R_l ∂V_1(x^{′′}) = N∑ l=1 ( H^{−1} ) k,l 1 (x^{′′} − s_l)^2

Then we easily find:

W^{(0)}_3 (x, x^′, x^{′′}) =^{2T}_N^N ∑ i,j,k=1 (H^{−1})_{i,j} (H^{−1})_{i,k}

(x−s_i)^3(x^′−s_j )^2(x^{′′}−s_k)^2 + 2T N N∑ i,j,k=1 (H^{−1})_{i,j} (H^{−1})_{j,k}

(x−s_i)^2(x^′−s_j )^3(x^{′′}−s_k)^2

+^{2T}_N^N ∑ i,j,k=1 (H^{−1})_{i,k}(H^{−1})_{k,j} (x−s_i)^2(x^′−s_j )^2(x^{′′}−s_k)^3 − T N N∑ i,j,k=1 C_{i,j,k} (x−s_i)^2(x^′−s_j )^2(x^{′′}−s_k)^2

(6.50) where the C_{i,j,k}’s are linked with the third derivative of the functional S: C_{i,j,k}^{def}= 3N+N^2∑

α,β,γ=1 ( H^{−1} ) i,α ( H^{−1} ) j,β ( H^{−1} ) k,γ ∂^3S ∂R_α∂R_β ∂R_{γ |R=Rextr} (6.51)

It is again clear that (x, x^′, x^{′′}) → W^{(0)}_3 (x, x^′, x^{′′}) is a symmetric function of its variables.

7 The topological recursion

In the last sections we have seen how to compute U^{(0)}_0 (x, y), P^{(0)}_0 (x, y) and W^{(0)}_1 (x) in the context of the Bethe ansatz. Then by a recursive application of the loop insertion operators^∂_{∂V1(z)} we can compute easily all the W^{(0)}n ’s U^{(0)}n ’s and P^{(0)}n ’s. Thus, for now we have all desired quantities at the dominant order (i.e. g_s = 0) but we still miss the subleading corrections g ≥ 1. It is the purpose of this section to present a recursive algorithm to get all the subleading corrections.

The algorithm is very similar to the “topological recursion” considered in [40,45,48], and is in fact more comparable to another version of the topological recursion for the hermitian 2-matrix model, described in [49].

7.1 Higher loop equations

Evaluating the coefficients of g^{2g}_s in (3.28) gives the higher loop equations for g ≥ 1: ( y − Y (x) +^T_N ∂_x ) U^{(g)}_0 (x, y) + W^{(g)}_1 (x)U^{(0)}_0 (x, y) = −^{g−1} ∑ h=1 W^{(g−h)}_1 (x)U^{(h)}_0 (x, y)

−U^{(g−1)}_1 (x, y; x) +^N_T ∂_xU^{(g−1)}_0 (x, y) − P^{(g)}_0 (x, y) −^N_T δ_{g=1} (7.1) We can also project the higher order loop equations (3.39) onto g^{2g}_s (with n ≥ 1) to find (we note ⃗ξ = {ξ_1, . . . , ξ_n} for short): ( y − Y (x) + T N ∂_x ) U^{(g)}_n (x, y; ⃗ξ) + U^{(0)}_n (x, y; ⃗ξ)W^{(g)}_1 (x) = − g−1∑ h=1 U^{(h)}_n (x, y; ⃗ξ)W^{(g−h)}_1 (x) + N T ∂_xU^{(g−1)}_n (x, y; ⃗ξ) − U^{(g−1)}_{n+1} (x, y; x, ⃗ξ)

− g∑ h=0 ∑ I⊂⃗ξ, I≠∅ W^{(g−h)}_{1+|I|} (x, I) U^{(h)}_{n−|I|}(x, y; ⃗ξ \ I) − P^{(g)}_n (x, y; ⃗ξ) − n∑ k=1 ∂ ∂ξ_k ( U^{(g)}_{n−1}(x, y; ξ_1, . . . , ξ_{k−1}, ξ_{k+1}, . . . , ξ_n) − U^{(g)}_{n−1}(ξ_k, y; ξ_1, . . . , ξ_{k−1}, ξ_{k+1}, . . . , ξ_n) x − ξ_k )

(7.2)

We shall also write those equations for each power of y^k, using

U^{(g)}_n (x, y; ⃗ξ) = d_2−1∑

k=0 y^k U^{(g)}_{n,k}(x; ⃗ξ) (7.3)

P^{(g)}_n (x, y; ⃗ξ) = d_2−1∑

k=0 y^k P^{(g)}_{n,k} (x; ⃗ξ) (7.4)

7.2 Matrix form of the loop equations for g ≥ 1

The goal of this subsection is to rewrite the loop equations (7.1) (0 ≤ k ≤ d_2 + 1)

U^{(g)}_{0,k−1}(x) + ( −Y (x) + T N ∂_x ) U^{(g)}_{0,k} (x) = − g−1∑ h=0 W^{(g−h)}_1 (x)U^{(h)}_{0,k} (x) − P^{(g)}_{0,k} (x)

−U^{(g−1)}_{1,k} (x; x) + N T ∂_xU^{(g−1)}_{0,k} (x) − N T δ_{g=1}δ_{k=0} (7.5)

into a matrix form suitable for our algorithm.

First by taking the case k = d_2 + 1 and k = d_2 we obtain that:

∀ g > 0 : U^{(g)}_{0,d2} (x) = 0 , U^{(g)}_{0,d2−1}(x) = t̃_{d2} W^{(g)}_1 (x) (7.6)

Now let’s introduce the following d_2 × d_2 matrix:

D(x) = −Y (x) 0 . . . 0^{U (0)0,0 (x)}_{t̃d2}

1 −Y (x) . . . 0^{U (0)0,1 (x)}_{t̃d2} ... ... . . .

0 . . . 1 −Y (x) +^U (0) 0,d2−1(x) t̃_{d2}

(7.7)

Then we can rewrite the loop equations (7.5) into the following matrix form:

( T N ∂_x + D(x) ) U^{(g)}_{0,0} (x) U^{(g)}_{0,1} (x) . . U^{(g)}_{0,d2 −1}(x) = − P^{(g)}_{0,0} (x) P^{(g)}_{0,1} (x) . . P^{(g)}_{0,d2−1}(x) − U^{(g−1)}_{1,0} (x; x) U^{(g−1)}_{1,1} (x; x) . . U^{(g−1)}_{1,d2−1}(x; x)

− g−1∑ l=1 U^{(l)}_{0,d2−1}(x) t̃_{d2} U^{(g−l)}_{0,0} (x) U^{(g−l)}_{0,1} (x) . . U^{(g−l)}_{0,d2−1}(x) + N T ∂_x U^{(g−1)}_{0,0} (x) U^{(g−1)}_{0,1} (x) . . U^{(g−1)}_{0,d2−1}(x) − N T δ_{g=1} 1 0 . . 0

(7.8)

In the same way, we can also rewrite the projection of the higher loop equations 7.2 onto y^k as:

U^{(g)}_{n,k−1}(x; ⃗ξ) + ( T N ∂_x − Y (x) ) U^{(g)}_{n,k}(x; ⃗ξ) = − g−1∑ h=0 U^{(h)}_{n,k} (x; ⃗ξ)W^{(g−h)}_1 (x) − g∑ h=0 ∑ I⊔J=⃗ξ, I≠∅ W^{(g−h)}_{1+|I|} (x, I) U^{(h)}_{|J|,k}(x; J) − P^{(g)}_{n,k} (x; ⃗ξ)

+ N T ∂_xU^{(g−1)}_{n,k} (x; ⃗ξ) − U^{(g−1)}_{n+1,k}(x; x, ⃗ξ) − n∑ j=1 ∂ ∂ξ_j ( U^{(g)}_{n−1,k}(x, ξ_1, . . . , ξ_{j−1}, ξ_{j+1}, . . . , ξ_n) − U^{(g)}_{n−1,k}(ξ_j, ξ_1, . . . , ξ_{j−1}, ξ_{j+1}, . . . , ξ_n) x − ξ_j )

(7.9)

Evaluating the coefficients in k = d_2 + 1 and k = d_2 leads to: ∀ n ≥ 1 , ∀ g ≥ 0 : U^{(g)}_{n,d2} (x, ⃗ξ) = 0 , U^{(g)}_{n,d2−1}(x, ⃗ξ) = t̃_{d2} W^{(g)}_{n+1}(x, ⃗ξ) (7.10) and thus leads to the linear system:

( T N ∂_x + D(x) ) U^{(g)}_{n,0} (x; ⃗ξ) U^{(g)}_{n,1} (x; ⃗ξ) . . U^{(g)}_{n,d2−1}(x; ⃗ξ) = − U^{(g−1)}_{n+1,0} (x; x, ⃗ξ) U^{(g−1)}_{n+1,1} (x; x, ⃗ξ) . . U^{(g−1)}_{n+1,d2−1}(x; x, ⃗ξ)

+ N T ∂_x U^{(g−1)}_{n,0} (x; ⃗ξ) U^{(g−1)}_{n,1} (x; ⃗ξ) . . U^{(g−1)}_{n,d2−1}(x; ⃗ξ) − P^{(g)}_{n,0} (x; ⃗ξ) P^{(g)}_{n,1} (x; ⃗ξ) . . P^{(g)}_{n,d2−1}(x; ⃗ξ)

− g∑ h=0 ∑ I⊔J=⃗ξ, / (I,h)≠{(∅,g)∪(⃗ξ,0)} W^{(g−h)}_{1+|I|} (x, I) U^{(h)}_{|J|,0}(x; J) U^{(h)}_{|J|,1}(x; J) . . U^{(h)}_{|J|,d2−1}(x; J)

− n∑ j=1 ∂ ∂ξ_j

U^{(g)}_{n−1,0}(x,ξ_1,...,ξ_{j−1},ξ_{j+1},...,ξ_n)−U^{(g)}_{n−1,0} (ξ_j ,ξ_1,...,ξ_{j−1},ξ_{j+1},...,ξ_n) x−ξ_j U^{(g)}_{n−1,1}(x,ξ_1,...,ξ_{j−1},ξ_{j+1},...,ξ_n)−U^{(g)}_{n−1,1} (ξ_j ,ξ_1,...,ξ_{j−1},ξ_{j+1},...,ξ_n) x−ξ_j . . U^{(g)}_{n−1,d2−1}(x,ξ_1,...,ξ_{j−1},ξ_{j+1},...,ξ_n)−U^{(g)}_{n−1,d2 −1}(ξ_j ,ξ_1,...,ξ_{j−1},ξ_{j+1},...,ξ_n) x−ξ_j

(7.11)

Observe now that the r.h.s. of the last two systems (7.8) (7.11) is composed of lower orders in g and an unknown polynomial vector P^{(g)}_{n,k} . The l.h.s. is always the same at every order in g and for every n. Therefore, if we can find a way to get rid of the unknown polynomials P^{(g)}_{n,k} ’s in the inversion of the system, we see that we can perform a recursion and get all the corrections recursively. We will do so in the following sections by introducing a suitable kernel K(x_0, x) and using some residue methods (which will automatically get rid of the polynomials).

7.3 Inversion of the linear system: kernels K(x_0, x) and G(x_0, x)

Suppose that we can find matrices K(x_0, x) and G(x_0, x) of size d_2 × d_2 such that:

• They satisfy the relation: ( D^t(x) − T N ∂_x ) K(x_0, x) = G(x_0, x) (7.12)

• The function G(x_0, x) has the form:

G(x_0, x) =

Id_N x_0 − x + N∑ j=1 A_j (x_0) x − s_j (7.13)

where the A_j(x_0)’s are d_2 × d_2 matrices.

• The function x → K(x_0, x) is analytic at every x = s_i

If we can find such matrices, then we claim that we can invert any system of the form (7.8): (_T N ∂_x + D(x) ) ⃗u(x) = ⃗v(x), where ⃗v(x) is assumed to be known up to a polynomial and ⃗u(x) is assumed to have only poles at the s_i’s and behaves like O

(_1 x ) when x → ∞. Indeed under these assumptions we have:

⃗u^t(x_0) = − Res_{x→x0} ⃗u^t(x)G(x_0, x) = N∑ i=1 Res_{x→si} ⃗u^t(x)G(x_0, x) = N∑ i=1 Res_{x→si} ⃗u^t(x) ( D^t(x) − T N ⃗∂_x ) K(x_0, x) = N∑ i=1 Res_{x→si} ⃗u^t(x) ( D^t(x) + T N ←− ∂_x ) K(x_0, x) = N∑ i=1 Res_{x→si} ⃗v^t(x)K(x_0, x) (7.14)

Note that in the last equality, the polynomial part of v(x) does not contribute only the terms in ⃗v(x) which have poles at the s_i’s contribute. Hence we have successfully inverted our system:

⃗u(x_0) = N∑ i=1 Res_{x→si} K^t(x_0, x)⃗v(x) (7.15)

7.4 The topological recursion

Therefore with the help of the results in the last section we can compute all correlation functions by the recursion:

U^{(g)}_{0,0} (x_0) U^{(g)}_{0,1} (x_0) . . U^{(g)}_{0,d2−1}(x_0) = N∑ i=1 Res_{x→si} K^t(x_0, x) [^{g−1}∑ l=1 U^{(l)}_{0,d2−1}(x) t̃_{d2} U^{(g−l)}_{0,0} (x) U^{(g−l)}_{0,1} (x) . . U^{(g−l)}_{0,d2−1}(x)

+ U^{(g−1)}_{1,0} (x; x) U^{(g−1)}_{1,1} (x; x) . . U^{(g−1)}_{1,d2−1}(x; x) − N T ∂_x U^{(g−1)}_{0,0} (x) U^{(g−1)}_{0,1} (x) . . U^{(g−1)}_{0,d2−1}(x)

] (7.16)

or more generally for higher order correlation functions:

U^{(g)}_{n,0} (x_0, ⃗ξ) U^{(g)}_{n,1} (x_0, ⃗ξ) . . U^{(g)}_{n,d2−1}(x_0, ⃗ξ) = N∑ i=1 Res_{x→si} K^t(x_0, x) [

U^{(g−1)}_{n+1,0} (x; x, ⃗ξ) U^{(g−1)}_{n+1,1} (x; x, ⃗ξ) . . U^{(g−1)}_{n+1,d2−1}(x; x, ⃗ξ) − N T ∂_x U^{(g−1)}_{n,0} (x; ⃗ξ) U^{(g−1)}_{n,1} (x; ⃗ξ) . . U^{(g−1)}_{n,d2−1}(x; ⃗ξ)

+ g∑ h=0 ∑ I⊔J=⃗ξ, / (I,h)≠{(∅,g)∪(⃗ξ,0)} W^{(g−h)}_{1+|I|} (x, I) U^{(h)}_{|J|,0}(x; J) U^{(h)}_{|J|,1}(x; J) . . U^{(h)}_{|J|,d2−1}(x; J)

+ n∑ j=1 1 (x − ξ_j )^2 U^{(g)}_{n−1,0}(x, ξ_1, . . . , ξ_{j−1}, ξ_{j+1}, . . . , ξ_n) U^{(g)}_{n−1,1}(x, ξ_1, . . . , ξ_{j−1}, ξ_{j+1}, . . . , ξ_n) . . U^{(g)}_{n−1,d2−1}(x, ξ_1, . . . , ξ_{j−1}, ξ_{j+1}, . . . , ξ_n)

]

(7.17)

7.5 Determination of the kernel K(x_0, x)

The determination of the kernels K(x_0, x) and G(x_0, x) is presented in appendix B. We present in details some recursive formulas to obtain the various K(x_0, s_i) and the derivatives K^′(x_0, s_i), . . . , K^{(n)}(x_0, s_i) in the appendix. The results are the following. If we define the following vectors (of size d_2):

⃗r = 0 . . 0 1 , ⃗w_i = 1 t̃_{d2} u_{0,i} . . u_{d2−1,i} (7.18)

Then the matrices A_i(x_0) defining G(x_0, x) are connected to the K(x_0, s_i) by:

A_i(x_0) = ( T N + ⃗r ⃗w^t_i ) K(x_0, s_i)

(7.19)

The matrices K(x_0, s_i) are determined as a solution of the following system: M ⃗K_q = ⃗f_q (7.20)

where

⃗K_q =

K(x_0, s_1)_{0,q} . . K(x_0, s_N )_{0,q} − − −− K(x_0, s_1)_{1,q} . . K(x_0, s_N )_{1,q} − − −− . . − − −− K(x_0, s_1)_{d2−1,q} . . K(x_0, s_N )_{d2−1,q}

, ⃗f_q =

⃗0 − − −− . . − − −− ⃗0 − − −−_1 x_0−s_1 . ._1 x_0−s_N − − −− ⃗0 − − −− ⃗0 − − −− u_{q,1} (x_0−s_1)^2 . ._{uq,N} (x_0−s_N )^2

, ⃗f_{d2−1} = T N t̃_{d2}

⃗0 − − −− . . − − −− ⃗0 − − −−_1 (x_0−s_1)^2 . ._1

(x_0−s_N )^2

(7.21) where the^1_{x0−si} in ⃗f_q are in position Nq + i. (Note that ⃗f_{d2−1} does not have these terms).

M = −B^t Id 0 . . . 0 0 −B^t Id 0 . . ... . .. . . . . 0 . . . −B^t Id B_0 B_1 . . . B_{d2−2} B_{d2−1}

(7.22)

where all the matrices B_k, Id and 0 are symmetric matrices of size N × N given by:

B_0 = T N

(B_0)_{1,1}^{u0,1+u0,2}

(s_1−s_2)^2 . . . u_{0,1}+u_{0,N} (s_1−s_N )^2 u_{0,1}+u_{0,2} (s_1−s_2)^2

.. . ... . . . .. .^{u0,N−1 +u0,N} (s_{N−1}−s_N )^2 u_{0,N} +u_{0,1} (s_N −s_1)^2 . . . u_{0,N} +u_{0,N−1} (s_N −s_{N−1})^2 (B0)N,N

(7.23)

with (B_0)_{i,i} = −^N_T V^{′′}_1 (s_i)u_{0,i} − ∑ j≠1 u_{0,i}+u_{0,j} (s_i−s_j )^2 + 1.

And ∀k > 0:

B_k = (B_k)_{1,1}^T_N^{uk,1+uk,2} (s_1−s_2)^2 . . . T N u_{k,1}+u_{k,N} (s_1−s_N )^2 T N u_{k,1}+u_{k,2} (s_1−s_2)^2

... . . . .. . ...^T_N^{uk,N−1+uk,N}_{(sN−1−sN )2} T N u_{k,N} +u_{k,1} (s_N −s_1)^2 . . . T N u_{k,N} +u_{k,N−1} (s_N −s_{N−1})^2 (Bk)N,N (7.24)

with (B_k)_{i,i} = −V^{′′}_1 (s_i)u_{k,i} −^T_N ∑ j≠i u_{k,i}+u_{k,j} (s_i−s_j )^2 .

If we define

C_k = d_2−1∑

j=k B_jB^{tj−k} we have

M^{−1} =

0 0 . . . 0 Id ... . . B^t Id ... . . B^{t2} B^t Id ... . . . . ... ... . .. . . B^{td2−2} . . . B^{t2} B^t Id 0

− Id B^t B^{t2} . . B^{td2−1} C^{−1}_0 ( C_1 C_2 . . . C_{d2−1} Id )

(7.25) That gives if q < d_2 − 1:

K_{p,q}(x_0, s_i) = ∑ j θ(p > q) ((B^t)^{p−q−1})_{i,j} 1 x_0 − s_j

− ∑ j (B^{tp}C^{−1}_0 C_q)_{i,j} 1 x_0 − s_j − ∑ j (B^{tp}C^{−1}_0 )_{i,j} u_{q,j} (x_0 − s_j)^2

(7.26)

where θ(p > q) is the heavyside function, equal to 1 if p > q and 0 otherwise. And when q = d_2 − 1:

K_{p,d2−1}(x_0, s_i) = − T N t̃_{d2} ∑ j (B^{tp}C^{−1}_0 )_{i,j} 1 (x_0 − s_j)^2

(7.27)

Eventually the higher derivatives in x of K(x_0, x) evaluated at x = s_i are obtained recursively with formulas (B.30), (B.32), (B.33), (B.39) and (B.40) derived in details in appendix. Note also that to complete these formulas, we need to prove that the system of equations is consistent. This involves a special identity which is proved in appendix C. As a conclusion, we have obtained here a recursion to compute all correlations functions U^{(g)}n (x, y; ⃗x). This corresponds to a generalization of the topological recursion [40,48] for the arbitrary-β two-matrix model studied here. Moreover, when d_2 = 2, one can recover the case of the arbitrary-β one-matrix model developped in [46].

7.6 Leading free energy

We clearly have from the saddle-point approximation method, that

f_0 = − T N S. (7.28)

where the Yang–Yang action S

S = tr V_1(S) + tr V_2(S̃) − tr (SAS̃A^{−1}) − T N ln(Δ(S)) − T N ln(Δ(S̃)) + T N ln det(A) − T N ⃗u^t (A⃗e − ⃗e) (7.29) is evaluated at its extremum.

The link (4.8) between the WKB expansion and the standard topological expansion gives F_0( T N ) = f_0(N) = −S (7.30)

7.7 Subleading g = 1

To the first subleading order, our topological recursion gives

⃗U^{(1)}_0 (x_0) = ∑ i Res_{x→si} K^t(x_0, x) ( ⃗U^{(0)}_1 (x; x) − N T ∂_x ⃗U^{(0)}_0 (x) ) (7.31)

and we remind that the d_2 − 1^{th} component of the vector ⃗U^{(1)}_0 (x_0) is the function W^{(1)}_1 (x_0).

In order to perform the computation, we first need to compute ⃗U^{(0)}_1 (x; x), which is also computed by the topological recursion and is worth

⃗U^{(0)}_1 (x_0, ξ) = N T ∑ i Res_{x→si} 1 (x − ξ)^2

K^t(x_0, x) ⃗U^{(0)}_0 (x) (7.32)

i.e.

U^{(0)}_{1,k} (x_0, ξ) = N T d_2−1∑

l=0 N∑ i=1 1 (s_i − ξ)^2

[K(x_0, s_i)]_{l,k} u_{l,i} (7.33)

and we need it at x_0 = ξ i.e.

U^{(0)}_{1,k} (x, x) = N T d_2−1∑

l=0 N∑ i=1 1 (s_i − x)^2

[K(x, s_i)]_{l,k} u_{l,i} (7.34)

Notice that K(x, s_i) may have double poles at x = s_j, and thus U^{(0)}_{1,k} (x, x) may have poles of order up to 4. This implies that ⃗U^{(1)}_0 (x_0) can be expressed in terms of K(x_0, s_i), K^′(x_0, s_i), K^{′′′}(x_0, s_i).

From the WKB approximation, we know that we must have

f_1 = − 1 2 ln det A^{′′}, (7.35)

where A is the action (see (6.2)), which is approximated by the Yang-Yang action S in the limit β → ∞, and H is the Hessian of the Yang–Yang action S, so this leads us to conjecture that f_1 = − 1 2 ln det H. (7.36) We find that:

W^{(1)}_1 (x) = U_{d2−1} t̃_{d2} = − ∑ j [ H^{−1}_{j,j} (x_0 − s_j)^3 + B_j (x_0 − s_j)^2 ]

(7.37)

where we could explicitly verify the lack of a simple pole term. The coefficients B_j are given by:

B_j = ∑ k Z^{−1}_{j,k} [ − 1 2 ∑ u,v d^2[V^′_2 (B)] ds_uds_v H_{u,v} + ∑ i V^′_1 (s_i)V_{k,i} − ∑ i,n B_{k,i}V_{i,n}

+ d_2∑

p=1 ∑ q,n,m [B^{p−1}]_{k,q}Q^m_{q,n} dΦ_{m,p−1} dV^′_1 (s_n) ]

+2 ∑ i,j≠i,r t̃_{d2} Z −1 j,r [B^{d2−1}]_{r,i} (7.38)

The technical details (and the definitions of quantities involved in the last formula) of this computation can be found in appendix E with other possible expressions for B_j given in (E.68) or (E.68).

7.8 Example

As an example, we present explicit computations of the method in the case when N = 1 in appendix (D). In particular in this case we are able to determine W^{(1)}_1 (x) explicitly and to compute the corresponding F_1. In particular we show in this case that it satisfies the equation: f_1 = − 1 2 ln det H (7.39)

7.9 WKB computation

The WKB approximation, consists in expanding the integrand in the vicinity of a saddle point. To leading order, one gets a Gaussian integral, and corrections, are moments of the Gaussian integral, and they are computed by Wick’s theorem. In principle, one can write: Z = ∫ dX dY e^{− 1g2}s^{A[X,Y ]} (7.40)

and expand:

X = X̄ + g_s X , Y = Ȳ + g_s Y (7.41)

and expand A[X, Y ] = A[X̄, Ȳ ] + 1 2 g^2_s A^{′′}[X , Y] + g^3_s δA[X , Y] (7.42)

where the Hessian A^{′′} is the quadratic form of second derivatives of lim_{gs→0}A, and δA can be computed by its Taylor expansion in g_s.

We thus get Z = ∫ dX dY e^{− 1g2}s^{A[X,Y ]} ∼ e^{− 1g2}s^{A[X̄,Ȳ ]} √ det A^{′′} ∫ dX dY e^{− 1}2^{A′′[X ,Y]} e^{−gs δA[X ,Y]} ∫ dX dY e^{− 1}2^{A′′[X ,Y]} (7.43)

i.e. we recover f_0 = − lim_{β→∞} A[X̄, Ȳ ] (7.44) and f_1 = − lim_{β→∞} 1 2 det A^{′′}, (7.45)

and in principle, a standard WKB approximation using Wick’s theorem, should allow one to find f_2, f_3, . . . explicitly. Then, W^{(g)}n can be recovered by applying^d_{dV1} repeatedly. However, this is long and tedious, and difficult to do in a systematic way. One of the difficulties, is that one has to compute the large β expansion of I_β(X, Y ), which is not very well known at the present time.

So, our loop equation method is an alternative to WKB, it can be performed in a systematic way, and gives all orders in the g_s expansion. Also, notice that Wick’s theorem gives an expansion of Z in powers of g_s, whereas our method gives directly the expansion of ln Z.

8 Conclusion

We have presented here the loop equations of the two-matrix arbitrary-β matrix models and a recursive way to solve them for a specific polynomial Bethe ansatz. This work is a generalization of the arbitrary-β one matrix model with the same kind of ansatz as developed in [46]. This work is also part of the “quantum algebraic geometry” project started for the one-matrix model in [18,19,46]. In particular, we have proved that in the two-matrix arbitrary-β matrix model, we find a “quantum curve” (5.15) of arbitrary degree. For now we have only solved this model under the assumption of a polynomial ansatz for the solution corresponding to a specific limit of the model (N and T fixed while g_s → 0 (i.e. β → ∞)). However, we expect the notions developed in [18, 19] to generalize well for the two-matrix arbitrary-β matrix model as it has been the case here. This future work considering generic solutions of the “quantum curve” (5.15) is under progress at the moment. Then one may wonder if properties of integrability and of spectral invariants [8, 20, 48] known for the hermitian case can be generalized in the arbitrary-β case.

Acknowledgements

We would like to thank Gaëtan Borot, Leonid Chekhov and Nicolas Orantin for useful discussions and correspondences. The work of B. E. is partly supported by the ANR project GranMa “Grandes Matrices Aléatoires” ANR-08-BLAN-0311-01, by the European Science Foundation through the Misgam program, by the Quebec government with the FQRNT, and the CERN. The work of O. M. is supported by MS081 start-up grant offered by the University of Alberta and the government of Canada.

A Hessian matrix of the Yang–Yang function

Using the notation of the paragraph regarding the variational approach and using (6.30), we have: ∀j ≠ i : ( ∂^2S ∂s_i∂s_j ) |extr = − T N 1 (s_i − s_j)^2

(A.1)

∀1 ≤ i ≤ N : ( ∂^2S ∂s_i∂s_i ) |extr

= V^{′′}_1 (s_i) + T N ∑ j≠i 1 (s_i − s_j)^2

(A.2)

∀1 ≤ i, j ≤ N : ( ∂^2S ∂s_i∂s̃_j ) |extr

= A_{i,j}(A^{−1})_{j,i} (A.3)

∀1 ≤ i, j ≤ N : ( ∂^2S ∂s_i∂u_j ) |extr

= 0 (A.4)

∀1 ≤ i, r, s ≤ N : ( ∂^2S ∂s_i∂A_{r,s} ) |extr = δ_{r,i}s̃_s(A^{−1})_{s,i} − N∑ p=1 A_{i,p}s̃_p(A^{−1})_{p,r}(A^{−1})_{s,i}

= δ_{r,i}s̃_s(A^{−1})_{s,i} − N∑ p=1 B_{i,r}(A^{−1})_{s,i} (A.5)

Where we have used here: ∂(A^{−1})_{p,q} ∂A_{r,s} = −(A^{−1})_{p,r}(A^{−1})_{s,q} (A.6)

We can do the same kind of computation starting from (6.31): ∀j ≠ i : ( ∂^2S ∂s̃_i∂s̃_j ) |extr = − T N 1 (s̃_i − s̃_j)^2

(A.7)

∀1 ≤ i ≤ N : ( ∂^2S ∂s̃_i∂s̃_i ) |extr

= V^{′′}_2 (s̃_i) + T N ∑ j≠i 1 (s̃_i − s̃_j)^2

(A.8)

∀1 ≤ i, j ≤ N : ( ∂^2S ∂s̃_i∂u_j ) |extr

= 0 (A.9)

∀1 ≤ i, r, s ≤ N : ( ∂^2S ∂s̃_i∂A_{r,s} ) |extr = δ_{s,i}s̃_r(A^{−1})_{i,r} − N∑ p=1 A_{p,i}s̃_p(A^{−1})_{s,p}(A^{−1})_{i,r}

= δ_{s,i}s̃_r(A^{−1})_{i,r} − N∑ p=1 B̃_{s,i}(A^{−1})_{i,r} (A.10)

The computation relatively to u is easy: ∀1 ≤ i, r, s ≤ N : ( ∂^2S ∂u_i∂A_{r,s} ) |extr = − T N δ_{r,i} (A.11)

∀1 ≤ i, j ≤ N : ( ∂^2S ∂u_i∂s_j ) |extr = ( ∂^2S ∂u_i∂s̃_j ) |extr = ( ∂^2S ∂u_i∂u_j ) |extr

= 0 (A.12)

Eventually the most technical one is the double derivative relatively to A: ∀ 1 ≤ a, b, r, s ≤ N : ( ∂^2S ∂A_{a,b}∂A_{r,s} ) |extr = −(A^{−1})_{s,a} − (A^{−1})_{s,a} ( S̃A^{−1}S ) b,r −(A^{−1})_{b,r} ( A^{−1}SB ) s,a (A.13)

Eventually the shape of the matrix looks like:

H = G_{N×N} X_{N×N} Y_{N×N} 2 0_{N×N} X^t G̃_{N×N} Z_{N×N} 2 0_{N×N} Y^t Z^t T_N 2_{×N} 2 I_N 2_{×N} 0_{N×N} 0_{N×N} I^t 0_{N×N} (A.14)

Where the matrix G is given by:

G_{i,i} = V^′_1 (s_i) + T N ∑ j≠i 1 (s_i − s_j )^2 G_{i,j} = − T N(s_i − s_j)^2

(A.15)

and the matrix G̃ is its dual: G̃_{i,i} = V^′_2 (s̃_i) + T N ∑ j≠i 1 (s̃_i − s̃_j )^2 G̃_{i,j} = − T N(s̃_i − s̃_j)^2

(A.16)

The matrix I_N 2_{×N} is is a N^2 × N matrix with N times −^T_N in each column and zeros elsewhere. If we sort the A_{r,s}’s in the following way: (A_{1,1}, . . . , A_{1,N} , . . . , A_{2,1}, . . . A_{2,N} , . . . , A_{N,N} ) then the matrix looks like:

I_N 2_{×N} = − T N

⃗e ⃗0 . . . . . . ⃗0 ⃗0 ⃗e ⃗0 ... ⃗0 . . . .. . . . . .. . ⃗e ⃗0 ⃗0 . . . ⃗0 ⃗e (A.17)

The other matrices X, Y and Z are expressed by the previous computations, but since they do not have a compact or interesting form we do not mention them here.

B Finding kernels K(x_0, x) and G(x_0, x)

B.1 Decomposition of the matrix D^t(x)

Before presenting the way to find the kernels K(x_0, x) and G(x_0, x), we need to introduce some notations. First, since D^t(x) is going to play an important role, we decompose it in the following way:

D^t(x) = −Y (x)Id + Λ + 1 t̃_{d2} ⃗r ⃗U^t(x) (B.1) where we have defined the vectors and matrices of dimension d_2 by:

⃗r = 0 0 . . 0 1 , ⃗U = U^{(0)}_{0,0} (x) U^{(0)}_{0,1} (x) . . U^{(0)}_{0,d2−2}(x) U^{(0)}_{0,d2−1}(x)

, Λ =

0 1 . . . 0 . . . .. .. . . . .. . 1 0 . . . 0 (B.2)

Note here that all the matrices defined here are already known since they only involve leading order quantities determined earlier. In particular we have:

Y (x) = V^′_1 (x) − T N N∑ i=1 1 x − s_i (B.3)

and:

U^{(0)}_{0,d2} (x) = −t̃_{d2} , U^{(0)}_{0,d2−1}(x) = t̃_{d2} (V^′_1 (x)−Y (x))−t̃_{d2 −1} , U^{(0)}_{0,k} (x) = N∑ i=1 u_{k,i} x − s_i −t̃_k +δ_{k,0}x (B.4) where the coefficients u_{k,i} are known and satisfy (6.13). In the following equations, we will also need to write down a series expansion of ⃗U around x = s_i. Therefore, it is natural to introduce the following vectors:

⃗w_i = 1 t̃_{d2} u_{0,i} . . u_{d2−1,i} , ⃗Vi = 1 t̃_{d2}

∑ j≠i u_{0,j} s_i−s_j − t̃0 + si ∑ j≠i u_{1,j} s_i−s_j − t̃1 . . ∑ j≠i u_{d2−1,j} s_i−s_j − t̃d^2−1 (B.5)

⃗V^1_i = 1 t̃_{d2}

− ∑ j≠i u_{0,j} (s_i−s_j )^2 + 1 − ∑ j≠i u_{1,j} (s_i−s_j )^2 . . − ∑ j≠i u_{d2−1,j} (s_i−s_j )^2

, ⃗V^2_i = 1 t̃_{d2}

∑ j≠i u_{0,j} (s_i−s_j )^3 ∑ j≠i u_{1,j} (s_i−s_j )^3 . . ∑ j≠i u_{d2−1,j} (s_i−s_j )^3

(B.6)

which correspond to the first terms of the expansion: t̃_{d2} ⃗U = ⃗w^i x − s_i + ⃗V_i + ⃗V^1_i (x − s_i) + ⃗V^2_i (x − s_i)^2 + O (x − s_i)^3 (B.7)

Remember that u_{d2−1,i} =^T_N t̃_{d2} so that we have the following important relations:

⃗r^t ⃗w_i = T N Id , ⃗w_i^t⃗r = T N Id (B.8)

B.2 Solving the system: Finding G(x_0, x) and K(x_0, x)

In order to apply our scheme of recursion we do not need to compute explicitly K(x_0, x) but only to be able to determine K(x_0, s_i), K^′(x_0, s_i) and so on (where a prime means a derivative relatively to the second variable: K^′(x_0, x) = ∂_xK(x_0, x)). Indeed, if we know this quantities then we can compute all the residues we need in our scheme and invert the differential system. This is reassuring since it was clear that K(x_0, x) was not uniquely defined since it is a solution of a differential equation. We will first determine the kernel G(x, x_0) by computing the matrices A_i(x_0) presented in (7.13). Note that in order to have simpler expressions, we will label the components of the matrices K(x_0, x) and G(x_0, x) from 0 to d_2 − 1 instead of the standard 1 to d_2.

The strategy is the following: we will identify the coefficients of order (x − s_i)^k in equation (7.12).

Terms in (x − s_i)^{−1}:

A straightforward computation gives:

A_i(x_0) = ( T N + ⃗r ⃗w_i^t ) K(x_0, s_i) (B.9)

Multiplying on the left by ⃗w_i^t and using (B.8) we find that: 2 T N ⃗w_i^tK(x_0, s_i) = ⃗w_i^tA_i(x_0) (B.10)

so that: T N K(x_0, s_i) = ( 1 − N 2T ⃗r ⃗w_i^t ) A_i(x_0) (B.11) Therefore, we see that the knowledge of K(x_0, s_i) is completely equivalent to the knowledge of A_i(x_0). In terms of components we see that only the last line is special:

∀q ≤ d_2 , ∀p < d_2 − 1 : (A_i(x_0))_{p,q} = T N (K(x_0, s_i))_{p,q} (B.12)

∀q ≤ d_2 : (A_i(x_0))_{d2−1,q} = 2T N (K(x_0, s_i))_{d2−1,q} + 1 t̃_{d2} d_2−2∑

k=0 u_{k,i} (K(x_0, s_i))_{k,q} (B.13)

We need to go to the next order in order to determine K(x_0, s_i) or equivalently A_i(x_0):

Terms in (x − s_i)^0:

Looking at the constant coefficient of the expansion gives: ( Λ − V^′_1 (s_i) + T N ∑ j≠i 1 s_i − s_j + ⃗r ⃗V_i^t ) K(x_0, s_i) +⃗r ⃗w_i^tK^′(x_0, s_i) = Id x_0 − s_i + ∑ j≠i A_j (x_0) s_i − s_j (B.14)

Terms in (x − s_i)^1: ( −V^′_1 (s_i) + ∑ j≠i T N(s_i − s_j) + Λ + ⃗r ⃗V_i^t ) K^′(x_0, s_i)

+ ( −V^{′′}_1 (s_i) − ∑ j≠i T N(s_i − s_j )^2 + ⃗r⃗V^{1 t}_i ) K(x_0, s_i) − T 2N K^{′′}(x_0, s_i) + ⃗r ⃗w_i^t K^{′′}(x_0, s_i) 2 = Id (x_0 − s_i)^2 − ∑ j≠i A_j (x_0) (s_i − s_j )^2

(B.15)

We see that the first equation gives can determine the first lines of K(x_0, s_i) as soon as we know the last line of K(x_0, s_i). In the last equation, we see that we can get rid of the second derivatives by multiplying on the left by ⃗r ⃗w^t_i and using ⃗w^t_i⃗r =^T_N . It gives: ⃗r ⃗w^t_i ( −V^′_1 (s_i) + ∑ j≠i T N(s_i − s_j ) + Λ ) K^′(x_0, s_i) + T N ⃗r ⃗V_i^tK^′(x_0, s_i)

+⃗r ⃗w^t_i ( −V^{′′}_1 (s_i) − ∑ j≠i T N(s_i − s_j)^2 ) K(x_0, s_i) + T N ⃗r⃗V^{1 t}_i K(x_0, s_i) = ⃗r ⃗w^t_i (x_0 − s_i)^2 − ∑ j≠i ⃗r ⃗w^t_i A_j (x_0) (s_i − s_j )^2

(B.16)

The last equation is only interesting on the last line, because all other lines trivially give zero (because we multiply on the left by ⃗r). Now we note the following identity for the component (d_2 − 1, q): ( ⃗r ⃗w^t_i ( −V^′_1 (s_i) + ∑ j≠i T N(s_i − s_j) + Λ ) K^′(x_0, s_i) + T N ⃗r ⃗V_i^tK^′(x_0, s_i) ) d_2−1,q = ( −V^′_1 (s_i) + ∑ j≠i T N(s_i − s_j) )_{d2−1} ∑ k=0 u_{k,i} t̃_{d2} K^′(x^0, s^i)^{k,q} + d_2−1∑

k=1 u_{k−1,i} t̃_{d2} K^′(x^0, s^i)^{k,q} + T Nt̃_{d2} d_2−1∑

k=0 ( ∑ j≠i u_{k,j} s_i − s_j − t̃_k + s_iδ_{k,0} ) K^′(x_0, s_i)_{k,q}

= 1 t̃_{d2} d_2−1∑

k=0 ( u_{k−1,i} − V^′_1 (s_i)u_{k,i} + T N ∑ j≠i u_{k,i} + u_{k,j} s_i − s_j + T N (−t̃_k + s_iδ_{k,0}) ) K^′(x_0, s_i)_{k,q} = 0 (B.17)

Where we have used the relation for the u_{k,i}’s (6.8). Therefore, we can simplify (B.16) into a much simpler way: ⃗r ⃗w^t_i ( −V^{′′}_1 (s_i) − ∑ j≠i T N(s_i − s_j)^2 ) K(x_0, s_i) + T N ⃗r⃗V^{1 t}_i K(x_0, s_i)

= ⃗r ⃗w^t_i (x_0 − s_i)^2 − ∑ j≠i ⃗r ⃗w^t_i A_j (x_0) (s_i − s_j)^2

(B.18)

This time, we see that all the derivatives K^′(x_0, s_i) have vanished. Observe that we can replace A_j(x_0) by some K(x_0, s_i)’s using (B.9). ⃗r ⃗w^t_i ( −V^{′′}_1 (s_i) − ∑ j≠i T N(s_i − s_j)^2 ) K(x_0, s_i) + T N ⃗r⃗V^{1 t}_i K(x_0, s_i) = ⃗r ⃗w^t_i (x_0 − s_i)^2 − T N ∑ j≠i (⃗r ⃗w^t_i + ⃗r ⃗w^t_j)K(x_0, s_j) (s_i − s_j)^2

(B.19)

Taking the component (d_2 − 1, q) of the last equation we have: d_2−1∑

k=0 ( −V^{′′}_1 (s_i)u_{k,i} − T N ∑ j≠i u_{k,i} + u_{k,j} (s_i − s_j )^2 + T N δ_{k,0} ) K(x_0, s_i)_{k,q}

= u_{q,i} (x_0 − s_i)^2 − T N d_2−1∑

k=0 ∑ j≠i (u_{k,i} + u_{k,j})K(x_0, s_j )_{k,q} (s_i − s_j)^2

(B.20)

Remember that from (B.14) we have some recursion for the other lines. ∀p < d_2 − 1 : ( −V^′_1 (s_i) + T N ∑ j≠i 1 s_i − s_j ) K(x_0, s_i)_{p,q} + K(x_0, s_i)_{p+1,q} − T N ∑ j≠i K(x_0, s_j)_{p,q} s_i − s_j = δ_{p,q} x_0 − s_i

(B.21)

Therefore, we can group (B.20) and (B.21) into a matrix form. Let’s introduce the following vectors:

⃗K_q =

K(x_0, s_1)_{0,q} . . K(x_0, s_N )_{0,q} − − −− K(x_0, s_1)_{1,q} , K(x_0, s_N )_{1,q} − − −− . . − − −− K(x_0, s_1)_{d2−1,q} . . K(x_0, s_N )_{d2−1,q}

, ⃗f_q =

⃗0 − − −− . . − − −− ⃗0 − − −−_1 x_0−s_1 . ._1 x_0−s_N − − −− ⃗0 − − −− ⃗0 − − −− u_{q,1} (x_0−s_1)^2 . ._{uq,N} (x_0−s_N )^2

, ⃗f_{d2−1} = T N t̃_{d2}

⃗0 − − −− . . − − −− ⃗0 − − −−_1 (x_0−s_1)^2 . ._1

(x_0−s_N )^2

(B.22) where the^1_{x0−si} are in position Nq + i. (Note that ⃗f_{d2−1} does not have these terms).

M = −B^t Id 0 . . . 0 0 −B^t Id 0 . . ... . .. . . . . 0 . . . −B^t Id B_0 B_1 . . . B_{d2−2} B_{d2−1}

(B.23)

where all the matrices B_k, Id and 0 are symmetric matrices of size N × N given by:

B_0 = T N

(B_0)_{1,1}^{u0,1+u0,2}

(s_1−s_2)^2 . . . u_{0,1}+u_{0,N} (s_1−s_N )^2 u_{0,1}+u_{0,2} (s_1−s_2)^2

.. . ... . . . .. .^{u0,N−1 +u0,N} (s_{N−1}−s_N )^2 u_{0,N} +u_{0,1} (s_N −s_1)^2 . . . u_{0,N} +u_{0,N−1} (s_N −s_{N−1})^2 (B0)N,N

(B.24)

with (B_0)_{i,i} = −^N_T V^{′′}_1 (s_i)u_{0,i} − ∑ j≠1 u_{0,i}+u_{0,j} (s_i−s_j )^2 + 1.

And ∀k > 0:

B_k = (B_k)_{1,1}^T_N^{uk,1+uk,2} (s_1−s_2)^2 . . . T N u_{k,1}+u_{k,N} (s_1−s_N )^2 T N u_{k,1}+u_{k,2} (s_1−s_2)^2

.. . . . . . .. .. .^T_N^{uk,N−1+uk,N}_{(sN−1−sN )2} T N u_{k,N} +u_{k,1} (s_N −s_1)^2 . . . T N u_{k,N} +u_{k,N−1} (s_N −s_{N−1})^2 (Bk)N,N (B.25)

with (B_k)_{i,i} = −V^{′′}_1 (s_i)u_{k,i} −^T_N ∑ j≠i u_{k,i}+u_{k,j} (s_i−s_j )^2

Then, we can rewrite the equations (B.20) and (B.21) into the nice matrix form:

∀ 0 ≤ q ≤ d_2 − 1 : M ⃗K_q = ⃗f_q (B.26)

Hence, by a simple matrix inversion, we can find all the K(x_0, s_i) and then using (B.9) find the kernel G(x_0, x). Note in particular that the last column of K(x_0, s_i) and hence G(x_0, x) only have terms in^1_{(x0−si)2} . In particular, if we define the “Bergmann kernel” B(x_0, x) = −^1_2 ∂_xG(x_0, x), we observe that it is a symmetric function. Eventually, note that in the case d_2 = 2 (i.e. the one-matrix model) we recover the results of the one-matrix model as described in [46] since we have a scalar problem corresponding to the component (d_2 − 1, d_2 − 1) of our problem.

B.3 Computation/choice of K^′(x_0, s_i) and K^{′′}(x_0, s_i)

Now that the K(x_0, s_i)’s and the kernel G(x_0, x) have been determined, the next step is to find the higher derivatives K^′(x_0, s_i), K^{′′}(x_0, s_i), . . . in order to be able to apply the residue formula (7.15). Unfortunately, since K(x_0, x) is defined as as solution of a differential equation, it is not determined uniquely. For instance we can write the loop equation projected at orders (x − s_i)^0, (x − s_i)^1 and (x − s_i)^2. Using notations (B.5) we find:

order 0: ( Λ − V^′_1 (s_i) + T N ∑ j≠i 1 s_i − s_j + ⃗r ⃗V_i^t ) K(x_0, s_i) +⃗r ⃗w_i^tK^′(x_0, s_i) = Id x_0 − s_i + ∑ j≠i A_j (x_0) s_i − s_j (B.27)

order 1: ( −V^′_1 (s_i) + ∑ j≠i T N(s_i − s_j) + Λ + ⃗r ⃗V_i^t ) K^′(x_0, s_i)

+ ( −V^{′′}_1 (s_i) − ∑ j≠i T N(s_i − s_j )^2 + ⃗r⃗V^{1 t}_i ) K(x_0, s_i) − T 2N K^{′′}(x_0, s_i) + ⃗r ⃗w_i^t K^{′′}(x_0, s_i) 2 = Id (x_0 − s_i)^2 − ∑ j≠i A_j (x_0) (s_i − s_j )^2

(B.28)

order 2: ( −V^′_1 (s_i) + ∑ j≠i T N(s_i − s_j ) + Λ + ⃗r ⃗V_i^t ) K^{′′}(x_0, s_i) 2 + ( −V^{′′}_1 (s_i) − ∑ j≠i T N(s_i − s_j)^2 + ⃗r⃗V^{1 t}_i ) K^′(x_0, s_i)

+ ( − V^{′′′}_1 (s_i) 2 + ∑ j≠i T N(s_i − s_j )^3 + ⃗r⃗V^{2 t}_i ) K(x_0, s_i) − T 3N K^{′′′}(x_0, s_i) + ⃗r ⃗w_i^t K^{′′′}(x_0, s_i) 6 = Id (x_0 − s_i)^3 + ∑ j≠i A_j (x_0) (s_i − s_j)^3

(B.29)

Remember that if we multiply on the left by ⃗r ⃗w^t_i we kill the terms ( −V^′_1 (s_i) + ∑ j≠i T N(s_i−s_j ) + Λ + ⃗r ⃗V_i^t ) . We clearly see that now that the K(x_0, s_i)’s are

known, we have some arbitrariness in solving this set of equations. Moreover, it is not obvious that this set of equations is compatible with our determination of K^′(x_0, s_i)’s in the last section. Fortunately, we prove in appendix C that this is the case. For our residue scheme, we can choose whatever kernel K(x_0, x) we want providing that it satisfies the assumption described earlier. Here we will choose it so that:

∀ p < d_2 − 1 , ∀ q, i : K^′(x_0, s_i)_{p,q} = 0 , ∀ q, i : K^{′′}(x_0, s_i)_{d2−1,q} = 0 (B.30)

We claim that this assumption is compatible with our previous set of equations. Indeed, since the matrices K^′(x_0, s_i) have vanishing d_2 − 2 first lines, we can extract from (B.27), the missing components: T N K^′(x_0, s_i) = ∑ j≠i A_j(x_0)_{d2−1,q} s_i − s_j + ( V^′_1 (s_i) − ∑ j≠i T N(s_i − s_j) ) K(x_0, s_i)_{d2−1,q}

+ δ_{q,d2−1} x_0 − s_i + d_2−1∑

k=0 ( ∑ j≠i u_{k,j} s_i − s_j − t̃_k + δ_{k,0}s_i ) K(x_0, s_i)_{k,q} = δ_{q,d2−1} x_0 − s_i

+ V^′_1 (s_i)K(x_0, s_i)_{d2−1,q} − T N ∑ j≠i K(x_0, s_i)_{d2−1,q} − K(x_0, s_i)_{d2−1,q} s_i − s_j + d_2−1∑

k=0 ( ∑ j≠i u_{k,j} s_i − s_j (K(x_0, s_i)_{k,q} − K(x_0, s_j)_{k,q}) + (−t̃_k + δ_{k,0}s_i)K(x_0, s_i)_{k,q} )

(B.31)

This expression is also equivalent to the following (multiply (B.27) on the left by ⃗r ⃗w^t_i and use (B.17) to get rid of K(x_0, s_i)): (_T N )_2 K^′(x_0, s_i)_{d2−1,q} =^{uq,i}_{t̃d2 (x0−si)} +^{d2−1} ∑ k=0 ∑ j≠i u_{k,i}A_j (x_0)_{k,q} t̃_{d2} (s_i−s_j ) =^{uq,i} t̃_{d2} (x_0−s_i) + T N d_2−1∑ k=0 ∑ j≠i (u_{k,i}+u_{k,j} )K(x_0,s_j )_{k,q} t̃_{d2} (s_i−s_j )

(B.32)

Then we can compute the first lines of K^{′′}(x_0, s_i) using (B.28): ∀p < d_2 − 1 : T 2N K^{′′}(x_0, s_i)_{p,q} = δ_{p,d2−2}K^′(x_0, s_i)_{d2−1,q} − ( V^{′′}_1 (s_i) + ∑ j≠i T N(s_i−s_j )^2 ) K(x_0, s_i)_{p,q} −^{δp,q}_{(x0−si)2} + ∑ j≠i A_j (x_0)_{p,q} (s_i−s_j )^2 = δ_{p,d2−2}K^′(x_0, s_i)_{d2−1,q} − V^{′′}_1 (s_i)K(x_0, s_i)_{p,q} −^{δp,q}_{(x0−si)2} −^T_N ∑ j≠i K(x_0,s_i)_{p,q} −K(x_0,s_j )_{p,q} (s_i−s_j )^2

(B.33) where the r.h.s. is known. We see also that in (B.28), the last line of K^{′′}(x_0, s_i) vanishes identically so it cannot be determined and we can choose it to be zero to simplify the computations. These degree of freedom were also present in the one-matrix model [46] where K^{′′}(x_0, s_i) (which was scalar) remained unknown. Moreover, if we count the degrees of freedom, we see that we have exactly d_2^2 unknowns in the determination of K(x_0, x) which corresponds to a unknown matrix of size d_2 × d_2 as expected for a linear differential equation of the form (7.12).

B.4 Recursion to determine K^{(n)}(x_0, s_i)

Now that we have the matrices K(x_0, s_i), K^′(x_0, s_i) and K^{′′}(x_0, s_i), we can perform a recursion to get the higher derivatives. To obtain them, one needs to look at the terms of the expansion of order (x − s_i)^n. The main problem here is not conceptual, but rather notational. We introduce the following expansions:

Y (x) = T N(x − s_i) + ∞∑ p=0 ( V^{(p+1)}

1 (s_i) p! − ∑ j≠i T (−1)^p N(s_i − s_j )^{p+1} ) (x − s_i)^p := ∞∑ p=−1 Y_{(x−si)}p (x − s_i)^p (B.34)

From the definition of U^{(0)}_{0,k} (x) =^N ∑ i=1 u_{ki} x−s_i − t̃k + δk,0x we have also:

U^{(0)}_{0,k} (x) = u_{ki} x − s_i + ( ∑ j≠i u_{kj} s_i − s_j − t̃_k + δ_{k,0}s_i ) + ( ∑ j≠i −u_{kj} (s_i − s_j )^2 + δ_{k,0} ) (x − s_i)

+ ∞∑ p=2 ( ∑ j≠i (−1)^pu_{kj} (s_i − s_j )^{p+1} ) (x − s_i)^p := ∞∑ p=−1 U^{(0)}_{0,k,(x−si)p} (x − s_i)^p (B.35)

We can regroup them into the following vectors:

⃗U_{(x−si)p} = U^{(0)}_{0,0,(x−si)p} U^{(0)}_{1,0,(x−si)p} . . U^{(0)}_{d2−1,0,(x−si)p} (B.36)

Note for example that we have in the former notations ⃗w_i = ⃗U_{(x−si)}−1 , ⃗V_i = ⃗U_{(x−si)}0 , ⃗V 1_i = ⃗U_{(x−si)1} ,...

We will also need an expansion in (x − s_i)^p of the x → G(x_0, x) function:

G(x_0, x) =

A_i(x_0) x − s_i + ∞∑ p=0 ( Id (x_0 − s_i)^{p+1} + ∑ j≠i (−1)^pA_j(x_0) (s_i − s_j)^{p+1} ) (x − s_i)^p := ∞∑ p=−1 G_{(x−si)}p (x_0)(x − s_i)^p (B.37)

Now it is easy to write the equality of the power n ≥ 1 of the differential equation ( D^t(x) −^T_N ∂_x ) K(x_0, x) = G(x_0, x):

Terms in (x − s_i)^n:

G_{(x−si)}n (x_0) = −n T N K^{(n+1)}(x_0, s_i)

(n + 1)! − n∑ l=0 Y_{(x−si)}n−l K^{(l)}(x_0, s_i) l! + Λ K^{(n)}(x_0, s_i) n!

+⃗r ⃗w_i^t K^{(n+1)}(x_0, s_i) (n + 1)! + 1 t̃_{d2} ⃗r n∑ l=0 ⃗U^t_{(x−si)n−l} K^{(l)}(x^0, s^i) l! (B.38)

We can project this equation on the first d_2 − 1 lines. Any term with a ⃗r does not contribute. We find for p < d_2 − 1: n^T_N^{K(n+1)(x0,si)p,q} (n+1)! = −G(x−s^i)^n (x0)p,q −^n ∑ l=0 Y_{(x−si)}n−l^{K(l)(x0,si)p,q}_{l!} +^{K(n)(x0,si)p+1,q}_{n!} (B.39)

Note that the r.h.s is completely known by recursion since it involves derivatives only up to order n. Then since we know the first lines, we can compute the missing last one by projecting the equation on the last line: (n − 1)^T_N^{K(n+1)(x0,si)d2−1,q} (n+1)! = −G(x−s^i)^n (x0)d^2−1,q −^n ∑ l=0 Y_{(x−si)}n−l^{K(l)(x0,si)d2−1,q}_{l!} +^{d2−2} ∑ k=0 u_{k,i} t̃_{d2} K^{(n+1)}(x_0,s_i)_{k,q} (n+1)!

+^1_{t̃d2}^{d2−1} ∑ k=0 n∑ l=0 ⃗U_{k,(x−si)n−l}^{K(l)(x0,si)k,q}_{l!} (B.40)

Again, we note that the r.h.s. is known by recursion since it involves only derivatives up to order n. Moreover the coefficient (n − 1)^T_N is never zero when n > 1 so that we can compute K^{(n+1)}(x_0, s_i)_{d2−1,q}. Therefore we can determine with both (B.39) and (B.40) all the components of K^{(n+1)}(x_0, s_i) as soon as we know the lower orders. Since we know K(x_0, s_i), K^′(x_0, s_i) and K^{′′}(x_0, s_i) we can compute by recursion every derivative K^{(n)}(x_0, s_i) and thus implement the scheme given by (5.10) to determine all functions U^{(g)}_{0,k} (x) and then by taking the last component of this vector (7.6) the correlation functions W^{(g)}_1 (x).

C Compatibility of the system at order 0

In this appendix, we will show that equations given by the identification of the coefficient (x − s_i)^0 given before do not add any new constraints. Indeed, from the equation (B.14) we get: ( −V^′_1 (s_i) + T N ∑ j≠i 1 s_i − s_j + Λ + ⃗r⃗V_i ) K(x_0, s_i)

+⃗r ⃗w^t_i K^′(x_0, s_i) = Id x_0 − s_i + ∑ j≠i (^T_N + ⃗r ⃗w^t_j)K(x_0, s_j) s_i − s_j (C.1)

A possible worry is that one can eliminate the term K^′(x_0, s_i) in the previous equation by multiplying on the left by ⃗r ⃗w^t_i . Then one can obtain a closed system of equations for the K(x_0, s_i)’s which is different from the one we presented before. We will prove here that this does not happen.

Let’s first project the equation by multiplying on the left by ⃗r ⃗w_i^t. The first term disappear because of the relation (B.17). Therefore we find: T N ⃗r ⃗w_i^tK^′(x_0, s_i) = ⃗r ⃗w_i^t x_0 − s_i + T N ∑ j≠i (⃗r ⃗w_i^t + ⃗r ⃗w_j^t)K(x_0, s_j) s_i − s_j (C.2)

From there we can extract ⃗r ⃗w_i^tK^′(x_0, s_i) and put it back into the first equation. We get a closed relation for the K(x_0, s_i): T N ( −V^′_1 (s_i) + T N ∑ j≠i 1 s_i − s_j + Λ + ⃗r ⃗V_i ) K(x_0, s_i) + ⃗r ⃗w_i^t x_0 − s_i + T N ∑ j≠i (⃗r ⃗w_i^t + ⃗r ⃗w_j^t)K(x_0, s_j) s_i − s_j = T N(x_0 − s_i) + T N ∑ j≠i (^T_N + ⃗r ⃗w_j^t)K(x_0, s_j) s_i − s_j (C.3)

Some simplifications occur and we find: T N ( −V^′_1 (s_i) + T N ∑ j≠i 1 s_i − s_j + Λ + ⃗r ⃗V_i ) K(x_0, s_i) = T N − ⃗r ⃗w_i^t x_0 − s_i + T N ∑ j≠i (^T_N − ⃗r ⃗w_i^t)K(x_0, s_j) s_i − s_j (C.4)

We can project this relation into components. Note that the first d_2 − 2 lines do not give any new information since they are the same as (B.14): ( −V^′_1 (s_i) + T N ∑ j≠i 1 s_i − s_j ) K(x_0, s_i)_{p,q} − T N ∑ j≠i K(x_0, s_j)_{p,q} s_i − s_j +K(x_0, s_i)_{p+1,q} = δ_{p,q} x_0 − s_i (C.5) The projection on the last line is interesting: T N ( −V^′_1 (s_i) + T N ∑ j≠i 1 s_i − s_j ) K(x_0, s_i)_{d2−1,q}

+ T Nt̃_{d2} d_2−1∑

k=0 ( ∑ j≠i u_{k,j} s_i − s_j − t̃_k + δ_{k,0}s_i ) K(x_0, s_i)_{k,q}

= T N δ_{d2−1,q} −^{uq,i}_{t̃d2} x_0 − s_i + T^2 N^2 ∑ j≠i K(x_0, s_j)_{d2−1,q} s_i − s_j − T Nt̃_{d2} d_2−1∑

k=0 ( ∑ j≠i u_{k,i} s_i − s_j ) K(x_0, s_j)_{k,q}

(C.6)

In the last term, the case k = d_2 − 1 cancels the previous one: T N ( −V^′_1 (s_i) + T N ∑ j≠i 1 s_i − s_j ) K(x_0, s_i)_{d2−1,q}

+ T Nt̃_{d2} d_2−1∑

k=0 ( ∑ j≠i u_{k,j} s_i − s_j − t̃_k + δ_{k,0}s_i ) K(x_0, s_i)_{k,q}

= T N δ_{d2−1,q} −^{uq,i}_{t̃d2} x_0 − s_i − T Nt̃_{d2} d_2−2∑

k=0 ( ∑ j≠i u_{k,i} s_i − s_j ) K(x_0, s_j )_{k,q} (C.7)

We can put this system into a matrix d_2N × d_2N form. We introduce:

⃗K_q =

K(x_0, s_1)_{1,q} . . K(x_0, s_N )_{1,q} − − −− K(x_0, s_1)_{2,q} . . K(x_0, s_N )_{2,q} − − −− . . − − −− K(x_0, s_1)_{d2−1,q} . . K(x_0, s_N )_{d2−1,q}

, ⃗g_q =

⃗0 − − −− . . − − −− ⃗0 − − −−_1 x_0−s_1 . ._1 x_0−s_N − − −− ⃗0 − − −− −u_{q,1} t̃_{d2} (x_0−s_1) . ._{−uq,N} t̃_{d2} (x_0−s_N )

, ⃗g_{d2−1} = ⃗0 (C.8)

and

P = −B Id 0 . . . 0 0 −B Id 0 . . . .. ... Id . . 0 . . . −B Id C_0 C_1 . . . C_{d2−2} C_{d2−1}

(C.9)

where all the matrices C_k, Id and 0 are of size N × N given by :

C_k =

(C_k)_{i,i} =^T_{Nt̃d2} ( ∑ j≠i u_{k,j} s_i−s_j − t̃k + δk,0si )

(C_k)_{i,j} =^T_N^{uk,i}_{t̃d2 (si−sj )} (C.10) and a special case for C_{d2−1}:

C_{d2−1} = T N diag(−V^′_1 (s_i) + 2T N ∑ j≠i 1 s_i − s_j − t̃_{d2−1} t̃_{d2} ) (C.11)

Then the two sets of equations are equivalent to the matrix equation: ∀q : P ⃗K_q = ⃗g_q (C.12)

The main problem now is that this system is different from the one we got before and thus the system seems overdetermined. Fortunately, the matrices, M and P and the vectors ⃗f_q and ⃗g_q have the same d_2 − 2 first lines. But the main difference is that ⃗f_q has double poles in x_0 = s_i on the last line whereas ⃗g_q has simple poles. Writing:

PM^{−1} ⃗f_q = ⃗g_q (C.13)

And looking at the last component gives that the two matrix systems are compatible if and only if the last column of PM^{−1} is null. From the form (companion-like) of the matrices we have: It is easy computation to see that the last column can be split in blocks of size m :

M^{−1} = X . . . X M_0 . . . . . . X . . . X M_{d2 −1} (C.14)

where:

M_k = B^k ( B_0 + B_1B + · · · + B_{d2−1}B^{d2−1} )_{−1} (C.15)

so that: Multiplying on the left by P gives that the two systems are compatible if and only if:

C_0 + C_1B + · · · + C_{d2−1}B^{d2−1} = 0 (C.16)

Note that we have also the determinantal identity:

det(M) = det −X Id 0 . . . 0 0 −X Id 0 . . ... . .. Id . . 0 . . . −X Id A_0 A_1 . . . A_{d−1} A_d = (−1)^{Nd}det (_d ∑ i=0 A_iX^i ) (C.17)

valid for every matrices A_i and every matrix X of size N × N.

This condition seems rather completely non trivial from the definition of B and of C_k. But we will show in the following that from the definition of the u_{k,i}’s, the last equation is automatically satisfied. Note then that because of (C.17) we obtain at the same time that P is not invertible and thus only (B.26) gives us the K(x_0, s_i)’s. Let’s now prove that we have always:

C_0 + C_1B + · · · + C_{d2−1}B^{d2−1} = 0 (C.18)

From the definition of the u_{k,i}’s we have: N T d_2−1∑

k=0 u_{k−1,i}(B^k)_{i,j} = N T d_2−2∑

k=0 u_{k,i} ( V^′_1 (s_i) − T N ∑ r≠i 1 s_i − s_r ) (B^k)_{i,j}

+ d_2−2∑

k=0 ∑ r≠i u_{k,i} s_i − s_r (B^k)_{r,j} (C.19)

We obtain then that: (_{d2−2} ∑ k=0 C_kB^k ) i,j = T Nt̃_{d2} d_2−2∑

k=0 ( ∑ r≠i u_{k,r}(B^k)_{i,j} + u_{k,i}(B^k)_{r,j} s_i − s_r − t̃_k(B^k)_{i,j} + s_iδ_{i,j} )

(C.20)

Note then that: ∑ r≠i u_{k,r} s_i − s_r = t̃_k − δ_{k,0}s_i − N T u_{k−1,i} + ( NV^′_1 (s_i) T − ∑ r≠i 1 s_i − s_r ) u_{k,i} so that: (_{d2−2} ∑ k=0 C_kB^k ) i,j = T Nt̃_{d2} d_2−2∑

k=0 [ ( t̃_k − δ_{k,0}s_i + ( NV^′_1 (s_i) T − ∑ r≠i 1 s_i − s_r ) u_{k,i} ) (B^k)_{i,j} − N T u_{k−1,i}(B^k)_{i,j} + u_{k,i} s_i − s_r (B^k)_{r,j} − t̃_k(B^k)_{i,j} + s_iδ_{i,j} ]

= 1 t̃_{d2} u^{d2−2,i}(B^{d2−1})^{i,j} (C.21)

Then we need to add the last term: ( C_{d2−1}B^{d2−1} ) i,j = ( − T N V^′_1 (s_i) +

2T^2 N^2 ∑ j≠i 1 s_i − s_j − T N t̃_{d2−1} t̃_{d2} ) (B^{d2−1})_{i,j} . From the definition of u_{d2−1,2} we have also: u_{d2−2,i} = N∑ k=1 (B^t)_{i,k}u_{d2−1,k} + T N t̃_{d2−1} so that: 1 t̃_{d2} u^{d2−2,i} − T N V^′_1 (s_i) +

2T^2 N^2 ∑ j≠i 1 s_i − s_j − T N t̃_{d2−1} t̃_{d2} = 0 and thus: (_{d2−1} ∑ k=0 C_kB^k ) i,j = ( 1 t̃_{d2} u^{d2−2,i} − T N V^′_1 (s_i) +

T^2 N^2 ∑ j≠i 2 s_i − s_j − T N t̃_{d2−1} t̃_{d2} ) (B^{d2−1})_{i,j} = 0

(C.22) proving that only (B.26) gives the correct formula to determine all the K(x_0, s_i)’s.

D Example: Only one root s

In order to illustrate our algorithm, we present here the case when there is only one root s (we omit the subscript s_1). In this case, almost all the computation can be carried out analytically and in particular we show how to obtain W^{(1)}_1 (x) and F_1 in this context. The results presented here are direct applications of the formula presented in the article. First we have from (6.14):

B = V^′_1 (s) , u_{k,1} = T N d_2−k−1 ∑ p=0 t̃_{k+p+1} (V^′_1 (s))^p (D.1)

Then we have:

U^{(0)}_0 (x, y) = T N(x − s) d_2∑

p=0 p−1∑ q=0 t̃_py^{p−1−q} (V^′_1 (s))^q + x − V^′_2 (y) (D.2)

The action S is given by:

S(s, s̃, A, u) = V_1(s) + V_2(s̃) − ss̃ + T N ln A − T N u(A − 1) (D.3)

The extremum is obtained for u = 1, A = 1, V^′_1 (s) = s̃ and V^′_2 (s̃) = s = V^′_2 (V^′_1 (s)). The Hessian matrix is given by:

H(s, s̃, A, u) = V^{′′}_1 (s) −1 0 0 −1 V^{′′}_2 (s̃) 0 0 0 0 −^T_{NA2} −^T_N 0 0 −^T_N 0

(D.4)

At the extremum it gives:

H_{|extr} =

V^{′′}_1 (s) −1 0 0 −1 V^{′′}_2 (V^′_1 (s)) 0 0 0 0 −^T_N −^T_N 0 0 −^T_N 0

(D.5)

which gives:

H^{−1}(s, s̃, A, u) = V^{′′}_2 (s̃) V^{′′}_2 (s̃)V^{′′}_1 (s)−1 1 V^{′′}_2 (s̃)V^{′′}_1 (s)−1 0 0 1 V^{′′}_2 (s̃)V^{′′}_1 (s)−1

V^{′′}_1 (s) V^{′′}_2 (s̃)V^{′′}_1 (s)−1 0 0

0 0 0 −^N_T 0 0 −^N_T^N_{T A2}

(D.6) so that at the extremum we get:

H^{−1}_{|extr} =

V^{′′}_2 (V^′_1 (s)) V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s)−1 1 V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s)−1 0 0 1 V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s)−1

V^{′′}_1 (s) V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s)−1 0 0

0 0 0 −^N_T 0 0 −^N_T^N_T

(D.7)

Hence we have with (6.45): ∂s ∂V_1(x) = V^{′′}_2 (V^′_1 (s)) (V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s) − 1) (x − s)^2

(D.8)

giving the formula for W^{(0)}_2 (x_1, x_2):

W^{(0)}_2 (x_1, x_2) = T N V^{′′}_2 (V^′_1 (s)) (V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s) − 1) (x_1 − s)^2(x_2 − s)^2

(D.9)

We can now compute the kernels G(x_0, x) and K(x_0, s_i). The matrix M (size d_2 × d_2) is given by:

M = −V^′_1 (s) 1 0 . . . 0 0 −V^′_1 (s) 1 . . . . .. . ... . ..

0 −V^′_1 (s) 1 −V^{′′}_1 (s)u_{0,1} +^T_N −V^{′′}_1 (s)u_{1,1} . . . −V^{′′}_1 (s)u_{d2−2,1} −V^{′′}_1 (s)u_{d2−1,1}

(D.10)

and the linear equation giving the K(x_0, s) reads for q = d_2 − 1:

M K(x_0, s)_{0,d2−1} K(x_0, s)_{1,d2−1} . . K(x_0, s)_{d2−2,d2−1} K(x_0, s)_{d2−1,d2−1} = 0 . . . . 0_1

(x_0−s)^2

(D.11)

The expression of M^{−1} is quite complicated. But fortunately, the last column (which is the only one we need for the computation of W^{(1)}_1 ) is the most simple: ( M^{−1} ) p,d_2−1 = V^′_1 (s)^p

−V^{′′}_1 (s) (_{d2−1} ∑ k=0 u_{k,1}(V^′_1 (s))^k ) +^T_N

(D.12)

But since u_{k,1} =^T_N^{d2−k−1} ∑ p=0 t̃_{d2+p+1}(V^′_1 (s))^p, we find easily that:

( M^{−1} ) p,d_2−1 = − NV^′_1 (s)^p T (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1) (D.13)

We can compute U^{(0)}_1 (x, y; x) by derivation of U^{(0)}_0 (x, y) relatively to V_1(x) with the formula^{∂U (0)0 (x,y)}

∂V_1(z) = U (0) 1 (x, y; z). We find:

U^{(0)}_1 (x, y; x) = T N V^{′′}_2 (V^′_1 (s)) (V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s) − 1) (x − s)^4

d_2∑

p=0 p−1∑ q=0 t̃_py^{p−1−q} (V^′_1 (s))^q

+ T N(x − s) d_2∑

p=0 p−1∑ q=0 t̃_py^{p−1−q}q (V^′_1 (s))^{q−1} ∂V^{′1} (s) ∂V_1(x) = T N V^{′′}_2 (V^′_1 (s)) (V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s) − 1) (x − s)^4

d_2∑

p=0 p−1∑ q=0 t̃_py^{p−1−q} (V^′_1 (s))^q

+ T N(x − s) d_2∑

p=0 p−1∑ q=0 t̃_py^{p−1−q}q (V^′_1 (s))^{q−1} ( − 1 (x − s)^2 + V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) (V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s) − 1) (x − s)^2 ) (D.14)

If we project along the k^{th} power of y, it gives:

U^{(1)}_{1,k} (x; x) =^T_N^{V ′′2 (V ′1 (s))} (V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s)−1)(x−s)^4 d_2−k−1∑ r=0 t̃_{r+k+1} (V^′_1 (s))^r

+^T N(V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s)−1) d_2−k−1∑ r=0 rt̃_{r+k+1} (V^′_1 (s))^{r−1 1}_{(x−s)3}

(D.15)

Therefore we have with (7.16):

U^{(1)}_{0,0} (x) . . U^{(1)}_{0,d2−1}(x) = Res_{z→s} K^t(x, z) [ U^{(1)}_{1,0} (z; z) . . U^{(1)}_{1,d2−1}(z; z) − N T ∂_z U^{(0)}_{0,0} (z) . . U^{(0)}_{0,d2−1}(z) ] (D.16)

We want to compute W^{(1)}_1 (x) =^1_{t̃d2} U^{(1)}_{0,d2−1}(x) that is to say that we only need the last column of the previous vector. If we write it in components we get:

t̃_{d2} W^{(1)}_1 (x) = Res_{z→s} d_2−1∑

k=0 K(x, z)_{k,d2−1} ( U^{(1)}_{1,k} (z; z) − N T ∂_zU^{(0)}_{0,k} (z) )

(D.17)

The contribution from U^{(0)}_{0,k} (z) is easy to compute since it only involves a double pole at x = s. Regarding the fact that K^′(x_0, s)_{p,q} are null for p < d_2 − 1, there is only one term involved. An easy computation leads to: − N T Res_{z→s} d_2−1∑

k=0 K(x, z)_{k,d2−1}∂_z U^{(0)}_{0,k} (z) = N T t̃_{d2} 1 x − s (D.18)

The contribution from U^{(1)}_{1,k} (z; z) is technically more involved. Indeed, since U^{(1)}_{1,k} (z; z) has poles up to order 4, we need to compute the derivatives up to K^{′′′}(x_0, s). In particular, we only need the last column of the matrices. Since m = 1, the formulas of the derivatives simplify a lot:

⃗w = 1 t̃_{d2} u_{0,i} . . u_{d2−1,i} , ⃗V = 1 t̃_{d2} −t̃_0 + s −t̃_1 . . −t̃_{d2 −1} , ⃗V^1 = 1 t̃_{d2} 0 . . 0 , ⃗V^2 = ⃗0 (D.19)

which gives: K(x_0, s)_{p,d2−1} = −t̃_{d2}^{V ′1 (s)p} (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s))−1)^{1(x0−s)2} K^′(x_0, s)_{d2−1,q} =^{N 2uq,1}_{T 2t̃d2 (x0−s)} K^{′′}(x_0, s)_{p,d2−1} =^{2N}_T (δ_{p,d2−2}K^′(x_0, s)_{d2−1,d2−1} − V^{′′}_1 (s)K(x_0, s)_{p,d2−1}) =^{2N 2δp,d2−2} T^2(x_0−s) +

2Nt̃_{d2} V^{′′}_1 (s)V^′_1 (s)^p

T (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s))−1)(x0−s)^2 (p < d^2 − 1)

(D.20)

Then (B.29) reduces for p < d_2 − 1 to: T 3N K^{′′′}(x_0, s)_{p,d2−1} = −^1_2 V^′_1 (s)K^{′′}(x_0, s)_{p,d2−1} +^1_2 K^{′′}(x_0, s)_{p+1,d2−1} −^{V ′′′1 (s)}_2 K(x_0, s)_{p,d2−1} (D.21)

The last component is a bit more sophisticated. We can obtain it by multiplying (B.29) by ⃗r ⃗w^t in order to get rid of K^{′′}(x_0, s): T 6N ⃗r ⃗w^tK^{′′′}(x_0, s) = ( −V^{′′}_1 (s)⃗r ⃗w^t + T N ⃗r ⃗V^1 ) K^′(x_0, s) − V^{′′′}_1 (s) 2 ⃗r ⃗w^tK(x_0, s)_{p,d2−1} − ⃗r ⃗w^t (x_0 − s)^3

(D.22)

which gives in components:

T^2 6N^2 K ′′′(x_0, s)_{d2−1,d2−1} = −^T_{6N}^{d2−2} ∑ k=0 u_{k,1} t̃_{d2} K ′′′(x_0, s)_{k,d2−1} −^T_N V^{′′}_1 (s)K^′(x_0, s)_{d2−1,d2−1} −^{V ′′′1 (s)}_2^{d2−1} ∑ k=0 u_{k,1} t̃_{d2} K(x0, s)k,d2−1 − T N(x_0−s)^3

(D.23) Now we can compute W^{(1)}_1 (x_0). First we can compute the term coming from^1_{(x−s)3} of (D.15) in (D.17):

(1) = T N (V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s) − 1) d_2−1∑

k=0 d_2−k−1 ∑ r=0 rt̃_{r+k+1} (V^′_1 (s))^{r−1} K^{′′}(x_0, s)_{k,d2−1} 2

= 1 (V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s) − 1) d_2−1∑

k=0 d_2−k−1 ∑ r=0 rt̃_{r+k+1} (V^′_1 (s))^{r−1} ( Nδ_{k,d2−2} T (x_0 − s) + t̃_{d2} V^{′′}_1 (s)V^′_1 (s)^k (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1) (x_0 − s)^2 )

= Nt̃_{d2} T (V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s) − 1) (x_0 − s) + t̃_{d2} V^{′′}_1 (s)V^{′′′}_2 (V^′_1 (s)) 2 (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)^2 (x_0 − s)^2 (D.24)

Then we observe that we have to compute:

(2) =

T V^{′′}_2 (V^′_1 (s)) 6N(V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1) d_2−1∑

k=0 d_2−k−1 ∑ r=0 t̃_{r+k+1} (V^′_1 (s))^r K^{′′′}(x_0, s)_{k,d2−1}

= T V^{′′}_2 (V^′_1 (s)) 6N(V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)

(^d2^{−2}∑ k=0 d_2−k−1 ∑ r=0 t̃_{r+k+1} (V^′_1 (s))^r K^{′′′}(x_0, s)_{k,d2−1} +t̃_{d2} K^{′′′}(x_0, s)_{d2−1,d2−1} )

= T V^{′′}_2 (V^′_1 (s)) 6N(V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)

(^d2^{−2}∑ k=0 d_2−k−1 ∑ r=0 t̃_{r+k+1} (V^′_1 (s))^r K^{′′′}(x_0, s)_{k,d2−1}

− d_2−2∑

k=0 Nu_{k,1} T K^{′′′}(x_0, s)_{k,d2−1} − 6Nt̃_{d2} T V^{′′}_1 (s)K^′(x_0, s)_{d2−1,d2−1} − 3N^2 T^2

V^{′′′}_1 (s) d_2−1∑

k=0 u_{k,1}K(x_0, s)_{k,d2−1} − 6Nt̃_{d2} T (x_0 − s)^3 )

= T V^{′′}_2 (V^′_1 (s)) 6N(V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1) ( − 6Nt̃_{d2} T V^{′′}_1 (s)K^′(x_0, s)_{d2−1,d2−1} − 3N^2 T^2

V^{′′′}_1 (s) d_2−1∑

k=0 u_{k,1}K(x_0, s)_{k,d2−1} − 6Nt̃_{d2} T (x_0 − s)^3 )

= V^{′′}_2 (V^′_1 (s)) (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1) ( − t̃_{d2} V^{′′}_1 (s)K^′(x_0, s)_{d2−1,d2−1} − N 2T V^{′′′}_1 (s) d_2−1∑

k=0 u_{k,1}K(x_0, s)_{k,d2−1} − t̃_{d2} (x_0 − s)^3 )

(D.25)

where we have used the definition of u_{k,1} to cancel the terms in K^{′′′}(x_0, s). Eventually we observe that: d_2−1∑

k=0 u_{k,1}K(x_0, s)_{k,d2−1} = − T t̃_{d2} N(V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)(x_0 − s)^2 d_2−1∑

k=0 u_{k,1} (V^′_1 (s))^k = − T t̃_{d2} N(V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)(x_0 − s)^2 d_2−1∑

k=0 d_2−1∑

r=0 t̃_{r+k+1} (V^′_1 (s))^{r+k}

= − T t̃_{d2} N(V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)(x_0 − s)^2 d_2−1∑

k=0 d_2−1∑

p=k t̃_{p+1} (V^′_1 (s))^p

(D.26) = − T t̃_{d2} N(V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)(x_0 − s)^2 d_2−1∑

p=0 p∑ k=0 t̃_{p+1} (V^′_1 (s))^p = − T t̃_{d2} V^{′′}_2 (V^′_1 (s)) N(V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)(x_0 − s)^2

(D.27)

Therefore we find:

(2) = −

Nt̃_{d2} V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) T (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)(x_0 − s) + t̃_{d2} V^{′′′}_1 (s) (V^{′′}_2 (V^′_1 (s)))^2 2 (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)^2 (x_0 − s)^2 − t̃_{d2} V^{′′}_2 (V^′_1 (s)) (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)(x_0 − s)^3

(D.28)

And eventually putting (1) and (2) together and the contribution from ∂_z U^{(0)}_{0,k} (z), we get to:

W^{(1)}_1 (x_0) = N T (V^{′′}_2 (V^′_1 (s))V^{′′}_1 (s) − 1) (x_0 − s) + V^{′′}_1 (s)V^{′′′}_2 (V^′_1 (s)) 2 (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)^2 (x_0 − s)^2 + V^{′′′}_1 (s) (V^{′′}_2 (V^′_1 (s)))^2 2 (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)^2 (x_0 − s)^2 − NV^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) T (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)(x_0 − s) − V^{′′}_2 (V^′_1 (s)) (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)(x_0 − s)^3 + N T t̃_{d2} 1

x_0 − s = − V^{′′}_2 (V^′_1 (s)) (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)(x_0 − s)^3 + V^{′′}_1 (s)V^{′′′}_2 (V^′_1 (s)) + V^{′′′}_1 (s) (V^{′′}_2 (V^′_1 (s)))^2 2 (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1)^2 (x_0 − s)^2 (D.29) i.e.:

W^{(1)}_1 (x_0) =^{V ′′1 (s)V ′′′2 (V ′1 (s))+V ′′′1 (s)}(^{V ′′2 (V ′1 (s))}) 2 2(V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s))−1)^2(x0−s)^2 −^{V ′′2 (V ′1 (s))} (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s))−1)(x_0 −s)^3

(D.30)

Then a straightforward computation gives F_1 defined by^∂_{∂V1(x)} F_1 = W^{(1)}_1 (x) with:

F_1 = − 1 2 ln (V^{′′}_1 (s)V^{′′}_2 (V^′_1 (s)) − 1) = − 1 2 ln (V^{′′}_1 (s)V^{′′}_2 (s̃) − 1) (D.31) where F_0 is given by −S which reduces when N = 1 to:

F_0 = T N (−V_1(s) − V_2(V^′_1 (s)) + sV^′_1 (s)) = T N (−V_1(s) − V_2(s̃) + ss̃) (D.32) and which satisfies^∂_{∂V1(x)} F_0 = W^{(0)}_1 (x) =^T_{N(x−s)} .

E Computation of W^{(1)}_1 (x) in the general case

We have:

[V^′_2 (B)]_i =

d_2∑

k=0 t̃_k(B^{(k)})_i = s_i (E.1)

where

B^{(k)}_i = N∑ j=1 [B^k]_{i,j} (E.2)

The relation δ ([V^′_2 (B)]_i − s_i) δV_1(x)

= 0 (E.3)

implies ∑ j Z_{i,j}H_{j,k} = V_{i,k} (E.4) where: V_{i,j} = d[V^′_2 (B)]_i dV^′_1 (s_j ) , Z_{i,j} = d ([V^′_2 (B)]_i − s_i) ds_j (E.5)

The equation to solve is:

U^{(1)}(x, ŷ) [ T N ∑ i 1 x − s_i − V^′_1 (x) + ŷ ]

+ [ ∑ i,j A_{i,j} V^′_2 (ŷ) − V^′_2 (s̃_j ) ŷ − s̃_j 1 x − s_i + x − V^′_2 (y) ] W^{(1)}_1 (x)

+U^{(1)}_0 (x, x, ŷ) = −P^{(1)}(x, ŷ) (E.6)

where:

U^{(0)}_1 (x, z, y) = δU^{(0)}_0 (x, y)

δV_1(z) = δ δV_1(z) [ T N ∑ i,j A_{i,j} V^′_2 (y) − V^′_2 (s̃_j) y − s̃_j 1 x − s_i + x − V^′_2 (y) ]

(E.7) Since we must perform an expansion in y, we write:

V^′_2 (y) − V^′_2 (s̃_j) y − s_j = d_2−1∑

k=0 E_{j,k}(s̃_j, t̃_n)y^k (E.8) and T N ∑ j A_{i,j} V^′_2 (y) − V^′_2 (s̃_j) y − s_j = d_2−1∑

k=0 Φ_{i,k}y^k (E.9) with Φ_{i,k} = T N ∑ j A_{i,j} E_{j,k}(s̃_j, t̃_n) (E.10)

Since: E_{j,d2−1}(s̃_j, t̃_n) = t̃_{d2} E_{j,p−1}(s̃_j, t̃_n) − s̃_jE_{j,p}(s̃_j, t̃_n) = t̃_p ∀1 ≤ p = d_2 − 1 −s̃_j E_{j,0}(s̃_j, t̃_n) = t̃_0 − V^′_2 (s̃_j ) (E.11)

we obtain:

Φ_{i,d2−1} = t̃_{d2} Φ_{i,p−1} − ∑ k B_{i,k}Φ_{k,p} = t̃_p ∀1 ≤ p = d_2 − 1 − ∑ k B_{i,k}Φ_{k,0} = t̃_0 − [V^′_2 (B)]_i = t̃_0 − s_i (E.12)

We have the following properties:

Φ_{i,p} = d_2−p−1 ∑ k=0 t̃_{k+p+1}B^{(k)}_i (E.13)

We calculate: d_2−1∑

p=0 ∑ q,i [B^p]_{r,q} dB_{q,i} ds_j Φ_{l,p} = d_2−1∑

p=0 ∑ q,i [B^p]_{r,q} dB_{q,i} ds_j d_2−p−1 ∑ k=0 t̃_{k+p+1}B^{(k)}_i

= d_2−1∑

p=0 ∑ q,i [B^p]_{r,q} dB_{q,i} ds_j d_2∑

u=p+1 t̃_uB^{(u−p−1)} i = d_2∑

u=0 u−1∑ p=0 t̃_u [ ∑ q,i [B^p]_{r,q} dB_{q,i} ds_j B^{(u−p−1)} i ]

= d_2∑

u=0 t̃_u dB (u) r ds_j = d[V^′_2 (B)]_r ds_j = Z_{r,j} + δ_{r,j} (E.14)

Consequently,

d^2[V^′_2 (B)]_r ds_jds_k = d_2−1∑

p=0 ∑ q,i d[B^p]_{r,q} ds_k dB_{q,i} ds_j Φ_{i,p}

+ d_2−1∑

p=0 ∑ q,i [B^p]_{r,q} d^2B_{q,i} ds_jds_k Φ_{i,p}

+ d_2−1∑

p=0 ∑ q,i [B^p]_{r,q} dB_{q,i} ds_j dΦ_{i,p} ds_k (E.15)

We note that: d_2−1∑

p=0 ∑ q,i d[B^p]_{r,q} ds_k dB_{q,i} ds_j Φ_{i,p} = d_2−1∑

p=1 ∑ q,i d[B^p]_{r,q} ds_k d ds_j [B_{q,i}Φ_{i,p}]

− d_2−1∑

p=0 ∑ q,i d[B^p]_{r,q} ds_k B_{q,i} dΦ_{i,p} ds_j = d_2−1∑

p=0 ∑ q,i d[B^p]_{r,q} ds_k dΦ_{q,p−1} ds_j − d_2−2∑

p=0 ∑ q,i d[B^{p+1}]_{r,i} ds_k dΦ_{i,p} ds_j + d_2−1∑

p=0 ∑ q,i [B^p]_{r,q} dB_{q,i} ds_k dΦ_{i,p} ds_j = d_2−1∑

p=0 ∑ q,i [B^p]_{r,q} dB_{q,i} ds_k dΦ_{i,p} ds_j (E.16)

so that

d^2[V^′_2 (B)]_r ds_jds_k = d_2−1∑

p=0 ∑ q,i [B^p]_{r,q} d^2B_{q,i} ds_j s_k Φ_{i,p}

+ d_2−1∑

p=0 ∑ q,i [B^p]_{r,q} [ dB_{q,i} ds_j dΦ_{i,p} ds_k + (j ↔ k) ] (E.17)

Similarly, d_2−1∑

p=0 ∑ q,i [B^p]_{r,q} dB_{q,i} dV^′_1 (s_j )

Φ_{i,p} = d_2−1∑

p=0 [B^p]_{r,j}Φ_{j,p} = d[V^′_2 (B)]_r dV^′_1 (s_j )

= V_{r,j} (E.18)

Now we have

U^{(0)}_1 (x, z, y) = d_2−1∑

p=0 y^p ∑ i,k [ Δ_kΦ_{i,p} 1 x − s_i 1 (z − s_k)^2 + Φ_{i,p}H_{i,k} 1 (x − s_i)^2 1 (z − s_k)^2 ]

(E.19) where δ δV_1(z)

Φ_{i,p} = ∑ k Δ_kΦ_{i,p} 1 (z − s_k)^2

(E.20)

Then, U^{(0)}_1 (x, x, ŷ) is obtained by changing z → x and y → ŷ = −^T_N^d_{dx} with the convention that ŷ is written at the left of all x dependent terms.

U^{(0)}_1 (x, x, ŷ) = d_2−1∑

p=0 ŷ^p ∑ i,k [ Δ_kΦ_{i,p} 1 x − s_i 1 (z − s_k)^2 + Φ_{i,p}H_{i,k} 1 (x − s_i)^2 1 (z − s_k)^2 ]

(E.21)

Also we write

U^{(1)}(x, ŷ) = d_2−1∑

p=0 ŷ^pU_p(x) (E.22)

so that

U^{(1)}(x, ŷ)ŷ = ŷ^{d2} U_{d2−1}(x) + d_2−2∑

p=0 ŷ^p [ U_p(x) + dU_{p+1}(x) dx ] + dU_1(x) dx (E.23)

The system to be solved is:

ŷ^{d2−1}U_{d2−1}(x) + d_2−2∑

p=0 ŷ^p [ U_p(x) + dU_{p+1}(x) dx ] + d_2−1∑

p=0 ŷ^pU_p(x) [ ∑ i 1 x − s_i − V^′_1 (x) ]

+ [_{d2−1} ∑ p=0 ŷ^p ∑ l Φ_{i,p} 1 x − s_l + x − d_2∑

p=0 ŷ^pt̃_p ] W^{(1)}_1 (x) + dU_1(x) dx = − (_{d2−1} ∑ p=0 ŷ^p ∑ l,k [ Δ_kΦ_{l,p} 1 x − s_i 1 (x − s_k)^2 + Φ_{i,p}H_{i,k} 1 (x − s_i)^2 1 (x − s_k)^2 ]) (E.24)

Clearly U_{d2 −1}(x) = t̃_{d2} W^{(1)}_1 (x) , T N d dx ⃗u + D⃗u = −⃗v (E.25) where ⃗u = U_1 U_2 . . U_{d2 −1} (E.26)

and

D =

T N ∑ i 1 x−s_i − V ′ 1 (x) 0 . . . 0^1_{t̃d2} [ ∑ i Φ_{i,0} x−s_i + x − t̃0 ]

1 ... ... . .^1_{t̃d2} [ ∑ i Φ_{i,1} x−s_i − t̃1 ]

0 ... ... 0 . . . . ... 1^T_N ∑ i 1 x−s_i − V ′ 1 (x)^1_{t̃d2} [ ∑ i Φ_{i,p−1} x−s_i − t̃p−1 ]

0 . . . 0 1^T_N ∑ i 2 x−s_i − V ′ 1 (x) −^{t̃d2−1}_{t̃d2} (E.27) and

⃗v =

∑ i,k [ Δ_kΦ_{i,0}^1_{x−si}^1_{(x−sk)2} + Φ_{i,0}H_{i,k}^1_{(x−si)2}^1_{(x−sk)2} ] ∑ i,k [ Δ_kΦ_{i,1}^1_{x−si}^1_{(x−sk)2} + Φ_{i,1}H_{i,k}^1_{(x−si)2}^1_{(x−sk)2} ] . . ∑ i,k [ Δ_kΦ_{i,p−1}^1_{x−si}^1_{(x−sk)2} + Φ_{i,p−1}H_{i,k}^1_{(x−si)2}^1_{(x−sk)2} ] . . t̃_{d2} ∑ i,k H_{i,k}^1_{(x−si)2}^1_{(x−sk)2}

(E.28)

We have

W^{(1)}_1 (x) = U_{d2−1} t̃_{d2} = = 1 t̃_{d2} ∑ j Res_{x→sj} d_2−1∑

p=0 K_{p,d2−1}(x_0, x) ∑ i,k [ − N T t̃_{d2} ∂_xU^{(0)}_{0,p} (x) +Δ_kΦ_{i,p−1} 1 x − s_i 1 (x − s_k)^2 + Φ_{i,p−1}H_{i,k} 1 (x − s_i)^2 1 (x − s_k)^2 ] (E.29)

The term involving the derivatives is easy to compute. Indeed, it gives: N T t̃_{d2} ∑ i d_2−1∑

k=0 K^′(x_0, s_i)_{k,d2−1}u_{k,i} (E.30)

Now only the term with k = d_2 − 1 contributes from (B.30). Moreover, u_{d2−1,i} =^{T t̃d2}_N and from (B.32) we have:

K^′(x_0, s_i)_{d2−1,d2−1} = N T (x_0 − s_i) + 2 ∑ j≠i K(x_0, s_j)_{d2−1,d2−1} s_i − s_j (E.31)

so that the term involving the derivative is:

−^N_{T t̃d2} ∑ j Res_{x→sj}^{d2−1} ∑ p=0 K(x_0, x)_{p,d2−1}∂_xU^{(0)}_{0,p} (x) =^N_T^N ∑ i=1 1 x_0−s_i +2 ∑ i,j≠i K(x_0,s_j )_{d2−1,d2−1} s_i−s_j (E.32)

Note in particular that it contributes with a simple pole at x_0 = s_i with residue^N_T . where the kernel K(x_0, x) satisfies [ D^t − T N d dx ] K(x_0, x) = G(x_0, x) = ∑ i α_i x − s_i + Id x_0 − x

(E.33) the matrices α_i and Id are d_2 × d_2 matrices. We expand around s_j : 1 x − s_i 1 (x − s_k)^2 = δ_{i,j} δ_{k,j} (x − s_j )^3 − δ_{k,j} ∞∑ q=0 ∑ i≠j (x − s_j)^{q−2} (s_i − s_j )^{q+1} +δ_{i,j} ∞∑ q=0 ∑ k≠j (q + 1) (x − s_j )^{q−1} (s_k − s_j)^{q+2} − ∞∑ q,r=0 ∑ i,k≠j (q + 1) (x − s_j)^{q+r} (s_i − s_j)^{r+1}(s_k − s_j)^{q+2}

(E.34)

and also 1 (x − s_i)^2(x − s_k)^2 = δ_{i,j} δ_{k,j} (x − s_j)^4 δ_{i,j} ∞∑ q=0 ∑ k≠j (q + 1) (x − s_j )^{q−2} (s_k − s_j)^{q+2} +δ_{k,j} ∞∑ r=0 ∑ i≠j (r + 1) (x − s_j )^{r−2} (s_i − s_j )^{r+2} + ∞∑ q,r=0 ∑ i,k≠j (q + 1)(r + 1) (x − s_j )^{q+r} (s_i − s_j )^{r+2}(s_k − s_j )^{q+2}

(E.35)

Consequently, from the expansion of K(x_0, x) around x = s_j :

U_{d2−1} = ∑ j d_2∑

p=1 U_{j,(p,d2)} (E.36)

with U_{j,(p,d2)} = 1 6 Φ_{j,p−1}H_{jj}k^{′′′}_{j,(p,d2)} + 1 2 Δ_j Φ_{j,p−1}k^{′′}_{j,(p,d2)} + ∑ i≠j [ (Φ_{i,p−1} + Φ_{j,p−1})H_{i,j} (s_i − s_j)^2 − Δ_j Φ_{i,p−1} s_i − s_j ] k^′_{j,(p,d2)} + ∑ i≠j 2 [ (Φ_{i,p−1} + Φ_{j,p−1})H_{i,j} (s_i − s_j )^3 + (Δ_iΦ_{i,p−1} + Δ_j Φ_{i,p−1}) (s_i − s_j )^2 ] k_{j,(p,d2)} (E.37)

The expansion of D^t around x = s_j is:

D^t = 1 x − s_j

T N T N . . ._T N Φ_{j,0} t̃_{d2} Φ_{j,1} t̃_{d2} . . . Φ_{j,d2−2} t̃_{d2} 2

+ −B_{j,j} 1 0 . . . 0 0 −B_{j,j} 1 .. . 0 . . ... ... .. . 0 0 . . . 0 −B_{j,j} 1 D_0 D_1 . . . D_{d2−2} −B_{j,j} −^{t̃d2−1}_{t̃d2}

(x − s_j)

−Q^j_{,j} −Q^j_{,j} ... −Q^j_{,j} 1 t̃_{d2} [ 1 − ∑ i≠j Φ_{i,0} (s_j −s_i)^2 ] −^1_{t̃d2} ∑ i≠j Φ_{i,1} (s_j −s_i)^2 . . . ∑ i≠j Φ_{i,d2−2} (s_j −s_i)^2 −Qj,j

+ 1 2 (x − s_j )^2 −R^j_{,j,j} −R^j_{,j,j} . . . −R^j_{,j,j} 2 t̃_{d2} ∑ i≠j Φ_{i,0} (s_j −s_i)^3 2 t̃_{d2} ∑ i≠j Φ_{i,1} (s_j −s_i)^3 . . . 2 t̃_{d2} ∑ i≠j Φ_{i,d2−2} (s_j −s_i)^3 −Rj,j,j . . . (E.38)

where we have noted:

D_0 = 1 t̃_{d2} [ ∑ i≠j Φ_{i,0} s_j − s_i + s_j − t̃_0 ]

D_p = 1 t̃_{d2} [ ∑ i≠j Φ_{i,p} s_j − s_i − t̃_p ] (E.39)

where Q_{i,j} = ∑ p Q^p_{i,j} = dB_i ds_j (E.40) and Q^p_{i,j} = dB_{i,p} ds_j = V^{′′}_1 (s_i) +^T_N ∑ k≠i 1 (s_i−s_k)^2 if i = j = p T N 1 (s_i−s_p)^2 if i = j ≠ p

−^T_N^1_{(si−sp)2} if i = p ≠ j or j = p ≠ i

(E.41)

and where R_{i,j,k} ∑ p R^p_{i,j,k} = dQ_{i,j} ds_k = d^2B_i ds_jds_k (E.42) and R^p_{i,j,k} = dQ^p_{i,j} ds_k = d^2B_{i,p} ds_jds_k = ( V^{′′′}_1 (s_i)δ_{i,j}δ_{i,k} − 2^T_N ∑ q≠i (δ_{i,j} −δ_{p,i})(δ_{i,k} −δ_{p,k}) (s_i−s_q )^3 if i = p −2^T_N ∑ q≠i (δ_{i,j} −δ_{p,i})(δ_{i,k} −δ_{p,k}) (s_i−s_q )^3 if i ≠ p )

(E.43)

We also expand the kernels:

G(x_0, x) = α_j x − s_j − ∞∑ p=0 ∑ i≠j (x − s_j)^p (s_i − s_j)^{p+1} α_i + ∞∑ p=0 (x − s_j)^p (x_0 − s_j )^{p+1}

Id (E.44)

We define the matrices:

M_j = 1 1 . . . 1 Φ_{j,0} Φ_{j,1} . . . Φ_{j,d2−2} Φ_{j,d2−1} (E.45)

and expand M_j [ D^t −^T_N^d_{dx} ] K(x_0, x) = M_j G(x_0, x) and identify the powers in (x − s_j):

1 x − s_j → 1_T N . . ._T N 2Φ_{j,0} 2Φ_{j,1} . . . 2Φ_{j,d2−2} 2Φ_{j,d2−1} k_j = M_j α_j (E.46)

and

(x − s_j )^0 → 0 0 . . . 0 Φ_{j,0} Φ_{j,1} . . . Φ_{j,d2−2} Φ_{j,d2−1} k^′_j

+ −B_{j,j} 1 −B_{j,j} 1 . . . −B_{j,j} 1 0 0 0 0 k_j

− ∑ i≠j 1 s_i − s_j M_j α_i + M_j x_0 − s_j

(E.47)

We note that

M_j α_i =

1_T N . . ._T N Φ_{j,0} + Φ_{i,0} Φ_{j,1} + Φ_{i,1} . . . Φ_{j,d2−2} + Φ_{i,d2−2} Φ_{j,d2−1} + Φ_{i,d2−1} k_i

(E.48) The d_2 − 1 first equations tell that: k_{j,(1,d2)} − ∑ r k_{r,(1,d2)} d_2∑

p=1 ∑ i,q [B^{p−1}]_{r,q}Q^i_{q,j}Φ_{i,p−1} = t̃_{d2} (x_0 − s_j)^2

(E.49)

We proved before that this is equivalent to k_{j,(1,d2)} − ∑ r k_{r,(1,d2)} d[V^′_2 (B)]_t ds_j = t̃_{d2} (x_0 − s_j)^2

(E.50)

so that: − ∑ r k_{r,(1,d2)}Z_{r,j} = t̃_{d2} (x_0 − s_j)^2

(E.51) and k_{i,(1,d)} = − ∑ j t̃_{d2} (x_0 − s_j )^2 Z^{−1}_{j,i} k_{i,(p,d)} = − ∑ j,r t̃_{d2} (x_0 − s_j )^2

Z^{−1}_{j,r} [B^{p−1}]_{r,i} (E.52)

The other equations tell − 1 2 k^{′′}_{j,(p,d2)} = B_{j,j}k^′_{j,(p,d2)} − k^′_{j,(p+1,d2)} + ∑ i k_{i,(p,d2)}Q^j_{i,j} (E.53) Finally,

(x − s_j)^2 → − 1 6 2^T_N 2^T_N . . . 2^T_N Φ_{j,0} Φ_{j,1} . . . Φ_{j,d2−2} Φ_{j,d2−1} k^{′′′}_j

+ 1 2 −B_{j,j} 1 −B_{j,j} 1 . . . −B_{j,j} 1 0 0 0 0 k^{′′}_j

+ −Q^j_{,j} −Q^j_{,j} . . . −Q^j_{,j} 1 − ∑ i Q^i_{j,j}Φ_{i,0} − ∑ i Q^i_{j,j}Φ_{i,1} . . . − ∑ i Q^i_{j,j}Φ_{i,d2−2} − ∑ i Q^i_{j,j}Φ_{i,d2−1} k^′_j

+ 1 2

−R^j_{,j,j} −R^j_{,j,j} . . . −R^j_{,j,j} − ∑ i R^i_{j,j,j}Φ_{i,0} − ∑ i R^i_{j,j,j}Φ_{i,1} . . . − ∑ i R^i_{j,j,j}Φ_{i,d2−2} − ∑ i R^i_{j,j,j}Φ_{i,d2−1} k_j

= − ∑ i≠j 1 (s_i − s_j)^3

M_j α_i + M_j (x_0 − s_i)^3

(E.54)

We need only to look at the last equation: 1 6 d_2∑

p=1 Φ_{j,p−1}k^{′′′}_{j,(p,d2)} − k^′_{j,(1,d2)} + d_2∑

p=1 ∑ i Q^i_{j,j}Φ_{i,p−1}k^′_{j,(p,d)} + 1 2 d_2∑

p=1 ∑ i R^i_{j,j,j}Φ_{i,p−1}k_{j,(p,d)}

= ∑ i≠j 1 (s_i − s_j)^2

d_2∑

p=1 (Φ_{i,p−1} + Φ_{j,p−1})k_{i,(p,d2)} − t̃_{d2} (x_0 − s_i)^3

(E.55)

We now show that in U_{d2 −1}, if we replace the terms in k^{′′′}_{i,(p,d2)} and k^{′′}_{i,(p,d2)} by their value, then the terms in k^′_{i,(p,d2)} disappear so that only the terms in k_{i,(p,d2)} which are known remain.

First Step 1 2 Δ_j Φ_{j,p−1}k^{′′}_{j,(p,d2)} − ∑ i≠j Δ_jΦ_{i,p−1} s_i − s_j k^′_{j,(p,d2)} = − ∑ i B_{j,i}Δ_j Φ_{i,p−1}k^′_{j,(p,d2)} + Δ_j Φ_{j,p−1}k^′_{j,(p+1,d2)} − ∑ i k_{i,(p,d2)}Q^j_{i,j}Δ_j Φ_{i,p−1} (E.56) or 1 2 Δ_j Φ_{j,p−1}k^{′′}_{j,(p,d2)} − ∑ i≠j Δ_j Φ_{i,p−1} s_i − s_j k^′_{j,(p,d2)}

= [ −Δ_j Φ_{j,p−2} − Φ_{j,p−1} + ∑ i,k Q^i_{j,k}Φ_{i,p−1}H_{k,j} ] k^′_{j,(p,d2)} +Δ_j Φ_{j,p−1}k^′_{j,(p+1,d2)} − ∑ i k_{i,(p,d2)}Q^i_{,j}Δ_j Φ_{j,p−1} (E.57) where, for p = 1, [Δ_j Φ_{j,p−2}]_{p−1} → Δ_j [V^′_2 (B)]_j = Δ_js_j = H_{j,j} (E.58) Step 2

d_2∑

p=1 [ H_{j,j} 6 Φ_{j,p−1}k^{′′′}_{j,(p,d2)} + 1 2 δ_jΦ_{j,p−1}k^{′′}_{j,(p,d2)} − ∑ i≠j δ_jΦ_{i,p−1} s_i − s_j k^′_{j,(p,d2)} ]

= d_2∑

p=1 ∑ i,k≠j Q^i_{j,k}Φ_{i,p−1}H_{k,j}k^′_{j,(p,d2)} − H_{j,j} 2 d_2∑

p=1 ∑ i R^i_{j,j,j}Φ_{i,p−1}k_{j,(p,d2)}

+H_{j,j} [ ∑ i≠j 1 (s_i − s_j)^3

d_2∑

p=1 (Φ_{i,p−1} + Φ_{j,p−1})k_{i,(p,d2)} − t̃_{d2} (x_0 − s_i)^3 ]

− t̃_{d2} x_0 − s_j + ∑ i≠j 1 s_i − s_j d_2∑

p=1 (Φ_{i,p−1} + Φ_{j,p−1})k_{i,(p,d2)}

− ∑ i d_2∑

p=1 k_{i,(p,d2)}Q^j_{i,j}Δ_j Φ_{j,p−1} (E.59)

Step 3 From the indices properties of Q^i_{j,k} we obtain:

d_2∑

p=1 U_{j,(p,d2)} = −t̃_{d2} H_{j,j} (x_0 − s_i)^3 − t̃_{d2} T N(x_0 − s_j) − H_{j,j} 2 d_2∑

p=1 ∑ i R^i_{j,j,j}Φ_{i,p−1}k_{j,(p,d2)}

+ ∑ i≠j d_2∑

p=1 Φ_{i,p−1} + Φ_{j,p−1} (s_i − s_j )^3 (H_{j,j}k_{i,(p,d2)} + 2H_{i,j}k_{j,(p,d2)})

+ ∑ i≠j d_2∑

p=1 Δ_iΦ_{j,p−1} + Δ_j Φ_{i,p−1} (s_i − s_j)^2 k_{j,(p,d2)} − ∑ i,j d_2∑

p=1 k_{i,(p,d2)}Q^j_{i,j}Δ_j Φ_{j,p−1} + Φ_{i,p−1} + Φ_{j,p−1} s_i − s_j k_{i,(p,d2)} (E.60)

Consequently,

W^{(1)}_1 (x) = U_{d2−1} t̃_{d2} = − ∑ j [ H_{j,j} (x_0 − s_j)^3 + B_j (x_0 − s_j)^2 ]

(E.61)

Note in particular that the simple pole in (E.60) is canceled by the one coming from (E.32)

We now calculate B_j , we have ∑ j ∑ i≠j d_2∑

p=1 (Φ_{i,p−1} + Φ_{j,p−1}) s_i − s_j k_{i,(p,d2)}

= −t̃_{d2} ∑ i,j,k,n≠i 1 (x_0 − s_j)^2 Z^{−1}_{j,k} d_2∑

p=1 [B^{p−1}]_{k,i} (Φ_{i,p−1} + Φ_{n,p−1}) s_i − s_n = −t̃_{d2} ∑ i,j,k 1 (x_0 − s_j )^2 Z^{−1}_{j,k} [ V^′_1 (s_i)V_{k,i} − B_{k,i} ∑ n V_{n,i} ] (E.62)

We have also: ∑ j ( − H_{j,j} 2 d_2∑

p=1 ∑ i R^i_{j,j,j}Φ_{i,p−1}k_{j,(p,d2)}

+ ∑ i≠j d_2∑

p=1 (Φ_{i,p−1} + Φ_{j,p−1}) (s_i − s_j)^3 (H_{j,j}k_{i,(p,d2)} + 2H_{i,j}k_{j,(p,d2)}) )

= − ∑ j,k,q 1 (x_0 − s_j)^2 Z^{−1}_{j,k} d_2∑

p=1 [B^{p−1}]_{k,q} ( − H_{q,q} 2 ∑ i R^i_{q,q,q}Φ_{i,p−1} + ∑ i≠q Φ_{q,p−1} + Φ_{i,p−1} (s_q − s_i)^3 H_{i,i} − 2 ∑ i≠q Φ_{q,p−1} + Φ_{i,p−1} (s_q − s_i)^3 H_{i,q} ) (E.63)

The bracket is H_{q,q} 2 V^{′′′}_1 (s_i)Φ_{q,p−1} − ∑ i≠q Φ_{q,p−1} + Φ_{i,p−1} (s_q − s_i)^3 (H_{q,q} − 2H_{i,q} + H_{i,i}) = 1 2 ∑ u,v,n R^n_{q,u,v}H_{u,v}Φ_{n,p−1} (E.64) Consequently, ∑ j ( − H_{j,j} 2 d_2∑

p=1 ∑ i R^i_{j,j,j}Φ_{i,p−1}k_{j,(p,d2)}

+ ∑ i≠j d_2∑

p=1 (Φ_{i,p−1} + Φ_{j,p−1}) (s_i − s_j)^3 (H_{j,j}k_{i,(p,d2)} + 2H_{i,j}k_{j,(p,d2)}) )

= 1 2 ∑ j,k,q 1 (x_0 − s_j)^2 Z^{−1}_{j,k} d_2−1∑

p=1 [B^{p−1}]_{k,q} ∑ u,v,n d^2[B]_{q,n} ds_uds_v H_{u,v}Φ_{n,p−1} (E.65)

We have: ∑ j ∑ i≠j d_2∑

p=1 Δ_iΦ_{j,p−1} − Δ_j Φ_{i,p−1} (s_i − s_j )^2 k_{j,(p,d2)} − ∑ i,j d_2∑

p=1 k_{i,(p,d2)}Q^i_{,j}Δ_j Φ_{j,p−1}

= − ∑ j d_2∑

p=1 k_{j,(p,d2)} [ V^{′′}_1 (s_j )Δ_jΦ_{j,p−1} + ∑ i≠j 1 (s_i − s_j )^2

(Δ_j − Δ_i)(Φ_{j,p−1} + Φ_{i,p−1}) ]

= t̃_{d2} ∑ j,k,q,n,m 1 (x_0 − s_j )^2 Z^{−1}_{j,k} d_2∑

p=1 [B^{p−1}]_{k,q}Q^m_{q,n}Δ_nΦ_{m,p−1}

= t̃_{d2} ∑ j,k,q,n,m 1 (x_0 − s_j )^2 Z^{−1}_{j,k} d_2∑

p=1 [B^{p−1}]_{k,q}Q^m_{q,n} [ − dΦ_{m,p−1} dV^′_1 (s_n) + ∑ u dΦ_{m,p−1} ds_u H_{u,n} ]

(E.66)

We note that

d_2∑

p=1 ∑ q,u,v,n [1 2 [B^{p−1}]_{k,q} d^2[B]_{q,n} ds_uds_v Φ_{n,p−1} + [B^{p−1}]_{k,q} dB_{q,n} ds_v dΦ_{n,p−1} ds_u ] H_{u,v} = 1 2 ∑ u,v d^2[V^′_2 (B)] ds_uds_v H_{u,v} (E.67)

Consequently, we find:

B_j = ∑ k Z^{−1}_{j,k} [ − 1 2 ∑ u,v d^2[V^′_2 (B)] ds_uds_v H_{u,v} + ∑ i V^′_1 (s_i)V_{k,i} − ∑ i,n B_{k,i}V_{i,n}

+ d_2∑

p=1 ∑ q,n,m [B^{p−1}]_{k,q}Q^m_{q,n} dΦ_{m,p−1} dV^′_1 (s_n) ]

+2 ∑ i,j≠i,r t̃_{d2} Z −1 j,r [B^{d2−1}]_{r,i} (E.68)

We have not been able to sum over p the last term. This result is the same found from the differential operator ŷ = −^d_{dx} method. We have d dV^′_1 (s_n) [_{d2} ∑ p=1 ∑ q,n,m [B^{p−1}]_{k,q}Q^m_{q,n}Φ_{m,p−1} ] = d dV^′_1 (s_n) d[V^′_2 (B)]_k ds_n = d ds_n d[V^′_2 (B)]_k dV^′_1 (s_n) = dV_{k,n} ds_n (E.69) so that

d_2∑

p=1 ∑ q,n,m [B^{p−1}]_{k,q}Q^m_{q,n} dΦ_{m,p−1} dV^′_1 (s_n) = ∑ n dV_{k,n} ds_n − d_2∑

p=1 ∑ q,n,m d[B^{p−1}]_{k,q} dV^′_1 (s_n)

Q^m_{q,n}Φ_{m,p−1} (E.70) or d_2∑

p=1 ∑ q,n,m [B^{p−1}]_{k,q}Q^m_{q,n} dΦ_{m,p−1} dV^′_1 (s_n) = 1 2 d_2∑

p=1 ∑ q,n,m [ [B^{p−1}]_{k,q}Q^m_{q,n} dΦ_{m,p−1} dV^′_1 (s_n) − d[B^{p−1}]_{k,q} dV^′_1 (s_n) Q^m_{q,n}Φ_{m,p−1} ] + 1 2 ∑ n dV_{k,n} ds_n (E.71)

We use the relation dV_{k,n} ds_n = ∑ p d^2[V^′_2 (B)]_k ds_nds_p H_{p,n} + ∑ p Z_{k,p} H_{p,n} ds_n (E.72)

and write:

B_j = 1 2 ∑ n H_{j,n} ds_n + ∑ k Z^{−1}_{j,k} [1 2 d_2∑

p=1 ∑ q,n,m [ [B^{p−1}]_{k,q}Q^m_{q,n} dΦ_{m,p−1} dV^′_1 (s_n) − d[B^{p−1}]_{k,q} dV^′_1 (s_n) Q^m_{q,n}Φ_{m,p−1} ] + ∑ i V_1(s_i)V_{k,i} − ∑ i,n B_{k,j}V_{i,n} ]

+2 ∑ i,j≠i,r t̃_{d2} Z^{−1}_{j,r} [B^{d2−1}]_{r,i} (E.73)

References

[1] Mina Aganagic, Miranda C.N. Cheng, Robbert Dijkgraaf, Daniel Krefl, Cumrun Vafa “Quantum Geometry of Refined Topological Strings”, arXiv:1105.0630.

[2] L. Alday, D. Gaiotto, Y. Tachikawa, “Liouville Correlation Functions from Fourdimensional Gauge Theories”, Letters in math. physics, Vol 91, No 2, 167-197, 2010.

[3] J. Ambjørn, L. Chekhov, C.F. Kristjansen and Yu. Makeenko, “Matrix model calculations beyond the spherical limit” Nucl.Phys. B404 127-172; Erratum ibid. B449 (1995) 681, hep-th/9302014, 1993.

[4] O. Babelon, D. Bernard, M. Talon, “Introduction to Classical Integrable Systems”, Cambridge University Press.

[5] O. Babelon, D. Talalaev, “On the Bethe Ansatz for the Jaynes-Cummings-Gaudin model”, Journ. of Statistical Mechanics, theory and experiments, P06013, 2007.

[6] M. Bergère, B. Eynard, “Some properties of angular integrals”,

arXiv:0805.4482v1[math-ph], 2008.

[7] M. Bertola, “Two-matrix model with semiclassical potentials and extended Whitham hierarchy”, J.Phys. A39 8823-8856 (2006), hep-th/0511295.

[8] M. Bertola, O. Marchal “The partition function of the two-matrix model as an isomonodromic tau-function”, J. Math. Phys., Vol. 50, 2009.

[9] P.M. Bleher and A.R. Its, “Random Matrix Models and Their Applications”, MSRI Research Publications 40, Cambridge Univ. Press, (Cambridge, 2001).

[10] G. Bonelli, K. Maruyoshi, A. Tanzini, “Quantum Hitchin Systems via β-deformed Matrix Models”, arXiv:1104.4016v1[hep-th], 2011.

[11] G. Bonnet, F. David, B. Eynard, “Breakdown of universality in multi-cut matrix models”, J. Math. Phys. A, Vol. 33, No 38, 2000.

[12] V.Bouchard, A.Klemm, M.Mariño, S.Pasquetti, “Remodeling the B-model”,

arXiv:0709.1453, 2007.

[13] D.V.Boulatov, V.A.Kazakov, “The Ising model on a random planar lattice: the structure of phase and the exact critical exponents”, Phys. Lett. B186(1987)379.

[14] E. Brézin, C. Itzykson, G. Parisi, and J.B. Zuber, Comm. Math. Phys. 59, 35 (1978).

[15] W. Bryc, V. Pierce, “Duality of real and quaternionic random matrices”,

arXiv:0806.3695v2[math.PR], 2008.

[16] F. Calogero, “Ground State of a One-Dimensional N-Body System”, J. Math.

Phys. 10, 2197-2200, 1969.

[17] L. Chekhov, B. Eynard, “Matrix eigenvalue model: Feynman graph technique for all genera”, JHEP, 026, 2006.

[18] L. Chekhov, B. Eynard, O. Marchal, “Topological expansion of the Bethe ansatz, and quantum algebraic geometry” arXiv:0911.1664v2[math-ph], 2009.

[19] L. Chekhov, B. Eynard, O. Marchal, “Topological expansion of betaensemble model and quantum algebraic geometry in the sectorwise approach”

arXiv:1009.6007[math-ph], 2010.

[20] L. Chekhov, B. Eynard, N. Orantin, “Free energy topological expansion for the 2-matrix model”, arXiv:0603003[math-ph], 2006.

[21] J.M.Daul, V.Kazakov, I.Kostov, “Rational Theories of 2D Gravity from the Two- Matrix Model”, Nucl.Phys. B409 (1993) 311-338, hep-th/9303093.

[22] F. David, “Planar diagrams, two-dimensional lattice gravity and surface models”, Nucl.Phys. B257(1985)45.

[23] F. David, “Loop equations and nonperturbative effects in two-dimensional quantum gravity”, Mod.Phys.Lett. A5 (1990) 1019.

[24] P. Desrosiers, “Duality in random matrix ensembles for all Beta”,

arXiv:0801.3438[math-ph], 2008.

[25] P. Di Francesco, “2D gravity, matrix models and graph combinatorics”, Lecture given in Les Houches, applications of random matrices in physics, june 2004,

arXiv:0406013[math-ph].

[26] P. Di Francesco, P. Ginsparg, J. Zinn-Justin, “2D Gravity and Random Matrices”, Phys. Rep. 254, 1 (1995).

[27] P. Di Francesco, P. Mathieu, D. Sénéchal, “Conformal field theory”, Springer, 1999.

[28] R. Dijkgraaf, H. Fuji, “The volume conjecture and topological strings”, Fortschritte der Physik, Vol. 57, Issue 9, 825-856, 2009.

[29] R. Dijkgraaf, L. Hollands, P. Sulkowski, “Quantum curves and D-modules”, JHEP, 047, 2009.

[30] R.Dijkgraaf and C.Vafa, “Matrix Models, Topological Strings, and Supersymmetric Gauge Theories”, Nucl.Phys. B644 (2002) 3-20, hep-th/0206255.

[31] R.Dijkgraaf and C.Vafa, “On Geometry and Matrix Models”, Nucl.Phys. B644 (2002) 21-39, hep-th/0207106.

[32] R.Dijkgraaf and C.Vafa, “A Perturbative Window into Non-Perturbative Physics”,

hep-th/0208048.

[33] R.Dijkgraaf and E.Witten, “Mean field theory, topological field theory, and multimatrix models”, Nucl.Phys. B342 (1990) 486-522.

[34] I. Dumitriu, A. Edelman, “Global spectrum fluctuations for the β-Hermite and β-Laguerre ensembles via matrix models”, J. Math. Phys., Vol. 47, No. 6, 2006.

[35] I. Dumitriu, A. Edelman, “Matrix models for beta ensembles”, JHEP, 043, 2002. [36] F. J. Dyson, “Statistical Theory of the Energy Levels of Complex Systems”. I, J.

Math. Phys. 3 (1962) 140-156.

[37] F.J. Dyson, “Correlations between the eigenvales of a random matrix”, Comm.

Math. Phys. 19 (1970) 235-50.

[38] F.J. Dyson,“A Brownian-motion model for the eigenvalues of a random matrix”, J. Math. Phys. 3 (1962) 1191.

[39] B. Eynard, “Large N expansion of convergent matrix integrals, holomorphic anomalies, and background independence”, JHEP, 0903:003, 2009.

[40] B. Eynard, “Topological expansion for the 1-hermitian matrix model correlation functions”, JHEP 024A, arXiv:0407261[math-ph], 2004.

[41] B. Eynard, “Large N expansion of the 2-matrix model”, JHEP 01 (2003) 051,

arXiv:0210047[hep-th].

[42] B. Eynard, “Large N expansion of the 2-matrix model, multicut case”, preprint SPHT03/106, ccsd-00000521, arXiv:0307052[math-ph].

[43] B. Eynard, “Master loop equations, free energy and correlations for the chain of matrices”, JHEP 11, 018, [44] B.Eynard, “ Formal matrix integrals and combinatorics of maps”,

arXiv:0611087[math-ph], 2006.

[45] B. Eynard, A. Kokotov, and D. Korotkin, “1/N^2 corrections to free energy in Hermitian two-matrix model”, arXiv:0401166[hep-th], 2004.

[46] B. Eynard, O. Marchal, “Topological expansion of the Bethe ansatz, and noncommutative algebraic geometry”, JHEP, 094, 2008.

[47] B. Eynard, M.L. Mehta, “Matrices coupled in a chain: eigenvalue correlations”, J. Phys. A: Math. Gen. 31 (1998) 4449-4456.

[48] B. Eynard, N. Orantin, “Invariants of algebraic curves and topological expansion”, Comm. in Number Theory and Physics, Vol. 1, Number 2, 347-452, 2007.

[49] B. Eynard, N. Orantin, ”Topological expansion of the 2-matrix model correlation functions: diagrammatic rules for a residue formula”, JHEP 0512 (2005) 034,

math-ph/0504058.

[50] T. Guhr, A. Mueller-Groeling, H.A. Weidenmuller, “Random matrix theories in quantum physics: Common concepts”, Phys. Rep. 299, 189, 1998.

[51] Harish-Chandra, “Differential operators on a semi-simple Lie algebra”, Amer. J.

Math. Vol. 79 (1957), 87-120. MR 18:809d

[52] C. Itzykson and J.B. Zuber, “The planar approximation. II”, J. Math. Phys., Vol.

21, 411-421 (1980), [reprinted in: “The Large N Expansion in Quantum Field Theory and Statistical Physics -From Spin to 2-dimensional Gravity”, BrézinE., Wadia S.R. eds (World Scientific 1993), pp. 605-615].

[53] A. Jevicki, “Collective field theory and Schwinger-Dyson equations in matrix models”,preprint Brown-HET-777, Proceedings of the meeting Symmetries, quarks and strings held at the City College of New York, Oct. 1-2, 1990.

[54] V.A. Kazakov, “Ising model on a dynamical planar random lattice: exact solution”, Phys Lett. A119, 140-144, 1986.

[55] V.A. Kazakov, I. Kostov, A.A. Migdal, “Critical properties of randomly triangulated planar random surfaces”, Physics Letters B, 1985.

[56] V.A. Kazakov, A. Marshakov, “Complex Curve of the Two Matrix Model and its Tau-function”, J.Phys. A36, 3107-3136, 2003.

[57] A.Kokotov, D.Korotkin, “Bergmann tau-function on Hurwitz spaces and its applications”, arXiv:0310008[math-ph], 2003.

[58] I.K. Kostov, “Bilinear functional equations in 2d quantum gravity”,

arXiv:9602117[hep-th], 1996.

[59] M. Mariño, Chern-Simons Theory, Matrix Models, and Topological Strings”, International Series of Monographs on Physics, 131, Oxford University Press.

[60] M. Mariño, “Open string amplitudes and large order behavior in topological string theory”, arXiv:0612127[hep-th], 2006.

[61] M. L. Mehta, “A method of integration over matrix variables”, Comm. Math.

Phys., 79 3, 1981.

[62] M. L. Mehta, “Random matrices (3e edition)”, Pure and Applied Mathematics, Series 142, Elsevier (London - 2004), 688 pp. ISBN 0120884097.

[63] F. David, “Loop equations and nonperturbative effects in two dimensional quantum gravity”,Mod. Phys. Lett. A5 (1990) 1019.

[64] H. Shimada, “β-deformation for matrix model of M-theory”, Nuclear Physics B, Vol. 813, Issue 3, 283-314, 2009.

[65] M. Staudacher, “Combinatorial solution of the 2-matrix model”, Phys. Lett. B305 (1993) 332-338.

[66] Spenta R. Wadia, “On The Dyson-Schwinger Equations Approach To The Large N Limit: Model Systems And String Representation Of Yang-Mills Theory”, Phys. Rev. D , 24, 970, 1981.

[67] E. P. Wigner, Proc. Cambridge Philos. Soc. 47 (1951) 790, reprinted in C. E.

Porter, Statistical theories of spectra: fluctuation (Academic Press, New-York, 1965).

[68] J.B. Zuber, “On the large N limit of matrix integrals over the orthogonal group”,

arXiv:0805.0315[math-ph].

[69] J. Ginibre “Statistical ensembles of complex, quaternion, and real matrices”. J.

Math. Phys. 6: 440449. doi:10.1063/1.1704292, 1965.