arXiv:1106.0457v1 [hep-lat] 2 Jun 2011

Light quark physics from lattice QCD

Jack Laiho^∗ SUPA, Department of Physics and Astronomy, University of Glasgow, Glasgow, Scotland, UK E-mail: jlaiho@physics.gla.ac.uk

I review lattice calculations of quantities that involve light quarks, including light quark masses, the vector form factor f_+(0) needed for semileptonic kaon decays, and kaon mixing. Results for most of these quantities are now available from multiple groups. Averages of these results are presented, along with a discussion of the methodology behind the averaging procedure. Recent progress in calculations of K → ππ matrix elements is also reviewed.

The XXVIII International Symposium on Lattice Field Theory, Lattice2010 June 14-19, 2010 Villasimius, Italy

∗Speaker.

© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/

1. Introduction

Lattice calculations of light-quark quantities such as quark masses, the kaon bag parameter, and semi-leptonic form-factors play a crucial role in extracting the fundamental parameters of the Standard Model and in constraining new physics beyond it. More complicated quantities such as non-leptonic kaon decays are very sensitive to new physics, but are more difficult to calculate using lattice QCD. Nonetheless, great progress has been made on this front in just the last year.

Almost all of the more straightforward quantities mentioned above have been calculated by a number of different groups, and there is excellent agreement between them when we restrict ourselves to calculations for which a complete systematic error budget has been provided. Furthermore, for almost all of the quantities considered here there is more than one result with precision comparable to the highest quoted precision for that quantity, so that this agreement is a nontrivial and important test of lattice methods. This is true of all the light quark masses, including the strange quark mass, where it appears that the discrepancies of the past have now been largely resolved. (See, e.g. Ref. [1] for a compilation of older quark mass results.)

In this talk I cover light quark masses (u, d, and s), the K → πℓν form factor and the determination of |V_{us}|, the kaon bag parameter B_K , kaon bag parameters relevant for beyond the Standard Model physics, and K → ππ matrix elements. There are fully documented results from more than one group for most of these; when this is the case world averages are presented. The averages presented here is work done in collaboration with Enrico Lunghi and Ruth Van de Water, where we update and extend to new quantities the averages presented in reference [2]. The latest averages (including quantities outside the scope of this review) can be found on our website www.latticeaverages.org. After reviewing the procedure we adopted for the averages presented in this talk, I present status updates of the various quantities in turn, including the new averages.

Related reviews presented at this conference include a review of the light pseudoscalar decay constants by Christian Hölbling [3], and a review of the impact on phenomenology of many of the above quantities by Chris Sachrajda [4].

2. Lattice averages

Our main criteria for including a result in the world averages quoted here is that the calculation include a complete error budget, including all sources of systematic error, and also that the work be documented in either a publication or proceedings. Thus, we do not include numbers that appear only in the slides of a conference talk. For the most part, we restrict ourselves to including only N_f = 2 + 1 flavor lattice results in the averages because N_f = 0 and 2 flavor calculations typically do not quote an error due to quenching, as this is notoriously difficult to estimate reliably. Since we only include results where estimates of all relevant systematic errors have been made, we exclude most of the N_f = 2 flavor results from the averages, though I show the most recent state-of-the-art two flavor calculations in the comparison plots. We make an exception in the averages for the N_f = 2 calculation of the K → πℓν form factor at zero-recoil, f_+(0), since chiral perturbation theory power counting can give a reasonable estimate for the size of the effect of quenching the strange quark for this quantity, and this error was included as part of a complete systematic error budget by the ETM Collaboration in ref [5].

There is an additional small systematic error in all of the N_f = 2+1 flavor lattice results due to the neglect of the dynamical charm quark from the simulations. This error is typically not included in current error budgets, though the effect is believed to be small. Because the charm quark is relatively heavy compared to Λ_{QCD}, the size of the effects due to neglecting the charm quark in the sea can be estimated using heavy-quark effective theory (HQET). The leading corrections are of order α_s[Λ/(2m_c)], where the two is a combinatoric factor appearing generically in HQET. Using reasonable estimates for these quantities (e.g., α_s = 0.33, Λ = 500 MeV, m_c = 1.2 GeV) suggests that the size of charm loop effects is around 1%, although this effect is likely to be further suppressed in SU(3)-breaking ratios such as f_K / f_π . Simulations with N_f = 2 + 1 + 1 flavors are underway by the ETM Collaboration [6] and the MILC Collaboration [7] to address this issue. Note that this HQET power counting estimate cannot be applied to the strange quark, and that the effects due to quenching the strange quark are more difficult to quantify without a direct comparison between N_f = 2 and 2 + 1 flavor simulations. Such a direct comparison is possible, since the ETM Collaboration has now calculated many quantities using N_f = 2 flavors with all systematic errors under control except that due to quenching the strange quark. Good agreement is found with 2+1 flavor calculations at the quoted level of precision, suggesting that the effect of quenching the strange quark is small. Nonetheless, the precision on the 2 + 1 flavor averages is typically better than that of the 2 flavor calculations and is of the size where one might expect dynamical strange quark effects to become visible. Thus, to be consistent with our criteria of including only results with estimates of all the relevant systematic errors, we do not include N_f = 2 flavor calculations in our averages, expect for the special case of f_+(0), as mentioned above and discussed further in Section V.

In order to avoid underestimating the errors in the averages, we need to take into account correlations between the different calculations. Although the full correlation matrices between the different calculations do not exist and would be difficult to construct, we can still account for correlations using the following conservative assumptions: when calculations use the same gauge field ensembles for the same quantity, we assume the statistical errors are 100% correlated. When a systematic error is at all correlated between different calculations, we assume the correlation in this error between calculations is 100%. This treatment of systematic correlations is conservative in that it will lead to somewhat of an overestimate of the total error in the average, but we feel it is a reasonable assumption given the information available. Finally, we also adopt the Particle Data Group (PDG) prescription for combining several measurements whose spread is wider than what one would expect given the quoted errors. The error on such an average is rescaled by the square root of the minimum of the χ^2/ per degree of freedom [8].

A snapshot of the simulation parameters is presented in Table 1 to give a sense of the range of lattice actions, lattice spacings, and light pion masses being used in the most recent results. For the staggered simulations, I have quoted the root-mean-square pion mass for the minimum pion mass in the sea, while for the valence sector I have quoted the taste-goldstone pion mass as the minimum pion mass. This gives a sense of how light the valence and sea pion masses are compared to other simulations and is based on a more detailed look at staggered chiral perturbation theory formulas [17, 18, 59] for the quantities considered in this review that were computed using staggered quarks. For simulations performed with domain wall valence quarks on a staggered sea, I again quote the root-mean-square pion mass for the minimum pion mass in the sea, while for the valence sector

Table 1: Snapshot of parameter values being used in numerical simulations reviewed in this talk. The first column is the group name; the second is the number of dynamical fermions; the third is the action; the fourth is the approximate range of lattice spacings; the fifth is the dimensionless product m_π L, which gives a measure of expected finite-size effects; and the last column is the approximate minimal pion mass simulated, in both the sea and valence sectors.

Group N_f action a(fm) m_π L m^{min}_π (MeV) sea/val ETMC [9] 2 Twisted Mass 0.05-0.10 fm ≫ 1 280/280 MILC [10] 2+1 (Asqtad) staggered 0.045-0.12 fm > 4 250/180 RBC/UKQCD [11] 2+1 Domain Wall 0.085-0.11 fm > 4 290/210 JLQCD [12] 2+1 Overlap 0.11 fm ≥ 2.7 310/310 PACS-CS [13] 2+1 Clover 0.09 fm ≥ 2.0 140/140 BMW [14] 2+1 Clover 0.065-0.125 fm ≥ 4 120/120 ALV [70] 2+1 DW on MILC 0.06-0.12 fm > 3.5 250/210 HPQCD [16] 2+1 HISQ on MILC 0.045-0.15 fm ≥ 3.7 360/310

I quote the mass of the valence pion made of two domain wall quarks. This table reflects the parameters used in ongoing simulations, not necessarily the parameters appearing in the averages for all quantities presented below.

3. Quark masses

The quark masses are fundamental parameters of the Standard Model, but due to confinement do not appear as free particles in nature. One must tune the lattice quark masses so that one reproduces the experimentally known hadron spectrum, with three experimental inputs needed to determine three quark masses (and a fourth experimental input to fix the scale). The bare lattice quark masses are then known in the regularization scheme defined by the lattice action of any particular calculation, but to compare to results using other lattice actions or to be used as input in continuum calculations, must be converted to a standard continuum regularization scheme like MS. The matching factors needed to convert to the MS scheme are short distance parameters, and can be computed perturbatively. Direct perturbative matching between a lattice scheme and the MS scheme is a technical challenge, especially at two-loop order or beyond. The convergence of lattice perturbation theory is typically poor unless tadpole-improvement and a renormalized coupling are used [20]. The convergence also tends to be better behaved when improved actions with fat gauge links are used [21], but this increases the difficulty of going to higher order, and few results beyond one-loop are known. Non-pertubative matching to a regularization independent continuum scheme can be performed [22], and then the matching to MS can be done in continuum perturbation theory, where it is easier to go to higher orders. It is also possible to renormalize the masses completely non-perturbatively using the Schrödinger functional scheme [23, 24].

The latest results for the strange quark mass and for the averaged up and down quark mass m_{ud} are shown in Figure 1. The notation in these and all subsequent average plots is as follows: for quantities that have been presented with full error budgets in a paper or proceedings, the data point

Figure 1: Left panel: The strange quark mass m^{MS}_s (2GeV) from many groups, including the world average. See the text for further details on color coding, etc. Right panel: The results for the average of the u and d quark masses m^{MS}_{ud} (2GeV) from many groups with world average. Results in both figures are taken from Refs. [25, 16, 26, 27, 11, 28, 29, 30, 31, 32].

is shown in green, and is included in the average. Quantities that are not included in the average are shown in red. This can be because the quantity has not yet been fully documented, or because potentially significant systematic errors have not yet been estimated. If the situation is the later, the quantity is distinguished by a dashed line in the error bar. A slight exception to this rule is that two flavor results are displayed without a dashed line, to emphasize that all errors except that due to quenching the strange quark have been included in the error estimate, but they are not included in the averages in most cases as discussed above and are labeled explicitly.

The agreement between the different results for quark masses is striking, especially given the long history of disagreement between various m_s determinations. The only noticeable outlier in Figure 1 is the PACS-CS result [31], though this result does not yet include a full systematic error budget by the admission of the authors, so that the significance of the difference cannot yet be assessed. The PACS-CS result uses a fully non-perturbative renormalization of Z_m from the Schrödinger functional method, and values of the quark masses down to the physical masses. These simulations still involve rather small volumes (m_π L ∼ 2) and there is so far only a single lattice spacing. The quoted systematic errors include statistical errors, a systematic error due to reweighting to the physical quark masses, and a complete systematic error for Z_m. The error budget does not yet include errors due to discretization effects and finite volume effects, but calculations to address the remaining systematic errors are in progress [33].

A few results in the quark mass determinations stand out due to their especially small errors. The quark mass determinations of HPQCD use a novel method and have the smallest quoted errors [16]. The HPQCD Collaboration make use of their determination of the charm quark mass using current-current correlators [26, 34], and the ratio of charm to strange quark masses [16] using a highly improved staggered quark (HISQ) action [35] to simulate a relativistic charm quark

Figure 2: Continuum extrapolation of ratio m_c/m_s from HPQCD [16].

so that the charm and strange quark can be treated in the same formulation. The ratio m_c/m_s, which receives no renormalization if both quarks are simulated in the same relativistic formalism, allows HPQCD to propagate their precise charm quark mass determination [26] (using the HISQ formalism and four-loop continuum perturbation theory [36]) down to the light quark masses. The continuum extrapolation of this quantity from HPQCD is shown in Fig. 2. The m_c/m_s ratio has also been calculated by the ETM Collaboration using two dynamical flavors [32], and it is in good agreement with the result of HPQCD. The BMW Collaboration uses smeared clover quarks down to the physical light quark masses and the Rome-Southampton non-perturbative renormalization (NPR) method [22] and several lattice spacings down to ∼ 0.05 fm to control the perturbative matching [28]. The RBC/UKQCD Collaborations use domain wall quarks and the Rome-Southampton NPR method, but they match to a non-exceptional momentum scheme [11, 37], reducing the contamination from infrared effects and significantly reducing the size of the perturbative corrections compared to schemes that involve exceptional momenta.

Although the average of the u and d quark masses can be obtained in a fairly straightforward way from lattice simulations, the difference between the u and d quark masses requires an understanding of electromagnetic effects. These have been incorporated into lattice calculations using different approaches. The MILC results for m_u and m_d use the differences between the masses of charged and neutral pions and kaons, along with continuum estimates of the violation of Dashen’s theorem to estimate the difference between the u and d quark masses [38]. HPQCD makes use of the MILC values of the ratios between the u and d quark masses, thus using the same input for electromagnetic contributions as MILC. RBC/KEK/Nagoya include (quenched) QED explicitly in the lattice calculations, thus bypassing the need for continuum information on electromagnetic effects [27]. They make use of two volumes to study finite volume effects, and they use SU(2) heavy kaon chiral perturbation theory [39] to perform the chiral extrapolation, including electromagnetic effects. BMW obtain information on the electromagnetic corrections from dispersive studies of η → 3π decays [14]. Again, the agreement is impressive, as can be seen in Figure 3, and the errors on the world averages presented here for the u and d quark masses are at the 5% and 2% level, respectively. Note that the u quark mass is over 20σ from zero, so that the vanishing of this mass appears to be ruled out as a solution to the strong CP problem [40, 41, 43, 42].

Figure 3: Left panel: The u quark mass m^{MS}_u (2GeV) from different groups, including the world average. Right panel: The d quark mass m^{MS}_d (2GeV) from different groups with world average. This figure quotes results from Refs. [25, 16, 27, 28].

Figure 4 shows the quark mass ratios m_s/m_{ud} and m_u/m_d . As noted above, these ratios are interesting to examine because the renormalization factor needed to quote the quark masses in a common scheme cancels. For m_s/m_{ud} there is, once again, impressive agreement between the various determinations, in particular those of MILC [25], HPQCD [16], and BMW [28], where the total errors from each group are at the sub-percent level. This precision agreement is noteworthy in part because it is not possible to get much guidance from experiment on the value of this ratio, unlike say the light hadron spectrum or pion and kaon decay constants, and no other non-perturbative methods quote errors that are competitive with the precision of the lattice results. Leading order chiral perturbation theory (χPT) predicts a value around 26.0 [44], but it is difficult to improve this result systematically to the same precision using χPT because of uncertainties in the low energy constants appearing at higher order in the chiral expansion.

4. K → πℓν semileptonic decay

The semileptonic K → πℓν decay can be used to obtain the CKM matrix element V_{us} from the experimental branching fraction using [45]

Γ_{Kℓ3} =

G^2_F m^5_K 192π^2

C^2_K S_{EW} (|V_{us}| f_+)^2I_{Kℓ}(1 + δ^{Kℓ}_{EM} + δ^{Kπ}_{SU(2)})^2, (4.1)

where S_{EW} = 1.0232(3) is the short-distance electroweak correction, C_K is a Clebsch-Gordan coefficeint, f_+(0) is the form factor at zero momentum transfer, and I_{Kℓ} is a phase-space integral that is sensitive to the momentum dependence of the form factors. The quantities δ^{Kℓ}_{EM} and δ^{Kπ}_{SU(2)} are long-distance EM corrections and isospin corrections, respectively. The value

|V_{us}| f_+(0) = 0.2163(5) (4.2)

Figure 4: Left panel: The ratio of quark masses m_s/m_{ud} from different groups, including the world average. Right panel: The ratio of quark masses m_u/m_d from different groups with world average. Results in these figures are taken from Refs. [25, 16, 26, 27, 11, 28, 29, 30, 31, 32].

Figure 5: Results for f_+(0) including our average. The results are quoted from Refs. [5, 49].

has been determined from experimental measurements of K → πℓν decays and non-lattice theory for the other inputs to Eq. (4.1) [45]. The non-perturbative information is encoded in the form factor f_+(0), and once this is known from lattice QCD, a value for V_{us} can be determined. The value of f_+(0) is already rather well constrained by SU(3) chiral perturbation theory, an expansion in powers of m^2_K /(8π^2 f^2_π ) [46]. One can write f_+(0) = 1+ f_2 + f_4 +..., where the first term is equal to one due to current conservation in the SU(3) limit. The correction f_2 does not contain any new unknown low energy constants, as required by the Ademollo-Gatto theorem [47], and is predicted in terms of pion and kaon masses and the pion decay constant to be f_2 = −0.0226. We need to know f_4, if we are to do better, but this requires the determination of new higher order unknown low energy constants. The value for f_4 was estimated by Leutwyler and Roos in 1984 [48] using a quark model; they obtained f_4 = −0.016(8), which gives f_+(0) = 0.961(8).

There are only two lattice calculations of f_+(0) that have complete systematic error budgets, one from ETMC from 2009 [5] and a more recent update in 2010 [49] of an older calculation from RBC/UKQCD [50], with the average shown in Figure 5. As mentioned in Section 2, we include the ETMC result in our world average even though it is with N_f = 2 flavors because there is a credible estimate of the systematic error due to quenching the strange quark. The ETMC result has already been reviewed by Vittorio Lubicz [53] in his lattice review talk from last year, but it is worth recalling the treatment of the error due to quenching the strange quark for f_+(0). In the chiral effective theory the N_f dependence can be incorporated; this modifies the chiral logarithms and changes the low energy constants from their N_f = 3 to N_f = 2 values. Although it is straightforward to use the known chiral logarithm expressions to adjust for unphysical quenching effects, the N_f dependence of the low energy constants is not known. For f_+(0) the effect of using N_f = 2 sea quarks can be corrected for in the f_2 term exactly, since there are no new low energy constants appearing to this order, and the strange sea quark dependence is a known expression involving chiral logarithms. The f_4 term requires the knowledge of new low energy constants, and these will take their N_f = 2 values in the ETMC calculation. The remaining error in f_+(0) due to the difference between f_4 in the N_f = 2 and 3 flavor theories is estimated by looking at the difference between f_4 in the N_f = 2 and N_f = 0 calculations. The full difference between f_4 in the 2 flavor theory and the 0 flavor (completely quenched) theory is taken as the error due to quenching the strange quark for this quantity [5].

The RBC/UKQCD result for f_+(0) [49] is an update of their previous result [50] from 2007. This new calculation improves upon the previous one by using twisted boundary conditions [51, 52] to remove the need to interpolate in q^2 to get the form factor at zero-recoil. They also apply a different choice of chiral extrapolation, where analytic next-to-next-to leading order (NNLO) terms that do not obey the Ademollo-Gatto theorem are included. Such terms are possible if f_π is used in the NLO expression instead of f_0, the decay constant in the SU(3) limit. This is because when reordering the series to use f_π in the NLO expression, analytic terms that do not respect the mass interchange symmetry can appear at NNLO. RBC/UKQCD quote f_+(0) = 0.9599(34)(^{+31}_{−43} )(14), where the first error is statistical, the second is due to the chiral extrapolation, and the third is an estimate of discretization errors [49].

There were progress updates for f_+(0) from the FNAL/MILC Collaborations using staggered quarks [54] and from the JLQCD Collaboration using overlap quarks [55]. The FNAL/MILC calculation is using the method developed by HPQCD for D → Kℓν [56] to get a result for f_+(0) using

f_+(0) = f_0(0) = m_s − m_q m^2_K − m^2_π

⟨π|S|K⟩_q2_{=0} (4.3)

so that no renormalization is required. This avoids the use of non-local vector currents and does not require multiple three-point correlators to form various double ratios. Twisted boundary conditions are used to calculate f_0 at the q^2 = 0 point. The disadvantage of this method is that one cannot obtain f_0(q^2) for q^2 ≠ 0, but this is still sufficient to determine |V_{us}|, since the shape dependence of the form factor is usually taken from experiment.

The JLQCD calculation was done at a single lattice spacing and a somewhat small (1.7 fm) volume. The q^2 dependence was modeled using various functional forms to interpolate to q^2 =

Figure 6: Left panel: Extrapolation in light quark mass for B_K from RBC/UKQCD [58]. Right panel: Comparison of B_K in different renormalization schemes from RBC/UKQCD [58].

0, and the shape dependence was in reasonable agreement with experiment. Work with twisted boundary conditions and larger volumes is in progress [55].

5. Kaon mixing

The constraint on the unitarity triangle coming from kaon mixing can be expressed as

|ε_K | = C_ε κ_ε B_K A^2η{−η_1S_0(x_c)(1 − λ^2/2) + η_3S_0(x_c,x_t ) + η_2S_0(x_t )A^2λ^2(1 − ρ)}, (5.1)

where C_ε is a collection of experimentally determined parameters, κ_ε represents long-distance contributions and a correction due to the fact that the quantity ϕ_ε ≠ 45 degrees [57], B_K is the kaon bag parameter, the η_iS_0 are perturbative coefficients, and λ , A, ρ, η are CKM matrix elements in Wolfenstein parameterization. The experimental determination of |ε_K | leads to a constraint on the unitarity triangle in the shape of a hyperbolic band in the ρ-η plane. The main non-perturbative input needed from the lattice to implement this constraint on the CKM unitarity triangle is the kaon bag parameter B_K.

There have been three recent updates on this quantity: from the RBC/UKQCD Collaborations [58], from the SBW Collaboration [59], and from ETMC [60]. The RBC/UKQCD Collaborations have updated their eariler result [61] using domain-wall quarks with a number of improvements, including a second lattice spacing to allow a continuum limit to be taken, and the use of various nonperturbative renormalization schemes with non-exceptional momentum to perform the matching to the continuum [62]. The RBC/UKQCD results have also modified their approach to the chiral extrapolation. For their central value, they average the result using SU(2) heavy-kaon χPT to perform the extrapolation in light quark mass and the result using a simple linear extrapolation. This approach was motivated by the absence of detectable curvature in their data, and the tendency of their SU(2) fit to undershoot f_π . Figure 6 shows the light-quark mass extrapolation for B_K for both the linear and the SU(2) fits. RBC/UKQCD used multiple RI-SMOM schemes with nonexceptional momenta to determine the matching factor for B_K . Figure 6 shows the comparison of results between the various RI-SMOM schemes, as well as results from the RI/MOM scheme. The systematic error associated with the NPR matching is also shown in Fig 6. The final result quoted for B̂_K is 0.749(7)(21)(3)(15), where the errors are statistical, chiral extrapolation, finite volume, and renormalization [58].

The SBW Collaboration has adopted a mixed-action approach, using HYP-smeared staggered quarks [63] on the MILC asqtad ensembles, with four lattice spacings down to 0.045 fm [59, 64]. The matching is done to one-loop order in lattice perturbation theory [65]. The chiral and continuum extrapolation is done using SU(2) staggered chiral perturbation theory [66]. The SU(2) formulation has much simpler expressions than the SU(3) case, where many new parameters specific to the staggered formalism enter [18]. SBW quote as their main result a value B̂_K = 0.724(12)(43), where the errors are statistical and the sum of systematic errors in quadrature [59]. The dominant error is currently due to the one-loop perturbative matching. Non-perturbative matching is in progress.

The ETM Collaboration has a result for B_K using a mixed action [67] with three lattice spacings down to 0.07 fm [60]. The valence action is Osterwalder-Seiler [68] and the sea sector is that of the ETMC N_f = 2 twisted mass ensembles [9]. They quote a value of B̂_K = 0.733(29)(16), where the first error contains statistical, chiral extrapolation/fit, and matching errors, while the second contains an error due to different assumptions of O(a^2 p^2) dependence in the RI-MOM scheme matching factor [60]. A calculation by ETMC using 2+1+1 flavors is in progress.

The world average for B̂_K is shown in Fig. 7. All of the results are in good agreement, which is impressive given the different discretizations and methods employed in the various calculations. The effect of quenching the strange quark appears to be rather small, as we can see by comparing the ETMC result with that of the 2+1 flavor average.

The ETM Collaboration has presented the first preliminary unquenched (two-flavor) results for four-quark operators that contribute to kaon mixing in the presence of new physics [71]. The effective Hamiltonian relevant for beyond the Standard Model physics contains several new fourquark operators, in addition to the one associated with B_K. Only four new matrix elements are required, however, since for the new operators only the parity-even parts are needed because the strong interaction conserves parity.

The bag parameters associated with the new operators are defined by [71]

⟨K^0|O_1(μ)|K^0⟩ = B_K(μ) 8 3 m^2_K f^2_K , (5.2)

⟨K^0|O_i(μ)|K^0⟩ = C_iB_i(μ) [ m^2_K f_K m_s(μ) + m_d(μ)

]_2 , (5.3)

where C_i = {−5/3,1/3,2,2/3}, i = 2,...,5, when we take the basis of operators used in Ref. [71]. The matrix element of O_1 is just the Standard Model contribution to kaon mixing. Note that the other operators do not vanish in the chiral limit.

The ETMC calculation includes three lattice spacings, fairly light pion masses (down to ∼ 280 MeV) and non-perturbative renormalization using the RI-MOM scheme. They find that the chiral

Figure 7: Results for B̂_K including the world average. Results are taken from Refs. [69, 70, 59, 58, 60].

Table 2: Preliminary values of BSM kaon bag parameters in the MS scheme with two dynamical flavors from ETMC [71]. Errors are statistical only.

i B_i 2 0.56(0.04) 3 1.43(0.13) 4 0.76(0.06) 5 0.63(0.09)

extrapolation is not very sensitive to the choice of fit function, and we show the results for the B_i parameters from the quadratic fit of Ref. [71] in Table 2. The errors are statistical only. 6. K → ππ Lattice calculations of non-leptonic K → ππ decays are challenging because of the two-hadron final state, but they are important for phenomenology. Lattice calculations of K → ππ matrix elements have the potential to give us a first principles determination of the decades old ΔI = 1/2 rule, and would finally allow us to use the experimental measurement of ε^′/ε as a precision constraint on the Standard Model [72]. The Standard Model prediction for ε^′/ε is Re ( ε^′_K ε_K ) ≈ ω √ 2|ε_K | [ Im(A_2) Re(A_2) − Im(A_0) Re(A_0) ] , (6.1)

where A_0 and A_2 are the amplitudes for K → ππ decays into definite isospin states, and real and imaginary refer only to the part of the amplitude that becomes complex due to the presence of the weak phase. The smallness of the parameter ω = Re(A_2)/Re(A_0) ≈ 0.05 is a manifestation of the ΔI = 1/2 rule.

K → ππ matrix elements are difficult to calculate on the lattice because the Maiani-Testa nogo theorem [73] tells us that we cannot extract physical matrix elements from Euclidean correlation functions with multi-hadronic final states. Due to the restriction of working in Euclidean time, the most straightforward lattice implementation of calculating K → ππ matrix elements only works if the final state pions are at rest, or at some other set of unphysical kinematics. Two general strategies have emerged for getting around this problem. One strategy is to construct K → ππ matrix elements indirectly using the low energy constants (LEC’s) of chiral perturbation theory as determined from simpler lattice matrix elements such as K → 0 and K → π [74]. It was shown in Refs. [75, 76, 77, 78] that all LEC’s through next-to-leading order could be obtained from relatively simple lattice quantities. However, this method has the disadvantage that the convergence of SU(3) chiral perturbation theory at the physical kaon mass is slow, and it is not clear whether K → ππ matrix elements can be computed in this way to a useful precision [79, 80].

A method for calculating K → ππ matrix elements directly at physical kinematics was introduced by Lellouch and Lüscher [81]. The Lellouch-Lüscher method exploits the finite lattice volume to obtain the matrix elements directly by tuning the volume so that the first excited state of the two pion state matches the kaon mass. The direct method is straightforward to implement, though it is computationally demanding because it requires large lattice volumes (∼ 6 fm) and physical light quark masses. Improvements to the method have been introduced so that the non-zero momentum pion state becomes the ground state and smaller volumes can be used [82, 83, 84, 85]. The RBC/UKQCD Collaborations have made significant progress using the direct method, with preliminary results at nearly the physical quark masses and physical kinematics for the ΔI = 3/2 decay channel [86]; this is discussed below.

A technique for improving upon the indirect method was presented by the author and Van de Water, where we exploited the fact that one can simulate K → ππ matrix elements with the pions produced at rest [80]. If one takes the pion mass to be 1/2m_K , this amplitude can be computed directly, since it is not forbidden by the Maiani-Testa theorem, a fact known for quite some time [87]. Thus, we tune the light quark masses such that m_K = m^{phys}_K and m_π = m^{phys}_K /2. One can then correct for the unphysical kinematics using fixed order SU(3) χPT, where the low energy constants can be obtained from simpler quantities, like K → π. Because the kaon is tuned to its physical value, the terms involving kaons (etas) are correct (nearly correct) to all orders in the SU(3) chiral expansion. Thus the 10-30% precision of NLO SU(3) χPT now appears in a small correction factor, rather than the entire amplitude. This can be tested for known quantities like f_K and f_π , results of which are shown in Fig. 8. These plots illustrate the fact that the NLO corrections to f_π are below 10% for this method, and the corrections to f_K are below 5%. Also, the one-loop corrections account for most of the difference between the 2m_π = m_K values and the accepted values.

The value for Re(A_2) at physical kinematics from JL and Van de Water is calculated similarly, where the value at the 2m_π = m_K point is corrected using the leading order χPT expression,

⟨π^+π^−|O^{(27,1),(3/2)}|K^0⟩_{LO} =

4iB_0 f_0 3 (m^2_K − m^2_π ), (6.2)

where f_0 and B_0 are the pion decay constant and B_K in the SU(3) chiral limits, respectively. The

Figure 8: Demonstration of the size of NLO SU(3) corrections to quantities evaluated at 2m_π = m^{phys}_K for f_π (left) and f_K (right). Errors on the circular points are statistical only. Uncertainties in the vertical f_π and f_K error bands include both statistical and systematic errors [80].

Figure 9: The correction to Re(A_2) at 2m_π = m^{phys}_K using leading order SU(3) χPT compared to experiment [80].

leading order correction factor is then

δ^{LO}_χPT = [(m_K /2)^2 − m^2_π ]/[m^2_K − (m_K/2)^2], (6.3)

which is only 23%. This correction is shown in Fig. 9, along with the experimental value. This corresponds to a value of Re(A_2) = 1.568(86) × 10^{−8} GeV, where the error is statistical only [80]. A preliminary estimate of the systematic errors in this approach are shown in Table 3. The error is dominated by the 12% χPT truncation error, though this may improve when the correction factor in Eq. (6.3) is known to one-loop in χPT.

The calculation of K → ππ decays from RBC/UKQCD uses the direct Lellouch-Lüscher approach, and they have made significant progress, including a preliminary result for matrix elements in the ΔI = 3/2 channel with close to 10% errors [86]. These calculations are done using the new Dislocation Suppressing Determinant Ratio (DSDR) domain-wall quark ensembles being generated by RBC/UKQCD [88] with volumes of 32^3 × 64 with L_s = 32 at an inverse lattice spacing

Table 3: Estimated total error budget for Re(A_2) from JL and Van de Water [80]. Each source of uncertainty is given as a percentage.

uncertainty Re(A_2) statistics 4.7% χPT truncation error 12% uncertainty in leading-order LECs 4% discretization errors 4% finite volume errors few percent renormalization factor 3.4% scale and quark-mass uncertainties 3% Wilson coefficients few percent total less than 20%

Table 4: Estimated total error budget for Re(A_2) from RBC/UKQCD [86]. Each source of uncertainty is given as a percentage.

uncertainty Re(A_2) statistics 5.8% scaling violations 8.5% finite volume effects 7% partial quenching 2% pion phase shift 2% meson masses and 2-pion energies 1.2% total 11%

of around 1.4 GeV. This corresponds to a spatial box size of around 4.5 fm. The lightest unitary pion mass is 180 MeV, and a lighter valence pion with mass around 140 MeV is used for the central value. The main errors contributing to the RBC/UKQCD calculation of Re(A_2) are given in Table 4. The largest error is the estimate of scaling violations due to the use of somewhat coarse lattices at a single lattice spacing and the fact that K → ππ matrix elements scale as the lattice spacing cubed. The RBC/UKQCD result for Im(A_2) is expected to have a similar error once the nonperturbative renormalization is completed.

The calculation of the ΔI = 1/2 rule is more difficult for a number of reasons. One is the presence of power divergent contributions arising from mixing with lower dimensional operators. This problem has been addressed by the use of chiral fermions, where the operator subtraction is straightforward [89, 90]. Another problem is the presence of enhanced finite-volume effects that afflict the calculation when the light valence quark masses are not the same as in the sea [91, 92]. This was an especially serious problem for quenched attempts to calculate ΔI = 1/2 kaon matrix elements [93], but is under control when sea quarks of the correct mass are included in the

(a) (b)

(c) (d)

Figure 10: Quark flow diagrams for K → ππ in the ΔI = 1/2 channel.

calculation. Another difficulty is the appearance of disconnected quark flow diagrams, leading to the need for very high statistics. The contractions at the level of quark flow are shown in Fig. 10 for the ΔI = 1/2 channel. The red circle is the insertion of the four-quark operator. Additional diagrams with a quark current insertion are not shown, but are needed to perform the power divergent operator subtraction. Figure 10(d) shows the disconnected diagram that is problematic due to the need for high statistics. This problem will likely be solved by more computing and better inversion algorithms.

Results for K → ππ correlation functions in the ΔI = 1/2 channel from RBC/UKQCD were presented by Qi Liu [94], and they are shown in Fig. 11. These correlators were obtained from 2+1 flavor domain wall ensembles with Iwasaki gauge action generated by RBC/UKQCD with volume 16^3 ×32 and L_s = 16, with pion masses around 420 MeV. Propagator inversions were performed on each time slice for 400 configurations. The operator Q_2 gives the dominant contribution to Re(A_0) at renormalization scales typical of lattice calculations, while Q_6 gives the dominant contribution to Im(A_0). The blue (open) circles show the contribution to the correlator from the diagrams (a), (b), and (c) in Fig. 10, while the red (filled) circles include all four diagrams, including the disconnected diagram Fig. 10(d). The comparison between open and closed circles in Fig. 11 shows the large statistical errors introduced by the disconnected diagram. Table 5 also illustrates this point with entries for Re(A_0) and Im(A_0) with and without the disconnected diagram. The error on Re(A_0) is about 25%, while the error on Im(A_0) indicates that more statistics are needed to be sure of a signal. It was reported at the conference by Liu that for non-zero momentum the ΔI = 1/2 correlators barely had a signal, even without the disconnected diagrams. Again, improvements are expected by going to larger lattices, as well as bigger machines and better inversion algorithms.

Finally, I observe that the indirect method for K → ππ discussed above is not likely to match the precision possible with the direct method in the ΔI = 3/2 channel, but could be useful for the ΔI = 1/2 channel, given the significant amount of computing needed to reach non-zero momentum at the physical kinematics in this channel.

Figure 11: Left panel: K → ππ matrix elements at zero momentum for Q_2 with and without disconnected diagrams from RBC/UKQCD [94]. Right panel: K → ππ matrix elements at zero momentum for Q_6 with and without disconnected diagrams from RBC/UKQCD [94].

Re(A_0)_{no discon} Re(A_0) Im(A_0)_{no discon} Im(A_0) 38.7(2.1) × 10^{−8} 30(8) × 10^{−8} −63.1(5.3) × 10^{−12} −29(22) × 10^{−12}

Table 5: Results from RBC/UKQCD for on-shell K → ππ matrix elements with m_π = 420 MeV and zero momentum with and without disconnected contributions [94]. Errors are statistical only.

7. Summary and Outlook

Results for the simplest quantities in light quark physics are now in impressive agreement. To take one example, many groups now have results for quark masses using dynamical ensembles, multiple lattice spacings, and improved techniques for computing the renormalization factor, and there is agreement at the few percent level, with systematic errors under control. This is an important achievement for the lattice. Other quantities that are important for flavor physics show similarly impressive agreement, and it has become clear that averages are necessary to maximize the impact of these lattice results on constraining new physics. I have reviewed the approach to averaging that my collaborators E. Lunghi and R. Van de Water and I have adopted [2], and I have presented our updated averages for many quantities involving light quarks. More difficult quantities like K → ππ matrix elements in the ΔI = 3/2 channel are now within reach, and preliminary results with errors at the 10 − 20% have been presented [86, 80]. The ΔI = 1/2 channel is more difficult but may be attainable in the next few years.

Acknowledgments

I wish to thank the organizers of “Lattice 2010" for an excellent conference. I also thank many colleagues for communicating their work to me in advance of my talk and for helpful discussions.

I thank Claude Bernard, Peter Boyle, Ting-Wai Chiu, Norman Christ, Christine Davies, Petros Dimopoulos, Elvira Gamiz, Taku Izubuchi, Karl Jansen, Takashi Kaneko, Jangho Kim, Weonjong Lee, Laurent Lellouch, Matthew Lightman, Qi Liu, Vittorio Lubicz, Antonin Portelli, Chris Sachrajda, Francesco Sanfilippo, Steve Sharpe, Amarjit Soni, Y. Taniguchi, Boram Yoon, and Taniguchi Yusuke.

I also thank my collaborators Enrico Lunghi and Ruth Van de Water for all of the work that went into producing the averages presented here.

References

[1] G. Colangelo, S. Durr, A. Juttner, L. Lellouch, H. Leutwyler, V. Lubicz, S. Necco, C. T. Sachrajda et al., [arXiv:1011.4408 [hep-lat]].

[2] J. Laiho, E. Lunghi, R. S. Van de Water, Phys. Rev. D81, 034503 (2010), updates at www.latticeaverages.org. [arXiv:0910.2928 [hep-ph]].

[3] C. Hoelbling, PoS LATTICE2010, 011 (2010). [arXiv:1102.0410 [hep-lat]]. [4] C. Sachrajda, PoS LATTICE2010, 018 (2010). [arXiv:1103.5959 [hep-lat]]. [5] V. Lubicz et al. [ ETM Collaboration ], Phys. Rev. D80, 111502 (2009). [arXiv:0906.4728 [hep-lat]]. [6] R. Baron, P. .Boucaud, J. Carbonell, A. Deuzeman, V. Drach, F. Farchioni, V. Gimenez, G. Herdoiza et al., JHEP 1006, 111 (2010). [arXiv:1004.5284 [hep-lat]].

[7] A. Bazavov et al. [ MILC Collaboration ], Phys. Rev. D82, 074501 (2010). [arXiv:1004.0342 [hep-lat]].

[8] K. Nakamura et al. [ Particle Data Group Collaboration ], J. Phys. G G37, 075021 (2010). [9] P. Boucaud et al. [ ETM Collaboration ], Comput. Phys. Commun. 179, 695-715 (2008).

[arXiv:0803.0224 [hep-lat]].

[10] A. Bazavov, D. Toussaint, C. Bernard, J. Laiho, C. DeTar, L. Levkova, M. B. Oktay, S. Gottlieb et al., Rev. Mod. Phys. 82, 1349-1417 (2010). [arXiv:0903.3598 [hep-lat]].

[11] Y. Aoki et al. [ RBC and UKQCD Collaborations ], Phys. Rev. D83, 074508 (2011).

[arXiv:1011.0892 [hep-lat]].

[12] H. Fukaya et al. [ JLQCD Collaboration ], Phys. Rev. Lett. 104, 122002 (2010). [arXiv:0911.5555 [hep-lat]].

[13] S. Aoki et al. [ PACS-CS Collaboration ], Phys. Rev. D81, 074503 (2010). [arXiv:0911.2561 [hep-lat]].

[14] S. Durr, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg, T. Kurth, L. Lellouch, T. Lippert et al., [arXiv:1011.2711 [hep-lat]].

[15] C. Aubin, J. Laiho, R. S. Van de Water, Phys. Rev. D81, 014507 (2010). [arXiv:0905.3947 [hep-lat]]. [16] C. T. H. Davies, C. McNeile, K. Y. Wong, E. Follana, R. Horgan, K. Hornbostel, G. P. Lepage, J. Shigemitsu et al., Phys. Rev. Lett. 104, 132003 (2010). [arXiv:0910.3102 [hep-ph]].

[17] C. Aubin, C. Bernard, Phys. Rev. D68, 034014 (2003). [hep-lat/0304014]. [18] R. S. Van de Water, S. R. Sharpe, Phys. Rev. D73, 014003 (2006). [hep-lat/0507012].

[19] T. Bae, Y. -C. Jang, C. Jung, H. -J. Kim, J. Kim, K. Kim, W. Lee, S. R. Sharpe et al., Phys. Rev. D82, 114509 (2010). [arXiv:1008.5179 [hep-lat]].

[20] G. P. Lepage, P. B. Mackenzie, Phys. Rev. D48, 2250-2264 (1993). [hep-lat/9209022]. [21] T. A. DeGrand, Phys. Rev. D67, 014507 (2003). [hep-lat/0210028].

[22] G. Martinelli, C. Pittori, C. T. Sachrajda, M. Testa, A. Vladikas, Nucl. Phys. B445, 81-108 (1995).

[hep-lat/9411010].

[23] M. Luscher, R. Narayanan, P. Weisz, U. Wolff, Nucl. Phys. B384, 168-228 (1992). [hep-lat/9207009]. [24] S. Sint, Nucl. Phys. Proc. Suppl. 94, 79-94 (2001). [hep-lat/0011081]. [25] A. Bazavov et al. [ The MILC Collaboration ], PoS LAT2009, 079 (2009). [arXiv:0910.3618 [hep-lat]].

[26] C. McNeile, C. T. H. Davies, E. Follana, K. Hornbostel, G. P. Lepage, Phys. Rev. D82, 034512 (2010). [arXiv:1004.4285 [hep-lat]].

[27] T. Blum, R. Zhou, T. Doi, M. Hayakawa, T. Izubuchi, S. Uno, N. Yamada, Phys. Rev. D82, 094508 (2010). [arXiv:1006.1311 [hep-lat]].

[28] S. Durr, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg, T. Kurth, L. Lellouch, T. Lippert et al., [arXiv:1011.2403 [hep-lat]].

[29] Talk presented at Chiral Dynamics 2009. [30] Claude Bernard, private communication.

[31] S. Aoki et al. [ PACS-CS Collaboration ], JHEP 1008, 101 (2010). [arXiv:1006.1164 [hep-lat]]. [32] B. Blossier et al. [ ETM Collaboration ], Phys. Rev. D82, 114513 (2010). [arXiv:1010.3659 [hep-lat]]. [33] Y. Taniguchi [ for PACS-CS Collaboration ], PoS LATTICE2010, 242 (2010). [arXiv:1011.0157 [hep-lat]].

[34] I. Allison et al. [ HPQCD Collaboration ], Phys. Rev. D78, 054513 (2008). [arXiv:0805.2999 [hep-lat]].

[35] E. Follana et al. [ HPQCD and UKQCD Collaborations ], Phys. Rev. D75, 054502 (2007).

[hep-lat/0610092].

[36] K. G. Chetyrkin, J. H. Kuhn, C. Sturm, Eur. Phys. J. C48, 107-110 (2006). [hep-ph/0604234]. [37] C. Sturm, Y. Aoki, N. H. Christ, T. Izubuchi, C. T. C. Sachrajda, A. Soni, Phys. Rev. D80, 014501 (2009). [arXiv:0901.2599 [hep-ph]].

[38] C. Aubin et al. [ MILC Collaboration ], Phys. Rev. D70, 114501 (2004). [hep-lat/0407028]. [39] C. Allton et al. [ RBC-UKQCD Collaboration ], Phys. Rev. D78, 114509 (2008). [arXiv:0804.0473 [hep-lat]].

[40] G. ’t Hooft, Phys. Rev. Lett. 37, 8-11 (1976). [41] R. Jackiw, C. Rebbi, Phys. Rev. Lett. 37, 172-175 (1976). [42] D. B. Kaplan, A. V. Manohar, Phys. Rev. Lett. 56, 2004 (1986). [43] C. G. Callan, Jr., R. F. Dashen, D. J. Gross, Phys. Lett. B63, 334-340 (1976). [44] S. Weinberg, Trans. New York Acad. Sci. 38, 185-201 (1977).

[45] M. Antonelli, V. Cirigliano, G. Isidori, F. Mescia, M. Moulson, H. Neufeld, E. Passemar, M. Palutan et al., Eur. Phys. J. C69, 399-424 (2010). [arXiv:1005.2323 [hep-ph]].

[46] J. Gasser, H. Leutwyler, Nucl. Phys. B250, 465 (1985). [47] M. Ademollo, R. Gatto, Phys. Rev. Lett. 13, 264-265 (1964). [48] H. Leutwyler, M. Roos, Z. Phys. C25, 91 (1984).

[49] P. A. Boyle, J. M. Flynn, A. Juttner, C. Kelly, C. Maynard, H. Pedroso de Lima, C. T. Sachrajda, J. M. Zanotti et al., Eur. Phys. J. C69, 159-167 (2010). [arXiv:1004.0886 [hep-lat]].

[50] P. A. Boyle, A. Juttner, R. D. Kenway, C. T. Sachrajda, S. Sasaki, A. Soni, R. J. Tweedie, J. M. Zanotti, Phys. Rev. Lett. 100, 141601 (2008). [arXiv:0710.5136 [hep-lat]].

[51] C. T. Sachrajda, G. Villadoro, Phys. Lett. B609, 73-85 (2005). [hep-lat/0411033]. [52] P. F. Bedaque, J. -W. Chen, Phys. Lett. B616, 208-214 (2005). [hep-lat/0412023]. [53] V. Lubicz, PoS LAT2009, 013 (2009). [arXiv:1004.3473 [hep-lat]].

[54] J. A. Bailey et al. [ Fermilab Lattice and MILC Collaboration ], PoS LATTICE2010, 306 (2010).

[arXiv:1011.2423 [hep-lat]].

[55] , et al. [ JLQCD Collaboration ], PoS LATTICE2010, 146 (2010). [arXiv:1012.0137 [hep-lat]]. [56] H. Na, C. T. H. Davies, E. Follana, P. Lepage, J. Shigemitsu, PoS LATTICE2010, 315 (2010).

[arXiv:1103.5419 [hep-lat]].

[57] A. J. Buras and D. Guadagnoli, Phys. Rev. D 78, 033005 (2008).

[58] Y. Aoki, R. Arthur, T. Blum, P. A. Boyle, D. Brommel, N. H. Christ, C. Dawson, T. Izubuchi et al., [arXiv:1012.4178 [hep-lat]].

[59] T. Bae, Y. -C. Jang, C. Jung, H. -J. Kim, J. Kim, K. Kim, W. Lee, S. R. Sharpe et al., Phys. Rev. D82, 114509 (2010). [arXiv:1008.5179 [hep-lat]].

[60] M. Constantinou et al. [ ETM Collaboration ], Phys. Rev. D83, 014505 (2011). [arXiv:1009.5606 [hep-lat]].

[61] D. J. Antonio et al. [ RBC and UKQCD Collaborations ], Phys. Rev. Lett. 100, 032001 (2008).

[hep-ph/0702042 [HEP-PH]].

[62] C. Lehner, C. Sturm, [arXiv:1104.4948 [hep-ph]].

[63] T. Bae, D. H. Adams, C. Jung, H. -J. Kim, 2, J. Kim, K. Kim, W. Lee, S. R. Sharpe, Phys. Rev. D77, 094508 (2008). [arXiv:0801.3000 [hep-lat]].

[64] T. Bae, Y. -C. Jang, H. -J. Kim, J. Kim, J. Kim, K. Kim, B. Yoon, W. Lee et al., PoS LATTICE2010, 296 (2010). [arXiv:1010.4781 [hep-lat]].

[65] J. Kim, W. Lee, S. R. Sharpe, Phys. Rev. D83, 094503 (2011). [arXiv:1102.1774 [hep-lat]]. [66] B. Yoon, T. Bae, Y. -C. Jang, H. -J. Kim, J. Kim, J. Kim, K. Kim, W. Lee et al., PoS LATTICE2010, 319 (2010). [arXiv:1010.4778 [hep-lat]].

[67] R. Frezzotti, G. C. Rossi, JHEP 0410, 070 (2004). [hep-lat/0407002]. [68] K. Osterwalder, E. Seiler, Annals Phys. 110, 440 (1978).

[69] E. Gamiz et al. [ HPQCD and UKQCD Collaborations ], Phys. Rev. D73, 114502 (2006).

[hep-lat/0603023].

[70] C. Aubin, J. Laiho, R. S. Van de Water, Phys. Rev. D81, 014507 (2010). [arXiv:0905.3947 [hep-lat]]. [71] P. Dimopoulos et al. [ ETM Collaboration ], PoS LATTICE2010, 302 (2010). [arXiv:1012.3355 [hep-lat]].

[72] M. Antonelli, et al., Phys. Rept. 494, 197-414 (2010). [73] L. Maiani and M. Testa, Phys. Lett. B 245, 585 (1990).

[74] C. W. Bernard, T. Draper, A. Soni, H. D. Politzer, M. B. Wise, Phys. Rev. D32, 2343-2347 (1985). [75] P. Boucaud et al. [ The SPQ(CD)R Collaboration ], Nucl. Phys. Proc. Suppl. 106, 329-331 (2002).

[hep-lat/0110206].

[76] J. Laiho, A. Soni, Phys. Rev. D65, 114020 (2002). [hep-ph/0203106].

[77] C. J. D. Lin, G. Martinelli, E. Pallante, C. T. Sachrajda, G. Villadoro, Nucl. Phys. B650, 301-355 (2003). [hep-lat/0208007].

[78] J. Laiho and A. Soni, Phys. Rev. D 71, 014021 (2005). [hep-lat/0306035]. [79] S. Li, N. H. Christ, PoS LATTICE2008, 272 (2008). [arXiv:0812.1368 [hep-lat]]. [80] J. Laiho, R. S. Van de Water, PoS LATTICE2010, 312 (2010). [arXiv:1011.4524 [hep-lat]]. [81] L. Lellouch and M. Lüscher, Commun. Math. Phys. 219, 31 (2001). [82] C. -h. Kim, N. H. Christ, Nucl. Phys. Proc. Suppl. 119, 365-367 (2003). [hep-lat/0210003]. [83] N. H. Christ, C. Kim, T. Yamazaki, Phys. Rev. D72, 114506 (2005). [hep-lat/0507009]. [84] C. Kim, C. T. Sachrajda, S. R. Sharpe, PoS LAT2005, 359 (2006). [hep-lat/0510022]. [85] N. H. Christ [ RBC and UKQCD Collaborations ], PoS KAON09, 027 (2009). [arXiv:0912.2917 [hep-lat]].

[86] E. J. Goode, M. Lightman, PoS LATTICE2010, 313 (2010). [arXiv:1101.2473 [hep-lat]]. [87] C. Dawson, G. Martinelli, G. C. Rossi, C. T. Sachrajda, S. R. Sharpe, M. Talevi, M. Testa, Nucl. Phys.

B514, 313-335 (1998). [hep-lat/9707009].

[88] C. Jung, PoS LAT2009, 002 (2009). [arXiv:1001.0941 [hep-lat]].

[89] J. I. Noaki et al. [ CP-PACS Collaboration ], Phys. Rev. D68, 014501 (2003). [hep-lat/0108013]. [90] T. Blum et al. [ RBC Collaboration ], Phys. Rev. D68, 114506 (2003). [hep-lat/0110075]. [91] G. Colangelo, E. Pallante, Nucl. Phys. B520, 433-468 (1998). [hep-lat/9708005]. [92] C. J. D. Lin, G. Martinelli, E. Pallante, C. T. Sachrajda, G. Villadoro, Phys. Lett. B581, 207-217 (2004). [hep-lat/0308014].

[93] C. J. D. Lin, G. Martinelli, E. Pallante, C. T. Sachrajda, G. Villadoro, Nucl. Phys. Proc. Suppl. 119, 371-373 (2003). [hep-lat/0209107].

[94] Q. Liu [ RBC and UKQCD Collaboration ], PoS LATTICE2010, 314 (2010). [arXiv:1010.3768 [hep-lat]].