arXiv:1106.0536v2 [astro-ph.CO] 26 Sep 2011

Reheating Effects in the Matter Power Spectrum and Implications for Substructure

Adrienne L. Erickcek^{1, 2, ∗} and Kris Sigurdson^{3, †} 1Canadian Institute for Theoretical Astrophysics, University of Toronto, 60 St. George Street, Toronto, Ontario M5S 3H8, Canada 2Perimeter Institute for Theoretical Physics, 31 Caroline St. N, Waterloo, Ontario N2L 2Y5, Canada 3Department of Physics and Astronomy, University of British Columbia, Vancouver, BC V6T 1Z1, Canada (Dated: September 28, 2011)

The thermal and expansion history of the Universe before big bang nucleosynthesis is unknown. We investigate the evolution of cosmological perturbations through the transition from an early matter era to radiation domination. We treat reheating as the perturbative decay of an oscillating scalar field into relativistic plasma and cold dark matter. After reheating, we find that subhorizon perturbations in the decay-produced dark matter density are significantly enhanced, while subhorizon radiation perturbations are instead suppressed. If dark matter originates in the radiation bath after reheating, this suppression may be the primary cutoff in the matter power spectrum. Conversely, for dark matter produced nonthermally from scalar decay, enhanced perturbations can drive structure formation during the cosmic dark ages and dramatically increase the abundance of compact substructures. For low reheat temperatures, we find that as much as 50% of all dark matter is in microhalos with M ≳ 0.1M⊕ at z ≃ 100, compared to a fraction of ∼ 10^{−10} in the standard case. In this scenario, ultradense substructures may constitute a large fraction of dark matter in galaxies today.

I. INTRODUCTION

The standard cosmological model accounts for a remarkable span in the Universe’s history, from the epoch of big bang nucleosynthesis (BBN) to the era of structure formation to our present dark-energy driven abyss. In the standard paradigm, inflation [1–3] cures the horizon and flatness problems of the hot big bang and generates the spectrum of curvature perturbations needed for the formation of large-scale structure. Inflation ends when the kinetic energy of the inflaton field is no longer small compared to its potential energy. At some point after the end of inflation, the inflaton decays, and the Universe becomes radiation dominated.

The inflationary paradigm does not uniquely specify the reheating and thermal history of the Universe, however. The only constraint on the Universe’s temperature at the beginning of the radiation-dominated era comes from the thermal production of neutrinos; lowering this temperature lowers the neutrino abundance [4–7], which has ramifications for BBN, the cosmic microwave background (CMB), and large-scale structure. If the Universe is radiation dominated at a temperature of ∼3 MeV, then thermal neutrino production is sufficient to produce the observed abundances of light elements [4–7] and the observed CMB and matter power spectra [8, 9], provided that the Universe is baryon-asymmetric at this temperature with a baryon-to-photon ratio of η ≃ 6 × 10^{−10} [7, 10]. While challenging, it is possible to generate this baryon asymmetry if the Universe is not radiation dominated until it reaches a temperature of ∼10 MeV

∗Electronic address: erickcek@cita.utoronto.ca †Electronic address: krs@physics.ubc.ca

(e.g., [11, 12]).

At the end of inflation it is usually assumed that the inflaton can be described as a coherently oscillating field that eventually decays and transfers its energy to a radiative plasma [13–19]. The inflaton is the first dominant energy component of the Universe and its decay could be the start of the standard hot big bang — or this could be a transient epoch. It is possible that a spectator field during inflation comes to dominate the energy density of the Universe after the inflaton decays; this scenario is a generic consequence of stabilized moduli in string theories [20–22], and it is how the initial curvature perturbations are created in the curvaton model [23–26]. In this case, the second scalar field’s decay supersedes the inflationary reheating epoch, and its fluctuations set the spectrum of adiabatic perturbations. Clearly, this process could occur multiple times, with the caveat that thermal relics may survive subsequent reheatings.

The final round of reheating takes particular importance because it generates the thermal plasma of the Universe and fixes the spectrum of perturbations on scales greater than the horizon size during the last reheating epoch. Physical processes that occur at temperatures larger than the temperature of the radiation bath following the last reheating epoch (the reheat temperature) will be affected by the altered expansion history of the Universe prior to reheating. The impact of a low reheat temperature on the relic abundance of WIMP dark matter has been studied extensively [27–34]; a low reheat temperature reduces the relic abundance of thermal dark matter, but the abundance may be enhanced if the dark matter is also produced nonthermally. A low reheat temperature also relaxes constraints on axion [29, 35, 36] and neutrino [29, 37, 38] dark matter. This prior work on lowtemperature reheating has only considered its impact on the homogeneous content of the Universe, but deviations from radiation-dominated expansion also affect density perturbations. In this paper we consider how the evolution of the Universe prior to the creation of the final radiation bath influences perturbations on scales that enter the horizon before the last reheating epoch.

A homogeneous scalar field that rapidly oscillates around the minimum of a quadratic potential has the same dynamics as a pressureless fluid of non-relativistic matter — its energy density scales as a^{−3} [14]. Moreover, it has been shown that the correspondence between a rapidly oscillating scalar field and a matter fluid extends to the perturbations [39–42]. In particular, subhorizon perturbations in the scalar field’s energy density with k_{phys} < √ 3Hm_ϕ, where m_ϕ is the mass of the scalar field, grow linearly with the scale factor while the scalar field dominates the Universe [41, 42]. If the scalar oscillates for a sufficiently long time before decaying, density perturbations in the scalar field become nonlinear and could produce gravitational waves [43, 44]. Longer wavelength perturbations enter the horizon later and remain linear prior to reheating. Nevertheless, the growth of these perturbations during an early scalar-dominated phase may have a significant impact on the subsequent growth of structure.

To assess effects of an early “matter”-dominated epoch on the present-day matter power spectrum, we study the evolution of perturbations through the reheating era. Our analysis applies to any scenario in which the energy that dominates the Universe prior to reheating behaves as a pressureless fluid and decays perturbatively. This fluid could be composed of metastable non-relativisitic particles, or it could be an oscillating scalar field. We note that a coherently oscillating scalar field may decay non-perturbatively; during preheating, the oscillations of the scalar field lead to resonant particle production that cannot be captured by standard perturbation theory [15– 17]. A coherently oscillating scalar field still decays perturbatively, however, if its couplings to other fields are sufficiently small that preheating is unimportant. Specifically, our analysis applies to the decay of coherent scalar fields in the narrow resonance regime; due to the Universe’s expansion, preheating is inefficient in this regime, and the scalar’s decay can be treated perturbatively [17].

Inspired by models in which dark matter is a decay product of a string modulus [45, 46], the inflaton [47, 48], or the curvaton [49], we allow the pressureless fluid in our reheating model to decay into cold dark matter particles and radiation. We focus on modes that are linear during scalar domination; these are the largest scales that enter the horizon prior to radiation domination and thus have the highest potential for observational impact. We find that the radiation perturbation retains no memory of the scalar perturbation’s growth. On the contrary, the radiation density perturbation on scales that enter the horizon during the “matter”-dominated phase are dramatically suppressed compared to perturbations that enter the horizon after reheating. Consequently, dark matter that is coupled to or produced from the radiation after reheating will have a cutoff in the matter power spectrum inherited from the last reheating epoch. Alternatively, if nearly-decoupled dark matter is produced directly at reheating, the dark matter inherits the enhanced density perturbation that grew prior to reheating. In this case, we get an enhancement of the small-scale matter power spectrum and an epoch of early small-scale structure formation during the cosmic dark ages.

Our paper is organized as follows: In Sec. II we discuss our three-fluid model for reheating and its background evolution, and we present the equations that govern the evolution of the fluid perturbations and their initial conditions. In Sec. III we describe the evolution of the perturbations in the radiation fluid through reheating. In Sec. IV we describe the evolution of the cold dark matter decay product, including the effects of free-streaming, and we derive a new transfer function for the matter perturbation. In Sec. V we show that the new small-scale matter power spectrum leads to an abundance of lowmass structures at high redshift. In Sec.VI we summarize our results and briefly discuss the prospects for detecting the numerous compact dark matter subhalos predicted by this reheating scenario. Appendix A contains the derivation of the perturbation evolution equations, and the initial conditions for the perturbations are derived in Appendix B. Finally, Appendix C provides expressions necessary to evaluate the matter transfer function, including a scale-dependent growth function for smallscale perturbations.

II. THREE-FLUID MODEL FOR REHEATING

Our reheating model consists of a pressureless fluid that dominates the energy density of the Universe before it decays into radiation and dark matter particles. We assume that the radiation is tightly coupled and behaves like a perfect fluid with P_r = ρ_r/3. We also assume that the dark matter particles are nonrelativistic and completely decoupled from the radiation bath from the moment of their creation. We initially neglect the velocity dispersion of these particles, but in Section IV B, we consider the impact of free-streaming by dark matter particles that are created with a nonzero velocity.

Inspired by the curvaton and inflaton, and to avoid confusion with dark matter produced during reheating, we call the pressureless fluid that initially dominates the Universe a scalar field. As mentioned in the previous section, an oscillating scalar field behaves like a pressureless fluid, with ρ ∝ a^{−3}, if the period of the scalar oscillations is much shorter than the Hubble time (m_ϕ ≫ H). We will assume that the decay of this scalar field is slow enough that the coherence of the scalar oscillations are irrelevant; in the language of preheating, we are assuming that the scalar decay is the narrow resonance regime in an expanding universe. If the scalar decay rate Γ_ϕ satisfies Γ_ϕ/m_ϕ ≪ (m_ϕ/m_{Pl})^2, then momentum modes of the scalar’s decay products redshift through their instability bands too quickly to be significantly excited.^1 In this case, the decay of the scalar field can be treated perturbatively and the scalar’s coherence is irrelevant.

In this three-fluid model for reheating, the background equations for the energy density ρ_ϕ of the scalar field, the radiation density ρ_r, and the dark matter density ρ_{dm} are d dt ρ_ϕ + 3Hρ_ϕ = −Γ_ϕρ_ϕ, (1) d dt ρ_r + 4Hρ_r = +(1 − f)Γ_ϕρ_ϕ, (2) d dt ρ_{dm} + 3Hρ_{dm} = +fΓ_ϕρ_ϕ, (3)

where f is the fraction of the scalar’s energy that is transferred to dark matter particles. For a given reheat temperature, there is one value of f that gives the observed dark matter abundance, as discussed below. In these equations, we have considered only interactions that are linear in the scalar field; such interactions are required for the scalar to decay completely [18]. Nonlinear interactions, which correspond to scalar self-annihilations, would introduce terms proportional to ρ^2_ϕ in the equations above. If one considers an oscillating scalar field that decays into a massless scalar field χ via an interaction term proportional to ϕχ^2, the Boltzmann equation averaged over many oscillations implies that ρ_χ follows Eq. (2) [50].

Similar three-fluid models for reheating have been used to calculate the relic abundance of dark matter in lowreheating-temperature cosmologies [28, 29, 32]. These models also include dark matter self-annihilations and thermal production. By neglecting such interactions in Eqs. (2) and (3), we are assuming that the dark matter particles produced in scalar decays far outnumber any dark matter particles that may have been produced thermally. We are also assuming that the velocity-averaged self-annihilation cross section (⟨σv⟩) of the dark matter particles is small enough that the nonthermal dark matter does not self-annihilate. For any value of ⟨σv⟩, these assumptions are valid for sufficiently low reheat temperatures. If ⟨σv⟩ is too large, however, these reheat temperatures may be below 3 MeV and are therefore disallowed by BBN [32].

With these assumptions, the duration of the radiationdominated era after reheating is determined by the branching ratio f and does not depend on ⟨σv⟩ [32]. If T_{RH} is the reheat temperature, and T_{eq} is the temperature at matter-radiation equality, then f ≃ 0.43(T_{eq}/T_{RH})(10.75/g_{∗S})^{1/3}, where g_{∗S} is the entropy density divided by (2π^2/45)T^3 and should be evaluated at the reheat temperature.^2 From the cosmic mi-

1 This condition follows from demanding that q ≪ H/m_ϕ ≪ 1, as in Ref. [17] 2 We focus on non-relativistic dark matter at reheating. Models with relativistic dark matter at reheating [51] need a higher f for the same late-time abundance, but we do not consider this case.

FIG. 1: The evolution of the energy densities in the decaying scalar field and its decay products, as fractions of ρcrit,0: the critical density at a = 1. The scalar field is modeled as a pressureless fluid; its energy evolves as ρ ∝ a^{−3} until the expansion rate equals its decay rate at a ≃ 10^4. While the Universe is scalar dominated, the scalar is feeding energy into the matter and radiation fields, and both the matter and radiation fields evolve as ρ ∝ a^{−3/2}. Once nearly all the scalar density is transferred to the matter and radiation fields, their energy densities evolve in the usual way: radiation as ρ ∝ a^{−4} and matter as ρ ∝ a^{−3}.

crowave background, we know that T_{eq} = 0.75 eV [10], so f ≃ (6.4 × 10^{−8})(5 MeV/T_{RH})(10.75/g_{∗S})^{1/3} is required to produce the observed amount of dark matter.

When numerically solving Eqs. (1)-(3) for the evolution of these three fluids and their perturbations, we define an initial time t_0 with a(t_0) ≡ 1 and H(t_0) ≡ H_1. At t = t_0, the critical density is ρ_{crit,0} = 3m^2_{Pl}H^2_1 /(8π), and we define dimensionless density variables ρ̃_ϕ ≡ ρ_ϕ/ρ_{crit,0}, ρ̃_{dm} ≡ ρ_{dm}/ρ_{crit,0}, and ρ̃_r ≡ ρ_r/ρ_{crit,0}. We also define a dimensionless decay rate Γ̃_ϕ ≡ Γ_ϕ/H_1. We will assume that the scalar field initially dominates the energy density of the Universe. The scalar field decays when H ≃ Γ_ϕ. Since the Universe is effectively matter dominated prior to the decay of the scalar field, H ∝ a^{−3/2}, and the value of the scale factor at the time of scalar decay is a_{RH} ≃ Γ̃^{−2/3}_ϕ . At this time, the Universe transitions from scalar domination to radiation domination.

In the limit that Γ_ϕt ≪ 1, the Universe is scalar dominated, and the solutions to the background equations are ρ_ϕ = ρ_ϕ(t_0) a^{−3} (4)

ρ_r =

3(1 − f) 5 [ρ_ϕ(t_0)Γ_ϕt_0] a^{−3/2} + c_r a^{−4} (5)

ρ_{dm} = f[ρ_ϕ(t_0)Γ_ϕt_0] a^{−3/2} + c_m a^{−3}. (6)

In these equations, c_r and c_m are arbitrary constants to be determined by initial conditions. If there is radiation or dark matter that does not originate from scalar decay, then c_r and c_m are positive. If there was a time when there was no radiation or dark matter, then c_r or c_m are negative to make ρ_r = 0 or ρ_{dm} = 0 at that time, as in Ref. [29]. In either case, the contributions to the radiation and matter densities from the terms proportional to c_r and c_m become less significant as the scalar-dominated era continues. We set our initial condition late in the scalar-dominated era, after any matter or radiation that did not originate from scalar decay is diluted and the system loses its memory of the beginning of scalar decay. In this case, c_r = c_m = 0, and the initial values (at t = t_0) of ρ̃_ϕ, ρ̃_r, and ρ̃_{dm} are determined by the chosen values for Γ̃_ϕ and the branching ratio f. During scalar domination, H = 2/(3t), which implies that ρ_ϕ(t_0)Γ_ϕt_0 = (2/3)Γ̃_ϕρ_ϕ(t_0). It follows that

ρ̃_{dm}(t_0) = 2 3 fΓ̃_ϕρ̃_ϕ(t_0), (7)

ρ̃_r(t_0) = 2 5 (1 − f)Γ̃_ϕρ̃_ϕ(t_0). (8)

Finally, our assumption that the Universe is flat demands that ρ̃_ϕ(t_0) + ρ̃_r(t_0) + ρ̃_{dm}(t_0) = 1. We want the Universe to be initially dominated by the scalar energy density, so we must set Γ̃_ϕ ≪ 1. Figure 1 shows the evolution of the energy densities of the scalar, matter and radiation fields for Γ̃_ϕ = 10^{−6} and f = 10^{−8}. We see that the Universe becomes radiation dominated at a_{RH} ≃ Γ̃^{−2/3}_ϕ .

As described in Appendix A, the evolution equations for perturbations in the scalar, radiation and matter fluids are derived by perturbing covariant versions of Eqs. (1)-(3) [52–54]. We work in conformal Newtonian gauge, with

ds^2 = a^2(τ)[−(1 + 2Ψ)dτ^2 + δ_{ij} (1 + 2Φ)dx^idx^j ]. (9)

In addition to the metric perturbations Ψ and Φ, we must solve for the fractional density perturbations [δ ≡ δρ(τ, ⃗x)/ρ^0(τ)] in the scalar field (δ_ϕ), the radiation (δ_r), and the matter (δ_{dm}). The three fluids also have velocity perturbations [v^i ≡ dx^i/dτ], and we solve for the divergences of the velocity fields for the scalar field (θ_ϕ ≡ ⃗∇ · ⃗v_ϕ), the matter (θ_{dm} ≡ ⃗∇ · ⃗v_{dm}) and the radiation (θ_r ≡ ⃗∇ · ⃗v_r). The perturbation equations are

δ̇_ϕ + θ_ϕ + 3Φ̇ = −aΓ_ϕΨ, (10a)

θ̇_ϕ + ȧ a θ_ϕ + ∇^2Ψ = 0, (10b)

δ̇_r + 4 3 θ_r + 4Φ̇ = (1 − f)aΓ_ϕ ρ^0_ϕ ρ^0_r

[δ_ϕ − δ_r + Ψ] , (10c)

θ̇_r + ∇^2 ( δ_r 4 + Ψ ) = (1 − f)aΓ_ϕ ρ^0_ϕ ρ^0_r ( 3 4 θ_ϕ − θ_r ) , (10d)

δ̇_{dm} + θ_{dm} + 3Φ̇ = faΓ_ϕ ρ^{0ϕ} ρ^0_{dm}

[δ_ϕ − δ_{dm} + Ψ] , (10e)

θ̇_{dm} + ∇^2Ψ + ȧ a θ_{dm} = faΓ_ϕ ρ^0_ϕ ρ^0_{dm}

[θ_ϕ − θ_{dm}] , (10f) where a dot denotes differentiation with respect to conformal time τ. We also have the perturbed Einstein field equation

∇^2Φ+3 ȧ a ( ȧ a Ψ − Φ̇ ) = −4πGa^2 ( ρ^0_ϕδ_ϕ + ρ^0_rδ_r + ρ^0_{dm}δ_{dm} ) . (11) Finally, we close the system of perturbation equations by noting that the absence of anisotropic stress implies Φ = −Ψ.

To numerically solve these equations, we go to Fourier space and define the following dimensionless parameters: E(a) ≡ H(a)/H_1, k̃ ≡ k/H_1, θ̃_ϕ ≡ θ_ϕ/H_1, θ̃_r ≡ θ_r/H_1, and θ̃_{dm} ≡ θ_{dm}/H_1. The equation set that we solve is given in Appendix B. We use the scale factor a as our time variable, and we set initial conditions when the Universe is scalar dominated and the mode is outside the Hubble horizon. Since we start our solution when a = 1 and H = H_1, these restrictions imply that Γ̃_ϕ ≪ 1 and k̃ ≪ 1. In Appendix B we derive the following initial conditions:

Φ(a_0) = Φ_0 (12a)

δ_ϕ(a_0) = 2Φ_0 + 2 3 k̃^2Φ_0a_0 (12b)

δ_r(a_0) = Φ_0 + 46 63 k̃^2Φ_0a_0 (12c)

δ_{dm}(a_0) = Φ_0 + 2 3 k̃^2Φ_0a_0 (12d)

θ̃_ϕ(a_0) = θ̃_r(a_0) = θ̃_{dm}(a_0) = − 2 3 k̃^2Φ√a_0, (12e)

with a_0 = 1. These initial conditions neglect terms that are O(k̃^4a_0) and O(Γ̃_ϕa_0).

The initial conditions presented above differ from the characteristics of superhorizon adiabatic perturbations in a radiation-dominated universe, for which δ_r = 2Φ and δ_{dm} = (3/4)δ_r. Since the matter and radiation originated from a single scalar field, we should be left with adiabatic perturbations in the matter and radiation after the scalar vanishes. Indeed, modes that are superhorizon at the time of reheating [k̃ < a_{RH}E(a_{RH})] evolve when a ≃ a_{RH}, and this evolution takes the perturbations from the initial values given above to the conditions for adiabatic superhorizon modes in a radiation-dominated universe. The gravitational potential transitions from its initial value Φ_0 ≡ Φ(t_0) to (10/9)Φ_0 as the Universe transitions from being effectively matter dominated to being radiation dominated. The radiation density perturbation grows from δ_r(t_0) = Φ_0 to 2(10/9)Φ_0. Meanwhile, the matter density perturbation grows from δ_{dm}(t_0) = Φ_0 to (5/3)Φ_0. Thus, after the Universe becomes radiation dominated, we have δ_{dm} = (3/4)δ_r on superhorizon scales. Once these modes enter the horizon, they behave exactly as expected for adiabatic perturbations in a radiation-dominated universe, with Φ = (10/9)Φ_0 on superhorizon scales. In the following sections, we will consider the smaller-scale modes that enter the horizon while the Universe is still scalar dominated.

III. PERTURBATIONS IN THE RADIATION FLUID

We briefly review the standard evolution of a perfectfluid radiation perturbation in a radiation-dominated universe, and then compare this to the evolution of radiation perturbations when followed through reheating.

In a radiation-dominated universe, the equations describing the evolution of perfect-fluid radiation perturbations can be solved exactly and take the form

Φ(χ) =

9Φ_0 χ^3 [√ 3 sin ( χ √ 3 ) − χ cos ( χ √ 3 )] , (13a)

δ_r(χ) =

6Φ_0 χ^3 [ 2 √ 3(χ^2 − 3) sin ( χ √ 3 ) − χ(χ^2 − 6) cos ( χ √ 3 )] , (13b)

θ̃_r(χ) = − 3 √ 3k̃Φ_0 2χ^2 [ 2 √ 3χ cos ( χ √ 3 ) + (χ^2 − 6) sin ( χ √ 3 )] , (13c)

FIG. 2: Evolution of δr /Φ0 , θ̃r/Φ0 , and Φ/Φ0 for a mode that enters the horizon at a ≃ 1000. In this cosmological scenario, the Universe is radiation dominated; there is no era of scalar domination.

where Φ_0 is the initial value for Φ set when the mode is far outside the horizon [55], and χ ≡ kτ = k̃a/[a^2_{RD}E(a_{RD})]. Here, a_{RD} denotes a value of the scale factor well after reheating (deep into radiation domination) and E(a_{RD}) is the dimensionless Hubble factor as discussed in Sec. II. In Fig. 2 we show the evolution of the radiation perturbations in the standard scenario. The perturbations are frozen when a given mode is superhorizon and oscillate after the mode enters the horizon. As the amplitude of oscillations in Φ decay as A_Φ ∝ χ^{−2}, the equations for the perfect-fluid variables δ_r and θ̃_r reduce to those of a harmonic oscillator. After they are well in the horizon the perturbations in δ_r and θ̃_r quickly asymptote to cosine and (out-of-phase) sine solutions with amplitudes A_{δr} = 6Φ_0 and A_{θ̃r} = (k̃ √ 3/4)A_{δr} respectively.

We now compare the subhorizon behavior of the radiation perturbations following a period of reheating to the standard behavior given in Eq. (13). To make this comparison, we must take care to compare modes that have the same physical wave vector at some temperature T_{RD} long after the reheating process is complete. These modes have not typically spent the same amount of time inside the Hubble horizon. If a mode enters the horizon prior to reheating, then it does so earlier than it would have if the Universe never had an epoch of early scalar domination. For instance, the mode shown in Fig. 2 enters the horizon at a = 1000 if the Universe was always radiation dominated. But if the Universe was scalar dominated up to a ≃ 10^4, then this mode enters the horizon when a = 100. In general, for modes that enter the horizon during scalar domination, the value of a at horizon entry in the scalar-dominated scenario is k_{RH}/k times the value it would have been in the standard scenario, where k_{RH} = a_{RH}H(a_{RH}) is the wave number of the mode that enters the horizon at reheating.

Figure 3 shows the same mode as Fig. 2 in a universe that is scalar dominated for a ∼< 10^4 (corresponding to the choice Γ̃_ϕ = 10^{−6}). The evolution of this mode is drastically different than the standard evolution shown in Fig. 2. Initially, δ_r grows considerably while the Universe is scalar dominated. However, after reheating this enhancement is lost and δ_r oscillates with a small amplitude. The late-time oscillations have the same period as the oscillations given by Eq. (13), but the amplitude of the fluid perturbations is suppressed by a factor of ∼70.6 with respect to the standard case, with A_{δr} ≃ (6/70.6)Φ_0 ≃ 0.085Φ_0 and A_{θ̃r} = (k̃ √ 3/4)A_{δr} .

The Φ solution does not begin to decay until after reheating in this scenario but subsequently decays as χ^{−2} with a similarly suppressed amplitude relative to the standard evolution. Figure 4 shows the k̃ = 0.1 mode in a universe with Γ̃_ϕ = 10^{−9}. The late-time solution exhibits similar behavior, only now with an amplitude suppressed by ∼7600 with respect to the standard case, so that A_{δr} ≃ (6/7600)Φ_0 ≃ 0.0007Φ_0. In short, the radiation perturbation at late times follows, up to a phase shift, Eq. (13)

FIG. 3: Evolution of δr/Φ0 , θ̃r /Φ0, and Φ/Φ0 for a mode (k̃ = 0.1) that enters the horizon at a ≃ 100. In this cosmological scenario, the Universe was scalar dominated for a ∼< 10^4, and then it became radiation dominated. When the Universe is radiation dominated, δr oscillates with an amplitude of 0.085Φ0 . For this mode, k/kRH ≃ 11.

FIG. 4: Evolution of δr/Φ0 , θ̃r /Φ0, and Φ/Φ0 for a mode (k̃ = 0.1) that enters the horizon at a ≃ 100. In this cosmological scenario, the Universe was scalar dominated for a ∼< 10^6, and then it became radiation dominated. When the Universe is radiation dominated, δr oscillates with an amplitude of 0.0007Φ0 . For this mode, k/kRH ≃ 114.

with a suppressed amplitude that depends on the value of k/k_{RH}. For k/k_{RH} ∼> 20 we find A_{δr} ≲ 10^{−3}Φ_0 with the precise value modulating by an order of magnitude as a function of k/k_{RH}. For 20 ∼> k/k_{RH} ∼> 3 A_{δr} increases with decreasing k, reaching a peak of A_{δr} ≃ 10Φ_0. For smaller values of k, A_{δr} decreases as k decreases and flattens out at a value of A_{δr} ≃ (60/9)Φ_0 for k/k_{RH} ∼< 0.1. Modes with k/k_{RH} ≲ 0.1 are superhorizon at the time of reheating and thus their evolution follows Eq. (13) with Φ_0 → (10/9)Φ_0 since in this scenario Φ_0 is defined during a period of matter domination.

This behavior can be understood by re-examining Eqs. (10c) and (10d). During the scalar-dominated epoch, Φ̇ = 0, δ_ϕ ∝ a, and δ_ϕ grows large. Since the scalar is decaying to radiation, this large scalar overdensity becomes a source for δ_r, and δ_r grows considerably. The increase in the radiation overdensity δ_r in turn sources a higher θ_r, representing an outflow of radiation fluid in real space, through Eq. (10d). This outflow slows the growth in δ_r, which eventually saturates and has δ̇_r = 0. Meanwhile, as the decay continues, θ_r keeps growing and the outflow balances the source terms from scalar decay in Eq. (10c). Eventually, the scalar source term becomes subdominant, and δ_r decreases as the outflow continues. This decrease in δ_r slows the outflow, and θ_r decreases to a point where δ_r and θ_r begin to oscillate out of phase. Due to the relatively large value of δ_ϕ, these oscillations are forced; the equilibrium point is shifted to positive δ_r, and the first trough in δ_r is very shallow. However, by the time δ_r emerges from the first underdensity, the scalar density is zero and henceforth δ_r undergoes free oscillations with a small amplitude.

In summary, the radiation perturbation long after reheating is described by Eq. (13), but with Φ_0 replaced by T (k)Φ_0 and a → a + a_0, where a_0 is the phase shift resulting from the fact that oscillations started at reheating rather than horizon entry. For k ∼> 20k_{RH}, T (k) ∼< 10^{−3}, and the perturbations are suppressed. As k decreases, T (k) increases, reaching T (k) ≃ 1.5 for 2 ∼< k/k_{RH} ∼< 4. For smaller values of k, T (k) again decreases until it levels out at T (k/k_{RH} ∼< 0.1) = 10/9. The major effect of a period of scalar domination on the radiation perturbation is a suppression of power on scales that entered the horizon during the scalar-dominated era. These scales are very small as k_{RH} is given by

k_{RH} = 1690 ( T_{RH} 100 GeV ) ( 100 g_{∗S} )_{1/3} ( g_∗ 100 )_{1/2} pc^{−1}

= 0.0117 ( T_{RH} 1 MeV ) ( 10.75 g_{∗S} )_{1/3} ( g_∗ 10.75 )_{1/2} pc^{−1}

where T_{RH} is the temperature of the radiation bath when the Universe becomes radiation dominated. In this expression, g_∗ ≡ ρ_r/[(π^2/30)T^4], and both g_∗ and g_{∗S} are evaluated at T_{RH}. If the dark matter is a thermal relic that decoupled from the radiation bath after reheating, perturbations with k > k_{RH} will be suppressed.

This suppression of density perturbations is in principle relevant for any theory in which dark matter has origins in the thermal bath after reheating, such as the standard WIMP paradigm. The characteristic kinetic decoupling temperature T_{KD} in WIMP models is necessarily below the chemical decoupling temperature and thus the reheat temperature T_{RH} if they are thermally produced after reheating [56]. However, in models where kinetic decoupling occurs immediately after chemical decoupling, the nominal cutoff from kinetic decoupling and the cutoff from altered perturbation evolution in this reheating scenario can be comparable and a more detailed

FIG. 5: The evolution of the fractional density perturbation in the matter field (δ_{dm}). This mode enters the horizon when a = 25, which is during the scalar-dominated era. During scalar-domination, subhorizon matter perturbations grow linearly with a. The Universe becomes radiation dominated when a = 10^4, at which point δ_{dm} grows logarithmically. The long-dashed curve depicts Eq. (15), which describes the evolution of δ_{dm} during scalar domination. The short-dashed curve depicts Eq. (16) with aRH = 1.29Γ̃^{−2/3}_ϕ , which fits the evolution of δ_{dm} after reheating.

analysis including both effects is warranted. In models where the dark matter is never in equilibrium with the standard model but is nevertheless produced from a thermal plasma after reheating, such as in feebly interacting massive particle (FIMP) models where the dark matter abundance freezes-in [57], in hylogenic models [12], in some hidden-sector models [51, 58], and generally for models where T_{KD} ≳ T_{RH}, the reheating cutoff is expected to be the dominant cutoff in the small-scale matter power spectrum.

IV. PERTURBATIONS IN THE MATTER FLUID

Since the radiation perturbation does not retain any of its growth during the scalar-dominated era, an epoch of scalar domination results in primordial structure growth only if the dark matter decouples from the radiation before the Universe becomes radiation dominated. We now consider the evolution of the decay-produced matter perturbation δ_{dm} for modes that enter the horizon while the Universe is dominated by the oscillating scalar field. For these modes, δ_{dm} grows linearly with a between horizon entry and reheating, and then δ_{dm} grows logarithmically after the Universe becomes radiation dominated. An example is shown in Fig. 5, which shows the evolution of δ_{dm} for k̃ = 0.2 and Γ̃_ϕ = 10^{−6}; this mode enters the horizon when a = 25, and the Universe becomes radiation dominated when a = 10^4.

We now derive an analytic model for the evolution of δ_{dm}. Prior to the decay of the scalar field, the Universe is effectively matter dominated; a^2E(a) = √ a and Φ remains constant after the mode enters the Hubble horizon. The solutions derived in Appendix B for the velocities θ̃_ϕ(a) and θ̃_{dm}(a) hold until the Universe becomes radiation dominated. It follows that

δ^′_{dm}(a) = 2 3 k̃^2Φ_0 + 3 2a [δ_ϕ − δ_{dm} − Φ] . (14)

The quantity in the square brackets is initially zero, and it remains zero until the Universe becomes radiation dominated, as one can verify by considering δ̇_ϕ − δ̇_{dm}. Therefore, during scalar domination,

δ_{dm}(a) = Φ_0 + 2 3 k̃^2Φ_0a, (15)

and we see that the early-time solution derived in Appendix B holds after the mode enters the Hubble horizon. This model for δ_{dm}(a) is depicted in Fig. 5, and we see that it matches the numerical solution for a ∼< a_{RH}.

The linear growth begins when the linear term exceeds the initial value [(2/3)k̃^2a ∼> 1]. We define a_{lin} ≡ 3/(2k̃^2). For modes that enter the horizon during scalar domination, a_{hor} = k̃^{−2}, so a_{lin} is larger than a_{hor}. Since δ_{dm} = Φ_0 prior to the onset of linear growth, at the time of scalar decay δ_{dm}(a_{RH}) = (a_{RH}/a_{lin})Φ_0 = (2/3)k̃^2a_{RH}Φ_0. After the Universe becomes radiation dominated, δ_{dm}(a) grows logarithmically, and aδ^′_{dm}(a) is constant. We can therefore set aδ^′_{dm}(a) = a_{RH}δ^′_{dm}(a_{RH}) = (2/3)k̃^2Φ_0a_{RH}. It follows that, for modes with k/k_{RH} ∼> 1,

δ_{dm}(a) = 2 3 a_{RH}k̃^2Φ_0 [ 1 + ln ( a a_{RH} )] (16)

after reheating. This model for δ_{dm}(a) is depicted in Fig. 5, and we see that it matches the numerical solution for a ∼> a_{RH}.

A. The Matter Transfer Function

Due to the superhorizon evolution of Φ during the transition from scalar domination to radiation domination, the definition of the transfer function is ambiguous. It is standard to define the transfer function T (k) through the relation

δ_{dm}(k, a ≫ a_{eq}) = 3 5 k^2 Ω_MH^2_0

Φ_p(k)T (k)D(a), (17)

where H_0 is the present-day Hubble parameter, Ω_M is the current density of matter divided by the current critical density, Φ_p is the initial potential fluctuation, and D(a) is the growth function normalized to make D(a) = a during matter domination. With this definition, T (k) = 1 on large scales because modes that enter the horizon after matter-radiation equality have Φ = (9/10)Φ_p at horizon entry. In our scenario, however, these modes enter

FIG. 6: The fractional perturbation in the matter density evaluated after the scalar decays (a = 1000Γ̃^{−2/3}_ϕ ). The solid curve is the numerical evaluation. Modes with k/kRH ≤ 0.001 are still superhorizon at this value of the scale factor. The long-dashed curve is a plot of Eq. (18) and describes subhorizon modes that enter the horizon after the scalar decays. The short-dashed line is a plot of Eq. (19) and describes modes that enter the horizon during scalar domination.

the horizon with Φ = Φ_0, where Φ_0 is the superhorizon potential perturbation during scalar domination. To define our transfer function, we will use the standard definition above, but we note that Φ_p is the superhorizon potential perturbation during radiation domination; Φ_p = (10/9)Φ_0.

Figure 6 shows how δ_{dm} at a set value of the scale factor depends on k. In the cosmology depicted in this figure, Γ̃_ϕ = 10^{−6}, which implies that a_{RH} = 10^4 and k̃_{RH} ≡ a_{RH}E(a_{RH}) = 0.0088. The matter perturbation is numerically evaluated at a = 10^7 for a wide range of k̃ values; this is the solid curve in Fig. 6. We see that the function δ_{dm}(1000a_{RH}, k/k_{RH}) contains three different behaviors. First, for k/k_{RH} ∼< 0.001, we have δ_{dm}(1000a_{RH}, k/k_{RH}) = 5/3Φ_0. These modes have not yet entered the horizon at a = 10^7, and so they are fixed at the adiabatic “initial” condition, as described in Section II.

Modes with 0.001 ∼< k/k_{RH} ∼< 1 enter the horizon during radiation domination. These modes grow logarithmically once they enter the horizon; as long as δρ_r ≫ δρ_{dm}, their behavior is well-described by the function

δ_{dm}(a) = 10 9 Φ_0 [ A ln ( B a a_{hor} )] (18)

with A = 9.11 and B = 0.594, as given in Ref. [59]. The long-dashed curve in Fig. 6 shows this function with a = 1000a_{RH} and a_{hor}E(a_{hor}) ≡ k̃. We see that it is an excellent fit for 0.01 ∼< k/k_{RH} ∼< 1. We conclude that the standard transfer function can be used for modes with k/k_{RH} ∼< 1; these modes are unaffected by the era of scalar domination.

Modes with k/k_{RH} ∼> 1 enter the horizon while the Universe is dominated by the oscillating scalar field. To obtain the transfer function for these modes, we express δ_{dm}(a) in the same form as Eq. (18) and then extract the values for A and B. From Eq. (16), we see that A = (3/5)a_{RH}k̃^2 and ln B = 1 + ln(a_{hor}/a_{RH}). We now evaluate A and B in terms of k/k_{RH}. First we note that we never used a_{RH} = Γ̃^{−2/3}_ϕ in the derivation of Eq. (16). Rather, a_{RH} was used as the transition point between linear and logarithmic growth. We find that Eq. (16) fits the numerical solution for δ_{dm}(a) if a_{RH} = 1.29Γ̃^{−2/3}_ϕ ,

as shown in Fig. 5. We also find that Γ̃^{2/3}_ϕ ≃ 1.29k̃^2_{RH} for a wide range of values of Γ̃_ϕ. We conclude that we should use a_{RH} = k̃^{−2}_{RH} when evaluating A and B. Since these modes enter the horizon deep in the era of scalar domination, we also have a_{hor} = k̃^{−2}. We conclude that

δ_{dm}(a) = 10 9 Φ_0 [ A ln ( B a a_{hor} )] (19) A = 3 5 ( k k_{RH}

)_2

B = e k^2_{RH} k^2

for modes with k/k_{RH} ∼> 1 evaluated after scalar decay while δρ_r ≫ δρ_{dm}. This model, with a = 10^7 and a_{hor}E(a_{hor}) ≡ k̃, is shown by the short-dashed line in Fig. 6 and we see that it is an excellent fit to the numerical solution when k/k_{RH} ∼> 10. To smoothly connect this solution to the k ∼< k_{RH} solution (A = 9.11 and B = 0.594), we found functions A(k/k_{RH}) and B(k/k_{RH}) that fit the numerical solution for δ_{dm}(a, k) when they are inserted into Eq. (19). These functions are given in Appendix C.

Now that we have A(k) and B(k), we can obtain the behavior of δ_{dm}(a) during the matter-dominated era by matching Eq. (19) to the decaying and growing modes of the Meszaros equation, which is valid when δρ_{dm} ≫ δρ_r [60]. While the baryons are still coupled to the photons, they do not fall into the potential wells created by the dark matter density perturbations. Prior to baryon decoupling and after matter-radiation equality, δ_{dm}(a) is given by [59]

δ_{dm} = 3A 2 f_1 ( 10 9 Φ_0 ) ln ( 4 e^3

)^f2_{f1} Ba_{eq} a_{hor} D (a) , (20)

where f_1, f_2 and α are determined by the baryon fraction f_b ≡ ρ_b/(ρ_b + ρ_{dm}),

f_1 = 1 − 0.568f_b + 0.094f^2_b f_2 = 1 − 1.156f_b + 0.149f^2_b − 0.074f^3_b ,

and D(a) is the growing solution to the Meszaros equation. If baryons do not participate in gravitational collapse, D(a) = ( 1 + a a_{eq} )_{−α} 2F_1 [ α, α + 1 2 ; 2α + 1 2 ; a_{eq} a + a_{eq} ] , (21) where_2F_1[a, b; c; x] is Gauss’s hypergeometric function, and α = 1 4 [ 1 − √ 1 + 24(1 − f_b) ] . (22)

Long after matter-radiation equality, Eq. (21) reduces to D(a) = (a/a_{eq})^{−α}; dark matter overdensities experience slower than linear growth if the baryons do not fall into their potential wells. Consequently, matter perturbations on scales smaller than the baryon Jeans length grow slower than larger-scale perturbations [55], and we will need to account for this suppression in our transfer function.

To complete our derivation of the matter transfer function, we evaluate a_{eq}/a_{hor} for modes that enter the horizon during scalar domination:

a_{eq} a_{hor} = √ 2k k_{eq} ( k k_{RH} ) ( g_{∗S} [T_{RH}] 3.91

)_{2/3} ( 3.36 g_∗[T_{RH}] )_{1/2} . (23) The terms containing g_∗ and g_{∗S} account for changes in the number of relativistic species between reheating and matter-radiation equality, and the product of these terms is always between 1.1 and 1.6. The product Ba_{eq}/a_{hor} is proportional to k_{RH}/k_{eq}, and it appears in Eq. (20) logarithmically. Since k_{RH}/k_{eq} ≫ 1, the terms containing g_∗ and g_{∗S} have a negligible effect on δ_{dm}, and we do not consider them further. For modes that enter the horizon during radiation domination, a_{eq}/a_{hor} = √ 2k/k_{eq}, and in general, we find that

a_{eq} a_{hor} = √ 2k k_{eq} [ 1 + ( k k_{RH}

)_{4.235}]1/4.235 . (24)

fits the numerical solution to k = a_{hor}H(a_{hor}) for all values of k.

Inserting Eq. (23) into Eq. (20) and evaluating the transfer function without baryons gives

T (k ≫ k_{RH}) = 3 4 ( k_{eq} k_{RH}

)_2 ln [( 4 e^3 ) e √ 2k_{RH} k_{eq} ] . (25)

Thus we see that T (k ≫ k_{RH}) is scale-invariant. These modes grow linearly with the scale factor between horizon entry and scalar decay, and they grow linearly with the scalar factor after the Universe becomes matter dominated. The transfer function characterizes deviations from linear growth in δ_{dm}(a). During radiation domination, these modes grew logarithmically instead of linearly, and so the transfer function depends only on the duration of the radiation-dominated era:

T (k ∼> k_{RH}) ∼ (k_{RH}/k_{eq})^{−2} ln[k_{RH}/k_{eq}]. Given current measurements (k_{eq} = 0.0098 Mpc^{−1}) [10], we note that

k_{RH} k_{eq}

= 1.72 × 10^{11} ( T_{RH} 100 GeV ) ( 100 g_{∗S} )_{1/3} ( g_∗ 100 )_{1/2} , = 1.18 × 10^6 ( T_{RH} 1 MeV ) ( 10.75 g_{∗S} )_{1/3} ( g_∗ 10.75 )_{1/2} , where g_∗ and g_{∗S} are evaluated at T_{RH}.

When we consider structure formation in Section V, we will need a transfer function that is applicable to all k values, including k ∼< k_{eq}, and includes the effects of baryons and neutrinos on structure formation. We use CAMB Sources [61] to compute the matter transfer function for k/k_{eq} ≤ 8.2×10^5. On very small scales (k/k_{eq} ∼> 5×10^5), the transfer function computed by CAMB (T_{CAMB}) has the same scale dependence as the transfer function (T_{EH}) provided by Eisenstein & Hu (1998) [62], so we extend the transfer function to larger k by taking T ( k/k_{eq} ≥ 8.2 × 10^5 ) = T_{EH}(k)

T_{CAMB}(k/k_{eq} = 8.2 × 10^5) T_{EH}(k/k_{eq} = 8.2 × 10^5) . (26) When evaluating the transfer function, we take H_0 = 70.4 km/s/Mpc, Ω_M = 0.272, and Ω_b = 0.0456, following Ref. [10].

Even after recombination, the baryons have nonzero pressure, and they do not participate in gravitational collapse on scales that are smaller than the baryon Jeans length 1/k_{Jb} [55]. While matter perturbations on scales with k < k_{Jb} grow linearly with the scale factor after recombination, the growth of smaller-scale perturbations still follows D(a), given by Eq. (21). We account for this suppression by using CAMB Sources to determine the density perturbation at a redshift of 50, and then we use Eq. (17) to find T (k)D(z = 50), which we refer to as the transfer function at z = 50. We then apply a scale-dependent growth function, normalized to unity at z = 50, to obtain the density perturbation at other redshifts. At z = 50, T_{CAMB}(k) ≃ T_{EH}(k) for k/k_{eq} ∼< 10^4, but T_{CAMB}/T_{EH} decreases as k increases until it reaches a new plateau: T_{CAMB}(k) ≃ 0.77T_{EH}(k) for k/k_{eq} ∼> 5 × 10^5. This suppression results from the slower growth of these small-scale perturbations after recombination, which is not included in T_{EH}(k).

We base our scale-dependent growth function on the ratio T_{CAMB}/T_{EH} at z = 50; for z ∼> 3, modes with k/k_{eq} ∼> 10^5 are proportional to D(a), while modes with k/k_{eq} ∼< 10^4 are proportional to (2/3) + (a/a_{eq}). Intermediate scales smoothly interpolate between these two values; since we will primarily be concerned with modes with k/k_{eq} ≥ 10^7, the details of the transition are unimportant. At later times, the cosmological constant suppresses perturbation growth, and we assume that all scales follow the standard growth function D(a) for z ∼< 3. An explicit expression for our growth function is given in Appendix C.

To modify the transfer function to include a period of scalar domination, we multiply it by the ratio

FIG. 7: The matter transfer function in the absence of freestreaming effects for four values of the reheat temperature: TRH = 8.5 MeV, 85 MeV, 780 MeV, and 6.0 GeV, corresponding to kRH/keq = 10^7, 10^8 , 10^9 and 10^{10} , respectively. Perturbation modes that enter the horizon while the Universe is radiation dominated have T (k) ∝ ln[k]/k^2 , but modes that enter the horizon prior to reheating have a constant-valued T (k).

δ_{dm}(T_{RH})/δ_{dm}(T_{RH} = ∞), where δ_{dm} is evaluated after matter-radiation equality and before baryon decoupling. From Eq. (20), we see that, for modes with k ≫ k_{eq}, including a period of scalar domination takes T (k) → R(k)T (k), where

R(k) = A(k) ln [( 4 e^3

)^f2_{f1 B(k)aeq}

a_{hor} (k) ]

9.11 ln [ (_4

e^3

)^f2_{f1} 0.594^{√2k}_{keq}

] . (27)

In this expression, a_{hor}(k) is given by Eq. (24), and A(k) and B(k) are given by the fitting functions in Appendix C for k ≥ 0.05k_{RH}. For k ≤ 0.05k_{RH}, δ_{dm} is not affected by the period of scalar domination, as seen in Fig. 6. Therefore, we take R(k ≤ 0.05k_{RH}) = 1. The resulting transfer functions (evaluated at z = 0) are shown in Fig. (7) for four values of the reheat temperature. As expected from Fig. 6, we see that the transfer function deviates from its standard value when k exceeds k_{RH}, and it is scale-invariant for k ∼> 10k_{RH}.

B. Free-Streaming Effects

We have thus far assumed that the dark matter has no momentum when it is produced from the decay of the scalar field. We now relax that assumption and introduce ⟨v_{RH}⟩: the average velocity (d⃗x/dτ) of the dark matter particles when the Universe became radiation dominated. We will continue to assume that the dark matter is always non-relativistic, so ⟨v_{RH}⟩ ≪ 1.

If the dark matter particles have momentum, then their free-streaming will tend to erase structures on scales smaller than the free-streaming horizon λ_{fsh} [55, 63, 64]:

λ_{fsh}(t) = ∫_t t_{RH} ⟨v⟩ a dt, (28)

where ⟨v⟩ = ⟨v_{RH}⟩(a_{RH}/a) is the average velocity of the dark matter particles after reheating. The freestreaming horizon does not change significantly after matter-radiation equality, so we may neglect dark energy and take

λ_{fsh}(a) =

⟨v_{RH}⟩a_{RH} H_0 √ Ω_r ∫_a a_{RH} da^′ a^′ √ 1 + a^′/a_{eq}

, (29)

where Ω_r is the present-day radiation density divided by the critical density. This integral can be evaluated analytically [64]:

λ_{fsh}(a) =

2⟨v_{RH}⟩a_{RH} H_0 √ Ω_r [ sinh^{−1} √ a_{eq} a_{RH}

− sinh^{−1} √ a_{eq} a ] . (30) The effects of free-streaming on the matter power spectrum can be approximated by introducing a Gaussian cutoff to the transfer function:

T (k) = exp [ − k^2 2k^2_{fsh} ] T_0(k), (31)

where T_0(k) is the transfer function without freestreaming calculated in the previous section, and k_{fsh} = λ^{−1}_{fsh} [55, 63, 65, 66]. If k_{RH}/k_{fsh} > 1, then the free-steaming cutoff in the transfer function will exponentially suppress the scale-invariant portion of T_0(k) given by Eq. (25). The growth of density perturbations during scalar domination will be completely erased by the freestreaming of the dark matter particles after reheating. The ratio k_{RH}/k_{fsh} depends only weakly on the reheat temperature; if we neglect changes in the number of relativistic species after reheating,

k_{RH} k_{fsh}

= 2⟨v_{RH}⟩ sinh^{−1} √ k_{RH} √ 2 k_{eq}

− sinh^{−1} √ a_{eq} a . (32) For a wide range of reheating temperatures (10 Mev ∼< T_{RH} ∼< 10 GeV), k_{RH}/k_{fsh} ≃ ⟨v_{RH}⟩/0.06.

If the dark matter produced via decay does not interact with the radiation fluid, then a low ⟨v_{RH}⟩ will occur if the mass of the dark matter (or more generally the total mass of the decay products) is nearly degenerate in mass with the decaying scalar. If the dark matter instead interacts with the plasma through a higher-dimensional effective operator (such as a four-fermion operator), then we generically expect a larger interaction cross section at higher energies. In this case, we expect dark matter particles born with large momentum to rapidly lose energy to the plasma until interactions become inefficient and the diffusion length to be far shorter than the freestreaming length would be without interactions. Calculating the evolution of dark matter perturbations including the thermalization and diffusion of high-energy dark matter particles goes beyond the scope of this work, but after interactions become inefficient we expect the formalism developed here will describe subsequent perturbation evolution with ⟨v_{RH}⟩ ∼ √ E_{KD}/m_{DM} set by the energy at which particles typically kinetically decouple from the plasma. Finally, we mention that if some fraction or all of the dark matter did not originate from scalar decay and was present during the scalar-dominated era, then these particles likely have low velocity [67], and we expect that they would experience the same perturbation growth described at the beginning of Section IV.

V. PRIMORDIAL STRUCTURES

We have shown that matter perturbations on scales smaller than the horizon size at reheating and larger than the matter particle’s free-streaming horizon are enhanced relative to their amplitudes in a universe that was always radiation dominated. We will now use the Press- Schechter formalism [68] to analyze the ramifications this enhancement has on the formation of dark matter halos. We must first compute the rms density perturbation in a sphere containing an average mass M:

σ^2(M, z) = ∫ d^3k (2π)^3

[D_{50}(k, z)T_{50}(k)]^2 P_p(k)F^2(kR),

(33) where T_{50}(k) is the transfer function evaluated z = 50; D_{50}(z, k) is the scale-dependent growth function described in Appendix C; P_p(k) is the power spectrum of superhorizon density perturbations during radiation domination; and F (kR) is a filter function that suppresses contributions from modes with k^{−1} ≪ R = [3M/(4πρ_{m,0})]^{1/3}, where ρ_{m,0} is the presentday matter density. We determine P_p(k) by setting the power spectrum of superhorizon curvature fluctuations Δ^2_R(k) = 2.44 × 10^{−9} × (k/k_0)^{n−1}, where k_0 = 0.002 Mpc^{−1} and n is the scalar spectral index: n = 0.963 ± 0.012 [10].

It is customary to use a spherical top-hat window function in real space as a filter when computing σ(M); this choice implies F (kR) = 3[sin(kR)−(kR) cos(kR)]/(kR)^3. However, this filter function is problematic when the effects of a scalar-dominated era are considered. We showed in Section IV A that T (k) is scale invariant for k ∼> k_{RH}. Since P_p(k) ∝ k^n, the integrand in Eq. (33) for k ∼> k_{RH} is proportional to k^{n+2}F^2(kR)dk. With the top-hat filter function, F^2(kR) ≃ cos^2(kR)/(kR)^4 for k ≫ R^{−1}, so for kR ≫ 1 and k ∼> k_{RH}, the integrand in Eq. (33) is proportional to k^{n−2}dk. Since n is only slightly less than unity, this integral is nearly divergent, and the portion of the integral with k ≫ 1/R makes a significant contribution to σ^2(M). In short, the standard

FIG. 8: The present-day rms density perturbation σ in a sphere containing an average mass M for three values of the reheat temperature: TRH = 8.5 MeV, 85 MeV and 780 MeV. For these values of TRH, MRH = 54 M⊕, 0.054 M⊕, and 5.4 × 10^{−5} M⊕. We also show σ(M) for reheat temperatures greater than 12 GeV; in the mass range shown here, the presence of a scalar-dominated era does not affect σ(M) if TRH > 12 GeV. Note that σ(M ∼> MRH) depends only weakly on M and is independent of TRH, while σ(M ∼< MRH) is significantly enhanced compared to σ for higher values of TRH. Also, for all values of TRH, σ(M ∼< MRH) ∝ M^{−(n+3)/6}, where n = 0.963 is the scalar spectral index.

top-hat filter fails to prevent modes with k^{−1} ≪ R from contributing to σ^2(M) when T (k) is scale-invariant for large k.

To solve this problem, we use a different filter function when calculating σ^2(M); we convolve the spherical tophat window function with a Gaussian window function with a much smaller radius. The resulting filter function is

F (kR) = exp [ − 1 2 k^2(αR)^2 ]

× 3 (kR)^3

[sin(kR) − (kR) cos(kR)] (34)

with α ≪ 1. For α ∼< 10^{−4}, this window function is virtually indistinguishable from a top-hat of radius R in real space, and σ(M) for R ≫ 1/k_{RH} changes by less than 0.01% compared to its value with α = 0. This robustness prompts us to set α = 10^{−4} when computing σ(M). We note, however, that the variance on smaller scales is more sensitive to the choice for α; for R ≪ 1/k_{RH}, changing α by a factor of ten in either direction changes σ(M) by about ten percent.

The filter function ensures that σ(M) is sensitive to scales that enter the horizon during scalar domination only if R(M) ∼< k^{−1}_{RH}. Consequently, it is useful to define

FIG. 9: The rms density perturbation σ in a sphere containing an average mass M for four values of the mean dark matter particle velocity at reheating (vRH), in units where c = 1. The reheat temperature is 8.5 MeV. If the dark matter particles have a nonzero velocity dispersion, free-streaming erases density perturbations on scales smaller than the free-streaming horizon, making σ(M) nearly constant for small masses.

a characteristic mass M_{RH} such that R(M_{RH}) ≡ k^{−1}_{RH}:

M_{RH} = 32.7M_⊕ ( 10 MeV T_{RH}

)_3 ( g_{∗S} [T_{RH}] 10.75 ) ( 10.75 g_∗[T_{RH}] )_{3/2} . (35) For M > M_{RH}, the filter function effectively restricts the integral in Eq. (33) to k ∼< k_{RH}, and σ(M) is insensitive to the reheat temperature. In contrast, if M < M_{RH}, σ(M) is most sensitive to scales with k > k_{RH}. The transfer function is scale-invariant at these scales, so the density power spectrum is a simple power law P (k) ∝ k^n. It follows that σ(M ∼< M_{RH}) ∝ M^{−(n+3)/6}, as shown in Fig. 8.

As discussed in Section IV B, we can include the effects of the dark matter particles’ random motions by adding a Gaussian cutoff to the transfer function, as in Eq. (31). Since the resulting transfer function is no longer scale-invariant for k > k_{fsh}, we expect σ(M ∼< M_{RH}) to deviate from the power law behavior shown in Fig. 8 when M ∼< M_{fsh}, where R(M_{fsh}) ≡ k^{−1}_{fsh} = λ_{fsh}. Figure 9 shows that this is the case; in this figure, T_{RH} is 8.5 MeV, and σ(M) is shown for four values of ⟨v_{RH}⟩. For ⟨v_{RH}⟩ = 0.01, 0.001, and 0.0001, Eq. (30) implies M_{fsh} = 0.31 M_⊕, 3.1 × 10^{−4}M_⊕, and 3.1 × 10^{−7}M_⊕, respectively, and we see that σ(M) is nearly constant for M ∼< M_{fsh}. Figure 9 also shows that the growth of the matter density perturbations prior to reheating is completely erased by free-streaming if ⟨v_{RH}⟩ ∼> 0.01; this is also true for other values of T_{RH}.

We have seen that the growth of matter perturbations during the scalar-dominated era leads to an enhancement σ(M) for M ∼< M_{RH}, provided that ⟨v_{RH}⟩ ∼< 0.01. Since M_{RH} ∼< 1000 M_⊕, the amplitude of σ(M ∼< M_{RH}) depends on the amplitude of the scalar power spectrum on scales that are much smaller than the pivot scale k_0 = 0.002 Mpc^{−1}. Consequently, σ(M ∼< M_{RH}) is very sensitive to changes in the scalar spectral index n. We can quantify the dependence of σ(M) on n by noting that σ(M, n_1) σ(M, n_2) ≃ [ 1 k_0R_σ(M)

]^n1^{−n}2_2 , (36)

where R_σ (M) is the average scale that contributes significantly to σ(M). For M ∼> M_{RH}, R_σ (M) = R(M) because the transfer function and filter function suppress the contribution from smaller scales. For M ∼< M_{RH} and ⟨v_{RH}⟩ = 0, all scales between αR and R contribute equally, so R_σ(M) ≃ R(M) √ α. Freestreaming introduces an additional small-scale cutoff; for αR ∼< λ_{fsh} ∼< R, R_σ(M) ≃ √ R(M)λ_{fsh}, and R_σ(M) ≃ λ_{fsh} if R ∼< λ_{fsh}. For example, if T_{RH} = 8.5 MeV and ⟨v_{RH}⟩ = 0, σ(0.001 M_{RH}) increases by 37% if n is 0.987 instead of 0.963. If we instead take ⟨v_{RH}⟩ = 0.001, then σ(0.001 M_{RH}) increases by 32% for the same change in n; the introduction of a free-streaming cutoff has reduced effects of increasing the scalar spectral index.

Now that we have calculated σ(M), we can use the Press-Schechter formalism [68] to obtain a halo mass function: dn d ln M = √ 2 π ρ_{m,0} M | | | | d ln σ d ln M | | | | δ_c σ(M, z) exp [ − δ^2_c 2σ^2(M, z) ] , (37) where n is the comoving number density of halos with mass M at redshift z, and δ_c is the critical linear overdensity. For z ∼> 2, δ_c = 1.686, and it decreases slightly at smaller redshift. Since an era of scalar domination changes σ(M) for M ∼< M_{RH}, only the abundance of these small-mass halos will be affected. These small-mass halos form at very high redshift, and then they merge to form larger-mass halos. The Press-Schechter mass function does not account for subhalos, however, so it will be most useful for us to examine the halo mass function at high redshift, before halos with M ∼< M_{RH} are absorbed into larger halos. Rather than consider the number density of these objects, it is more enlightening to compute the fraction of the mass that is contained in these objects as a function of redshift: df d ln M = M ρ_{m,0} dn d ln M . (38)

The ratio δ_c/σ plays a pivotal role in the Press- Schechter mass function, and it is useful to define a function M_∗(z) such that σ(M_∗, z) = δ_c. Figure 10 shows M_∗(z) for different values of the reheat temperature and ⟨v_{RH}⟩. We see that M_∗(z) decreases precipitously with increasing redshift for M ∼> M_{RH}. For smaller masses, M_∗(z) transitions to a power law. Free-streaming by the dark matter particles steepens this power law slightly because σ(M) increases less quickly with decreasing M if ⟨v_{RH}⟩ is nonzero, as shown in Fig. 9. Also recall that σ(M) is nearly constant for M ∼< M_{fsh}; this constancy

FIG. 10: The value of M∗ such that σ(M∗) = δc plotted as a function of redshift for different values of the reheat temperature TRH and the average particle velocity at reheating, ⟨vRH⟩, in units where c = 1. For TRH = 8.5 MeV and TRH = 85 MeV, the reheat horizon mass is MRH = 54 M⊕ and 0.054 M⊕, respectively. We see that M∗(z) is a power law for M∗ ∼< MRH.

would cause M_∗(z) to decrease rapidly with increasing redshift if M_∗ ∼< M_{fsh}. We see in Fig. 10, however, that if ⟨v_{RH}⟩ ∼< 0.001, M_∗ ∼> M_{fsh} for all z < 500. Therefore, we expect that free-streaming will not prevent structures from growing at redshifts z ∼< 500, provided that ⟨v_{RH}⟩ ∼< 0.001.

Before we consider the effects of free-streaming on the halo mass function further, we examine the mass function with ⟨v_{RH}⟩ = 0. If σ(M) is a power law, as it is for M ≪ M_{RH}, then the mass function depends on redshift only through the ratio M/M_∗(z). In this case, the differential bound mass fraction df/d ln M peaks at M = M_∗; for d ln σ/d ln M = −(n + 3)/6, the maximum value is df/d ln M|_{M∗} = 0.32, and 31% of the dark matter is contained in halos with M_∗ ≤ M ≤ 5M_∗. Since the abundance of halos with M ∼> M_∗ is exponentially suppressed, a negligible fraction of the mass is contained in halos with M > 5M_∗. Provided that 5M_∗ ≪ M_{RH}, the fact that σ(M) is not a power law for M ∼> M_{RH} will not affect the bound fraction.

The 5M_∗ ≪ M_{RH} case is exemplified by the z = 100 curve in Fig. 11, which shows the differential bound fraction df/d ln M for T_{RH} = 8.5 MeV. For this reheat temperature, M_{RH} = 54M_⊕, and Fig. 10 shows that M_∗ = 0.18M_⊕ at z = 100. Integrating the z = 100 curve in Fig. 11 reveals that almost half of the dark matter is contained in halos with M > 0.1M_⊕ at this redshift. In the standard cosmology, the fraction of the dark matter contained in such halos is only 10^{−10} at z = 100. As the redshift increases past 100, the differential bound fraction will keep the same shape as the z = 100 curve while the peak slides to smaller masses. The other curves in Fig. 11 show what happens to the bound mass function as the redshift decreases. While z ∼> 11, M_∗ > M_{RH},

FIG. 11: The differential fraction of the dark matter mass that is bound into halos of mass M [see Eq. (38)] plotted at several redshifts for TRH = 8.5 MeV. While z ∼> 11, the critical mass M∗ is smaller than the reheating horizon mass MRH, and the peak moves to larger masses as the redshift decreases. When z ≤ 10, M∗ > MRH, and the peak remains fixed at 2M⊕. The peak decreases in amplitude because the fraction of mass contained in these microhalos decreases as they are absorbed into larger halos.

FIG. 12: The differential fraction of the dark matter mass that is bound into halos of mass M plotted at several redshifts. The solid curves show the bound fraction for TRH = 8.5 MeV, while the dashed curves show the bound fraction in the absence of a scalar-dominated era. The two scenarios are indistinguishable for M ∼> 1000 M⊕. The abundance of halos is higher for halos with M ∼> 10^{10} M⊕ because baryons fall into these halos, making them grow faster.

and the peak in df/d ln M follows M_∗, moving to larger masses as the redshift decreases. The peak height decreases because |d ln σ/d ln M|_{M∗} is decreasing, as seen in Fig. 8.

When z ∼< 11, M_∗ > M_{RH} for T_{RH} = 8.5 MeV, and larger-mass halos begin to form. These larger halos absorb some of the microhalos formed at higher redshift, and so the fraction of mass in these microhalos decreases, as seen in Fig. 11. The transfer of mass from small halos to larger halos is more apparent in Fig. 12, which also shows the differential bound fraction without a scalar-dominated era. We see that a period of scalar domination does not affect the abundance of halos with M ≫ M_{RH}. Without a scalar-dominated era, however, halos with M ∼< M_{RH} are far less abundant and they form much later. For example, if T_{RH} = 8.5 MeV, the abundance of Earth-mass microhalos peaks at a redshift of z = 32 when df/d ln M|_{M⊕} = 0.25. In contrast, isolated Earth-mass microhalos are most abundant at a redshift of z = 12 in the standard scenario, and even then df/d ln M|_{M⊕} = 0.010. Given our understanding of the bound mass fraction when ⟨v_{RH}⟩ = 0, we can now examine the effects of free-streaming. Figure 10 shows that free-streaming decreases M_∗ when M_∗ ∼< M_{RH}, and Fig. 9 shows that free-streaming decreases d ln σ/d ln M when M ∼< M_{RH}. We conclude that free-streaming will shift the peak in the bound mass fraction to smaller halo masses and decrease its amplitude. Figure 13 confirms that this is indeed the case. We see that free-streaming delays the formation of microhalos of a given mass and suppresses their abundance; for example, if ⟨v_{RH}⟩ = 0.001 and T_{RH} = 8.5 MeV, the abundance of Earth-mass microhalos peaks at a redshift of z = 22 when df/d ln M|_{M⊕} = 0.17. This is still significantly higher than the standard abundance of these microhalos. We conclude that free-streaming does not erase the structural imprints of an extended scalardominated era, provided that ⟨v_{RH}⟩ ∼< 0.001. Microhalos with M < M_{RH} still form earlier and in far greater numbers than they would in the standard scenario, but freestreaming does slightly delay their formation and suppress their abundances.

VI. SUMMARY AND DISCUSSION

The content of the Universe prior to the onset of big bang nucleosynthesis is unknown. It is possible that the inflaton continued to dominate the energy density of the Universe long after inflation ended. After inflation, the inflaton oscillates around the minimum of its potential, and if the potential is quadratic around its minimum, then the time-averaged pressure of the scalar field vanishes. It is also possible that the inflaton decayed quickly to radiation, and then a second oscillating scalar field may have come to dominate the Universe, as in some versions of the curvaton scenario [23–26] and in several realizations of string theory [20–22]. Finally, the inflaton may have decayed into a short-lived heavy particle that dominated the energy density of the Universe prior to its decay. In all of these scenarios, the Universe was effectively matter dominated prior to nucleosynthesis.

During this early matter-dominated era, subhorizon perturbations in the dominant component of the Universe grow linearly with the scale factor [39–42]. We have in-

FIG. 13: The differential fraction of the dark matter mass that is bound into halos of mass M for different values of the mean dark matter particle velocity at reheating, as a fraction of the speed of light (vRH). The reheat temperature is TRH = 8.5 MeV, and the function is shown at two redshifts. We see that free-streaming moves the peak in the bound mass fraction to smaller masses and decreases its amplitude.

vestigated what happens to these density perturbations after the dominant component during the early matterdominated era decays and the Universe becomes radiation dominated. We model the reheating of the Universe using three fluid components: a pressureless “scalar” that decays into a tightly-coupled radiation plasma and decoupled nonrelativistic dark matter. These dark matter particles may have a small, but nonzero, velocity dispersion when they are created, and we examine the effects of free-streaming on their perturbations.

We find that, although subhorizon radiation perturbations grow during the scalar-dominated era due to the coupling between the radiation and the scalar field, this growth is erased after the Universe becomes radiation dominated. When the scalar field energy density vanishes, these radiation perturbations begin to oscillate, but the amplitude of these oscillations is much smaller than the maximum value of the radiation density perturbation during the scalar-dominated era. Moreover, the amplitude of the oscillations in the radiation density perturbations for modes that enter the horizon well before reheating is significantly smaller than the amplitude of modes that enter the horizon after the Universe becomes radiation dominated. An early era of matter domination suppresses perturbations in the radiation density field on scales smaller than the horizon scale at reheating. If the dominant form of dark matter is not created directly from reheating but instead from the radiation bath after reheating, this radiation suppression results in a suppression of the matter power spectrum for k ≳ 23.4 (T_{RH}/2 MeV) kpc^{−1}. Depending on the details of the dark-matter microphysics, this reheating suppression may be the primary cutoff in the matter power spectrum. This could include corners of WIMP parameter space with inefficient kinetic coupling [56], FIMP models [57], and hylogenic models [12].

The effects of reheating on dark matter produced directly from the decay of the scalar can be much more dramatic. Unlike the radiation density perturbation, the perturbation in this dark matter density is enhanced by the growth it experiences during the scalar-dominated era. While the Universe is scalar dominated, dark matter density perturbations grow linearly with the scale factor after they enter the Hubble horizon. When the Universe becomes radiation dominated, the dark matter perturbations grow logarithmically from their amplitude at the moment of reheating. Consequently, perturbations on scales that enter the horizon prior to reheating are significantly enhanced compared to larger-scale perturbations, and the matter power spectrum on small scales is proportional to k^n, where n is the scalar spectral index. Free-streaming breaks this scale invariance and exponentially suppresses the power spectrum on scales smaller than the free-streaming horizon. We found that freestreaming completely erases the perturbations that grow prior to reheating if the average velocity dispersion of the dark matter particles at reheating is greater than 0.01c.

We used the Press-Schechter halo mass function [68] to investigate how the growth of perturbations prior to reheating affects the formation of dark matter halos. As expected, only halos with masses less than the horizon mass at reheating are impacted. The reheating horizon mass (M_{RH}) is proportional to T^{−3}_{RH} and equals 260 M_⊕ if the reheat temperature was T_{RH} = 5 MeV. We found that microhalos with M < M_{RH} form much earlier than they would if the reheat temperature were higher, and they contain a much larger fraction of the dark matter. For instance, if T_{RH} = 8.5 MeV, then the Press- Schechter mass function predicts that 15%, 43% and 65% of the dark matter is contained in microhalos with masses greater than 10^{−6} M_⊙ at redshifts of 100, 50, and 25, respectively. In contrast, the corresponding fractions are 10^{−10}, 0.04% and 5% if the reheat temperature is higher than 100 MeV. Numerical simulations of the formation of the first microhalos confirm this prediction; they find that only 1.5% of the dark matter is in bound in these microhalos at a redshift of 31 [69], and 5% of the dark matter is in these microhalos at a redshift of 26 [70].

We conclude that low-temperature reheating with direct dark matter production results in an abundance of earth-mass or smaller microhalos. Prior to the formation of larger dark matter halos, these microhalos contain a significant fraction of the dark matter. What happens to these microhalos as they merge to form larger halos, and do they survive until the present day in the Milky Way’s halo? The fate of the earth-mass microhalos that form in the standard cosmological scenario has been studied extensively [69–76]; these subhalos survive their absorption into larger halos, but then they lose most of their mass due to interactions with stars. The survival probability for a microhalo near the Sun has been calculated to be as high as 0.17 [72], but this factor depends strongly on the microhalo’s orbit, and some studies predict that nearly all the local microhalos are either destroyed by stellar encounters [71, 73, 75] or lose a significant fraction of their mass [74, 76]. In the low-temperature reheating scenarios considered here, however, these microhalos are far more numerous than in the standard scenario; even if there is a high probability that they do not survive inside the Galaxy, there may still be a sizable population in our stellar neighborhood.

Furthermore, the microhalos in the low-temperature-reheating scenario form far earlier than their standard counterparts, and consequently, they are far denser. The virial density of a microhalo is proportional to the critical density at the time of its formation; at high redshifts, the mean density of a microhalo that formed at a redshift z_f is therefore proportional to (1 + z_f )^3. Ref. [77] found that the microhalo survival probability near the Sun increases sharply as the mean density within the clump increases; while a microhalo that formed at a redshift of 65 has a survival probability of 0.17 at the Sun’s location, a microhalo that formed at a redshift of 120 has survival probability of 0.5, and a microhalo that formed at a redshift of 300 has survival probability of 0.9. It is therefore reasonable to expect that many of the microhalos produced in the low-temperature-reheating scenario are intact subhalos today.

How could we detect these small and dense subhalos? While a complete analysis of their observational signatures lies beyond the scope of this work, we briefly highlight a few promising detection avenues here. If the dark matter self-annihilates, these compact microhalos will be gamma-ray sources; they may be observed as point sources, and they would make a significant contribution to the observed gamma-ray background [69, 70, 74, 76, 78–80]. Unfortunately, since the dark matter particles in these microhalos were created through scalar decay and cannot be thermal relics, there is no lower limit on their self-annihilation cross section. Numerous and dense subhalos near our location would also affect direct detection rates by changing the local dark matter density [76, 81] and the direction of the dark matter wind [80], which would alter both the event rate and its annual modulation. If dark matter particles are directly detected, then the temporal correlation of the signal can be used to probe the abundance of local small subhalos because the event rate will change as a microhalo passes through the Solar System [80].

Of course, it is entirely possible that the dark matter particles in these microhalos do not self-annihilate and interact too weakly to be detected directly. The only guaranteed observational signatures of dark matter microhalos are gravitational. Dark matter microhalos are gravitational lenses; we could hope to detect them through their impact on individual images of a strongly lensed quasar [70, 82, 83]. Unfortunately, even though the earlyforming microhalos that result from perturbation growth during reheating are more compact than their standard counterparts, their virial radii are still much larger than their Einstein radii, and it is unlikely that they could act as strong lenses. Recently, it has suggested that we may be able to detect subhalos within our galaxy through their astrometric microlensing signatures [84] or their impact on the pulse arrival times from millisecond pulsars [85]. These studies found that subhalos in the standard scenario are too rare and too diffuse to be detectable through these methods given our current level of astrometric and timing precision, but the abundant and dense microhalo population resulting from low-temperature reheating with direct dark matter production would significantly enhance both signals. It is also possible that these microhalos may be dense enough to be detected through photometric microlensing [86].

Finally, we note that the Laser Interferometer Space Antenna (LISA) will be able to detect compact objects with masses greater than 10^{16} g that pass near its detectors; if these objects are the primary component of the dark matter, then a few such events are expected per decade [87]. LISA may also be sensitive to small and dense dark matter microhalos, if their radii are smaller than LISA’s arm length (∼ 5 × 10^{11} cm) [77]. Microhalos that form before z = 340 can have virial masses greater than 10^{16} g and virial radii less than 5 × 10^{11} cm. Such microhalos are less massive than the earth-mass microhalos that we have focused on and would form at high redshift for larger values of the reheat temperature. For instance, if T_{RH} = 12 GeV, then the critical mass at z = 500 is M_∗ = 2.5 × 10^{16} g, which is much less than the reheat horizon mass (M_{RH} = 4 × 10^{19} g). The Press- Schechter mass function predicts that 30% of the dark matter is contained in halos with M ≃ M_∗ if M_∗ ≪ M_{RH}. If these microhalos survive their absorption into larger halos, they could make up a significant fraction of the Galaxy’s dark matter halo, and they could be detectable by LISA. It would be interesting to explore this possibility, and the possibility of detecting early-forming microhalos through astrometric, photometric and timing microlensing in more detail; detecting these small structures or constraining their abundance would probe the origins of dark matter and the state of the Universe between inflation and nucleosynthesis.

Acknowledgments

We thank Niayesh Afshordi, Robert Brandenberger, Matthew Johnson, and especially Jonathan Braden for helpful discussions. We thank the Aspen Center for Physics for hospitality during the completion of parts of this work. This research was supported by the National Science and Engineering Research Council (NSERC) of Canada. KS is supported in part by a NSERC of Canada Discovery Grant. This research was supported by the Perimeter Institute for Theoretical Physics. Research at the Perimeter Institute is supported by the Government of Canada through Industry Canada and by the Province of Ontario through the Ministry of Research and Innovation.

Appendix A: Derivation of perturbation equations

We treat the oscillating scalar field, the radiation, and the dark matter as perfect fluids with energy momentum tensors

T^{μν} = (ρ + p)u^μu^ν + p g^{μν} , (A1)

where ρ and p are the fluid’s density and pressure, respectively, and u^μ ≡ dx^μ/dλ is its four-velocity. In this Appendix, we will take x^0 to be the proper time t. The dark matter and the oscillating scalar fields are both pressureless fluids, while the radiation has p = ρ/3. Since the scalar field is decaying into radiation and matter, these three fluids are exchanging energy, as described in Eqs.(1)-(3). We can express this energy exchange covariantly: ∇_μ (_{(i)} T^μ_ν ) = Q^{(i)}_ν , (A2)

where i denotes the individual fluids. It follows from Eqs.(1)-(3) that

Q^{(ϕ)}_ν =^{(ϕ)}T_{μν} u^μ_ϕΓ_ϕ (A3a)

Q^{(r)}_ν = −(1 − f) Q^{(ϕ)}_ν (A3b)

Q^{(dm)}_ν = −f Q^{(ϕ)}_ν . (A3c)

Thus we see that, in our three-fluid model,

Q^{(ϕ)}_ν + Q^{(r)}_ν + Q^{(dm)}_ν = 0, (A4)

as required by the conservation of energy and momentum.

We obtain the perturbation equations by evaluating Eq. (A2) with the perturbed metric

ds^2 = −(1 + 2Ψ)dt^2 + a^2(t)δ_{ij} (1 + 2Φ)dx^idx^j (A5)

and with perturbations in the density of each fluid: ρ_i(t, ⃗x) = ρ^0_i (t)[1 + δ_i(t, ⃗x)]. We also introduce perturbations to the four-velocity of each fluid: u^0 = (1 − Ψ) and u^j_{(i)} = (1 − Ψ)V^j_{(i)}, where V^j_{(i)} ≡ dx^j /dt is the fluid velocity of the ith fluid. It follows that

Q^{(ϕ)}_0 = Γ_ϕρ^0_ϕ(1 + δ_ϕ + Ψ) (A6)

Q^{(ϕ)}_j = −Γ_ϕρ^0_ϕa^2δ_{kj} V^k_ϕ , (A7)

to first order in the perturbations. Thus we see that Q^{(ϕ)}_j

is a first-order quantity, while Q^{(ϕ)}_0 has both a zero-order component [Q^{(ϕ),(0)}_0 = Γ_ϕρ^0_ϕ] and a first-order component

[Q^{(ϕ),(1)}

0 = Γ_ϕρ^0_ϕ(δ_ϕ + Ψ)].

The μ = 0 component of Eq. (A2) implies that, for each fluid dδ dt +(1+w) θ a +3(1+w) dΦ dt = 1 ρ^0 [ Q^{(0)}_0 δ − Q^{(1)}_0 ] , (A8) where w ≡ p/ρ is the fluid’s equation of state parameter, θ ≡ a ∂_iV^i is the divergence of the fluid’s conformal velocity, and Q^{(0)}_0 and Q^{(1)}_0 are the zero-order and firstorder components of Q_0 for this fluid. The divergence of the spatial components of Eq. (A2) implies that dθ dt + (1 − 3w)Hθ +

∇^2Ψ a + w 1 + w

∇^2δ a = 1 ρ^0 [ ∂_iQ_i a(1 + w)

+ Q^{(0)}_0 θ ] . (A9)

Evaluating these equations for each fluid using Eq. (A3) yields the perturbation equations given by Eq. (10).

Appendix B: Initial conditions for the Perturbations

The equation suite that we solve is

a^2E(a)δ^′_ϕ(a) + θ̃_ϕ(a) + 3a^2E(a)Φ^′(a) = aΓ̃_ϕΦ(a), (B1a)

a^2E(a)θ̃^′_ϕ(a) + aE(a)θ̃_ϕ + k̃^2Φ(a) = 0, (B1b)

a^2E(a)δ^′_r (a) + 4 3 θ̃_r(a) + 4a^2E(a)Φ^′(a) = (1 − f) ρ̃^{0ϕ}(a) ρ̃^0_r(a) aΓ̃_ϕ [δ_ϕ(a) − δ_r(a) − Φ(a)] , (B1c)

a^2E(a)θ̃^′_r(a) + k̃^2Φ(a) − k̃^2 δ_r(a) 4 = (1 − f) ρ̃^0_ϕ(a) ρ̃^0_r(a) aΓ̃_ϕ [ 3 4 θ̃_ϕ(a) − θ_r(a) ] , (B1d)

a^2E(a)δ^′_{dm}(a) + θ̃_{dm}(a) + 3a^2E(a)Φ^′(a) = f ρ̃^0_ϕ(a) ρ̃^0_{dm}(a) aΓ̃_ϕ [δ_ϕ(a) − δ_{dm}(a) − Φ(a)] , (B1e)

a^2E(a)θ̃^′_{dm}(a) + aE(a)θ̃_{dm} + k̃^2Φ(a) = f ρ̃^0_ϕ(a) ρ̃^0_{dm}(a) aΓ̃_ϕ [ θ̃_ϕ(a) − θ̃_{dm}(a) ] (B1f)

k̃^2Φ + 3aE^2(a) [a^2Φ^′(a) + aΦ(a)] = 3 2 a^2 [ ρ̃^0_ϕ(a)δ_ϕ(a) + ρ̃^0_r(a)δ_r(a) + ρ̃^0_{dm}δ_{dm}(a) ] , (B1g)

where a prime denotes differentiation with respect to a.

We chose the initial time t_0 such that all modes of interest are super-Hubble (k̃ < 1). In conformal Newtonian gauge, super-Hubble perturbations do not evolve; to zeroth order in k̃^2 we may set Φ^′ = δ^′_ϕ = 0. By choosing Γ̃_ϕ ≪ 1, we have ensured that the Universe is initially dominated by the scalar field energy density, which implies that E(a) = a^{−3/2} and ρ̃_ϕ ≫ ρ̃_r, ρ̃_{dm}. Also, ρ̃_ϕ(t_0) ≃ 1 implies that ρ̃_ϕ ≃ a^{−3} prior to the decay of the scalar field. With these conditions, and neglecting terms that are proportional to k̃^2, and Φ^′, Eq. (B1g) implies that δ_ϕ(t_0) = 2Φ(t_0). Equation (B1b) reduces to √ aθ̃^′_ϕ(a) + 1 √ a θ̃_ϕ + k̃^2Φ = 0. (B2)

The solution to this equation is θ̃_ϕ = −(2/3)k̃^2Φ √ a. The solutions for ρ_{dm}(t) and ρ_r(t) prior to the decay of the scalar field [Eqs. (6) and (5)] imply

(1 − f) ρ̃^0_ϕ(a) ρ̃^0_r (a) aΓ̃_ϕ = 5 2 √ a , (B3) f ρ̃^0_ϕ(a) ρ̃^0_{dm}(a) aΓ̃_ϕ = 3 2 √ a . (B4)

Therefore, the right-hand sides of Eqs. (B1c) and (B1e) are not negligible at t = t_0, even though Γ̃_ϕ ≪ 1. The left-hand sides of Eqs. (B1c) and (B1e) are initially zero, however, because the density perturbations and Φ do not evolve while the mode is superhorizon, and the velocity terms are proportional to k̃^2. To solve these equations at the initial time, we must set the right-hand sides of Eqs. (B1c) and (B1e) to zero by demanding that δ_r = δ_{dm} = δ_ϕ −Φ. Therefore, our first-order initial conditions for the matter and radiation perturbations are δ_r(t_0) = δ_{dm}(t_0) = Φ(t_0).

For superhorizon modes in a universe dominated by an oscillating scalar field, Eq. (B1d) becomes √ aθ̃^′_r(a) + 2k̃^2Φ + 5 2 √ a θ̃_r = 0; (B5)

we have used θ̃_ϕ = −(2/3)k̃^2Φ √ a and δ_r = Φ to arrive at this equation. The solution to this equation is θ̃_r = −(2/3)k̃2Φ√a. For superhorizon modes in a universe dominated by an oscillating scalar field, Eq. (B1f) also becomes √ aθ̃^′_{dm}(a) + 2k̃^2Φ + 5 2 √ a θ̃_{dm} = 0, (B6)

where we have again used θ̃_ϕ = −(2/3)k̃^2Φ √ a. Since this is the same equation as we obtained for θ̃_r, we have the same initial condition for θ̃_{dm}.

We can obtain more accurate initial conditions for the density perturbations by inserting the early-time solutions for the velocity perturbations into Eq. (B1). Together, Eqs. (B1g) and (B1a) imply that the O(k̃^2) term in the early-time solution for Φ(a) is proportional to a^{−5/2} and has an undetermined coefficient. Since this is a decaying mode that diverges as a approaches zero, we choose this coefficient to be zero and continue to set Φ = Φ_0 and Φ^′(a) = 0 at early times. If we do not neglect the k̃^2Φ term in Eq. (B1g), we see that

δ_ϕ(a) = 2Φ_0 + 2 3 k̃^2Φ_0a (B7)

at early times. Using this solution and θ̃_r = θ̃_{dm} = −(2/3)k̃2Φ√a in Eqs. (B1c) and (B1e) gives

δ_r(a) = Φ_0 + 46 63 k̃^2Φ_0a (B8)

δ_{dm}(a) = Φ_0 + 2 3 k̃^2Φ_0a (B9)

at early times. Like our initial condition for Φ, these solutions also include undetermined decaying modes, and we set these modes to zero. As long as the Universe is scalardominated, which implies Γ̃_ϕa ≪ 1, these early-time solutions for the perturbations satisfy Eq. (B1), with one exception: there is a neglected O(k̃^4a) term in Eq. (B1d). Therefore, we expect that the radiation perturbation will deviate from this early-time solution when the mode enters the horizon. The scalar and matter perturbations, however, will follow these solutions until the Universe becomes radiation dominated.

Appendix C: Fitting Functions for the Transfer Function

We want to find functions A(k/k_{RH}) and B(k/k_{RH}) such that

δ_{dm}(a, k) = 10 9 Φ_0 [ A ln ( B a a_{hor} )] , (C1)

where k = a_{hor}H(a_{hor}). We know that A = 9.11 and B = 0.594 for k/k_{RH} ∼< 1. We also know that A and B are given by Eq. (19) for k/k_{RH} ∼> 10. We found that the numerical solution for δ_{dm}(a, k) for 0.05 ∼< k/k_{RH} ∼< 100 is well-fit by the following expressions for A(k/k_{RH}) and B(k/k_{RH}):

A(x) = exp [ 0.609 {1 + 2.15(ln x − 1.52)^2}^{1.38} ] (C2) × [ 9.11 S(5.02 − x) + 3 5 x^2 S(x − 5.02) ]

ln B(x) = ln(0.594) S(5.02 − x) + ln ( e x^2 ) S(x − 5.02), where S(y) = 1 2 [ tanh ( y 2 ) + 1 ] (C3)

serves as a smooth step function. We have tested these fitting functions for several values of k_{RH} and a, and we find that Eq. (C1) fits the numerical solution for δ_{dm}(a, k) to within 5% for 0.05 < k/k_{RH}, provided that the modes have entered the Hubble horizon and δρ_r ≫ δρ_{dm}.

We also want to find a scale-dependent growth function D(k, z) such that

δ_{dm}(k, z) = D_{50}(k, z) × δ_{dm}(k, z = 50). (C4)

The function D_{50}(k, z) should mimic the scale dependence of T_{CAMB}/T_{EH} at redshift z = 50. This ratio is approximately unity for k/k_{eq} ∼< 10^4, and then it decreases to 0.773 for k/k_{eq} ∼> 10^5. This transition follows T_{CAMB}/T_{EH} ≃ D_s(k), where D_s(k) ≡ D_a − D_b 1 + (_{k/keq} 48500

)_{2.1} + Db (C5)

with D_a = 1 and D_b = 0.773. For redshifts 3 ∼< z ∼< 500, the modes with T_{CAMB}/T_{EH} ≃ 1 are proportional to (2/3) + (a/a_{eq}), while the modes with T_{CAMB}/T_{EH} ≃ 0.773 are proportional to D(a) as defined by Eq. (21). Therefore, we define our scaledependent growth function in this redshift range as D_{50}(k, z) = D_s(k) with

D_a(z) = 2 3 +^{1+zeq}_{1+z} 2 3 +^{1+zeq}_{51}

(C6)

D_b(z) = D(z) D(z = 50)

. (C7)

At lower redshifts, the dark energy slows the growth of density perturbations. Since we expect the microhalos described in Section V to be contained within larger structures at these redshifts, the transfer function at z ∼< 3 is not very important to our analysis. To facilitate comparisons with the standard cosmological scenarios, however, we do report T (k) and σ(M) evaluated at the present day, and so we need to extend our growth function to z = 0. We take

D_{50}(k, z) = { D_s(k, z) for z ≥ 2.67

D_1 (z) D_1 (z=2.67) Ds(k, z = 2.67) for z < 2.67

(C8) where D_s(k_z ) is defined by Eqs. (C5)-(C7), and

D_1(z) =

5Ω_M 2 H(z) H_0

∫_{(1+z)}−1 0 H^3_0 [aH(a)]^3 da. (C9)

We chose z = 2.67 to be the transition point because

D_1(z = 2.67) D_1(z = 50)

= D_a(z = 2.67). (C10)

Consequently, on large scales (k/k_{eq} ∼< 10^4),

D_{50}(z < 2.67) =

D_1(z) D_1(z = 50)

. (C11)

[1] A. H. Guth, Phys. Rev. D 23, 347 (1981). [2] A. J. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982).

[3] A. D. Linde, Phys. Lett. B 108, 389 (1982). [4] M. Kawasaki, K. Kohri, and N. Sugiyama, Physical Review Letters 82, 4168 (1999), arXiv:astro-ph/9811437.

[5] M. Kawasaki, K. Kohri, and N. Sugiyama, Phys. Rev. D 62, 023506 (2000), arXiv:astro-ph/0002127.

[6] S. Hannestad, Phys. Rev. D 70, 043506 (2004), arXiv:astro-ph/0403291.

[7] K. Ichikawa, M. Kawasaki, and F. Takahashi, Phys. Rev.

D 72, 043522 (2005), arXiv:astro-ph/0505395. [8] K. Ichikawa, M. Kawasaki, and F. Takahashi, JCAP 5, 7 (2007), arXiv:astro-ph/0611784.

[9] F. de Bernardis, L. Pagano, and A. Melchiorri, Astroparticle Physics 30, 192 (2008).

[10] E. Komatsu, K. M. Smith, J. Dunkley, C. L. Bennett, B. Gold, G. Hinshaw, N. Jarosik, D. Larson, M. R. Nolta, L. Page, et al., Astrophys. J. Suppl. Ser. 192, 18 (2011), 1001.4538.

[11] R. Allahverdi, B. Dutta, and K. Sinha, Phys. Rev. D 82, 035004 (2010), 1005.2804.

[12] H. Davoudiasl, D. E. Morrissey, K. Sigurdson, and S. Tulin, Physical Review Letters 105, 211304 (2010), 1008.2399.

[13] A. Albrecht, P. J. Steinhardt, M. S. Turner, and F. Wilczek, Physical Review Letters 48, 1437 (1982).

[14] M. S. Turner, Phys. Rev. D 28, 1243 (1983). [15] J. H. Traschen and R. H. Brandenberger, Phys. Rev. D 42, 2491 (1990).

[16] L. Kofman, A. Linde, and A. A. Starobinsky, Physical Review Letters 73, 3195 (1994), arXiv:hep-th/9405187.

[17] L. Kofman, A. Linde, and A. A. Starobinsky, Phys. Rev.

D 56, 3258 (1997), arXiv:hep-ph/9704452.

[18] J. F. Dufaux, G. N. Felder, L. Kofman, M. Peloso, and D. Podolsky, JCAP 7, 6 (2006), arXiv:hep-ph/0602144.

[19] R. Allahverdi, R. Brandenberger, F.-Y. Cyr-Racine, and A. Mazumdar, Annual Review of Nuclear and Particle Science 60, 27 (2010), 1001.2600.

[20] B. de Carlos, J. A. Casas, F. Quevedo, and E. Roulet, Physics Letters B 318, 447 (1993), arXiv:hepph/9308325.

[21] T. Banks, D. B. Kaplan, and A. E. Nelson, Phys. Rev.

D 49, 779 (1994), arXiv:hep-ph/9308292.

[22] B. Samir Acharya, G. Kane, and E. Kuflik, ArXiv eprints (2010), 1006.3272.

[23] S. Mollerach, Phys. Rev. D 42, 313 (1990). [24] A. D. Linde and V. F. Mukhanov, Phys. Rev. D 56, R535 (1997), astro-ph/9610219.

[25] D. H. Lyth and D. Wands, Physics Letters B 524, 5 (2002), arXiv:hep-ph/0110002.

[26] T. Moroi and T. Takahashi, Physics Letters B 522, 215 (2001), [Erratum-ibid. B 539, 303 (2002)], arXiv:hepph/0110096.

[27] M. Kamionkowski and M. S. Turner, Phys. Rev. D 42,

3310 (1990).

[28] D. J. H. Chung, E. W. Kolb, and A. Riotto, Phys. Rev.

D 60, 063504 (1999), arXiv:hep-ph/9809453.

[29] G. F. Giudice, E. W. Kolb, and A. Riotto, Phys. Rev. D 64, 023508 (2001), arXiv:hep-ph/0005123.

[30] N. Fornengo, A. Riotto, and S. Scopel, Phys. Rev. D 67, 023514 (2003), arXiv:hep-ph/0208072.

[31] C. Pallis, Astroparticle Physics 21, 689 (2004), arXiv:hep-ph/0402033.

[32] G. Gelmini and P. Gondolo, Phys. Rev. D 74, 023510 (2006), arXiv:hep-ph/0602230.

[33] M. Drees, H. Iminniyaz, and M. Kakizaki, Phys. Rev. D 73, 123502 (2006), arXiv:hep-ph/0603165.

[34] G. Gelmini, P. Gondolo, A. Soldatenko, and C. E. Yaguna, Phys. Rev. D 74, 083514 (2006), arXiv:hepph/0605016.

[35] D. Grin, T. L. Smith, and M. Kamionkowski, Phys. Rev.

D 77, 085020 (2008), 0711.1352.

[36] L. Visinelli and P. Gondolo, Phys. Rev. D 81, 063508 (2010), 0912.0015.

[37] G. F. Giudice, E. W. Kolb, A. Riotto, D. V. Semikoz, and I. I. Tkachev, Phys. Rev. D 64, 043512 (2001), arXiv:hep-ph/0012317.

[38] C. E. Yaguna, Journal of High Energy Physics 6, 2 (2007), 0706.0178.

[39] M. I. Khlopov, B. A. Malomed, and I. B. Zeldovich, Mon.

Not. R. Astron. Soc. 215, 575 (1985).

[40] M. C. Johnson and M. Kamionkowski, Phys. Rev. D 78, 063010 (2008), 0805.1748.

[41] K. Jedamzik, M. Lemoine, and J. Martin, JCAP 9, 34 (2010), 1002.3039.

[42] R. Easther, R. Flauger, and J. B. Gilmore, JCAP 4, 27 (2011), 1003.3011.

[43] H. Assadullahi and D. Wands, Phys. Rev. D 79, 083511 (2009), 0901.0989.

[44] K. Jedamzik, M. Lemoine, and J. Martin, JCAP 4, 21 (2010), 1002.3278.

[45] T. Moroi and L. Randall, Nuclear Physics B 570, 455 (2000), arXiv:hep-ph/9906527.

[46] B. S. Acharya, G. Kane, S. Watson, and P. Kumar, Phys.

Rev. D 80, 083529 (2009), 0908.2430.

[47] R. Allahverdi and M. Drees, Physical Review Letters 89, 091302 (2002), arXiv:hep-ph/0203118.

[48] R. Allahverdi and M. Drees, Phys. Rev. D 66, 063513 (2002), arXiv:hep-ph/0205246.

[49] S. Gupta, K. A. Malik, and D. Wands, Phys. Rev. D 69, 063513 (2004), arXiv:astro-ph/0311562.

[50] J. Braden, L. Kofman, and N. Barnaby, JCAP 7, 16 (2010), 1005.2196.

[51] K. Sigurdson, ArXiv e-prints (2009), 0912.2346. [52] H. Kodama and M. Sasaki, Progress of Theoretical Physics Supplement 78, 1 (1984).

[53] K. A. Malik, D. Wands, and C. Ungarelli, Phys. Rev. D 67, 063516 (2003), arXiv:astro-ph/0211602.

[54] M. Lemoine and J. Martin, Phys. Rev. D 75, 063504

(2007), arXiv:astro-ph/0611948.

[55] E. Bertschinger, Phys. Rev. D 74, 063509 (2006), arXiv:astro-ph/0607319.

[56] S. Profumo, K. Sigurdson, and M. Kamionkowski, Physical Review Letters 97, 031301 (2006), arXiv:astroph/0603373.

[57] L. J. Hall, K. Jedamzik, J. March-Russell, and S. M.

West, Journal of High Energy Physics 3, 80 (2010), 0911.1120.

[58] S. Das and K. Sigurdson, ArXiv e-prints (2010), 1012.4458.

[59] W. Hu and N. Sugiyama, Astrophys. J. 471, 542 (1996), arXiv:astro-ph/9510117.

[60] P. Meszaros, Astron. Astrophys. 37, 225 (1974). [61] A. Lewis and A. Challinor, Phys. Rev. D 76, 083005 (2007), arXiv:astro-ph/0702600.

[62] D. J. Eisenstein and W. Hu, Astrophys. J. 496, 605 (1998), arXiv:astro-ph/9709112.

[63] A. M. Green, S. Hofmann, and D. J. Schwarz, JCAP 8, 3 (2005), arXiv:astro-ph/0503387.

[64] A. Boyarsky, J. Lesgourgues, O. Ruchayskiy, and M. Viel, JCAP 5, 12 (2009), 0812.0010.

[65] A. M. Green, S. Hofmann, and D. J. Schwarz, Mon.

Not. R. Astron. Soc. 353, L23 (2004), arXiv:astroph/0309621.

[66] A. Loeb and M. Zaldarriaga, Phys. Rev. D 71, 103520 (2005), arXiv:astro-ph/0504112.

[67] G. B. Gelmini and P. Gondolo, JCAP 10, 2 (2008), 0803.2349.

[68] W. H. Press and P. Schechter, Astrophys. J. 187, 425 (1974).

[69] T. Ishiyama, J. Makino, and T. Ebisuzaki, Astrophys. J.

Lett. 723, L195 (2010), 1006.3392.

[70] J. Diemand, B. Moore, and J. Stadel, Nature (London) 433, 389 (2005), arXiv:astro-ph/0501589.

[71] H. Zhao, D. Hooper, G. W. Angus, J. E. Taylor, and J. Silk, Astrophys. J. 654, 697 (2007), arXiv:astroph/0508215.

[72] V. Berezinsky, V. Dokuchaev, and Y. Eroshenko, Phys.

Rev. D 73, 063504 (2006), arXiv:astro-ph/0511494. [73] A. M. Green and S. P. Goodwin, Mon. Not. R. Astron.

Soc. 375, 1111 (2007), arXiv:astro-ph/0604142. [74] T. Goerdt, O. Y. Gnedin, B. Moore, J. Diemand, and J. Stadel, Mon. Not. R. Astron. Soc. 375, 191 (2007), arXiv:astro-ph/0608495.

[75] G. W. Angus and H. Zhao, Mon. Not. R. Astron. Soc.

375, 1146 (2007), arXiv:astro-ph/0608580.

[76] A. Schneider, L. Krauss, and B. Moore, Phys. Rev. D 82, 063525 (2010), 1004.5432.

[77] V. Berezinsky, V. Dokuchaev, Y. Eroshenko, M. Kachelrieß, and M. A. Solberg, Phys. Rev. D 81, 103529 (2010), 1002.3444.

[78] T. Oda, T. Totani, and M. Nagashima, Astrophys. J.

Lett. 633, L65 (2005), arXiv:astro-ph/0504096. [79] P. Scott and S. Sivertsson, Physical Review Letters 103, 211301 (2009), 0908.4082.

[80] N. Afshordi, R. Mohayaee, and E. Bertschinger, Phys.

Rev. D 81, 101301 (2010), 0911.0414.

[81] M. Kamionkowski and S. M. Koushiappas, Phys. Rev. D 77, 103509 (2008), 0801.3269.

[82] R. Schmidt and J. Wambsganss, Astron. Astrophys. 335, 379 (1998), arXiv:astro-ph/9804130.

[83] J. Chen and S. M. Koushiappas, Astrophys. J. 724, 400 (2010), 1008.2385.

[84] A. L. Erickcek and N. M. Law, Astrophys. J. 729, 49 (2011), 1007.4228.

[85] S. Baghram, N. Afshordi, and K. M. Zurek, Phys. Rev.

D 84, 043511 (2011), 1101.5487.

[86] M. Ricotti and A. Gould, Astrophys. J. 707, 979 (2009), 0908.0735.

[87] N. Seto and A. Cooray, Phys. Rev. D 70, 063512 (2004), arXiv:astro-ph/0405216.