arXiv:1106.0907v2 [hep-th] 4 Aug 2011

A Monopole Instanton-Like Effect in the ABJM Model

M. Naghdi^∗ Department of Physics, School of Sciences, Tarbiat Modares University, Tehran, Iran

(First dated: March 20, 2011)

Abstract

Making use of ansatzs for the form fields in the 10d type IIA supergravity version of the ABJM model, we come with a solution in the Euclidean signature recognized as a monopole instanton-like object. Indeed we will see that we can have a (anti) self-dual solution at a special limit. While as a topological object, its back-reaction on the original background should be ignorable, we show the energy-momentum tensors vanish exactly. On the field theory side, the best counterpart is an U(1) gauge field of a gauge transformation. To adjust with bulk, the gauge field must prompt to a dynamic one without adding any kinetic term for this dual photon except a marginal, abelian AB-type Chern-Simons term on the boundary. We will see how both side solutions match next to another confirmation from some earlier works of this vortex-particle duality.

∗m.naghdi@kurdland.com

1 Introduction

Nonperturbative effects, known to be Solitons and Instantons mainly, are of particular attentions in the gauge and string theories. Even more intersecting ones are instantons, meaning the finite action Euclidean solutions to the equations of motion. Searching for their existence in the ABJM model [1], as the best so far known sample of AdS_4/CFT_3 duality, has seriously been started in [2]. They studied a special case of the Euclideanized (M) D-branes. We have also studied [3] another particular case of M-branes recently. In the following, we present another sample of D-instantons.

The ABJM theory [1] states the near horizon limit of NM2-branes, which probe a C^4/Z_k singularity in M-theory, is dual to a three-dimensional conformal N = 6 Chern-Simon-matter G = U(N)_k × U(N)_{−k} Yang-Mills field theory living on the boundary of AdS_4. There are k as the Chern level, matters in bi-fundamental representations of the gauge group and N unit of 4-form flux in the bulk of AdS_4. On the other hand, by breaking up the isometry group as SO(8) → SU(4) × U(1), one may consider S^7 as a U(1) fiber bundle over CP^3. When k increases the M-theory circle becomes small and a good description is by type IIA theory on AdS_4 × CP^3. Then, there are N unit of F_4 flux on AdS_4, k unit of F_2 flux on 2-cycle CP^1 ⊂ CP^3 and H_3 = dB_2 = 0, where B_2 is NSNS 2-form field. Indeed, this supergravity approximation is valid when the ’t Hooft coupling λ ≡ N/k ≫ 1 and k^5 ≫ N.

We try to add some terms- indeed forms- to the original field-strengths while preserving other ABJM backgrounds such as metric, dilaton and other fields as original. In general, these ansatzs can be guessed according to the standard brane-solution building manner. There always is a scalar field playing role as fluctuations on the branes and often identifies with the localized objects in the bulk of AdS_4. Dual dynamics, on the boundary, may realize with the scalars, gauge fields or fermions.

In fact, here, we meet a massless U(1) gauge field in the bulk of AdS and not a scalar, which is the usually faced case. For a massless U(1) gauge field in the bulk of AdS_4, dual boundary operators have the conformal dimensions Δ_± = 1, 2 similar to the case of a scalar with the mass squared m^2 = −2. We have already been considering an instance of the latter in [3], which is indeed a conformally coupled scalar. With gauge fields, both modes are renormalizable contrary to the scalar case where just the upper branch is renormalizable. On the other hand, depended on the boundary condition, an AdS theory with a U(1) gauge field in 4d has an infinite number of dual boundary CFT’s. Similar to scalars in AdS, there are ”magnetic” and ”electric” boundary conditions for gauge fields equivalent to the Dirichlet and Neumann boundary conditions for scalars, respectively. A fixed magnetic field on the boundary equals the Dirichlet condition stating the gauge field vanishes on the boundary up to some gauge transformations. In the latter case, the magnetic charge is forbidden in the bulk but the net electric charge is equivalent to a conserved quantity on the boundary. Opposite to this is right for the Neumann boundary condition. ⃗E = 0 theory stands from ⃗B = 0 by coupling of a gauge field A, without any kinetic energy, to a conserved current J. In general, as first discussed in [4] and further studied in [5], after an arbitrary SL(2, Z) transformation of the boundary conditions, a combination of electric and magnetic charges in the bulk is allowed replying to the conserved charge of the boundary theory. The S-operation of SL(2, Z), corresponding to this electric-magnetic duality, is nothing but the Legendre transformation when going from one CFT having the operator Δ_+ (Dirichlet boundary condition) to another one having the operator Δ_− (Neumann boundary conditions) as surveyed further in [6]. We will see another exact example of this S-duality at follows.

Rest of this note organizes as follows. In section 2, we discuss on the gravity side. In subsection 2.1, we review the needed subjects of the 10d type IIA supergravity version of the ABJM model and some general statements about solutions and equations of motion to be satisfied in general. In subsection 2.2, we present our ansatz with some gravity side of the solution. We show, for a special case of (anti) self-dual solution, there is not any backreaction on the original background because of the added effect. Next, we calculate the correction impelled by this Euclideanized object next to its charge. Section 3 assigns to the field theory side. There we review the needed material of the field theory of ABJM. Then we see how matching with the gravity side solution by someways, such as symmetries, hint us to find the wished dual boundary solution and operator. In Section 4 are some closing remarks stressing on the electric-magnetic duality of our solution.

2 Gravity Side Solution

2.1 General Remarks

The 10-dimensional type IIA supergravity action in string frame is given by S_{IIA} = 1 2κ^2 ∫ d^{10}x √ g e^{−2ϕ} R + 1 2κ^2 ∫ [ e^{−2ϕ} ( 4dϕ ∧ ∗dϕ − 1 2 H_3 ∧ ∗H_3 )

− 1 2 F_2 ∧ ∗F_2 − 1 2 ~F_4 ∧ ∗ ~F_4 − 1 2 B_2 ∧ F_4 ∧ F_4

] (2.1)

where H_3 = dB_2, F_2 = dA_1, F_4 = dA_3, ~F_4 = dA_3 − A_1 ∧ H_3 and the Hodge-star operation is with respect to full 10d metric. The corresponding ABJM [1] geometry in string frame (in unit where ά = 1) is ds^2_{ABJM(IIA)} = R̃^2 ( ds^2_{AdS4} + 4ds^2_{CP} 3 ) , R̃^2 =

R^3 4k = π √ 2N k = π √ 2λ (2.2)

in which ds^2_{AdS4} , ds^2_{CP 3} are unit-radius metrics of the associated spaces, λ ≡ N/k is ’t Hooft coupling and R = 2L is the AdS curvature radius in the Poincare upper-half plane coordinate we use here. In the latter frame with Euclidean signature, we have for AdS_4 ds^2_{EAdS4} = L^2 u^2 ( du^2 + dx_idx_i ) , i = 1, 2, 3 (2.3)

In fact, type IIA supergravity approximation on AdS_4 × CP^3 is valid when λ ≡ N/k ≫ 1 and k^5 ≫ N. Dilation and field-strengths (forms)-with N units of 6-form flux on CP^3 and k units of 2-form flux on CP^1 ⊂ CP^3 read as well

e^{2ϕ} =

R^3 k^3

, H_3 = 0, F^{(0)}_2 = dA^{(0)}_1 = kJ, F^{(0)}_4 = dA^{(0)}_3 = 3 8 R^3E_{AdS4} ≡ ÑE_4 (2.4)

where E_4 is the AdS_4 unit volume-form and J is proportional to the Kähler form on CP^3.

By taking H_3 = 0 as in the ABJM, the formic relations to satisfy are

dF_p = 0, d ∗ F_p = 0, (2.5)

d ∗ H_3 = g^2_s (−F_2 ∧ ∗ ~F_4 + 1 2 ~F_4 ∧ ~F_4) = 0 (2.6)

where p = 2, 4 and that in (2.6) the use is made of the fact that, as in the ABJM, dilaton is constant with e^{2ϕ} = g^2_s . Next to above, satisfying the dilaton and Einstein equations are required. In fact, the dilaton equation d(∗dϕ) − dϕ ∧ ∗dϕ − 1 8 H_3 ∧ ∗H_3 + 1 4.3!

RE_4 ∧ J^3 = 0 (2.7)

is satisfied automatically because we don’t change the original background except F_p’s. Therefore, the dilaton ϕ is still constant, H_3 = 0 and the Ricci scalar R_{AdS4×CP} 3 vanishes for the ABJM geometry as well. The only remained relation to satisfy is the RHS of the Einstein equation - on which are the energy-momentum tensors R_{MN} − 1 2 g_{MN} R = −8T^ϕ_{MN} + T^{H3}_{MN} + e^{+2ϕ}T^{F2}_{MN} + e^{+2ϕ}T^{~F4}_{MN} (2.8)

where the capital indices M, N here are for the 10d space-time directions. As long as we search for topological objects, it is pleasure the energy-momentum tensors of the added fields vanish. This guarantees new effects don’t back-react on the geometry. Although this settles for our solution but it doesn’t in general happen. As a simple way to resolve this, we first note that k becomes large in reducing to the type IIA version (indeed k^5 ≫ N) and that e^{2ϕ} = g^2_s = R^3/k^3 in ABJM. Then, we are seemingly able to ignore all F_p terms on the RHS of the Einstein equation in string frame as both terms in (2.8) have an e^{2ϕ} prefactor and same for the RHS of B_2 equation up to some approximation. A more standard manner is that surveyed in [7] for instance. According to that, as long as we are interested in the behavior of solutions near to the boundary and gravitational and field equations decouple at u → 0, we can safely ignore back-reactions and study each field in a fixed background. This is case for our solution as well. Nevertheless, still another common way is simply making use of ”probe approximation” that is neglecting the back-reactions of the added objects on the original geometry. The argument for the latter is since the background is such strong that adding few weak effects doesn’t change it drastically. This confirms for our ansatz of course. Therefore, altogether, our ansatzs here just need to obey (2.5).

2.2 D0-D2 branes: Ansatz for F_2 − F_4

Here we consider ansatzs for F_2 from two related manners leading to a same result. The configuration is a massless U(1) gauge field in the bulk whose excitation induces a magnetic field on the boundary of AdS_4. The final solution may be interpreted as a monopole in the Euclidian signature we call it a monopole instanton-like effect.

Following the discussion in the ABJM, for the U(1) massless states in the bulk, we make the following ansatz

F_2 = kJ + k̀F^{D0}, F_4 = −iÑ E_4 ∓ iJ ∧ ~F^{D2}, H_3 = 0 (2.9)

where F^{D0} and ~F^{D2} are completely in the AdS_4 directions^1 and that k̀ is a constant whose significance will be clear soon. The i factor is required for working in the Euclidean signature and the two signs ∓ are for (anti) self-dual configuration respectively as we will see. Having this ansatz, the relations (2.5) reduce to the following 4d ones

d ~F^{D2} = 0, d ∗_4 ~F^{D2} = 0, d ∗_4 F^{D0} = 0, dF^{D0} = 0 (2.10)

while the Euclideanized version of the RHS of B_2 equation (2.6) reads −F_2 ∧ ∗F_4 − i 1 2 F_4 ∧ F_4 =

R^3 8 ( + k̀R3 k F^{D0} ± 2 ∗_4 ~F^{D2} ) ∧ J^3 + ( ± k̀R3 4k F^{D0} ∧ ∗_4 ~F^{D2} + 1 2 ~F^{D2} ∧ ~F^{D2}) ∧ J^2 = 0

(2.11)

where we have used the Hodge-duals for F_2 and F_4 in (2.9), with the metric in (2.2), as

∗ F_2 =

R^9 16.4k^2

J^2 ∧ E_4 + (` kR^9 48k^3 ) ∗_4 F^{D0} ∧ J^3 (2.12)

∗ F_4 = −i

R^6 8k J^3 ∓ i

R^3 4k ∗_4 ~F^{D2} ∧ J^2 (2.13)

and some basic formula for the unit-volumes as^2

dV ol(CP^3) = 1 3! J 2 ∧ J 2 ∧ J 2 ≡ 1 8.3!

J^3,

∗_6 J = 1 2.2!

J^2, J ∧ J^3 = 0,

E_4 ∧ E_4 = 0, E_4 ∧ F^{D0} = E_4 ∧ ~F^{D2} = 0

(2.14)

1A similar ansatz has already been considered about Fractional Quantum Hall Effect (FQHE) in [8]. 2It is notable that to adjust with our notation, of F^{(0)}_2 in (2.4), we take the unit-volume element for CP^3 as in (2.14). Then, we should also take ∫ CP^1 J = 2π.

The two terms in (2.11) must separately vanish. The first one, from left, imposes

~F^{D2} = ∓(8π^2k̀^2λ)^{1/2} ∗_4 F^{D0} (2.15)

and plug this into the second term implies

F^{D0} ∧ F^{D0} = 0 (2.16)

To satisfy the last equation, we can take F^{D0} to have indices only along three directions i, j, . . . = 1, 2, 3 of AdS_4. For example we may set

F^{D0} = dA^{D0} = 1 2 F^{D0}_{ij} dx^i ∧ dx^j (2.17)

To solve the equations of motion (2.10), we set

F^{D0}_{ij} = ε_{ijk}∂^kf (2.18)

with a scalar function f independent of u. Note that F^{D0}_{i4} = 0, so that the equations of motion are automatically satisfied. However, the Bianchi identity requires

∂_i∂^if = 0 (2.19)

with the solution f(r) = c_1 + c_2 r (2.20)

where c_1 is the value of f at infinity, c_1 = f_∞, c_2 ≡ c is a constant proportional to the object charge and r = √ |⃗u|^2 = √ x_ix^i. This spherically symmetric solution is singular at the origin r = 0, where it solves with a delta-function source^3. Because of this, we may add the source term δ^{(3)}(x^i)f^{−1} to the action which cancels the singularity in the field equation. This source term tells us that we have a new object in the theory at r = 0. We may also call this object a monopole like D0-instanton. Therefore we left with a string of the monopoles laying along the u direction of AdS_4. On the other hand, from equation (2.15) we have

~F^{D2} = ∓ k̀R3 4k ∂_ifdx^i ∧ du (2.21) There is another similar way to appear this solution. In fact, one can choose a similar structure to the latter solution as an ansatz first and then check whether it satisfies the

3D-branes, as solutions to the supergravity equations of motion, have in general delta-function sources. These singularities may resolve in the full string theory.

required relations or not. In fact, we may write^4

F̃_2 = df̄ ∧ du (2.22)

satisfying the equation in (2.5), again gives the 3d Laplace equation (2.19) on the boundary. From the ansatz structure, obviously it has an interpretation in the context of monopoles. The world-line of this point-like object is along the direction u. With the world-volume directions of branes in the type IIA near horizon limit of the ABJM-shown in Table 1- and brane intersection rules, one can easily check that is a half-BPS configuration^5.

AdS_4 × CP^3 x y z u θ_1 φ_1 θ_2 φ_2 ξ ψ ≠ ND2 – – – × × × × × × × n_1 kD6-flux – – – × × × – – – – n_2 D0^a × × × – × × × × × × n_1:4, n_2:8 D0^b × × – × × × × × × × n_1:2, n_2:6

Table 1: The ansatz in (2.22) can couple to the D0^a-brane here. The directions tangent and orthogonal to branes are denoted by – and × respectively. The first two rows in the table are the original branes in the ABJM after taking near horizon limit. The six angles are CP^3 real coordinates, which are not required here. The numbers n_1 and n_2 show the number ≠ of relative transverse directions of the added branes with the original ones as shown in the table. When there is one direction in the bulk of AdS_4, we have chosen it without any prefer to be z. Note also that in general the scalar function f may depend on one, some or all directions of AdS_4 orthogonal to the brane world-volume.

Now, we note that with taking N/k = λ = 1/(8π^2k̀^2) in (2.15), we have a (anti) self-dual configuration ~F^{D2} = ∓∗_4 F^{D0}- where one may take the new symbol F̂^±_2 for this (anti) self-dual 2-form. This is a valid approximation in the type IIA version of the ABJM when k̀ is small and for completeness k̀ → 0. The good with this solution is the indices of F_2 and F_4 do not contract with those of the background fields. Further, the energy-momentum along AdS_4 vanishes. By taking μ, ν, . . . for the external space AdS_4 indices and m, n, . . . for the internal

4A similar example is discussed in [9], where the tangent direction is x_i and not u. Indeed if we take u → x_i in ansatz (2.22), then the equation and solution are again (2.19) and (2.20) respectively except for the mentioned interchange of coordinates. We now have a string of monopoles along the axis x_i while the scalar fluctuations are along other directions. For instance, if we take x_i = z, without any prefer, then we have monopoles on the boundary xy planes orthogonal to the axis z. Further, for the latter case, by introducing the polar coordinates (r, θ, ϕ), the straightforward view is taking θ = π/2 from which the famous quantization condition of the magnetic charge extracts.

5It is notable that D0^b-brane, in the table, may form a non-threshold BPS bound-state with the original ABJM branes. In other words, for each pair of D-branes, if there is 0, 4 or 8 relative transverse direction, they refer as threshold BPS bound states satisfying the no force condition. While with 2 or 6 for the number of relative transverse direction of branes, they refer as non-threshold BPS bound states as hinted in [10].

space CP^3 indices, T^{F2}_{μν} = 0 since F̂_2 is (anti) self-dual. For F_4 we have as well

T^{F4}_{μν} = 1 2.4! [ 4.3F_{μρmn}F^{ρmn}_ν − 1 2 .6g_{μν} F_{σρmn}F^{σρmn} ] = 3 2.4! [ 4F_{μρ}F^ρ_ν J_{mn}J^{mn} − g_{μν} F_{σρ}F^{σρ}J_{mn}J^{mn} ]

= 3 4! [ 2F_{μρ}F^ρ_ν − 1 2 g_{μν} F_{σρ}F^{σρ} ] .J^2 =

J^2 2! T^{F2}_{μν} = 0

(2.23)

where the coefficients 3 and 6 in the first line are coming from the permutations of indices. Further, by using the complex coordinate on CP^3, for the energy-momentum tensor of F_2 along CP^3 we have T^{F2}_{mn̄} = − 1 8 g_{mn̄}F_{μν} F^{μν} (2.24)

whereas, for F_4 it reads

T^{F4}_{mn̄} = − 3 2.4! [ 4F_{μν} F^{μν} J_{mp̄}J^{p̄}_{n̄} − g_{mn̄}F_{μν} F^{μν} J^2 ] = + 1 8 g_{mn̄}F_{μν} F^{μν} (2.25)

where the use is made of

J_{mp̄}J^{p̄}_{n̄} = g_{mn̄}, J^2 = 2J_{mn̄}J^{mn̄} = 6 (2.26)

Therefore we have T^{F2}_{mn̄} + T^{F4}_{mn̄} = 0 (2.27)

We see that with the ansatz (2.9) and case of (anti) self-dual configuration F̂^±_2 = 0, the energy-momentum of the D0-D2 branes vanishes. This means the Einstein equation (2.8) in the ABJM background doesn’t change because of adding these new terms or branes.

Then we evaluate the corrected value of the action based on our solution (2.20). The relevant part of the original action (2.1) now is S̀_{IIA} = − 1 4κ^2 ∫ [ F_2 ∧ ∗F_2 + ~F_4 ∧ ∗ ~F_4 ] (2.28)

By using the Hodge-duals in (2.12) and (2.13), it reads

S̀_{IIA} = 1 4κ^2

3R^9 2k V ol(AdS_4 × CP^3) + 1 (2π)^4

R^9k̀^2 48k^3 ∫ F^{D0} ∧ ∗_4F^{D0} (2.29)

where V ol(. . .)’s are for the unit volume-elements and use is made of ά = 1 → κ^2 =^1_2 (2π)^7 and ∫ CP^3 J

3 = (2π)^3. The first term is the original one of the ABJM we call it S_0, while the second term is the correction induced by the solution (2.21). For the latter, we write S^{D2}_{modi.} = 1 (2π)^4

R^3 12k ∫ ~F^{D2} ∧ ∗_4 ~F^{D2} = 1 4 S^{D0}_{modi.} = 1 (2π)^4 ( R^9k̀^2 16.12k^3 ) ∫ AdS_4 (⃗∇f)^2d^3rdu (2.30)

From this, to have a finite correction, the objects must locate in some parallel planes orthogonal to the u direction, say u_{→∞} = Λ. Then we may write ∫ AdS_4 (⃗∇f)^2d^3rdu = Λ ∫ R^3 (∂_kf)(∂^kf) ≈ − ∫ R^3 f∂^2f = − ∫ S^2

f∂_kfdΣ^k (2.31)

We now proceed same as in [11] to evaluate the value of the action. Using the clear solution (2.20) and noting the contribution from r = 0 is vanished, we have just contribution of r = ∞, which is 4πc for the latter equation by taking c_1 = 1 as well. Therefore we can write S_{m.inst} = 4πQ_0, Q_0 = cΛk̀^2 (2π)^7

(2.32)

where V ol(S^2) = 4π uses for the unit 2-sphere and the full volume of Vol(CP^3(R̃))= π^3R^9/6k^3 is factored out as a normalization coefficient. This value of action should not be confusing, compared with the 1/g_s-dependent actions for D-branes, since the monopole here is of the Dirac type^6.

Now we evaluate the electric charge associated with the D0-brane through

Q^{D0} = 1 √ 2κ ∮ ∗F^{D0}_2 = k̀R9 48 √ 2πk^3 ∮ ∗_4F^{D0} = − ck̀ 8(2π)^{5/2}

(2.33)

where F^{D0}_2 implies the second term of F_2 in (2.9) and that we have used the explicit form of the field in (2.21) to perform integration in the second line with integrating out the CP^3 volume. Further, from above, with c = 1 for one monopole or even more, it is obvious the charge is small compared with the ABJM background fluxes. This means neglecting back-reactions as we have shown it clearly of course. In other words, from the correction (2.32) to the ABJM action and the latter charge we obviously see the contributions are small compared with the original background. That is because almost k̀ → 0, which is a valid statement especially for (anti) self-dual solution outlined above. As aside note also that if we take Λ = 1 for convenience, the action as well reads S_{m.inst} = 64|Q^{D0}|^2 πc (2.34)

Last and to connect the discussion to the next section, we note of the relevant decomposing of the gauge group as surveyed first in [12]^7. In fact, by considering S^7 as a U(1) fibration on CP^3, the 28 representation of SO(8) for the gauge fields decomposes as 28 → 1_0 + 6_2 + 6_{−2} + 15_0 under SO(8) → SU(4) × U(1). Therefore, the only remaining gauge bosons are in 1_0 + 15_0 and neutral under U(1). The singlet is one needed for us on its exact form we concentrate in what follows.

6One may phrase this another way. In fact, based on f in (2.20), one can write ∫ R^3 (∂f)

2 ∼^{Q0}_ϵ , where ϵ is the radius of an infinitesimal sphere surrounding the monopole instanton-like object.

7 Look also at [13] including references therein for a rederivation of the spectrum with respect to the ABJM.

3 Field Theory Side and Correspondence

For a p-form with the mass squared m^2 in AdS_{d+1}, having the radius curvature L, relation between the mass m and the scaling-dimension Δ is as m^2L^2 = (Δ − p)(Δ + p − d). Thus, for the massless gauge field A^{D0} in AdS_4, corresponding boundary theory involves the operators of the conformal-dimension Δ_± = 1, 2. For supergravity multiplets of the lowest mass, only the upper branch Δ_+ = 2, which is the normalizable mode, is suitable. Therefore, we should search for this invariant operator- indeed singlet- under SU(4)_R × U(1)_b since the gravity ansatz (2.21) has this property. We have already had some discussions [3] on the operators of the conformal dimensions Δ_± = 1, 2 when we were dealing with a massive scalar in the bulk. It was a conformally coupled scalar. There we forced to turn on a Fermi field next to a gauge filed of U(1) × U(1) to match both sides of duality. We now see the aim is achieved here similarly by turning on scalars next to the gauge fields of the boundary theory.

The action of the ABJM model is given in [1] and also [17]. The field content of the ABJM action consists of two gauge fields A_i and Â_i taking value in the Lie algebra of the gauge group U(N) × U(N), bi-fundamental bosonic fields Y^A (A = 1, .., 4) and spinor fields ψ_A in the 4 of representation SU(4) global R-symmetry. The explicit SU(4)_R invariant action reads S_{ABJM} = ∫ d^3r { ik 4π ε^{ijk}tr ( A_i∂_j A_k + 2i 3 A_iA_jA_k − Â_i∂_jÂ_k − 2i 3 Â_iÂ_jÂ_k )

− tr ( D_kY^†_AD^kY^A ) − tr ( ψ^{A†}iγ^kD_kψ_A ) − V_{bos} − V_{ferm} } (3.1)

where V_{bos} = − 4π^2 3k^2 tr ( Y^AY^†_AY^BY^†_BY^C Y^†_C + Y^†_AY^AY^†_BY^B Y^†_C Y^C + 4Y^AY^†_B Y^C Y^†_AY^B Y^†_C

− 6Y^AY^†_B Y^B Y^†_AY^C Y^†_C

) (3.2)

V_{ferm} = − 2πi k tr ( Y^†_AY^Aψ^{B†}ψ_B − Y^AY^†_Aψ_B ψ^{B†} + 2Y^AY^†_B ψ_Aψ^{B†} − 2Y^†_AY^Bψ^{A†}ψ_B + ε^{ABCD}Y^†_Aψ_B Y^†_C ψ_D − ε_{ABCD}Y^Aψ^{B†}Y^C ψ^{D†} ) (3.3)

Note the i factor in front of the Chern-Simons term due to being in the Euclidean space.

Setting fermions to zero, equation of motion for Y^†_A reads

D_kD^kY^A = −

4π^2 k^2 { (Y^C Y^†_C )(Y^B Y^†_B)Y^A + Y^A(Y^†_BY^B )(Y^†_C Y^C ) + 4Y^C Y^†_B Y^AY^†_C Y^B

− 6Y^AY^†_B(Y^C Y^†_C )Y^B − 2(Y^C Y^†_C )Y^A(Y^†_BY^B) − 2Y^C (Y^†_BY^B)Y^†_C Y^A

} (3.4)

and its dagger for Y_A. For the gauge fields A_i, Â_i the equations, known as the Gauss’s law constraints, are ik 4π ε^{kij}F_{ij} = i [ Y^A(D^kY^†_A) − (D^kY^A)Y^†_A ] , ik 4π ε^{kij}F̂_{ij} = i [ (D^kY^†_A)Y^A − Y^†_A(D^kY^A)

] (3.5)

where

D_kY^A = ∂_kY^A + iY^A(A_k − Â_k), F_{ij} = ∂_iA_j − ∂_j A_i + i [ A_i, A_j ] (3.6)

and Noether current for U(1) gauge transformations, called baryonic symmetry, is J^k_b = −tr [ Y^A(D^kY^†_A) − Y^†_A(D^kY^A) ] , (3.7)

Reviewing the needed materials, we are now ready to find the equivalent solution and confirm the correspondence. As our gravity solution preserves some supersymmetry, we should search for the matching BPS solution here. If we turn on just one of the four scalar fields say Y^1, from D_kY^A in (3.6) or its dagger, we have

DY^1 = 0 or DY^†_1 = 0 (3.8)

This is condition for half-BPS configurations equivalent to the BPS equation coming from the ψ transformations as discussed for instance in [14, 15] and also [16]. If we take Y^†_1 to be the complex conjugate of Y^1, solution is trivial. But we note that, in the Euclidean space, they can be treated independently as our correspondence confirms it too. Now, by taking DY^1 = 0, without any prefer, and the Gauss constraints (3.5), it is easy to see the equation of motion reads D_kD^kY^†_1 = 0 (3.9)

that is same equation coming from (3.4) in that with only one scalar field turned on, the scalar potential vanishes. By making the following ansatz

Y^1 = c_31, Y^†_1 = h(r)1 (3.10)

where c_3 is a constant its value will fix and 1 is the unit matrix. Neglecting the gauge fields for now, solution for this real h(r) is same as that for f(r) in (2.20). But this is not full story yet. What is the exact form of the agreeing SU(4) singlet operator sourced by the bulk gauge field A^{D0}. Further, the counterpart to the D0-brane charge in (2.33) is still missing here. We see that to match both side solutions, the boundary dimension-2 singlet operator can be constructed from the U(N) × U(N) gauged fields. In fact, considering two U(1)’s with discarding other SU(N) gauge fields, as done in [3] as well, take us on the right way and make everything consistent.

The scalars and fermions, in general, couple to a special combination of the gauge fields.

Therefore, introducing the symbol A^±_i ≡ (A_i ± Â_i) is convenient. The fundamental fields Y^A, which are natural under the diagonal U(1), couple to A^+_i whereas the orthogonal combination A^−_i acts as the baryonic symmetry. Thus, from (3.5) we can write k 4π ε^{kij}F^+_{ij} = ( Y^A(D^kY^†_A) − (D^kY^A)Y^†_A ) , F^−_{ij} = 0

(3.11)

Further we set A^−_i = 0. On the other hand, we can write

F^+_{ij} = ∂_iA^+_j − ∂_j A^+_i = ε_{ijk}B^k = −ε_{ijk}∂^kϕ_m (3.12)

where ϕ_m is the scalar magnetic potential. If we identify ϕ_m with f, the resulting magnetic field ⃗B is nothing but the familiar magnetic field of a point charge located at r = 0. Plugging the latter expression with (3.10) in (3.11) and noting that f(r) = h(r) = ϕ_m, we arrive in

c_3 = − k 2π (3.13)

From (3.7), with (3.10) and the latter relation, the associated current and charge for the U(1) gauge transformation read

J_k = − k 2π ∂_kh(r), Q_b = ∫ J_kdΣ^k = 2kc (3.14)

By considering the conformal dimension-2 operator as O_2 ∼ F^+, the bulk field A^{D0} couples through W ∼ ∫ R^3 A

D0 ∧ F^+ ∼ S^{D2}_{W Z} as we explain now. Indeed for the U(1) × U(1) theory, which is the case with one D2-brane, the Chern-Simons term reads S_{CS} = ik 4π ∫ d^3r ε^{ijk}A^−_i F^+_{jk} (3.15)

By defining the theory on R^3 and projecting it to R × S^2, there are sections having ∫ S^2 F + = 4πc. Now our deformation as S → S + W with W = −S^{D0}_{modi.}, because of turning on the bulk gauge field A^{D0}, equal to a gauge transformation as

A^−_i → A^−_i + ∂_if̃ ≡ A^−_i + βA^{D0}_i (3.16)

where f̃ = αf with α (and β = 2α) as some constant its value will fix^8. Therefore, making use of (3.12), the boundary term induced by this transformation is W_{m.inst} = − ikα 2π ∫ S^3

d^3r (∂_kf)(∂^kf) (3.17)

8Note that under this U(1)_b transformation, Y^A → e^{f̃} Y^A - and similar for ψ_A, which is of course settled to zero here.

The integral measure is same as that in (2.31) with Λ = 1. Comparing both sides with noting that W_{m.inst} = −S_{m.inst}, result in α = − ik̀^2 k(2π)^6

(3.18)

Indeed, from the viewpoint of the D2-brane world-volume action S^{D2}_{W Z} , the external gauge field A^{D0} couples to the background D2-brane in above standard way. This D0-instanton can be considered as an intersection in the context of Dp − D(p + 2) bound sates. It seems that we have a similar interpretation as in [2], where the founded monopole-instanton solution was a D0-brane mediating two D2-branes. The D0-brane here, as a source for A^{D0}, may have similar role. Now, this Euclideanized D0-brane having monopole instanton-like character, may interpolate between one background Euclideanized D2-brane and an added Euclideanized D2- brane whose associated field is given by F_4 in (2.9). Even more related interpretation is a D0-brane smeared in the original D2-branes. Lifting to M-theory, this D0-brane can be interpreted as existing some charges of the KK-modes along the S^1 direction associated with the fiber coordinate. The latter interpretation may also be considered as a M0-brane discussed in [18] as well.

4 Concluding Remarks

Having the solution in the last section, here we follow the brief discussion in the introduction about electric-magnetic duality. This study is around the previous works [4], [5] and [6] on the S-duality of the Abelian gauge fields in AdS since we have been facing a similar case. The procedure outlined above is plainly the Dirichlet condition. Because the boundary value of the magnetic field fixes and A^−_i is a source for a symmetry current in CFT. More clearly, the gauge field A^−_i couples to a U(1) current J^i and therefore the new field theory Lagrangian L̃ includes a new term A^−_i J^i next to scalars in the original Lagrangian L, i.e., L̃ = L + A^−_i J^i. In other words, from F^+_{ij} in (3.12), J^k in (3.14) and then (3.15), we can write

F^+_{ij} = − 2π k ε_{ijk}J^k → S_{CS} = −i ∫ A_kJ^k (4.1)

This is Dirichlet condition and usual CFT in the language of [6]. On the other hand, similar to the scalars, as approaching to the boundary at u = 0, we can write for a gauge field A

A(u, ⃗u) = A^−u + F^+u^2 (4.2)

the usual CFT is one that couples to the source A^{D0}_i ∼ A^−_i and an operator of the conformal dimension Δ_+ = 2 on which we have been concentrating above. We indeed have S[A^{D0}] = −W [A^−_i ] and ⟨O_2⟩_A−_i = F^+. The two-point function of this is also evaluated in the mentioned three references.

Now, to do the S-operation, one should first gauge the U(1) global symmetry, then promote the gauge field A^−_i to a dynamic one and third couple it to an external gauge field (A^{D0} here) through a Chern-Simons coupling. After making this Legendre transformation we meet a dual CFT. In [6], the interplay among S-duality, Legendre transformation and RG flow is discussed as well. It is notable that under this Renormalization Group flow to InfraRed, the IR theory is described by the dimension-2 current J, which is S-dual to the UV current J̃. The latter current comes because A^−_i cannot be an operator by itself. Then one can make the dual current J̃ = ∗_3dA^−_i = ⃗B, which has the dimension-2 and satisfies the unitary bound Δ ≥ 2. The gauge field A^+_i is now playing the role of source.

Both theories are related by a Legendre transformation through an AB-type Chern-Simons term ∼ ∫ A^− ∧ dA^+. Indeed our study here may be seen as the particle-vortex duality in the upper row of the Figure 1 of [6]. Meanwhile, we note the vertical case there is for a Chern- Simons coupling between a background field (A^+_i here) and a new dynamic gauge field (A^{D0} here). Therefore, our instanton-like object may also well-adjusted to the left column of that figure. There are also some discussions on the self-dual boundary conditions replying to the bulk self-dual solutions, which is a special case of our solution.

Finally and to summary, starting with an ansatz for the form fields in the type IIA gravity side of the ABJM model, we arrived in a localized object in the bulk of AdS_4. We referred the solution as a monopole-instanton like object (indeed a D0-instanton). We saw that, in a special limit, our solution in the bulk could be (anti) self-dual. In this limit it has the property of being an exact solution without any back-reaction on the geometry as a topological object must have it. Then we evaluated the relevant part of the supergravity action and charge of object based on our exact solution. The latter led us to an understanding that our monopole is of the Dirac type. Afterwards, knowing that we have a singlet U(1) gauge field in the bulk coming from a consistent Kaluza-Klein dimensional reduction on the associated space, we searched for the dual BPS solution and operator on the boundary. In doing so, we turned on just one scalar field on the boundary next to the U(1) × U(1) part of the gauge group. Then, by making use of symmetries, the corresponding operators came out and both side solutions matched as well. Last, we represented some comments on the electric-magnetic or S-duality of our case based on the earlier works confirming our procedure too.

5 Acknowledgements

I would like to thank A. Imaanpur for his collaboration in an early stage of this study.

References

[1] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, ”N =6 superconformal Chern- Simons matter theories, M2-branes and their gravity duals”, JHEP 0810, 091 (2008), [arXiv:0806.1218 [hep-th]].

[2] K. Hosomichi, K. M. Lee, S. Lee, S. Lee, J. Park and P. Yi, ”A Nonperturbative test of M2-brane theory”, JHEP 0811, 058 (2008), [arXiv:0809.1771 [hep-th]].

[3] A. Imaanpur and M. Naghdi, ”Dual instantons in Anti-membranes theory”, Phys. Rev.

D 83, 085025 (2011), [arXiv:1012.2554 [hep-th]].

[4] E. Witten, ”SL(2,Z) action on three-dimensional conformal field theories with Abelian symmetry”, [arXiv:hep-th/0307041].

[5] H. U. Yee,”A note on AdS/CFT dual of SL(2,Z) action on 3D conformal field theories with U(1) symmetry”, Phys. Lett. B 598, 139 (2004), [arXiv:hep-th/0402115].

[6] S. de Haro and P. Gao,”Electric-magnetic duality and deformations of three-dimensional CFTs”, Phys. Rev. D 76, 106008 (2007), [arXiv:hep-th/0701144].

[7] K. Skenderis,”Lecture notes on holographic renormalization”, Class. Quant. Grav. 19, 5849 (2002), [arXiv:hep-th/0209067].

[8] Y. Hikida, W. Li, and T. Takayanagi, ”ABJM with Flavors and FQHE”, JHEP 0907, 065 (2009), [arXiv:0903.2194 [hep-th]].

[9] E. Witten, ”Anti-de Sitter space and holography”, Adv. Theor. Math. Phys. 2, 253 (1998), [arXiv:hep-th/9802150].

[10] E. Bergshoeff, M. de Roo, E. Eyras, B. Janssen and J. P. van der Schaar, ”Multiple intersections of D-branes and M-branes”, Nucl. Phys. B 494, 119 (1997), [arXiv:hep-th/9612095].

[11] G. W. Gibbons, M. B. Green and M. J. Perry, ”Instantons and seven-branes in type IIB superstring theory”, Phys. Lett. B 370, 37 (1996), [arXiv:hep-th/9511080].

[12] B. E. W. Nilsson and C. N. Pope, ”Hopf fibration of eleven-dimensional supergravity”, Class. Quant. Grav. 1, 499 (1984).

[13] M. Bianchi, R. Poghossian and M. Samsonyan, ”Precision spectroscopy and higher spin symmetry in the ABJM model”, JHEP 1010, 021 (2010), [arXiv:1005.5307 [hep-th]].

[14] S. Terashima, ”On M5-branes in N =6 membrane action”, JHEP 0808, 080 (2008), [arXiv:0807.0197 [hep-th]].

[15] J. Gomis, D. Rodriguez-Gomez, M. Van Raamsdonk and H. Verlinde, ”A massive study of M2-brane proposals”, JHEP 0809, 113 (2008), [arXiv:0807.1074 [hep-th]].

[16] K. Hanaki and H. Lin, ”M2-M5 systems in N =6 Chern-Simons theory”, JHEP 0809, 067 (2008), [arXiv:0807.2074 [hep-th]].

[17] M. Benna, I. Klebanov, T. Klose and M. Smedback, ”Superconformal Chern-Simons Theories and AdS_4/CF T_3 Correspondence”, JHEP 0809, 072 (2008), [arXiv:0806.1519].

[18] S. Terashima and F. Yagi, ”M5-brane solution in ABJM theory and three-algebra”, JHEP 0912, 059 (2009), [arXiv:0909.3101 [hep-th]].