arXiv:1106.2389v1 [hep-th] 13 Jun 2011

Renormalization Group Evolution of the Effective Potential in the Broken Symmetry Phase

Chungku Kim (Dated: June 14, 2011)

We investigate the renormalization group(RG) evolution for the neutral scalar field theory in the broken symmetry phase. By using the minimum condition of the vacuum expectation value(VEV), we show that the RG evlution of the effective potential in the broken symmetry phase is governed by the same RG functions in case of the symmetric phase.

PACS numbers: 11.15.Bt, 12.38.Bx

The effective potential plays an important role in studies of the vacuum instability, dynamical symmetry breaking, and the dynamics of composite particles[1]. The scalar field of a quantum field theory with a spontaneously broken symmetry have a non-vanishing VEV which provide a mass to the Higgs particle, gauge bosons and fermions. The effective potential in the broken symmetry phase is expressed in term of the Higgs particle which have a vanishing VEV. Recently, it was shown that the effective potential in the broken symmetry phase is scale invariant in the case of vanishing Higgs field which implies the scale invariance of the physical cosmological constant[2]. In this paper, we will investigate the RG evolution of effective potential in the broken symmetry phase in case of non-vanishing Higgs field. Although we will consider the neutral scalar field theory for simplicity, the generalization to more complicated cases will be straightforward.

The effective potential of the neutral scalar field theory in the minimal subtraction scheme(MS) is independent of the renormalization mass scale μ and satisfies the RG equation[3] (D + γ^{MS} ϕ ∂ ∂ϕ )V_{MS} (μ, λ, m^2, ϕ) = 0. (1)

where D ≡ μ ∂ ∂μ + β^{MS}_λ ∂ ∂λ + β^{MS}_m2 ∂ ∂m^2 (2) In the case m^2 < 0, the scalar field ϕ have a non-vanishing VEV v satisfying [ ∂V_{MS} (μ, λ, m^2, ϕ) ∂ϕ ] ϕ=v = 0, (3)

from which one can determine v as a function of μ, λ and m^2. Then the Higgs field σ with a vanishing VEV is defined as σ ≡ ϕ − v and the effective potential in the broken symmetry phase V_{SSB} (μ, λ, m^2, σ) is given by V_{SSB} (μ, λ, m^2, σ) ≡ V_{MS} (μ, λ, m^2, σ + v(μ, λ, m^2)) (4) Recently, it was shown that when σ = 0, V_{SSB} (μ, λ, m^2, 0) satisfies

DV_{SSB} (μ, λ, m^2, 0) = 0 (5)

[2] which implies the scale invariance of the physical cosmological constant. In order to investigate the RG evolution of V_{SSB} (μ, λ, m^2, σ) in the case of non-vanishing Higgs field (σ ≠ 0), it is necessarily to obtain the RG evolution of the v(μ, λ, m^2). Actually, the RG evolution of the VEV plays an important role in understanding the upper bound of the Higgs boson mass[4] and the CKM matrix[5] and since the one-loop calculation[6], the perturbative calculations showed that the VEV of a scalar field have a same RG evolution as the corresponding Higgs field[7]. In order to obtain the RG evolution of the VEV of a scalar field from the minimum condition given in eq.(3), let us take a derivative of eq.(1) with respect to ϕ to obtain (D + γ^{MS} ϕ ∂ ∂ϕ + γ^{MS} ) ∂V_{MS} (μ, λ, m^2, ϕ) ∂ϕ = 0. (6)

By substituting ϕ = v(μ, λ, m^2) in this equation and by using eq.(3), we obtain [ (D + γ^{MS} ϕ ∂ ∂ϕ ) ∂V_{MS} (μ, λ, m^2, ϕ) ∂ϕ ] ϕ=v(μ,λ,m^2 ) = 0 (7) and by applying the operation D to eq.(3), we obtain an D [ ∂V_{MS} (μ, λ, m^2, ϕ) ∂ϕ ] ϕ=v(μ,λ,m^2) = 0 (8)

Note that in eq.(7), the operator D is inside of the bracket [...]_{ϕ=v(μ,λ,m}2_) and hence does not act on v(μ, λ, m^2) whereas in eq.(8), it is outside of the bracket [...]_{ϕ=v(μ,λ,m}2_) and act on v(μ, λ, m^2). Then, we can write eq.(8) as [ D ∂V_{MS} (μ, λ, m^2, ϕ) ∂ϕ ] ϕ=v(μ,λ,m^2 ) + ∂^2V_{MS} (μ, λ, m^2, v) ∂v^2 Dv = 0 (9)

By substituting eq.(7) to first term of eq.(9), we obtain [ ∂^2V_{MS} (μ, λ, m^2, ϕ) ∂ϕ^2 ] ϕ=v(μ,λ,m^2) (Dv − γ^{MS} v) = 0 (10)

Since [_{∂2VM S (μ,λ,m2,ϕ)} ∂ϕ^2 ] ϕ=v(μ,λ,m^2 ) is an arbitrary quantity, we conclude that the RG evolution of the v(μ, λ, m^2) is given by Dv(μ, λ, m^2) = γ^{MS} v(μ, λ, m^2) (11) Usually, this result was expected from the argument that in the broken symmetry phase, VEV is renormalized by the wave function renormalization constant of the Higgs field irrespective of the functional form of v(μ, λ, m^2). But it is clear that eq.(11) cannot be satisfied by arbitrary function v(μ, λ, m^2).

Now, in order to obtain the RG evolution of the effective potential in the broken symmetry phase, let us apply D + γ^{MS} σ^∂_{∂σ} to V_{SSB} (μ, λ, m^2, σ) : (D + γ^{MS} σ ∂ ∂σ )V_{SSB} (μ, λ, m^2, σ) = [ DV_{MS} (μ, λ, m^2, ϕ) ] ϕ=σ+v(μ,λ,m^2 ) + [ ∂V_{MS} (μ, λ, m^2, ϕ) ∂ϕ ] ϕ=σ+v(μ,λ,m^2 ) Dv + γ^{MS} σ ∂ ∂σ [ V_{MS} (μ, λ, m^2, ϕ) ] ϕ=σ+v(μ,λ,m^2 ) (12) By using eq.(11), we can combine the last two terms of the above equation as γ^{MS} v [ ∂V_{MS} (μ, λ, m^2, ϕ) ∂ϕ ] ϕ=σ+v(μ,λ,m^2 ) +γ^{MS} σ ∂ ∂σ [ V_{MS} (μ, λ, m^2, ϕ) ] ϕ=σ+v(μ,λ,m^2 ) = [ γ^{MS} ϕ ∂V_{MS} (μ, λ, m^2, ϕ) ∂ϕ ] ϕ=σ+v(μ,λ,m^2 ) (13) Then, by substituting this result into eq.(12) and by using eq.(1), we obtain (D + γ^{MS} σ ∂ ∂σ )V_{SSB} (μ, λ, m^2, σ) = [ (D + γ^{MS} ϕ ∂ ∂ϕ )V_{MS} (μ, λ, m^2, ϕ) ] ϕ=σ+v(μ,λ,m^2 ) = 0 (14)

which means that the RG evolution of the effective potential in the broken symmetry phase is governed by the same renormalization group functions in the MS scheme. Actually, by using the two-loop effective action[8]. V_{MS} (μ, λ, m^2, ϕ) = 1 2 m^2ϕ^2 + 1 24 λϕ^4 + Λ + 1 4 h̄ (4π)^2

(m^2 + 1 2 λϕ^2)^2(L_{MS} − 3 2 ) + h̄^2 (4π)^4 {( 1 8 λm^4 + 1 4 λ^2m^2ϕ^2 + 3 32 λ^3ϕ^4)L^2_{MS} + (− 1 4 λm^4 − 3 4 λ^2m^2ϕ^2 − 5 16 λ^3ϕ^4)L_{MS} +( 1 8 λm^4 + ( 3 4 + Ω(1))λ^2m^2ϕ^2 + ( 11 32 + Ω(1) 2 )λ^3ϕ^4)} + O(h̄^3), (15)

where

Ω(1) = − 1 2 √ 3 ∞∑ n=1 1 n^2 sin( nπ 3 ) ≃ −0.293 (16) and L_{MS} ≡ log ( m^2 +^λ_2 ϕ^2 μ^2 ) , (17)

we obtain the VEV as v(μ, λ, m^2) = −m √ 6 λ {1 + 1 2 h̄ (4π)^2 λ(−L + 1) + h̄^2 (4π)^4 λ^2(− 1 4 L^2 + 3 2 L − 5Ω(1) − 7 4 )} + O(h̄^3) (18)

where

L ≡ log ( 2m^2 μ^2 ) (19)

Then, by using the RG functions given by[9] β^{MS}_λ = μ dλ dμ = 3 h̄ (4π)^2 λ^2 − 17 3 h̄^2 (4π)^4 λ^3 + ( 145 8 + 12 ς(3)) h̄^3 (4π)^6 λ^4 + · · ·, (20) β^{MS}_m2 = μ dm^2 dμ = h̄ (4π)^2 λ − 5 6 h̄^2 (4π)^4 λ^2 + 7 2 h̄^3 (4π)^6 λ^3 + · · ·, (21)

β^{MS}_Λ = μ dΛ dμ = 1 2 h̄ (4π)^2 m^4 + 1 16 h̄^3 (4π)^6 l^2m^4 · ··, (22) and

γ^{MS} = μ ϕ dϕ dμ = − 1 12 h̄^2 (4π)^4 λ^2 + 1 16 h̄^3 (4π)^6 λ^3 + · · ·. (23)

we can check that eq.(11) is satisfied and by substituting eq.(2) to eq.(4) and by expanding in h̄, we can see that eq.(14) is also satisfied up to O(h̄^2). Actually, we have checked that eq.(14) is satisfied to h̄^3 order.

Finally, let us discuss the RG running of the Higgs mass and the coupling constants in the broken symmetry phase. There are two typical schemes to define the parameters in the broken symmetry phase containing v. One is using only v^{(0)} = −m

√_6 λ which is the tree level value of VEV in the tree Lagrangian and the remaining terms v − v^{(0)} act as a finite counter-terms to remove the tadpole terms in the higher order Feynman diagrams[10]. The other is using v itself in the tree Lagrangian and includes the tadpole diagrams in the higher order Feynman diagrams[11]. For example, in case of the coupling constant for the cubic Higgs interaction hσ^3 which were absent in the symmetric phase, h is defined by −m √_λ 6 in the former case and^1_6 λv in the latter case. Then, from eqs.(11) and (14) we can obtain the RG functions as

β_h = μ ∂h ∂μ = ( 1 2m β^{MS}_m2 + 1 2λ β^{MS}_λ )h (24)

in the former case and

β_h = μ ∂h ∂μ = (γ^{MS} + 1 λ β^{MS}_λ )h (25)

in the latter case respectively. In case of the running Higgs mass term^1_2 m^2_H σ^2, m^2_H is defined by 2m^2 in the former case and −m^2 +^λ_2 v^2 in the latter case. Then the corresponding RG functions are given by

β_m2_H ≡ μ ∂m^2_H ∂μ = 2β^{MS}_m2 (26)

in the former case and

β_m2_H = μ ∂m^2_H ∂μ = (2γ^{MS} + 1 λ β^{MS}_λ ) λ 2 v^2 − β^{MS}_m2 = (2γ^{MS} + 1 λ β^{MS}_λ )m^2_H + (2γ^{MS} + 1 λ β^{MS}_λ − γ^{MS}_m2 )m^2 (27) in the latter case respectively.

In summary, we have investigated the RG evolution of the VEV of a scalar field from the minimum condition of the VEV and have shown that the RG evolution of the effective potential of the spontaneously broken symmetry is governed by the same renormalization group functions of a theory in case of the symmetric phase. As a result, we can determine the RG functions of the running Higgs mass and the coupling constant for the cubic Higgs interaction. It is easy to show that the result of this paper can be extended to the theories which have two Higgs particles.

[1] For a review and references, see M. Sher, Phys. Rep. 89, 273 (1989). [2] R. Foot, A. Kobakhidze, K. L. McDonald and R. R. Volkas, Phys. Lett.B 664,199(2008). [3] C. Ford, D. R. T. Jones, P. W. Stephenson and M. B. Einhorn, Nucl. Phys. B395, 17(1993). [4] J. A. Casas, J. R. Espinosa and M. Quiros, Phys. Lett. B382, 374(1996) and references therein. [5] C. Balzereit, T. Hansman, T. Mannel and B. Plumper, Eur. Phys. J. C9, 197(1999) and references therein. [6] E. Ma and S. Pakvasa, Phys. Rev. D20, 2899 (1979).

[7] See for example, H. Arason, D. J. Castano, B. Keszthelyi, S. Mikaelian, E. J. Pirad, P. Ramond and B. D. Wright, Phys.

Rev. D46, 3945(1992); G. Cvevic, S. S. Hwang and C. S. Kim, Phys. Rev. D58, 116003(1998); C. R. Das and M. K. Parida, Eur. Phys. J. C20, 121 (2001).

[8] C. Ford, D. R.T. Jones, Phys. Lett. B274, 409 (1992), 285, 399(E) (1992).

[9] H. Kleinert, J. Neu, V. Schulte-Frohlinde, K. G. Chetyrkin, S. A. Larin, Phys. Lett. B272, 39(1991); ibid. 319, 545(1993). [10] J. C. Taylor, Gauge Theories of Weak Interactions (Cambridge Press, Cambridge, 1976).

[11] J. Fleischer and F. Jegerlehner, Phys. Rev. D23, 2001(1981); F. Jegerlehner, M. Yu. Kalmykov and O. veretin, Nucl. Phys.

B641,285(2002).