arXiv:1106.2435v4 [hep-th] 9 Sep 2011

CP^n supersymmetric mechanics in U(n) background gauge fields

Stefano Bellucci^a, Sergey Krivonos^b and Anton Sutulin^b

a INFN-Laboratori Nazionali di Frascati, Via E. Fermi 40, 00044 Frascati, Italy b Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia

Abstract We construct a new N = 4 supersymmetric mechanics describing the motion of a particle over a CP^n manifold in U(n) background gauge fields.

1 Introduction

The study of quantum Hall effect in higher (larger then two) dimensions has been of some interest in the last several years, following the analysis by Zhang and Hu [1]. They considered the Landau problem for charged fermions on S^4 with a background magnetic field which is SU(2) instanton. A number of papers have extended the original idea in many aspects (see e.g. [2] and references therein). One of such extensions concerns the analysis of quantum Hall effect on complex projective spaces CP^n [3, 4]. The corresponding bulk and edge actions were derived [3]. In addition, in [4] it has been shown that the bulk contribution coincides with the Chern-Simons action.

The geometry of the CP^n space is quite simple - this is just the coset SU(n + 1)/U(n). For any G/H coset one has at hands the analogue of a constant background field – the H-valued connection on G/H. Thus, the case of CP^n allows for both Abelian and non-Abelian background fields [5]. Moreover, the system describing the motion of particles over the CP^n manifold could be easily extended to possess N = 4 supersymmetry [6, 7, 8] in the absence of background fields. Thus, it seems to be a proper task to include the coupling with the background gauge fields in the N = 4 supersymmetric system on CP^n. That is just what we are doing in the present paper. We explicitly construct the N = 4 supercharges and Hamiltonian which describe the motion of a particle over the CP^n manifold in the presence of background U(n) fields. The corresponding gauge potential is proportional to the U(n)-connection on SU(n + 1)/U(n). Surprisingly, this form of the gauge potential is dictated by N = 4 supersymmetry. It turns out that N = 4 supersymmetry demands the presence of additional pure potential terms in the Hamiltonian. In the simplest case of the CP^1 system this potential is just a harmonic oscillator one.

The paper is organized as follows. In section 2 we review the N = 4 supersymmetric mechanics on CP^n. The supercharges and the Hamiltonian are derived in section 3. We conclude our work with a short discussion.

2 CP^n mechanics with N = 4 supersymmetry

The construction of N = 4 supersymmetric mechanics on CP^n manifold^1 is almost trivial. Indeed, if we take n complex N = 4 chiral superfields Z^α(θ_i, θ̄^i), Z_α(θ_i, θ̄^i) defined in d = 1, N = 4 superspace R^{(1,4)} = { t, θ_i, θ̄^i } , i = 1, 2 and obeying conditions

D^iZ^α = 0, D_iZ_α = 0, α = 1 . . . n, (2.1)

where N = 4 covariant derivatives are defined as { D^i, D_j } = 2iδ^i_j ∂_t, (2.2)

then the superfields action S S = ∫ dt d^4θ log [ 1 + Z^αZ_α ] (2.3)

does all the job, completely defining the model. The explicit form of Lagrangian density in (2.3) immediately follows from invariance of the action with respect to the SU(n + 1) group, which is realized on the superfields Z, Z as

δZ^α = a^α + Z^α ( Z^βā_β ) , δZ_α = ā_α + Z_α ( a^β Z_β ) , (2.4)

where a^α, ā_α are the parameters of the coset SU(n + 1)/U(n) transformations.

If we instead will not fix the integrand in the action S (2.3) leaving it to be an arbitrary function L(Z, Z), then the resulting system will describe a supersymmetric mechanics on an arbitrary ndimensional Kähler manifold (see e.g. [6, 7, 8]). In the case of one superfield Z, Z such a system has been firstly constructed in [9]. Recently, supersymmetric mechanics on complex manifolds has been considered in [10].

To fix our notations and for completeness, let us shortly discuss the Hamiltonian description of the N = 4 supersymmetric CP^n mechanics which directly follows from (2.3) after passing to the components and removing the auxiliary fields.

1Let us stress that CP^n is a geometry of target space, while all fields depend on time t only.

So, our basic ingredients are bosonic variables {z^α, z̄_α} which parameterize the coset SU(n + 1)/U(n) and fermionic variables { ψ^α_i , ψ̄^i_α } : z^α = Z^α|, z̄_α = Z_α|, ψ^α_i = D_iZ^α|, ψ̄^i_α = D^iZ_α|, (2.5)

where (. . .)| denotes θ_i = θ̄^i = 0 limit. In what follows we will pay a great attention to U(n) properties of our model. That is why we decided to keep the corresponding indices α, β of our fields (2.5) in a proper position. For the SU(n + 1) group we will fix the commutation relations to be i [ R_α, R^β ] = J_α^β, i [ J_α^β , J_γ^σ ] = δ^β_γ J_α^σ − δ^σ_αJ_γ^β , i [ J_α^β, R_γ ] = δ^β_γ R_α + δ^β_αR_γ , i [ J_α^β, R^γ ] = −δ^γ_αR^β − δ^β_αR^γ . (2.6)

Thus, the generators R_α, R^α belong to the coset SU(n + 1)/U(n), while the J_α^β form U(n). In addition we choose these generators to be anti-hermitian ones

(R_α)^† = −R^α, ( J_α^β )_† = −J_β^α. (2.7)

After introducing the momenta for all our variables and passing to Dirac brackets we will obtain the following set of relations^2 { ψ^α_i , ψ̄^j_β } = iδ^j_i ( g^{−1} ) β α, { p_α, p̄^β } = −i ( g_α^β g_μ^ν + g_α^ν g_μ^β )¯ ψ^i_ν ψ^μ_i , { p_α, ψ^β_i } = − 1 (1 + z · z̄) [ z̄_αψ^β_i + δ^β_α ψ^γ_i z̄_γ ] , { p̄^α, ψ̄^i_β } = − 1 (1 + z · z̄) [ z^αψ̄^i_β + δ^α_β z^γψ̄^i_γ ] . (2.8)

Here, the CP^n metric g_α^β has the standard Fubini-Study form

g_α^β = 1 (1 + z · z̄) [ δ^β_α − z̄_αz^β (1 + z · z̄) ] , z · z̄ ≡ z^αz̄_α. (2.9) Now, it is not too hard to check that the supercharges Q^i, Q_i have the extremely simple form [6, 7, 8]

Q^i = p̄^α ψ̄^i_α, Q_i = ψ^α_i p_α. (2.10)

They are perfectly anticommuting (in virtue of (2.8)) as { Q^i, Q_j } = iδ^i_j H, { Q^i, Q^j } = { Q_i, Q_j } = 0, (2.11)

where the Hamiltonian H reads^3 H = p̄^α ( g^{−1} ) α β p_β + 1 4 (g_μ^αg_ρ^σ + g_μ^σ g_ρ^α) ψ̄_{α i}ψ̄^i_σ ψ^{ρ j} ψ^μ_j . (2.12)

In principle, one may modify the supercharges and Hamiltonian by including potential terms [7, 8], but here we will be interested in including the interaction with non-Abelian background fields which looks in itself rather complicated. Therefore we will ignore such possible modifications in what follows.

Finally, we will need the explicit expressions for the vielbeins e_α^β and U(n)-connections ω_α^β on the CP^n manifold, which we choose as [11]

e_α^β = 1 √ 1 + z · z̄ [ δ^β_α − z̄_αz^β √ 1 + z · z̄ ( 1 + √ 1 + z · z̄ ) ] , (2.13)

ω_α^β = 1 √ 1 + z · z̄ ( 1 + √ 1 + z · z̄ ) [ δ^β_α − z̄_αz^β 2 √ 1 + z · z̄ ( 1 + √ 1 + z · z̄ ) ] . (2.14)

With our definition of the SU(n + 1) algebra (2.6), these quantities enter the standard Cartan forms as

g^{−1} dg = dz^α e_α^β R_β + R^αe_α^β dz̄_β + iJ_α^β (z^α ω_β^γ dz̄_γ − dz^γ ω_γ^αz̄_β) , (2.15)

where g = e^{xα Rα +x̄αRα} , and z^α ≡ tan √ x · x̄ √ x · x̄ x^α. (2.16)

2As usual, the bosonic momenta are shifted by ψ · ψ̄ terms in this basis. 3The su(2) indices are raised and lowered as A_i = ε_{ij} A^j , A^i = ε^{ij} A_j with ε_{12} = ε^{21} = 1.

3 Gauge fields: construction

It is curious, but the simplest form of the supercharges (2.10) does not help in the coupling with background gauge fields. One may easily check that the standard coupling by shifting bosonic momenta in supercharges does not properly work. Our idea is to introduce the coupling simultaneously with all currents of the SU(n + 1) and/or SU(1, n) groups. Thus, let us introduce the isospin currents spanning SU(n + 1) and/or SU(1, n), respectively { R_α, R^β } = −AJ_α^β, { J_α^β , J_γ^σ } = δ^β_γ J_α^σ − δ^σ_αJ_γ^β , { J_α^β , R_γ } = δ^β_γ R_α + δ^β_αR_γ , { J_α^β , R^γ } = −δ^γ_αR^β − δ^β_αR^γ . (3.1)

The coefficient A = ±1 in the first line corresponds to the choice of SU(1, n) or SU(n + 1), respectively. It will be clear below, why we are going to consider both these cases.

Now, we are ready to write the Ansatz for the supercharges^4

Q^i = p̄^αψ̄^i_α − z^γ J_γ^βh_β^αψ̄^i_α + ψ^{i α}f_α^β R_β , Q_i = ψ^α_i p_α + ψ^α_i h_α^β J_β^γz̄_γ + R^β f_β^αψ̄_{i α}. (3.2)

Here, h_α^β and f_α^β are arbitrary, for the time being, functions depending on the bosonic fields z^α, z̄_α only. Moreover, due to the explicit U(n) symmetry of our construction, which we are going to keep unbroken, one may further restrict these functions as

h_α^β = h_1 δ^β_α + h_2 z̄_αz^β, f_α^β = f_1 δ^β_α + f_2 z̄_αz^β, (3.3)

where the scalar functions h_1, h_2, f_1, f_2 depend now on x = z · z̄ only.

The supercharges (3.2) have to obey the standard N = 4 Poincaré superalgebra relations (2.11). Therefore, the closure of superalgebra is achieved if the following equations on functions in (3.3) are satisfied {Q, Q} = 0 ⇒ { f^′_1 = −(f_1h_1 + xf_1h_2), f^′_2 = −(2f_2h_1 + f_1h_2 + 2xf_2h_2), h^′_1 = −(h^2_1 − h_2 + xh_1h_2), f_2 = −f_1h_1 { Q^i, Q_j } = iδ^i_j H ⇒ h^′_2 = 1 2 (Af^2_1 h^2_1 + h^3_1), h_2 = − 1 2 h^2_1, Af^2_1 = (2h_1 − xh^2_1), (3.4)

where the derivatives are taken with respect to x.

The simplest, almost trivial solution of the equations (3.4) reads

f_1 = f_2 = 0, h_1 = 1 z · z̄ , h_2 = − 2 (z · z̄)^2

. (3.5)

The functions h_1, h_2 in (3.5) have a singularity at (z, z̄) → 0. Moreover, they have no any geometric meaning within CP^n geometry. Thus, without R, R̄ terms in the Ansatz (3.2) the reasonable interaction can not be constructed.

In contrast, with non-zero f_1, f_2 functions the solution of (3.4) is fixed to be

f_1 = 1 √ 1 + A z · z̄ , f_2 = − A (1 + A z · z̄) ( 1 + √ 1 + A z · z̄ ) , h_1 = A √ 1 + A z · z̄ ( 1 + √ 1 + A z · z̄ ) , h_2 = − 1 2 (1 + A z · z̄) ( 1 + √ 1 + A z · z̄ )_2 . (3.6)

Thus, we see that the matrix valued function f_α^β perfectly coincides with the vielbeins for the CP^n manifold (2.13) if we choose A = 1. The background gauge field h_α^β is the part of the U(n)-connection (2.14) for CP^n. It is worth to note that this field is identical to the one constructed in [13] as the solution of the Bogomol’nyi equation for the Tchrakian’s type of self-duality relations in U(n) gauge theory [14, 15].

4This Ansatz is a direct generalization of those supercharges for the SU(2) case, which were explicitly constructed within the superspace approach in [12].

The last step is to write the Hamiltonian H = ( p̄ g^{−1} p ) + ( p̄ g^{−1} h Jz̄ ) − ( z J h g^{−1} p ) − ( R f g^{−1} f R ) − ( z J h g^{−1} h J z̄ ) (3.7) + i ( 1 − A (1 + z · z̄)(1 + Az · z̄) ) ( ( z ψ̄ )_i ( R f ψ̄ ) i − (ψ f R)^i (ψ z̄)_i ) − iA ( ψ_if J fψ̄^i )

+ 1 4 (g_μ^αg_ρ^σ + g_μ^σg_ρ^α) ψ̄_{α i}ψ̄^i_σ ψ^{ρ j} ψ^μ_j .

Here, we used concise notations - all indices in parenthesis are in the proper positions and they are converted from top-left to down-right, e.g. (ψ z̄)_i = ψ^α_i z̄_α, etc.

This Hamiltonian commutes with all our supercharges, as it should be. Its bosonic part (the first line in (3.7)) contains the terms describing the interaction with U(n) background fields and a specific potential term. The parameter A takes two values A = ±1, according with the algebra (3.1). If we take A = 1, so the algebra of currents of the internal group is SU(1, n), then the Hamiltonian drastically simplified to be

H_{A=1} = ( p̄ g^{−1} p ) + ( p̄ g^{−1} h Jz̄ ) − ( z J h g^{−1} p ) − ( R R ) − ( z J h g^{−1} h J z̄ ) (3.8) − i ( ψ_if J fψ̄^i ) + 1 4 (g_μ^αg_ρ^σ + g_μ^σg_ρ^α) ψ̄_{α i}ψ̄^i_σ ψ^{ρ j} ψ^μ_j .

Clearly, the R, R dependent term in the Hamiltonian (3.8) can be rewritten through the Casimir operator K of SU(1, n) algebra K = R^αR_α − 1 2 J_α^βJ_β^α + 1 2(n + 1)

J_α^αJ_β^β . (3.9)

Thus, the Hamiltonian depends only on U(n) currents J_α^β and SU(1, n) Casimir operator (3.9).

The U(1) gauge potential presented in (3.2), (3.8) has the standard form

A_{U(1)} = i żz̄ − z ˙z̄ 2 (1 + z · z̄)

. (3.10)

In the simplest case of CP^1 we have only this gauge potential in the theory, while the scalar potential term acquires the form^5 V_{CP} 1 = −R^αR_α − z · z̄ 4 J^2. (3.11)

Let us remind that we choose the matrix-valued operators R, R, J to be anti-hermitian (2.7). Thus, the potential (3.11) is positively defined.

Finally, we would like to say a few words about the explicit realization of the isospin groups SU(n+1) and/or SU(1, n) (3.1). The common way to involve the isospin variables in the supersymmetric theories is to introduce the set of semi-dynamical bosonic variables - harmonics and construct the currents from them (see e.g. [19] and references therein). The same strategy could be applied in the present model too.

4 Conclusion and Discussion

In the present paper we have constructed a N = 4 supersymmetric extension of mechanics describing the motion of a particle over CP^n manifold in the presence of background U(n) fields. The gauge potential is proportional to the U(n)-connection on SU(n+1)/U(n). Such a type of background gauge fields has been known for quite a long time in a purely bosonic case [20]. What is really nice is that this field appears in our system automatically, as a result of imposing N = 4 supersymmetry. Moreover, in addition to gauge fields N = 4 supersymmetry demands additional potential terms to be present in the Hamiltonian. In the simplest case of the CP^1 system this potential is just a harmonic oscillator one.

One of the most unexpected features of the present model is a strange interplay between the isospin group which our background gauge fields are coupled to and the form of these fields. It turns out that the standard SU(n + 1)/U(n) U(n)-connection appears as a gauge fields potential only in the case when isospin group is chosen to be SU(1, n). Alternatively, the choice of the SU(n + 1) group for the isospin

5 This is just the example of super-oscillator potential on CP^n manifolds constructed in [16, 17]. See also [18].

variables gives rise to a U(n)-connection on the SU(1, n)/U(n) group. At any rate, both cases are compatible with N = 4 supersymmetry.

Another interesting peculiarity of our model is the presence of the isospin variables on the whole SU(n + 1) (or SU(1, n)) group, despite the fact that only U(n) background fields appear in the Hamiltonian. Again, this situation is not new. The same effect has been noted in the recently constructed N = 4 supersymmetric mechanics coupled to non-Abelian gauge fields [21, 22, 23, 24, 25, 26].

One of the possible immediate applications of the constructed model is the analysis of the role the additional fermionic variables play in the quantum Hall effect on CP^n [3, 4, 18]. In this respect it could be important that N = 4 supersymmetry insists on the simultaneous appearance of the gauge fields on U(1) and SU(n) with a proper fixed relative coefficient. The role of the special type of scalar potential which appears due to N = 4 supersymmetry also has to be clarified.

Another interesting possibility to describe N = 4 supersymmetric CP^n mechanics is to replace from the beginning the linear chiral supermultiplets by the nonlinear ones [27]. This case is under investigation at present.

Acknowledgements

We are indebted to Armen Nersessian, Andriy Shcherbakov and Armen Yeranyan for valuable discussions.

S.K. and A.S. thank the INFN-Laboratori Nazionali di Frascati, where this work was completed, for warm hospitality.

This work was partly supported by RFBR grants 09-02-01209, 11-02-90445-Ukr, 11-02-01335, as well as by the ERC Advanced Grant no. 226455, “Supersymmetry, Quantum Gravity and Gauge Fields” (SUPERFIELDS ).

References

[1] S.C. Zhang, J.P. Hu, “A Four-dimensional generalization of the quantum Hall effect”, Science 294(2001)823, arXiv:cond-mat/0110572.

[2] D. Karabali, V.P. Nair, “Quantum Hall Effect in Higher Dimensions, Matrix Models and Fuzzy Geometry”, J.Phys. A39 (2006) 12735, arXiv:hep-th/0606161.

[3] D. Karabali,

“Electromagnetic interactions of higher dimensional quantum Hall droplets”, Nucl.Phys. B726 (2005) 407, arXiv:hep-th/0507027;

“Bosonization of the lowest Landau level in arbitrary dimensions: edge and bulk dynamics”, Nucl.Phys. B750 (2006) 265, arXiv:hep-th/0605006[hep-th].

[4] V.P. Nair,

“The Matrix Chern-Simons One-form as a Universal Chern-Simons Theory”, Nucl.Phys. B750 (2006) 289, arXiv:hep-th/0605007[hep-th].

[5] D. Karabali, V.P. Nair, “Quantum Hall Effect in Higher Dimensions”, Nucl.Phys. B641 (2002) 533, arXiv:hep-th/0203264.

[6] A.V. Smilga,

“How To Quantize Supersymmetric Theories”, Nucl.Phys. B292 (1987) 363.

[7] S. Bellucci, A. Nersessian, “A note on N=4 supersymmetric mechanics on Kähler manifolds”, Phys.Rev. D64:021702,2001, arXiv:hep-th/0101065.

[8] S. Bellucci, A. Nersessian, “Kähler geometry and SUSY mechanics”, Nucl.Phys.Proc.Suppl. 102 (2001) 227, arXiv:hep-th/0103005.

[9] V. Berezovoj, A. Pashnev, “On the Structure of the N=4 Supersymmetric Quantum Mechanics in D=2 and D=3”, Class. Quant. Grav. 13 (1996) 1699, arXiv:hep-th/9506094.

[10] E.A. Ivanov, A.V. Smilga,

“Dirac Operator on Complex Manifolds and Supersymmetric Quantum Mechanics”,

arXiv:1012.2069[hep-th].

[11] A. Kirchberg, J.D. Länge, A. Wipf,

“Extended Supersymmetries and the Dirac Operator”, Annals Phys. 315 (2005) 467, arXiv:hep-th/0401134.

[12] S. Bellucci, N. Kozyrev, S. Krivonos, A. Sutulin,

“Isospin variables for N = 4 chiral supermultiplet”, in preparation.

[13] H. Kihara, M. Nitta,

“Generalized Instantons on Complex Projective Spaces”, J.Math.Phys. 50 (2009) 012301, arXiv:0807.1259[hep-th].

[14] D.H. Tchrakian,

“N-Dimensional Instantons And Monopoles”, J.Math.Phys. 21 (1980) 166.

[15] D.H. Tchrakian,

“Spherically symmetric gauge field configurations with finite action in 4 p-dimensions (p = integer)”, Phys.Lett. B150 (1985) 360.

[16] S. Bellucci, A. Nersessian, “(Super)Oscillator on CP(N) and Constant Magnetic Field”, Phys.Rev. D67 (2003) 065013; Erratum-ibid. D71 (2005) 089901; arXiv:hep-th/0211070.

[17] S. Bellucci, A. Nersessian, “Quantum oscillator on CP(n) in a constant magnetic field”, Phys.Rev. D70 (2004) 085013; arXiv:hep-th//0406184.

[18] S. Bellucci, P.-Y. Casteill, A. Nersessian, “ Four-dimensional Hall mechanics as a particle on CP(3)”, Phys.Lett. B574 (2003) 121; arXiv:hep-th//0306277.

[19] E.A. Ivanov,

“Harmonic Superfields in N=4 Supersymmetric Quantum Mechanics”, SIGMA 7 (2011) 015, arXiv:1102.2288[hep-th].

[20] J.M. Charap, M.J. Duff,

“Gravitational effects on Yang-Mills Topology”, Phys.Lett. 69B (1977) 445.

[21] E.A. Ivanov, M.A. Konyushikhin, A.V. Smilga,

“SQM with Non-Abelian Self-Dual Fields: Harmonic Superspace Description”, JHEP 1005(2010)033, arXiv:0912.3289[hep-th].

[22] S. Fedoruk, E. Ivanov, O. Lechtenfeld,

“New D(2, 1; α) Mechanics with Spin Variables”, JHEP 1004(2010)129, arXiv:0912.3508[hep-th].

[23] E. Ivanov, M. Konyushikhin,

“N=4, 3D Supersymmetric Quantum Mechanics in Non-Abelian Monopole Background”, Phys.Rev. D82 (2010) 085014, arXiv:1004.4597[hep-th].

[24] S. Bellucci, S. Krivonos,

“Potentials in N=4 superconformal mechanics”, Phys.Rev. D80 (2009) 065022, arXiv:0905.4633[hep-th].

[25] S. Bellucci, S. Krivonos, A. Sutulin, “Three dimensional N=4 supersymmetric mechanics with Wu-Yang monopole”, Phys.Rev. D81 (2010) 105026, arXiv:0911.3257[hep-th].

[26] S. Krivonos, O.Lechtenfeld,

“SU(2) reduction in N=4 supersymmetric mechanics”, Phys.Rev. D80 (2009) 045019, arXiv:0906.2469[hep-th].

[27] E. Ivanov, S. Krivonos, O. Lechtenfeld, “N=4, d=1 supermultiplets from nonlinear realizations of D(2, 1; α)”, Class.Quant.Grav. 21 (2004) 1031, arXiv:hep-th/0310299.