arXiv:1106.2598v1 [cond-mat.str-el] 14 Jun 2011

Majorana Zero Modes in 1D Quantum Wires Without Long-Ranged Superconducting Order

Lukasz Fidkowski,^1 Roman M. Lutchyn,^1 and Chetan Nayak^{1, 2} 1Microsoft Research, Station Q, Elings Hall, University of California, Santa Barbara, CA 93106 2Department of Physics, University of California, Santa Barbara, CA 93106 (Dated: compiled June 15, 2011)

We show that long-ranged superconducting order is not necessary to guarantee the existence of Majorana fermion zero modes at the ends of a quantum wire. We formulate a concrete model which applies, for instance, to a semiconducting quantum wire with strong spin-orbit coupling and Zeeman splitting coupled to a wire with algebraically-decaying superconducting fluctuations. We solve this model by bosonization and show that it supports Majorana fermion zero modes. We argue that a large class of models will also show the same phenomenon. We discuss the implications for experiments on spin-orbit coupled nanowires coated with superconducting film and for LaAlO3/SrTiO3 interfaces.

I. INTRODUCTION

Kitaev [1] showed that a class of superconducting quantum wires supports a pair of Majorana fermion zero modes, one at each end. Lutchyn et al. [2] and Oreg et al. [3] discovered that, in the presence of a parallel magnetic field, semiconducting wires with strong spin-orbit coupling fall in this class if superconductivity is induced by proximity to a bulk 3D superconductor. As a result of the Majorana zero modes, the ground state is doubly degenerate. The two states differ by fermion parity, which is not locally measurable; therefore, they form a protected qubit. Networks of such semiconducting wires have been proposed for topological quantum information processing [4–7].

Long-ranged superconducting order is an essential feature of these analyses. Though such order is sufficient, it does not seem necessary. Protected Majorana zero modes also exist in models of the 5/2 fractional quantum Hall state [8–12] and in Kitaev’s honeycomb lattice spin model [13], and neither of these systems has long-ranged superconducting order. Therefore, one might expect that a quantum wire with strong superconducting fluctuations but no long-ranged order could also support Majorana fermion zero modes. Consider, on the other hand, a spinless one-dimensional Luttinger liquid, which has algebraic order, i.e. the two-point correlation function of the superconducting order parameter decays to zero as a power of the separation, rather than approaching a constant. Such a system has gapless bulk fermionic excitations, so if Majorana fermion zero modes were found at the ends of such a model, there would be nothing protecting them against small perturbations. Furthermore, in the absence of superconducting order, the two states of a pair of Majorana fermion zero modes would have different electric charges – and not merely fermion parity. Simply changing the electrostatic potential should cause an energy splitting between states with different electric charges. Therefore, one might, instead, conclude that long-ranged superconducting order is necessary to protect Majorana fermion zero modes in quantum wires.

In this paper, we show that this is not the case. We construct a model of a spin-orbit coupled semiconducting wire in a magnetic field which is coupled to an s-wave superconducting wire with power-law order. We show that this model supports Majorana fermion zero modes at the ends of the wire.

However, a single wire does not support a qubit; at least two wires are needed. The basic idea is simple. Consider Kitaev’s [1] model of a superconducting quantum wire or spinless fermions. H = −t ∑ i (c^†_{i+1}c_i + c^†_i c_{i+1}) + |Δ| ∑ i (e^{iϕ}c_ic_{i+1} − e^{−iϕ}c^†_i c^†_{i+1}) (1)

Here, ϕ is the phase of the superconducting order parameter. Let us assume, for the moment, that ϕ is a constant, as in Kitaev’s original paper [1] and in Refs. [2, 3]. If we rotate the fermion operators to the local value of the phase of the order parameter: c_i → e^{iϕ/2}c̃_i, then the Hamiltonian takes the form H = −t ∑ i (c̃^†_{i+1}c̃_i +c̃^†_i c̃_{i+1})+|Δ| ∑ i (c̃_ic̃_{i+1} −c̃^†_i c̃^†_{i+1}) (2)

At the special point t = |Δ|, this Hamiltonian can be diagonalized by introducing the Majorana fermion operators γ_{2i−1} = c̃_i + c̃^†_i , γ_{2i} = (c̃_i − c̃^†_i )/i: H = i|Δ| ∑ i γ_{2i}γ_{2i+1} (3)

These operators satisfy γ_i = γ^†_i and {γ_i, γ_j } = 2δ_{ij} . Note that γ_1 and γ_{2N} do not appear in the Hamiltonian. Therefore, the ground state is doubly degenerate: iγ_1γ_{2N} can be either ±1 while iγ_{2i}γ_{2i+1} = −1 for 1 ≤ i ≤ N − 1. Apart from the degeneracy of the ground state, there is gap 2|Δ| to excitations. The operators γ_1 and γ_{2N} are Majorana fermion zero modes, and the qubit which they form, iγ_1γ_{2N} = ±1, is protected since the two states are distinguished only by fermion parity, which cannot be measured by a local operation. Only an operator which acts on both sites 1 and N can affect it. Away from the special point, t = |Δ|, the physics is very similar: there is a gap in the bulk above two nearly degenerate ground states which have an energy splitting ∼ e^{−Na/ξ}, where ξ is inversely proportional to the bulk gap and a is the lattice spacing. This phase persists to the more physical |Δ| ≪ t limit. Electron-electron interactions in the wire determine the region of the phase diagram occupied by this phase [14–17].

Now suppose that ϕ is a fluctuating dynamical field. We can still perform a change of variables similar to the one which we made in going from Eq. (1) to Eq. (2). This will remove the phase of the order parameter from the second term in Eq. (1), the pairing term. However, it will introduce a coupling between the fermions and gradients of the order parameter. If these terms can be neglected, then we will have mapped a model with fluctuating order parameter to one with fixed order parameter which is decoupled from the fluctuations of ϕ; therefore, it will have Majorana fermion zero modes. However, there are some subtleties involved in the change of variables from c_i to c̃_i when ϕ fluctuates. These are most easily handled using a bosonized formulation of the electronic degrees of freedom in the wire. We find a special point in Sections III and IV at which the bosonized formulation simplifies and allows us to completely analyze the model. We then show in Section V that our analysis is qualitatively unchanged by perturbations which take the system away from the special point.

The technical subtleties alluded to above have a physical origin related to the conservation of charge. Note that the ground state energy has the form

E(N) = NE + E_{even,odd} + O(e^{−aL}) (4)

for even and odd electron numbers N, respectively. (See Ref. [18] for the analogous relation for paired quantum Hall states.) The signature of Majorana fermion zero modes at the endpoints of a wire is that E_{odd} = E_{even}. If the same system had periodic boundary conditions, as would result if the ends of the wire were connected to form a loop, then we would have E_{odd} > E_{even}. The difference E_{odd} − E_{even} would simply be the energy cost of an unpaired electron. In the presence of zero modes, this cost vanishes. As may be seen from (4), a single wire does not have degenerate states unless the electrostatic potential is tuned so that E = 0.

If, however, we consider two such wires, then there are two degenerate states for fixed total electron number without any fine-tuning. Suppose that there are 2N electrons in the system. Let us denote the energy of the two wires, isolated from each other, by E_1(N), E_2(N). They are given by (4) with E^{(1)}, E^{(2)} and E^{(1)}_{even,odd}, E^{(2)}_{even,odd} taking the place of E and E_{even,odd}. If there are Majorana zero modes at the endpoints of both wires in isolation, then E^{(1)}_{odd} = E^{(1)}_{even} and E^{(2)}_{odd} = E^{(2)}_{even}. Then

E_1(N) + E_2(N) = E_1(N − m) + E_2(N + m) (5)

for any m, so long as E^{(1)} = E^{(2)}. Now suppose that the two semiconducting wires are coupled to the same (powerlaw) s-wave superconducting wire (which is assumed to be much longer than either semiconducting wire so that it can be coupled to both while keeping them far apart), so that the electrochemical potential must be the same in the two wires. Then E^{(1)} = E^{(2)}. Furthermore, Cooper pairs can tunnel from either semiconducting wire to the superconductor. Therefore, rather than a degenerate ground state for each value of m in (5), there will be two nearly degenerate states, corresponding to an even or odd number of electrons in each wire. Such a protected qubit exists for any fixed electron number. If the electron number were odd, then the two states would correspond, instead, to (a) even electron number in wire 1, odd in wire 2; and (b) odd electron number in wire 1, even in wire 2.

These arguments are supported by explicit calculations in Sections III and IV. Our analysis depends on a careful treatment of the target space of the bosonic fields. The periodicity conditions satisfied by these fields encode the quantization of charge, and the ground state degeneracy cannot be counted properly without accounting for them. The use of bosonization techniques also requires a careful treatment of locality: putative Majorana modes in a transformed system may simply be a reflection of a spontaneously broken global Z_2 in the original variables, c.f. the duality between the transverse field Ising model and a Majorana wire. We wish to stress the topological nature of the Majorana degeneracy in our model: no local observable can distinguish the two states. A key feature of these models is that there is a single-fermion gap even though there are gapless superconducting phase fluctuations, as is already apparent in (2) if the second line is benign (as we show it to be). This may be viewed as a form of the “spin-gap proximity effect” [19, 20]. This gap protects the Majorana fermion zero modes.

Our results imply that it is sufficient for the wires and wire networks of Refs. [2–4] to be in proximity to systems with local superconducting order; long-ranged order is not necessary. Consequently, superconducting grains can be used instead of bulk superconductors or, instead, the semiconductor quantum wires can be coated with superconducting film.

Recently, it has been shown that quasi-1D wires can be “written” on LaAlO_3/SrTiO_3 interfaces [21] which have substantial Rashba spin-orbit coupling [22]. These wires show strong superconducting fluctuations. As we will discuss in detail elsewhere [23], a possible model for this system is a spin-orbit coupled quantum wire in contact with local superconducting regions which fail to percolate across insulating SrTiO_3 but can induce still superconducting fluctuations in quantum wires at the LAO/STO interface. Our results imply that these superconducting fluctuations may be sufficient to support Majorana zero modes at the ends of such wires if a parallel magnetic field is applied.

II. SUPERCONDUCTIVITY IN SPIN-ORBIT-COUPLED NANOWIRES: BOSONIZED FORMULATION

Before introducing our model, we briefly review the proposal for realizing Majorana quantum wires in semiconductorsuperconductor heterostructures [2, 3] and recast it in bosonic form. Its basic ingredient is a semiconductor nanowire with strong spin-orbit interactions. Superconductivity is induced via the proximity effect. The Hamiltonian for the nanowire is (ℏ = 1):

H_{NW} = ∫_{L/2} −L/2 dx ψ^†_σ (x) ( − ∂^2_x 2m^∗ −μ+iασ_y∂_x +V_xσ_x ) σσ^′ ψ_σ′ (x), H_P = ∫_{L/2} −L/2 dx [Δ_0ψ_↑ψ_↓ + h.c.] . (6) where m^∗, μ and α are the effective mass, chemical potential and strength of spin-orbit Rashba interaction, respectively. An in-plane magnetic field B_x leads to a spin splitting V_x = g_{SM}μ_B B_x/2, where g_{SM} and μ_B are the g-factor in the semiconductor and the Bohr magneton, respectively. In the simplest model for the nanowire, we assume that the nanowire is in tunneling contact with a bulk 3D superconductor. Then, electron tunneling between the NW and SC leads to the proximity effect described by the Hamiltonian H_P. The superconducting pairing potential Δ_0 is assumed to be a static classical field and quantum fluctuations of the superconducting phase are neglected.

The nanowire described by the Hamiltonian H_T = H_{NW} + H_P can be driven into a non-trivial topological state by adjusting the chemical potential so that it lies in the gap |μ| < √ V^2_x − Δ^2_0. Under these conditions the Hamiltonian can be projected to the lower band of the two bands which form as a result of the combined effect of the spin-orbit coupling and magnetic field. The low-energy limit of this Hamiltonian then takes the same form as Eq. (2) for low energies E ≪ t, assuming |Δ| ≪ t [2]. Therefore, the topological superconducting phase described by H_T harbors Majorana fermion operators γ_L and γ_R which are zero modes, up to exponential corrections, localized about the two endpoints:

γ_a = γ^†_a , {γ_a, γ_b} = 2δ_{ab} (7)

[H_T , γ_a] = 0 + O(e^{−L/ξ}). (8)

{γ_L, ψ_σ(x)} ∼ e^{−|x+L/2|/ξ} , {γ_R, ψ_σ (x)} ∼ e^{−|x−L/2|/ξ} (9) Here, ξ is the effective coherence length. The presence of these zero-modes leads to topological degeneracy up to an exponential splitting energy δE ∝ e^{−L/ξ}. The two nearlydegenerate states correspond to the two eigenvalues of iγ_1γ_2 and have even and odd fermion-parity [1], respectively, which can be exploited for topological quantum computation [24].

These results were obtained [1–3] using the properties of the free fermion band structure embodied by H_T. We now rederive them using a bosonic representation. In later sections, we will use this representation to analyze the case when there is no long-ranged superconducting order, unlike in H_T . First, we bosonize the semiconductor Hamiltonian (6). In the helical regime corresponding to a large Zeeman gap, H_{NW} can be approximated by projecting the system to the lowest subband and writing the field operator Ψ(x) ≡ (ψ_↑(x), ψ_↓(x)) as

Ψ(x)≈Φ_−(p_F )e^{ipF x}c_R(x) + Φ_−(−p_F )e^{−ipF x}c_L(x) (10)

where the spinor Φ_−(p_F ) =^{1√}_2 ( −e^{iκ(pF )}, 1 ) and κ(p_F ) = tan^{−1}(αp_F /V_x). Substituting (10) into H_{NW}, the Hamiltonian can be written in terms of the spinless right and left-moving fermions c_R(x) and c_L(x) and eventually bosonized using c_{R/L} =^{1√}_{2πa} e^{−i(±ϕ−θ)}:

H_{NW} ≈ v ∫_{L/2} −L/2 dx [ ic^†_L(x)∂_xc_L(x)−ic^†_R(x)∂_xc_R(x) ] (11) ≈ v 2π ∫_{L/2} −L/2 dx [ K(∂_xθ)^2 + K^{−1}(∂_xϕ)^2 ] . (12)

Here v is the fermion velocity v = p_F (^1_{m∗} −^{α2}√_{V 2x +α2 p2F} ) and

K the Luttinger parameter for the nanowire. The fields ϕ and θ satisfy the canonical commutation relation:

[∂_xϕ(x), θ(x^′ )] = iπδ(x − x^′) (13)

The charge density and current near wavevector zero are given by ρ =^1_π ∂_xϕ =^1_π ∂_tθ and j = −^1_π ∂_tϕ =^1_π ∂_xθ. The fields ϕ and θ can be interpreted as the phase of the density at wavevector 2k_F and the pair field, respectively: ρ_{2kF} (x) = e^{−2iϕ(x)} Ψ_{pair}(x) ≡ ψ_↑(x)ψ_↓(x) = e^{2iθ(x)} (14)

For the Hamiltonian H_{NW} , in which electron-electron interactions in the semiconductor have been neglected, K = 1, the free-fermion value. However, the bosonic representation accommodates short-ranged interactions in the nanowire such as H_{NW int.} = u ∫_{L/2} −L/2 dx ψ^†_σ (x)ψ_σ (x) ψ^†_σ′ (x)ψ_σ′ (x) (15)

simply by shifting the value of K and rescaling v. K < 1 for repulsive interactions and K > 1 for attractive interactions. The bosonic form for H_P in Eq. (6) is:

H_P =

Δ_P (2πa) ∫ dτ ∫_{L/2} −L/2 dx sin (2θ) (16)

Therefore, H_T an be written in the bosonic form

H_T = ∫_{L/2} −L/2 dx ( v 2π [ K(∂_xθ)^2 + K^{−1}(∂_xϕ)^2 ]

+ Δ_P (2πa) sin (2θ) ) (17)

This interaction term, H_P, is relevant unless there are very strong repulsive interactions in the nanowire. To be more precise, the lowest-order RG equation for the dimensionless coupling y = 2Δ_P a/v is: dy dl = (2 − K^{−1}) y (18)

For non-interacting electrons, K = 1, and even for repulsive interactions up until K = 1/2, this is a relevant perturbation. If y is initially small at short distances, then we can use Eq. (18) to conclude that y(l) ∼ 1 at the length scale l = ln(ξ/a_0), where the effective coherence length, ξ, in the semiconducting nanowire is given by ξ ∼ a_0(v/2Δ_P a_0)^{K/(2K−1)}. Here, a_0 is the short-distance cutoff, which is the shortest length scale at which the effective description (17) is valid. We can take it to be the coherence length or the Josephson length of the bulk 3D superconductor but, at any rate, it must be larger than the Fermi wavelength in the semiconducting wire.

At longer length scales, the field θ is pinned to the minimum of sin(2θ). Since there are two minima, θ = −π/4, 3π/4, there are two degenerate ground states in the L → ∞ limit. These two ground states are related to each other by the global Z_2 symmetry of the model, θ → θ + π. To understand this symmetry better, it is helpful to note that the fermion parity (−1)^{NF} can be written in the form

(−1)^{NF} = e^{i2 (ϕ(L/2)−ϕ(−L/2))} (19)

Therefore, using the commutation relation (13), we see that the fermion parity (−1)^{NF} generates the symmetry transformation θ → θ + π. Since the two degenerate ground states corresponding to θ = −π/4, 3π/4 are transformed into each other by fermion parity, the following quantum superpositions are fermion parity eigenstates:

|even, odd⟩ = 1 √ 2 ( |−π/4⟩ ± |3π/4⟩ ) (20)

For finite L, these two states are split in energy because there are instantons which tunnel between the two minima. The Euclidean action in the strong coupling limit is S = v 2π ∫ dx dτ [ (∂_xθ)^2 +v^{−2}(∂_τ θ)^2 + y ξ^2 sin(2θ) ] (21)

The splitting is then given by δE ∝ N_f e^{−S0} , where S_0 is the action of the Euclidean instanton θ_0(x, τ) satisfying θ_0(x, −∞) = −^π_4 , θ_0(x, ∞) =^{3π}_4 and N_f is a prefactor that comes from fluctuations. Clearly the lowest action instanton is translationally invariant, at least away from x = −L/2, L/2, so the problem reduces to a 0 + 1 dimensional problem, with action S_{QM} = L π ∫ dz [ 1 2 (∂_zθ)^2 + V (θ) ] , (22)

where V (θ) =^y_{ξ2} sin(2θ) and z = vτ. Following Ref. [25],

S_0 = L π ∫_{3π/4} −π/4 dθ √ 2(V (θ) − E) = 4 √ y π L ξ , (23)

where E = −y/ξ^2 is the energy of the minimum of the potential. The splitting then scales like δE ∝ exp ( −^{4√y}_π^L_ξ ) , as expected.

III. A SINGLE SEMICONDUCTING NANOWIRE COUPLED TO AN ALGEBRAICALLY-ORDERED SUPERCONDUCTING WIRE

We now include the effect of quantum fluctuations by replacing the bulk superconductor in the above proposal with an s-wave superconducting wire with power-law order. This model preserves the overall U(1) charge symmetry (there is no spontaneous U(1) breaking) and allows for the study of the topological superconducting phase in the particle numberconserving setting. For the sake of concreteness and simplicity, we will take the Hamiltonian for the superconducting wire to be the attractive-U Hubbard model. However, our results hold for any spin-gapped system with s-wave superconducting fluctuations.

Using the standard bosonization procedure for spinful fermions, with the convention [26] that ψ_{r,σ} = 1 √ 2πa e^{− i√2 [(rϕρ−θρ)+σ(rϕσ−θσ )]} (24) where r = ± and σ = ± for right/left-moving fermion with ↑ / ↓ spin, and a the lattice cutoff, the Hamiltonian for the superconducting wire can be written as

H_{SC} = H^{(ρ)}_{SC} + H^{(σ)}_{SC} (25)

H^{(ρ)}_{SC} = v_F 2π ∫_{L/2} −L/2 dx [ K_ρ(∂_xθ_ρ)^2 + K^{−1}_ρ (∂_xϕ_ρ)^2 ] (26)

H^{(σ)}_{SC} = v_F 2π ∫_{L/2} −L/2 dx [ K_σ(∂_xθ_σ )^2 + K^{−1}_σ (∂_xϕ_σ )^2 ] (27) − 2|U| (2πa)^2 ∫_{L/2} −L/2 dx cos(2 √ 2ϕ_σ )

where v_F , a and U are the Fermi velocity, the effective cutoff length and the interparticle interaction potential, respectively.

Tunneling between the superconducting wire and the semiconducting wire can be described using a simple model Hamiltonian

H_t = t ∑ σ ∫_{L/2} −L/2 dx(ψ^†_σ η_σ + η^†_σ ψ_σ ), (28)

where t is the tunneling amplitude and ψ_σ and η_σ represent fermion annihilation operators in the semiconducting and superconducting systems, respectively. Given that singleelectron tunneling into the superconducting wire is suppressed due to the presence of the spin gap E_g (see below), the dominant contribution to the action comes from pair hopping. The perturbative expansion in t to second order leads to the following imaginary-time action

S_{PH} =−t^2 ∑ σ ∫ dxdτdx^′ dτ^′ (29) [ ψ^†_σ(x, τ)ψ^†_{−σ} (x^′, τ^′)η_σ (x, τ)η_{−σ} (x^′, τ^′)+h.c. ] . We now analyze the bosonized action. First, the spin field ϕ_σ orders, opening a spin gap E_g in the superconducting wire. The dual field θ_σ is disordered, and its correlation function decays exponentially ⟨e^{− i√2 θσ (x,τ )}e^{i√2 θσ (0,0)}⟩_σ ∼ a/ √ x^2 + (v_F τ)^2 exp[−E_g √ τ^2 + x^2/v^2_F ]. This allows us to simplify the action (29) and make a local approximation

S_{PH} ≈−

Δ_P (2πa) ∫ dτ ∫_{L/2} −L/2 dx sin (√ 2θ_ρ − 2θ ) (30) valid in the long-time limit |τ − τ^′| ≫ E^{−1}_g . Here the Cooper pair hopping amplitude Δ_P is given by Δ_P ∼

t^2 E_g αp_F √_{(αpF )2 +V 2x} similarly to the proximity-induced gap in the

perturbative tunneling limit t ≪ E_g . If the field θ_ρ were pinned (i.e. θ_ρ = 0), we would recover the model considered in Refs. [2, 3]. In the present case, however, overall U(1) symmetry is not broken due to the presence of fluctuating field θ_ρ. Henceforth we thus analyze the following effective lowenergy model

H_M = v 2π ∫_{L/2} −L/2 dx [ K(∂_xθ)^2 + K^{−1}(∂_xϕ)^2 ]

+ v_F 2π ∫_{L/2} −L/2 dx [ K_ρ(∂_xθ_ρ)^2 + K^{−1}_ρ (∂_xϕ_ρ)^2 ]

− Δ_P (2πa) ∫_{L/2} −L/2 dx sin (√ 2θ_ρ − 2θ ) , (31)

and study the effect of quantum fluctuations of θ_ρ on the stability of the topological superconducting phase. This model is quadratic, except for the interaction Δ_P . The dimensionless coupling y = 2Δ_P a/v has RG equation dy dl = ( 2 −^1_2 K^{−1}_ρ − K^{−1} ) y (32)

For^1_2 K^{−1}_ρ + K^{−1} > 2, this interaction is irrelevant, and we can ignore Cooper pair tunneling between the wires. However, inter-wire pair tunneling is relevant for^1_2 K^{−1}_ρ + K^{−1} < 2, which includes the case of weakly-attractive interactions in the superconducting wire, K_ρ^<∼ 1, and weakly-repulsive interactions in the semiconducting wire, K^>∼ 1.

This model simplifies significantly at the special point v_F = v and 2K_ρ = K. At this point, one can diagonalize above Hamiltonian by introducing new variables θ_+ = θ_ρ/ √ 2 + θ and θ_− = θ_ρ/ √ 2 − θ: H = v 2π ∫_{L/2} −L/2 dx [ K_ρ(∂_xθ_+)^2 + K^{−1}_ρ (∂_xϕ_+)^2 ]

+ v 2π ∫_{L/2} −L/2 dx [ K_ρ(∂_xθ_−)^2 + K^{−1}_ρ (∂_xϕ_−)^2 ]

− Δ_P (2πa) ∫_{L/2} −L/2 dx sin (2θ_−) . (33)

The first line of this Hamiltonian describes gapless superconducting phase fluctuations. The second and third lines, which are decoupled from these gapless fluctuations, are identical to the Hamiltonian (17) for the proximity effect from a bulk 3D superconductor with long-ranged supercondcuting order parameter. At this point, the dimensionless coupling y = 2Δ_P a/v has RG equation dy dl = (2 − K^{−1}_ρ )y (34)

Therefore, a fermionic gap Δ_F ∼^v_{a0} (Δ_P a_0/v)^{1/(2−K−1ρ )} opens up as a result of the coupling between the wires.

The single wire model, however, does not exhibit Majorana degeneracy without fine tuning of the electrostatic potential. Semiclassically, this is because the moduli space of low energy field configurations (i.e. those where θ_− is pinned) has only one connected component. Naively, the Δ_P sin( √ 2θ_ρ − 2θ) term might lead one to expect two connected components, corresponding to the two minima θ = θ_ρ√ 2 −^{3π}_4 ,^{θρ√}_2 −^{7π}_4 . However, these are in fact connected in the θ_ρ, θ moduli space. One can interpolate from one to the other by winding √ 2θ_ρ → √ 2θ_ρ + 2π and simultaneously winding θ half as fast, so that θ → θ + π. θ_− remains pinned throughout the interpolation, but the two vacua are exchanged. Therefore, there is no potential barrier; the field θ_ρ/ √ 2 + θ is free to fluctuate along a flat direction of the potential between these two points. Consequently, there is just a single vacuum, not two degenerate states. This reflects the conservation of charge: when θ_ρ/ √ 2 + θ has large fluctuations, the total charge is fixed.

IV. TWO MAJORANA WIRES

As discussed in the introduction and as we saw in the previous section, if the electron number is fixed then states with different electron numbers will not be degenerate without finetuning. However, if we have two semiconducting wires coupled to the same superconducting wire, there there will be two degenerate states of the system for any fixed total charge. These states correspond to even or odd electron numbers in each semiconducting wire, with a constraint that the sum of the parities of the two wires must equal the parity of the total electron number. Let us analyze this setup in more detail. The Hamiltonian for such a system takes the form:

H_{2 wires} = ∫_{−L/2+ℓ} −L/2 dx ( v_1 2π [ K_1(∂_xθ_1)^2 + K^{−1}_1 (∂_xϕ_1)^2 ]

− Δ_{P 1} (2πa) sin( √ 2θ_ρ − 2θ_1) )

+ ∫_{L/2} L/2−ℓ dx ( v_2 2π [ K_2(∂_xθ_1)^2 + K^{−1}_2 (∂_xϕ_1)^2 ]

− Δ_{P 2} (2πa) sin( √ 2θ_ρ − 2θ_2) )

+ ∫_{L/2} −L/2 dx v_ρ 2π [ K_ρ(∂_xθ_ρ)^2 + K^{−1}_ρ (∂_xϕ_ρ)^2 ] (35)

The first two lines are the Hamiltonian for the first semiconducting wire, of length ℓ ≪ L and its Josephson coupling to the superconducting wire of length L. The third and fourth lines are the analogous terms for the second semiconducting wire. The final line reflects the charge degrees of freedom of the Hamiltonian for a wire with power-law superconducting fluctuations. The gapped spin degrees of freedom have been integrated out. In Eq. (35) we have neglected exponentially small corrections ∝ exp[−E_g(L − 2l)/v_F ] due to tunneling between the wires, see Sec. V for details.

As in the single wire case, we introduce the fields:

θ_+(x) =^{1√}_2 θ_ρ(x)u_{12}(x) + θ_ρ(x)(1 − u_{12}(x))

+ θ_1(x)u_1(x) + θ_2(x)u_2(x)

θ_−(x) =^{1√}_2 θ_ρ(x)u_{12}(x) − θ_1(x)u_1(x) − θ_2(x)u_2(x) (36)

where u_1(x) = 1 for −L/2 ≤ x ≤ −L/2 + ℓ and u_1(x) = 0 otherwise; u_2(x) = u(−x); and u_{12}(x) = u_1(x) + u_2(x). The field θ_−(x) is only defined for L/2 − ℓ ≤ |x| ≤ L/2. Then, for v_1 = v_2 = v_ρ = v and K_1 = K_2 = 2K_ρ = K, the Hamiltonian takes the form:

H_{2 wires} = ∫_{L/2} −L/2 dx ( u_{12}(x) v 2π [ K_ρ(∂_xθ_−)^2 + K^{−1}_ρ (∂_xϕ_−)^2 ] +^1_{(2πa)} (Δ_{P 1}u_1(x) + Δ_{P 2}u_2(x)) sin(2θ_−) + v 2π [ K_ρ(∂_xθ_+)^2 + K^{−1}_ρ (∂_xϕ_+)^2 ] ) (37)

Naively, this Hamiltonian has four semi-classical ground states: θ_−(x) = φ_1u_1(x) + φ_2u_2(x), with φ_{1,2} = 3π 4 ,^{7π}_4 . However, by acting with (−1)^{N (1)F} , (−1)^{N (2)F} , and (−1)^{N (1)F +N (2)F} on any one of these states, we can obtain the other three. Thus, we can form two quantum superpositions of these states with (−1)^{N (1)F +N (2)F} = 1 and two with (−1)^{N (1)F +N (2)F} = −1. If we fix the total electron number, then one of these two sets will be allowed.

The argument which led us to conclude that a single nanowire has no ground state degeneracy now shows that the two wire system (35) at fixed electron number has two (nearly) degenerate ground states. There are two connected components in the moduli space of low energy field configurations. Here there is no electrostatic potential breaking the exponentially small degeneracy; the leading contributions instead come from instantons, as we shall see below. To see this, note first that θ_1 and θ_2 can be pinned to either^{θρ√}_2 −^{3π}_4 or^{θρ√}_2 −^{7π}_4 , naively leading to four semiclassical ground states. However, as above, one can wind √ 2θ_ρ → √ 2θ_ρ + 2π, thus connecting the ground state (φ_1, φ_2) = (^{3π}_4 ,^{3π}_4 ) with (^{7π}_4 ,^{7π}_4 ), and (^{3π}_4 ,^{7π}_4 ) with (^{7π}_4 ,^{3π}_4 ). These two equivalence classes cannot be connected to each other, however, since that would require winding √ 2θ_ρ by 2π on only one half of the system, leading to an unwanted monopole in the √ 2θ_ρ field.

Note that there are no bulk operators local in the fermion variables which can distinguish the two nearly degenerate states. This is because all local terms on, say, wire 1 must be periodic in 2θ_1; a term that distinguishes the two ground states must necessarily be odd under θ_1 → θ_1 + π. Also, our analysis was 2 wires. A similar analysis for N wires in series, coupled to the same superconducting wire, produces a degeneracy of 2^{N−1}. The ground states correspond to semiclassical vacua (^{3π}_4 +n_1π,^{3π}_4 +n_2π, . . . ,^{3π}_4 +n_N π), where n_i = 0, 1, subject to the condition that the state (n_1, n_2, . . . , n_N ) ≡ (n_1 + 1, n_2 + 1, . . . , n_N + 1).

As in the proximity induced case, we can determine the splitting for two wires via an instanton analysis. According to (37), at the soluble point θ_+ decouples, leaving a pinned θ_− field on each wire. To tunnel between the two vacua, we need to tunnel from θ_− =^{3π}_4 to θ_− =^{7π}_4 along a single length ℓ wire, say wire 1. The instanton analysis proceeds exactly as that of the proximity induced case, leading to a splitting δE ∼ exp ( − √ K_ρ^ℓ_ξ ) . As we discuss in the next section, there is a finite region in parameter space around the soluble point where a similar analysis applies, resulting again in a splitting exponentially small in ℓ.

V. PERTURBATIONS ABOUT THE SOLUBLE POINT

We now show that the Majorana degeneracy is stable by considering all possible perturbations around the soluble point. The perturbations come in two varieties. First, there are exponentially small pair hopping terms which involve electrons in different semiconductor nanowires. Secondly, there are couplings between the semiconducting and superconducting wires which we have not included in our initial model (35). Thirdly, there are shifts of the parameters which take us away from the point K_1 = K_2 = 2K_ρ, v_1 = v_2 = v_ρ. As we will see, the former can be accounted for with the latter.

First, we derive an effective action for interwire pair hopping, starting with the following microscopic model:

H_t = t_1 ∑ σ ∫_{−L/2+ℓ} −L/2 dx_1(ψ^†_{1σ} (x_1)η_σ (x_1) + h.c.)

+ t_2 ∑ σ ∫_{L/2} L/2−ℓ dx_2(ψ^†_{2σ} (x_2)η_σ (x_2) + h.c.). (38)

At second order of perturbation theory in t, one obtains cross terms proportional to t_1t_2. These exponentially small terms were neglected in Eq. (35). Now we take them into account and study their effect on the degeneracy splitting. Consider Euclidean action proportional to t_1t_2

S^{(12)}_t = −2t_1t_2 ∫ dτ_1 ∫ dτ_2 ∫_{−L/2+ℓ} −L/2 dx_1 ∫_{L/2} L/2−ℓ dx_2 × ( ψ^†_{1↑}(1)ψ^†_{2↓}(2)η_↓(1)η_↓(2) + c.c. ) (39)

Bosonizing the action S^{(12)}_t and integrating out the massive spin fields, one arrives at

S^{(12)}_t =

−2t_1t_2αp_F √ (αp_F )^2 + V^2_x ∫ dτ_1 ∫ dτ_2 ∫_{−L/2+ℓ} −L/2 dx_1 ∫_{L/2} L/2−ℓ dx_2 × cos ( ϕ_ρ(1)−ϕ_ρ(2) √ 2 ) sin ( θ_ρ(1)+θ_ρ(2) √ 2 −θ(1)−θ(2) )

× a (2πa)^2 exp [ −E_g √ (τ_1 −τ_2)^2 +^{(x1−x2)2}_{v2F} ] √ (x_1 −x_2)^2 +v^2_F (τ_1 −τ_2)^2

(40)

The dominant contribution to the integral over τ_1 − τ_2 comes from short times (|τ_1 −τ_2| ≪ (L−2ℓ)/v_F ) and can be approximately carried out. The remaining spatial integral is peaked at x_{1/2} = ±(L/2 − ℓ), and the action can approximately written as

S^{(12)}_t ∝

−t_1t_2 E_g e^{− Egv}F^{(L−2ℓ)} αp_F √ (αp_F )^2 +V^2_x

(41) × ∫ dτ cos ( ϕ_ρ(−x_0, τ)−ϕ_ρ(x_0, τ) √ 2 )

× sin ( θ_ρ(−x_0, τ)+θ_ρ(x_0, τ) √ 2 −θ(−x_0, τ)−θ(x_0, τ) )

with x_0 = L/2 − ℓ. In fermionic language, the above expression has a very clear physical interpretation: it corresponds to the Josephson coupling between the ends of the two wires. Assuming that E_g /v(L − 2ℓ) ≫ 1 this term is exponentially small and can be neglected.

We now consider interactions between semiconductor and superconductor wires. We assume that because of the Fermi momenta mismatch in these two systems, one can neglect interactions between the charge and spin-densities at 2k^{SC}_F in the superconductor and the corresponding densities at 2k^{SM}_F in the semiconducting nanowire since these interactions will be oscillatory. We will now write down all possible operators couplings between the superconductor and the semiconductor and generate all allowed terms preserving U(1) symmetry. For the superconductor, the charge and spin-density operators are given by

O_ρ = ψ^†_↑ψ_↑ + ψ^†_↓ψ_↓ = − √ 2 π ∂_xϕ_ρ (42)

O^z_σ = ψ^†_↑ψ_↑ − ψ^†_↓ψ_↓ = − √ 2 π ∂_xϕ_σ (43) O^y_σ=−i(ψ^†_↑ψ_↓ −ψ^†_↓ψ_↑)= −2 πa sin( √ 2θ_σ ) cos( √ 2ϕ_σ ) (44)

O^x_σ=ψ^†_↑ψ_↓ +ψ^†_↓ψ_↑ = 2 πa cos( √ 2θ_σ ) cos( √ 2ϕ_σ ), (45)

and the singlet and triplet superconducting pairing operators read

O_{SS} = ψ^†_↑ψ^†_↓ − ψ^†_↓ψ^†_↑ = 1 πa e^{−i√2θρ} cos( √ 2ϕ_σ ) (46)

O^x_{TS} = ψ^†_↑ψ^†_↑ + ψ^†_↓ψ^†_↓ = 1 πa e^{−i√2θρ} cos( √ 2θ_σ ) (47)

O^y_{TS} = −i(ψ^†_↑ψ^†_↑ − ψ^†_↓ψ^†_↓) = −1 πa e^{−i√2θρ} sin( √ 2θ_σ ) (48)

O^z_{TS} = 0, (49)

where SS and TS denote triplet and singlet pairing. We now write down these operators for the semiconductor nanowire. Because of the large Zeeman gap, we perform projection to the lowest subband as explained in Sec. II. The charge- and spin-density operators in the semiconductor now become

O_ρ = n_R + n_L = − 1 π ∂_xϕ (50)

O^z_σ = 0 (51)

O^y_σ = αp_F √ V^2_x + α^2p^2_F

(n_R −n_L)= ∂_xθ π αp_F √ V^2_x + α^2p^2_F

(52)

O^x_σ = −V_x √ V^2_x + α^2p^2_F

(n_R +n_L) = ∂_xϕ π V_x √ V^2_x +α^2p^2_F

, (53)

and the superconducting pairing operators read

O_{SS} = iαp_F √ V^2_x +α^2p^2_F c^†_Rc^†_L = iαp_F √ V^2_x +α^2p^2_F e^{−2iθ} πa (54)

O^x_{TS} = 0 (55) O^y_{TS} = 0 (56) O^z_{TS} = 0. (57)

Given these operators, one can construct all possible coupling terms between the superconductor and the semiconductor. In addition to the pair-hopping term, which is essential for our proposal to work and was already included in our model (31) one can have additional couplings which represent various density-density interactions

H_1 = V_{ρρ} ∫ dx∂_xϕ_ρ ∂_xϕ, (58) H_2 = V^{(x)}_{σσ} ∫ dx a sin( √ 2θ_σ ) cos( √ 2ϕ_σ )∂_xϕ, (59)

H_3 = V^{(y)}_{σσ} ∫ dx a sin( √ 2θ_σ ) cos( √ 2ϕ_σ )∂_xθ. (60)

The first term above describes the charge density-density interaction between the wires whereas the Hamiltonians in the second and third lines correspond to spin-spin interactions. The couplings between current fluctuations are similar in form to the density-density interactions and have been have not been included explicitly because their analysis is so similar. Assuming that |V^{(x,y)}_{σσ} | are small compared to |U| in Eq. (27), the terms (59) and (60) can be dropped because the field ϕ_σ orders and θ_σ is disordered. Thus, the only coupling that is relevant in the present setup is H_1 (58). We show below that this quadratic term does not affect the stability of the Majorana modes.

Therefore, a general perturbation is described by the following Euclidean action:

S^{(E)}_{2 wires} =

∫_− L_{2 +ℓ}

−^L_2 dx ∫ dτ ( K_1 2πv_1 [ (∂_τ θ_1)^2 + v^2_1 (∂_xθ_1)^2 ]

+ Δ_{P 1} 2πξ sin( √ 2θ_ρ − 2θ_1) + V^{(1)}_{ρρ} (∂_τ θ_ρ)(∂_τ θ_1) )

+ ∫ L_2 L 2 −ℓ dx ∫ dτ ( K_2 2πv_2 [ (∂_τ θ_2)^2 + v^2 (∂_xθ_2)^2 ]

+ Δ_{P 2} 2πξ sin( √ 2θ_ρ − 2θ_2) + V^{(2)}_{ρρ} (∂_τ θ_ρ)(∂_τ θ_2) )

+ ∫ L_2 −^L_2 dx ∫ dτ ( K_ρ 2πv_ρ [ (∂_τ θ_ρ)^2 + v^2_ρ (∂_xθ_ρ)^2 ] )

(61)

We re-write this action in terms of the new fields θ_+, θ_− defined in (36). Up to local terms proportional to δ(x±(^L_2 −ℓ)), which we drop because they will contribute negligibly to the bulk instanton action, we obtain

S^{(E)}_{2 wires} =

∫_− L_{2 +ℓ}

−^L_2 dx ∫ dτ [ A^{(1)}_τ (∂_τ θ_+)^2 + A^{(1)}_x (∂_xθ_+)^2

+ B^{(1)}_τ (∂_τ θ_−)^2 + A^{(1)}_x (∂_xθ_−)^2 +

Δ_{P 1} 2πξ sin(2θ_−)

+ C^{(1)}_τ (∂_τ θ_+)(∂_τ θ_−) + C^{(1)}_x (∂_xθ_+)(∂_xθ_−) ]

+ ∫ L_2 L 2 −ℓ dx ∫ dτ [ 1 → 2 ]

+ ∫ L_{2 −ℓ} −^L_2 +ℓ dx ∫ dτ [ K_ρ 2πv_ρ (∂_τ θ_+)^2 + K_ρv_ρ 2π (∂_xθ_+)^2 ]

(62)

where A^{(1)}τ =^{K1}_{8πv1} +^{Kρ}_{4πvρ} +^{V (1)ρρ}_2^√_2 , A^{(1)}x =^{K1v1}_{8π} +^{Kρvρ}_{4π} ,

B^{(1)}_τ =^{K1}_{8πv1} +^{Kρ}_{4πvρ} −^{V (1)ρρ}_2^√_2 , C^{(1)}_τ =^{Kρ}_{2πvρ} −^{K1}_{4πv1} , C^{(1)}_x = K_ρv_ρ 2π −^{K1v1}_{4π} , and similarly with 1 replaced by 2. We see that in the general case θ_+ does not decouple. However, its action is still quadratic, so we can integrate it out exactly. We generate the following terms. On wire 1 we have

δS^{(1)} = ∫ dω dk 2(C^{(1)}_τ )^2ω^4 A^{(1)}τ ω^2 + A^{(1)}x k^2 θ^2_− + ∫ dω dk 2(C^{(1)}_x )^2k^4 A^{(1)}_τ ω^2 + A^{(1)}_x k^2 θ^2_− (63)

We obtain an analogous expression for δS^{(2)}. We also obtain the following bilinear which couples wires 1 and 2:

δS^{(12)} = ∫ dτ_1 dτ_2 dx_1 dx_2 [ C^{(1)}_τ C^{(2)}_τ (∂_{τ1} ∂_{τ2} ⟨θ_+(1)θ_+(2)⟩) (∂_τ θ_−(1))(∂_τ θ_−(2))

+ C^{(1)}_x C^{(2)}_x (∂_{x1} ∂_{x2} ⟨θ_+(1)θ_+(2)⟩) (∂_xθ_−(1))(∂_xθ_−(2)) ]

(64)

Here ⟨θ_+(1)θ_+(2)⟩ is the θ_+ two point function between wires 1 and 2.

Suppose now that the coupling δS^{(12)} were absent. Then, as in the instanton analysis of the proximity induced case, we could conclude that the lowest action instanton is translationally invariant on 1 and 2 separately; taking k = 0 in (63) just gives a renormalization of the kinetic term of the θ^{(1)}_− center of mass mode, and similarly for δS^{(2)}. We are interested in an instanton that tunnels from θ_− =^{3π}_4 to θ_− =^{7π}_4 on wire 1, and remains in the same vacuum on wire 2. In the present context, with δS^{(12)} absent, such an instanton has the same form as that obtained in the proximity induced case on wire 1, and is simply constant on wire 2. According to that analysis, it leads to a splitting δE ∝ exp(−c^ℓ_ξ ).

Now put back δS^{(12)}. We will show that the change in the instanton (and the change in its action) is of order^ξ_{L−2ℓ} , and thus negligibly small when L − 2ℓ ≫ ξ. To de-clutter the following argument, we set all velocities equal to 1, set all dimensionless constants equal to 1, and let ⃗r = (x, τ). The action is then

S = ∫ 1 and 2 dτdx [ (∇θ_−)^2 + 1 ξ^2 sin(2θ_−) ] +δS^{(1)}+δS^{(2)} + ∫ d⃗r_1d⃗r_2 [ f(⃗r_2 − ⃗r_1)(∂_τ θ_−(⃗r_1))(∂_τ θ_−(⃗r_2))

+ g(⃗r_2 − ⃗r_1)(∂_xθ_−(⃗r_1))(∂_τ θ_−(⃗r_2)) ] (65)

where

f(⃗r_2 − ⃗r_1) = ∂_{τ1} ∂_{τ2} ⟨θ_+(⃗r_1)θ_+(⃗r_2)⟩ g(⃗r_2 − ⃗r_1) = ∂_{x1} ∂_{x2} ⟨θ_+(⃗r_1)θ_+(⃗r_2)⟩ (66)

We do not need the precise forms of f and g; rather, all we use is the fact that |∇f(⃗r_2 − ⃗r_1)| <^{c′}_{(L−2ℓ)3} for some constant c^′, whenever x_2 − x_1 > L − 2ℓ, a condition that is always satisfied in (65), and a similar condition for g. Let us start with the instanton solution discussed above, i.e. the one that minimizes the action with δS^{(12)} absent and tunnels between the two vacua only on wire 1, while staying constant in one of the vacua on wire 2 . We plug it into (65) and vary with respect to θ_−(⃗r_2) to obtain

∇^2θ_−(⃗r_2) = 2 ξ^2 cos(2θ_−(⃗r_2)) + δS^{(⃗r2)} δθ_−(⃗r_2)

+ h(⃗r_2) (67) where

h(⃗r_2) = π ∫ d⃗r_1 δ(τ_1)∂_τ f(⃗r_2 − ⃗r_1) (68)

is sourced by the instanton on 1, which, because it varies on a time scale ξ^{−1} can be taken to be πδ(τ_1) for the purposes of this calculation. From (68) and the previous bound on |∇f| we see that |h(⃗r_2)| <^{c′ℓ}_{(L−2ℓ)3} . The key point now is that the dimensionful quantity h(⃗r_2) is smaller than^1_{ξ2} by a factor

of ϵ^2 =^{c′ℓξ2}_{(L−2ℓ)3} ≪ 1. Thus the inclusion of h(⃗r_2) in (67) causes θ_−(⃗r_2) to deviate from its zeroth order solution only by an amount order ϵ. This is the first step in a perturbative expansion in ϵ which shows that the inclusion of δS^{(12)} causes only a small change, of order ϵ, in the instanton and its action.

Our analysis did not require 2K_ρ − K to be small since we were able to integrate out θ_+ exactly regardless of their values. Therefore, so long as^1_2 K^{−1}_ρ + K^{−1} < 2, which implies that Δ_P is relevant and generates a coherence length ξ, the instanton argument is still valid and leads to a splitting δE ∝ exp(−c^ℓ_ξ ). Thus, the Majorana degeneracy is stable over this entire region of the phase diagram, which includes more physically-interesting values than the soluble point.

VI. DISCUSSION

Our methods should be generalizable to multi-band semiconducting wires [27–31]. They should also apply to a wider array of systems. The superconducting wire need not be an additional separate wire. For instance, suppose the semiconducting wire is coated with a thin superconducting film. Though the superconductor is not a separate wire, it can be modeled as one. Indeed this may be the easiest way to make a complex network of wires (especially a three-dimensional network) which is in contact with a superconductor. However, such an architecture will necessarily be, at best, an algebraically-ordered superconductor (except, perhaps, at the lowest temperatures, at which the coupling between wires causes a crossover to 3D superconductivity). Therefore, it is significant that our results show that such a network supports Majorana fermion zero modes.

As another example, consider a semiconducting wire which is near a superconducting grain (as in a model of quasi-1D wires in LAO/STO interfaces[23]). If the linear size of the grain, r, is smaller than the superconducting coherence length, ξ, then we can treat the grain as a zero-dimensional system. Suppose that the wire also has length r. Then the Hamiltonian for the wire coupled to the grain is simply (1) with ϕ independent of position i but dependent on time. There will also be a charging energy U(N − N_0)^2 which causes ϕ to fluctuate. There will be no long-ranged order in the superconducting grain, but it can still induce a single-fermion gap in the semiconducting wire. Of course, if the wire has length L ≫ ξ, then the grain will only change the behavior of a short section of the wire, and the two ends of this section will be relatively close to each other. But if the wire passes near many such grains, then they can induce a single-fermion gap in the wire. If the coupling between the grains is small compared to their charging energies, then, in the long-wavelength limit, the grains will develop algebraic order. The superconducting grains can be modeled by a superconducting wire, and this situation can be modeled with the Hamiltonian of Section III, but with a very small velocity [32]. If there is ohmic dissipation, then the grains may not even have power-law superconducting order but may have exponentially-decaying superconducting correlations.

In fact, we will have Majorana zero modes in a system with exponentially-decaying superconducting correlations if we simply take our model to finite temperature. Then, the θ_+ field in Eq. (37) will have exponentially-decaying correlations, with a correlation length inversely proportional to the temperature. The θ_− field will still be pinned to a minimum of the potential, but it will be possible for the system to be thermally-excited over the barrier from one minimum to the other. Therefore, if Δ_F is the bulk single-fermion gap, the coherence time for a Majorana qubit will be ∼ e^{−ΔF /T} , just as if there were long-ranged superconducting order. Similar considerations should apply to two-dimensional structures in which superconductivity is induced via the proximity effect to stabilize a phase with Ising anyons [33–37]. If the superconductivity is disordered by quantum or thermal fluctuations, but the single-particle gap remains, then the Majorana fermion zero modes associated with the Ising anyons could survive. Of course, there is nothing surprising about having protected Majorana zero modes in a system with no long-range order or even algebraic order, since this is precisely the case with any true topological phase of matter, as in the examples mentioned in the introduction. However, the particular route which we have found to such a system is new and interesting.

In this paper, we have shown that a gapless system can be just as good as a fully-gapped one at supporting protected Majorana fermion zero modes. It is an interesting open question whether a gapless system might be capable of supporting protected degrees of freedom which are ruled out in fully-gapped 1D systems [38–40].

Acknowledgments

We would like to thank Leon Balents, Meng Cheng, Paul Fendley, Matthew Fisher, Steve Kivelson, and Jeremy Levy for discussions. C.N. is supported by the DARPA QuEST program and the AFOSR under grant FA9550-10-1-0524.

[1] A. Y. Kitaev, Physics Uspekhi 44, 131 (2001), arXiv:condmat/0010440.

[2] R. M. Lutchyn, J. D. Sau, and S. Das Sarma, Physical Review

Letters 105, 077001 (2010), 1002.4033.

[3] Y. Oreg, G. Refael, and F. von Oppen, Physical Review Letters 105, 177002 (2010), 1003.1145.

[4] J. Alicea, Y. Oreg, G. Refael, F. von Oppen, and M. P. A. Fisher, Nature Physics 7, 412 (2011), 1006.4395.

[5] J. D. Sau, S. Tewari, and S. Das Sarma, Phys. Rev. A 82, 052322 (2010).

[6] F. Hassler, A. R. Akhmerov, C.-Y. Hou, and C. W. J. Beenakker, New Journal of Physics 12, 125002 (2010), 1005.3423.

[7] P. Bonderson and R. M. Lutchyn, Physical Review Letters 106, 130505 (2011), 1011.1784.

[8] G. Moore and N. Read, Nucl. Phys. B 360, 362 (1991). [9] C. Nayak and F. Wilczek, Nucl. Phys. B 479, 529 (1996). [10] N. Read and E. Rezayi, Phys. Rev. B 54, 16864 (1996), condmat/9609079.

[11] S.-S. Lee, S. Ryu, C. Nayak, and M. P. A. Fisher, Phys. Rev.

Lett. 99, 236807 (2007), arXiv:0707.0478.

[12] M. Levin, B. I. Halperin, and B. Rosenow, Phys. Rev. Lett. 99, 236806 (2007), arXiv:0707.0483.

[13] A. Y. Kitaev, Ann. Phys. (N.Y.) 321, 2 (2006), condmat/0506438.

[14] S. Gangadharaiah, B. Braunecker, P. Simon, and D. Loss, Majorana edge states in interacting one-dimensional systems, arXiv:1101.0094.

[15] E. Sela, A. Altland, and A. Rosch, Majorana Fermions in Strongly Interacting Helical Liquids, arXiv:1103.4969.

[16] E. M. Stoudenmire, J. Alicea, O. A. Starykh, and M. P. A.

Fisher, Interaction Effects in Topological Superconducting Wires Supporting Majorana Fermions, arXiv:1104.5493.

[17] R. M. Lutchyn and M. P. A. Fisher, Interacting topological phases in multiband nanowires, arXiv:1104.2358.

[18] P. Bonderson, A. E. Feiguin, and C. Nayak, Phys. Rev. Lett.

106, 186802 (2011).

[19] V. J. Emery, S. A. Kivelson, and O. Zachar, Phys. Rev. B 56, 6120 (1997), arXiv:cond-mat/9610094.

[20] V. J. Emery, S. A. Kivelson, and O. Zachar, Phys. Rev. B 59, 15641 (1999), arXiv:cond-mat/9810155.

[21] C. Cen, D. F. Bogorin, C. W. Bark, C. M. Folkman, C.-B. Eom, and J. Levy, Cooper pair writing at the LaAlO3/SrTiO3 interface, unpublished.

[22] A. D. Caviglia, M. Gabay, S. Gariglio, N. Reyren, C. Cancellieri, and J.-M. Triscone, Phys. Rev. Lett. 104, 126803 (2010).

[23] L. Fidkowski, H. Jiang, R. Lutchyn, and C. Nayak, in preparation.

[24] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das Sarma, Rev. Mod. Phys. 80, 1083 (2008), arXiv:0707.1889.

[25] S. Coleman, Aspects of Symmetry (Cambridge University Press, 1985).

[26] T. Giamarchi, Quantum physics in one dimension (Oxford University Press, 2004).

[27] R. M. Lutchyn, T. D. Stanescu, and S. Das Sarma, Physical Review Letters 106, 127001 (2011), 1008.0629.

[28] A. C. Potter and P. A. Lee, Physical Review Letters 105, 227003 (2010), 1007.4569.

[29] A. C. Potter and P. A. Lee, Phys. Rev. B 83, 094525 (2011), 1011.6371.

[30] M. Wimmer, A. R. Akhmerov, M. V. Medvedyeva, J. Tworzydło, and C. W. J. Beenakker, Phys. Rev. Lett. 105, 046803 (2010).

[31] L. Mao, M. Gong, E. Dumitrescu, S. Tewari, and C. Zhang, ArXiv e-prints (2011), 1105.3483.

[32] L. I. Glazman and A. I. Larkin, Phys. Rev. Lett. 79, 3736 (1997).

[33] L. Fu and C. L. Kane, Physical Review Letters 100, 096407 (2008), 0707.1692.

[34] J. D. Sau, R. M. Lutchyn, S. Tewari, and S. Das Sarma, Physical Review Letters 104, 040502 (2010), 0907.2239.

[35] J. D. Sau, S. Tewari, R. M. Lutchyn, T. D. Stanescu, and S. Das Sarma, Phys. Rev. B 82, 214509 (2010).

[36] J. Alicea, Phys. Rev. B 81, 125318 (2010).

[37] X.-L. Qi, T. L. Hughes, and S.-C. Zhang, Phys. Rev. B 82, 184516 (2010).

[38] L. Fidkowski and A. Kitaev, Phys. Rev. B 83, 075103 (2011), 1008.4138.

[39] A. M. Turner, F. Pollmann, and E. Berg, Phys. Rev. B 83, 075102 (2011), 1008.4346.

[40] X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 83, 035107 (2011), 1008.3745.