arXiv:1106.3261v4 [math-ph] 23 Oct 2012

LAGRANGIAN-HAMILTONIAN UNIFIED FORMALISM FOR AUTONOMOUS HIGHER-ORDER DYNAMICAL SYSTEMS

Pedro Daniel Prieto-Martínez^∗ Narciso Román-Roy^†

Departamento de Matemática Aplicada IV. Edificio C-3, Campus Norte UPC C/ Jordi Girona 1. 08034 Barcelona. Spain

October 24, 2012

Abstract

The Lagrangian-Hamiltonian unified formalism of R. Skinner and R. Rusk was originally stated for autonomous dynamical systems in classical mechanics. It has been generalized for non-autonomous first-order mechanical systems, as well as for first-order and higher-order field theories. However, a complete generalization to higher-order mechanical systems has yet to be described. In this work, after reviewing the natural geometrical setting and the Lagrangian and Hamiltonian formalisms for higher-order autonomous mechanical systems, we develop a complete generalization of the Lagrangian-Hamiltonian unified formalism for these kinds of systems, and we use it to analyze some physical models from this new point of view.

Key words: Higher-order systems, Lagrangian and Hamiltonian formalisms, Symplectic and presymplectic manifolds.

AMS s. c. (2000): 70H50, 53C80, 53C15

∗e-mail: peredaniel@ma4.upc.edu †e-mail: nrr@ma4.upc.edu

Contents

1 Introduction 2

2 Higher-order dynamical systems 4 2.1 Geometric structures of higher-order tangent bundles . . . . . . . . . . . . . . . . 4 2.1.1 Higher-order tangent bundles . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.1.2 Higher-order canonical vector fields. Vertical endomorphisms and almosttangent structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.1.3 Vertical derivations and differentials. Tulczyjew’s derivation . . . . . . . . 7 2.1.4 Higher-order semisprays . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2 Lagrangian formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.3 Hamiltonian formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Skinner-Rusk unified formalism 14 3.1 Unified phase space. Geometric and dynamical structures . . . . . . . . . . . . . 14 3.2 Dynamical vector fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.2.1 Dynamics in W = T^{2k−1}Q ×_Tk−1_Q T^∗(T^{k−1}Q) . . . . . . . . . . . . . . . . 16 3.2.2 Dynamics in T^{2k−1}Q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.2.3 Dynamics in T^∗(T^{k−1}Q) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.3 Integral curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4 Examples 25 4.1 The Pais-Uhlenbeck oscillator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.2 The second-order relativistic particle . . . . . . . . . . . . . . . . . . . . . . . . . 29

5 Conclusions and outlook 33

1 Introduction

In recent decades, a strong development in the intrinsic study of a wide variety of topics in theoretical physics, control theory and applied mathematics has been done, using methods of differential geometry. Thus, the intrinsic formulation of Lagrangian and Hamilonian formalisms has been developed both for autonomous and non-autonomous systems. This study has been carried out mainly for first-order dynamical systems; that is, those whose Lagrangian or Hamiltonian functions depend on the generalized coordinates of position and velocity (or momentum). From the geometric point of view, this means that the phase space of the system is in most cases the tangent or cotangent bundle of the smooth manifold representing the configuration space.

However, there are a significant number of relevant systems in which the dynamics have explicit dependence on accelerations or higher-order derivatives of the generalized coordinates of position. These systems, usually called higher-order dynamical systems, can be modeled geometrically using higher-order tangent bundles [17]. These models are typical of theoretical physics; for example those describing the interaction of relativistic particles with spin, string theories from Polyakov and others, Hilbert’s Lagrangian for gravitation or Podolsky’s generalization of electromagnetism (see [8] and references cited there). They also appear in a natural way in numerical models arising from the discretization of first-order dynamical systems that preserve their inherent geometric structures [16]. There are a lot of works devoted to the development of the formalism of these kinds of theories and their application to many models in mechanics and field theory (see, for instance, [2], [3], [4], [7], [9], [12], [20], [25], [26], [35], [37], [38]).

Furthermore, a generalization of the Lagrangian and Hamiltonian formalisms exists that compresses them into a single formalism. This is the so-called Lagrangian-Hamiltonian unified formalism, or Skinner-Rusk formalism due to the authors’ names of the original paper. It was originally developed for first-order autonomous mechanical systems [39], and later generalized to non-autonomous dynamical systems [6, 14], control systems [5], first-order classical field theories [15, 18] and, more recently, to higher-order classical field theories [10, 41]. Nevertheless, although the geometrization of both higher-order Lagrangian and Hamiltonian formalisms was already developed for autonomous mechanical systems [11, 17, 23, 29], a complete generalization of the Skinner-Rusk formalism for higher-order mechanical systems has yet to be developed. A first attempt was outlined in [13], with the aim of providing a geometric model for studying optimal control of underactuated systems, although a deep analysis of the model and its relation with the standard Lagrangian and Hamiltonian formalisms was not performed.

Thus, the aim of this work is to provide a detailed and complete description of the Lagrangian- Hamiltonian unified formalism for higher-order autonomous mechanical systems. Our approach is different from that given in [13] (these differences are commented on Section 5).

The paper is organized as follows:

Section 2 consists of a review of the basic definitions and the geometric structures of higherorder tangent bundles, some of which are generalizations of the geometric structures of tangent bundles; namely, the canonical vector fields, the almost-tangent structures and semisprays; whereas others such as the Tulczyjew derivation are needed for developing the Lagrangian and Hamiltonian formalisms of higher-order mechanical systems, which are also described in this section. In particular, higher-order regular and singular systems are distinguished.

The main contribution of the work is found in Section 3, where the geometric formulation of the Lagrangian-Hamiltonian unified formalism for higher-order autonomous mechanical systems is described in detail, including the study of how the Lagrangian and Hamiltonian formalisms are recovered from that formalism.

Finally, in Section 4, two examples are analyzed in order to show the application of the formalism; the first is a regular system, the so-called Pais-Uhlenbeck oscillator, while the second is a singular one, the second-order relativistic particle.

The paper concludes in Section 5 with a summary of results, discussion and future research.

All the manifolds, the maps and the structures are smooth. In addition, all the dynamical systems considered are autonomous. Summation over crossed repeated indices is understood, although on some occasions the symbol of summation is written explicitly in order to avoid confusion.

2 Higher-order dynamical systems

2.1 Geometric structures of higher-order tangent bundles

(See [17, 36, 23, 24, 27] for details).

2.1.1 Higher-order tangent bundles

Let Q be a n-dimensional differentiable manifold, and k ∈ N. The kth-order tangent bundle of Q, denoted by T^kQ, is the (k + 1)n-dimensional manifold made of the k-jets with source at 0 ∈ R and target Q; that is, T^kQ = J^k_0 (R, Q). It is a submanifold of J^k(R, Q).

We have the following canonical projections: if r ≤ k,

ρ^k_r : T^kQ −→ T^rQ , β^k : T^kQ −→ Q σ̃^k(0) −→ σ̃^r(0) , σ̃^k(0) −→ σ(0) , where σ̃^k(0) denotes a point in T^kQ; that is, the equivalence class of a curve σ : I ⊂ R → Q by the k-jet equivalence relation. Notice that ρ^k_0 = β^k, where T^0Q is canonically identified with Q, and ρ^k = Id_Tk_Q.

If (U, φ) is a local chart in Q, with φ = ( φ^A ) , 1 ≤ A ≤ n, and σ : R → Q is a curve in Q such that σ(0) ∈ U; by writing σ^A = φ^A ∘ σ, the k-jet σ̃^k(0) is given in ( β^k )_{−1} (U) = T^kU by ( q^A, q^A_1 , . . . , q^A_k ) , where q^A = σ^A(0) and q^A_i = d^iσ^A dt^i (0) (1 ≤ i ≤ k). Usually we write q^A_0 instead

of q^A, and so we have the local chart ( β^k )_{−1} (U) in T^kQ with local coordinates ( q^A_0 , q^A_1 , . . . , q^A_k ) . Local coordinates in T(T^kQ) are denoted by ( q^A_0 , q^A_1 , . . . , q^A_k ; v^A_0 , v^A_1 , . . . , v^A_k ) . Using these coordinates, the local expression of the canonical projections are ρ^k_r ( q^A_0 , q^A_1 , . . . , q^A_k ) = ( q^A_0 , q^A_1 , . . . , q^A_r ) , and then for the tangent maps Tρ^k_r : T(T^kQ) → T(T^rQ), we have the local expression Tρ^k_r ( q^A_0 , q^A_1 , . . . , q^A_k , v^A_0 , v^A_1 , . . . , v^A_k ) = ( q^A_0 , q^A_1 , . . . , q^A_r , v^A_0 , v^A_1 , . . . , v^A_r ) . If σ : R → Q is a curve in Q, the canonical lifting of σ to T^kQ is the curve σ̃^k : R → T^kQ defined as σ̃^k(t) = σ̃^k_t (0), where σ_t(s) = σ(s + t), (that is, the k-jet lifting of σ). If k = 1, we will write σ̃^1 ≡ σ̃.

Let V (ρ^k_{r−1}) be the vertical sub-bundle of T^kQ in T^{r−1}Q. In the above coordinates, for every p ∈ T^kQ and u ∈ V_p(ρ^k_{r−1}), we have that its components are u = ( 0, . . . , 0, v^A_r , . . . , v^A_k ) . Furthermore, if i_{k−r+1} : V (ρ^k_{r−1}) → T(T^kQ) is the canonical embedding, then i_{k−r+1} ( q^A_0 , . . . , q^A_k , v^A_r , . . . , v^A_k ) = ( q^A_0 , . . . , q^A_k , 0, . . . , 0, v^A_r , . . . , v^A_k ) . Consider now the induced bundle of τ_Tr−1_Q : T(T^{r−1}Q) → T^{r−1}Q by the canonical projection ρ^k_{r−1}, denoted by T^kQ ×_Tr−1_Q T(T^{r−1}Q), which is a vector bundle over T^kQ. We have the following commutative diagrams

T^kQ ×_Tr−1_Q T(T^{r−1}Q) //˙˙˙ fflfflØ Ø Ø T(T^{r−1}Q) τ_{Tr−1Q} fflffl T^kQ^ρ k r−1 // T^{r−1}Q

, T(T^kQ)^{Tρ} k r−1 // τ_{Tk Q} fflffl T(T^{r−1}Q) τ_{Tr−1Q} fflffl T^kQ^ρ k r−1 // T^{r−1}Q .

Then, there exists a unique bundle morphism s_{k−r+1} : T(T^kQ) → T^kQ ×_Tr−1_Q T(T^{r−1}Q) such that the following diagram is commutative:

T(T^kQ)

τ_{Tk Q} %%

s_{k−r+1} ((RRR

RRRR

RRRR

RR Tρ^k_{r−1} ** T^kQ ×_Tr−1_Q T(T^{r−1}Q) //˙˙˙ fflfflØ Ø Ø T(T^{r−1}Q) τ_{Tr−1Q} fflffl T^kQ^ρ k r−1 // T^{r−1}Q . It is defined by s_{k−r+1}(u) = ( τ_Tk_Q(u), Tρ^k_{r−1}(u) ) , for every u ∈ T(T^kQ). Its local expression is s_{k−r+1} ( q^A_0 , . . . , q^A_k , v^A_0 , . . . , v^A_k ) = ( q^A_0 , . . . , q^A_{r−1}, q^A_r , . . . , q^A_k , v^A_0 , . . . , v^A_{r−1} ) . As s_{k−r+1} is a surjective map and Im (i_{k−r+1}) = ker (s_{k−r+1}), we have the exact sequence

0 −→ V (ρ^k_{r−1})^{ik−r+1}−→ T(T^kQ)^{sk−r+1}−→ T^kQ ×_Tr−1_Q T(T^{r−1}Q) −→ 0 ,

which is called the (k − r + 1)-fundamental exact sequence. In local coordinates, it is given by 0 −→ ( q^A_0 , . . . , q^A_k , v^A_r , . . . , v^A_k )_{ik−r+1} −→ ( q^A_0 , . . . , q^A_k , 0, . . . , 0, v^A_r , . . . , v^A_k ) ( q^A_0 , . . . , q^A_k , v^A_0 , . . . , v^A_k )_{sk−r+1} −→ ( q^A_0 , . . . , q^A_k ; q^A_0 , . . . , q^A_{r−1}, v^A_0 , . . . , v^A_{r−1} ) −→ 0 . Thus, we have k exact sequences

1st: 0 −→ V (ρ^k_{−1})^{i1}−→ T(T^kQ)^{s1}−→ T^kQ ×_Tk−1_Q T(T^{k−1}Q) −→ 0 . . rth: 0 −→ V (ρ^k_{−r})^{ir}−→ T(T^kQ)^{sr}−→ T^kQ ×_Tk−r_Q T(T^{k−r}Q) −→ 0 . . kth: 0 −→ V (β^k)^{ik}−→ T(T^kQ)^{sk}−→ T^kQ ×_Q TQ −→ 0 , where V (β^k) ≡ V (ρ^k_0 ) denotes the vertical subbundle of T^kQ on Q. These sequences can be connected by means of the connecting maps

h_{k−r+1} : T^kQ ×_Tk−r_Q T(T^{k−r}Q) −→ V (ρ^k_{r−1})

locally defined as h_{k−r+1} ( q^A_0 , . . . , q^A_k , v^A_0 , . . . , v^A_{k−r} ) = ( q^A_0 , . . . , q^A_k , 0, . . . , 0, r! 0! v^A_0 ,

(r + 1)! 1! v^A_1 , . . . , k! (k − r)! v^A_{k−r} ) . These maps are globally well-defined and are vector bundle isomorphisms over T^kQ. Then we have the following connection between exact sequences:

0 // V (ρ^k_{−r})^{ir} // T(T^kQ)^{sr} // T^kQ ×_Tk−r_Q T(T^{k−r}Q) h_{k−r+1} gggggg gggg

ssggggg gggggg gg // 0

0 // V (ρ^k_{r−1})_{ik−r+1}// T(T^kQ)_{sk−r+1}// T^kQ ×_Tr−1_Q T(T^{r−1}Q) h_r kkWWWWWW

WWWWWW WWWWWW

WWWWWW // 0 .

2.1.2 Higher-order canonical vector fields. Vertical endomorphisms and almosttangent structures

The canonical injection is the map

j_r : T^kQ −→ T(T^{r−1}Q) σ̃^k(0) −→ γ̃(0) , (1 ≤ r ≤ k) , (1)

where γ : R −→ T^{r−1}Q t −→ γ(t) = σ̃^{r−1}_t (0) . In local coordinates j_r ( q^A_0 , . . . , q^A_k ) = ( q^A_0 , . . . , q^A_{r−1}; q^A_1 , q^A_2 , . . . , q^A_r ) . (2)

Then, the following composition allows us to define a vector field Δ_r ∈ X(T^kQ),

T^kQ^{Id×jk−r+1} //

Δ_r 22 T^kQ ×_Tk−r_Q T(T^{k−r}Q)^{hk−r+1} // V (ρ^k_{r−1})^{ik−r+1} // T(T^kQ) ;

that is, Δ_r = i_{k−r+1} ∘ h_{k−r+1} ∘ (Id × j_{k−r+1}). From the local expressions of i_{k−r+1}, h_{k−r+1} and j_{k−r+1} we obtain that Δ_r ( q^A_0 , . . . , q^A_k ) = ( q^A_0 , . . . , q^A_k , 0, . . . , 0, r! q^A_1 , (r + 1)! q^A_2 , . . . ,^{k!}_{(k−r)!} q^A_{k−r+1} ) ; or what is equivalent,

Δ_r = k−r∑ i=0 (r + i)! i! q^A_{i+1} ∂ ∂q^A_{r+i} = r! q^A_1 ∂ ∂q^A_r + (r + 1)! q^A_2 ∂ ∂q^A_{r+1} + . . . + k! (k − r)! q^A_{k−r+1} ∂ ∂q^A_k . In particular

Δ_1 = k∑ i=1 iq^A_i ∂ ∂q^A_i = k−1∑ i=0 (i + 1)q^A_{i+1} ∂ ∂q^A_{i+1} = q^A_1 ∂ ∂q^A_1 + 2q^A_2 ∂ ∂q^A_2 + . . . + kq^A_k ∂ ∂q^A_k .

Definition 1 The vector field Δ_r is the rth-canonical vector field in T^kQ. In particular, Δ_1 is called the Liouville vector field in T^kQ.

Remember that, if N is a (k + 1)n-dimensional manifold, an almost-tangent structure of order k in N is an endomorphism J in TN such that J^{k+1} = 0 and rank J = kn. Then, T^kQ is endowed with a canonical almost-tangent structure. In fact:

Definition 2 For 1 ≤ r ≤ k, let i_{k−r+1}, h_{k−r+1}, s_r be the morphisms of the fundamental exact sequences introduced above. The map

J_r = i_{k−r+1} ∘ h_{k−r+1} ∘ s_r : T(T^kQ) −→ T(T^kQ)

defined by the composition

T(T^kQ)^{sr} // J_r 22 T^kQ ×_Tk−r_Q T(T^{k−r}Q)^{hk−r+1} // V (ρ^k_{r−1})^{ik−r+1} // T(T^kQ)

is called the rth-vertical endomorphism of T(T^kQ).

From the local expressions of s_r, h_{k−r+1}, i_{k−r+1} we obtain that J_r ( q^A_0 , . . . , q^A_k , v^A_0 , . . . , v^A_k ) = ( q^A_0 , . . . , q^A_k , 0, . . . , 0, r! v^A_0 , (r + 1)! v^A_1 , . . . , k! (k − r)! v^A_{k−r} ) ;

that is, J_r = k−r∑ i=0 (r + i)! i! dq^A_i ⊗ ∂ ∂q^A_{r+i} . In particular, J_1 = k−1∑ i=0 (i + 1)dq^A_i ⊗ ∂ ∂q^A_{i+1} . The rth-vertical endomorphism J_r has constant rank (k − r + 1)n and satisfies that

(J_r)^s = { 0 if rs ⩾ k + 1 J_{rs} if rs < k .

As a consequence, the 1st-vertical endomorphism J_1 defines an almost-tangent structure of order k in T^kQ, which is called the canonical almost-tangent structure of T^kQ. Then, any other vertical endomorphism J_r is obtained by composing J_1 with itself r times. Furthermore, we have the following relation:

J_r ∘ Δ_s = { 0, if r + s ⩾ k + 1 Δ_{r+s}, if r + s < k + 1

As a consequence, starting from the Liouville vector field and the vertical endomorphisms, we can recover all the canonical vector fields. However, as all the vertical endomorphisms are obtained from J_1, we conclude that all the canonical structures in T^kQ are obtained from the Liouville vector field and the canonical almost-tangent structure.

Consider now the dual maps J^∗_r of J_r, 1 ⩽ r ⩽ k; that is, the endomorphisms in T^∗(T^kQ), and their natural extensions to the exterior algebra ⋀ (T^∗(T^kQ)) (also denoted by J^∗_r ). Their action on the set of differential forms is given by

J^∗_r ω(X_1, . . . , X_p) = ω(J_r(X_1), . . . , J_r(X_p)) ,

for ω ∈ Ω^p(T^kQ) and X_1, . . . , X_p ∈ X(T^kQ), and for every f ∈ C^∞(T^kQ) we write J^∗_r (f) = f. The endomorphism J^∗_r : Ω(T^kQ) → Ω(T^kQ), 1 ≤ r ≤ k, is called the rth-vertical operator, and it is locally given by

J^∗_r (f) = f , for every f ∈ C^∞(T^kQ)

J^∗_r (dq^A_i ) = { 0, if i < r i! (i−r)! dq A i−r, if i ≥ r .

2.1.3 Vertical derivations and differentials. Tulczyjew’s derivation

The inner contraction of the vertical endomorphisms J_r with any differential p-form ω ∈ Ω^p(T^kQ) is the p-form i(J_r)ω defined as follows: for every X_1, . . . , X_p ∈ X(T^kQ) i(Jr)ω(X1, . . . , Xp) = p∑ i=1 ω(X_1, . . . , J_r(X_i), . . . , X_p) ,

and taking i(J_r)f = 0, for every f ∈ C^∞(T^kQ), we can state:

Definition 3 The map Ω(T^kQ) −→ Ω(T^kQ) ω −→ i(J_r)ω is a derivation of degree 0 in Ω(T^kQ), which is called the rth-vertical derivation in Ω(T^kQ).

Its local expression is

i(Jr)(dq^A_i ) = { 0, if i < r i! (i−r)! dq A i−r, if i ≥ r .

Definition 4 The operator d_{Jr} = [i(J_r), d] is a skew-derivation of degree 1, which is called the rth-vertical differential.

Its local expression is given by

d_{Jr} (f) = k∑ i=r i! (i − r)! ∂f ∂q^A_i dq^A_{i−r} , for every f ∈ C^∞(T^kQ)

d_{Jr} (dq^i) = 0 .

For 1 ≤ r, s ≤ k, we have that d_{Jr} d = −dd_{Jr} .

In the set ⊕_{k⩾0}Ω(T^kQ), we can define the following equivalence relation: for ω ∈ Ω(T^kQ) and λ ∈ Ω(T^{k′} Q), ω ∼ λ ⇐⇒ { ω = (ρ^k′ )^∗(λ), if k^′ ⩽ k λ = (ρ^{k′}_k )^∗(ω), if k^′ ⩾ k . Then we consider the quotient set Ω = ⨁ k⩾0 Ω(T^kQ)/ ∼, which is a commutative graded algebra.

In this set we can define the so-called Tulczyjew’s derivation [40, 17], denoted by d_T , as follows: for every f ∈ C^∞(T^kQ) we construct the function d_T f ∈ C^∞(T^{k+1}Q) given by

(d_T f)(σ̃^{k+1}(0)) = (d_{σ̃}k_{(0)}f)(j_{k+1}(σ̃^{k+1}(0)))

where j_{k+1} : T^{k+1}Q → T(T^kQ) is the canonical injection introduced in the Section 2.1.2. From the coordinate expression for j_{k+1}, we obtain that

d_T f ( q^A_0 , . . . , q^A_{k+1} ) = k∑ i=0 q^A_{i+1} ∂f ∂q^A_i (q^A_0 , . . . , q^A_k ) .

This map d_T extends to a derivation of degree 0 in Ω and, as d_T d = dd_T , it is determined by its action on functions and by the property d_T (dq^A_i ) = dq^A_{i+1}.

Furthermore, the maps i(J_s), d_{Js} , i(Δ_s) and L(Δ_s) extend to Ω in a natural way.

2.1.4 Higher-order semisprays

Definition 5 A vector field X ∈ X(T^kQ) is a semispray of type r, 1 ≤ r ≤ k, if for every integral curve σ of X, we have that, if γ = β^k ∘ σ, then γ̃^{k−r+1} = ρ^k_{−r+1} ∘ σ (where γ̃^{k−r+1} is the canonical lifting of γ to T^{k−r+1}Q).

T^kQ ρ^k_{−r+1} fflffl

β^k

�

R σ ..

β^k∘σ ++

ρ^k_{−r+1}∘σ // ~γ^{k−r+1} ((PPP PPP PPP PPP PP T^{k−r+1}Q Id fflffl T^{k−r+1}Q β^{k−r+1} fflffl Q In particular, X ∈ X(T^kQ) is a semispray of type 1 if for every integral curve σ of X, we have that γ = β^k ∘ σ, then γ̃^k = σ.

The local expression of a semispray of type r is

X = q^A_1 ∂ ∂q^A_0 + q^A_2 ∂ ∂q^A_1 + . . . + q^A_{k−r+1} ∂ ∂q^A_{k−r} + X^A_{k−r+1} ∂ ∂q^A_{k−r+1} + . . . + X^A_k ∂ ∂q^A_k Proposition 1 The following assertions are equivalent:

1. A vector field X ∈ X(T^kQ) is a semispray of type r. 2. Tρ^k_{−r} ∘ X = j_{k−r+1}; that is, the following diagram commutes

T(T^kQ) Tρ^k_{−r} ))SSS

SSSS

SSSS SSS T^kQ X OO j_{k−r+1} // T(T^{k−r}Q) . 3. J_r(X) = Δ_r.

Obviously, every semispray of type r is a semispray of type s, for s ≥ r.

If X ∈ X(T^kQ) is a semispray of type r, a curve σ in Q is said to be a path or solution of X if σ̃^k is an integral curve of X; that is, ~σ̃^k = X ∘ σ̃^k, where ~σ̃^k denotes the canonical lifting of σ̃^k from T^kQ to T(T^kQ). Then, in coordinates, σ verifies the following system of differential equations of order k + 1: d^{k−r+2}σ^A dt^{k−r+2} = X^A_{k−r+1} ( σ, dσ dt , . . . , d^kσ dt^k )

. . d^{k+1}σ^A dt^{k+1} = X^A_k ( σ, dσ dt , . . . , d^kσ dt^k )

Observe that, taking k = 1, then r = 1 and ρ^1_{−1+1} = Id_{TQ}, we recover the definition of the holonomic vector field (sode in TQ). So, semisprays of type 1 in T^kQ are the analogue to the holonomic vector fields in TQ; that is, they are the vector fields whose integral curves are the canonical liftings to T^kQ of curves on the basis Q. Their local expressions are

X = q^A_1 ∂ ∂q^A_0 + q^A_2 ∂ ∂q^A_1 + . . . + q^A_k ∂ ∂q^A_{k−1} + X^A_k ∂ ∂q^A_k .

2.2 Lagrangian formalism

Let Q be a n-dimensional differentiable manifold and L ∈ C^∞(T^kQ). We say that L is a Lagrangian function of order k.

Definition 6 The Lagrangian 1-form θ_L ∈ Ω^1(T^{2k−1}Q), associated to L is defined as

θ_L = k∑ r=1 (−1)^{r−1} 1 r! d^{r−1}_T d_{Jr} L .

Then, the Lagrangian 2-form, ω_L ∈ Ω^2(T^{2k−1}Q), associated to L is

ω_L = −dθ_L = k∑ r=1 (−1)^r 1 r! d^{r−1}_T dd_{Jr} L .

Observe that the Lagrangian 1-form is a semibasic form of type k in T^{2k−1}Q .

We assume that ω_L has constant rank (we refer to this fact by saying that L is a geometrically admissible Lagrangian).

Definition 7 The Lagrangian energy, E_L ∈ C^∞(T^{2k−1}Q), associated to L is defined as

E_L = (_k ∑ r=1 (−1)^{r−1} 1 r! d^{r−1}_T (Δ_r(L)) ) − (ρ^{2k−1}_k )^∗L

It is usual to write L instead of (ρ^{2k−1}_k )^∗L, and we will do this in the sequel.

The coordinate expressions of these elements are

θ_L = k∑ r=1 k−r∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_{r+i} ) dq^A_{r−1} (3)

ω_L = k∑ r=1 k−r∑ i=0 (−1)^{i+1}d^i_T d ( ∂L ∂q^A_{r+i} ) ∧ dq^A_{r−1}

E_L = k∑ r=1 q^A_r k−r∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_{r+i} ) − L . (4)

Definition 8 A Lagrangian function L ∈ C^∞(T^kQ) is said to be regular if ω_L is a symplectic form. Otherwise L is a singular Lagrangian.

To say that L is a regular Lagrangian is locally equivalent to saying that the Hessian matrix ( ∂^2L ∂q^B_k ∂q^A_k ) is regular at every point of T^kQ.

Definition 9 A Lagrangian system of order k is a couple (T^{2k−1}Q, L), where Q represents the configuration space and L ∈ C^∞(T^kQ) is the Lagrangian function. It is said to be a regular (resp. singular) Lagrangian system if the Lagrangian function L is regular (resp. singular).

Thus, in the Lagrangian formalism, T^{2k−1}Q represents the phase space of the system. The dynamical trajectories of the system are the integral curves of any vector field X_L ∈ X(T^{2k−1}Q) satisfying that:

1. It is a solution to the equation i(XL)ωL = dEL (5) 2. It is a semispray of type 1 in T^{2k−1}Q.

Equation (5) is the higher-order Lagrangian equation, and a vector field X_L solution to (5) (if it exists) is called a Lagrangian vector field of order k. If, in addition, X_L satisfies condition 2, then it is called an Euler-Lagrange vector field of order k, and its integral curves on the base are solutions to the higher-order Euler-Lagrange equations.

In natural coordinates of T^{2k−1}Q, if

X_L = 2k−1∑

i=0 f^A_i ∂ ∂q^A_i = f^A_0 ∂ ∂q^A_0 + f^A_1 ∂ ∂q^A_1 + . . . + f^A_{2k−1} ∂ ∂q^A_{2k−1} , as dE_L = k∑ r=1 k−r∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_{r+i} ) dq^A_r + k∑ r=1 q^A_r k−r∑ i=0 (−1)^i k∑ j=0 d^i_T ( ∂^2L ∂q^B_j ∂q^A_{r+i} dq^B_j ) − k∑ r=0 ∂L ∂q^A_r dq^A_r ,

from (5) we obtain ( f^B_0 − q^B_1 ) ∂^2L ∂q^B_k ∂q^A_k = 0 ( f^B_1 − q^B_2 ) ∂^2L ∂q^B_k ∂q^A_k − ( f^B_0 − q^B_1 ) (· · · · · · ) = 0 . . ( f^B_{2k−2} − q^B_{2k−1} ) ∂^2L ∂q^B_k ∂q^A_k − 2k−3∑

i=0 ( f^B_i − q^B_{i+1} ) (· · · · · · ) = 0 (−1)^k ( f^B_{2k−1} − d_T ( q^B_{2k−1} )) ∂^2L ∂q^B_k ∂q^A_k + k∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_i ) − 2k−2∑

i=0 ( f^B_i − q^B_{i+1} ) (· · · · · · ) = 0 (6) where the terms in brackets (· · · · · · ) contain relations involving partial derivatives of the Lagrangian and applications of d_T , which for simplicity are not written. These are the local expressions of the Lagrangian equations for X_L.

Now, if σ : R → T^{2k−1}Q is an integral curve of X_L, from (5) we obtain that σ must satisfy the Euler-Lagrange equation i(σ̃)(ωL ∘ σ) = dEL ∘ σ , (7) where σ̃ denotes the canonical lifting of σ to T(T^{2k−1}Q); and as X_L is a semispray of type 1, we have that σ is the canonical lifting of a curve γ : R → Q to T^{2k−1}Q; that is, σ = γ̃^{2k−1}.

Now, if L ∈ C^∞(T^kQ) is a regular Lagrangian, then ω_L is a symplectic form in T^{2k−1}Q, and as a consequence we have that:

Theorem 1 Let (T^{2k−1}Q, L) be a regular Lagrangian system of order k.

1. There exists a unique X_L ∈ X(T^{2k−1}Q) which is a solution to the Lagrangian equation (5) and is a semispray of type 1 in T^{2k−1}Q.

2. If γ : R → Q is an integral curve of X_L then σ = γ̃^{2k−1} is a solution to the Euler-Lagrange equations: ∂L ∂q^0 ∘ γ̃^{2k−1} − d dt ∂L ∂q^1 ∘ γ̃^{2k−1} + d^2 dt^2 ∂L ∂q^2 ∘ γ̃^{2k−1} + . . . + (−1)^k d^k dt^k ∂L ∂q^k ∘ γ̃^{2k−1} = 0 . (8)

If L ∈ C^∞(T^kQ) is a singular Lagrangian, then ω_L is a presymplectic form, so the existence and uniqueness of solutions to the Lagrangian equation (5) is not assured, except in special cases (for instance, when ω_L is a presymplectic horizontal structure [17]). In general, in the most favourable cases, equation (5) has solutions X_L ∈ X(T^{2k−1}Q) in some submanifold S_f → T^{2k−1}Q, for which these vector fields solution are tangent. This submanifold is obtained by applying the well-known constraint algorithms (see, for instance, [22, 21, 30]). Nevertheless, these vector fields solution are not necessarily semisprays of type 1 on S_f , but only on the points of another submanifold M_f → S_f → T^{2k−1}Q (see [21, 30]). On the points of this last submanifold, the integral curves of X_L ∈ X(T^{2k−1}Q) are solutions to the Euler-Lagrange equations (8).

A detailed study of higher-order singular Lagrangian systems can be found in [23, 24].

2.3 Hamiltonian formalism

Definition 10 Let (T^{2k−1}Q, L) be a Lagrangian system. The Legendre-Ostrogradsky map (or generalized Legendre map) associated to L is the map FL: T^{2k−1}Q → T^∗(T^{k−1}Q) defined as follows: for every u ∈ T(T^{2k−1}Q),

θ_L(u) = ⟨ Tρ^{2k−1}_{k−1} (u), FL(τ_T2k−1_Q(u)) ⟩

This map verifies that π_Tk−1_Q ∘FL = ρ^{2k−1}_{k−1} , where π_Tk−1_Q : T^∗(T^{k−1}Q) → T^{k−1}Q is the natural projection. Furthermore, if θ_{k−1} ∈ Ω^1(T^∗(T^{k−1}Q) and ω_{k−1} = −dθ_{k−1} ∈ Ω^2(T^∗(T^{k−1}Q)) are the canonical 1 and 2 forms of the cotangent bundle T^∗(T^{k−1}Q), we have that FL^∗θ_{k−1} = θ_L , FL^∗ω_{k−1} = ω_L . Given a local natural chart in T^{2k−1}Q, we can define the following local functions

p̂^{r−1}_A = k−r∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_{r+i} ) . Observe that p̂^{r−1}_A − ∂L ∂q^A_r = k−r∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_{r+i} ) − ∂L ∂q^A_r = k−r∑ i=1 (−1)^id^i_T ( ∂L ∂q^A_{r+i} )

= k−r−1∑

i=0 (−1)^{i+1}d^{i+1}_T ( ∂L ∂q^A_{r+i+1} ) = −d_T k−(r+1) ∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_{(r+1)+i} ) = −d_T (p̂^r_A)

and hence p̂^{r−1}_A = ∂L ∂q^A_r − d_T (p̂^r_A) , 1 ≤ r ≤ k − 1 . (9)

Thus, bearing in mind the local expression (3) of the form θ_L, we can write θ_L = ∑_k r=1 p̂^{r−1}_A dq^A_{r−1}, and we obtain that the expression in natural coordinates of the map FL is FL ( q^A_0 , q^A_1 , . . . , q^A_{2k−1} ) = ( q^A_0 , q^A_1 , . . . , q^A_{k−1}, p^0_A, p^1_A, . . . , p^{k−1}_A ) , with p^i_A ∘ FL = p̂^i_A .

L is a regular Lagrangian if, and only if, FL : T^{2k−1}Q → T^∗(T^{k−1}Q) is a local diffeomorphism.

As a consequence of this, we have that, if L is a regular Lagrangian, then the set (q^A_i , p̂^i_A), 0 ≤ i ≤ k−1, is a set of local coordinates in T^{2k−1}Q, and (p̂^i_A) are called the Jacobi-Ostrogradsky momentum coordinates.

Observe that the relation (9) means that we can recover all the Jacobi-Ostrogadsky momentum coordinates from the set (p̂^{k−1}_A ).

Definition 11 L ∈ C^∞(T^kQ) is said to be a hyperregular Lagrangian of order k if FL is a global diffeomorphism. Then, (T^{2k−1}Q, L) is a hyperregular Lagrangian system of order k.

As π_Tk−1_Q ∘ FL = ρ^{2k−1}_{k−1} , this condition is equivalent to demanding that the restriction of ρ^{2k−1}_{k−1} : T^{2k−1}Q → T^{k−1}Q to every fibre be one-to-one.

In order to explain the construction of the canonical Hamiltonian formalism of a Lagrangian higher-order system, we first consider the case of hyperregular systems (the regular case is the same, but restricting on the suitable open submanifolds where FL is a local diffeomorphism).

So, (T^{2k−1}Q, L) being a hyperregular Lagrangian system, since FL is a diffeomorphism, there exists a unique function h ∈ C^∞(T^∗(T^{k−1}Q)) such that FL^∗h = E_L, which is called the Hamiltonian function associated to this system. Then the triad (T^∗(T^{k−1}Q), ω_{k−1}, h) is called the canonical Hamiltonian system associated to the hyperregular Lagrangian system (T^{2k−1}Q, L). Thus, in the Hamiltonian formalism, T^∗(T^{k−1}Q) represents the phase space of the system.

The dynamical trajectories of the system are the integral curves of a vector field X_h ∈ X(T^∗(T^{k−1}Q)) which is a solution to the Hamilton equation i(Xh)ωk−1 = dh . (10) As ω_{k−1} is symplectic, there is a unique vector field X_h solution to this equation, and it is called the Hamiltonian vector field.

In natural coordinates of T^∗(T^{k−1}Q), (q^A_i , p^i_A) (with 0 ≤ i ≤ k − 1; 1 ≤ A ≤ n), taking X_h = f^A_i ∂ ∂q^A_i + g^i_A ∂ ∂p^i_A , as dh = ∂h ∂q^A_i dq^A_i + ∂h ∂p^i_A dp^i_A, and ω_{k−1} = dq^A_i ∧ dp^i_A, from (10) we obtain that f^A_i = ∂h ∂p^i_A , g^i_A = − ∂h ∂q^A_i .

Now, if σ : R → T^∗(T^{k−1}Q) is an integral curve of X_h, we have that σ must satisfy the Hamiltonian equation i(σ̃)(ωk−1 ∘ σ) = dh ∘ σ , and, if σ(t) = (q^A_i (t), p^i_A(t)) in coordinates, it gives the classical expression of the Hamilton equations: dq^A_i dt = ∂h ∂p^i_A ∘ σ , dp^i_A dt = − ∂h ∂q^A_i ∘ σ .

For the case of singular higher-order Lagrangian systems, in general there is no way to associate a canonical Hamiltonian formalism, unless some minimal regularity condition are imposed [23]. In particular:

Definition 12 A Lagrangian L ∈ C^∞(T^kQ) is said to be an almost-regular Lagrangian function of order k if:

1. FL(T^{2k−1}Q) = P_o is a closed submanifold of T^∗(T^{k−1}Q).

(We denote the natural embedding by j_{Po} : P_o → T^∗(T^{k−1}Q)).

2. FL is a surjective submersion on its image.

3. For every p ∈ T^{2k−1}Q, the fibers FL^{−1}(FL(p)) are connected submanifolds of T^{2k−1}Q.

Then (T^{2k−1}Q, L) is an almost-regular Lagrangian system of order k.

Denoting the map defined by FL = j_{Po} ∘ FL_o by FL_o : T^{2k−1}Q → P_o, we have that the Lagrangian energy E_L is a FL_o-projectable function, and then there is a unique function h_o ∈ C^∞(P_o) such that FL^∗_oh_o = E_L (see [23]).

This h_o is the canonical Hamiltonian function of the almost-regular Lagrangian system and, taking ω_o = j^∗_{Po} ω_{k−1}, the triad (P_o, ω_o, h_o) is the canonical Hamiltonian system associated to the almost regular Lagrangian system (T^{2k−1}Q, L). For this system we have the Hamilton equation i(Xh_o )ωo = dho , Xh_o ∈ X(Po) . (11) As ω_o is, in general, a presymplectic form, in the best cases, this equation has some vector field X_{ho} solution only on the points of some submanifold P_f → P_o → T^∗(T^{k−1}Q), for which X_{ho} is tangent to P_f . This vector field is not unique, in general. It can be proved that P_f = FL(S_f ), where S_f → T^{2k−1}Q is the submanifold where there are vector field solutions to the Lagrangian equation (5) which are tangent to S_f (see the above section). Furthermore, as FL_o is a submersion, for every vector field X_{ho} ∈ X(T^∗(T^{k−1}Q)) which is a solution to the Hamilton equation (11) on P_f , and tangent to P_f , there exists some semispray of type 1, X_L ∈ X(T^{2k−1}Q), which is a solution of the Euler-Lagrange equation on S_f , and tangent to S_f , such that FL_{o∗}X_L = X_{ho} . This FL_o-projectable semispray of type 1 could be defined only on the points of another submanifold M_f → S_f . (See [23, 24] for a detailed exposition of all these topics).

3 Skinner-Rusk unified formalism

3.1 Unified phase space. Geometric and dynamical structures

Let L ∈ C^∞(T^kQ) be the Lagrangian function of order k of the system. First we construct the unified phase space W = T^{2k−1}Q ×_Tk−1_Q T^∗(T^{k−1}Q)

(the fiber product of the above bundles), which is endowed with the canonical projections

pr_1 : T^{2k−1}Q×_Tk−1_QT^∗(T^{k−1}Q) → T^{2k−1}Q ; pr_2 : T^{2k−1}Q×_Tk−1_QT^∗(T^{k−1}Q) → T^∗(T^{k−1}Q) , and also with the canonical projections onto T^{k−1}Q. So we have the diagram: W pr_1

yysss sss sss s_{pr2}

&&NN NNN NNN NNN T^{2k−1}Q ρ^{2k−1} k−1 %%JJ JJJ JJJ J

β^{2k−1} ((

T^∗(T^{k−1}Q) π_{Tk−1Q} xxqqq qqq qqq q T^{k−1}Q β^{k−1} fflffl Q If (U, q^A_0 ) is a local chart of coordinates in Q, denoting by ((β^{2k−1})^{−1}(U); q^A_0 , q^A_1 , . . . , q^A_{2k−1}) and ((π_Tk−1_Q ∘ β^{k−1})^{−1}(U); q^A_0 , q^A_1 , . . . , q^A_{k−1}, p^0_A, p^0_A, . . . , p^{k−1}_A ) the induced charts in T^{2k−1}Q and in T^∗(T^{k−1}Q), respectively, we have that (q^A_0 , . . . , q^A_{k−1}; q^A_k , . . . , q^A_{2k−1}; p^0_A, . . . , p^{k−1}_A ) are the natural coordinates in the suitable open domain W ⊂ W. Note that dim(W) = 3kn.

The bundle W is endowed with some canonical geometric structures. First, let ω_{k−1} ∈ Ω^2(T^∗(T^{k−1}Q)) be the canonical symplectic form of T^∗(T^{k−1}Q). Then we define

Ω = pr^∗_2 ω_{k−1} ∈ Ω^2(W) ,

which is a presymplectic form in W, whose local expression is

Ω = pr^∗_2 ω_{k−1} = pr^∗_2 ( dq^A_i ∧ dp^i_A ) = dq^A_i ∧ dp^i_A . (12)

Observe that ker Ω = ⟨ ∂ ∂q^k , . . . , ∂ ∂q^{2k−1} ⟩ = X^{V (pr2)}(W) . (13)

The second relevant canonical structure in W is the following:

Definition 13 Let p ∈ T^{2k−1}Q, its projection q = ρ^{2k−1}_{k−1} (p) to T^{k−1}Q, and a covector α_q ∈ T^∗_q(T^{k−1}Q). The coupling function C ∈ C^∞(W) is defined as follows:

C : T^{2k−1}Q ×_Tk−1_Q T^∗(T^{k−1}Q) −→ R (p, α_q) −→ ⟨α_q | j_k(p)_q⟩ , (14)

where j_k : T^{2k−1}Q → T(T^{k−1}Q) is the canonical injection introduced in (1), j_k(p)_q is the corresponding tangent vector to T^{k−1}Q in q, and ⟨α_q | j_k(p)_q⟩ ≡ α_q(j_k(p)_q) denotes the canonical pairing between vectors of T_q(T^{k−1}Q) and covectors of T^∗_q(T^{k−1}Q).

Note that, in this case, j_k : T^{2k−1}Q → T(T^{k−1}Q) is a diffeomorphism.

In local coordinates, if p = (q^A_0 , . . . , q^A_{k−1}, q^A_k , . . . , q^A_{2k−1}), then q = ρ^{2k−1}_{k−1} (p) = (q^A_0 , . . . , q^A_{k−1}), and bearing in mind the local expression (2) of j_k, we have j_k(p) = (q^A_0 , . . . , q^A_{k−1}, q^A_1 , . . . , q^A_k ).

Therefore if j_k(p)_q = q^A_{i+1} ∂ ∂q^A_i | | q ∈ T_q(T^{k−1}Q), and if α_q = p^i_A dq^A_i | |_q we obtain the following

local expression for the coupling function C C(p, α_q) = ⟨α_q | j_k(p)_q⟩ = ⟨ p^i_A dq^A_i | |_q | | q^A_{i+1} ∂ ∂q^A_i | | q ⟩ = p^i_Aq^A_{i+1} | |_q . (15)

Observe that, if k = 1, the map j_1 : TQ → TQ is the identity on TQ, and we recover the standard canonical coupling between vectors in T_pQ and covectors in T^∗_pQ.

Using the coupling function, given a Lagrangian function L ∈ C^∞(T^kQ), we can define the Hamiltonian function H ∈ C^∞(W) as

H = C − (ρ^{2k−1}_k ∘ pr_1)^∗L , (16)

whose coordinate expression is

H = p^i_Aq^A_{i+1} − L(q^A_0 , . . . , q^A_k ) . (17)

Now, (W, Ω, H) is a presymplectic Hamiltonian system.

Finally, in order to give a complete description of the dynamics of higher-order Lagrangian systems, we need to introduce the following concept:

Definition 14 A vector field X ∈ X(W) is said to be a semispray of type r in W if, for every integral curve σ : I ⊂ R → W of X, the curve σ_1 = pr_1 ∘σ : I → T^{2k−1}Q satisfies that, if γ = β^{2k−1} ∘ σ_1, γ̃^{2k−r} = ρ^{2k−1}_{2k−r} ∘ σ_1.

In particular, X ∈ X(W) is a semispray of type 1 if γ̃^{2k−1} = σ_1.

The local expression of a semispray of type r in W is X = 2k−1−r ∑ i=0 q^A_{i+1} ∂ ∂q^A_i + 2k−1∑

i=2k−r X^A_i ∂ ∂q^A_i + k−1∑ i=0 G^i_A ∂ ∂p^i_A , and, in particular, for a semispray of type 1 in W we have X = 2k−2∑

i=0 q^A_{i+1} ∂ ∂q^A_i + X^A_{2k−1} ∂ ∂q^A_{2k−1} + k−1∑ i=0 G^i_A ∂ ∂p^i_A .

3.2 Dynamical vector fields

3.2.1 Dynamics in W = T^{2k−1}Q ×_Tk−1_Q T^∗(T^{k−1}Q)

As we know, the dynamical equation of the presymplectic Hamiltonian system (W, Ω, H) is geometrically written as i(X)Ω = dH ; X ∈ X(W) . (18) Then, according to [22] we have:

Proposition 2 Given the presymplectic Hamiltonian system (W, Ω, H), a solution X ∈ X(W) to equation (18) exists only on the points of the submanifold W_c → W defined by

W_c = {p ∈ W : ξ(p) ≡ (i(Y )dH)(p) = 0 , ∀ Y ∈ ker Ω} . (19)

We have the following result:

Proposition 3 The submanifold W_c → W contains a submanifold W_o → W_c which is the graph of the Legendre-Ostrogradsky map defined by L; that is, W_o = graph FL.

(Proof ) As W_c is defined by (19), it suffices to prove that the constraints defining W_c give rise to those defining the graph of the Legendre-Ostrogradsky map associated to L. We make this calculation in coordinates. Taking the local expression (17) of the Hamiltonian function H ∈ C^∞(W), we have

dH = k−1∑ i=0 (q^A_{i+1}dp^i_A + p^i_Adq^A_{i+1}) − k∑ i=0 ∂L ∂q^A_i dq^A_i , and using the local basis of ker Ω given in (13), we obtain that the equations defining the submanifold W_c are i(Y )dH = 0 ⇐⇒ p^{k−1}_A − ∂L ∂q^A_k = 0 .

Observe that these expressions relate the momentum coordinates p^{k−1}_A with the Jacobi-Ostrogadsky functions p̂^{k−1}_A = ∂L/∂q^A_k , and so we obtain the last group of equations of the Legendre- Ostrogradsky map. Furthermore, in Section 2.3 we have seen that the other Jacobi-Ostrogradsky functions p̂^{r−1}_A (1 ≤ r ≤ k − 1) satisfy the relations (9). Thus we can consider that W_c contains a submanifold W_o which can be identified with the graph of a map F : T^{2k−1}Q −→ T^∗(T^{k−1}Q) (q^A_i ) −→ (q^A_0 , . . . , q^A_{k−1}, p^0_A, . . . , p^{k−1}_A ) which we identify with the Legendre-Ostrogradsky map by making the identification p^{r−1}_A = p̂^{r−1}_A .

Remark: The submanifold W_o can be obtained from W_c using a constraint algorithm. Hence, W_o acts as the initial phase space of the system.

We denote by j_o : W_o → W the natural embedding and by X_{Wo} (W) the set of vector fields in W at support on W_o. Hence, we look for vector fields X ∈ X_{Wo} (W) which are solutions to equation (18) at support on W_o; that is

[i(X)Ω − dH]|_{Wo} = 0 . (20)

In natural coordinates a generic vector field in X(W) is X = k−1∑ i=0 f^A_i ∂ ∂q^A_i + 2k−1∑

i=k F^A_i ∂ ∂q^A_i + k−1∑ i=0 G^i_A ∂ ∂p^i_A , bearing in mind the local expressions of Ω and dH, from (18), we obtain the following system of (2k + 1)n equations

f^A_i = q^A_{i+1} , (21)

G^0_A = ∂L ∂q^A_0 , G^i_A = ∂L ∂q^A_i − p^{i−1}_A = d_T (p^i_A) , (22) p^{k−1}_A − ∂L ∂q^A_k = 0 , (23)

where 0 ⩽ i ⩽ k − 1 in (21) and 1 ⩽ i ⩽ k − 1 in (22). Therefore X = k−1∑ i=0 q^A_{i+1} ∂ ∂q^A_i + 2k−1∑

i=k F^A_i ∂ ∂q^A_i + ∂L ∂q^A_0 ∂ ∂p^0_A + k−1∑ i=1 d_T (p^i_A) ∂ ∂p^i_A . (24)

We can observe that equations (23) are just a compatibility condition that, together with the other conditions for the momenta, say that the vector fields X exist only with support on the submanifold defined by the graph of the Legendre-Ostrogradsky map. So we recover, in coordinates, the result stated in Propositions 2 and 3. Furthermore, this local expression shows that X is a semispray of type k in W.

The component functions F^A_i , k ⩽ i ⩽ 2k − 1, are undetermined. Nevertheless, we must study the tangency of X to the submanifold W_o; that is, we have to impose that L(X)ξ|_{Wo} ≡ X(ξ)|_{Wo} = 0, for every constraint function ξ defining W_o. So, taking into account Prop. 3, these conditions lead to (_{k−1} ∑ i=0 q^A_{i+1} ∂ ∂q^A_i + 2k−1∑

i=k F^A_i ∂ ∂q^A_i + ∂L ∂q^A_0 ∂ ∂p^0_A + k−1∑ i=1 d_T (p^i_A) ∂ ∂p^i_A ) ( p^{k−1}_A − ∂L ∂q^A_k ) = 0 (_{k−1} ∑ i=0 q^A_{i+1} ∂ ∂q^A_i + 2k−1∑

i=k F^A_i ∂ ∂q^A_i + ∂L ∂q^A_0 ∂ ∂p^0_A + k−1∑ i=1 d_T (p^i_A) ∂ ∂p^i_A ) ( p^{k−2}_A − 1∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_{k−1+i} )) = 0 . . (_{k−1} ∑ i=0 q^A_{i+1} ∂ ∂q^A_i + 2k−1∑

i=k F^A_i ∂ ∂q^A_i + ∂L ∂q^A_0 ∂ ∂p^0_A + k−1∑ i=1 d_T (p^i_A) ∂ ∂p^i_A ) ( p^1_A − k−2∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_{2+i} )) = 0 (_{k−1} ∑ i=0 q^A_{i+1} ∂ ∂q^A_i + 2k−1∑

i=k F^A_i ∂ ∂q^A_i + ∂L ∂q^A_0 ∂ ∂p^0_A + k−1∑ i=1 d_T (p^i_A) ∂ ∂p^i_A ) ( p^0_A − k−1∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_{1+i} )) = 0 ,

and, from here, we obtain the following kn equations ( F^B_k − q^B_{k+1} ) ∂^2L ∂q^B_k ∂q^A_k = 0 ( F^B_{k+1} − q^B_{k+2} ) ∂^2L ∂q^B_k ∂q^A_k − ( F^B_k − q^B_{k+1} ) d_T ( ∂^2L ∂q^B_k ∂q^A_k ) = 0 . . ( F^B_{2k−2} − q^B_{2k−1} ) ∂^2L ∂q^B_k ∂q^A_k − k−3∑ i=0 ( F^B_{k+i} − q^B_{k+i+1} ) (· · · · · · ) = 0 (−1)^k ( F^B_{2k−1} − d_T ( q^B_{2k−1} )) ∂^2L ∂q^B_k ∂q^A_k + k∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_i ) − k−2∑ i=0 ( F^B_{k+i} − q^B_{k+i+1} ) (· · · · · · ) = 0 , (25) where the terms in brackets (· · · · · · ) contain relations involving partial derivatives of the Lagrangian and applications of d_T which for simplicity are not written. These are just the Lagrangian equations for the components of X, as we have seen in (6). These equations can be compatible or not, and a sufficient condition to ensure compatibility is the regularity of the Lagrangian function. In particular, we have:

Proposition 4 If L ∈ C^∞(T^kQ) is a regular Lagrangian function, then there exists a unique vector field X ∈ X_{Wo} (W) which is a solution to equation (20); it is tangent to W_o, and is a semispray of type 1 in W.

(Proof ) As the Lagrangian function L is regular, the Hessian matrix ( ∂^2L ∂q^B_k ∂q^A_k ) is regular at

every point, and this allows us to solve the above k systems of n equations (25) determining all the functions F^A_i uniquely, as follows F^A_i = q^A_{i+1} , (k ⩽ i ⩽ 2k − 2) (26)

(−1)^k ( F^B_{2k−1} − d_T ( q^B_{2k−1} )) ∂^2L ∂q^B_k ∂q^A_k + k∑ i=0 (−1)^id^i_T ( ∂L ∂q^A_i ) = 0 .

In this way, the tangency condition holds for X at every point on W_o. Furthermore, the equalities (26) show that X is a semispray of type 1 in W

However, if L is not regular, the equations (25) can be compatible or not. In the most favourable cases, there is a submanifold W_f → W_o (it could be W_f = W_o) such that there exist vector fields X ∈ X_{Wo} (W), tangent to W_f , which are solutions to the equation [i(X)Ω − dH]|_{Wf} = 0 . (27)

In this case, the equations (25) are not compatible, and the compatibility condition gives rise to new constraints.

3.2.2 Dynamics in T^{2k−1}Q

Now we study how to recover the Lagrangian dynamics from the dynamics in the unified formalism, using the dynamical vector fields.

First we have the following results:

Proposition 5 The map pr_1 = pr_1 ∘j_o : W_o → T^{2k−1}Q is a diffeomorphism.

(Proof ) As W_o = graph FL, we have that T^{2k−1}Q ≃ W_o. Furthermore, pr_1 is a surjective submersion and, by the equality between dimensions, it is also an injective immersion and hence it is a diffeomorphism.

Lemma 1 If ω_{k−1} ∈ Ω^2(T^∗(T^{k−1}Q)) is the canonical symplectic 2-form in T^∗(T^{k−1}Q), and ω_L = FL^∗ω_{k−1} is the Lagrangian 2-form, then Ω = pr^∗_1 ω_L.

(Proof ) In fact, pr^∗_1 ω_L = pr^∗_1(FL^∗ω_{k−1}) = (FL ∘ pr_1)^∗ω_{k−1} = pr^∗_2 ω_{k−1} = Ω .

Lemma 2 There exists a unique function E_L ∈ C^∞(T^{2k−1}Q) such that pr^∗_1 E_L = H. This function E_L is the Lagrangian energy.

(Proof ) As pr_1 is a diffeomorphism, we can define the function E_L = (pr^{−1}_1 ∘ j_o)^∗H ∈ C^∞(T^{2k−1}Q), which obviously verifies that pr^∗_1 E_L = H.

In order to prove that E_L is the Lagrangian energy defined previously, we calculate its local expression in coordinates. Thus, from (17) we obtain that

pr^∗_1E_L = H = k−1∑ i=0 p^i_Aq^A_{i+1} − L(q^A_0 , . . . , q^A_k ) , but W_o → W is the graph of the Legendre-Ostrogradsky map, and by Prop. 3 we have p^i_A = k−i−1∑

j=0 (−1)^j d^j_T ( ∂L ∂q^A_{i+1+j} ) , and then

pr^∗_1E_L = k−1∑ i=0 k−i−1∑

j=0 q^A_{i+1}(−1)^j d^j_T ( ∂L ∂q^A_{i+1+j} ) − L(q^A_0 , . . . , q^A_k )

= k∑ i=1 k−i∑ j=0 q^A_i (−1)^j d^j_T ( ∂L ∂q^A_{i+j} ) − L(q^A_0 , . . . , q^A_k ) .

Now, as pr_1 = pr_1 ∘j_o and pr^∗_1 q^A_i = q^A_i , we obtain finally

E_L = k∑ i=1 k−i∑ j=0 q^A_i (−1)^j d^j_T ( ∂L ∂q^A_{i+j} ) − L(q^A_0 , . . . , q^A_k )

which is the local expression (4) of the Lagrangian energy.

Using these results, we can recover an Euler-Lagrange vector field in T^{2k−1}Q starting from a vector field X ∈ X_{W0} (W) tangent to W_o, a solution to (20). First we have:

Lemma 3 Let X ∈ X(W) be a vector field tangent to W_o. Then there exists a unique vector field X_L ∈ X(T^{2k−1}Q) such that X_L ∘ pr_1 ∘j_o = T pr_1 ∘X ∘ j_o.

(Proof ) As X ∈ X(W) is tangent to W_o, there exists a vector field X_o ∈ X(W_o) such that Tj_o ∘ X_o = X ∘ j_o. Furthermore, as pr_1 is a diffeomorphism, there is a unique vector field X_L ∈ X(T^{2k−1}Q) which is pr_1-related with X_o; that is, X_L ∘ pr_1 = Tpr_1 ∘ X_o. Then

X_L ∘ pr_1 ∘j_o = X_L ∘ pr_1 = Tpr_1 ∘ X_o = T pr_1 ∘Tj_o ∘ X_o = T pr_1 ∘X ∘ j_o

And as a consequence we obtain:

Theorem 2 Let X ∈ X_{Wo} (W) be a vector field solution to equation (20) and tangent to W_o (at least on the points of a submanifold W_f → W_o). Then there exists a unique semispray of type k, X_L ∈ X(T^{2k−1}Q), which is a solution to the equation i(XL)ωL − dEL = 0 (28) (at least on the points of S_f = pr_1(W_f )). In addition, if L ∈ C^∞(T^kQ) is a regular Lagrangian, then X_L is a semispray of type 1, and hence it is the Euler-Lagrange vector field.

Conversely, if X_L ∈ X(T^{2k−1}Q) is a semispray of type k (resp., of type 1), which is a solution to equation (28) (at least on the points of a submanifold S_f → T^{2k−1}Q), then there exists a unique vector field X ∈ X_{Wo} (W) which is a solution to equation (20) (at least on W_f = pr^{−1}_1 (S_f ) → W_o → W), and it is a semispray of type k in W (resp., of type 1).

(Proof ) Applying Lemmas 1, 2, and 3, we have:

0 = [i(X)Ω − dH]|_{Wo} = [i(X) pr^∗_1 ω_L − d pr^∗_1 E_L]|_{Wo} = pr^∗_1 [i(X_L)ω_L − dE_L]|_{Wo} , but, as pr_1 is a surjective submersion, this is equivalent to

0 = [i(X_L)ω_L − dE_L]|_{pr1(Wo)} = [i(X_L)ω_L − dE_L]|_T2k−1_Q = 0 ,

since pr_1(W_o) = T^{2k−1}Q. The converse is immediate, reversing this reasoning.

In order to prove that X_L is a semispray of type k, we proceed in coordinates. From the local expression (24) for the vector field X (where the functions F^A_i are the solutions of the equations (25)), and using Lemma 3, we obtain that the local expression of X_L ∈ X(T^{2k−1}Q) is

X_L = k−1∑ i=0 q^A_{i+1} ∂ ∂q^A_i + 2k−1∑

i=k F^A_i ∂ ∂q^A_i , and then

J_k(X_L) = k−1∑ i=0 (k + i)! i! q^A_{i+1} ∂ ∂q^A_{k+i} = Δ_k ;

so X_L is a semispray of type k in T^{2k−1}Q.

Finally, if L ∈ C^∞(T^kQ) is a regular Lagrangian, equations (25) become (26), and hence the local expression of X is X = 2k−2∑

i=0 q^A_{i+1} ∂ ∂q^A_i + F^A_{2k−1} ∂ ∂q^A_{2k−1} + ∂L ∂q^A_0 ∂ ∂p^0_A + k−1∑ i=1 d_T (p^i_A) ∂ ∂p^i_A . Therefore

X_L = 2k−2∑

i=0 q^A_{i+1} ∂ ∂q^A_i + F^A_{2k−1} ∂ ∂q^A_{2k−1} ,

and then J_1(X_L) = 2k−2∑

i=0 (i + 1)q^A_{i+1} ∂ ∂q^A_{i+1} = Δ_1, which shows that X_L is a semispray of type 1

in T^{2k−1}Q.

Remarks:

• It is important to point out that, if L is not a regular Lagrangian, then X is a semispray of type k in W, but not necessarily a semispray of type 1. This means that X_L is a Lagrangian vector field, but it is not necessarily an Euler-Lagrange vector field (it is not a semispray of type 1, but just a semispray of type k). Thus, for singular Lagrangians, this must be imposed as an additional condition in order that the integral curves of X_L verify the Euler-Lagrange equations. This is a different from the case of first-order dynamical systems (k = 1), where this condition (X_L is a semispray of type 1; that is, a holonomic vector field) is obtained straightforwardly in the unified formalism.

In general, only in the most interesting cases have we assured the existence of a submanifold W_f → W_o and vector fields X ∈ X_{W0} (W) tangent to W_f which are solutions to the equation (27). Then, considering the submanifold S_f = pr_1(W_f ) → T^{2k−1}Q, in the best cases (see [8, 23, 24]), we have that those Euler-Lagrange vector fields X_L exist, perhaps on another submanifold M_f → S_f where they are tangent, and are solutions to the equation

[i_{XL} ω_L − dE_L]|_{Mf} = 0 . (29)

P.D. Prieto-Martínez, N. Román-Roy: Unified formalism for higher-order systems. 22

• Observe also that Theorem 2 states that there is a one-to-one correspondence between vector fields X ∈ X_{Wo} (W) which are solutions to equation (20) and X_L ∈ X(T^{2k−1}Q) solutions to (28), but not uniqueness, unless L is regular. In fact:

Corollary 1 If L ∈ C^∞(T^kQ) is a regular Lagrangian, then there is a unique X ∈ X_{Wo} (W) tangent to W_o which is a solution to equation (20), and it is a semispray of type 1.

(Proof ) As L is regular, by Proposition 1 there is a unique semispray of type 1, X_L ∈ X(T^{2k−1}Q) which is a solution to equation (28) on T^{2k−1}Q. Then, by Theorem 2, there is a unique X ∈ X_{Wo} (W), tangent to W_o, which is a solution to (20) on W_o.

3.2.3 Dynamics in T^∗(T^{k−1}Q)

Hyperregular and regular Lagrangians

In order to recover the Hamiltonian formalism, we distinguish between the regular and nonregular cases. We start with the regular case, although by simplicity we analyze the hyperregular case (the regular case is recovered from this by restriction on the corresponding open sets where the Legendre-Ostrogadsky map is a local diffeomorphism). For this case we have the following commutative diagram TW T pr_1

�

T pr_2

ØØ TW_o Tpr_1 m

vvmmmm mmmm mmm^{Tpr2} ))RRR

RRRR

RRRR RRR ?Ø Tj_o OO

T(T^{2k−1}Q) T(T^∗(T^{k−1}Q))

W pr_1

——zz zz zz zz zz zz zz zz zz zz pr_2 F

##F FFF FFF FFF FFF FFF FFF

X

DD

W_o = graph FL

pr_1

vvmmmm mmmm mmmm

pr_2 ))RRRRR

RRRR

RRRR ?Ø j_o OO X_o

YY

T^{2k−1}Q ρ^{2k−1} k−1 ((QQ

QQQQ

QQQQ QQQ FL //

X_L

OO

β^{2k−1} **

T^∗(T^{k−1}Q) π_{Tk−1Q} vvllll llll llll ll

X_h

OO

T^{k−1}Q β^{k−1} fflffl Q

Theorem 3 Let L ∈ C^∞(T^kQ) be a hyperregular Lagrangian, h ∈ C^∞(T^∗(T^{k−1}Q)) the Hamiltonian function such that FL^∗h = E_L, and X ∈ X_{Wo} (W) the vector field solution to the equation (20), tangent to W_o. Then, there exists a unique vector field X_h = FL_∗X_L ∈ X(T^∗(T^{k−1}Q)) which is a solution to the equation i(Xh)ωk−1 − dh = 0 (30)

P.D. Prieto-Martínez, N. Román-Roy: Unified formalism for higher-order systems. 23

Conversely, if X_h ∈ X(T^∗(T^{k−1}Q)) is a solution to equation (30), then there exists a unique vector field X ∈ X_{Wo} (W), tangent to W_o, which is a solution to equation (20).

(Proof ) If L is hiperregular, then pr_2 = FL ∘ pr_1 is a diffeomorphism, since it is a composition of diffeomorphisms; then there exists a unique vector field X_o ∈ X(W_o) such that pr_{2∗}X_o = X_h, and there is a unique X ∈ X_{Wo} (W) such that j_{o∗}X_o = X|_{Wo} .

Now, as FL^∗h = E_L, by applying Lemma 2 we have that pr^∗_1(FL^∗(h)) = pr^∗_1 E_L = H; but FL ∘ pr_1 = pr_2, and then pr^∗_2 h = H. Therefore, by the definition of Ω, we have

0 = [i(X)Ω − dH]|_{Wo} = [i(X) pr^∗_2 ω_{k−1} − d pr^∗_2 h]|_{Wo} = pr^∗_2 [i(X_h)ω_{k−1} − dh]|_{Wo} .

However, as pr_2 is a surjective submersion and pr_2(W_o) = T^∗(T^{k−1}Q), we finally obtain that

0 = [i(X_h)ω_{k−1} − dh]|_{pr2(Wo)} = [i(X_h)ω_{k−1} − dh]|_T∗_{(T}k−1_{Q)}

Singular (almost-regular) Lagrangians

Remember that, for almost-regular Lagrangians, only in the most interesting cases have we assured the existence of a submanifold W_f → W_o and vector fields X ∈ X_{W0} (W) tangent to W_f which are solutions to equation (27). In this case, the dynamical vector fields in the Hamiltonian formalism cannot be obtained straightforwardly from the solutions in the unified formalism, but rather by passing through the Lagrangian formalism and using the Legendre-Ostrogadsky map.

Thus, we can consider the submanifolds S_f = pr_1(W_f ) → T^{2k−1}Q and P_f = pr_2(W_f ) = FL(S_f ) → T^∗(T^{k−1}Q). Then, using Theorem 2, from the vector fields X ∈ X_{Wo} (W) we obtain the corresponding X_L ∈ X(T^{2k−1}Q), and from these the semisprays of type 1 (if they exist) which are perhaps defined on a submanifold M_f → S_f , are tangent to M_f and are solutions to equation (29). So we have the following commutative diagram W

pr_1

�

pr_2

¸¸ W_P = T^{2k−1}Q ×_Tk−1_Q P_o ?Ø j_{WP} OO

pr_{1,WP} uullll llll llll ll pr_{2,WP}

))SSS

SSSS

SSSS SSS

pr_{2,Po} $$HH HHH HHH HHH HHH HHH HHH HHH H

T^{2k−1}Q T^∗(T^{k−1}Q)

W_o = graph (FL_o) ?Ø

j_o

OO

pr_{1,Po} iiSSSS

SSSS SSSS SSS_{pr2,P} o // P_o? Ø j_{Po} OO

W_f ?Ø j_{Wf} OO

uukkkk kkkk kkkk kkkk kkkk

))TTT

TTTT

TTTT

TTTT

TTTT TT

M_f Ø

¨ // S_f ?Ø

j_{Sf}

OO

P_f 5˘

j_{Pf}

VV

Now, it is proved ([24]) that there are Euler-Lagrange vector fields (perhaps only on the points of another submanifold M̄_f → M_f ), which are FL-projectable on P_f = FL(S_f ) → P_o →

T^∗(T^{k−1}Q). These vector fields X_{ho} = FL_∗X_L ∈ X(T^∗(T^{k−1}Q)) are tangent to P_f and are solutions to the equation [ i_{Xho} ω_o − dh_o ]| P_f = 0 .

Conversely, as FL_o is a submersion, for every solution X_{ho} ∈ X(T^∗(T^{k−1}Q)) to the last equation, there is a semispray of type 1, X_L ∈ X(T^{2k−1}Q), such that FL_{o∗}X_L = X_{ho} , and we can recover solutions to equation (27) using Theorem 2.

3.3 Integral curves

After studying the vector fields which are solutions to the dynamical equations, we analyze their integral curves, showing how to recover the Lagrangian and Hamiltonian dynamical trajectories from the dynamical trajectories in the unified formalism.

Let X ∈ X_{Wo} (W) be a vector field tangent to W_o which is a solution to equation (20), and let σ : I ⊂ R → W be an integral curve of X, on W_o. As σ̃ = X ∘σ, this means that the following equation holds i(σ̃)(Ω ∘ σ) = dH ∘ σ . (31) Furthermore, if σ_o : I → W_o is a curve on W_o such that j_o ∘σ_o = σ, we have that σ_o is an integral curve of the vector field X_o ∈ X(W_o) associated to X, and σ̃_o = X_o ∘ σ_o.

In local coordinates, if σ(t) = (q^A_i (t), p^j_A(t)), we have that

q̇^A_i (t) = q^A_{i+1} ∘ σ (0 ⩽ i ⩽ k − 1) ; q̇^A_i (t) = F^A_i ∘ σ (k ⩽ i ⩽ 2k − 1)

ṗ^0_A(t) = ∂L ∂q^A_0 ∘ σ ; ṗ^i_A(t) = d_T (p^i_A) ∘ σ (1 ⩽ i ⩽ k − 1) ,

where F^A_i are solutions to equations (25).

Now, for the Lagrangian dynamical trajectories we have the following result:

Proposition 6 Let σ : I ⊂ R → W be an integral curve of a vector field X solution to (20), on W_o. Then the curve σ_L = pr_1 ∘σ : I → T^{2k−1}Q is an integral curve of X_L.

(Proof ) As σ = j_o ∘ σ_o, using that Tj_o ∘ X_o = X ∘ j_o and that T pr_1 ∘X = X_L ∘ pr_1, we have

σ̃_L = ~ pr_1 ∘σ = ~ pr_1 ∘j_o ∘ σ_o = T pr_1 ∘Tj_o ∘ σ̃_o = T pr_1 ∘Tj_o ∘ X_o ∘ σ_o = T pr_1 ∘X ∘ j_o ∘ σ_o = X_L ∘ pr_1 ∘j_o ∘ σ_o = X_L ∘ σ_L .

Corollary 2 If L ∈ C^∞(T^kQ) is a regular Lagrangian, then the curve σ_L = pr_1 ∘σ : I → T^{2k−1}Q is the canonical lifting of a curve on Q; that is, there exists γ : I ⊂ R → Q such that σ_L = γ̃^{2k−1}.

(Proof ) It is a straighforward consequence of Proposition 6 and Theorem 2.

And for the Hamiltonian trajectories, we have:

Proposition 7 Let σ : I ⊂ R → W be an integral curve of a vector field X solution to (20), on W_o. Then the curve σ_h = FL ∘ σ_L : I → T^∗(T^{k−1}Q) is an integral curve of X_h = FL_∗(X_L).

P.D. Prieto-Martínez, N. Román-Roy: Unified formalism for higher-order systems. 25

(Proof ) Given that σ_L is an integral curve of X_L, Proposition 6, and the definitions of X_h and σ_h, we obtain

σ̃_h = ~ FL ∘ σ_L = TFL ∘ σ̃_L = TFL ∘ X_L ∘ σ_L = X_h ∘ FL ∘ σ_L = X_h ∘ σ_h . Thus σ_h is an integral curve of X_h.

The relation among all these integral curves is summarized in the following diagram W pr_1

——yy yy yy yy yy yy yy yy yy yy y pr_2

##GG GGG GGG GGG GGG GGG GGG GG W_o pr_1 l vvllll llll llll^{pr2} ))SSS

SSSS

SSSS

SSSS S ?Ø j_o OO

T^{2k−1}Q

ρ^{2k−1} k−1 ””E EE EE EE EE EE EE EE EE EE E

β^{2k−1}

%%

FL // T^∗(T^{k−1}Q)

π_{Tk−1Q} ––www www www www www www www R

γ

�

σ_o YY σ

EE

σ_L iiRRRR RRRR RRRR

RRRR σ_h 55kkk kkkk kkkk kkkk kk

T^{k−1}Q β^{k−1} fflffl Q Remark: Observe that in Propositions 6 and 7 we make no assumption on the regularity of the system. The only considerations in the almost-regular case are that, in general, the curves are defined in some submanifolds which are determined by the constraint algorithm, and that σ_L is not necessarily the lifting of any curve in Q and this condition must be imposed. In particular:

• If the Lagrangian is regular (or hiperregular), then Im (σ) ⊂ W_o, Im (σ_L) ⊂ T^{2k−1}Q and Im (σ_h) ⊂ T^∗(T^{k−1}Q).

• If the Lagrangian is almost-regular, then Im (σ) ⊂ W_f → W_o, Im (σ_L) ⊂ S_f → T^{2k−1}Q and Im (σ_h) ⊂ P_f → P_o → T^∗(T^{k−1}Q).

4 Examples

4.1 The Pais-Uhlenbeck oscillator

The Pais-Uhlenbeck oscillator is one of the simplest (regular) systems that can be used to explore the features of higher order dynamical systems, and has been analyzed in detail in many publications [32, 28]. Here we study it using the unified formalism.

The configuration space for this system is a 1-dimensional smooth manifold Q with local coordinate (q_0). Taking natural coordinates in the higher-order tangent bundles over Q, the second-order Lagrangian function L ∈ C^∞(T^2Q) for this system is locally given by

L(q_0, q_1, q_2) = 1 2 ( q^2_1 − ω^2q^2_0 − γq^2 ) where γ is some nonzero real constant, and ω is a real constant. L is a regular Lagrangian function, since the Hessian matrix of L with respect to q_2 is ( ∂^2L ∂q_2∂q_2 ) = −γ which has maximum rank, since we assume that γ is nonzero. Notice that, if we take γ = 0, then L becomes a first-order regular Lagrangian function, and thus it is a nonsense to study this system using the higher-order unified formalism.

As this is a second-order dynamical system, the phase space that we consider is

W = T^3Q ×_{TQ} T^∗(TQ)

pr_1

vvmmmm mmmm mmmm mm_{pr2}

))RRR

RRRR

RRRR RRR T^3Q

ρ^3_1 ((RRRRRR

RRRR

RRRR

RR T^∗(TQ) π_{TQ} uukkkk kkkk kkkk kkkk TQ . Denoting the canonical symplectic form by ω_1 ∈ Ω^2(T^∗(TQ)), we define the presymplectic form Ω ∈ pr^∗_2 ω_1 ∈ Ω^2(W) with the local expression

Ω = dq_0 ∧ dp^0 + dq_1 ∧ dp^1 ,

The Hamiltonian function H ∈ C^∞(W) in the unified formalism is H = C − (ρ^3_2 ∘ pr_1)^∗L, where C is the coupling function, whose local expression is

C(q_0, q_1, q_2, q_3, p^0, p^1) = p^0q_1 + p^1q_2 .

and then the Hamiltonian function can be written locally

H(q_0, q_1, q_2, q_3, p^0, p^1) = p^0q_1 + p^1q_2 − 1 2 ( q^2_1 − ω^2q^2_0 − γq^2 )

As stated in the above sections, we can describe the dynamics for this system in terms of the integral curves of vector fields X ∈ X(W) which are solutions to equation (18). If we take a generic vector field X in W, given locally by

X = f_0 ∂ ∂q_0 + f_1 ∂ ∂q_1 + F_2 ∂ ∂q_2 + F_3 ∂ ∂q_3 + G^0 ∂ ∂p^0 + G^1 ∂ ∂p^1 , taking into acount that

dH = ω^2q_0dq_0 + (p^0 − q_1)dq_1 + (p^1 + γq_2)dq_2 + q_1dp^0 + q_2dp^1 ,

from the dynamical equation i(X)Ω = dH, we obtain the following system of linear equations for the coefficients of X

f_0 = q_1 (32) f_1 = q_2 (33) G^0 = −ω^2q_0 (34) G^1 = q_1 − p^0 (35) p^1 + γq_2 = 0 (36)

Equations (32) and (33) give us the condition of semispray of type 2 for the vector field X. Furthermore, equation (36) is an algebraic relation stating that the vector field X is defined along a submanifold W_o that can be identified with the graph of the Legendre-Ostrogradsky map, as we have seen in Propositions 2 and 3. Thus, using (32), (33), (34) and (35), the vector field X is given locally by

X = q_1 ∂ ∂q_0 + q_2 ∂ ∂q_1 + F_2 ∂ ∂q_2 + F_3 ∂ ∂q_3 − ω^2q_0 ∂ ∂p^0 + ( q_1 − p^0 ) ∂ ∂p_1 . (37)

As our goal is to recover the Lagrangian and Hamiltonian solutions from the vector field X, we must require X to be a semispray of type 1. Nevertheless, as L is a regular Lagrangian function, this condition is naturally deduced from the formalism, as we have seen in (25).

Notice that the functions F_2 and F_3 in (37) are not determined until the tangency of the vector field X on W_o is required. Recall that the Legendre-Ostrogradsky transformation is the map FL: T^3Q −→ T^∗(TQ) given in local coordinates by

FL^∗p^0 = ∂L ∂q_1 − d_T ( ∂L ∂q_2 ) ≡ ∂L ∂q_1 − d_T ( p^1 ) = q_1 + γq_3

FL^∗p^1 = ∂L ∂q_2 = −γq_2 and, as γ ≠ 0, we see that L is a regular Lagrangian since FL is a (local) diffeomorphism. Then, the submanifold W_o = graph FL is defined by

W_o = {p ∈ W : ξ_0(p) = ξ_1(p) = 0} ,

where ξ_r = p^r − FL^∗p^r, r = 1, 2. The diagram for this situation is W

pr_1

ffff

pr_2

˘˘ W_o = graph FL ?Ø j_o OO

pr_1

wwppp ppp ppp ppp pr_2 ((QQ QQQ QQQ QQQ Q

T^3Q^{FL} //˙˙˙˙˙˙˙˙˙˙˙˙˙ T^∗(TQ) .

Next we compute the tangency condition for X ∈ X(W) given locally by (37) on the submanifold W_o → W, by checking if the following identities hold

L(X)ξ0|W_o = 0 , L(X)ξ1|W_o = 0 .

As we have seen in Section 3.2.1, these equations give us the Lagrangian equations for the vector field X; that is, on the points of W_o we obtain

L(X)ξ0 = −ω^2q0 − q2 − γF3 = 0 (38) L(X)ξ1 = γ (F2 − q3) = 0 . (39)

Equation (39) gives us the condition of semispray of type 1 for the vector field X (recall that γ ≠ 0), and equation (38) is the Euler-Lagrange equation for the vector field X. Notice that, as γ is nonzero, these equations give us a unique solution for F_2 and F_3. Thus, there is a unique vector field X ∈ X(W) solution to the equation [i(X)Ω − dH]|_{Wo} = 0 which is tangent to the submanifold W_o → W, and it is given locally by

X = q_1 ∂ ∂q_0 + q_2 ∂ ∂q_1 + q_3 ∂ ∂q_2 − 1 γ ( ω^2q_0 + q_2 ) ∂ ∂q_3 − ω^2q_0 ∂ ∂p^0 + ( q_1 − p^0 ) ∂ ∂p_1 . Then, if σ : R → W is an integral curve of X locally given by σ(t) = ( q_0(t), q_1(t), q_2(t), q_3(t), p^0(t), p^1(t) ) , (40)

and its component functions are solutions to the system

q̇_0(t) = q_1(t); (41) q̇_1(t) = q_2(t); (42) q̇_2(t) = q_3(t); (43)

q̇_3(t) = − 1 γ ( ω^2q_0(t) + q_2(t) ) ; (44)

ṗ^0(t) = −ω^2q_0(t); (45) ṗ^1(t) = q_1(t) − p^0(t). (46)

Finally we recover the Lagrangian and Hamiltonian solutions for this system. For the Lagrangian solutions, as we have shown in Lemma 3 and Theorem 2, the Euler-Lagrange vector field is the unique semispray of type 1, X_L ∈ X(T^3Q), such that X_L ∘ pr_1 ∘j_o = T pr_1 ∘X ∘ j_o. Thus this vector field X_L is locally given by

X_L = q_1 ∂ ∂q_0 + q_2 ∂ ∂q_1 + q_3 ∂ ∂q_2 − 1 γ ( ω^2q_0 + q_2 ) ∂ ∂q_3 . For the integral curves of X_L we know from Proposition 6 that if σ : R → W is an integral curve of X, then σ_L = pr_1 ∘σ is an integral curve of X_L. Thus, if σ is given locally by (40), then σ_L has the following local expression

σ_L(t) = (q_0(t), q_1(t), q_2(t), q_3(t)) , (47)

and its components satisfy equations (41), (42), (43) and (44). Notice that equations (41), (42) and (43) state that σ_L is the canonical lifting of a curve in the basis, that is, there exists a curve γ : R → Q such that γ̃^3 = σ_L. Furthermore, equation (44) is the Euler-Lagrange equation for this system.

Now, for the Hamiltonian solutions, as L is a regular Lagrangian, Theorem 3 states that there exists a unique vector field X_h = FL_∗X_L ∈ X(T^∗(TQ)) which is a solution to the Hamilton equation. Hence, it is given locally by

X_h = q_1 ∂ ∂q_0 + q_2 ∂ ∂q_1 − ω^2q_0 ∂ ∂p^0 + ( q_1 − p^0 ) ∂ ∂p_1 For the integral curves of X_h, Proposition 7 states that if σ_L : R → T^3Q is an integral curve of X_L coming from an integral curve σ of X, then σ_h = FL ∘ σ_L is an integral curve of the vector field X_h. Therefore, if σ is given locally by (40), then σ_L is given by (47) and so σ_h can be locally written σ_h(t) = ( q_0(t), q_1(t), p^0(t), p^1(t) ) , and its components must satisfy equations (41), (42), (45) and (46). Notice that these equations are the standard Hamilton equations for this system.

4.2 The second-order relativistic particle

Let us consider a relativistic particle whose action is proportional to its extrinsic curvature. This system was analyzed in [34, 33, 8, 31], and here we study it using the Lagrangian-Hamiltonian unified formalism.

The configuration space is a n-dimensional smooth manifold Q with local coordinates (q^A_0 ), 1 ⩽ A ⩽ n. Then, if we take the natural set of coordinates on the higher-order tangent bundles over Q, the second-order Lagrangian function for this system, L ∈ C^∞(T^2Q), can be written locally as L(q^i_0, q^i_1, q^i_2) = α (q^i_1)^2 [ (q^i_1)^2(q^i_2)^2 − (q^i_1q^i_2)^2 ]_{1/2} ≡ α (q^i_1)^2 √ g . (48)

where α is some nonzero constant. It is a singular Lagrangian, as we can see by computing the Hessian matrix of L with respect to q^A_2 , which is ( ∂^2L ∂q^B_2 ∂q^A_2 ) = α 2(q^i_1)^2 √ g^3 [( (q^i_1q^i_2)^2 − 2(q^i_1)^2(q^i_2)^2 ) q^B_1 q^A_1 + (q^i_1)^2(q^i_1q^i_2)(q^B_2 q^A_1 − q^B_1 q^A_2 )

−(q^i_1)^2(q^i_2)^2q^B_2 q^A_2 ] if B ≠ A α √ g^3 [ g − (q^i_2)^2q^A_1 q^A_1 + 2(q^i_1q^i_2)q^A_1 q^A_2 − (q^i_1)^2q^A_2 q^A_2 ] if B = A ,

then after a long calculation we obtain that det ( ∂^2L ∂q^B_2 ∂q^A_2 ) = 0. In particular, L is an almost-

regular Lagrangian.

As this is a second-order dynamical system, the phase space that we consider is

W = T^3Q ×_{TQ} T^∗(TQ)

pr_1

vvmmmm mmmm mmmm mm_{pr2}

))RRR

RRRR

RRRR RRR T^3Q

ρ^3_1 ((RRRRRR

RRRR

RRRR

RR T^∗(TQ) π_{TQ} uukkkk kkkk kkkk kkkk TQ . As L is almost-regular, the “natural” phase space for this system would be T^3Q ×_{TQ} P_o, where P_o → T^∗(TQ) denotes the image of the Legendre-Ostrogradsky map. However, as we have a set of natural coordinates defined in W, it is easier to work in W and then to obtain the constraints as a consequence of the formalism.

If ω_1 ∈ Ω^2(T^∗(TQ)) is the canonical symplectic form, we define the presymplectic form Ω = pr^∗_2 ω_1 ∈ Ω^2(W), whose local expression is

Ω = dq^i_0 ∧ dp^0_i + dq^i_1 ∧ dp^1_i .

The Hamiltonian function H ∈ C^∞(W) is H = C −(ρ^3_2 ∘pr_1)^∗L, where C is the coupling function, whose local expression is C ( q^i_0, q^i_1, q^i_2, q^i_3, p^0_i , p^1_i ) = p^0_i q^i_1 +p^1_i q^i_2, and then the Hamiltonian function can be written locally H ( q^i_0, q^i_1, q^i_2, q^i_3, p^0_i , p^1_i ) = p^0_i q^i_1 + p^1_i q^i_2 − α (q^i_1)^2 [ (q^i_1)^2(q^i_2)^2 − (q^i_1q^i_2)^2 ]_{1/2} .

The dynamics for this system are described as the integral curves of vector fields X ∈ X(W) which are solutions to equation (18). If we take a generic vector field X ∈ X(W), given locally by X = f^A_0 ∂ ∂q^A_0 + f^A_1 ∂ ∂q^A_1 + F^A_2 ∂ ∂q^A_2 + F^A_3 ∂ ∂q^A_3 + G^0_A ∂ ∂p^0_A + G^1_A ∂ ∂p^1_A , taking into account that

dH = q^A_1 dp^0_A + q^A_2 dp^1_A + [ p^0_A + α ((q^i_1)^2)^2 √ g [( (q^i_1)^2(q^i_2)^2 − 2(q^i_1q^i_2)^2 ) q^A_1 + (q^i_1q^i_2)(q^i_1)^2q^A_2 ]] dq^A_1 + [ p^1_A − α (q^i_1)^2 √ g ( (q^i_1)^2q^A_2 − (q^i_1q^i_2)q^A_1 )] dq^A_2 ;

from the dynamical equation we obtain the following linear systems for the coefficients of X

f^A_0 = q^A_1 (49) f^A_1 = q^A_2 (50) G^0_A = 0 (51) G^1_A = −p^0_A − α ((q^i_1)^2)^2 √ g [( (q^i_1)^2(q^i_2)^2 − 2(q^i_1q^i_2)^2 ) q^A_1 + (q^i_1q^i_2)(q^i_1)^2q^A_2 ] (52)

p^1_A − α (q^i_1)^2 √ g ( (q^i_1)^2q^A_2 − (q^i_1q^i_2)q^A_1 ) = 0 . (53)

Note that from equations (49) and (50) we obtain the condition of semispray of type 2 for X. Furthermore, equations (53) are algebraic relations between the coordinates in W stating that the vector field X is defined along a submanifold W_o that is identified with the graph of the Legendre-Ostrogradsky map, as we stated in Propositions 2 and 3. Thus, the vector field X is given locally by X = q^A_1 ∂ ∂q^A_0 + q^A_2 ∂ ∂q^A_1 + F^A_2 ∂ ∂q^A_2 + F^A_3 ∂ ∂q^A_3 + G^1_A ∂ ∂p^1_A , (54)

where the functions G^1_A are determined by (52). As we want to recover the Lagrangian solutions from the vector field X, we must require X to be a semispray of type 1. This condition reduces the set of vector fields X ∈ X(W) given by (54) to the following ones

X = q^A_1 ∂ ∂q^A_0 + q^A_2 ∂ ∂q^A_1 + q^A_3 ∂ ∂q^A_2 + F^A_3 ∂ ∂q^A_3 + G^1_A ∂ ∂p^1_A . (55)

Notice that the functions F^A_3 are not determinated until the tangency of the vector field X on W_o is required. Now, the Legendre-Ostrogradsky transformation is the map FL : T^3Q −→ T^∗(TQ) locally given by

FL^∗(p^0_A) = ∂L ∂q^A_1 − d_T ( ∂L ∂q^A_2 ) ≡ ∂L ∂q^A_1 − d_T ( p^1_A ) = α (q^i_1)^2 √ g^3 [( (q^i_2)^2g + (q^i_1)^2(q^i_2)^2(q^i_1q^i_3) − (q^i_1)^2(q^i_1q^i_2)(q^i_2q^i_3) ) q^A_1 ] + α (q^i_1)^2 √ g^3 [( ((q^i_1)^2)^2(q^i_2q^i_3) − (q^i_1)^2(q^i_1q^i_2)(q^i_1q^i_3) − (q^i_1q^i_2)g ) q^A_2 − (q^i_1)^2gq^A_3 ]

FL^∗(p^1_A) = ∂L ∂q^A_2 = α (q^i_1)^2 √ g [ (q^i_1)^2q^A_2 − (q^i_1q^i_2)q^A_1 ] , and, in fact, L is an almost-regular Lagrangian. Thus, from the expression in local coordinates of the map FL, we obtain the (primary) constraints that define the closed submanifold P_o = Im FL, which are ϕ^{(0)}_1 ≡ p^1_i q^i_1 = 0 ; ϕ^{(0)}_2 ≡ (p^1_i )^2 − α^2 (q^i_1)^2

= 0 ; (56)

P.D. Prieto-Martínez, N. Román-Roy: Unified formalism for higher-order systems. 31

Let FL_o : T^3Q → P_o. Then, the submanifold W_o = graph FL_o is defined by

W_o = { p ∈ W : ξ^A_0 (p) = ξ^A_1 (p) = ϕ^{(0)}_1 (p) = ϕ^{(0)}_2 (p) = 0, 1 ⩽ A ⩽ dim Q }

where ξ^A_r ≡ p^r_A − FL^∗p^r_A. The diagram for this situation is W

pr_1

�

pr_2

˘˘ W_{Po} = T^3Q ×_{TQ} P_o ?Ø j_{WPo} OO

pr_{1,WPo} wwnnn nnn nnn nnn n_{pr2,WPo} ((QQQ

QQQQ

QQQQ QQ

pr_{2,Po} !!D DD DD DD DD DD DD DD DD DD DD T^3Q T^∗(TQ)

W_o = graph FL_o ?Ø

j_o

OO

pr_{1,Po} hhPPP PPP PPP PPP P_{pr2,Po} // P_o? Ø j_{Po} OO

Notice that W_o is a submanifold of T^3Q ×_{TQ} P_o, and that W_o is the real phase space of the system, where the dynamics take place.

Next we compute the tangency condition for X ∈ X(W) given locally by (55) on the submanifold W_o → W_{Po} → W, by checking if the following identities hold L(X)ξ^A_0 |W_o = 0 , L(X)ξ^A_1 |W_o = 0 (57) L(X)ϕ^{(0)}_1 |W_o = 0 , L(X)ϕ^{(0)}_2 |W_o = 0 . (58) As we have seen in Section 3.2.1, equations (57) give us the Lagrangian equations for the vector field X. However, equations (58) do not hold since

L(X)ϕ^{(0)}_1 = L(X)(p^1_i q^i_1) = −p^0_i q^i_1 , L(X)ϕ^{(0)}_2 = L(X)((p^1_i )^2 − α^2/(q^i_1)^2) = −2p^0_i q^1_i , and hence we obtain two first-generation secondary constraints ϕ^{(1)}_1 ≡ p^0_i q^i_1 = 0 , ϕ^{(1)}_2 ≡ p^0_i p^1_i = 0 (59) that define a new submanifold W_1 → W_o. Now, checking the tangency of the vector field X to this new submanifold, we obtain L(X)ϕ^{(1)}_1 = L(X)(p^0_i q^i_1) = 0 , L(X)ϕ^{(1)}_2 = L(X)(p^0_i p^1_i ) = −(p^0_i )^2 , and a second-generation secondary constraint appears ϕ^{(2)} ≡ (p^0_i )^2 = 0 , (60) which defines a new submanifold W_2 → W_1. Finally, the tangency of the vector field X on this submanifold gives no new constraints, since L(X)ϕ^{(2)} = L(X)((p^0_i )^2) = 0 .

So we have two primary constraints (56), two first-generation secondary constraints (59), and a single second-generation secondary constraint (60). Notice that these five constraints only

P.D. Prieto-Martínez, N. Román-Roy: Unified formalism for higher-order systems. 32

depend on q^A_1 , p^0_A and p^1_A, and so they are pr_2-projectable. Thus, we have the following diagram W

pr_1

�

pr_2

˘˘ W_{Po} ?Ø j_{WPo} OO

pr_{1,WPo} wwooo ooo ooo ooo o_{pr2,WPo} ((QQQ

QQQQ

QQQQ QQQ

pr_{2,Po} !!C CC CC CC CC CC CC CC CC CC C

T^3Q T^∗(TQ)

S_1 ?Ø j_{S1} OO

W_o ?Ø

j_o

OO

pr_{1,Po} ggPPP PPP PPP PPP PP_{pr2,Po} // P_o? Ø j_{Po} OO

S_2 ?Ø j_{S2} OO W_1 ?Ø j_1 OO pr_{1,P1}

hhPPPP PPP PPP PPP PP_{pr2,P1} // P_1? Ø j_{P1} OO

W_2 ?Ø j_2 OO pr_{1,P2}

hhPPPP PPP PPP PPP PP_{pr2,P2} // P_2? Ø j_{P2} OO

where

P_1 = { p ∈ P_o : ϕ^{(1)}_1 (p) = ϕ^{(1)}_2 (p) = 0 } = pr_2(W_1)

P_2 = { p ∈ P_o : ϕ^{(2)}(p) = 0 } = pr_2(W_2)

S_1 = FL^{−1}_o (P_1) = pr_1(W_1)

S_2 = FL^{−1}_o (P_2) = pr_1(W_2) .

Focusing only on the Legendre-Ostrogradsky map, and ignoring the unified part of the diagram, we have T^3Q^{FL} // FL_o ((QQQ

QQQQ

QQQQ

QQQQ

Q T^∗(TQ)

S_1 ?Ø j_{S1} OO

FL_o ((RRR

RRRR

RRRR

RRRR RR Po ?Ø j_{Po} OO

S_2 ?Ø j_{S2} OO

FL_o ((RRR

RRRR

RRRR

RRRR

RR P1 ?Ø j_{P1} OO

P_2 ?Ø j_{P2} OO

Notice that we still have to check (57). As we have seen in Section 3.2.1, we will obtain the following equations ( F^B_3 − d_T ( q^B_3 )) ∂^2L ∂q^B_2 ∂q^A_2 + ∂L ∂q^A_0 − d_T ( ∂L ∂q^A_1 ) + d^2_T ( ∂L ∂q^A_2 ) + ( F^B_2 − q^B_3 ) d_T ( ∂^2L ∂q^B_2 ∂q^A_2 ) = 0 (61) ( F^B_2 − q^B_3 ) ∂^2L ∂q^B_2 ∂q^A_2

= 0 (62)

As we have already required the vector field X to be a semispray of type 1, equations (62) are satisfied identically and equations (61) become ( F^B_3 − d_T ( q^B_3 )) ∂^2L ∂q^B_2 ∂q^A_2 + ∂L ∂q^A_0 − d_T ( ∂L ∂q^A_1 ) + d^2_T ( ∂L ∂q^A_2 ) = 0 . (63)

A long calculation shows that this equation is compatible and so no new constraints arise. Thus, we have no Lagrangian constraint appearing from the semispray condition. If some constraint had appeared, it would not be FL_o-projectable (see [24])

Thus, the vector fields X ∈ X(W) given locally by (55) which are solutions to the equation

[i(X)Ω − dH]|_{W2} = 0 ,

are tangent to the submanifold W_2 → W_o. Therefore, taking the vector fields X_o ∈ X(W_2) such that Tj_2 ∘ X_o = X ∘ j_2, the form Ω_o = (j_{WPo} ∘ j_o ∘ j_1 ∘ j_2)^∗Ω, and the canonical Hamiltonian function H_o = (j_{WPo} ∘ j_o ∘ j_1 ∘ j_2)^∗H, the above equation leads to i(Xo)Ωo − dHo = 0 , but a simple calculation in local coordinates shows that H_o = 0, and thus the last equation becomes i(X_o)Ω_o = 0.

One can easily check that, if the semispray condition is not required at the beginning and we perform all this procedure with the vector field given by (54), the final result is the same. This means that, in this case, the semispray condition does not give any additional constraint.

As final results, we recover the Lagrangian and Hamiltonian vector fields from the vector field X ∈ X(W). For the Lagrangian vector field, by using Lemma 3 and Theorem 2 we obtain a semispray of type 2, X_L ∈ X(T^3Q), tangent to S_2. Thus, requiring the condition of semispray of type 1 to be satisfied (perhaps on another submanifold M_2 → S_2), the local expression for the vector field X_L is

X_L = q^A_1 ∂ ∂q^A_0 + q^A_2 ∂ ∂q^A_1 + q^A_3 ∂ ∂q^A_2 + F^A_3 ∂ ∂q^A_3 . where the functions F^A_3 are determined by (63). For the Hamiltonian vector fields, recall that L is an almost-regular Lagrangian function. Thus, we know that there are Euler-Lagrange vector fields which are FL_o-projectable on P_2, tangent to P_2 and solutions to the Hamilton equation.

5 Conclusions and outlook

After introducing the natural geometric structures needed for describing higher-order autonomous dynamical systems, we review their Lagrangian and Hamiltonian formalisms, following the exposition made in [17].

The main contribution of this work is that we develop the Lagrangian-Hamiltonian unified formalism for higher-order dynamical systems, following the ideas of the original article [39]. We pay special attention to showing how the Lagrangian and Hamiltonian dynamics are recovered from this, both for regular and singular systems.

A first consideration is to discuss the fundamental differences between the first-order and the higher-order unified Lagrangian-Hamiltonian formalisms. In particular:

• As there is no canonical pairing between the elements of T^{2k−1}_q Q and of T^∗_q(T^{k−1}Q), in order to define the higher-order coupling function C in an intrinsic way, we use the canonical injection that transforms a point in T^{2k−1}Q into a tangent vector along T^{k−1}Q.

• When the equations that define the Legendre-Ostrogradsky map are recovered from the unified formalism (both in the characterization of the compatibility submanifold W_o as the graph of FL, and in the equations in local coordinates of the vector field X ∈ X(W) solution to the dynamical equations), the only equations that are recovered are those that define the highest order momentum coordinates, and the remaining equations that define the map must be recovered using the relations between the momentum coordinates.

• The regularity of the Lagrangian function is more relevant in the higher-order case, because the condition of semispray of type 1 (the holonomy condition) of the Lagrangian vector field cannot be deduced from the dynamical equations if the Lagrangian is singular, unlike the first-order case, where this holonomy condition is deduced straightforwardly from the equations independently of the regularity of the Lagrangian function. When the Lagrangian is singular, we can only ensure that the Lagrangian vector field is a semispray of type k. It is therefore necessary, in general, to require the condition of semispray of type 1 as an additional condition.

Then, for regular Lagrangian systems, when the tangency condition of the vector field X ∈ X(W) solution in the unified formalism along the submanifold W_o is required, we obtain not only the Euler-Lagrange equations for the vector field, but also the remaining k − 1 systems of equations that the vector field must satisfy to be a semispray of type 1.

As we point out in the introduction, a previous and quick presentation of a unified formalism for higher-order systems was outlined in [13]. Our formalism differs from this one, since in that article the authors take T^kQ ⊕_Tk−1_Q T^∗(T^{k−1}Q) as the phase space in the unified formalism, instead of ours, which is T^{2k−1}Q ⊕_Tk−1_Q T^∗(T^{k−1}Q). This is a significant difference, since when we want to recover the dynamical solutions of the Lagrangian formalism from the unified formalism, the Lagrangian phase space is T^{2k−1}Q, instead of T^kQ, which is the bundle where the Lagrangian function is defined. This fact makes it more natural to obtain the Lagrangian dynamics as well as the Hamiltonian dynamics, which in turn is obtained from the Lagrangian one using the Legendre-Ostrogradsky map.

By using any suitable generalization of some of the several formalisms for first-order nonautonomous dynamical systems [1, 6, 19], a future avenue of research consists in generalizing this unified formalism for higher-order non-autonomous dynamical systems. This generalization should also be recovered as a particular case of the corresponding unified formalism for higherorder classical field theories. As regards this topic, a proposal for a unified formalism for higherorder classical field theories has recently been made [10, 41], which is based on the model presented in [13]. This formulation allows us to improve some previous models for describing the Lagrangian and Hamiltonian formalisms. Nevertheless, some ambiguities arise when considering the solutions of the field equations. We hope that a suitable extension of our formalism to field theories will enable these difficulties to be overcome and complete the model given in [10, 41].

Acknowledgments

We acknowledge the financial support of the Ministerio de Ciencia e Innovación (Spain), projects MTM2008-00689 and MTM2009-08166-E. We also thank Mr. Jeff Palmer for his assistance in preparing the English version of the manuscript.

P.D. Prieto-Martínez, N. Román-Roy: Unified formalism for higher-order systems. 35

References

[1] R. Abraham and J.E. Marsden, Foundations of mechanics, 2nd ed., Benjamin-Cummings, New York 1978.

[2] V. Aldaya and J.A. de Azcarraga, “Variational Principles on r-th order jets of fibre bundles in Field Theory”, J. Math. Phys. 19(9) (1978) 1869.

[3] V. Aldaya and J.A. de Azcarraga, “Higher order Hamiltonian formalism in Field Theory”, J. Phys.

A 13(8) (1980) 2545–2551.

[4] R. Banerjee, P. Mukherjee, and B. Paul, “Gauge symmetry and W-algebra in higher derivative systems”, JHEP 08 (2011) 085.

[5] M. Barbero Liñán, A. Echeverría-Enríquez, D. Martín de Diego, M.C. Muñoz-Lecanda, and N. Román Roy, “Skinner-rusk unified formalism for optimal control systems and applications”, J. Math. Phys. A: Math. Theor. 40(40) (2007) 12071–12093.

[6] M. Barbero Liñán, A. Echeverría-Enríquez, D. Martín de Diego, M.C. Muñoz-Lecanda, and N. Román-Roy, “Unified formalism for non-autonomous mechanical systems”, J. Math. Phys. 49(6) (2008) 062902.

[7] J. Barcelos-Neto and C.P. Natividade, “Hamiltonian Path Integral Formalism with Higher Derivatives”, Zeitsch. Phys. C: Parts. Fields 51(2) (1991) 313–319.

[8] C. Batlle, J. Gomis, J.M. Pons, and N. Román-Roy, “Lagrangian and Hamiltonian constraints for second-order singular Lagrangians”, J. Phys. A: Math. Gen. 21(12) (1988) 2693–2703.

[9] L.V. Belvedere, R.L.P.L. Amaral, and N.A. Lemos, “Canonical Transformations in a Higher Derivative Field Theory”, Zeitsch. Phys. C: Parts. Fields 66(4) (1995) 613–617.

[10] C.M. Campos, M. de León, D. Martín de Diego, and K. Vankerschaver, “Unambigous formalism for higher-order lagrangian field theories”, J. Phys A: Math Theor. 42 (2009) 475207.

[11] F. Cantrijn, M. Crampin, and W. Sarlet, “Higher-order differential equations and higher-order Lagrangian mechanics”, Math. Proc. Cambridge Philos. Soc. 99(3) (1986) 565–587.

[12] J.F. Cariñena and C. López, “The time-evolution operator for higher-order singular Lagrangians”, Internat. J. Modern Phys. A 7(11) (1992) 2447–2468.

[13] L. Colombo, D. Martín de Diego, and M. Zuccalli, “Optimal control of underactuated mechanical systems: a geometric approach”, J. Math. Phys. 51(8) (2010) 083519.

[14] J. Cortés, S. Martínez, and F. Cantrijn, “Skinner-Rusk approach to time-dependent mechanics”, Physics Letters A 300 (2002) 250–258.

[15] M. de León, J.C. Marrero, and D. Martín de Diego, “A new geometric setting for classical field theories”, Banach Center Publ. 59 (2003) 189–209.

[16] M. de León, D. Martín de Diego, and A. Santamaría Merino, “Geometric numerical integration of nonholonomic systems and optimal control problems”, Eur. J. Control 10(5) (2004) 515–524.

[17] M. de León and P.R. Rodrigues, Generalized classical mechanics and field theory, North-Holland Math. Studies, vol. 112, Elsevier Science Publishers B.V., Amsterdam 1985.

[18] A. Echeverría-Enríquez, C. López, J. Marín-Solano, M.C. Muñoz-Lecanda, and N. Román-Roy, “Lagrangian-Hamiltonian unified formalism for field theory”, J. Math. Phys. 45(1) (2004) 360–380.

[19] A. Echeverría-Enríquez, M.C. Muñoz-Lecanda, and N. Román-Roy, “Geometrical setting of timedependent regular systems. Alternative models.”, Rev. Math. Phys. 3(3) (1991) 301–330.

[20] P.L. García and J. Muñoz, “On the geometrical structure of higher order variational calculus”, Procs.

IUTAM-ISIMM Symposium on Modern Developments in Analytical Mechanics, Vol. I (Torino, 1982). Atti. Accad. Sci. Torino Cl. Sci. Fis. Math. Natur. 117 (1983) suppl. 1, 127–147.

[21] M.J. Gotay and J.M. Nester, “Presymplectic Lagrangian systems. I. The constraint algorithm and the equivalence theorem.”, Ann. Inst. H. Poincaré Sect. A 30(2) (1979) 129–142.

P.D. Prieto-Martínez, N. Román-Roy: Unified formalism for higher-order systems. 36

[22] M.J. Gotay, J.M. Nester, and G. Hinds, “Presymplectic manifolds and the Dirac-Bergmann theory of constraints”, J. Math. Phys. 19(11) (1978) 2388–2399.

[23] X. Gràcia, J.M. Pons, and N. Román-Roy, “Higher-order Lagrangian systems: Geometric structures, dynamics and constraints”, J. Math. Phys. 32(10) (1991) 2744–2763.

[24] X. Gràcia, J.M. Pons, and N. Román-Roy, “Higher-order conditions for singular Lagrangian systems”, J. Phys. A: Math. Gen. 25 (1992) 1981–2004.

[25] O. Krupkova, “A Geometrical Setting for Higher-Order Dirac-Bergmann Theory of Constraints”, J.

Math. Phys. 35(12) (1994) 6557–6576.

[26] Y.A. Kuznetsov and M.S. Plyushchay, “(2+1)-dimensional Models of Relativistic-Particles with Curvature and Torsion”, J. Math. Phys. 35(6) (1994) 2772–2784.

[27] E. Martínez, Geometría de ecuaciones diferenciales aplicada a la mecánica, Ph.D. thesis, Universidad de Zaragoza 1991.

[28] S.A. Martínez, R. Montemayor, and L.F. Urrutia, “Perturbative Hamiltonian constraints for higher order theories”, arXiv:1104.4923v1 [hep-th]Int. J. Mod. Phys A 26(26) (2011) 4661–4686.

[29] R. Miron, The Geometry of Higher-order Hamilton Spaces: Applications to Hamiltonian Mechanics, Fundamental Theories of Physics, vol. 132, Springer-Verlag, New York 2003arXiv:1003.2501 [math.DG].

[30] M.C. Muñoz-Lecanda and N. Román-Roy, “Lagrangian theory for presymplectic systems”, Ann.

Inst. H. Poincaré A 52(1) (1992) 27–45.

[31] V.V. Nesterenko, “Singular Lagrangians with higher-order derivatives”, J. Phys. A: Math. Gen.

22(10) (1989) 1673–1687.

[32] A. Pais and G.E. Uhlenbeck, “On Field Theories with Non-Localized Action”, Phys. Rev. 79(1) (1950) 145–165.

[33] R.D. Pisarski, “Field theory of paths with a curvature-dependent term”, Phys. Rev. D 34(2) (1986) 670–673.

[34] M.S. Plyushchay, “Canonical quantization and mass spectrum of relativistic particle: analog of relativistic string with rigidity”, Mod. Phys. Lett. A 3(13) (1988) 1299–1308.

[35] M.S. Plyushchay, “The model of relativistic particle with torsion”, Nucl. Phys. B 362 (1991) 54–72.

[36] D.J. Saunders, The geometry of jet bundles, London Mathematical Society, Lecture notes series, vol.

142, Cambridge University Press, Cambridge, New York 1989.

[37] D.J. Saunders and M. Crampin, “On the Legendre map in higher-order field theories”, J. Phys. A:

Math. Gen. 23 (1990) 3169–3182.

[38] H.J. Schmidt, “Conformal Relations and Hamiltonian Formulation of Fourth Order Gravity”, Grav.

Cosmol. 3 (1997) 266–274.

[39] R. Skinner and R. Rusk, “Generalized Hamiltonian dynamics. I. Formulation on T^∗Q ⊕ T Q”, J.

Math. Phys. 24(11) (1983) 2589–2594.

[40] W.M Tulczyjew, “Sur la différentielle de Lagrange”, C. R. Acad. Sci. Paris Sér. A 280 (1975) 1295–1298.

[41] L. Vitagliano, “The Lagrangian-Hamiltonian Formalism for Higher Order Field Theories”, J. Geom.

Phys. 60 (2010) 857–873.