arXiv:1106.4203v1 [gr-qc] 21 Jun 2011

Canonical Formulation of Spin in General Relativity^∗

Jan Steinhoff^†

Theoretisch–Physikalisches Institut, Friedrich–Schiller–Universität, Max–Wien–Platz 1, 07743 Jena, Germany, EU

June 22, 2011

Abstract

The present thesis aims at an extension of the canonical formalism of Arnowitt, Deser, and Misner from self-gravitating point-masses to objects with spin. This would allow interesting applications, e.g., within the post-Newtonian (PN) approximation. The extension succeeded via an action approach to linear order in the single spins of the objects without restriction to any further approximation. An orderby-order construction within the PN approximation is possible and performed to the formal 3.5PN order as a verification. In principle both approaches are applicable to higher orders in spin. The PN next-to-leading order spin(1)-spin(1) level was tackled, modeling the spin-induced quadrupole deformation by a single parameter. All spin-dependent Hamiltonians for rapidly rotating bodies up to and including 3PN are calculated.

PACS numbers: 04.20.-q, 04.20.Fy, 04.25.Nx, 97.80.-d Keywords: Dissertation, canonical formalism, spin, post-Newtonian approximation, binary stars

∗Dissertation, Friedrich-Schiller-Universität, Jena, 2010 (submitted in June). Cite as Ann. Phys. (Berlin) 523, 296–353 (2011). †Email: jan.steinhoff@uni-jena.de

2 CONTENTS

Contents

1 Introduction 3

2 Preliminaries 5 2.1 Spin in Special Relativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.1 Center, Spin, and Mass Dipole . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.2 Poincaré Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.1.3 Canonical Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 Spin in General Relativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2.1 Gravitational Skeleton . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2.2 Pole-Dipole Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2.3 Spin Supplementary Condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.3 Canonical Formulation of General Relativity . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.3.1 The ADM Formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.3.2 Matter Couplings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.3.3 Other Formalisms and Constrained Hamiltonian Dynamics . . . . . . . . . . . . . 14

3 Action Approach 16 3.1 Action of the Spherical Top . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.1.1 Newtonian Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.1.2 Special Relativistic Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.1.3 Minimal Coupling to Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.2 Reduction of the Matter Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.2.1 Reduced Matter Action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.2.2 Canonical Matter Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.3 Full Gauge Reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.3.1 Spatial Symmetric Gauge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.3.2 ADM Transverse-Traceless Gauge . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4 Symmetry Generator Approach 25 4.1 Symmetries and Conserved Quantities . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.1.1 Global Rotations and Translations . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.1.2 Symmetry Generators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 4.1.3 Global Poincaré Invariance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.1.4 Symmetry Generators from Integral Formulas . . . . . . . . . . . . . . . . . . . . 27 4.2 Construction of Canonical Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 4.2.1 Consistency Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 4.2.2 Canonical Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.2.3 Post-Newtonian Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 4.2.4 Final Fixation of the Canonical Variables . . . . . . . . . . . . . . . . . . . . . . 31

5 Higher Orders in Spin 32 5.1 Quadrupole Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 5.1.1 Quadrupole Approximation from Tulczyjew’s Method . . . . . . . . . . . . . . . 33 5.1.2 Decomposition of the Quadrupole . . . . . . . . . . . . . . . . . . . . . . . . . . 33 5.1.3 Ansatz for the Mass Quadrupole . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.2 Action Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.2.1 Nonminimal Couplings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 5.2.2 Legendre Transforms and Supplementary Conditions . . . . . . . . . . . . . . . . 36 5.2.3 Leading Order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 5.3 Symmetry Generator Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 5.3.1 Leading Order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 5.3.2 Next-to-Leading Order Static Source Terms . . . . . . . . . . . . . . . . . . . . . 38

6 Results for Hamiltonians 39 6.1 Post-Newtonian Expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 6.1.1 Review of the Formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 6.1.2 Expansion of the Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 6.1.3 Formulas for Hamiltonians . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 6.1.4 Matter-Only Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 6.2 Spin Corrections to the Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 6.2.1 Field Constraints in Canonical Variables . . . . . . . . . . . . . . . . . . . . . . . 44 6.2.2 Leading Order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 6.2.3 Next-to-Leading Order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 6.2.4 Center of Mass and Poincaré Algebra . . . . . . . . . . . . . . . . . . . . . . . . 48

7 Conclusions and Outlook 49

A Symbols 50

References 59

1 Introduction

Though general relativity has seen and passed many experimental tests, one of its most fascinating predictions, namely gravitational waves, has not been observed directly. However, observations of certain binary pulsar signals are in good agreement with the energy loss predicted by general relativity due to gravitational waves, see, e.g., [1]. This indirect observation of gravitational waves originates from Hulse and Taylor (first found for the binary pulsar PSR B1913+16) and was awarded the Nobel Prize in 1993. Nowadays there is less doubt that gravitational waves exist, and one aims at a direct observation with assiduous efforts, both by experiments on Earth, e.g., LIGO, VIRGO, GEO 600, and by the future space mission LISA [2]. The direct measurement of gravitational waves is not only interesting, but would furthermore open up an entirely new spectrum for astronomical observations. Such gravitational wave astronomy is expected to have great impact on astrophysics and fundamental physics [2], possibly starting a new era in these fields.

Beside the experimental challenge of measuring extraordinarily small relative changes in length (≲ 10^{−21} detectable by now) there are important problems to be solved on the theoretical side in order to successfully establish the new field of gravitational wave astronomy. The theoretical challenge lies within the area of data analysis, for both the noise dominated [3] and signal dominated [4] cases. An accurate understanding and knowledge of the expected gravitational wave signals is a key ingredient to allow faithful astronomical or astrophysical statements from the data analysis process. An appealing source for gravitational waves is the inspiral and merger of two compact objects, like black holes and neutron stars. The advantage of this kind of source is its quite periodic behavior, which can be studied over long periods of time. However, minute changes in frequency and amplitude of the gravitational waves need to be predicted in an accurate way. While fully numerical methods are ideal to study the very late inspiral (or plunge) and merger phases of compact objects, the post-Newtonian approximation to general relativity provides a good analytic handle on the inspiral phase and can give accurate predictions over many orbits. The post-Newtonian approximation was pushed to high orders for nonspinning objects, see, e.g., [5], and it is desirable to catch up to these orders for the spinning case.

A successful and efficient way to calculate the conservative part of the dynamics of two compact objects within the post-Newtonian approximation is based on the canonical formalism of Arnowitt, Deser, and Misner (ADM). However, this formalism has been coupled so far to nonspinning point-like objects only. The main goal of the present thesis is to extend this coupling to spinning objects. Not only this is useful for subsequent applications, but an interesting problem as such (though rather mathematical). To linear order in spin the problem is solved using an action approach, similar to a treatment of spin-^1_2 Dirac fields coupled to gravity given by Kibble [6]. Further, an order-by-order construction of the canonical formalism with spin is given as a check. This construction is based on consistency conditions on the formalism. In particular it is sufficient to rely on a certain form of total linear and angular momentum expressed in terms

4 1 INTRODUCTION

of canonical variables in order to reproduce the result of the action approach to next-to-next-to-leading order in the post-Newtonian approximation. The assumed form of total linear and angular momentum, i.e., the generators of translations and rotations, guarantees that a great part of the global Poincaré algebra is fulfilled. The connection to the action approach is given by Noether’s theorem on conserved quantities.

Higher orders in spin correspond to quadrupole and even higher multipole corrections. Both the action approach and an order-by-order construction are in principle applicable to canonical formulations at higher orders in spin. However, only the next-to-leading order spin(1)-spin(1) level will be tackled here. This requires a modeling of the spin-induced quadrupole deformation, described by a single parameter for each object. This parameter is not only distinct for black holes and neutron stars, for the latter kind of object it also depends on the assumed equation of state or on other details of a particular theoretical neutron star model. If gravitational wave astronomy becomes available with a high enough precision in the future, one may hope to measure this (and maybe other) neutron star parameter.

The results obtained here within the post-Newtonian approximation cover the next-to-leading order spin(1)-spin(2) and spin(1)-spin(1) conservative Hamiltonians. The conservative next-to-leading order spin-orbit Hamiltonian was reproduced. For maximally rotating bodies all Hamiltonians up to and including the third post-Newtonian order are now known. A maximal rotating body is defined to have a dimensionless spin (i.e., rescaled by the mass of the object and identical to the dimensionless Kerr parameter for black holes) of value one, corresponding to an extremal Kerr black hole. Notice that millisecond pulsars (or neutron stars) and black holes can easily have dimensionless spins bigger than^1_{10} (a rough approximation for the sun yields^1_5 [7]). Thus spins close to maximal ones are expected to be astrophysically relevant. In this case the next-to-leading order spin Hamiltonians obtained here are needed for an accurate description of the dynamics during the inspiral phase. It was found recently in [8] that spin effects as such and in particular the orientations of the spins have a big impact on the event rates expected in detectors, especially when spins are close to maximum.

If the fourth post-Newtonian order Hamiltonian for nonspinning objects could be obtained in the future, the spin Hamiltonians calculated here would be applicable to an even larger class of binaries (with smaller spins). Notice that the effective one-body approach for nonspinning objects, see, e.g., [9], is able to cover such higher post-Newtonian orders by calibration to numerical relativity and further provides predictions for the full waveforms, including merger and ringdown phases. An extension of the effective one-body approach to spinning objects is possible [10]. Subsequent implementation of higher order spin Hamiltonians seems to be interesting, and was already performed for the next-to-leading order spin-orbit Hamiltonian [11].

Now the organization of the present thesis is given, with references to relevant published work of the author for certain sections (for a short review see also [12]). In section 2 spinning objects in special and general relativity are reviewed. Further, an overview of canonical formulations of general relativity is given, with emphasis on the ADM formalism and coupling to nonspinning objects. In section 3 the action approach to the canonical formulation of self-gravitating spinning objects to linear order in spin is performed [13]. An order-by-order construction based on consistency considerations is performed to nextto-next-to-leading order in section 4 [14, 15] as a check. In section 5 first general quadrupole corrections to the equations of motion and the stress-energy tensor are given [16] and then used to extend the canonical formalism to spin-induced quadrupole deformation at next-to-leading order [17–19]. As an application of the formalism, conservative Hamiltonians at next-to-leading order are derived in section 6. These are the spin-orbit [14] (derived earlier by Damour, Jaranowski, and Schäfer), spin(1)-spin(2) [20], and spin(1)- spin(1) Hamiltonians, the latter was first derived for black holes [17, 18] and later for compact objects in general (including neutron stars) [19]. Finally, conclusions and outlook are given in section 7.

Lower case Latin indices from the beginning of the alphabet (a, b, . . . ) label the individual spinning objects and then consequently take on values from one to the number of objects. Three different frames are utilized in this thesis, denoted by different indices. Greek indices (α, μ, . . . ) refer to the coordinate frame, upper case Latin indices from the middle of the alphabet (I, J, . . . ) belong to a local Lorentz frame, and upper case Latin indices from the beginning of the alphabet (A, B, . . . ) denote the so called body-fixed Lorentz frame. Lower case Latin indices from the middle of the alphabet (i, j, . . . ) are used for the spatial part of the mentioned frames and are running through i = 1, 2, 3. In order to distinguish the three frames when splitting them into spatial and time part, we write a = (0), (i) for Lorentz indices (or a = (0), (1), (2), (3) in more detail), A = [0], [i] for the body-fixed frame, and μ = 0, i for the coordinate frame. Indices appearing twice in a product are implicitly summed over its index range, except for label indices of the objects. Round and square brackets are also used for index symmetrization and antisymmetrization, respectively, e.g., A^{(μν)} ≡^1_2 (A^{μν} + A^{νμ}). Partial derivatives are denoted by ∂_μ or by a comma as an index_{,μ}. Similarly, the 4-dimensional covariant derivative is written as_{||μ} and the induced 3-dimensional one as_{;i}. A 3-dimensional vector is also written in boldface, e.g., x. The signature of spacetime is taken to be +2. Units are such that the speed of light c and the gravitational constant G are equal to one. Other symbols are defined in this thesis on their first occurrence. For convenience also a summary of defined symbols is given in the appendix.

2 Preliminaries

This section gives a short review of the achievements regarding spin in the theory of relativity as well as the canonical formulation of general relativity. Emphasis is put on the problems to be solved if one aims at a canonical formulation of self-gravitating spinning objects in the pole-dipole approximation.

2.1 Spin in Special Relativity

Spin already has very interesting properties in special relativity. Its canonical structure is obtained here as a consequence of the Poincaré algebra by introducing the spin as a specific part of the total angular momentum.

2.1.1 Center, Spin, and Mass Dipole

The 4-dimensional total linear momentum P^μ and total angular momentum J^{μν} = −J^{νμ} of a physical system are conserved quantities due to Poincaré invariance. The 4-dimensional total spin tensor S^{μν} can then be defined by

J^{μν} = Z^μP^ν − P^μZ^ν + S^{μν} . (2.1)

That is, spin is the difference of total angular momentum and its orbital part. However, a different choice for the yet arbitrary center Z^μ of the system will result in a different spin S^{μν} (with J^{μν} being unchanged). This just expresses the dependence of angular momenta on the choice of a reference point. Separating time and space components

J^{ij} = Z^iP^j − P^iZ^j + S^{ij} , J^{i0} = Z^iE − P^it + S^{i0} , (2.2)

one infers that the spin transforms as

S^{ij} → S^{ij} + δZ^iP^j − P^iδZ^j , S^{i0} → S^{i0} + δZ^iE , (2.3)

under a change of the center Z^i → Z^i − δZ^i. E ≡ P^0 is the total energy and t ≡ Z^0 the time coordinate. Notice that J^{i0} is the total mass dipole of the system at t = 0 relative to the coordinate origin, so (2.2) tells us that S^{i0} is the mass dipole relative to the center Z^i. This explains the transformation property (2.3). One may also describe the 3-dimensional spin S^{ij} as the flow dipole and S^{μν} as the 4-dimensional dipole moment of the system relative to the center Z^i.

By its definition (2.1), S^{μν} transforms as a tensor under Lorentz boosts, with interesting consequences. In classical mechanics the center of mass, i.e., the center for which the mass dipole vanishes, is independent of the reference frame. In special relativity such a center can in general not be found. Under a Lorentz boost all components of S^{μν} transform, so if the mass dipole S^{i0} vanishes in one reference frame, it will only be zero in all others if the system has no spin, S^{μν} = 0. A nice graphic interpretation is given by figure 1. Notice that a spinning system in special relativity has a minimal extension of the order S/M orthogonal to the axis of rotation [21, 22]. Here S is the spin length, 2S^2 = S^{μν} S_{μν} , and M is the rest mass of the system, M^2 = −P^μP_μ. In general relativity, S/M is the radius coordinate of the ring singularity of Kerr spacetime [23].

Figure 1: If a spinning spherical symmetric object moves with a velocity V^i to the left, its upper hemisphere moves faster with respect to the reference system than its lower hemisphere. Thus the upper hemisphere has a higher relativistic mass than the lower one — the object acquires a mass dipole EΔZ^i. [22]

However, by virtue of (2.3) one can always choose the center Z^i such that the mass dipole S^{i0} vanishes in one specific reference frame characterized by a timelike vector f_μ. That is, the center is then the center of mass as observed in this frame. It holds

S^{μν} f_ν = 0 , (2.4)

which is the so called spin supplementary condition. This condition fixes the center and ensures that the spin tensor S^{μν} has three independent components only. Basically three important such conditions can be found in the literature [22, 24],

f_μ = P_μ , or S^{μν} P_ν = 0 , (2.5)

f_μ = −δ^0_μ , or S̃^{μ0} = 0 , (2.6)

f_μ = P_μ − Mδ^0_μ , or Ŝ^{μν} P_ν − MŜ^{μ0} = 0 . (2.7)

In the following, we will indicate center and spin belonging to the second condition [21, 24] by a tilde, Z̃i and S̃μν , a hat relates to the third condition [24, 25], Ẑi and Ŝμν , while center and spin of the first condition [26] are just denoted by Z^i and S^{μν} . We call Z^i the center of inertia, Z̃^i the center of mass, and Ẑi the center of spin [22]. Notice that the first condition is manifestly covariant, and is called covariant spin supplementary condition here. A different covariant condition is discussed in section 2.2. The third condition is called canonical spin supplementary condition, which will be explained in the following.

2.1.2 Poincaré Algebra

The Poincaré group is one of the most important groups in physics. Its generators P^μ and J^{μν} obey the Poisson bracket realization of the well-known Poincaré algebra

{P^μ, P^ν } = 0 , {P^μ, J^{ρσ} } = −η^{μρ}P^σ + η^{μσ} P^ρ , (2.8) {J^{μν} , J^{ρσ} } = −η^{νρ}J^{μσ} + η^{μρ}J^{νσ} + η^{σμ}J^{ρν} − η^{σν} J^{ρμ} , (2.9) where η^{μν} is the Minkowski metric. Splitting space and time one gets, see, e.g, [27], {P_i, P_j } = 0, {P_i, E} = 0, {J_i, E} = 0, {G_i, P_j } = Eδ_{ij} , {G_i, E} = P_i , (2.10) {J_i, P_j } = ϵ_{ijk} P_k, {J_i, J_j } = ϵ_{ijk} J_k, {J_i, G_j } = ϵ_{ijk}G_k , {G_i, G_j } = −ϵ_{ijk} J_k, (2.11) with the total angular momentum vector J_i =^1_2 ϵ_{ijk} J^{jk} and the 3-dimensional Levi-Civita symbol ϵ_{ijk} . The boost vector J^{i0} has an explicit dependence on time t, which was split off as

J^{i0} = G^i − P^it . (2.12)

This defines the vector G^i, which is related to the spin supplementary condition S̃^{μ0} = 0 with center of mass Z̃^i by G^i = Z̃^iE, cf. (2.2).

Notice that in general relativity total linear and angular momentum can be defined for asymptotically flat spacetimes as global quantities by certain surface integrals. In this case all considerations of this and the following section remain valid in full general relativity, see section 4.1.3.

2.1.3 Canonical Structure Using Z̃^i = G^i/E, S̃_{ij} = J_{ij} − Z̃^iP_j + P_iZ̃^j and the Poincaré algebra (2.10, 2.11), the Poisson brackets between P_i, Z̃^i , and S̃_{ij} follow as {Z̃^i, P_j } = δ_{ij} , {Z̃^i, Z̃^j } = − S̃_{ij} E^2 , {S̃_{ij} , Z̃^k} = P_iS̃_{kj} E^2 + P_jS̃_{ik} E^2

, (2.13) {S̃_{ij} , S̃_{kl}} = P_{ki}S̃_{jl} − P_{kj}S̃_{il} − P_{li}S̃_{jk} + P_{lj}S̃_{ik} , (2.14) all other zero, where P_{ij} = δ_{ij} − P_iP_j E^2

, P^{−1}_{ij} = δ_{ij} + P_iP_j M^2

, (2.15)

and δ_{ij} is the Kronecker symbol.

Now we proceed to the canonical spin supplementary condition (2.7), which can be written as (E + M)Ŝ^{i0} = Ŝ^{ij} P_j . From (2.3) and S̃^{i0} = 0 we get

Ẑ^i − Z̃^i = δZ^i = − Ŝi0 E = P_kŜ_{ki} E(E + M) . (2.16)

Having δZ^i, Eq. (2.3) relates Ŝ^{ij} and S̃^{ij} by

S̃_{ij} = Ŝ_{ij} + P^j P^k Ŝ_{ki} E(E + M) − P_iP_kŜ_{kj} E(E + M) . (2.17)

Contraction with P_i leads to EP_iS̃_{ij} = MP_iŜ_{ij} . Finally, in terms of S̃_{ij} one has

Ẑ^i = Z̃^i + P^k S̃_{ki} M(E + M) , Ŝ_{ij} = S̃_{ij} + P_iP_kS̃_{kj} M(E + M) − P_j P_kS̃_{ki} M(E + M) . (2.18)

The Poisson brackets (2.13, 2.14) transform into^1 {Ẑ^i, P_j } = δ_{ij} , {Ŝ_{ij} , Ŝ_{kl}} = δ_{ik}Ŝ_{jl} − δ_{jk}Ŝ_{il} − δ_{il}Ŝ_{jk} + δ_{jl}Ŝ_{ik} , (2.19) all other zero. Thus Ẑ^i, P_j , and Ŝ_{ij} are canonical variables. This realization is due to Pryce [24, 28]. Newton and Wigner further showed that Ẑ^i is the only center with this property [25].

Similarly, we can proceed to the covariant spin supplementary condition (2.5) by

Z^i = Ẑ^i + P_kŜ_{ki} M(E + M) , S_{ij} = Ŝ_{ij} + P_iP_kŜ_{kj} M(E + M) − P_j P_kŜ_{ki} M(E + M) , (2.20)

and find the Poisson brackets, {Z^i, Z^j } = P_{ik}P_{jl} S_{kl} M^2 , {S_{ij} , Z^k} = P_{im}P_{jn} M^2

(P_mS_{nk} + P_nS_{km}) , (2.21) {Z^i, P_j } = δ_{ij} , {S_{ij} , S_{kl}} = P^{−1}_{ki} S_{jl} − P^{−1}_{kj} S_{il} − P^{−1}_{li} S_{jk} + P^{−1}_{lj} S_{ik} , (2.22) all other zero.

To conclude, there are several possibilities for spin supplementary conditions and centers, however, only (2.7) leads to canonical variables, (2.19). This is an important fact for a canonical formulation of spin in general relativity.

2.2 Spin in General Relativity

It is well-known that spin in general relativity leads to certain gravitomagnetic effects, see, e.g., [29]. In this section the pole-dipole approximation for compact objects is introduced, providing an analytic description of spin in general relativity.

1 Notice that Poisson brackets with M were calculated according to its definition M^2 = E^2 − P_iP_i.

2.2.1 Gravitational Skeleton

In electrostatics, the multipole approximation of a charge density ρ,

ρ(x) = ( q − q^i∂_i + 1 2! q^{ij} ∂_i∂_j − . . . ) δ(x) , (2.23)

can be obtained from a Taylor series of its Fourier transform in the form

ρ(k) = ( q + iq^ik_i + 1 2! i^2q^{ij} k_ik_j + . . . ) (2π)^{−3/2} , (2.24)

by the well-known transition formulas for the Dirac delta distribution δ(x) ↔ (2π)^{−3/2} and partial coordinate derivative ∂_i ↔ −ik_i. Here x = (x^i) are the spatial coordinates and k = (k_i) the corresponding ones in Fourier space. The quantities q, q^i, and q^{ij} are the electric monopole, dipole, and quadrupole. The potential ϕ follows as

ϕ = −4πΔ^{−1}ρ = ( q − q^i∂_i + 1 2! q^{ij} ∂_i∂_j − . . . ) 1 |x| , (2.25)

where Δ = ∂_i∂_i is the Laplacian and Δ^{−1} its inverse operator (with the usual boundary conditions). In most textbooks, the multipole approximation is derived directly for the potential or the field. Notice that the multipole approximation breaks down at high values of k, i.e., in the ultraviolet, or at small values of x in the potential. This is the reason for the divergent self-energy of the approximated charge density (2.23).

Now the multipole approximation is applied to the stress-energy tensor T^{μν} . As it is desirable to have a manifestly covariant approximation scheme, we write √ −gT^{μν} = ∫ dτ [ t^{μν} δ_{(4)} − (t^{μνα}δ_{(4)})_{||α} + 1 2! (t^{μναβ} δ_{(4)})_{||(αβ)} − . . . ] . (2.26)

Here τ is the proper time of a representative worldline z^ρ(τ), g the determinant of the 4-dimensional metric g_{μν} , δ_{(4)} = δ(x^ρ − z^ρ(τ)), and t^{μν...} are 4-dimensional covariant multipole moments. If one performs the τ integration in (2.26) by eliminating the time part of δ_{(4)} and writes the covariant derivatives as partial derivatives and Christoffel symbols, then (2.26) indeed takes on the form of (2.23). Equation (2.26) in substance is Mathisson’s gravitational skeleton [30], but in the form given by W. M. Tulczyjew [31]. Interestingly enough Mathisson unknowably used a test-function formulation of the delta distribution, years before this formulation was used by Laurent Schwartz for his mathematically rigorous Théorie des Distributions [32].

The divergent self-interactions already present in electrostatics become more severe if the field equations are nonlinear. If the distributional stress-energy tensor (2.26) is used as a source for a nonlinear field equation, products of distributions will appear, which lack a mathematical definition. However, this problem can be overcome, as in quantum field theory, by a regularization and renormalization program. In particular, dimensional regularization [33] is most useful for theories involving gauge freedoms, like general relativity. Dimensional regularization has been employed successfully in post-Newtonian calculations [34–36] to a high order of nonlinearity. However, many treatments of multipole approximations in general relativity avoid these problems by considering (2.26) for test bodies only, which by definition are neglected as a source of the gravitational field.

The relation between source multipoles related to T^{μν} used here and field multipoles [37] was considered in [38]. Only for linear theories like electrostatics this relation is straightforward.

2.2.2 Pole-Dipole Approximation

The stress-energy tensor (2.26) must fulfill

T^{μν}_{||ν} = 0 . (2.27)

This corresponds to Mathisson’s variational equations of mechanics [30] and imposes certain conditions on the multipole moments. In the pole-dipole approximation only monopole t^{μν} and dipole t^{μνα} are kept in (2.26). Evaluating (2.27) one sees that t^{μν} and t^{μνα} can be expressed in terms of a vector p^μ and an antisymmetric tensor S^{μν} , which have to fulfill the dynamic equations DS^{μν} dτ = 2p^{[μ}u^{ν]} , Dp_μ dτ = − 1 2 R^{(4)}_{μρβα}u^ρS^{βα} , (2.28)

with u^μ =^{dzμ}_{dτ} , D the 4-dimensional covariant differential, and R^{(4)}_{μρβα} the 4-dimensional Riemann tensor defined by a_{μ||αβ} − a_{μ||βα} = R^{(4)}_{νμαβ} a^ν , (2.29) for an arbitrary a_μ. The stress-energy tensor can be written as √ −gT^{μν} = ∫ dτ [ u^{(μ}p^{ν)}δ_{(4)} − ( S^{α(μ}u^{ν)}δ_{(4)} ) ||α ] . (2.30)

p^μ and S^{μν} are the linear momentum and spin of the object and now play the role of monopole and dipole moment. Their equations of motion were already derived by Mathisson [30] within his manifestly covariant formalism, albeit restricted to a specific spin supplementary condition. In the general form (2.28) they were first given by Papapetrou [39], however, his method was not manifestly covariant. W. M. Tulczyjew gave a derivation of (2.28) as well as of the stress-energy tensor (2.30) in a manifestly covariant way [31], using essentially Mathisson’s method. Further important rederivations have been performed in [40, 41]. Higher multipole corrections will be discussed in section 5.1.

Obviously a spinning object in general relativity does not follow a geodesic. For test bodies this effect can be studied numerically, see, e.g., [42, 43]. Further, without giving a relation between p^μ and u^μ, the system of equations (2.28) is not closed.

2.2.3 Spin Supplementary Condition

A spin supplementary condition (2.4) must be preserved in time. Using (2.28) this leads to a relation between p^μ and u^μ [44],

p^μ = 1 −f_αu^α ( −f_ν p^ν u^μ + S^{μν} Df_ν dτ ) , (2.31)

and thus, for a suitable f_ν , closes the system of equations (2.28). A good spin supplementary condition is the covariant one,

S^{μν} p_ν = 0 , (2.32)

or f_μ = p_μ, which has been suggested in the context of general relativity in [31]. Indeed, this condition guarantees existence and uniqueness of a corresponding worldline z^ρ(τ) [45]. The mass quantity m, p_μp^μ = −m^2, and the spin length S, 2S^2 = S_{μν} S^{μν} , are conserved for this condition. A covariant condition has the advantage that the relation between p^μ and u^μ (2.31) is manifestly covariant. However, also the noncovariant condition S̃^{μ0} = 0 was applied in general relativity [46].

A different covariant condition is given by

S^{μν} u_ν = 0 , (2.33)

or f_μ = u_μ, which was used in both special [47] and general relativity [30, 48]. While there are no serious objections to use this condition, as it closes the system of equations (2.28), it has some features which are usually not wanted. The condition (2.33) does not uniquely specify a worldline. Instead, the worldline depends on the choice of initial conditions and in general performs a kind of classical Zitterbewegung around the worldline defined by (2.32), see [31, 43]. As quadrupole corrections are needed to describe a black hole at the quadratic level in spin [37], we will only consider the pole-dipole approximation at linear order in spin here. Then the conditions (2.32) and (2.33) are fully equivalent and it holds p_μ = mu_μ.

As a generalization of the canonical spin supplementary condition (2.7) to general relativity one could take

Ŝ^{μν} p_ν + mŜ^{μν} n_ν = 0 , (2.34)

with some timelike unit vector n_ν . However, it needs to be proven if or under which conditions (2.34) leads to canonical variables.

Finally, contraction of the first relation in (2.28) with u_ν leads to the well-known formula

p^μ = −u_ν p^ν u^μ −

D(S^{μν} ) dτ u_ν . (2.35)

This relation, however, does not close the system of equations (2.28), it just is a component of (2.28).

2.3 Canonical Formulation of General Relativity

In this section the canonical formalism of ADM [49, 50] is introduced. Possible couplings to matter are reviewed, and point-masses are treated in detail. Finally alternatives to the ADM approach are discussed.

2.3.1 The ADM Formalism

The Einstein-Hilbert action of general relativity W_G is given by a spacetime integral over the Lagrangian density L_G as

W_G[g_{μν} ] = ∫ d^4x L_G , L_G = 1 16π √ −gR^{(4)} , (2.36)

where R^{(4)} is the 4-dimensional Ricci scalar. Alternatively the action can be varied with respect to the tetrad field e_{Iμ} instead of g_{μν} , see section 3.1.3. In order to find a canonical form of this action it is convenient to perform a splitting of spacetime into a stack of 3-dimensional hypersurfaces with constant time coordinate t. In these coordinates the unit normal vector n^μ, n_μn^μ = −1, of the hypersurfaces has the components

n_μ = (−N, 0, 0, 0) , or n^μ = 1 N (1, −N^i) , (2.37)

where N is the lapse function and N^i the shift vector. With the help of the projector^2

γ^{μν} = g^{μν} + n^μn^ν = ( 0 0 0 γ^{ij} ) , (2.38)

this splitting can be constructed in a geometrical way, see, e.g., [51]. The 3-dimensional hypersurfaces have an induced metric g_{ij} = γ_{ij} , with γ_{ik}γ^{kj} = δ_{ij} , a Riemann tensor R_{ijkl}, a Ricci tensor R_{ij} , and a Ricci scalar R. These quantities are intrinsic geometric objects of the hypersurfaces, whereas the extrinsic curvature K_{ij} ≡ −n_{(i||j)} = 1 2N ( −γ_{ij,0} + 2N^k_{;(i}γ_{j)k} ) , (2.39)

depends on their embedding in spacetime.

Applying this splitting of spacetime to the Lagrangian density L_G leads to

L_G = 1 16π N √ γ [ R + K_{ij} K^{ij} − (γ_{ij} K^{ij} )^2 ] + (td) , (2.40)

where (td) denotes a total divergence, which is neglected for now. Instead of varying with respect to the ten independent components of g_{μν} , we now use γ_{ij} , N, and N^i. Notice that no time derivatives of N and N^i appear. In order to obtain a canonical formulation we have to introduce the field momentum

π^{ij} = 16π ∂L_G ∂γ_{ij,0} = √ γ(γ^{ij} γ^{kl} − γ^{ik}γ^{jl})K_{kl} , (2.41) 2Notice that 0 = n_μγ^{μν} = −Nγ^{0ν} and thus γ^{0ν} = 0 for our choice of the time coordinate.

where (2.39) was used. This can be inverted as K_{ij} = 1 2 √ γ (γ_{ij} γ_{kl} − 2γ_{ik}γ_{jl})π^{kl} . (2.42) The Legendre transformed Lagrangian density then reads

L_G = 1 16π π^{ij} γ_{ij,0} − NH^{field} + N^iH^{field}_i + (td) , (2.43)

H^{field} = − 1 16π √ γ [ γR − γ_{ij} γ_{kl}π^{ik} π^{jl} + 1 2 ( γ_{ij} π^{ij} )_2 ] , H^{field}_i = 1 8π γ_{ij} π^{jk}_{;k} , (2.44)

and the action is additionally varied with respect to π^{ij} now. Notice that N and N^i play the role of Lagrange multipliers after Legendre transformation, the corresponding constraints are the vanishing of H^{field} and H^{field}_i .

A subsequent gauge fixing is subtle as it requires a fine-tuning of the action, see, e.g., [52]. As shown in [50, 53, 54] by different methods, see also [55], one must replace the total divergence in (2.43) by −^1_{16π} E_{i,i} for asymptotically flat spacetimes, where E_i = γ_{ij,j} − γ_{jj,i}. This is related to the total energy E of asymptotically flat spacetimes by E = 1 16π ∮ d^2s_iE_i , (2.45)

where ∮ d^2s_i denotes an integral over the asymptotic boundary of a spatial hypersurfaces at fixed time. This ADM energy will turn out to be the generator of time evolution after gauge fixing. For further discussion of boundary terms in the action of general relativity, also for the case of not asymptotically flat spacetimes, see, e.g., [56]. However, for asymptotically flat spacetimes the gravitational Hamiltonian may be written as H_G = ∫ d^3x (NH^{field} − N^iH^{field}_i ) + E[γ_{ij} ] . (2.46)

Indeed, the action has the canonical structure momentum π^{ij} times velocity γ_{ij,0} minus Hamiltonian H_G. Variation thus results in Hamilton’s equations ∂π^{ij} ∂t = −16π δH_G δγ_{ij} ≡ {π^{ij} , H_G} , ∂γ_{ij} ∂t = 16π δH_G δπ^{ij} ≡ {γ_{ij} , H_G} , (2.47) where δ denotes the variational derivative here and the equal-time Poisson brackets are given by

{γ_{ij} (x), π^{kl}(x^′)} = 16πδ_{k(i}δ_{j)l}δ(x − x^′) . (2.48)

Before gauge fixing, the surface term E has no impact on these field equations, which could be obtained from local variations^3. As further explained in section 2.3.3, the gauge fixing is accompanied with solving the constraints H^{field} = 0 and H^{field}_i = 0, so H_G then turns into the ADM energy E. To make this more concrete, we choose the ADM transverse-traceless gauge conditions

∂_j (γ_{ij} −^1_3 γ_{kk}δ_{ij} ) = 0 , π^{ii} = 0 , (2.49)

in which the transverse-traceless decomposition of γ_{ij} and π^{ij} may be written as γ_{ij} = ( 1 + ϕ 8 )_4

δ_{ij} + h^{TT}_{ij} , (2.50)

π^{ij} = π̃^{ij} + π^{ijTT} , (2.51)

3However, one should not constrain to local variations for asymptotically flat spacetimes [54].

where h^{TT}_{ij} and π^{ijTT} are transverse-traceless, e.g, h^{TT}_{ii} = h^{TT}_{ij,j} = 0, and the longitudinal π̃^{ij} is related to a vector potential π̃^i = Δ^{−1}π^{ij}_{,j} by

π̃^{ij} = π̃^i_{,j} + π̃^j_{,i} − 1 2 δ_{ij}π̃^k_{,k} − 1 2 Δ^{−1}π̃^k_{,ijk} . (2.52)

The advantage of this gauge is that in (2.50) there is a trace term but no longitudinal part related to a vector potential, while in (2.51) it is the other way around. Because of the orthogonality of the individual parts of the transverse-traceless decomposition, the kinetic term π^{ij} γ_{ij,0} in the action turns into π^{ijTT}h^{TT}_{ij,0}. Then only the transverse-traceless parts remain dynamical variables. Now the four field constraints can be solved for the four nondynamical variables ϕ and π̃^i in terms of h^{TT}_{ij} and π^{ijTT}. An analytic solution for ϕ and π̃^i, however, can in general only be given in some approximation scheme. Notice that ADM introduced two slightly different gauges [50], the one used here was actually seldom used by ADM themselfes. However, the gauge used here is better for applications, as the form of the trace term in (2.50) is adapted to the Schwarzschild metric in isotropic coordinates (with obvious advantages for perturbative expansions). The action turns into

W_G[h^{TT}_{ij} , π^{ijTT}] = 1 16π ∫ d^4x π^{ijTT}h^{TT}_{ij,0} − ∫ dt H_{ADM} , (2.53)

where the ADM Hamiltonian H_{ADM} is just the ADM energy E expressed in terms of the gauge-reduced canonical variables h^{TT}_{ij} and π^{ijTT},

H_{ADM} = E[h^{TT}_{ij} , π^{ijTT}] = − 1 16π ∫ d^3x Δϕ[h^{TT}_{ij} , π^{ijTT}] . (2.54)

Notice that the surface integral (2.45) was written as a volume integral now and the asymptotic behavior of ϕ was used. The action must be varied only with respect to the independent components of h^{TT}_{ij} and π^{ijTT}, which is ensured with the help of the transverse-traceless projector

δ^{TTkl}_{ij} =^1_2 [(δ_{ik} − Δ^{−1}∂_i∂_k)(δ_{jl} − Δ^{−1}∂_j ∂_l) + (δ_{il} − Δ^{−1}∂_i∂_l)(δ_{jk} − Δ^{−1}∂_j ∂_k) − (δ_{kl} − Δ^{−1}∂_k∂_l)(δ_{ij} − Δ^{−1}∂_i∂_j )] .

(2.55)

The Poisson brackets after gauge fixing correspondingly read

{h^{TT}_{ij} (x), π^{klTT}(x^′)} = 16πδ^{TTkl}_{ij} δ(x − x^′) . (2.56)

2.3.2 Matter Couplings

Point-masses are the simplest kind of matter that can be coupled to general relativity. Its contribution to the action is just

W_M [g_{μν} , z^μ] = ∫ dτ L_M , L_M = −m √ −g_{μν} (z^ρ)u^μu^ν . (2.57)

This action is invariant under a change of the parameter τ, which simplifies the variation as no constraint of the form u_μu^μ = −1 is needed. m is assumed to be a constant. Variation of the action leads to the equations of motion D dτ [ u^μ √ −u_ρu^ρ ] = 0 . (2.58)

These equations only have a unique solution if a gauge for τ is chosen. The Einstein field equations now have a source T^{μν} ,

R^{μν}_{(4)} − 1 2 g^{μν} R_{(4)} = 8πT^{μν} , with √ −gT^{μν} ≡ 2 δW_M δg_{μν} , (2.59) and R^{μν}_{(4)} the 4-dimensional Ricci tensor. The singular stress-energy tensor density reads explicitly √ −gT^{μν} = ∫ dτ mu^{(μ}u^{ν)} √ −u_ρu^ρ δ_{(4)} . (2.60)

The 4-dimensional momentum is introduced as

p_μ = ∂L_M ∂u^μ = m u_μ √ −u_ρu^ρ . (2.61)

It obviously holds^4

L_M = ∂L_M ∂u^μ u^μ = p_μu^μ . (2.62)

Thus a Legendre transformation leads to a vanishing canonical (i.e., defined as usual) Hamiltonian. Its place is taken by the mass-shell constraint

p_μp^μ + m^2 = 0 , (2.63)

which has to be added to the action via a Lagrange multiplier λ(τ), as further explained in the next section. This constraint is a consequence of the inability to express u_μ uniquely in terms of p_μ, which in turn is due to invariance under reparametrization, or gauging, of τ. Indeed, it is a common feature of reparametrization invariant actions that the canonical Hamiltonian vanishes and the time evolution is instead generated by certain constraints. As seen in the last section this also holds for general relativity, whose action is invariant under reparametrizations of spacetime, or general coordinate transformations.

Up to now the matter action was transformed into^5 W_M [g_{μν} , z^μ, p_μ, λ] = ∫ dτ (p_μu^μ − H_{Mτ} ) , H_{Mτ} = λ(g^{μν} p_μp_ν + m^2) . (2.64)

Notice that the Hamiltonian H_{Mτ} generates an evolution with respect to the arbitrary parameter τ. Further the variation δp_μ leads to u_μ = 2λp_μ and from the mass-shell constraint (2.63) one thus has λ = 1 2m √ −u_μu^μ. It may be checked that the equations of motion for p_μ and the stress-energy tensor are equivalent to the ones above, which justifies the Legendre transformation in the presence of constraints. More on constrained Hamiltonian dynamics is discussed in the next section. By solving the constraint and applying the gauge choice τ = z^0 ≡ t, or u^0 = 1, the action is expressed in terms of the independent variables p_i and z^i. It holds

p_0 = (γ_0^μ − n_0n^μ)p_μ = g_{0i}γ^{ij} p_j + Nnp , (2.65)

where np ≡ n^μp_μ. From the constraint we get

(γ^{μν} − n^μn^ν )p_μp_ν + m^2 = 0 ⇒ np = − √ m^2 + γ^{ij} p_ip_j . (2.66)

Further we have

0 = n_i = n^μg_{μi} = 1 N (g_{0i} − N^j g_{ji}) ⇒ g_{0i} = γ_{ij} N^j . (2.67)

Putting all together we arrive at W_M [γ_{ij} , N, N^i, z^i, p_i] = ∫ dt (p_iż^i − H_M ) , H_M = −p_0 = −Nnp − N^ip_i , (2.68)

4Due to Euler’s theorem, this actually holds for any Lagrangian which is a homogeneous function of degree one in the velocity u^μ. This in turn is required by reparametrization invariance.

5Fields within the matter action are always taken at the position z^μ from now on.

where a dot ˙ denotes the total time derivative^d_{dt} . The original Hamiltonian H_{Mτ} vanishes by virtue of the constraint. Variation of the matter variables z^i and p_i results in Hamilton’s equations with H_M as the matter part of the Hamiltonian. Thus z^i and p_i have the Poisson brackets {z^i, p_j } = δ_{ij} , all other zero. As in the last section, the variables γ_{ij} , π^{ij} , N, and N^i are now used for the gravitational field.

The gauge fixing procedure is analogous to the last section, there are just certain matter corrections to the field constraints following from the N- and N^i-variations,

H ≡ H^{field} + H^{matter} = 0 , H_i ≡ H^{field}_i + H^{matter}_i = 0 , (2.69)

where

H^{matter} = −np δ = √ m^2 + γ^{ij} p_ip_j δ , H^{matter}_i = p_iδ , (2.70)

with δ = δ(x − z). The first relation in (2.69) is called the Hamilton constraint, while the second one is the momentum constraint. The ADM Hamiltonian H_{ADM} still results from the ADM energy by solving the field constraints using the gauge conditions (2.50, 2.51), but now also depends on the matter variables z^i and p_i, which have entered via source terms of the constraints. All field and matter interaction terms in the action, W = 1 16π ∫ d^4x π^{ijTT}h^{TT}_{ij,0} + ∫ dt [ p_iż^i − H_{ADM} ] , (2.71)

are contained in the ADM Hamiltonian, or the ADM energy. This is a unique feature of general relativity, and still holds for couplings to other matter and even other fields [53].

Finally we review the most important couplings of matter and fields to gravity that have received a canonical formulation, see also [57]. Besides for point-masses [50, 58], such canonical formulations were found for fluids [59], massive scalar fields [55, 60], spin-^1_2 Dirac fields [6, 61–64], and gauge spin-1 fields, including Maxwell [60, 65] and Yang-Mills [66]. Problematic from a canonical point of view are derivative-coupled theories [57], like Dirac fields and also pole-dipole objects. It is thus fortunate that the sought-for canonical formulation of pole-dipole objects will be seen to resemble to Dirac fields coupled to gravity, for which a canonical formulation was found. Though the classical spin of pole-dipole objects is not restricted in its size, we consider pole-dipole objects only at linear order in spin here. This means the spin is treated as an infinitesimal quantity and thus formally takes on the smallest (nonzero) classical value, which seems to give rise to similarities to the minimal (nonzero) quantized spin^1_2 of Dirac fields. Thus the achievements on canonical formulations of Dirac fields coupled to gravity served as a very useful guide here, in particular the paper of Kibble [6]. However, an additional problem to be solved for spinning objects in general relativity concerns the canonical spin supplementary condition. So far the canonical formulation of spinning objects was found for test-bodies in an external gravitational field [67], see also the very recent work in [44].

2.3.3 Other Formalisms and Constrained Hamiltonian Dynamics

Before gauge fixing, general relativity possesses a canonical formulation in the presence of the constraints H = 0 and H_i = 0. There exists a general framework to handle such a constrained Hamiltonian dynamics, which was developed most notably by Dirac as a general route to canonical quantization [68], see also [52, 69, 70]. Further important work was done by Bergmann and his collaborators, but focused on general relativity and its canonical quantization [71]. Though Dirac also considered the canonical formulation of general relativity [72], his approach is formulated in a very general way. Early work on this subject can even be traced back to Rosenfeld [73]; for a historical review, see, e.g, [74, 75]. A particular important achievement of ADM for canonical general relativity was the identification of the ADM Energy as the Hamiltonian after gauge fixing [49, 76]. Yet another canonical treatment of general relativity was given by Schwinger [55]. This formulation is similar to the ADM one, essentially only different variables were used and many more such reformulations are possible. A further very appealing formulation was given by Ashtekar [77], in whose variables the gravitational constraints considerably simplify, and which forms the basis of loop quantum gravity, see, e.g., [78].

We will now summarize some of the results of Rosenfeld, Dirac, and Bergmann on constrained Hamiltonian dynamics. In the last section the mass-shell constraint (2.63) manifests the inability to uniquely express the velocity u^μ in terms of the corresponding momentum p_μ. The standard route to a Hamiltonian seems to be impassable in such a situation as the Legendre transformation can not be applied in its usual way. The solution, however, is simple. The Legendre transformation may formally be performed as usual if one adds the emerging constraints via Lagrange multipliers to the action. The additional degrees of freedom introduced by these multipliers correctly parametrize the ambiguity present in the relation between velocities and momenta. Further, it can be shown that the dynamics of the transformed action is equivalent to the dynamics of the original action. The constraints arising at this stage are entitled as primary and the Hamiltonian is called the total Hamiltonian (or Dirac Hamiltonian), as it includes the primary constraints via Legendre multipliers.

The next step in the analysis of constrained Hamiltonian dynamics consists of evaluating the consistency requirement that all primary constraints must be preserved under the time evolution given by the total Hamiltonian. Of course, some of the resulting consistency conditions can be identically fulfilled or lead to contradictions (then the dynamics must be considered as inconsistent). Moreover some conditions are restrictions for the Lagrange multipliers appearing in the total Hamiltonian. Due to linearity of the total Hamiltonian in the Lagrange multipliers, these restrictions are actually linear equations. Further, one might also obtain new (independent) constraints from the consistency conditions. Such new constraints are called secondary constraints. For these new constraints the same consistency requirement applies, and one is eventually lead to further conditions on the Lagrange multipliers and/or to further secondary constraints and so on. Finally, one ends up with a complete set of constraints and linear equations for the Lagrange multipliers.

The linear equations for the Lagrange multipliers can be used to eliminate certain linear combinations of these multipliers from the equations of motion. The usual situation known from courses on classical mechanics is that all multipliers are uniquely fixed. However, in the general case some combinations of Lagrange multipliers could remain unfixed and thus remain as arbitrary degrees of freedom in the equations of motion. The interpretation is that these degrees of freedom are physically irrelevant and correspond to a gauge freedom of the theory. That is, the corresponding independent Lagrange multipliers can be chosen at will, interpreted as choosing a gauge. Hamiltonian formulations of gauge theories will inevitably involve constraints.

The Lagrange multipliers enter the total Hamiltonian together with the primary constraints. Instead of characterizing the gauge freedom of a theory by undetermined combinations of Lagrange multipliers, one can give a description in terms of corresponding primary constraints. For this purpose it is useful to introduce the notion of first class and second class constraints. First class constraints are defined to have vanishing Poisson brackets with all other constraints. A constraint that is not first class is called second class. In addition to being first or second class, the constraints can still be primary or secondary, and one thus has four categories of constraints now. An important fact is that the number of independent primary first class constraints is equal to the number of unfixed Lagrange multipliers in the equations of motion and thus to the number of gauge degrees of freedom.

Not only the primary first class constraints but also all secondary first class constraints are related to gauge symmetries [79, 80] (at least under certain reasonable conditions), see also [75]. To be more precise, all first class constraints, primary as well as secondary, appear in the generators of gauge symmetries on phase space. The algebra of first class constraints is therefore related to the algebra of gauge symmetry generators of the theory. For general relativity, the algebra of first class constraints reads [53, 55] (at least for the vacuum case and for coupling to point-masses) {H(x), H(x^′)} = − [ H_i(x)γ^{ij} (x) + H_i(x^′)γ^{ij} (x^′) ] ∂_j δ(x − x^′) , (2.72) {H_i(x), H(x^′)} = − H(x) ∂_iδ(x − x^′) , (2.73) {H_i(x), H_j (x^′)} = − H_j (x) ∂_iδ(x − x^′) − H_i(x^′) ∂_j δ(x − x^′) . (2.74)

If one goes to the constraint surface by H = 0 = H_i, then the right-hand sides vanish. Thus H and H_i are indeed first class. In order to relate this algebra to 4-dimensional diffeomorphism invariance one should include lapse and shift as well as corresponding momenta into phase space [79]. It should be noted that though the total Hamiltonian of general relativity (2.46) is composed of the first class constraints and looks quite similar to the generator of gauge transformations, the time evolution given by this Hamiltonian is not just a gauge effect, see, e.g, [81].

One can elaborate more on the distinction between first and second class constraints. Obviously one can recombine the whole set of constraints into some equivalent set. We consider the case that such a recombination brings as many constraints as possible from the second class into the first class. One can then show by a reductio ad absurdum that the matrix c_{ab} = {ψ_a, ψ_b}, where ψ_a are the constraints that remain second class after recombination^6, is invertible, det(c_{ab}) ≠ 0. The Dirac bracket {A, B}^∗ between two phase space functions A and B is then defined by {A, B}^∗ = {A, B} − {A, ψ_a}(c^{−1})_{ab}{ψ_b, B} . (2.75) This bracket satisfies the laws known from the Poisson bracket. Further, it leads to the correct equations of motion together with the total Hamiltonian. The Dirac bracket can thus be used as a substitute for the Poisson bracket. However, whereas one may use the constraints only after all Poisson brackets were calculated^7, the second class constraints ψ_a = 0 can be used before an application of the Dirac bracket without changing the result (e.g., one has {A, ψ_a}^∗ = 0 for all A and ψ_a). If one restricts to use the Dirac bracket instead of the Poisson bracket, one can use the second class constraints ψ_a = 0 to solve for certain phase space variables and eliminate them from all quantities. Then one has performed an actual reduction of the degrees of freedom. Within this formalism, gauge conditions are constraints added by hand that bring all (or just some) first class constraints into the second class. The reduction of degrees of freedom via gauge fixing then follows with the help of the Dirac bracket in a straightforward way.

3 Action Approach

In this section an extension of the ADM formalism for point-masses to the pole-dipole approximation is obtained linear in spin. The derivation is based on a corresponding extension of the point-mass action.

3.1 Action of the Spherical Top

It is remarkable that equations of motion (2.28) and stress-energy tensor (2.30) in the pole-dipole approximation are independent of the specific object, i.e., are the same for black holes and neutron stars. It is thus expected that any specific action for a spinning object coupled to general relativity will contain (2.28) and (2.30) to some approximation (e.g., linear in spin). The pole-dipole action found here will be based on the simplest spinning object imaginable — the spherical top.

3.1.1 Newtonian Case

The spherical top is well-known in classical mechanics. However, we review it here in a way that allows an easy transition to the special relativistic treatment in [69, 82]. We consider in this section a top with its center of mass resting at the coordinate origin. The center of mass motion can be added easily. The top can be described as a rigid body consisting of many point-masses labeled by an index a, with positions z^i_a and masses m_a. In terms of body-fixed (constant) coordinates z^{[i]}_a it holds z^i_a(t) = Λ^{[j]i}(t)z^{[j]}_a , with a time-dependent rotation matrix Λ^{[j]i}, Λ^{[k]i}Λ^{[k]j} = δ_{ij} . Here and in the following we will indicate 3- dimensional indices in the body-fixed coordinate system by square brackets. The rotation matrix can be expressed in terms of three independent angle variables, Λ^{[i]j} = Λ^{[i]j} (φ_1, φ_2, φ_3), e.g., the Euler angles. The antisymmetric^8 angular velocity tensor is given by Ω^{ij} = Λ^{[k]i}Λ̇^{[k]j} . A spherical top is completely characterized by one moment of inertia I, it holds 2 ∑ a m_az^{[i]}_a z^{[j]}_a = Iδ_{ij} . The Lagrangian of the free spherical top then reads

L(Λ^{[i]j} , Ω^{ij} ) = 1 2 ∑ a m_aż^i_aż^i_a = 1 4 IΩ^{ij} Ω^{ij} = 1 2 IΩ^iΩ^i , (3.1)

6The indices a and b label constraints in this section.

7For a more detailed exposition it is useful to introduce the concepts of weak and strong equality. 8The antisymmetry immediately follows from the time derivative of Λ^{[k]i}Λ^{[k]j} = δ_{ij} .

where Ω^i =^1_2 ϵ_{ijk} Ω^{jk} is the usual angular velocity vector. The spin is the generalized momentum of the angular velocities of the form

S_{ij} = 2 ∂L ∂Ω^{ij} = IΩ_{ij} . (3.2)

Legendre transformation leads to L = 1 2 S_{ij} Ω^{ij} − H , (3.3)

with the Hamiltonian H(Λ^{[i]j} , S_{ij} ) =^1_{4I} S_{ij} S_{ij} . This specific Hamiltonian is actually independent of Λ^{[i]j} .

In order to derive the general Euler-Lagrange equations of the Lagrangian (3.3) we are not varying the independent angle variables, but instead use δθ^{ij} = Λ^{[k]i}δΛ^{[k]j} as independent variations. Notice that δθ^{ij} is antisymmetric, and thus indeed corresponds to three independent variations of the angle variables. The result is

Ω^{ij} = Λ^{[k]i}Λ̇^{[k]j} = 2 ∂H ∂S_{ij} , Ṡ_{ij} = 2S_{k[i}Ω_{j]k} − Λ^{[k]i} ∂H ∂Λ^{[k]j} + Λ^{[k]j} ∂H ∂Λ^{[k]i} . (3.4)

These are Hamilton’s equations for Λ^{[k]j} and S_{ij} . The Poisson brackets fulfill Ȧ = {A, H} + ∂A ∂t , (3.5)

for a general quantity A. Comparing with (3.4) we can read off

{Λ^{[i]j} , Λ^{[k]l}} = 0 , {Λ^{[i]j} , S_{kl}} = Λ^{[i]k}δ_{lj} − Λ^{[i]l}δ_{kj} , (3.6) {S_{ij} , S_{kl}} = δ_{ik}S_{jl} − δ_{jk}S_{il} − δ_{il}S_{jk} + δ_{jl}S_{ik} . (3.7) Alternatively one could use canonical variables based on the angle variables,

{φ_i, p^φ_j } = δ_{ij} , with p^φ_i = ∂L(φ_j , φ̇_k) ∂φ̇_i , (3.8)

as in most textbooks. Further, if the Hamiltonian is independent of Λ^{[i]j} , which will always be the case in the following, the spin length is a constant and it is possible to describe each spin by only two independent canonical variables instead of six contained in S_{ij} and Λ^{[i]j} , see, e.g., [83, 84]. However, we prefer the variables S_{ij} and Λ^{[i]j} here.

3.1.2 Special Relativistic Case

In the relativistic case there are no rigid bodies. However, one can define a top in a purely mathematical way [69, 82, 85] as a worldline with a Lorentz matrix Λ_{Aμ}, η^{AB} Λ_{Aμ}Λ_{Bν} = η_{μν} , such that Λ_{Aμ} is a pure rotation,

Λ_{Aμ} = ( −1 0 0 Λ_{[i]j} ) , (3.9)

in some frame defined by f_μ. (Upper case Latin indices from the beginning of the alphabet refer to the body-fixed frame and have the values A = [0], [i].) This can be formulated as

Λ_{[0]μ} = f_μ √ −f_ν f^ν , or η^{[0]A} = − Λ^{Aμ}f_μ √ −f_ν f^ν . (3.10)

It holds

Ω^{μν} = Λ_A^μ dΛ^{Aν} dτ , S_{μν} = 2 ∂L(u^μ, Ω^{μν} ) ∂Ω^{μν} , p_μ = ∂L(u^μ, Ω^{μν} ) ∂u^μ , (3.11) see, e.g, [69] or the next section. The spin supplementary condition belonging to (3.10) reads

S_{μν} f^μ = 0 . (3.12)

It will be seen in section 5.2.2 in which sense this belongs to (3.10). Notice that only three relations of (3.10) are independent, e.g., one could equivalently require Λ^{[i]μ}f_μ = 0 only. The same holds for (3.12).

There are many ways to implement the conditions (3.10) and (3.12) in an action approach, see, e.g., [47, 69, 82]. We require here that (3.10) and (3.12) are preserved under the time evolution given by the action and try to directly construct such an action. An alternative, rather indirect, approach would be to add the supplementary conditions to some action with the help of Lagrange multipliers. As well known from classical mechanics, this modifies the dynamics by constraint forces, which ensure that the supplementary conditions are preserved in time. However, one should carefully check the consistency, in particular one should be able to find a solution for the Lagrange multipliers. Also no further (secondary) constraints should appear, which would be physically unacceptable (we want to have exactly three independent rotational degrees of freedom). Finally, the Lagrange multipliers can be eliminated from the action, leading to a dynamics which preserves the constraints and thus to the action we try to find directly here.

3.1.3 Minimal Coupling to Gravity

The next logical step is a minimal coupling of the special relativistic spherical top defined in the last section to gravity. Such a coupling was already treated in [86] based on the developments in [82]. In [87] even nonminimal couplings leading to higher multipole corrections were considered^9. Notice that [88] is not a further development of [87], but is a completely different action approach. More recently yet another approach was given in [89] with focus on an application to the post-Newtonian approximation.

The matter variables Λ_{Aμ} have the problem that they fulfill

Λ_{Aμ}Λ^A_ν = g_{μν} . (3.13)

That is, Λ_{Aμ} is not independent under variation of the metric. For the Dirac field, one has a similar problem with the gamma matrices γ_μ, as it holds γ_μγ_ν + γ_ν γ_μ = 2g_{μν} . This problem can be overcome by writing Λ^A_μ = Λ^{AI} e_{Iμ} and treating Λ^{AI} and the tetrad field e_{Iμ} as independent variables. From

Λ_{AI} Λ^A_J = η_{IJ} , or γ_I γ_J + γ_J γ_I = 2η_{IJ} , (3.14)

it is obviously now consistent that Λ_{AI} and γ_I are constant under variations of the tetrad field e_{Iμ}. We have three bases involved, a body-fixed basis, a local Lorentz basis (denoted by upper case Latin indices from the middle of the alphabet), and a coordinate basis. The field equations are obtained by an unconstrained variation of e_{Iμ}. The metric g_{μν} = e_{Iμ}e^I_ν as well as the connection are not varied independently. For the variation of Λ_{AI} one has to take into account the condition (3.14).

In [86, 87, 89] matter and field degrees of freedom are not clearly separated in the action. For example, in [87] the equations of motion for the matter variables were obtained by adding (3.13) as a constraint to the action with the help of Lagrange multipliers, whereas the field equations were obtained from an unconstrained variation of Λ_{Aμ}. However, we need to separate matter and field degrees of freedom here, which is essential for the canonical reduction in the next sections.

The covariant angular velocity in the local Lorentz basis can be defined as

Ω^{IJ} = Λ_A^I DΛ^{AJ} dτ = Λ_A^I [ dΛ^{AJ} dτ − Λ^A_K ω_μ^{KJ} (z^ρ)u^μ ] . (3.15)

Here ω_μ^{IJ} are the Ricci rotation coefficients, e_{Iα}e_{Jβ} ω_μ^{IJ} = −Γ^{(4)}_{βαμ} +e^K_{α,μ}e_{Kβ}, and Γ^{(4)}αμν =^1_2 (g_{αμ,ν} + g_{αν,μ} − g_{μν,α}) is the 4-dimensional Christoffel symbol of first kind. Notice that the covariant derivative does not act on indices referring to the body-fixed frame. The matter action shall be of the general form

W_M [e_{Iμ}, z^μ, Λ^{AI} ] = ∫ dτ L_M (u^μ, Ω^{μν} , g_{μν} (z^ρ)) . (3.16)

9This obviously goes beyond a spherical top, however, the formalism stays the same.

The Lagrangian L_M is restricted to depend on the velocities u^μ and Ω^{μν} = e_I^μe_J^ν Ω^{IJ} only, and not on the “coordinates” z^μ and Λ^{AI} directly. This ensures the covariance of the action. The action shall be invariant under reparametrizations, so u^μ is not constrained. If we let the Lagrangian depend on the curvature tensor, we would include quadrupole corrections, see section 5.2. An important relation is given by (2c) in [82] or (9) in [87], which reads here 0 = ∂L_M ∂u^α u^β + 2 ∂L_M ∂Ω^{αν} Ω^{βν} − 2 ∂L_M ∂g_{βν} g_{αν} , (3.17)

and is a consequence of L_M being a scalar^{10}. Similar to section 3.1.1, the Euler-Lagrange equations are obtained with the help of the antisymmetric variations δθ^{IJ} = Λ_A^I δΛ^{AJ} , e.g.,

δΩ^{IJ} = Dδθ^{IJ} dτ + 2Ω_K^{[I} δθ^{J]K} − R^{(4)}_{μν}^{IJ} u^ν δz^μ − D dτ ( ω_μ^{IJ} δz^μ ) − u^μδω_μ^{IJ} . (3.18)

The δθ^{IJ} -variation then leads to D dτ [ ∂L_M ∂Ω^{μν} ] = ∂L_M ∂Ω^{μρ} Ω^ρ_ν − ∂L_M ∂Ω^{νρ} Ω^ρ_μ . (3.19)

The δz^μ-variation is subtle as it is not manifestly covariant, see, e.g., the second last term in (3.18). This is due to the fact that Λ^{AI} is held constant for the variation of the worldline δz^μ, which is not a covariant process (e.g., in contrast to a parallel transport of Λ^{AI} to the new worldline). However, using the equations of motion for Λ^{AI} , (3.19), and the covariance of L_M , (3.17), the result of the δz^μ-variation reads D dτ [ ∂L_M ∂u^μ ] = −R^{(4)}_{μν}^{αβ} u^ν ∂L_M ∂Ω^{αβ} , (3.20)

and is manifestly covariant now. Further, by virtue of (3.17) we can write (3.19) as 2 D dτ [ ∂L_M ∂Ω^{μν} ] = ∂L_M ∂u^μ u_ν − ∂L_M ∂u^ν u_μ . (3.21)

At last, the field equations follow from the δe_{Iμ}-variation as

R^{μν}_{(4)} − 1 2 g^{μν} R_{(4)} = 8πT^{μν} , with √ −gT^{μν} ≡ e_I^μ δW_M δe_{Iν} , (3.22)

where the left-hand side results from the Einstein-Hilbert part (2.36) and the stress-energy tensor density √ −gT^{μν} reads explicitly √ −gT^{μν} = ∫ dτ [ u^{(μ}g^{ν)α} ∂L_M ∂u^α δ_{(4)} − ( 2 ∂L_M ∂Ω^{αβ} g^{αρ}g^{β(μ}u^{ν)}δ_{(4)} ) ||ρ ] . (3.23)

Here the important relation (3.17) was used again and the antisymmetric part √ −gT^{[μν]} = ∫ dτ [ − D dτ ( ∂L_M ∂Ω^{αβ} ) + 2 ∂L_M ∂Ω^{αρ} Ω^ρ_β ] g^{α[μ}g^{ν]β} δ_{(4)} = 0 , (3.24)

vanishes, see (3.19). Indeed, (3.19) is equivalent to T^{[μν]} = 0.

Comparing (2.28) and (2.30) with (3.20), (3.21), and (3.23) we get

S_{μν} = 2 ∂L_M ∂Ω^{μν} , p_μ = ∂L_M ∂u^μ , (3.25)

as in the special relativistic case. It should be noted that the given derivation basically follows along the lines of Bailey and Israel [87], but the used variables are similar to Porto [89], which resembles to [69].

10Loosely speaking, one can read (3.17) as “the number of upper indices minus the number of lower indices in L_M is zero.” This is derived in [87] from an infinitesimal coordinate transformation.

However, the variables that are varied here differ from both [87] and [89]. The relation between p_μ and u_μ is fixed by (3.25), which means that the action already implements a specific spin supplementary condition, cf. Eq. (2.31). If this would not be the case, then (3.25) should be of the form (2.35), which is impossible due to the assumed absence of accelerations in the action. The approach in [82, 86] includes accelerations of the worldline coordinate. Further, a noncovariant supplementary condition (e.g., the canonical one) will result in a not manifestly covariant relation between p_μ and u_μ, (3.25), and thus one needs a not manifestly covariant action. An approach via Lagrange multipliers as discussed in section 3.1.2 seems to be better when using such conditions from the start. Here we will start with the covariant supplementary conditions and go over to the canonical ones later by a change of variables.

Now we have to find a suitable reparametrization-invariant Lagrangian. An intuitive guess is (see section 5.2 for more elaborated considerations)

L_M = 1 √ −u_ρu^ρ [ m_0u_μu^μ + I 4 Ω_{μν} Ω^{μν} ] , (3.26)

where m_0 and I shall be constants. Then it holds S_{μν} = IΩ_{μν} √ −u_ρu^ρ , p_μ = ( m_0 + 1 4I S_{μν} S^{μν} ) u_μ √ −u_ρu^ρ , (3.27)

and the dynamical mass m = √ −p_μp^μ is given by

m = m_0 + 1 4I S_{αβ} S^{αβ} , (3.28)

or m = m_0 to linear order in spin. Then (3.27) agrees with (2.31) for f_μ = p_μ at linear order in spin, which implies that the corresponding spin supplementary condition (3.12) is preserved in time. (3.10) only needs to be preserved to zeroth order in spin, which is also the case (see also section 5.2.2). Due to reparametrization invariance, L_M must be a homogeneous function of degree one in the velocities and Euler’s theorem leads to

L_M = ∂L_M ∂u^μ u^μ + ∂L_M ∂Ω^{μν} Ω^{μν} = p_μu^μ + 1 2 S_{μν} Ω^{μν} . (3.29)

A Legendre transformation in u^μ and Ω^{μν} thus leads to a vanishing result. Further, the mass-shell constraint (2.63) follows from (3.27), but no constraint on S_{μν} arises from (3.27) as opposed to [69]. (Indeed, in [69] the action was constructed such that the constraint (3.12) arises directly from the action in this way.) Similar to section 2.3.2 we finally have W_M [e_{Iμ}, z^μ, p_μ, S_{μν} , Λ^{AI} , λ] = ∫ dτ [ p_μu^μ + 1 2 S_{μν} Ω^{μν} − H_{Mτ} ] , (3.30)

with the function^{11} H_{Mτ} containing the mass-shell constraint only, H_{Mτ} = λ(g^{μν} p_μp_ν + m^2). This is the extension of (2.64) to the pole-dipole approximation at linear order in spin. We could also add the supplementary conditions,

S_{iν} p^ν = 0 , Λ^{[i]J} p_J = 0 , (3.31)

to the action with the help of Lagrange multipliers. However, this will not change the dynamics as these (independent) conditions are already preserved in time and their Lagrange multipliers therefore vanish. Reference [13] immediately started with the action in the form of Eq. (3.30) without the detailed derivation given in this section.

11Notice that H_{Mτ} is not a Hamiltonian as^1_2 S_{μν} Ω^{μν} in (3.30) also contains interaction terms.

3.2 Reduction of the Matter Variables 21

3.2 Reduction of the Matter Variables

Next a fully reduced canonical formalism is derived. For this the action is put on the constraint surface. That is, all supplementary conditions, constraints, and gauge conditions are solved in terms of certain truly independent variables that parametrize the constraint surface. The equations of motion for this reduced number of variables could then be obtained by varying the action with respect to these variables. However, we will transform the action to a new set of reduced variables such that the equations of motion can easily be seen to resemble to Hamilton’s equations. This allows for an easy identification of the Hamiltonian and corresponding Poisson brackets. Thus a fully reduced canonical formalism for spinning objects coupled to general relativity is found [13]. Remember that the necessity for a variable transformation to obtain standard canonical Poisson brackets is already present in the flat space case, see (2.20). A treatment using Dirac brackets (2.75) seems to be more complicated, as one has to consider the brackets for each pair of variables then, whereas here we only have to handle the action (a single scalar).

The derivation sketched above is very similar to the treatment of Dirac fields coupled to gravity by Kibble [6]. In this section we concentrate on the matter part of the action only.

3.2.1 Reduced Matter Action

Similar to section 2.3.2 we solve the matter constraints (now including the supplementary conditions (3.31)) as np ≡ n^μp_μ = − √ m^2 + γ^{ij} p_ip_j , (3.32) nS_i ≡ n^μS_{μi} = p_kγ^{kj} S_{ji} np = γ_{ij} nS^j , Λ^{[j](0)} = Λ^{[j](i)} p_{(i)} p^{(0)}

, Λ^{[0]I} = − p^I m , (3.33)

in terms of the independent variables p_i, S_{ij} , and Λ^{[i](k)}. On the constraint surface it holds H_{Mτ} = 0.

For simplicity, we will immediately constrain ourselves to the Schwinger time gauge [55],

e^{(0)μ} = −n^μ , (3.34)

see also [6, 61, 64], as lapse and shift then turn into Lagrange multipliers in the matter action [13], like in the ADM formalism for nonspinning objects. This gauge condition effectively reduces the tetrad e^{Iμ} to a triad e^{(i)j} , it holds

e^{(0)}_i = 0 = e_{(i)}^0 , e^{(0)}_0 = N = 1/e_{(0)}^0 , e^{(i)}_0 = N^j e^{(i)}_j , (3.35) N^i = −Ne_{(0)}^i , γ_{ij} = e^{(m)}_ie_{(m)j} , γ^{ij} = e_{(m)}^ie^{(m)j} . (3.36)

A further convenient gauge choice is τ = z^0 = t for the yet arbitrary parameter τ. In terms of the independent variables the matter Lagrangian (3.29) reads explicitly

L_M = [ p_i + K_{ij} nS^j + A^{kl}e_{(j)k} e^{(j)}_{l,i} − ( 1 2 S_{kj} + p_{(k}nS_{j)} np ) Γ^{kj}_i ] ż^i + nS^i 2np ṗ_i + [ S_{(i)(j)} + nS_{(i)}p_{(j)} − nS_{(j)}p_{(i)} np ] Λ_{[k]}^{(i)}Λ̇^{[k](j)} 2 + A^{ij} e_{(k)i}e^{(k)}_{j,0} − ∫ d^3x (NH^{matter} − N^iH^{matter}_i ) ,

(3.37)

with the 3-dimensional Christoffel symbols Γ_{kji}, the abbreviation A^{ij} defined by γ_{ik}γ_{jl}A^{kl} = 1 2 S_{ij} + nS_ip_j 2np , (3.38)

and the matter parts of the gravitational constraints given by H^{matter} = −np δ − K^{ij} p_inS_j np δ − (nS^kδ)_{;k} , (3.39)

H^{matter}_i = (p_i + K_{ij} nS^j )δ + ( 1 2 γ^{jk}S_{ik}δ + γ^{jk} p_{(i}nS_{k)} np δ ) ;j . (3.40)

These coincide with the densitized projections

H^{matter} = √ γT_{μν} n^μn^ν , H^{matter}_i = − √ γT_{iν} n^ν , (3.41)

of the stress-energy tensor (2.30) at linear order in spin. For consistency this must of course be the case, as the gravitational constraints can also be obtained by such projections of the Einstein equations directly, instead of by varying the action with respect to N and N^i. However, in spite of the simplifying premature (but only partial) gauge fixing (3.34) of the tetrad, the matter Lagrangian (3.37) is still complicated compared to the nonspinning case (2.68). In particular, the canonical structure is not immediately visible in the used variables.

3.2.2 Canonical Matter Variables

One already knows from special relativity that the variables in the covariant spin supplementary condition have quite complicated Poisson brackets. Thus the complicated structure of the matter action in these variables found in the last section is not surprising. We will now try to simplify the structure of the matter Lagrangian by introducing new variables, which will turn out to possess standard canonical Poisson brackets. These new variables are indicated by a hat. An intuitive guess from the special relativistic case (2.20) is

z^i = ẑ^i − nS^i m − np , nS_i = − p_kγ^{kj}Ŝ_{ji} m , S_{ij} = Ŝ_{ij} − p_inS_j m − np + p_j nS_i m − np , (3.42)

belonging to the condition (2.34), as well as

Λ^{[i](j)} = Λ̂^{[i](k)} ( δ_{kj} + p_{(k)}p^{(j)} m(m − np) ) , (3.43)

see (3.60c) in [69]. These redefinitions replace A^{kl} in (3.37) by the quantity Â^{ij} given by γ_{ik}γ_{jl}Â^{kl} = 1 2 Ŝ_{ij} + mp^{(i}nS^{j)} np(m − np) . (3.44)

Then the first line of (3.37) suggests to introduce a new linear momentum for the matter as

p̂_i = p_i + K_{ij} nS^j + Â^{kl}e_{(j)k}e^{(j)}_{l,i} − ( 1 2 S_{kj} + p_{(k}nS_{j)} np ) Γ^{kj}_i , (3.45)

which reduces to p̂_i = p_i in the special relativistic case. The matter Lagrangian now turns into (still approximating linear in spin)

L_M = p̂_i ^̇z^i + 1 2 Ŝ_{(i)(j)}Ω̂^{(i)(j)} − H_M , (3.46)

where Ω̂^{(i)(j)} = Λ̂_{[k]}^{(i)} ^̇Λ^{[k](j)} and

H_M = −Â^{ij} e_{(k)i}e^{(k)}_{j,0} + ∫ d^3x (NH^{matter} − N^iH^{matter}_i ) . (3.47)

Notice that Λ̂^{[i](k)} is a 3-dimensional rotation matrix, Λ̂_{[k]}^{(i)}Λ̂^{[k](j)} = δ_{ij} . Therefore Ω̂^{(i)(j)} is antisymmetric and should be interpreted as an angular velocity tensor. The action thus has the canonical structure momenta times velocities minus Hamiltonian H_M . The Poisson brackets for the matter part read

{ẑ^i, p̂_j } = δ_{ij} , {Λ̂^{[i](j)}, Ŝ_{(k)(l)}} = Λ̂^{[i](k)}δ_{lj} − Λ̂^{[i](l)}δ_{kj} , (3.48)

3.3 Full Gauge Reduction 23

{Ŝ_{(i)(j)}, Ŝ_{(k)(l)}} = δ_{ik}Ŝ_{(j)(l)} − δ_{jk}Ŝ_{(i)(l)} − δ_{il}Ŝ_{(j)(k)} + δ_{jl}Ŝ_{(i)(k)} , (3.49)

all other zero, similar to (3.6, 3.7). It is important that all extrinsic curvature terms are eliminated from (3.37, 3.39, 3.40) by the redefinition of the linear momentum (3.45). Terms of this type are the reason for potential problems with derivative-coupled theories [57], so it is good that they disappear. This is similar to the Dirac field case, which can be made a nonderivative-coupled theory by a redefinition of the Dirac field. Further the ṗ_i-term in (3.37) was removed by the redefinition of the position (3.42).

If we consider test spinning bodies in an external field, then one immediately gets the fully reduced Hamiltonian in the time gauge by inserting the metric (i.e., γ_{ij} , N, and N^i) as well as a suitable triad e_{(k)i} (subject only to e_{(k)i}e^{(k)}_j = γ_{ij} ) into (3.47). Canonical formulations of test spinning bodies were already obtained in [67] by a direct construction of the symplectic structure and also very recently in [44] using a Dirac bracket approach. In the latter paper the Hamiltonian was explicitly obtained for the Kerr metric. In the next section we will also be able to put the field part into canonical form.

Given the fact that, at least in the time gauge (3.34), the supplementary condition (2.34) leads to a canonical spin and position variable, it seems to be simpler to immediately start with an action implementing (2.34), thus skipping the need for variable redefinitions. However, one can not be sure in advance that (2.34) leads to canonical variables. Further, it should be noted that only the structure of the action was simplified by above redefinitions. The redefinitions still have to be applied to (3.39, 3.40), making these expressions more complicated, see (6.33–6.35). Thus one has a conservation of trouble here and starting directly with (2.34) does not seem to simplify the calculation. In fact, it could be subtle to correctly implement the noncovariant condition (2.34) into the action. However, this succeeded for test spinning objects in [44].

3.3 Full Gauge Reduction

The discussion of the field part is not as simple as for nonspinning objects. First, we need the tetrad form of the ADM formalism as derived in [62]. Second, the matter action depends on the partial time derivative of the tetrad, which necessitates matter corrections to the canonical field momentum. Indeed, the canonical momentum conjugate to e_{(k)j} is given by

π̄^{(k)j} = 8π

∂(L_G + L_M ) ∂e_{(k)j,0} = e^{(k)}_i π^{ij} + 8πe^{(k)}_i Â^{ij}δ̂ , (3.50)

where L_M is the density version of (3.46), obtained by introducing δ̂ = δ(x^i − ẑ^i) in certain terms, and π^{ij} is still given by (2.41). Remember that (3.39, 3.40) do not contain the extrinsic curvature after redefining the matter variables. Legendre transformation leads to W = 1 8π ∫ d^4x π̄^{(k)j} e_{(k)j,0} + ∫ dt [ p̂_i^̇z^i + 1 2 Ŝ_{(i)(j)}Ω̂^{(i)(j)} − H ] , (3.51) H = ∫ d^3x ( NH − N^iH_i + λ_{ij} π^{[ij]} ) + E[γ_{ij} ] , (3.52)

where H ≡ H^{field} + H^{matter} and H_i ≡ H^{field}_i + H^{matter}_i with (2.44) and (3.39, 3.40). In tetrad gravity one has the additional constraint π^{[ij]} = 0, or π̄^{[ij]} = 8πÂ^{[ij]}δ̂, which was added to the Hamiltonian H via a Lagrange multiplier λ_{ij} = −λ_{ji}.

3.3.1 Spatial Symmetric Gauge

The constraint π^{[ij]} = 0 is eliminated by a further partial gauge fixing now. The spatial symmetric gauge for the triad e_{(i)j} = e_{ij} = e_{ji} is imposed, which was suggested by Kibble for a canonical formulation of the Dirac field coupled to gravity [6] (however, Kibble was using the Schwinger canonical formalism [55]). In this gauge, the triad is the symmetric matrix square-root of the positive definite induced metric, e_{ij} e_{jk} = γ_{ik}, or

(e_{ij} ) = √ (γ_{ij} ) . (3.53)

Thus the triad is fully given in terms of the metric, which is now the variable to be varied. We may therefore define an object B^{kl}_{ij} as 2B^{kl}_{ij} = e_{mi} ∂e_{mj} ∂γ_{kl} − e_{mj} ∂e_{mi} ∂γ_{kl} , (3.54)

which enables us to write e^{(k)}_ie_{(k)j,μ} = B^{kl}_{ij} γ_{kl,μ} + 1 2 γ_{ij,μ} . (3.55) The action obviously takes on the form W = 1 16π ∫ d^4x π̂^{ij} γ_{ij,0} + ∫ dt [ p̂_i ^̇z^i + 1 2 Ŝ_{(i)(j)}Ω̂^{(i)(j)} − H ] , (3.56) H = ∫ d^3x ( NH − N^iH_i ) + E[γ_{ij} ] , (3.57)

with the new canonical field momentum conjugate to γ_{ij} given by

π̂^{ij} = π^{ij} + 8πÂ^{(ij)}δ̂ + 16πB^{ij}_{kl}Â^{[kl]}δ̂ . (3.58)

We have thus reduced the tetrad form of the ADM formalism to its metric form, still coupled to spinning objects.

3.3.2 ADM Transverse-Traceless Gauge

Finally, the gauge fixing for the induced metric follows along the same lines as for nonspinning objects in section 2.3.2. We apply the gauge conditions

∂_j (γ_{ij} −^1_3 γ_{kk}δ_{ij} ) = 0 , π̂^{ii} = 0 . (3.59)

However, notice that the ADM transverse-traceless condition for the canonical field momentum π̂^{ii} = 0 differs from the original one, π^{ii} = 0. Correspondingly we now have the decomposition

π̂^{ij} = ^̃π^{ij} + π̂^{ijTT} , ^̃π^{ij} = ^̃π^i_{,j} + ^̃π^j_{,i} − 1 2 δ_{ij} ^̃π^k_{,k} − 1 2 Δ^{−1} ^̃π^k_{,ijk} , (3.60)

instead of (2.51). The decomposition for the metric (2.50) is still valid. The ADM Hamiltonian then results from solving the field constraints H = 0 = H_i together with the gauge conditions as

H_{ADM} = E[ẑ^i, p̂_i, Ŝ_{(i)(j)}, h^{TT}_{ij} , π̂^{ijTT}] = − 1 16π ∫ d^3x Δϕ , (3.61)

and the fully reduced Poisson brackets of the field read

{h^{TT}_{ij} (x), π̂^{klTT}(x^′)} = 16πδ^{TTkl}_{ij} δ(x − x^′) , (3.62)

all other zero. The Poisson brackets (3.48, 3.49) of course still hold. The fully reduced action finally reads W = 1 16π ∫ d^4x π̂^{ijTT}h^{TT}_{ij,0} + ∫ dt [ p̂_i ^̇z^i + 1 2 Ŝ_{(i)(j)}Ω̂^{(i)(j)} − H_{ADM} ] . (3.63)

This is the extension of the nonspinning case in (2.71). The new spin interactions enter via the ADM Hamiltonian H_{ADM} after solving the constraints, which now have spin corrections in its source terms, (3.39, 3.40).

4 Symmetry Generator Approach

As we have seen in section 2.3 and also in the last section, after all constraints as well as supplementary and gauge conditions have been eliminated, the Hamiltonian is given by the ADM energy depending on the fully reduced canonical variables. However, while it is not problematic to calculate the ADM energy at least to some order in a perturbative way, it will then depend on the variables appearing in the stressenergy tensor (2.30) and equation of motion (2.28), for which the canonical structure is not known. If one could someway find the transformation between these variables and fully reduced canonical variables with usual Poisson brackets, then the ADM energy can be expressed in terms of canonical variables and turns into the ADM Hamiltonian. In this section we try to construct this variable transformation order-by-order in some perturbation scheme by looking at certain consistency conditions. It is expected that if one proceeds to higher and higher orders, then one also needs to devise more and more consistency conditions. However, in the post-Newtonian approximation one may reach an order high enough for all currently relevant applications by just relying on a specific form of total linear and angular momentum expressed in terms of canonical variables [14, 15]. Notice that this approach is not as powerful as the action approach [13] discussed in the last section, however, it succeeded earlier and is still valuable at higher orders in spin as well as for a check of the action approach at linear order in spin.

4.1 Symmetries and Conserved Quantities

Now the symmetries and corresponding conserved quantities for asymptotically flat spacetimes are reviewed. These conserved quantities generate their symmetries on phase space. For total linear and angular momentum this leads to a very specific form when expressed in terms of canonical variables.

4.1.1 Global Rotations and Translations

It is intuitively clear that an asymptotically flat spacetime can be transformed into a physically equivalent one by a 3-dimensional rotation and/or translation of each 3-dimensional hypersurface, i.e., of the whole spacetime. This means that asymptotically flat spacetimes posses a global symmetry^{12} under rotations and translations, i.e., under the 3-dimensional Euclidean group. In fact, one even has a global symmetry under the Poincaré group, which will be discussed in section 4.1.3. How the symmetry under the Euclidean group is represented on the coordinates crucially depends on the chosen coordinate system even in flat space. If the coordinate system resembles to a Cartesian one in the asymptotics, then a good guess for the symmetry transformation is x^i → Λ_{ij} (x^j + a^j ), with x^i the coordinates of the 3-dimensional hypersurfaces, a^i a constant vector describing a translation, and a rotation matrix Λ_{ij} . The rotation matrix is parametrized by a constant antisymmetric matrix ω^{ij} = −ω^{ji} in the form Λ = e^ω. A field, e.g., the induced metric γ_{ij} , then transforms as

γ_{ij} (x) → Λ_{ik}Λ_{jl}γ_{kl}(Λ^{−1}x − a) , (4.1)

where the vector a has components a^i. However, for this transformation to be a global symmetry and not just a particular gauge transformation, the gauge conditions must be invariant under this representation of the Euclidean group. This is indeed fulfilled for the ADM gauge conditions (2.49) or (3.59) (remember that a^i and Λ_{ij} are constant). Further, the local basis shall rotate the same way as the coordinate basis, i.e., e_{(i)j} (x) → Λ_{ik}Λ_{jl}e_{(k)l}(Λ^{−1}x − a). We assume here that the tetrad was reduced to a triad with the help of the time gauge (3.34), as in the action approach. The triad gauge shall be compatible with this transformation property, which is the case for (3.53).

Looking at infinitesimal transformations, i.e., a^i and ω^{ij} shall be small, it holds

x^i → x^i + a^i + ω^{ij} x^j , (4.2)

or for a tensor field (4.1) γ_{ij} → γ_{ij} − a^k∂_kγ_{ij} − ω^{kl}x^l∂_kγ_{ij} + ω^{ik}γ_{kj} + ω^{jk} γ_{ik} . (4.3) 12 A global symmetry depends on parameters which may not vary over spacetime.

This is just the Lie-shift given by the infinitesimal coordinate transformation (4.2), i.e., γ_{ij} → γ_{ij} − L_{δx}k γ_{ij} . Similarly, the canonical variables transform as

ẑ^i_a → ẑ^i_a + a^i + ω^{ij}ẑ^j_a , p̂_{ai} → p̂_{ai} + ω^{ij}p̂_{aj} , (4.4) Λ̂^{[i](j)}_a → Λ̂^{[i](j)}_a + ω^{jk}Λ̂^{[i](k)}_a , Ŝ_{a(i)(j)} → Ŝ_{a(i)(j)} + ω^{im}Ŝ_{a(m)(j)} + ω^{jm}Ŝ_{a(i)(m)} , (4.5)

h^{TT}_{ij} → h^{TT}_{ij} − a^k∂_kh^{TT}_{ij} − ω^{kl}x^l∂_kh^{TT}_{ij} + ω^{ik}h^{TT}_{kj} + ω^{jk}h^{TT}_{ik} , (4.6) π̂^{ijTT} → π̂^{ijTT} − a^k∂_kπ̂^{ijTT} − ω^{kl}x^l∂_kπ̂^{ijTT} + ω^{ik}π̂^{kjTT} + ω^{jk}π̂^{ikTT} . (4.7)

A label index was attached to the matter variables now. In (4.5) the transformation property of the local basis was used. Notice that the body-fixed basis in (4.5) stays unchanged. For (4.6) and (4.7) the transversetraceless projection was commuted with the infinitesimal coordinate change.

4.1.2 Symmetry Generators

Now we try to construct the generators of infinitesimal rotations and translations, P_i and J_{ji}. These are of course nothing else than 3-dimensional total linear and angular momentum. With the help of these generators the transformation rule for an arbitrary phase space function A must read A → A +^1_2 ω^{ij} {A, J_{ji}} + a^i{A, P_i} . (4.8) It is sufficient to guarantee this transformation rule for all canonical variables. Comparing (4.8) with (4.4– 4.7), using the standard Poisson brackets (3.48, 3.49) for each object as well as (3.62), one can indeed construct P_i and J_{ij} . It is immediately clear that P_i and J_{ij} are a sum of matter and field parts,

P_i = P^{matter}_i + P^{field}_i , J_{ij} = J^{matter}_{ij} + J^{field}_{ij} . (4.9)

In order to get P_i, one sets ω^{ij} = 0 and a^i is taken to be arbitrary. Then among the matter variables only ẑ^i_a is transformed. Comparing (4.8) with (4.4) one obtains δ_{ij} = {ẑ^i_a, P_j } =^{∂Pj}_{∂p̂ai} for each particle, and thus

P^{matter}_i = ∑ a p̂_{ai} . (4.10)

Similarly, for the field part one gets −∂_kh^{TT}_{ij} = {h^{TT}_{ij} , P_k} as well as −∂_kπ̂^{ijTT} = {π̂^{ijTT}, P_k}, which leads to P^{field}_i = − 1 16π ∫ d^3x π̂^{klTT}h^{TT}_{kl,i} . (4.11)

The derivation of J_{ij} is analogous, with the result

J^{matter}_{ij} = ∑ a (ẑ^i_ap̂_{aj} − ẑ^j_ap̂_{ai}) + ∑ a Ŝ_{a(i)(j)} , (4.12)

J^{field}_{ij} = − 1 16π ∫ d^3x (x^iπ̂^{klTT}h^{TT}_{kl,j} − x^jπ̂^{klTT}h^{TT}_{kl,i}) − 1 16π ∫ d^3x 2(π̂^{ikTT}h^{TT}_{kj} − π̂^{jkTT}h^{TT}_{ki} ) .

(4.13)

The ADM Hamiltonian H_{ADM} is by construction manifestly invariant under global rotations and translations (at least in the considered gauges). Comparing H_{ADM} → H_{ADM} with (4.8) one sees that total linear and angular momentum have vanishing Poisson brackets with the ADM Hamiltonian and are thus conserved.

Yet another symmetry specific to objects with spin is given by constant rotations of the body-fixed frame,

Λ̂^{[i](j)}_a → Λ̂^{[i](j)}_a + ω^{[i][k]}_a Λ̂^{[k](j)}_a , (4.14)

4.1 Symmetries and Conserved Quantities 27

parametrized by a constant antisymmetric matrix ω^{[i][j]}_a = −ω^{[j][i]}_a for each object. The corresponding generators read J^{body}_{a[i][j]} = Λ̂^{[i](k)}_a Λ̂^{[j](l)}_a Ŝ_{a(k)(l)} and are also conserved quantities, J^{body}_{a[i][j]} = const. A corollary of this is that

J^{body}_{a[i][j]}J^{body}_{a[i][j]} = Ŝ_{a(i)(j)}Ŝ_{a(i)(j)} = const . (4.15)

As the ADM Hamiltonian H_{ADM} is invariant under the transformations (4.4–4.7) and (4.14), these transformations are also a symmetry of the action (3.63). The corresponding conserved quantities P_i, J_{ij} , and J^{body}_{a[i][j]} can then be obtained by standard Noether arguments [90] and come out identical to above results.

4.1.3 Global Poincaré Invariance

The global symmetry under the Euclidean group discussed in the last section is only a part of the bigger global symmetry under the Poincaré group. Besides total linear and angular momentum, also the boost vector J^{i0} and the energy E = H_{ADM} of the system generate a symmetry of the action and are conserved quantities for asymptotically flat spacetimes. However, the infinitesimal transformations generated by H_{ADM} and J^{i0}, similar to (4.8), are in general highly nonlinear in the considered gauges and may not be written down immediately, as opposed to (4.4–4.7). Further, J^{i0} explicitly depends on time, see (2.12). H_{ADM} and J^{i0} can be calculated by surface integrals at spatial infinity, see, e.g., [54, 91]. For the total energy E = H_{ADM} this was already found in (2.45) and the boost vector J^{i0} is given by (2.12) with

G^i = 1 16π ∮ d^2s_k [ x^i(γ_{kl,l} − γ_{ll,k}) − γ_{ik} + δ_{ik} γ_{ll} ] . (4.16)

Similarly, for 3-dimensional total linear and angular momentum it holds

P_i = − 1 8π ∮ d^2s_kπ^{ik} , J_{ij} = − 1 8π ∮ d^2s_k(x^iπ^{jk} − x^j π^{ik} ) . (4.17)

When these quantities are expressed in terms of canonical variables (after gauge fixing), they fulfill the Poincaré algebra (2.10, 2.11). Notice that all Poisson brackets in (2.10, 2.11) involving P_i and J_{ij} just reflect the transformation property (4.8). Similar to the special relativistic case in section 2.1, one can define different total spins and centers for a gravitating system in asymptotically flat spacetimes. In particular, a center and total spin of the system with standard Poisson brackets can be constructed (this was exploited recently in [92]).

4.1.4 Symmetry Generators from Integral Formulas

For simplicity we assume that γ_{ij} does not need a redefinition in order to receive a canonical meaning. However, this might be necessary at higher orders in spin. For the canonical field momentum π̂^{ij} we allow spin corrections by the ansatz

π̂^{ij} = π^{ij} + 16π ∑ a π^{ij}_a δ̂_a , (4.18)

where π^{ij}_a contains the yet undetermined spin corrections. The gauge condition π̂^{ii} = 0 with the subsequent decomposition (3.60) is assumed to hold. The surface integrals from the last section can be transformed into volume integrals using the Gauss theorem. With the decomposition (2.50) it follows E = − 1 16π ∫ d^3x Δϕ , G^i = − 1 16π ∫ d^3x x^iΔϕ . (4.19)

However, it is not possible to express E and G^i in terms of the canonical variables without solving the nonlinear constraint equations for ϕ. Similarly one gets

P_i = − 1 8π ∫ d^3x π̂^{ik}_{,k} , J_{ij} = − 1 8π ∫ d^3x (x^iπ̂^{jk}_{,k} − x^jπ̂^{ik}_{,k}) . (4.20)

Here one can exploit the momentum constraint H_i ≡ H^{field}_i + H^{matter}_i = 0 to further evaluate P_i and J_{ij} without needing to actually solve the constraints. Using (2.44, 2.50, 3.60) the momentum constraint can exactly be written as

π̂^{ik}_{,k} = −8π(H^{matter}_i + H^{πmatter}_i ) + 1 2 π̂^{jkTT}h^{TT}_{jk,i} − (π̂^{jkTT}h^{TT}_{ki} )_{,j} − Δ ( V̂^kh^{TT}_{ki} ) + B̂^{ij}_{,j} , (4.21)

with the definitions

H^{πmatter} i = ∑ a [ π^{jk}_a γ_{jk,i}δ̂_a − 2(γ_{ik}π^{kj}_a δ̂_a)_{,j} ] , (4.22)

B̂^{ij} = [ 1 − ( 1 +^1_8 ϕ

)_4] (^̃π^{ij} + π̂^{ijTT}) + V̂^k(h^{TT}_{ki,j} + h^{TT}_{kj,i} − h^{TT}_{ij,k}) − 1 3 V̂^k_{,k}h^{TT}_{ij} , (4.23)

and the alternative vector potential

V̂^i = ( δ_{ij} − 1 4 ∂_i∂_j Δ^{−1} ) ^̃π^j , (4.24)

for which it holds

^̃π^{ij} = V̂^i_{,j} + V̂^j_{,i} − 2 3 δ_{ij}V̂^k_{,k} . (4.25)

One can calculate H^{matter}_i using (3.41). Notice that B̂^{ij} = B̂^{ji} and B̂^{ii} = 0. Further the last two terms in (4.21) do not contribute to (4.20). Obviously, (4.20) are a sum of matter and field parts, (4.9). The field parts are identical to (4.11) and (4.13). However, the matter parts now read

P^{matter}_i = ∫ d^3x (H^{matter}_i + H^{πmatter}_i ) , (4.26)

J^{matter}_{ij} = ∫ d^3x (x^iH^{matter}_j + x^iH^{πmatter}_j − x^j H^{matter}_i − x^j H^{πmatter}_i ) . (4.27)

For consistency, these must turn into (4.10) and (4.12) when expressed in terms of canonical variables.

4.2 Construction of Canonical Variables

In this section we will formulate the important consistency conditions and apply them order-by-order in the post-Newtonian approximation to find canonical variables.

4.2.1 Consistency Conditions

In section 2.2.3 it was seen that the spin length S_a given by 2S^2_a = S_{aμν} S^{μν}_a is a conserved quantity in the covariant spin supplementary condition. This can also be derived from the action (3.30) using the symmetry under constant 4-dimensional Lorentz transformations of the body-fixed frame, see also [69]. This conserved quantity must be identical to the one in (4.15), as both were derived from the same symmetry (though only the 3-dimensional rotation part is relevant after the supplementary conditions were eliminated). Thus it must hold

S_{aμν} S^{μν}_a = Ŝ_{a(i)(j)}Ŝ_{a(i)(j)} , (4.28)

providing a relation between covariant spin S_{aμν} and canonical spin Ŝ_{a(i)(j)}. This is one important consistency condition we will impose.

Further, one can calculate H^{matter}_i and thus (4.26, 4.27) in terms of (noncanonical) variables in the covariant supplementary condition with the help of (3.41) and (2.30),

H^{matter}_i = ∑ a [ (p_{ai} + K_{ij} nS^j_a)δ_a + ( 1 2 γ^{jk} S_{aik}δ_a + γ^{jk} p_{a(i}nS_{ak)} np_a δ_a ) ;j ] , (4.29) see (3.40). Then (4.26, 4.27) must coincide with (4.10, 4.12), leading to conditions on the transformation between canonical variables and variables in the covariant supplementary condition. We write this as a condition on H^{matter}_i in the form

H^{matter}_i = ∑ a [ (p̂_{ai} − π^{jk}_a γ_{jk,i})δ̂_a + 1 2 (s^{ij}_a δ̂_a)_{,j} ] , (4.30)

where the symmetric part of s^{ij}_a is not constrained, but it has to hold

s^{[ij]}_a = Ŝ_{a(i)(j)} + 2π^{jk}_a h^{TT}_{ki} − 2π^{ik}_a h^{TT}_{kj} . (4.31)

This condition on H^{matter}_i is the most general one^{13} that guarantees that (4.26, 4.27) coincide with (4.10, 4.12).

Above conditions are sufficient for the post-Newtonian order considered here. Another condition that could be useful at even higher orders (in particular also higher orders in spin) would be the fulfillment of the Poincaré algebra. However, all Poisson brackets in (2.10, 2.11) involving P_i and J_{ij} are fulfilled by construction due to the transformation property (4.8) if above conditions hold, thus giving nothing new. In [14] it was considered whether the construction of the constraint algebra (2.72–2.74), which is related to diffeomorphism invariance and thus more fundamental than global Poincaré invariance, could be used to construct canonical variables. However, this approach seems to be unmanageable.

4.2.2 Canonical Variables

First we evaluate the condition on the spin length given by (4.28). We will first construct a specific transformation between S_{aij} and Ŝ_{a(i)(j)} and then discuss its uniqueness. Inspired by the flat space case (2.20), we first apply the transformation S_{aij} = Ŝ_{aij} − p_{ai}nS_{aj} m_a − np_a + p_{aj} nS_{ai} m_a − np_a , nS_{ai} = − p_{ak}γ^{kj}Ŝ_{aji} m_a , (4.32)

to the conserved quantity S_{aμν} S^{μν}_a = γ^{ki}γ^{lj} S_{akl}S_{aij} − 2γ^{ij} nS_{ai}nS_{aj} , with the result S_{aμν} S^{μν}_a = γ^{ki}γ^{lj}Ŝ_{akl}Ŝ_{aij} . With the help of an arbitrary triad e_{(i)j} this can be written in a local basis as S_{aμν} S^{μν}_a = Ŝ_{a(i)(j)}Ŝ_{a(i)(j)}, so we have found a possible transformation allowed by (4.28). The ambiguities that are left can best be discussed in terms of the spin vector Ŝ_{a(i)}. As we are still considering the linear order in spin, any further transformation of Ŝ_{a(i)} must be linear in spin and must leave the expression Ŝ_{a(i)}Ŝ_{a(i)} invariant (notice Ŝ_{a(i)(j)}Ŝ_{a(i)(j)} = 2Ŝ_{a(i)}Ŝ_{a(i)}). Therefore only a rotation of the spin vector as a further transformation is possible, which can be absorbed into the yet arbitrary triad e_{(i)j} .

A comparison of (4.29) with (4.30) leads to p̂_{ai} = p_{ai} + K_{ij} nS^j_a + π^{jk}_a γ_{jk,i} − ( 1 2 S_{akj} + p_{a(k}nS_{aj)} np_a ) Γ^{kj}_i , (4.33)

without any ambiguity. Now (4.29) is of the form (4.30), so (4.31) is the only condition that is left. In order to evaluate (4.31) we first need to read off s^{ij}_a . For the redefinition of the position variable we use

z^i_a = ẑ^i_a − nS^i_a m_a − np_a + z^i_{Δa} , (4.34)

where z^i_{Δa} is a yet unknown correction to the flat space case (2.20). Comparing (4.29) expressed in terms of the new variables with (4.30) leads to s^{ij}_a = γ^{jk}Ŝ_{aik} + γ^{jk}γ^{lp} 2p̂_{al}p̂_{a(i}Ŝ_{ak)p} np̂_a(m_a − np̂_a) − 2p̂_{ai}z^j_{Δa} , (4.35)

13In the pole-dipole approximation at most one partial derivative can appear in H^{matter}_i . Further it was assumed that the variables from different objects do not mix (e.g., as p̂_1δ̂_2) at this stage.

with the definition np̂_a = − √ m^2_a + γ^{ij}p̂_{ai}p̂_{aj} . The only ambiguities in the transition to canonical variables are now given by π^{ij}_a , z^i_{Δa}, and the triad e_{(i)j} . We try to fix these ambiguities by considering (4.31) with (4.35) order-by-order in the post-Newtonian approximation, which is introduced in the next section.

From the action approach we know that the ambiguity of e_{(i)j} should just be a gauge freedom. Thus different choices for e_{(i)j} should be canonically equivalent. Indeed, it was shown in [84] that a spin rotation is just a canonical transformation at linear order in spin. However, a canonical transformation may change all variables, but p̂_{ai} as well as h^{TT}_{ij} can not be changed any more. Thus the canonical representation was already partly fixed and we must therefore still keep e_{(i)j} as general as allowed by the restriction on the triad gauge made in section 4.1.1.

4.2.3 Post-Newtonian Approximation

The idea behind the post-Newtonian approximation is that for slowly moving bodies and weak gravitational forces the Newtonian physics is recovered as a first approximation. For two objects this means that their relative velocity v shall be small compared to the speed of light c. In Newtonian physics the time average of kinetic and potential energy is of the same order if the virial theorem applies, which is the case for bound systems. Then one has

v^2 c^2 ∼ GM c^2r

≪ 1 , (4.36)

where M is the total mass of the system and r the typical distance of the objects. An expansion in the dimensionless quantities (4.36) obviously is also an expansion in c^{−2}. We will therefore think of the post- Newtonian expansion as an expansion in c^{−2}. However, this is a rather formal point of view as it depends on the choice of units whether c^{−2} is actually a small number (e.g., in our units it is equal to one). As seen later, there may be half post-Newtonian orders corresponding to c^{−1}.

As post-Newtonian orders are formally counted in terms of the velocity of light c originally present in the equations, i.e., before setting c = 1 = G, one should introduce G and c back into all expressions. However, this would undo the advantages achieved by setting c = 1 = G. Instead, we will assign an order in powers of c^{−1} directly to our variables. When setting c = 1 = G only one unit is needed, which we choose to be the unit of spatial distances, e.g., meters. Then the values of all masses m_a must be given in meters, which is obtained by multiplying their values in kilograms by G/c^2. Therefore we just count the masses to be of the order c^{−2}, as this is the power of the speed of light that would be introduced into the expressions if we restore the original units. Similar arguments apply to the other matter variables and we have the counting rules

ẑ_a = O ( c^0 ) , m_a = O ( c^{−2} ) , p̂_a = O ( c^{−3} ) . (4.37)

Notice that an energy receives a counting of c^{−4}, which gives the absolute order of the Newtonian Hamiltonian (being an energy) within these counting rules. However, one obtains different counting rules for the matter variables if one uses kilograms instead of meters to replace all units when setting c = 1 = G. This convention is also often used and leads to different absolute orders in c^{−1}, e.g., a mass now receives a counting of c^0 and the Newtonian Hamiltonian is at the absolute order c^{−2}. But relative orders are always the same, so only a counting relative to the Newtonian order (or to the leading order if the Newtonian order vanishes) finally makes sense when using such counting rules. The correct absolute Newtonian order is c^0, as it must prevail when c^{−1} → 0.

The formal counting may nicely be applied to more complicated situations, e.g., when spins are present. For dimensional reasons only we are thus counting the spins of the order c^{−3}. This has some computational advantages, e.g., similarities to calculations for nonspinning objects are more manifest, see section 6.2.2. Here post-Newtonian orders should always be understood in the formal sense if not otherwise stated. However, the spin of a (Kerr) black hole is given by Gm^2a/c, where m is the mass of the black hole and a = 0 . . . 1 is the dimensionless Kerr parameter. The maximal spin of an object is defined as Gm^2/c (which is the maximal spin of a black hole, a = 1), and additionally has to be counted as c^{−1}. If the spins are maximal, one therefore has to add half a post-Newtonian order relative to the formal counting for each spin variable appearing in a specific expression.

If the spins are not maximal, one has to be careful when classifying spin effects into post-Newtonian orders. For example, if the spin is^1_{100} of the maximal one and the orbital velocity is^1_{100} of the speed of light, then each spin variable corresponds to one extra order in v/c relative to the maximal spin case, or half a post-Newtonian order. At a later time during the inspiral the spin length has not changed much^{14}, however, the orbital velocity might have increased, e.g., to^1_{10} of the speed of light. Then each spin variable even corresponds to two additional orders in the velocity or one post-Newtonian order relative to the maximal spin case. To conclude, while the spin length does essentially stay constant during the inspiral, the orbital velocity will increase and one expects that spin effects slightly shift to higher post-Newtonian orders during inspiral. Therefore, assigning a post-Newtonian order to spin contributions in the Hamiltonian seems to make no sense in general, except for maximal spins or within the formal counting. However, this discussion is only superficial, the relevance of spin effects also crucially depends on the orientation of the spins and the mass ratio of the objects. Due to these problems we will prefer to classify spin effects by leading order, next-to-leading order, etc. when possible.

Counting rules for other quantities may be derived from (4.37). For example, ϕ results from solving the constraints, and one may easily see that its leading order must be identical to the leading order of the matter source of the Hamilton constraint H^{matter}, which is c^{−2} (this will become obvious in section 6.1.2). Similarly one gets counting rules for the other field variables by considering the matter source of the field equations. Without going into detail, we state here that ϕ = O ( c^{−2} ) , h^{TT}_{ij} = O ( c^{−4} ) , π̃^{ij} = O ( c^{−3} ) , π^{ijTT} = O ( c^{−5} ) , (4.38)

are the correct counting rules for the fields. In general the fields include different post-Newtonian orders, (4.38) only gives the leading orders. The Taylor expansion of the fields in terms of c^{−1} is written as, e.g.,

ϕ = ϕ_{(2)} + ϕ_{(4)} + ϕ_{(6)} + O (c^{−7}) , (4.39)

where a number in round brackets denotes the absolute order in c^{−1} within the counting given by (4.37) (this should not be confused with indices in the local basis). The vanishing of the odd orders ϕ_{(3)} and ϕ_{(5)} is explained by the vanishing of the corresponding orders in the source terms.

4.2.4 Final Fixation of the Canonical Variables

First we try to find a way to parametrize the ambiguity in the triad when the induced metric is kept fixed. If one considers the perturbative expansion of e^{i(k)}e^{j(k)} = γ^{ij} under the assumption that the leading order is given by e^{i(k)}_{(0)} = δ_{ik}, then one sees that the symmetric part of e^{i(k)} is uniquely fixed at each order, while the antisymmetric part ê^{ij} ≡^1_2 (e^{i(j)} − e^{j(i)}) is arbitrary. Therefore ê^{ij} parametrizes the rotational degrees of freedom left in the definition of the local basis and thus the ambiguity of the canonical spin variable. In particular, the leading post-Newtonian orders read

e^{i(j)}_{(2)} = ê^{ij}_{(2)} − 1 4 δ_{ij} ϕ_{(2)} , e^{i(j)}_{(4)} = ê^{ij}_{(4)} − 1 2 ê^{ik}_{(2)}ê^{jk}_{(2)} − 1 4 δ_{ij} ϕ_{(4)} + 3 64 δ_{ij} ϕ^2_{(2)} − 1 2 h^{TT}_{ij} . (4.40)

Notice that ê^{ij} is needed only on the worldlines. In the following we use the abbreviation ê^{ij}_a ≡ ê^{ij} (ẑ^k_a ).

Next we make an ansatz for π^{ij}_a , z^i_{Δa}, and ê^{ij}_a at each post-Newtonian order. For this purpose it is important that π^{ij}_a has the dimension length squared, z^i_{Δa} the dimension length, and ê^{ij}_a is dimensionless. Further, π^{ij}_a and z^i_{Δa} must be linear in spin, while ê^{ij}_a must be independent of the spins. The fields h^{TT}_{ij} and π̂^{ijTT} are always taken at the position ẑ^i_a in such an ansatz and ẑ^i_a should not appear directly. Of course one also has to take into account that π^{ij}_a must be symmetric and ê^{ij}_a antisymmetric. Considering possible ansätze under these restrictions we infer that the leading orders are at least π^{ij}_a = O ( c^{−5} ) , z^i_{Δa} = O ( c^{−2} ) , and ê^{ij}_a = O ( c^{−6} ) . From (4.35) the first orders of s^{[ij]}_a then follow as

s^{[ij]}_{a(3)} = Ŝ_{a(i)(j)} , s^{[ij]}_{a(5)} = p̂_{aj} z^i_{Δa(2)} − p̂_{ai}z^j_{Δa(2)} , s^{[ij]}_{a(7)} = p̂_{aj} z^i_{Δa(4)} − p̂_{ai}z^j_{Δa(4)} . (4.41)

14In the approximation considered here the spin length is even exactly constant.

Evaluating (4.31) one concludes that z^i_{Δa(2)} = 0 and z^i_{Δa(4)} = 0. Thus we have anticipated the correct redefinition of the position (4.34) to this order.

For s^{[ij]}_{a(9)} one has

s^{[ij]}_{a(9)} = ê^{ik}_{a(6)}Ŝ_{a(k)(j)} − p̂_{ai}z^j_{Δa(6)} + 1 4m^2_a p̂_{ak}h^{TT}_{lj} (p̂_{ai}Ŝ_{a(l)(k)} + p̂_{al}Ŝ_{a(i)(k)}) − (i ↔ j) , (4.42)

where (i ↔ j) denotes an exchange of the indices i and j. The most general solution of (4.31) under above restrictions is

π^{ij}_{a(5)} = 1 − C 8m^2_a

(p̂_{ai}p̂_{ak}Ŝ_{a(k)(j)} + p̂_{aj}p̂_{ak}Ŝ_{a(k)(i)}) , (4.43)

ê^{ij}_{a(6)} = C 4m^2_a p̂_{ak}(p̂_{ai}h^{TT}_{jk} − p̂_{aj} h^{TT}_{ik} ) , z^i_{Δa(6)} = C 4m^2_a p̂_{aj} (Ŝ_{a(k)(i)}h^{TT}_{jk} + Ŝ_{a(k)(j)}h^{TT}_{ik} ) , (4.44)

at this order and now depends on an arbitrary constant C.

However, we can remove the ambiguity C by a canonical transformation with an infinitesimal generator g = C 4m^2_a p̂_{ai}p̂_{ak}Ŝ_{a(k)(j)} ∫ d^3x h^{TT}_{ij} δ̂_a . (4.45)

An arbitrary phase space function A then transforms as A → A + {A, g} to the required order. Applied to the canonical variables one obtains h^{TT}_{ij} → h^{TT}_{ij} , π̂^{ijTT} → π̂^{ijTT} − δ^{TTij}_{kl} ∑ a 4πC m^2_a p̂_{ak}p̂_{am}Ŝ_{a(m)(l)}δ̂_a , (4.46)

Ŝ_{a(i)(j)} → Ŝ_{a(i)(j)} − ê^{ik}_{a(6)}Ŝ_{a(k)(j)} − ê^{jk}_{a(6)}Ŝ_{a(i)(k)} , (4.47) ẑ^i_a → ẑ^i_a − z^i_{Δa(6)} , p̂_{ai} → p̂_{ai} − C 4m^2_a p̂_{al}p̂_{aj}Ŝ_{a(j)(k)}h^{TT}_{kl,i} . (4.48)

This indeed removes all terms depending on C from the source expressions H^{matter} and H^{matter}_i at the considered order. We can therefore choose C = 0, which leads to agreement with the action approach. The triad then is in the spatial symmetric gauge ê^{ij} = 0 and all variable transformations are the same as in the action approach at the considered post-Newtonian order. In particular, using (3.55) and (3.58) in (3.45) leads to (4.33). Further, in the action approach we found that z^i_{Δa} = 0 and π^{ij}_a = 1 2 Â^{(ij)}_a + B^{ij}_{kl}Â^{[kl]}_a , (4.49)

or more explicitly using (3.44) π^{ij}_a = γ^{ik}γ^{jl} m_ap̂_{a(k}nS_{al)} 2np̂_a(m_a − np̂_a) + 1 2 B^{ij}_{kl}γ^{km}γ^{ln}Ŝ_{amn} . (4.50) Using B^{ij}_{kl} = O (c^{−4}), cf. Eq. (3.37) in [15], the post-Newtonian expansion of (4.50) agrees with the findings in this section. The check of the action approach given here is valid to the formal 3.5 post- Newtonian order.

5 Higher Orders in Spin

Higher orders in spin require higher multipole moments, e.g., a black hole has a nonzero quadrupole at the quadratic level in spin [37]. We will constrain to quadrupole and quadratic order in spin in this section. Besides spin-induced quadrupole deformations discussed here, also tidal deformations induced through the gravitational field of other objects have been treated in the literature, see, e.g., [93, 94].

5.1 Quadrupole Approximation 33

5.1 Quadrupole Approximation

The extension of the pole-dipole approximation to higher multipoles was already essentially completed some time ago [41, 95–97], see also [98, 99], most notably by Dixon. It should be stressed that Dixon’s method incorporates Mathisson’s pioneering ideas [100].

5.1.1 Quadrupole Approximation from Tulczyjew’s Method

A more direct application of Mathisson’s ideas to the quadrupole order was given in [16] with the help of W. M. Tulczyjew’s method [31], see also [101]. There the quadrupole moment t^{μναβ} was kept in (2.26) when evaluating (2.27). In addition to p^μ and S^{μν} now various quadrupole moments appear. It is suitable to introduce a reduced quadrupole moment J^{μναβ} with symmetries J^{νρβα} = J^{[νρ][βα]} = J^{βανρ} , J^{ν[ρβα]} = 0 ⇔ J^{νρβα} + J^{νβαρ} + J^{ναρβ} = 0 . (5.1) Thus J^{ρβαν} has the same (algebraic) symmetries as the Riemann tensor. This quadrupole moment is able to incorporate all quadrupole contributions from t^{μναβ} that remain after (2.27) was evaluated. The equations of motion then take on the simple form DS^{μν} dτ = 2p^{[μ}u^{ν]} + 4 3 R^{(4)}_{αβρ}^{[μ}J^{ν]ρβα} , Dp_μ dτ = − 1 2 R^{(4)}_{μρβα}u^ρS^{βα} − 1 6 R^{(4)}_{νρβα||μ}J^{νρβα} , (5.2) and agree with Dixon [97]. The reduced moment J^{μναβ} is also optimal to give a simplified expression for the stress-energy tensor, reading √ −gT^{μν} = ∫ dτ [ u^{(μ}p^{ν)}δ_{(4)} + 1 3 R^{(4)}_{αβρ}^{(μ}J^{ν)ρβα}δ_{(4)} + ( u^{(μ}S^{ν)α}δ_{(4)} ) ||α − 2 3 ( J^{μαβν} δ_{(4)} ) ||(αβ) ] . (5.3)

In this form the stress-energy tensor was first given in [16]. This stress-energy tensor, together with the ansatz for J^{μναβ} at the quadratic level in spin given below, can be applied to the derivation of the next-to-leading order radiation field, see [102] for the spin-orbit case (the leading order is given in [103]). Besides this formula for the stress-energy tensor, a further interesting result in [16] is the relation between the t^{μν...} moments and Dixon’s reduced moments p^μ, S^{μν} , and J^{μναβ} . This relation could be used to study alternatives to Dixon’s integral formulas for the multipole moments or to discuss the relation between moments belonging to different representative worldlines (for the latter see section VII.C in [16]).

The spin supplementary condition S^{μν} f_ν = 0 is preserved in time if

p^μ = 1 −f_αu^α ( −f_ν p^ν u^μ + S^{μν} Df_ν dτ + 4 3 f_ν R^{(4)}_{αβρ}^{[μ}J^{ν]ρβα} ) , (5.4)

which should give a relation between p^μ and u^μ. This extends (2.31) to the quadrupole approximation. The extension of (2.35) reads

p^μ = −u_ν p^ν u^μ −

D(S^{μν} ) dτ u_ν + 4 3 u_ν R^{(4)}_{αβρ}^{[μ}J^{ν]ρβα} . (5.5)

5.1.2 Decomposition of the Quadrupole

In order to parametrize the quadrupole deformation due to spin we try to find the most general covariant ansatz for J^{μναβ} quadratic in the spin tensor that is relevant for the post-Newtonian order in question. It is suitable to consider the orthogonal decomposition of J^{μναβ} with respect to the vector f_μ to which the spin is orthogonal, S^{μν} f_ν = 0. This decomposition reads J^{νρβα} = Q^{νρβα} − 1 √ −f_ν f^ν (f^{[ν} Q^{ρ]βα} + f^{[α}Q^{β]ρν} ) − 3 −f_ν f^ν f^{[ν} Q^{ρ][β}f^{α]} , (5.6)

where Q^{νρβα}, Q^{ρβα}, and Q^{ρβ} are called stress, flow, and mass quadrupole here and are orthogonal to f_μ in each index, see also [104]. They further have the symmetries Q^{νρβα} = Q^{[νρ][βα]} = Q^{βανρ} , Q^{ν[ρβα]} = 0 ⇔ Q^{νρβα} + Q^{νβαρ} + Q^{ναρβ} = 0 , (5.7)

Q^{ρβα} = Q^{ρ[βα]} , Q^{[ρβα]} = 0 ⇔ Q^{ρβα} + Q^{βαρ} + Q^{αρβ} = 0 , Q^{ρβ} = Q^{(ρβ)} . (5.8)

In a local basis with f^μ giving the time direction these moments only have spatial components (due to the orthogonality of these moments to f^μ). One may therefore decompose these moments further in the local basis into parts transforming under irreducible representations of the 3-dimensional rotation group SO(3). For the mass quadrupole this SO(3)-decomposition reads, written in the coordinate frame,

Q_{μν} = Q^{STF}_{μν} + 1 3 P_{μν} Q^ρ_ρ , (5.9)

with the orthogonal projector P^{μν} = g^{μν} −^1_{fρ f ρ} f^μf^ν (notice P^{μν} g_{μν} = 3). Here Q^{STF}_{μν} is symmetric and trace-free (STF) in the local frame. In the coordinate frame the trace-free property reads Q^{STF}_{μν} g^{μν} = 0 and of course it holds Q^{STF}_{μν} f^ν = 0. Obviously Q^{μν} has six independent components, five contained in the symmetric trace-free part and one in the scalar part Q^ρ_ρ. The same holds for Q^{μναβ} with a more complicated decomposition into symmetric trace-free and scalar parts, whereas Q^{μνα} has even eight independent components corresponding to a symmetric trace-free and a vector part [104].

5.1.3 Ansatz for the Mass Quadrupole

We will now constrain to f_μ = p_μ and to the Newtonian limit, the latter to identify the dominant contributions. Then only the mass multipoles are important for the dynamics. Though flow and stress multipoles do in general not vanish in the Newtonian limit [96], they give no contribution to the gravitational field and can be neglected. Therefore the decomposition of the quadrupole moment (5.6) just reads J^{νρβα} = − 3 m^2_p p^{[ν} Q^{ρ][β} p^{α]} , (5.10)

where the dynamical mass defined by p_μp^μ = −m^2_p is now denoted as m_p. Also the trace part of the mass quadrupole gives no contribution to the gravitational field outside the body and one can thus assume Q^ρ_ρ = 0. The mass quadrupole induced by spin is then given by the ansatz

Q_{μν} = Q^{STF}_{μν} = C_Q m_p ( S_{μρ}S_ν^ρ − 1 3 P_{μν} S^{ρσ} S_{ρσ} ) , (5.11)

and is parametrized only by C_Q in the Newtonian limit and quadratic level in spin, see also [105]. For black holes one has C_Q = 1 [37] while for neutron star models C_Q depends on the equation of state [106].

Though the ansatz for the quadrupole (5.10, 5.11) was given in the Newtonian limit only, it was written in a manifestly covariant way and we will now consider its implications in full general relativity. However, we stay at the quadratic level in spin. It will be shown in the next section by relying on investigations in [107] that this ansatz indeed holds to next-to-leading order in the post-Newtonian approximation. It is easy to see from (5.2) that the spin length S given by 2S^2 = S^{μν} S_{μν} is conserved for our quadrupole ansatz and spin supplementary condition S^{μν} p_μ = 0. But the mass m_p is not conserved. However, the new mass-like parameter m defined by m = m_p − 1 6 R^{(4)}_{νρβα}J^{νρβα} , (5.12) is conserved for our ansatz quadratic in spin. Finally (5.4) can be written as p^μ = mu^μ − 1 2m R^{(4)}_{ρναβ} S^{μρ}S^{αβ}u^ν + 1 2 R^{(4)}_{δαβν} Q^{αβ} u^ν (2g^{δμ} + u^δu^μ) , (5.13)

and gives a relation between p^μ and u^μ.

5.2 Action Approach

It is shown in this section that allowing nonminimal couplings in the action approach from section 3.1.3 corresponds to certain higher multipole corrections, see also [87]. The couplings in the action needed for spin-induced quadrupole deformations at next-to-leading order in the post-Newtonian approximation can be found in [107].

5.2.1 Nonminimal Couplings

We now generalize the ansatz (3.16) for the action to nonminimal couplings. More precisely, the Lagrangian is allowed to contain the Riemann curvature tensor,

W_M [e_{Iμ}, z^μ, Λ^{AI} ] = ∫ dτ L_M (u^μ, Ω^{μν} , g^{μν} (z^ρ), g_{μν} (z^ρ), R^{(4)}_{μναβ} (z^ρ)) . (5.14)

The Euler-Lagrange equations of this action follow as in section 3.1.3 in a straightforward way. It is easy to see that (3.19) stays unchanged, D dτ [ ∂L_M ∂Ω^{μν} ] = ∂L_M ∂Ω^{μρ} Ω^ρ_ν − ∂L_M ∂Ω^{νρ} Ω^ρ_μ . (5.15)

However, the important relation (3.17) now reads 0 = ∂L_M ∂u^α u^β + 2 ∂L_M ∂Ω^{αν} Ω^{βν} + 2 ∂L_M ∂g^{αν} g^{βν} − 2 ∂L_M ∂g_{βν} g_{αν} − 4 ∂L_M ∂R^{(4)}_{βνρδ} R^{(4)}_{ανρδ} . (5.16)

Using this identity and the definitions

p_μ = ∂L_M ∂u^μ , S_{μν} = 2 ∂L_M ∂Ω^{μν} , J^{μναβ} = −6 ∂L_M ∂R^{(4)}_{μναβ} , (5.17)

the Euler-Lagrange equations for the matter variables turn into (5.2), whereas for the field variables one obtains the Einstein equations with the stress-energy tensor (5.3). Higher multipoles are covered by including symmetrized covariant derivatives of the curvature tensor in the Lagrangian [87].

An action invariant under general coordinate transformations always leads to a stress-energy tensor fulfilling (2.27). As well known, this can be shown from the Noether identity [90] following from general covariance, see also Eq. (18.23) in [108]. However, this does not mean that an action approach as envisaged here always leads to the most general equations of motion allowed by (2.27). Dixon’s derivation essentially only evaluated (2.27) and thus covers a much more general situation, though the Euler-Lagrange equations obtained in this section are identical to the equations of motion found by Dixon (but it is not a priori clear that this will be the case). In particular, the multipole moments will always be implicitly fixed by the other variables on which the Lagrangian was chosen to depend on, cf. (5.17). This means that the quadrupole is not a dynamical variable within our action approach and our action does not cover, e.g., quadrupole oscillation modes or tidal resonances, see, e.g., [109]. Notice that (2.27) puts no constraints on equations of motion related to dynamical quadrupole degrees of freedom. However, a dynamical quadrupole requires further dynamical variables in the action principle. For a good effective description of extended objects via an action one thus needs some intuition on the relevant degrees of freedom that should enter into an ansatz for the effective action. The action (5.14) includes translational and rotational degrees of freedom of the object, which is expected to be a good choice for the inspiral phase.

An advantage of the action approach is that it is easier to find conserved quantities or constant parameters. In particular, the conservation of the spin length immediately follows from the symmetry under Lorentz transformations of the body-fixed frame. Further all parameters in the action, e.g., a mass-like parameter, are constant simply by assumption. It is much more difficult to find such constant quantities if one only considers Dixon’s results together with a specific ansatz for the quadrupole moment, see, e.g., Eq. (5.12) or the discussion in reference [16].

It is important that one may eliminate the Ricci tensor (and scalar) from the matter Lagrangian L_M by a suitable redefinition of the metric [110]. This was already found in [111] within a slightly different situation and is based on the observation that in a perturbative context the use of lower order equations of motion in the perturbation part of the action corresponds to a redefinition of variables, see [112]. If we take some additions to the point-mass Lagrangian as a perturbation, then we may eliminate the Ricci tensor by using the Einstein field equations with the point-mass stress-energy tensor as a source, corresponding to an irrelevant redefinition of the metric. However, the point-mass stress-energy tensor then gives rise to singular self-interactions in the matter Lagrangian L_M , which are formally neglected [111]. The conclusion is that one may use the vacuum field equations R^{(4)}_{μν} = 0 in the matter Lagrangian L_M . (This will also be used in a slightly modified way in section 5.2.3.) The matter Lagrangian can therefore be restricted to depend on the completely trace-free Weyl tensor C^{(4)}_{μναβ} ,

C^{(4)}_{μανβ} = R^{(4)}_{μανβ} + g_{α[ν} R^{(4)}_{β]μ} − g_{μ[ν} R^{(4)}_{β]α} + 1 3 g_{μ[ν} g_{β]α}R^{(4)} , (5.18)

instead of R^{(4)}_{μναβ} . This would give rise to corresponding modified multipole moments defined analogous to (5.17). Further, the Weyl tensor can be split into electric E^{(4)}_{μν} and magnetic B^{(4)}_{μν} parts,

E^{(4)}_{μν} = C^{(4)}_{μανβ} u^αu^β , B^{(4)}_{μν} = 1 2 ϵ^{(4)}_{μραβ} C^{(4)}_{νσ}^{αβ} u^ρu^σ , (5.19)

with ϵ^{(4)}_{μαβρ} the 4-dimensional Levi-Civita symbol, leading to definitions for corresponding electric and magnetic multipoles as partial derivatives of L_M . It could be interesting to consider the impact on the equations of motion and the stress-energy tensor from letting L_M depend on C^{(4)}_{μναβ} or E^{(4)}_{μν} and B^{(4)}_{μν} instead of R^{(4)}_{μναβ} . However, this will not be necessary here.

5.2.2 Legendre Transforms and Supplementary Conditions

Up to now the Lagrangian L_M is completely arbitrary and the equations of motion fully agree with Dixon at the quadrupole level. The question is which supplementary conditions (3.10) and (3.12) belong to L_M , or how L_M must be chosen to fit with specific supplementary conditions. We only require here that (3.10) and (3.12) are preserved in time, which leads to DΛ^{AI} dτ f_I + Λ^{AI} ( η_{IJ} − f_I f_J f_K f^K ) Df^J dτ = 0 , S^μ_ρΩ^{ρν} f_ν + S^{μν} Df_ν dτ = 0 , (5.20)

where (5.15) with (5.17) was used. Both conditions are fulfilled if we have

Ω^{μν} f_ν + P^{μρ} Df_ρ dτ = 0 . (5.21)

In this sense the conditions (3.10) and (3.12) belong together (however, there may be exceptions). This is the condition our action shall fulfill here. Notice that (5.4) only guarantees that (3.12) is preserved in time so that the second relation in (5.20) holds, but this does not imply (5.21). However, comparing (5.17) with (5.4) can still be useful. Further, at the quadratic level in spin we need to fulfill (5.21) only to linear order in spin.

It is suitable to define a new function R_M (u^μ, S_{μν} , g^{μν} , g_{μν} , R^{(4)}_{μναβ} ) via Legendre transformation, R_M = L_M −^1_2 S_{μν} Ω^{μν} . It holds

p_μ = ∂R_M ∂u^μ , Ω^{μν} = −2 ∂R_M ∂S_{μν} , J^{μναβ} = −6 ∂R_M ∂R^{(4)}_{μναβ} . (5.22)

An ansatz for R_M then has to fulfill the condition (5.21) with (5.22) inserted. This gives a partial differential equation for R_M . It holds R_M = p_μu^μ, which is a consequence of the reparametrization invariance of the matter action. Notice that R_M is similar to the Routhian used in [107, 113, 114]. For the Routhian the Ricci rotation part in the term^1_2 S_{μν} Ω^{μν} , cf. Eq. (3.15), is not subtracted from the Lagrangian L_M . Therefore the Routhian is not a covariant function, whereas R_M introduced here is covariant.

Due to reparametrization invariance a full Legendre transformation in u^μ and Ω^{μν} leads to a vanishing result. However, as in section 2.3.2 we define a function H_{Mτ} which contains the mass-shell constraint, suitably generalized to the quadratic-in-spin level, together with a Lagrange multiplier λ. It holds

u^μ = ∂H_{Mτ} ∂p_μ , Ω^{μν} = 2 ∂H_{Mτ} ∂S_{μν} , J^{μναβ} = 6 ∂H_{Mτ} ∂R^{(4)}_{μναβ} . (5.23)

It is also possible to give an ansatz for the mass-shell constraint and thus for H_{Mτ} directly. This ansatz must be chosen such that the condition (5.21) with (5.23) inserted is fulfilled. Further, one may simplify the quadratic-in-spin corrections to H_{Mτ} by using the leading order constraint p^μp_μ = −m^2, corresponding to a redefinition of the Lagrange multiplier [112].

5.2.3 Leading Order

The coupling terms found in [107] adapted to our notation and conventions read

R_M = 1 √ −u_σu^σ ( mu_μu^μ − 1 2m R^{(4)}_{μναβ} S^{ρμ}S^{αβ} u^ν u_ρ + C_{ES}2 2m E^{(4)}_{μν} S^μ_ρS^{ρν} ) . (5.24)

It was found in [107] that these coupling terms are the most general ones at quadratic level in spin sufficient for the next-to-leading order in the post-Newtonian approximation. Besides these terms corresponding to quadrupole deformation due to spin, one could also treat tidal deformations, see, e.g., [93], using nonminimal couplings in the action given in [94, 115]. With the equivalence of Riemann and Weyl tensors within the matter action, see section 5.2.1, we can write R_M as

R_M = 1 √ −u_σu^σ ( mu_μu^μ − 1 2m R^{(4)}_{μναβ} S^{ρμ}S^{αβ} u^ν u_ρ − 1 2 R^{(4)}_{αμβν} Q^{αβ} u^μu^ν ) , (5.25)

where Q_{μν} is given by (5.11) and C_{ES}2 = C_Q. If we set f_μ = p_μ and thus S^{μν} p_ν = S^{μν} ∂R_M ∂u^ν = 0 , (5.26)

we obviously reproduce (5.10) and (5.13) within the gauge u_σ u^σ = −1 by plugging (5.25) into (5.22). Further (5.21) is fulfilled^{15} to the considered order in spin by using (5.2) and (5.22), i.e.,

0 = −2 ∂R_M ∂S_{μν} ∂R_M ∂u^ν − 1 2 P^{μσ} R^{(4)}_{σρβα}u^ρS^{βα} + P^{μσ}R^{(4)}_{νρβα||σ} ∂R_M ∂R^{(4)}_{νρβα} . (5.27)

The last term is of higher order here as this condition must be fulfilled to linear order in spin only. Notice that m depends on spin according to m = m_0 +^1_{4I} S_{αβ} S^{αβ}, see also (3.28). (Otherwise the Legendre transformation between L_M and R_M would not be possible.)

An equivalent description in terms of H_{Mτ} reads H_{Mτ} = λ ( m^2 + p_μp^μ + 1 m^2 R^{(4)}_{μναβ} S^{ρμ}S^{αβ}p^ν p_ρ − C_Q m^2 R^{(4)}_{αμβν} S^α_ρS^{ρβ} p^μp^ν ) , (5.28)

with the action still given by (3.30). The derivation of a canonical formalism now follows along the same lines as in section 3. First the matter constraints are solved. The only difference to the linear-in-spin case arises in the mass-shell constraint, which follows from the variation of λ. The solution of this constraint reads np ≡ n^μp_μ = − √ m^2 + γ^{ij} p_ip_j + C_Q 2m^2 √ m^2 + γ^{ij} p_ip_j

R^{(4)}_{αμβν} S^α_ρS^{ρβ} p^μp^ν . (5.29)

The last term was not yet split into time and space parts. This splitting leads to quite many terms, so one should restrict to some post-Newtonian order. Though all formulas are sufficient for the next-to-leading order, we will for simplicity only treat the leading order in this section. Then we have np = − √ m^2 + γ^{ij} p_ip_j − C_Q 2mN γ^{kl}γ^{im}γ^{jn}S_{ik} S_{jl}(K_{mn,0} + N_{;mn}) . (5.30) The only contribution to the action quadratic in spin then arises from the term Nnp in the matter Lagrangian, see (2.68). Problematic is the partial time derivative of the extrinsic curvature. In consideration

15One could also consider the most general ansatz for R_M and ask for which choice of f_μ the condition (5.21) is fulfilled. This would allow one to study the impact of the supplementary conditions on the dynamics.

of the definition 2NK_{ij} = −γ_{ij,0} + 2N_{(i;j)} we see that the K_{mn,0}-term produces time-derivatives of lapse and shift, as well as a double time-derivative of γ_{ij} . This does not fit well to the derivation of the canonical formalism as given in section 3. In order to overcome these problems, we eliminate K_{mn,0} with the help of the vacuum field equations, cf. the discussion in section 5.2.1. Finally one ends up with just a quadratic-in-spin correction H^{matter}_{S2} to the source of the Hamilton constraint H^{matter} of the form

H^{matter}_S2 = C_Q 2m γ^{kl}R^{ij} S_{ik} S_{jl}δ . (5.31) This source term is quite unusual in the sense that it is not a specific projection of the stress-energy tensor (5.3, 5.10, 5.11), i.e., H^{matter} ≠ √ γT_{μν} n^μn^ν . This is due to the implicit redefinition of variables performed by using the vacuum field equations in the matter action. However, the leading order Hamiltonian resulting from this source term is identical to the well-known one obtained in section 6.2.2. The variable redefinitions from section 3.2.2 are still correct at the leading order. (There are no additional terms that need to be cancelled in the action and all quadratic spin contributions from the redefinitions in section 3.2.2 are of higher order.)

At the next-to-leading order the calculation gets much more involved. In particular there are more time derivatives of the extrinsic curvature that must be eliminated and the variable redefinitions from section 3.2.2 need corrections quadratic in spin. It is also relevant whether the field variables in the variable transformations are taken at the new or at the old particle position. Further corrections to the canonical field momentum seem to be necessary, too. We will therefore study an alternative derivation oriented at the symmetry generator approach from section 4 in the following.

5.3 Symmetry Generator Approach

We now sketch the derivation of the canonical formalism at quadratic level in spin via the approach from section 4. However, essentially only the calculation of the source terms of the constraints as certain projections of the stress-energy tensor is used here, the determination of canonical variables by looking at the symmetry generators will only be touched lightly.

5.3.1 Leading Order

First we calculate the source of the field constraints as certain projections of the stress-energy tensor (5.3, 5.10, 5.11), e.g., H^{matter} = √ γT_{μν} n^μn^ν . To leading order we have

H^{matter}_S2 = ∑ a ( 1 2 γ^{ki}γ^{lj} Q_{aij} δ_a ) ;kl , (5.32)

and no corrections appear in H^{matter}_i . The variable redefinitions found at the linear order in spin are therefore sufficient here, as they are followed from H^{matter}_i in the symmetry generator approach. For C_{Qa} = 1 this source term is in agreement with the source of the Kerr metric in approximate ADM coordinates found in [116]. It further gives the correct Hamiltonian, see section 6.2.2.

Obviously the derivation of the leading order in this section is much simpler than the one via the action approach. But this does not need to be true at the next-to-leading order. The problem is that it is not guaranteed that the variable redefinitions can be uniquely fixed by just the conditions (4.30) and (4.31). The action approach is much more systematic and should therefore be preferred at the next-to-leading order. However, in the next section a shortcut to the next-to-leading order Hamiltonian is described, which combines the approach of the present section with the Poincaré algebra approach in [117].

5.3.2 Next-to-Leading Order Static Source Terms

In [117] Hergt and Schäfer constructed the part of the next-to-leading order Hamiltonian that depends on p̂_i (i.e., the nonstatic part) from an ansatz for this Hamiltonian (together with a suitable ansatz for the source of the constraints). The coefficients in this ansatz could be uniquely fixed up to a canonical transformation by considering the Poincaré algebra (2.10, 2.11). The degrees of freedom corresponding to the ambiguity in the canonical representation are given by the coefficients that enter via an ansatz for the center of mass vector G_i. However, the static (i.e., p̂_i = 0) part of the Hamiltonian is left completely undetermined by the Poincaré algebra approach in [117].

In order to get the complete next-to-leading order Hamiltonian only the static part of the Hamiltonian is missing, as well as the corresponding center of mass vector G_i. The latter is needed to consistently fix the canonical representation of the nonstatic part of the Hamiltonian given in [117]. Fortunately the center of mass vector does not depend on p̂_i at the considered order. Therefore both the static part of the Hamiltonian and the center of mass vector are determined if we only know the static part of the source of the constraints. For p_i = 0 we get from the stress-energy tensor (5.3, 5.10, 5.11)

H^{matter}_S2_{, pi =0} = ∑ a ( 1 2 γ^{ki}γ^{lj} Q_{aij} δ_a ) ;kl , (5.33)

but no further contributions to H^{matter}_i arise. Though there is no difference to (5.32), this source term is now valid to next-to-leading order for the case p_i = 0.

However, we need the source terms for the case p̂_i = 0 and not for p_i = 0. Also position and spin variables are not yet the canonical ones and we must discuss whether the variable redefinitions will have an impact on the source terms in the static case. As there are no contributions to H^{matter}_i at quadratic level in spin for p_i = 0, no further static contributions to the redefinition of spin and momentum variables can arise from the conditions (4.30) and (4.31). Though static contributions to z^i_{Δa(4)} could be necessary, they can be removed by a canonical transformation with generator −p̂_iz^i_{Δa(4)}. (Notice that in the case p̂_i = 0 this transformation only changes the position variable.) Finally only the redefinitions found at the linear order in spin are relevant and only (4.33) gives contributions in the static case. The result for the static source finally reads

H^{matter}

S^2, p̂_i=0 = ∑ a [ ( 1 2 γ^{ki}γ^{lj}Q̂_{aij}δ̂_a ) ;kl + 1 8m_a γ_{mn}γ^{pj} γ^{ql}γ^{mi}_{,p}γ^{nk}_{,q}Ŝ_{1ij}Ŝ_{1kl}δ̂_a + 1 4m_a ( γ^{ij} γ^{mn}γ^{kl}_{,m}Ŝ_{aln}Ŝ_{ajk}δ̂_a ) ,i ] , (5.34)

where Q̂_{aij} = C^{Qa} m ( γ^{kl}Ŝ_{aik}Ŝ_{ajl} − 1 3 γ_{ij} γ^{kl}γ^{mn}Ŝ_{akm}Ŝ_{aln} ) . (5.35)

Equation (5.34) was found for the black hole case C_{Qa} = 1 in [17] from a 3-dimensional covariant ansatz for H^{matter}

S^2, p_i =0 containing four coefficients. Two of these coefficients were fixed by matching to the Kerr

metric, but the other two gave no contribution to the Hamiltonian or to the center of mass vector. One of the latter two coefficients would also arise here if we would have kept the trace part of the mass quadrupole, Q^ρ_ρ. The ansatz in [17] was generalized to arbitrary C_{Qa} in [19].

The derivation given in this section is quite involved and it would thus be desirable to give a more coherent one with the help of the action approach in the future. This would also facilitate further investigations of quadrupole or higher multipole effects with the help of canonical methods.

6 Results for Hamiltonians

In this section the obtained canonical formalism is applied to calculations within the post-Newtonian approximation. In particular, the next-to-leading order spin corrections to the conservative Hamiltonian are derived. The Hamiltonians are checked with the help of the global Poincaré algebra.

In this section we make use of xTensor [118], a free package for Mathematica [119], especially of its fast index canonicalizer based on the package xPerm [120].

6.1 Post-Newtonian Expansion

The post-Newtonian expansion of the ADM Hamiltonian has been well studied for nonspinning objects, for the second post-Newtonian level see [121], and up to and including the 3.5 post-Newtonian order see [34, 122–124]. From this expanded Hamiltonian the approximate equations of motion can be derived in a straightforward way. In this section we derive general formulas for the ADM Hamiltonian up to and including the formal second post-Newtonian order, which will then be applied to calculate spin corrections to the Hamiltonian in section 6.2. Another interesting application would be to obtain spin corrections to the post-Minkowskian Hamiltonian, see, e.g., [125] for the nonspinning case.

Besides the ADM formalism, there are various other methods available for post-Newtonian calculations. The equations of motion at the first post-Newtonian order are due to Einstein, Infeld, and Hoffmann [126], obtained with the help of a surface integral approach. This method got further developed and applied up to and including the third post-Newtonian level, see, e.g., [127]. A further important method uses point-masses in harmonic gauge, which also succeeded to derive the third post-Newtonian order equations of motion; for a review see [5]. This method has advantages for flux and waveform calculations, which succeeded up to the third post-Newtonian order [128] (corresponding to the knowledge of the equations of motion at the 5.5 post-Newtonian level, which seem to be impossible to obtain directly). Another approach in the harmonic gauge is the direct integration of the relaxed Einstein equations, see, e.g., [129]. More recently also methods inspired by quantum field theory were developed, see, e.g, [110, 130]. An advantage of these methods is that some of the very sophisticated and systematic techniques for perturbative calculations used in high energy physics can be applied in a straightforward way.

6.1.1 Review of the Formalism

We now give a short summary of the calculation of the ADM Hamiltonian. First the field constraints 1 16π √ γ [ γR + 1 2 ( γ_{ij} π^{ij} )_2 − γ_{ij} γ_{kl}π^{ik} π^{jl} ] = H^{matter} , − 1 8π γ_{ij} π^{jk}_{;k} = H^{matter}_i , (6.1)

have to be solved within the ADM transverse traceless gauge, which for the metric leads to the decomposition γ_{ij} = ( 1 + ϕ 8 )_4 δ_{ij} + h^{TT}_{ij} , (6.2)

at least to linear order in spin. Such a solution can in general only be found in some approximation scheme and we consider the post-Newtonian one here. Having the decomposition (6.2) one can solve the Hamilton constraint for ϕ (this will become obvious in the next section). Then we can calculate the ADM Hamiltonian

H_{ADM} = − 1 16π ∫ d^3x Δϕ , (6.3)

which must be expressed in terms of the canonical variables. It is suitable to already express the source terms H^{matter} and H^{matter}_i in terms of the canonical matter variables, which is done in section 6.2.1. Then no further redefinition of the matter variables is necessary.

However, it seems to be simpler to perform the redefinition of the field momentum after solving the constraints. As the gauge condition at linear order in spin now reads π̂^{ii} = 0, or, with (4.18), (4.50), and B^{kl}_{ij} δ_{kl} = 0, π^{ii} = −16π ∑ a π^{ii}_a δ̂_a = −16π ∑ a δ_{ij} γ^{ik}γ^{jl} m_ap̂_{ak}nS_{al} 2np̂_a(m_a − np̂_a) δ̂_a , (6.4)

the decomposition (2.51) is not valid any more. But we can still use the general decomposition

π^{ij} = π^{ijTT} + π̃^{ij} + π̆^{ij} , (6.5) with π^{ijTT} = δ^{TTij}_{kl} π^{kl} , π̆^{ij} = 1 2 ( δ_{ij} − ∂_i∂_j Δ^{−1} ) π^{kk} , (6.6)

π̃^{ij} = π̃^i_{,j} + π̃^j_{,i} − 1 2 δ_{ij}π̃^k_{,k} − 1 2 Δ^{−1}π̃^k_{,ijk} , (6.7)

and the vector potential is still π̃^i = Δ^{−1}π^{ij}_{,j} . This can be shown by inserting (6.6, 6.7) and (2.55) into (6.5), which then turns into an identity. The new part π̆^{ij} can immediately be obtained using (6.4). After the constraints have been solved using this decomposition, we go over to the canonical field momentum π̂^{ijTT} by

π^{ijTT} = π̂^{ijTT} − 16π ∑ a δ^{TTij}_{kl} π^{kl}_a δ̂_a . (6.8)

No redefinition of h^{TT}_{ij} is needed at the linear order in spin.

6.1.2 Expansion of the Constraints

Now we expand the constraints according to the formal post-Newtonian counting rules introduced in section 4.2.3. Notice that only the field parts ϕ, π̃^{ij} , and π̆^{ij} are expanded, but not h^{TT}_{ij} and π^{ijTT}. The latter are still dynamical variables in the ADM Hamiltonian and can be expanded only after their equations of motion were obtained and solved. For the Hamilton constraint we get − 1 16π Δϕ_{(2)} = H^{matter}_{(2)} , − 1 16π Δϕ_{(4)} = H^{matter}_{(4)} − 1 8 H^{matter}_{(2)} ϕ_{(2)} , (6.9) − 1 16π Δϕ_{(6)} = H^{matter}_{(6)} − 1 8 ( H^{matter}_{(4)} ϕ_{(2)} + H^{matter}_{(2)} ϕ_{(4)} ) + 1 64 H^{matter}_{(2)} ϕ^2_{(2)} + 1 16π [( π̃^{ij}_{(3)}

)_2 − 1 2 ( ϕ_{(2)}h^{TT}_{ij} ) ,ij ] , (6.10)

− 1 16π Δϕ_{(8)} = 1 16π [ 1 8 ϕ_{(2)} ( π̃^{ij}_{(3)}

)_2

+ 2π̃^{ij}_{(3)}π̃^{ij}_{(5)} − 1 16 ϕ_{(2),i}ϕ_{(2),j} h^{TT}_{ij} + 1 4 ( h^{TT}_{ij,k} )_2 ]

+ H^{matter}_{(8)} − 1 8 ( H^{matter}_{(6)} ϕ_{(2)} + H^{matter}_{(4)} ϕ_{(4)} + H^{matter}_{(2)} ϕ_{(6)} )

+ 1 64 ( H^{matter}_{(4)} ϕ^2_{(2)} + 2H^{matter}_{(2)} ϕ_{(2)}ϕ_{(4)} ) − 1 512 H^{matter}_{(2)} ϕ^3_{(2)} + (td) ,

(6.11)

up to and including the formal second post-Newtonian order. These equations can be solved iteratively for ϕ by applying an inverse Laplacian to them. The ADM Hamiltonian (6.3) results from an integration over the right-hand sides of these equations. It was used that π̆^{ij} = O (c^{−9}) at linear order in spin.

However, we also have to solve the momentum constraint as π^{ij} appears on the right-hand side of the Hamilton constraint. The expansion of the momentum constraint immediately follows from the exact formula

π̃^{ij}_{,j} = −8πH^{matter}_i + B^{ij}_{,j} + C^i − Δ ( V^kh^{TT}_{ki} ) + 1 2 π^{jkTT}h^{TT}_{jk,i} − (π^{jkTT}h^{TT}_{ki} )_{,j} , (6.12)

with B^{ij} = [ 1 − ( 1 +^1_8 ϕ

)_4] (π̃^{ij} + π^{ijTT}) + V^k(h^{TT}_{ki,j} + h^{TT}_{kj,i} − h^{TT}_{ij,k}) − 1 3 V^k_{,k}h^{TT}_{ij} , (6.13)

C^i = 1 2 π̆^{jk} γ_{jk,i} − π̆^{jk} γ_{ij,k} , (6.14) which is analogous to (4.21). Here we introduced the alternative vector potential

V^i = ( δ_{ij} − 1 4 ∂_i∂_j Δ^{−1} ) π̃^j , (6.15) for which it holds

π̃^{ij} = V^i_{,j} + V^j_{,i} − 2 3 δ_{ij} V^k_{,k} . (6.16)

To the considered order we thus have

π̃^{ij}_{(3),j} = −8πH^{matter}_{(3)i} , π̃^{ij}_{(5),j} = −8πH^{matter}_{(5)i} − 1 2 ( ϕ_{(2)}π̃^{ij}_{(3)} ) ,j . (6.17)

With the help of π̃^i = Δ^{−1}π̃^{ij}_{,j} , the expanded momentum constraint can be solved iteratively for π̃^i by applying an inverse Laplacian to it. π̃^{ij} and V^i then follow from (6.7) and (6.15).

6.1.3 Formulas for Hamiltonians The first contribution to the ADM Hamiltonian (6.3) results from an integration over the first relation in (6.9) as

H_0 = ∫ d^3x H^{matter}_{(2)} . (6.18)

Notice that H^{matter}_{(2)} is just the Newtonian mass density, so H_0 is the constant energy belonging to the total Newtonian mass. Similarly, from the second relation in (6.9) we obtain the Newtonian Hamiltonian

H_N = ∫ d^3x [ H^{matter}_{(4)} − 1 8 ϕ_{(2)}H^{matter}_{(2)} ] . (6.19)

ϕ_{(2)} results from (6.9) as

ϕ_{(2)} = −16πΔ^{−1}H^{matter}_{(2)} , (6.20)

and agrees up to a factor with the Newtonian gravitational potential of the mass distribution H^{matter}_{(2)} . H^{matter}_{(4)} is the Newtonian kinetic energy density.

Next we proceed to the Hamiltonian at the first post-Newtonian order. However, we first apply the partial integration formulas 1 8 ϕ_{(4)}H^{matter}_{(2)} = 1 8 ( H^{matter}_{(4)} − 1 8 ϕ_{(2)}H^{matter}_{(2)} ) ϕ_{(2)} + (td) , 1 16π ( π̃^{ij}_{(3)}

)_2

= V^i_{(3)}H^{matter}_{(3)i} + (td) ,

(6.21)

to the right-hand side of (6.10), following from the formal solution

ϕ_{(4)} = −16πΔ^{−1} [ H^{matter}_{(4)} − 1 8 ϕ_{(2)}H^{matter}_{(2)} ] , (6.22)

of the Hamilton constraint and from (6.16, 6.17). V^i_{(3)} is determined by (6.15) and

π̃^i_{(3)} = −8πΔ^{−1}H^{matter}_{(3)i} . (6.23)

Finally we get for the first post-Newtonian (PN) order Hamiltonian

H_{1PN} = ∫ d^3x [ H^{matter}_{(6)} − 1 4 ϕ_{(2)}H^{matter}_{(4)} + 1 32 ϕ^2_{(2)}H^{matter}_{(2)} + V^i_{(3)}H^{matter}_{(3)i} ] . (6.24)

Notice that all terms in the Hamiltonian involve matter source terms H^{matter} or H^{matter}_i and are thus integrations over delta distributions only. Further only the Newtonian potential ϕ_{(2)} and the leading order vector potential V^i_{(3)} need to be determined (lapse N and shift N^i are not even needed at any higher order). This shows the efficiency of the ADM formalism in calculating the conservative post-Newtonian dynamics.

In the same way one can obtain a formula for the second post-Newtonian Hamiltonian

H^{ADM}_{2PN} = ∫ d^3x [ H^{matter}_{(8)} − 1 8 ( 2ϕ_{(2)}H^{matter}_{(6)} + ϕ_{(4)}H^{matter}_{(4)} ) − 1 256 ϕ^3_{(2)}H^{matter}_{(2)} + 1 64 ( 2ϕ^2_{(2)}H^{matter}_{(4)} + 3ϕ_{(2)}ϕ_{(4)}H^{matter}_{(2)} ) + 2V^i_{(3)}H^{matter}_{(5)i} + 1 16π ( − ϕ_{(2)} ( π̃^{ij}_{(3)}

)_2 − 1 8 ϕ_{(2),i}ϕ_{(2),j} h^{TT}_{ij} + 1 4 ( h^{TT}_{ij,k} )_2 )] , (6.25)

where the partial integrations

ϕ_{(6)}H^{matter}_{(2)} = ϕ_{(2)}H^{matter}_{(6)} − 1 8 ( ϕ^2_{(2)}H^{matter}_{(4)} + ϕ_{(2)}ϕ_{(4)}H^{matter}_{(2)} ) + 1 64 ϕ^3_{(2)}H^{matter}_{(2)} + 1 16π [ ϕ_{(2)} ( π̃^{ij}_{(3)}

)_2 + 1 2 ϕ_{(2),i}ϕ_{(2),j} h^{TT}_{ij} ] + (td) ,

(6.26)

π̃^{ij}_{(3)}π̃^{ij}_{(5)} = 16πV^i_{(3)}H^{matter}_{(5)i} − 1 2 ϕ_{(2)} ( π̃^{ij}_{(3)}

)_2 + (td) , (6.27)

were used. Notice that ϕ_{(6)} and π̃^{ij}_{(5)} were eliminated from the Hamiltonian by these partial integrations. Therefore no solutions to the constraints besides (6.20), (6.22), and (6.23) have to be determined explicitly. The Hamiltonian H^{ADM}_{2PN} has the additional label ADM as it still depends on the dynamical field variable h^{TT}_{ij} . The elimination of h^{TT}_{ij} from H^{ADM}_{2PN} leads to the matter-only Hamiltonian H_{2PN} and is discussed in the next section. Further π^{ijTT} first appears at the formal third post-Newtonian level.

Notice that the obtained formulas are valid for quite general source expressions H^{matter} and H^{matter}_i , not only to the ones linear in spin.

6.1.4 Matter-Only Hamiltonian

In the last section the ADM Hamiltonian H_{ADM} was expanded as

H_{ADM} = H_0 + H_N + H_{1PN} + H^{ADM}_{2PN} + · · · . (6.28)

The conservative matter-only Hamiltonian results from plugging the solution for h^{TT}_{ij} and π̂^{ijTT} into the action, Eq. (3.63) (and a subsequent elimination of emerging higher order time derivatives of the matter variables), see [123]. As π̂^{ijTT} is neglected at the considered order, the first term in (3.63) does not contribute here. Therefore H^{ADM}_{2PN} turns into the matter-only Hamiltonian H_{2PN} by simply inserting the solution for h^{TT}_{ij} into H^{ADM}_{2PN} .

The field evolution can be obtained from the ADM Hamiltonian by ∂h^{TT}_{ij} ∂t = {h^{TT}_{ij} , H_{ADM}} = 16πδ^{TTij}_{kl} δH_{ADM} δπ̂^{klTT} , ∂π̂^{ijTT} ∂t = {π̂^{ijTT}, H_{ADM}} = −16πδ^{TTij}_{kl} δH_{ADM} δh^{TT}_{kl} . (6.29)

However, as the π̂^{ijTT}-contributions are of higher order here, we formally just have 0 = δ^{TTij}_{kl} δH^{ADM}_{2PN} δh^{TT}_{kl} , (6.30)

or explicitly, given that H^{matter}_{(8)} has contributions linear in h^{TT}_{ij} ,

Δh^{TT}_{ij} = 2δ^{TTkl}_{ij} f_{(4)kl} , with f_{(4)ij} = 16π δ (∫ d^3x H^{matter} (8) ) δh^{TT}_{ij} − 1 8 ϕ_{(2),i}ϕ_{(2),j} . (6.31)

Using the formal solution h^{TT}_{ij} = 2δ^{TTkl}_{ij} Δ^{−1}f_{(4)kl}, all contributions of h^{TT}_{ij} to H_{2PN} can be collected as + 1 16π ∫ d^3x 1 4 h^{TT}_{ij} Δh^{TT}_{ij} = + 1 16π ∫ d^3x 1 2 h^{TT}_{ij} f_{(4)ij} . (6.32)

If one is interested in the spin contribution of this integral only, one can obviously perform a partial integration in (6.32) in such a way that only the spin part of h^{TT}_{ij} is needed, see also [14]. This is desirable as the spin-dependent part of h^{TT}_{ij} is much simpler than the spin-independent part.

Though the discussion of h^{TT}_{ij} was straightforward here, it is quite subtle to obtain the post-Newtonian expansion of (6.29) at higher orders. Indeed, it is not easy to correctly implement the boundary conditions into the solution of the first order equations (6.29). At higher orders (6.29) can be converted into a (second order) wave equation for h^{TT}_{ij} , with source terms expanded according to the post-Newtonian counting rules. In [122, 123] this wave equation is then solved order by order using a near zone expansion of the retarded solution up to the 3.5 post-Newtonian order, corresponding to the boundary condition of no incoming gravitational waves; see also, e.g., [5] for other aspects like tails. Equation (6.31) is indeed the leading order near zone approximation of the wave equation for h^{TT}_{ij} . The solution for h^{TT}_{ij} at higher orders is responsible for the half post-Newtonian orders in the matter-only Hamiltonian, starting at the 2.5 post- Newtonian order.

6.2 Spin Corrections to the Hamiltonian

By now there are a lot of results regarding spin effects at the conservative orders in the post-Newtonian approximation. The main goal of this section is to derive the next-to-leading order spin effects within the developed formalism, which were tackled only recently. Even higher post-Newtonian orders linear in spin were derived recently in [44] for test spinning objects in the Kerr metric. Also Hamiltonians of cubic and higher order in spin were obtained for binary black holes [44, 116, 117]. The calculation of the leading order dissipative spin-orbit and spin(1)-spin(2) Hamiltonians was prepared in [15]. The corresponding equations of motion were already obtained [131]; see also the considerations in terms of orbital elements in [132].

More work needs to be done for an application of the Hamiltonians derived in this section to gravitational wave astronomy. In particular the spin contributions to the next-to-leading order radiation field are only known for the spin-orbit case [102], but not yet for the spin(1)-spin(2) and spin(1)-spin(1) cases (for the latter case the stress-energy tensor derived in section 5 is needed). Further, it would be useful to find a parametrization of the orbits by solving the equations of motion, i.e., extending the solutions from [133, 134] at least to some of the new Hamiltonians. Finally, one should consider to incorporate the new Hamiltonians into the very successful effective one-body approach [9], which already succeeded for the leading order spin Hamiltonians [10] as well as for the next-to-leading order spin-orbit Hamiltonian [11].

Formulas and regularization procedures for the integrals that need to be solved in this section are given in, e.g., [122, 123, 135]. Some parts of the calculations were also checked using Riesz kernels in arbitrary dimension, see, e.g., [35].

6.2.1 Field Constraints in Canonical Variables

Before starting the calculation of the Hamiltonians, it is suitable to express the source terms of the constraints H^{matter} and H^{matter}_i in terms of the canonical matter variables. Then the formulas provided in section 6.1.3 automatically give the Hamiltonian (the redefinition of π^{ijTT} is not necessary here). Applying the variable redefinitions from section 3.2.2 to (3.39, 3.40) leads to

H^{matter} = ∑ a [ − np̂_aδ̂_a − 1 2 (^ S_{ali}p̂_{aj} np̂_a + γ^{mn} Ŝ_{ami}p̂_{aj}p̂_{an}p̂_{al} (np̂_a)^2(m_a − np̂_a) ) γ^{kl}γ^{ij}_{,k}δ̂_a + p̂_{aj} γ^{ji} np̂_a Â^{kl}_a e_{(m)k}e^{(m)}_{l,i}δ̂_a − ( p̂_{al} m_a − np̂_a γ^{ij} γ^{kl}Ŝ_{ajk}δ̂_a ) ,i ] , (6.33)

H^{matter}_i = ∑ a [ p̂_{ai}δ̂_a − Â^{kl}_a e_{(m)k}e^{(m)}_{l,i}δ̂_a + 1 2 ( s^{ij}_a δ̂_a ) ,j ] , (6.34) where s^{ij}_a = γ^{jk}Ŝ_{aik} + γ^{jk}γ^{lp} 2p̂_{al}p̂_{a(i}Ŝ_{ak)p} np̂_a(m_a − np̂_a) , (6.35)

and Â^{kl} given by (3.44). These source expressions are valid in general, also within the test-spin Hamiltonian (3.47). In the spatial symmetric gauge it holds Â^{kl}_a e_{(m)k}e^{(m)}_{l,μ} = π^{kl}_a γ_{kl,μ}, where (3.55) and (4.49) were used and π^{kl}_a is given by (4.50). Notice that the variable redefinitions from the action approach leading to these expressions have been checked up to and including the formal 3.5 post-Newtonian order by the symmetry generator approach [15]. This includes the formal third post-Newtonian or next-to-next-to-leading order linear in spin, which for maximal spin is at the 3.5 post-Newtonian order in the spin-orbit case and at the fourth post-Newtonian order in the spin(1)-spin(2) case. It was shown in [15] as a further check to the same level of approximation that the wave equation for h^{TT}_{ij} following from the ADM Hamiltonian agrees with the Einstein equations, which again verifies that the used variables are canonical.

The expansion of H^{matter} sufficient for the formal second post-Newtonian Hamiltonian reads

H^{matter}_{(2)} = ∑ a m_aδ̂_a , H^{matter}_{(4)} = ∑ a [ p̂^2_a 2m_a δ̂_a + 1 2m_a p̂_{ai}Ŝ_{a(i)(j)}δ̂_{a,j} ] , (6.36)

H^{matter}_{(6)} = ∑ a [ − (p̂^2_a)^2 8m^3_a δ̂_a − p̂^{2a} 4m_a ϕ_{(2)}δ̂_a + 1 4m_a p̂_{ai}Ŝ_{a(i)(j)}ϕ_{(2),j}δ̂_a − p̂^2_a 8m^3_a p̂_{ai}Ŝ_{a(i)(j)}δ̂_{a,j} − 1 4m_a p̂_{ai}Ŝ_{a(i)(j)}(ϕ_{(2)}δ̂_a)_{,j} ] , (6.37)

H^{matter}_{(8)} = ∑ a [ (p̂^2_a)^3 16m^5_a δ̂_a + (p̂^{2a})^2

8m^3_a ϕ_{(2)}δ̂_a +

5p̂^2_a 64m_a ϕ^2_{(2)}δ̂_a − p̂^2_a 4m_a ϕ_{(4)}δ̂_a − 1 2m_a p̂_{ai}p̂_{aj} h^{TT}_{ij} δ̂_a − p̂^2_a 8m^3_a p̂_{ai}Ŝ_{a(i)(j)}ϕ_{(2),j}δ̂_a − 5 32m_a p̂_{ai}Ŝ_{a(i)(j)}ϕ_{(2)}ϕ_{(2),j}δ̂_a + 1 4m_a p̂_{ai}Ŝ_{a(i)(j)}ϕ_{(4),j}δ̂_a + 1 2m_a p̂_{ai}Ŝ_{a(j)(k)}h^{TT}_{ij,k}δ̂_a ] + (td) ,

(6.38)

where p̂_a = (p̂_{ai}). The expansion of the source H^{matter}_i is given by (6.34) and

s^{ij}_{a(3)} = Ŝ_{a(i)(j)} , s^{ij}_{a(5)} = − 1 2m^2_a p̂_{ak}(p̂_{ai}Ŝ_{a(j)(k)} + p̂_{aj}Ŝ_{a(i)(k)}) . (6.39)

Notice that the triad terms in (6.34) do not contribute at the considered order.

The expansion of the static source terms needed at the spin(1)-spin(1) order follow from (5.34) as

H^{matter}

(4) S^2, p̂_i =0 = ∑ a 1 2 Q̂_{a(i)(j)}δ̂_{a,ij} , (6.40)

H^{matter}

(6) S^2, p̂_i =0 = ∑ a [ 1 4 Q̂_{a(i)(j)}(ϕ_{(2),i}δ̂_a)_{,j} − 1 4 Q̂_{a(i)(j)}(ϕ_{(2)}δ̂_a)_{,ij}

+ 1 8m_a Ŝ_{a(i)(k)}Ŝ_{a(j)(k)}(ϕ_{(2),i}δ̂_a)_{,j} ] , (6.41)

H^{matter}

(8) S^2, p̂_i =0 = − ∑ a 1 32m_a Ŝ_{a(i)(k)}Ŝ_{a(k)(j)}ϕ_{(2),i}ϕ_{(2),j}δ̂_a + (td) , (6.42)

and it holds Q̂_{a(i)(j)} = C^{Qa} m_a ( Ŝ_{a(i)(k)}Ŝ_{a(j)(k)} − 2 3 δ_{ij}Ŝ^2_a ) . (6.43)

Here Ŝ_a = (Ŝ_{a(i)}) and Ŝ_{a(i)} =^1_2 ϵ_{ijk}Ŝ_{a(j)(k)}. No further contributions to H^{matter}_i arise in the spin(1)- spin(1) case.

6.2.2 Leading Order

The leading order spin effects are at the formal first post-Newtonian order and their Hamiltonian can be obtained from (6.24), which of course gives the first post-Newtonian Hamiltonian in the nonspinning case. The needed solutions of the constraints read

ϕ_{(2)} = 4 ∑ a m_a r̂_a , π̃^i_{(3)} = ∑ a [ 2 p̂_{ai} r̂_a + Ŝ_{a(i)(j)} ( 1 r̂_a ) ,j ] , (6.44)

V^i_{(3)} = ∑ a [ 2 p̂_{ai} r̂_a − 1 4 p̂_{aj}r̂_{a,ij} + Ŝ_{a(i)(j)} ( 1 r̂_a ) ,j ] , (6.45)

where r̂_a = |x − ẑ_a| and ẑ_a = (ẑ^i_a). The leading order (LO) spin-orbit (SO) Hamiltonian follows as

H^{LO}_{SO} = ∑ a ∑ b≠a 1 r̂^2_{ab} (Ŝ_a × n̂_{ab}) · [ 3m_b 2m_a p̂_a − 2p̂_b ] , (6.46)

where r̂_{ab} = |ẑ_a − ẑ_b| and n̂_{ab} = (ẑ_a − ẑ_b)/r̂_{ab}. This Hamiltonian is at the 1.5 post-Newtonian order for maximal spins. Further, the leading order spin(a)-spin(b), or S_aS_b, Hamiltonian results as

H^{LO}_{SaSb} = ∑ a ∑ b≠a 1 2r̂^3_{ab} [ 3(Ŝ_a · n̂_{ab})(Ŝ_b · n̂_{ab}) − (Ŝ_a · Ŝ_b) ] . (6.47)

For maximal spins this Hamiltonian is at the second post-Newtonian level. Finally, the leading order spin(a)-spin(a), or S^2_a, Hamiltonian is given by

H^{LO}_S2_a = ∑ a ∑ b≠a C_{Qa}m_b 2m_ar̂^3_{ab} [ 3(Ŝ_a · n̂_{ab})^2 − Ŝ^2_a ] , (6.48)

which is also at the second post-Newtonian order for maximal spins. All Hamiltonians in this section are valid for arbitrary many spinning objects. The Poisson brackets are the standard canonical ones, i.e., {ẑ^i_a, p̂_{aj} } = δ_{ij} , {Ŝ_{a(i)}, Ŝ_{a(j)}} = ϵ_{ijk}Ŝ_{a(k)} , (6.49) zero otherwise.

The leading order spin effects derived here are well-known for black holes (C_Q = 1), see, e.g., [136, 137]. For the leading order C_Q-dependence see [105, 137].

6.2.3 Next-to-Leading Order

Now we proceed to the formal second post-Newtonian Hamiltonian (6.25), which includes the next-to-leading order spin effects. There we also need the functions

ϕ_{(4)} = ∑ a [ 2p̂^2_a m_ar̂_a − ∑ b≠a 2m_am_b r̂_{ab}r̂_a + 2p̂_{ai}Ŝ_{a(i)(j)} m_a ( 1 r̂_a ) ,j + 2Q̂_{a(i)(j)} ( 1 r̂_a ) ,ij ] , (6.50)

π̃^{ij}_{(3)} = ∑ a [ 2p̂_{ai} ( 1 r̂_a ) ,j + 2p̂_{aj} ( 1 r̂_a ) ,i − δ_{ij}p̂_{ak} ( 1 r̂_a ) ,k − 1 2 p̂_{ak}r̂_{a,ijk} − Ŝ_{a(k)(i)} ( 1 r̂_a ) ,kj − Ŝ_{a(k)(j)} ( 1 r̂_a ) ,ki ] . (6.51)

Notice that there are C_{Qa}-contributions in (6.50). We restrict to two spinning objects in this section. The results provided here complete the knowledge of spin corrections to the Hamiltonian up to and including the third post-Newtonian order for maximal spins.

Next-to-Leading Order Spin-Orbit Following the method developed here, the next-to-leading order (NLO) spin-orbit Hamiltonian results as [14]

H^{NLO}_{SO} = −

((p̂_1 × Ŝ_1) · n̂_{12}) r̂^3_{12} [ 11m_2 2 + 5m^2 m_1 ] + ((p̂_2 × Ŝ_1) · n̂_{12}) r̂^3_{12} [ 6m_1 +

15m_2 2 ]

− ((p̂_1 × Ŝ_1) · n̂_{12}) r̂^2_{12} [ 5m_2p̂^2_1 8m^3_1 + 3(p̂_1 · p̂_2) 4m^2_1 − 3p̂^2 4m_1m_2 + 3(p̂_1 · n̂_{12})(p̂_2 · n̂_{12}) 4m^2_1 + 3(p̂_2 · n̂_{12})^2

2m_1m_2 ] + ((p̂_2 × Ŝ_1) · n̂_{12}) r̂^2_{12} [ (p̂_1 · p̂_2) m_1m_2 + 3(p̂_1 · n̂_{12})(p̂_2 · n̂_{12}) m_1m_2 ]

+ ((p̂_1 × Ŝ_1) · p̂_2) r̂^2_{12} [ 2(p̂_2 · n̂_{12})

m_1m_2 − 3(p̂_1 · n̂_{12}) 4m^2_1 ] + (1 ↔ 2) , (6.52)

where (1 ↔ 2) indicates an exchange of particle labels, and is identical to the one derived earlier in [84]. The next-to-leading order spin-orbit case was first tackled on the level of the equations of motion in [138] and was later rederived and improved in [139] (both in the harmonic gauge). Within the ADM canonical formalism the Hamiltonian H^{NLO}_{SO} corresponding to these equations of motion was obtained in [84] from the spin equation of motion (2.28). The linear-in-G part of H^{NLO}_{SO} was also derived in [116] from corresponding source terms of the constraints, similar to the approach used here (however, in [116] the source terms were obtained from the approximate Kerr metric in the ADM transverse traceless gauge). Very recently derivations within the effective field theory approach also succeeded [140].

Next-to-Leading Order Spin(1)-Spin(2) The spin(1)-spin(2), or S_1S_2, Hamiltonian reads [20]

H^{NLO}_{S1S2} = 1 2m_1m_2r̂^3_{12}

[^3_2 ((p̂_1 × Ŝ_1) · n̂_{12})((p̂_2 × Ŝ_2) · n̂_{12}) +^1_2 (Ŝ_1 · Ŝ_2)(p̂_1 · p̂_2)

+ 6((p̂_2 × Ŝ_1) · n̂_{12})((p̂_1 × Ŝ_2) · n̂_{12}) −^1_2 (Ŝ_1 · p̂_2)(Ŝ_2 · p̂_1) − 15(Ŝ_1 · n̂_{12})(Ŝ_2 · n̂_{12})(p̂_1 · n̂_{12})(p̂_2 · n̂_{12}) + (Ŝ_1 · p̂_1)(Ŝ_2 · p̂_2) − 3(Ŝ_1 · n̂_{12})(Ŝ_2 · n̂_{12})(p̂_1 · p̂_2) + 3(Ŝ_1 · p̂_2)(Ŝ_2 · n̂_{12})(p̂_1 · n̂_{12}) + 3(Ŝ_2 · p̂_1)(Ŝ_1 · n̂_{12})(p̂_2 · n̂_{12}) + 3(Ŝ_1 · p̂_1)(Ŝ_2 · n̂_{12})(p̂_2 · n̂_{12}) + 3(Ŝ_2 · p̂_2)(Ŝ_1 · n̂_{12})(p̂_1 · n̂_{12}) − 3(Ŝ_1 · Ŝ_2)(p̂_1 · n̂_{12})(p̂_2 · n̂_{12})] + 3 2m^2_1r̂^3_{12}

[−((p̂_1 × Ŝ_1) · n̂_{12})((p̂_1 × Ŝ_2) · n̂_{12}) + (Ŝ_1 · Ŝ_2)(p̂_1 · n̂_{12})^2

− (Ŝ_1 · n̂_{12})(Ŝ_2 · p̂_1)(p̂_1 · n̂_{12})] + 3 2m^2r̂^3_{12}

[(Ŝ_1 · Ŝ_2)(p̂_2 · n̂_{12})^2

− ((p̂_2 × Ŝ_2) · n̂_{12})((p̂_2 × Ŝ_1) · n̂_{12}) − (Ŝ_2 · n̂_{12})(Ŝ_1 · p̂_2)(p̂_2 · n̂_{12})] + 6(m_1 + m_2)

r̂^4_{12}

[(Ŝ_1 · Ŝ_2) − 2(Ŝ_1 · n̂_{12})(Ŝ_2 · n̂_{12})] , (6.53)

and was confirmed by [114, 141]. Notice that no agreement with the result in [142] could be found, see [20]. Indeed, the result in [142] turned out to be incomplete [20, 114].

Next-to-Leading Order Spin(1)-Spin(1) A nonreduced potential (i.e., with the spin supplementary condition not eliminated on the level of the potential) for the next-to-leading order spin(1)-spin(1), or S^2_1, dynamics is given in [107, 143]. Within the method described in section 5.3.2 an equivalent Hamiltonian H^{NLO}_{S21} will be derived here. This Hamiltonian was first given only for the black hole case (C_{Q1} = 1) in [17] and then generalized to arbitrary C_{Q1} later [19]. However, the comparison with [107, 143] was quite cumbersome. First agreement with [107] could not even be found in the spin precession equation [17], however, this finally succeeded after identifying a sign typo in [107], see [18] (all for the case C_{Q1} = 1). After a further correction [143] full agreement was finally found in [19], now also for arbitrary C_{Q1}. For this comparison the potential from [107, 143] was first transformed into a fully reduced Hamiltonian in [19] by a Legendre transformation and an elimination of the spin supplementary condition using Dirac brackets (2.75). Then a canonical transformation leading to our result in [19] was searched for and found.

The result for general compact objects (including neutron stars) is [19]

H^{NLO}_S2_1 = m_2 m^3_1r̂^3_{12} [ ( − 5 4 + 3 2 C_{Q1} ) (Ŝ_1 · p̂_1)^2 + ( − 21 8 + 9 4 C_{Q1} ) p̂^2_1(Ŝ_1 · n̂_{12})^2 + ( 15 4 − 9 2 C_{Q1} ) (p̂_1 · n̂_{12})(Ŝ_1 · n̂_{12})(Ŝ_1 · p̂_1) + ( 5 4 − 5 4 C_{Q1} ) p̂^2_1Ŝ^2_1 + ( − 9 8 + 3 2 C_{Q1} ) (p̂_1 · n̂_{12})^2Ŝ^2_1 ] + C_{Q1} m_1m_2r̂^3_{12} [ 9 4 p̂^2(Ŝ_1 · n̂_{12})^2 − 3 4 p̂^2Ŝ^2_1 ]

+ 1 m^2_1r̂^3_{12} [ ( − 3 2 + 9 2 C_{Q1} ) (p̂_2 · n̂_{12})(Ŝ_1 · n̂_{12})(Ŝ_1 · p̂_1) − 15 4 C_{Q1}(p̂_1 · n̂_{12})(p̂_2 · n̂_{12})(Ŝ_1 · n̂_{12})^2 + ( 3 2 − 3 2 C_{Q1} ) (Ŝ_1 · p̂_1)(Ŝ_1 · p̂_2) + ( −3 + 3 2 C_{Q1} ) (p̂_1 · n̂_{12})(Ŝ_1 · n̂_{12})(Ŝ_1 · p̂_2) + ( − 3 2 + 9 4 C_{Q1} ) (p̂_1 · p̂_2)Ŝ^2_1 + ( 3 2 − 3 4 C_{Q1} ) (p̂_1 · n̂_{12})(p̂_2 · n̂_{12})Ŝ^2_1 + ( 3 − 21 4 C_{Q1} ) (p̂_1 · p̂_2)(Ŝ_1 · n̂_{12})^2 ]

+ m_2 r̂^4_{12} [ ( −3 − 3 2 C_{Q1} ) (Ŝ_1 · n̂_{12})^2 + ( 2 + 1 2 C_{Q1} ) Ŝ^2_1 ]

+ m^2 m_1r̂^4_{12} [ (1 + 2C_{Q1})Ŝ^2_1 + (−1 − 6C_{Q1})(Ŝ_1 · n̂_{12})^2 ] . (6.54)

The corresponding spin(2)-spin(2) Hamiltonian H^{NLO}_{S2} simply results from an exchange of particle labels. According to section 5.3.2 the linear-in-G part was derived with the help of the Poincaré algebra method from [117], while the G^2 part (the last two lines) results from the source expressions (6.40–6.42) derived in the present thesis.

Notice that for black holes (C_{Q1} = 1) this Hamiltonian was already found in [17], for the first time including the correct center of mass motion. Further, the earlier result for the general case in [107, 143] is not a fully reduced Hamiltonian. The Hamiltonian presented here is on a higher level of sophistication with advantages for applications, e.g., the spin vectors appearing in our Hamiltonian have a constant length and it is easier to obtain all equations of motion in terms of these “good” spin variables.

6.2.4 Center of Mass and Poincaré Algebra

The post-Newtonian expansion of the center of mass vector

G^i = − 1 16π ∫ d^3x x^iΔϕ = G^i_N + G^i_{1PN} + G^i_{2PN} + · · · , (6.55)

can be obtained from the expanded Hamilton constraint (6.9, 6.10). To the formal second post-Newtonian order this leads to

G^i_N = ∫ d^3x x^i H^{matter}_{(2)} , G^i_{1PN} = ∫ d^3x x^i [ H^{matter}_{(4)} − 1 8 H^{matter}_{(2)} ϕ_{(2)} ] , (6.56)

G^i_{2PN} = ∫ d^3x [ x^i ( H^{matter}_{(6)} − 1 8 ( H^{matter}_{(4)} ϕ_{(2)} + H^{matter}_{(2)} ϕ_{(4)} )

+ 1 64 H^{matter}_{(2)} ϕ^2_{(2)} + V^i_{(3)}H^{matter}_{(3)i} ) + 1 16π 5 2 V^i_{(3)}π̃^k_{(3),k} ] . (6.57)

For the formula for G^i_{2PN} partial integrations were applied, similar as in section 6.1.3. Notice that π̃^k_{(3),k} is spin-independent. For results in the nonspinning case see [124].

The contributions to the center of mass vector corresponding to the leading order spin Hamiltonians follow from G_{1PN} = (G^i_{1PN}) as

G^{LO}_{SO} = ∑ a 1 2m_a (p̂_a × Ŝ_a) , G^{LO}_{S1S2} = 0 , G^{LO}_S2_1 = 0 . (6.58)

From G_{2PN} = (G^i_{2PN}) the next-to-leading order parts result as

G^{NLO}_{SO} = ∑ a ∑ b≠a m_b 4m_ar̂_{ab} [ ((p̂_a × Ŝ_a) · n̂_{ab})

5ẑ_a + ẑ_b r̂_{ab} − 5(p̂_a × Ŝ_a) ]

+ ∑ a ∑ b≠a 1 r̂_{ab} [ 3 2 (p̂_b × Ŝ_a) − 1 2 (n̂_{ab} × Ŝ_a)(p̂_b · n̂_{ab})

− ((p̂_b × Ŝ_a) · n̂_{ab}) ẑ_a + ẑ_b r̂_{ab} ] − ∑ a p̂^2_a 8m^3_a

(p̂_a × Ŝ_a) ,

(6.59)

G^{NLO}_{S1S2} = 1 2 ∑ a ∑ b≠a [ ( 3(Ŝ_a · n̂_{ab})(Ŝ_b · n̂_{ab}) − (Ŝ_a · Ŝ_b) ) ẑ_a r̂^3_{ab} + (Ŝ_b · n̂_{ab})

Ŝ_a r̂^2_{ab} ] , (6.60)

G^{NLO}_S2_1 = m_2 m_1 [ C_{Q1} ( 3(Ŝ_1 · n̂_{12})^2 − Ŝ^2_1

) ẑ_1 + ẑ_2 4r̂^3_{12}

+ (1 + C_{Q1})Ŝ^2_1 n̂_{12} 2r̂^3_{12}

− (1 + 3C_{Q1})(Ŝ_1 · n̂_{12})

Ŝ_1 2r̂^2_{12} ] . (6.61)

Notice that (6.59) and (6.60) are valid for arbitrary many spinning objects, while (6.61) holds for two objects only. For two objects G^{NLO}_{SO} was already found in [84]. Further, G^{NLO}_{S2} simply results from an exchange of particle labels in (6.61)

Now one can check whether the Poincaré algebra (2.10, 2.11) is fulfilled, which is indeed the case (the Hamiltonian plays of course the role of the energy E). At the spin-orbit level this was already shown in [84]. At the spin(1)-spin(1) level this holds by construction, as most terms of the Hamiltonian H^{NLO}_{S21} were obtained from the Poincaré algebra via an ansatz in [117]. However, the fulfillment of the Poincaré algebra provides a thorough check of H^{NLO}_{SO} and H^{NLO}_{S1S2} .

7 Conclusions and Outlook

The first main goal of this thesis, the extension of the ADM canonical formalism from nonspinning to spinning objects, succeeded to linear order in spin via an action approach. The result was verified by an independent order-by-order derivation. Even the extension to higher orders in spin is well understood now, but somewhat more complicated and requires further approximations, like the post-Newtonian one. The second main goal of this thesis, the calculation of conservative Hamiltonians for inspiralling binaries relevant for gravitational wave astronomy, was then straightforward. The effort of first deriving the canonical formalism was payed off by its efficiency in the calculation of these Hamiltonians. New results are the next-to-leading order spin(1)-spin(2) and spin(1)-spin(1) Hamiltonians, and the spin-orbit Hamiltonian derived earlier by Damour, Jaranowski, and Schäfer was confirmed. All Hamiltonians through the third post-Newtonian order for maximal spin are known.

The next most interesting Hamiltonian which could be calculated is the conservative next-to-next-to-leading order spin-orbit one, which is at the 3.5 post-Newtonian level for maximally rotating objects. Notice that the verification of the canonical formalism given in this thesis via the order-by-order construction already covered this case. Leading order dissipative Hamiltonians are also envisaged and its calculation was already prepared in [15]. For maximal spins these Hamiltonians are even at the fourth post-Newtonian order in the spin-orbit case and at the 4.5 post-Newtonian order in the spin(1)-spin(2) case. The extension of a recent result within the post-Minkowskian approximation [125] to spinning objects would also be desirable, as it could be applied to the gravitational scattering of spinning bodies moving at relativistic speed.

50 A SYMBOLS

Further, more work needs to be done for an application of the new Hamiltonians presented in this thesis to gravitational wave astronomy. In particular the spin contributions to the next-to-leading order radiation field are only known for the spin-orbit case [102]. This result should be extended to the spin(1)-spin(2) case, as well as to the spin(1)-spin(1) case. For the latter the spin(1)-spin(1) contributions to the stressenergy tensor given in this thesis are crucial. Also an implementation of the new results given here into the very successful effective one-body approach would be appealing.

Another though rather mathematical development for the future would be to consider the full constraint algebra, gravitational field and supplementary conditions, at different stages of gauge fixing, as well as a treatment using Dirac brackets; see also [64] for the case of Dirac fields.

Acknowledgments First I like to thank Prof. Dr. Gerhard Schäfer for the excellent supervision of this thesis. He was aware of the elegance of the ADM formalism and its value for post-Newtonian calculations. Especially my first two publications [14, 20] gained pertinence and sophistication due to his influence and he substantially contributed to almost all of my other publications. Much of the material in the present thesis is influenced by the many useful discussions with him.

Another significant contribution to this thesis was given by Steven Hergt, as he often was a coauthor of mine and I am grateful for the prolific collaboration with him. Regarding the content of this thesis, he calculated the spin(1)-spin(1) center of mass vector (6.61) as well as the linear-in-G part of the spin(1)- spin(1) Hamiltonian (6.54) and provided the calculations regarding the Poincaré algebra in section 6.2.4. He also did most of the calculations for the full comparison (i.e., including the center of mass motion) of the spin(1)-spin(1) Hamiltonian (6.54) with the result in [107, 143], see [19]. He further often checked my calculations, in particular the ones for the spin-orbit and spin(1)-spin(2) Hamiltonians (6.52, 6.53) as well as the G^2 part of the spin(1)-spin(1) Hamiltonian (6.54).

Also many other people influenced this thesis and broadened my field of interest through stimulating discussions. I am very thankful for all these useful discussions, particularly with Dr. Dirk Puetzfeld on the multipole formalism in general relativity, with Dr. Han Wang on radiation reaction effects, with Manuel Tessmer on data analysis and parametrization of orbits, with Johannes Hartung on data analysis and Mathematica related issues, and with Dr. David Brizuela on the handling of xPert and xTensor. Further I gratefully acknowledge useful comments on this thesis by Prof. Dr. Jiří Bičák, Jan Sperrhake, and David Hilditch. Finally, the German Research Foundation (Deutsche Forschungsgemeinschaft, DFG) made this work possible by providing both financial support through the SFB/TR7 “Gravitational Wave Astronomy” and advanced education through the GRK 1523 “Quantum and Gravitational Fields.”

Further, this work was encouraged by my family and friends. They placed me in a sociable environment that helped to keep my mind clear. I also gratefully acknowledge the pleasant atmosphere within my workgroup. Last but not least I thank my girlfriend Julia Damm for her understanding that the spare time I could spent with her diminished while writing this thesis.

A Symbols

Âij defined by (3.44) B^{ij}_{kl} defined by (3.54) c speed of light, usually c = 1 here C_Q mass-quadrupole parameter, see (5.11) δ defined as δ = δ(x^i − z^i) δ̂ defined as δ̂ = δ(xi − ẑi) δ_{(4)} defined as δ_{(4)} = δ(x^μ − z^μ) δ_{ij} Kronecker delta, (δ_{ij} ) = diag(1, 1, 1) δ^{TTkl}_{ij} transverse traceless projector, see (2.55) Δ Laplace operator, Δ = ∂_i∂_i Δ^{−1} inverse of Δ for usual boundary conditions e_{Iμ} tetrad field, g_{μν} = e_{Iμ}e^I_ν e_{ij} triad in the symmetric gauge, see (3.53) ê^{ij} defined as ê^{ij} ≡^1_2 (e^{i(j)} − e^{j(i)}) ê^{ij}_a defined as ê^{ij}_a ≡ ê^{ij} (ẑ^k_a ) ϵ_{ijk} 3-dimensional Levi-Civita symbol E energy of the system, see (4.19) E^{(4)}μν electric part of C^{(4)}_{μναβ} , see (5.19, 5.18) f^μ timelike vector in conditions (3.12, 3.10) ϕ trace part of the induced metric, see (6.2) g defined as g = det(g_{μν} ) g_{μν} 4-dimensional metric γ defined as γ = det(γ_{ij} ) γ_{μν} projector (2.38), contains induced metric G gravitational constant, usually G = 1 here G^i center of mass vector, see (4.19)

Γ_{kij} 3-dim. Christoffel symbol of first kind Γ^{(4)}_{αμν} 4-dim. Christoffel symbol of first kind h^{TT}_{ij} transverse traceless part of γ_{ij} , see (6.2) H general symbol for a Hamiltonian H_{ADM} ADM Hamiltonian, see (3.61) H Hamilton constraint, see (6.1) H_i momentum constraint, see (6.1) H^{field} field part of H, see (2.44) H^{field}_i field part of H_i, see (2.44) H^{matter} matter part of H, see section 6.2.1 H^{matter}_i matter part of H_i, see section 6.2.1 H^{πmatter} i defined by (4.22) I moment of inertia of a spherical top J^{μν} total angular momentum, see (2.12, 4.9) J^{μναβ} Dixon’s quadrupole moment K_{ij} extrinsic curvature, see (2.39) λ Lagrange multiplier L_M matter Lagrangian L_G field Lagrangian density (2.36, 2.40, 2.43) L_M matter Lagrangian density Λ^{AI} Lorentz matrix, see section 3.1.3 Λ̂[i](j) canonical rotation matrix defined by (3.43) m constant mass-like parameter, see (3.28) m_0 constant mass-like parameter, see (3.26) m_p dynamical mass, m^2_p = −p_μp^μ M mass of the system, M^2 = −P_μP^μ n^μ normal vector for (3+1)-split, see (2.37) n̂_{ab} defined by n̂_{ab} = (ẑ_a − ẑ_b)/r̂_{ab} np defined by np = n^μp_μ, see (3.32) or (5.30) np̂ defined by np̂ = − √ m^2 + γ^{ij}p̂_ip̂_j nS_i defined by nS_i = n^μS_{μi}, see (3.33, 3.42) N lapse function, see (2.37) N^i shift vector, see (2.37) ω_μ^{IJ} Ricci rotation coefficients Ω^{μν} angular velocity tensor, see (3.15) Ω̂(i)(j) angular velocity Ω̂(i)(j) = Λ̂_{[k]}(i) ^̇Λ[k](j) p_μ linear momentum, see (2.31, 5.4) p̂_i canonical momentum conjugate to ẑ^i P_μ total linear momentum, P_0 = −E, (4.9) P_{μν} the projector P_{μν} = g_{μν} −^1_{fρf ρ} f^μf^ν π^{ij} defined by (2.41) π^{ijTT} transverse traceless part of π^{ij} , (6.5, 6.6) π^{ij}_a spin correction to π̂^{ijTT}, see (4.18) π̃^i vector potential for π̃^{ij} , see (6.7) π̃^{ij} vector potential part of π^{ij} , see (6.5, 6.7) π̆^{ij} trace part of π^{ij} , see (6.5, 6.6) π̂^{ij} canonical field momentum, see (3.58) π̂^{ijTT} transverse traceless part of π̂^{ij} , see (3.60) ^̃π^i vector potential for ^̃π^{ij} , see (3.60) ^̃π^{ij} longitudinal part of π̂^{ij} , see (3.60) Q^{μν} mass quadrupole part of J^{μναβ} , see (5.6) Q̂_{ij} defined by (5.35) r̂_a defined by r̂_a = |x − ẑ_a| r̂_{ab} defined by r̂_{ab} = |ẑ_a − ẑ_b| R 3-dimensional Ricci scalar, R = γ^{ij} R_{ij} R^{(4)} 4-dimensional Ricci scalar, R = g^{μν} R^{(4)}_{μν} R_{ij} 3-dim. Ricci tensor, R_{ij} = γ^{kl}R_{ikjl} R^{(4)}_{μν} 4-dim. Ricci tensor, R^{(4)}_{μν} = g^{αβ} R^{(4)}_{μανβ} R_{ijkl} 3-dim. Riemann tensor, sign as in (2.29) R^{(4)}_{μναβ} 4-dim. Riemann tensor, see (2.29) s^{ij}_a defined by (4.30), see also (6.35) S spin length, 2S^2 = S^{μν} S_{μν} S^{μν} spin tensor, usually restricted to (2.32) Ŝμν canonical spin tensor, see (3.49) Ŝ_{(i)} canonical spin vector, Ŝ_{(i)} =^1_2 ϵ_{ijk}Ŝ_{(j)(k)} Ŝ canonical spin vector, Ŝ = (Ŝ_{(i)}) t time coordinate, x^0 ≡ t or z^0 ≡ t τ worldline parameter t^{μν...} multipole moments, see (2.26) δθ^{IJ} variation for Λ^{AI} , δθ^{IJ} = Λ_A^I δΛ^{AJ} T^{μν} stress-energy tensor (td) denotes a total divergence u^μ 4-velocity, u^μ =^{dzμ}_{dτ} V^i vector potential for π̃^{ij} , see (6.15, 6.16) V̂ i vector potential for ^̃πij , see (4.24, 4.25) W full action, W = W_G + W_M W_G Einstein-Hilbert action, see (2.36) W_M matter part of the action W x^μ spacetime coordinates, x^0 ≡ t z^μ worldline function, z^0 ≡ t ẑ^i canonical position variable z^i_Δ possible correction to ẑ^i, see (4.34)

References

[1] M. Kramer, I. H. Stairs, R. N. Manchester, M. A. McLaughlin, A. G. Lyne, R. D. Ferdman, M. Burgay, D. R. Lorimer, A. Possenti, N. D’Amico, J. M. Sarkissian, G. B. Hobbs, J. E. Reynolds, P. C. C. Freire, and F. Camilo, “Tests of general relativity from timing the double pulsar”,” Science 314 (2006) 97–102, arXiv:astro-ph/0609417.

[2] B. S. Sathyaprakash and B. F. Schutz, “Physics, astrophysics and cosmology with gravitational waves,” Living Rev. Relativity 12 (2009) 2, arXiv:0903.0338 [gr-qc].

http://www.livingreviews.org/lrr-2009-2.

[3] P. Jaranowski and A. Królak, “Gravitational-wave data analysis,” Living Rev. Relativity 8 (2005) 3.

http://www.livingreviews.org/lrr-2005-3.

[4] M. Vallisneri, “A LISA data-analysis primer,” Class. Quant. Grav. 26 (2009) 094024,

arXiv:0812.0751 [gr-qc].

[5] L. Blanchet, “Gravitational radiation from post-Newtonian sources and inspiralling compact binaries,” Living Rev. Relativity 9 (2006) 4.

http://www.livingreviews.org/lrr-2006-4.

[6] T. W. B. Kibble, “Canonical variables for the interacting gravitational and Dirac fields,” J. Math. Phys. 4 (1963) 1433–1437.

[7] S. L. Shapiro and S. A. Teukolsky, Black holes, white dwarfs, and neutron stars: The physics of compact objects. John Wiley, New York, 1983.

[8] C. Reisswig, S. Husa, L. Rezzolla, E. N. Dorband, D. Pollney, and J. Seiler, “Gravitational-wave detectability of equal-mass black-hole binaries with aligned spins,” Phys. Rev. D 80 (2009) 124026,

arXiv:0907.0462 [gr-qc].

[9] T. Damour and A. Nagar, “An improved analytical description of inspiralling and coalescing black-hole binaries,” Phys. Rev. D 79 (2009) 081503(R), arXiv:0902.0136 [gr-qc]. A. Buonanno, Y. Pan, H. P. Pfeiffer, M. A. Scheel, L. T. Buchman, and L. E. Kidder, “Effective-one-body waveforms calibrated to numerical relativity simulations: Coalescence of non-spinning, equal-mass black holes,” Phys. Rev. D 79 (2009) 124028,

arXiv:0902.0790 [gr-qc].

T. Damour and A. Nagar, “The effective one body description of the two-body problem,”

arXiv:0906.1769 [gr-qc].

[10] T. Damour, “Coalescence of two spinning black holes: An effective one-body approach,” Phys. Rev. D 64 (2001) 124013, arXiv:gr-qc/0103018.

[11] T. Damour, P. Jaranowski, and G. Schäfer, “Effective one body approach to the dynamics of two spinning black holes with next-to-leading order spin-orbit coupling,” Phys. Rev. D 78 (2008) 024009, arXiv:0803.0915 [gr-qc].

Y. Pan, A. Buonanno, L. T. Buchman, T. Chu, L. E. Kidder, H. P. Pfeiffer, and M. A. Scheel, “Effective-one-body waveforms calibrated to numerical relativity simulations: Coalescence of nonprecessing, spinning, equal-mass black holes,” Phys. Rev. D 81 (2010) 084041,

arXiv:0912.3466 [gr-qc].

E. Barausse and A. Buonanno, “Improved effective-one-body Hamiltonian for spinning black-hole binaries,” Phys. Rev. D 81 (2010) 084024, arXiv:0912.3517 [gr-qc].

[12] J. Steinhoff, S. Hergt, and G. Schäfer, “ADM canonical formulation with spin and application to post-Newtonian approximations,” in Proceedings of the 12th Marcel Grossmann Meeting on General Relativity. World Scientific, Singapore, 2010. arXiv:1002.3057 [gr-qc]. (to be published).

[13] J. Steinhoff and G. Schäfer, “Canonical formulation of self-gravitating spinning-object systems,” Europhys. Lett. 87 (2009) 50004, arXiv:0907.1967 [gr-qc].

[14] J. Steinhoff, G. Schäfer, and S. Hergt, “ADM canonical formalism for gravitating spinning objects,” Phys. Rev. D 77 (2008) 104018, arXiv:0805.3136 [gr-qc].

[15] J. Steinhoff and H. Wang, “Canonical formulation of gravitating spinning objects at 3.5 post-Newtonian order,” Phys. Rev. D 81 (2010) 024022, arXiv:0910.1008 [gr-qc].

[16] J. Steinhoff and D. Puetzfeld, “Multipolar equations of motion for extended test bodies in general relativity,” Phys. Rev. D 81 (2010) 044019, arXiv:0909.3756 [gr-qc].

[17] J. Steinhoff, S. Hergt, and G. Schäfer, “Spin-squared Hamiltonian of next-to-leading order gravitational interaction,” Phys. Rev. D 78 (2008) 101503(R), arXiv:0809.2200 [gr-qc].

[18] J. Steinhoff and G. Schäfer, “Comment on two recent papers regarding next-to-leading order spin-spin effects in gravitational interaction,” Phys. Rev. D 80 (2009) 088501,

arXiv:0903.4772 [gr-qc].

[19] S. Hergt, J. Steinhoff, and G. Schäfer, “The reduced Hamiltonian for next-to-leading-order spin-squared dynamics of general compact binaries,” Class. Quant. Grav. 27 (2010) 135007,

arXiv:1002.2093 [gr-qc].

[20] J. Steinhoff, S. Hergt, and G. Schäfer, “Next-to-leading order gravitational spin(1)-spin(2) dynamics in Hamiltonian form,” Phys. Rev. D 77 (2008) 081501(R),

arXiv:0712.1716 [gr-qc].

[21] C. Møller, “Sur la dynamique des systèmes ayant un moment angulaire interne,” Ann. Inst. H.

Poincaré 11 (1949) 251–278.

http://www.numdam.org/item?id=AIHP_1949__11_5_251_0.

[22] G. N. Fleming, “Covariant position operators, spin, and locality,”

Phys. Rev. 137 (1965) B188–B197.

[23] R. P. Kerr, “Gravitational field of a spinning mass as an example of algebraically special metrics,” Phys. Rev. Lett. 11 (1963) 237–238.

[24] M. H. L. Pryce, “The mass center in the restricted theory of relativity and its connection with the quantum theory of elementary particles,” Proc. R. Soc. A 195 (1948) 62–81.

[25] T. D. Newton and E. P. Wigner, “Localized states for elementary systems,”

Rev. Mod. Phys. 21 (1949) 400–406.

[26] A. D. Fokker, Relativiteitstheorie. P. Noordhoff, Groningen, 1929.

J. L. Synge, “Angular momentum, mass-center and the inverse square law in special relativity,” Phys. Rev. 47 (1935) 760–767.

[27] S. Weinberg, The Quantum Theory of Fields. Vol. I: Foundations. Cambridge University Press, Cambridge, 1995.

[28] M. H. L. Pryce, “Commuting co-ordinates in the new field theory,”

Proc. R. Soc. A 150 (1935) 166–172.

[29] G. Schäfer, “Gravitomagnetic effects,” Gen. Relativ. Gravit. 36 (2004) 2223–2235,

arXiv:gr-qc/0407116.

[30] M. Mathisson, “Neue Mechanik materieller Systeme,” Acta Phys. Pol. 6 (1937) 163–200.

M. Mathisson, “Republication of: New mechanics of material systems,” Gen. Relativ. Gravit. 42 (2010) 1011–1048.

[31] W. M. Tulczyjew, “Motion of multipole particles in general relativity theory,” Acta Phys. Pol. 18 (1959) 393–409.

[32] L. Schwartz, Théorie des Distributions. Herman, Paris, 1950.

[33] G. ’t Hooft and M. J. G. Veltman, “Regularization and renormalization of gauge fields,” Nucl. Phys. B 44 (1972) 189–213.

C. G. Bollini and J. J. Giambiagi, “Lowest order divergent graphs in ν-dimensional space,” Phys. Lett. B 40 (1972) 566–568.

[34] T. Damour, P. Jaranowski, and G. Schäfer, “Dimensional regularization of the gravitational interaction of point masses,” Phys. Lett. B 513 (2001) 147–155, arXiv:gr-qc/0105038.

[35] T. Damour, P. Jaranowski, and G. Schäfer, “Dimensional regularization of the gravitational interaction of point masses in the ADM formalism,” in Proceedings of the 11th Marcel Grossmann Meeting on General Relativity, H. Kleinert, R. T. Jantzen, and R. Ruffini, eds., p. 2490. World Scientific, Singapore, 2008. arXiv:0804.2386 [gr-qc].

[36] L. Blanchet, T. Damour, and G. Esposito-Farèse, “Dimensional regularization of the third post-Newtonian dynamics of point particles in harmonic coordinates,” Phys. Rev. D 69 (2004) 124007, arXiv:gr-qc/0311052.

[37] K. S. Thorne, “Multipole expansions of gravitational radiation,”

Rev. Mod. Phys. 52 (1980) 299–339.

[38] A. Ohashi, “Multipole particle in relativity,” Phys. Rev. D 68 (2003) 044009,

arXiv:gr-qc/0306062.

[39] A. Papapetrou, “Spinning test-particles in general relativity. I,”

Proc. R. Soc. A 209 (1951) 248–258.

[40] B. Tulczyjew and W. M. Tulczyjew, “On multipole formalism in general relativity,” in Recent Developments in General Relativity, pp. 465–472. Pergamon Press, New York, 1962. A. H. Taub, “Motion of test bodies in general relativity,” J. Math. Phys. 5 (1964) 112–119.

[41] W. G. Dixon, “A covariant multipole formalism for extended test bodies in general relativity,” Nuovo Cim. 34 (1964) 317–339.

[42] O. Semerák, “Spinning test particles in a Kerr field — I,”

Mon. Not. R. Astron. Soc. 308 (1999) 863–875.

[43] K. Kyrian and O. Semerák, “Spinning test particles in a Kerr field — II,”

Mon. Not. R. Astron. Soc. 382 (2007) 1922–1932.

[44] E. Barausse, É. Racine, and A. Buonanno, “Hamiltonian of a spinning test-particle in curved spacetime,” Phys. Rev. D 80 (2009) 104025, arXiv:0907.4745 [gr-qc].

[45] W. Beiglböck, “The center-of-mass in Einsteins theory of gravitation,”

Commun. math. Phys. 5 (1967) 106–130.

R. Schattner, “The center of mass in general relativity,” Gen. Relativ. Gravit. 10 (1979) 377–393. R. Schattner, “The uniqueness of the center of mass in general relativity,” Gen. Relativ. Gravit. 10 (1979) 395–399.

[46] E. Corinaldesi and A. Papapetrou, “Spinning test-particles in general relativity. II,” Proc. R. Soc. A 209 (1951) 259–268.

[47] J. Frenkel, “Die Elektrodynamik des rotierenden Elektrons,” Z. Phys. 37 (1926) 243–262.

C. Lanczos, “Über eine invariante Formulierung der Erhaltungssätze in der allgemeinen Relativitätstheorie,” Z. Phys. 59 (1929) 514–539.

[48] F. A. E. Pirani, “On the physical significance of the Riemann tensor,” Acta Phys. Pol. 15 (1956) 389–405.

F. A. E. Pirani, “Republication of: On the physical significance of the Riemann tensor,” Gen. Relativ. Gravit. 41 (2009) 1215–1232.

[49] R. L. Arnowitt, S. Deser, and C. W. Misner, “Dynamical structure and definition of energy in general relativity,” Phys. Rev. 116 (1959) 1322–1330.

R. L. Arnowitt, S. Deser, and C. W. Misner, “Canonical variables for general relativity,” Phys. Rev. 117 (1960) 1595–1602.

[50] R. L. Arnowitt, S. Deser, and C. W. Misner, “The dynamics of general relativity,” in Gravitation:

An Introduction to Current Research, L. Witten, ed., pp. 227–265. John Wiley, New York, 1962. R. L. Arnowitt, S. Deser, and C. W. Misner, “Republication of: The dynamics of general relativity,” Gen. Relativ. Gravit. 40 (2008) 1997–2027, arXiv:gr-qc/0405109.

[51] É. Gourgoulhon, “3+1 formalism and bases of numerical relativity,” arXiv:gr-qc/0703035. [52] A. J. Hanson, T. Regge, and C. Teitelboim, Constrained Hamiltonian Systems. Academia Nazionale dei Lincei, Roma, 1976. http://hdl.handle.net/2022/3108.

[53] B. S. DeWitt, “Quantum theory of gravity. I. The canonical theory,”

Phys. Rev. 160 (1967) 1113–1148.

[54] T. Regge and C. Teitelboim, “Role of surface integrals in the Hamiltonian formulation of general relativity,” Ann. Phys. (N.Y.) 88 (1974) 286–318.

[55] J. S. Schwinger, “Quantized gravitational field,” Phys. Rev. 130 (1963) 1253–1258. [56] J. W. York, “Boundary terms in the action principles of general relativity,”

Found. Phys. 16 (1986) 249–257.

[57] J. Isenberg and J. Nester, “Canonical gravity,” in General Relativity and Gravitation: One Hundred Years After the Birth of Albert Einstein. Vol. 1, A. Held, ed., pp. 23–97. Plenum Press, New York, 1980.

[58] R. L. Arnowitt, S. Deser, and C. W. Misner, “Energy and the criteria for radiation in general relativity,” Phys. Rev. 118 (1960) 1100–1104.

T. Kimura, “Fixation of physical space-time coordinates and equation of motion of two-body problem,” Prog. Theor. Phys. 26 (1961) 157–172.

[59] H. P. Künzle and J. M. Nester, “Hamiltonian formulation of gravitating perfect fluids and the Newtonian limit,” J. Math. Phys. 25 (1984) 1009–1018.

D. D. Holm, “Hamiltonian formalism for general-relativistic adiabatic fluids,” Physica D 17 (1985) 1–36.

D. Bao, J. Marsden, and R. Walton, “The Hamiltonian structure of general relativistic perfect fluids,” Commun. math. Phys. 99 (1985) 319–345.

[60] J. Schwinger, “Quantized gravitational field. II,” Phys. Rev. 132 (1963) 1317–1321. [61] P. A. M. Dirac, “Interacting gravitational and spinor fields,” in Recent Developments in General Relativity, pp. 191–200. Pergamon Press, New York, 1962.

[62] S. Deser and C. J. Isham, “Canonical vierbein form of general relativity,”

Phys. Rev. D 14 (1976) 2505–2510.

[63] J. Geheniau and M. Henneaux, “Einstein-Dirac equations in suited tetrads,”

Gen. Relativ. Gravit. 8 (1977) 611–615.

[64] J. E. Nelson and C. Teitelboim, “Hamiltonian formulation of the theory of interacting gravitational and electron fields,” Ann. Phys. (N.Y.) 116 (1978) 86–104.

[65] R. L. Arnowitt, S. Deser, and C. W. Misner, “Gravitational-electromagnetic coupling and the classical self-energy problem,” Phys. Rev. 120 (1960) 313–320.

[66] C. Teitelboim, “The Hamiltonian structure of space-time,” in General Relativity and Gravitation:

One Hundred Years After the Birth of Albert Einstein. Vol. 1, A. Held, ed., pp. 195–225. Plenum Press, New York, 1980.

[67] H. P. Künzle, “Canonical dynamics of spinning particles in gravitational and electromagnetic fields,” J. Math. Phys. 13 (1972) 739–744.

[68] P. A. M. Dirac, “Generalized Hamiltonian dynamics,” Canad. J. Math. 2 (1950) 129–148.

P. A. M. Dirac, “The Hamiltonian form of field dynamics,” Canad. J. Math. 3 (1951) 1–23. P. A. M. Dirac, “Generalized Hamiltonian dynamics,” Proc. R. Soc. A 246 (1958) 326–332. P. A. M. Dirac, Lectures on Quantum Mechanics. Yeshiva University Press, New York, 1964.

[69] A. J. Hanson and T. Regge, “The relativistic spherical top,” Ann. Phys. (N.Y.) 87 (1974) 498–566. [70] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems. Princeton University Press, Princeton, 1992.

[71] P. G. Bergmann, “Non-linear field theories,” Phys. Rev. 75 (1949) 680–685.

P. G. Bergmann and J. H. M. Brunings, “Non-linear field theories II. Canonical equations and quantization,” Rev. Mod. Phys. 21 (1949) 480–487.

P. G. Bergmann, R. Penfield, R. Schiller, and H. Zatzkis, “The Hamiltonian of the general theory of relativity with electromagnetic field,” Phys. Rev. 80 (1950) 81–88. J. L. Anderson and P. G. Bergmann, “Constraints in covariant field theories,” Phys. Rev. 83 (1951) 1018–1025.

P. G. Bergmann and I. Goldberg, “Dirac bracket transformations in phase space,” Phys. Rev. 98 (1955) 531–538.

J. L. Anderson, “Reduction of primary constraints in generally covariant field theories,” Phys. Rev. 111 (1958) 965–966.

[72] P. A. M. Dirac, “The theory of gravitation in Hamiltonian form,”

Proc. R. Soc. A 246 (1958) 333–343.

P. A. M. Dirac, “Fixation of coordinates in the Hamiltonian theory of gravitation,” Phys. Rev. 114 (1959) 924–930.

[73] L. Rosenfeld, “Zur Quantelung der Wellenfelder,” Ann. Phys. (Berlin) 397 (1930) 113–152. [74] D. C. Salisbury, “Rosenfeld, Bergmann, Dirac and the invention of constrained Hamiltonian dynamics,” in Proceedings of the 11th Marcel Grossmann Meeting on General Relativity, H. Kleinert, R. T. Jantzen, and R. Ruffini, eds., p. 2467. World Scientific, Singapore, 2008.

arXiv:physics/0701299.

[75] J. M. Pons, “On Dirac’s incomplete analysis of gauge transformations,”

Stud. Hist. Philos. Mod. Phys. 36 (2005) 491–518, arXiv:physics/0409076. [76] R. L. Arnowitt, S. Deser, and C. W. Misner, “Consistency of the canonical reduction of General Relativity,” J. Math. Phys. 1 (1960) 434–439.

[77] A. Ashtekar, “New variables for classical and quantum gravity,”

Phys. Rev. Lett. 57 (1986) 2244–2247.

A. Ashtekar, “New Hamiltonian formulation of general relativity,” Phys. Rev. D 36 (1987) 1587–1602.

[78] C. Rovelli, “Loop quantum gravity,” Living Rev. Relativity 11 (2008) 5.

http://www.livingreviews.org/lrr-2008-5.

[79] L. Castellani, “Symmetries in constrained Hamiltonian systems,”

Ann. Phys. (N.Y.) 143 (1982) 357–371.

[80] J. Gomis, M. Henneaux, and J. M. Pons, “Existence theorem for gauge symmetries in Hamiltonian constrained systems,” Class. Quant. Grav. 7 (1990) 1089–1096.

[81] J. M. Pons, D. C. Salisbury, and K. A. Sundermeyer, “Observables in classical canonical gravity:

Folklore demystified,” arXiv:1001.2726 [gr-qc].

[82] H. Goenner and K. Westpfahl, “Relativistische Bewegungsprobleme. II. Der starre Rotator,” Ann. Phys. (Berlin) 475 (1967) 230–240.

[83] L. Bel and J. Martin, “Predictive relativistic mechanics of systems of N particles with spin,” Ann.

Inst. H. Poincaré A 33 (1980) 409–442.

http://www.numdam.org/item?id=AIHPA_1980__33_4_409_0.

X. Wu and Y. Xie, “Symplectic structure of post-Newtonian Hamiltonian for spinning compact binaries,” Phys. Rev. D 81 (2010) 084045, arXiv:1004.4549 [gr-qc].

[84] T. Damour, P. Jaranowski, and G. Schäfer, “Hamiltonian of two spinning compact bodies with next-to-leading order gravitational spin-orbit coupling,” Phys. Rev. D 77 (2008) 064032,

arXiv:0711.1048 [gr-qc].

[85] J. B. Hughes, “A generalized Hamiltonian dynamics for relativistic particles with spin — I,” Nuovo Cim. Suppl. 20 (1961) 89–111.

C. Itzykson and A. Voros, “Classical electrodynamics of point particles,” Phys. Rev. D 5 (1972) 2939–2941.

[86] K. Westpfahl, “Relativistische Bewegungsprobleme. VI. Rotator-Spinteilchen und allgemeine Relativitätstheorie,” Ann. Phys. (Berlin) 477 (1969) 361–371.

[87] I. Bailey and W. Israel, “Lagrangian dynamics of spinning particles and polarized media in general relativity,” Commun. math. Phys. 42 (1975) 65–82.

[88] I. Bailey and W. Israel, “Relativistic dynamics of extended bodies and polarized media: An eccentric approach,” Ann. Phys. (N.Y.) 130 (1980) 188–214.

[89] R. A. Porto, “Post-Newtonian corrections to the motion of spinning bodies in nonrelativistic general relativity,” Phys. Rev. D 73 (2006) 104031, arXiv:gr-qc/0511061.

[90] E. Noether, “Invariante Variationsprobleme,” Nachr. Akad. Wiss. Gött. (1918) 235–257,

arXiv:physics/0503066.
http://resolver.sub.uni-goettingen.de/purl?GDZPPN00250510X.

[91] R. L. Arnowitt, S. Deser, and C. W. Misner, “Coordinate invariance and energy expressions in general relativity,” Phys. Rev. 122 (1961) 997–1006.

[92] T. J. Rothe and G. Schäfer, “Binary spinning black hole Hamiltonian in canonical center-of-mass and rest-frame coordinates through higher post-Newtonian order,” J. Math. Phys. 51 (2010) 082501, arXiv:1003.0390 [gr-qc].

[93] J. B. Hartle, “Tidal shapes and shifts on rotating black holes,” Phys. Rev. D 9 (1974) 2749–2759.

S. Taylor and E. Poisson, “Nonrotating black hole in a post-Newtonian tidal environment,” Phys. Rev. D 78 (2008) 084016, arXiv:0806.3052 [gr-qc].

[94] T. Damour and A. Nagar, “Effective one body description of tidal effects in inspiralling compact binaries,” Phys. Rev. D 81 (2010) 084016, arXiv:0911.5041 [gr-qc].

[95] J. Madore, “The equations of motion of an extended body in general relativity,” Ann. Inst. H.

Poincaré A 11 (1969) 221–237.

http://www.numdam.org/item?id=AIHPA_1969__11_2_221_0.

W. G. Dixon, “Dynamics of extended bodies in general relativity. I. Momentum and angular momentum,” Proc. R. Soc. A 314 (1970) 499–527.

W. G. Dixon, “Dynamics of extended bodies in general relativity. II. Moments of the charge-current vector,” Proc. R. Soc. A 319 (1970) 509–547.

[96] W. G. Dixon, “The definition of multipole moments for extended bodies,”

Gen. Relativ. Gravit. 4 (1973) 199–209.

[97] W. G. Dixon, “Dynamics of extended bodies in general relativity. III. Equations of motion,” Phil. Trans. R. Soc. A 277 (1974) 59–119.

W. G. Dixon, “Extended bodies in general relativity: Their description and motion,” in Proceedings of the International School of Physics Enrico Fermi LXVII, J. Ehlers, ed., pp. 156–219. North Holland, Amsterdam, 1979.

[98] R. Schattner and G. Lawitzki, “A generalization of Dixon’s description of extended bodies,” Ann.

Inst. H. Poincaré A 40 (1984) 291–327.

http://www.numdam.org/item?id=AIHPA_1984__40_3_291_0.

[99] İ. B. İlhan, “Dynamics of extended objects in general relativity,” arXiv:0911.3645 [gr-qc]. [100] W. G. Dixon, “Mathisson’s new mechanics: Its aims and realisation,” Acta Phys. Pol. B Suppl. 1

(2008) 27–54. http://th-www.if.uj.edu.pl/acta/sup1/abs/s01p0027.htm. [101] A. Trautman, “Lectures on general relativity,” Gen. Relativ. Gravit. 34 (2002) 721–762. [102] L. Blanchet, A. Buonanno, and G. Faye, “Higher-order spin effects in the dynamics of compact binaries. II. Radiation field,” Phys. Rev. D 74 (2006) 104034, arXiv:gr-qc/0605140. L. Blanchet, A. Buonanno, and G. Faye, “Erratum: Higher-order spin effects in the dynamics of compact binaries. II. Radiation field,” Phys. Rev. D 75 (2007) 049903(E).

[103] L. E. Kidder, “Coalescing binary systems of compact objects to (post)^{5/2}-Newtonian order. V. Spin effects,” Phys. Rev. D 52 (1995) 821–847, arXiv:gr-qc/9506022.

[104] J. Ehlers and E. Rudolph, “Dynamics of extended bodies in general relativity center-of-mass description and quasirigidity,” Gen. Relativ. Gravit. 8 (1977) 197–217.

[105] E. Poisson, “Gravitational waves from inspiraling compact binaries: The quadrupole-moment term,” Phys. Rev. D 57 (1998) 5287–5290, arXiv:gr-qc/9709032.

[106] W. G. Laarakkers and E. Poisson, “Quadrupole moments of rotating neutron stars,” Astrophys. J. 512 (1999) 282–287, arXiv:gr-qc/9709033.

[107] R. A. Porto and I. Z. Rothstein, “Next to leading order spin(1)spin(1) effects in the motion of inspiralling compact binaries,” Phys. Rev. D 78 (2008) 044013, arXiv:0804.0260 [gr-qc].

[108] B. S. DeWitt, “Dynamical theory of groups and fields,” in Relativity, Groups, and Topology, Les Houches 1963. Gordon and Breach, New York, 1964.

[109] K. D. Kokkotas and B. G. Schmidt, “Quasi-normal modes of stars and black holes,” Living Rev.

Relativity 2 (1999) 2, arXiv:gr-qc/9909058.

http://www.livingreviews.org/lrr-1999-2.

M. E. Alexander, “Tidal resonances in binary star systems,” Mon. Not. R. Astron. Soc. 227 (1987) 843–861. http://adsabs.harvard.edu/abs/1987MNRAS.227..843A.

[110] W. D. Goldberger and I. Z. Rothstein, “An effective field theory of gravity for extended objects,” Phys. Rev. D 73 (2006) 104029, arXiv:hep-th/0409156.

[111] T. Damour and G. Esposito-Farèse, “Gravitational-wave versus binary-pulsar tests of strong-field gravity,” Phys. Rev. D 58 (1998) 042001, arXiv:gr-qc/9803031.

[112] G. Schäfer, “Acceleration-dependent Lagrangians in general relativity,”

Phys. Lett. A 100 (1984) 128–129.

[113] K. Yee and M. Bander, “Equations of motion for spinning particles in external electromagnetic and gravitational fields,” Phys. Rev. D 48 (1993) 2797–2799, arXiv:hep-th/9302117.

[114] R. A. Porto and I. Z. Rothstein, “Spin(1)spin(2) effects in the motion of inspiralling compact binaries at third order in the post-Newtonian expansion,” Phys. Rev. D 78 (2008) 044012,

arXiv:0802.0720 [gr-qc].

[115] W. D. Goldberger and I. Z. Rothstein, “Dissipative effects in the worldline approach to black hole dynamics,” Phys. Rev. D 73 (2006) 104030, arXiv:hep-th/0511133.

[116] S. Hergt and G. Schäfer, “Higher-order-in-spin interaction Hamiltonians for binary black holes from source terms of Kerr geometry in approximate ADM coordinates,” Phys. Rev. D 77 (2008) 104001, arXiv:0712.1515 [gr-qc].

[117] S. Hergt and G. Schäfer, “Higher-order-in-spin interaction Hamiltonians for binary black holes from Poincaré invariance,” Phys. Rev. D 78 (2008) 124004, arXiv:0809.2208 [gr-qc].

[118] J. M. Martín-García, xAct: Efficient Tensor Computer Algebra. http://www.xact.es/. [119] S. Wolfram, The Mathematica Book. Wolfram Media, Champaign, IL, 5th ed., 2003. [120] J. M. Martín-García, “xPerm: fast index canonicalization for tensor computer algebra,” Comp. Phys. Commun. 179 (2008) 597–603, arXiv:0803.0862 [cs.SC].

[121] T. Kimura and T. Toiya, “Potential in the canonical formalism of gravity,”

Prog. Theor. Phys. 48 (1972) 316–328.

T. Ohta, H. Okamura, T. Kimura, and K. Hiida, “Coordinate condition and higher order gravitational potential in canonical formalism,” Prog. Theor. Phys. 51 (1974) 1598–1612. T. Ohta, T. Kimura, and K. Hiida, “Can the effect of distant matter on physical observables be observed?,” Nuovo Cim. B 27 (1975) 103–120.

G. Schäfer, “The gravitational quadrupole radiation-reaction force and the canonical formalism of ADM,” Ann. Phys. (N.Y.) 161 (1985) 81–100.

T. Damour and G. Schäfer, “Lagrangians for n point masses at the second post-Newtonian approximation of general relativity,” Gen. Relativ. Gravit. 17 (1985) 879–905. T. Damour and G. Schäfer, “Higher-order relativistic periastron advances and binary pulsars,” Nuovo Cim. B 101 (1988) 127–176.

T. Ohta and T. Kimura, “The two-body motion and the periastron advance in the post-post-Newtonian approximation,” Prog. Theor. Phys. 81 (1989) 679–689.

[122] P. Jaranowski and G. Schäfer, “Radiative 3.5 post-Newtonian ADM Hamiltonian for many-body point-mass systems,” Phys. Rev. D 55 (1997) 4712–4722.

P. Jaranowski and G. Schäfer, “Binary black-hole problem at the third post-Newtonian approximation in the orbital motion: Static part,” Phys. Rev. D 60 (1999) 124003,

arXiv:gr-qc/9906092.

[123] P. Jaranowski and G. Schäfer, “Third post-Newtonian higher order ADM Hamilton dynamics for two-body point-mass systems,” Phys. Rev. D 57 (1998) 7274–7291, arXiv:gr-qc/9712075.

[124] T. Damour, P. Jaranowski, and G. Schäfer, “Poincaré invariance in the ADM Hamiltonian approach to the general relativistic two-body problem,” Phys. Rev. D 62 (2000) 021501(R),

arXiv:gr-qc/0003051.

[125] T. Ledvinka, G. Schäfer, and J. Bičák, “Relativistic closed-form Hamiltonian for many-body gravitating systems in the post-Minkowskian approximation,” Phys. Rev. Lett. 100 (2008) 251101,

arXiv:0807.0214 [gr-qc].

[126] A. Einstein, L. Infeld, and B. Hoffmann, “The gravitational equations and the problem of motion,” Ann. Math. 39 (1938) 65–100.

[127] T. Futamase and Y. Itoh, “The post-Newtonian approximation for relativistic compact binaries,” Living Rev. Relativity 10 (2007) 2. http://www.livingreviews.org/lrr-2007-2.

[128] K. G. Arun, L. Blanchet, B. R. Iyer, and M. S. S. Qusailah, “Inspiralling compact binaries in quasi-elliptical orbits: The complete third post-Newtonian energy flux,” Phys. Rev. D 77 (2008) 064035, arXiv:0711.0302 [gr-qc].

L. Blanchet, G. Faye, B. R. Iyer, and S. Sinha, “The third post-Newtonian gravitational wave polarizations and associated spherical harmonic modes for inspiralling compact binaries in quasi-circular orbits,” Class. Quant. Grav. 25 (2008) 165003, arXiv:0802.1249 [gr-qc]. K. G. Arun, L. Blanchet, B. R. Iyer, and S. Sinha, “Third post-Newtonian angular momentum flux and the secular evolution of orbital elements for inspiralling compact binaries in quasi-elliptical orbits,” Phys. Rev. D 80 (2009) 124018, arXiv:0908.3854 [gr-qc].

[129] M. E. Pati and C. M. Will, “Post-Newtonian gravitational radiation and equations of motion via direct integration of the relaxed Einstein equations: Foundations,” Phys. Rev. D 62 (2000) 124015,

arXiv:gr-qc/0007087.

M. E. Pati and C. M. Will, “Post-Newtonian gravitational radiation and equations of motion via direct integration of the relaxed Einstein equations. II. Two-body equations of motion to second post-Newtonian order, and radiation reaction to 3.5 post-Newtonian order,” Phys. Rev. D 65 (2002) 104008, arXiv:gr-qc/0201001.

[130] J. B. Gilmore and A. Ross, “Effective field theory calculation of second post-newtonian binary dynamics,” Phys. Rev. D 78 (2008) 124021, arXiv:0810.1328 [gr-qc]. B. Kol and M. Smolkin, “Dressing the post-Newtonian two-body problem and classical effective field theory,” Phys. Rev. D 80 (2009) 124044, arXiv:0910.5222 [hep-th].

[131] C. M. Will, “Post-Newtonian gravitational radiation and equations of motion via direct integration of the relaxed Einstein equations. III. Radiation reaction for binary systems with spinning bodies,” Phys. Rev. D 71 (2005) 084027, arXiv:gr-qc/0502039.

H. Wang and C. M. Will, “Post-Newtonian gravitational radiation and equations of motion via direct integration of the relaxed Einstein equations. IV. Radiation reaction for binary systems with spin-spin coupling,” Phys. Rev. D 75 (2007) 064017, arXiv:gr-qc/0701047. J. Zeng and C. M. Will, “Application of energy and angular momentum balance to gravitational radiation reaction for binary systems with spin-orbit coupling,” Gen. Relativ. Gravit. 39 (2007) 1661–1673, arXiv:0704.2720 [gr-qc].

[132] L. Á. Gergely, Z. I. Perjés, and M. Vasúth, “Spin effects in gravitational radiation backreaction. III:

Compact binaries with two spinning components,” Phys. Rev. D 58 (1998) 124001, arXiv:gr-qc/9808063.

L. Á. Gergely, “Spin-spin effects in radiating compact binaries,” Phys. Rev. D 61 (1999) 024035,

arXiv:gr-qc/9911082.

L. Á. Gergely, “Second post-Newtonian radiative evolution of the relative orientations of angular momenta in spinning compact binaries,” Phys. Rev. D 62 (2000) 024007,

arXiv:gr-qc/0003037.

[133] C. Königsdörffer and A. Gopakumar, “Post-Newtonian accurate parametric solution to the dynamics of spinning compact binaries in eccentric orbits: The leading order spin-orbit interaction,” Phys. Rev. D 71 (2005) 024039, arXiv:gr-qc/0501011.

[134] M. Tessmer, “Gravitational waveforms from unequal-mass binaries with arbitrary spins under leading order spin-orbit coupling,” Phys. Rev. D 80 (2009) 124034,

arXiv:0910.5931 [gr-qc].

[135] P. Jaranowski, “Technicalities in the calculation of the 3rd post-Newtonian dynamics,” in Mathematics of Gravitation, Part II: Gravitational Wave Detection, A. Królak, ed., pp. 55–63. Banach Center Publications, Vol. 41, Part II, Warszawa, 1997.

[136] B. M. Barker and R. F. O’Connell, “Gravitational two-body problem with arbitrary masses, spins, and quadrupole moments,” Phys. Rev. D 12 (1975) 329–335. P. D. D’Eath, “Interaction of two black holes in the slow-motion limit,” Phys. Rev. D 12 (1975) 2183–2199.

K. S. Thorne and J. B. Hartle, “Laws of motion and precession for black holes and other bodies,” Phys. Rev. D 31 (1985) 1815–1837.

[137] B. M. Barker and R. F. O’Connell, “The gravitational interaction: Spin, rotation, and quantum effects—a review,” Gen. Relativ. Gravit. 11 (1979) 149–175.

[138] H. Tagoshi, A. Ohashi, and B. J. Owen, “Gravitational field and equations of motion of spinning compact binaries to 2.5 post-Newtonian order,” Phys. Rev. D 63 (2001) 044006,

arXiv:gr-qc/0010014.

[139] G. Faye, L. Blanchet, and A. Buonanno, “Higher-order spin effects in the dynamics of compact binaries. I. Equations of motion,” Phys. Rev. D 74 (2006) 104033, arXiv:gr-qc/0605139.

[140] M. Levi, “Next-to-leading order gravitational spin-orbit coupling in an effective field theory approach,” Phys. Rev. D 82 (2010) 104004, arXiv:1006.4139 [gr-qc]. R. A. Porto, “Next to leading order spin-orbit effects in the motion of inspiralling compact binaries,” Class. Quant. Grav. 27 (2010) 205001, arXiv:1005.5730 [gr-qc]. D. L. Perrodin, “Subleading spin-orbit correction to the Newtonian potential in effective field theory formalism,” in Proceedings of the 12th Marcel Grossmann Meeting on General Relativity. World Scientific, Singapore, 2010. arXiv:1005.0634 [gr-qc]. (to be published).

[141] M. Levi, “Next-to-leading order gravitational spin1-spin2 coupling with Kaluza-Klein reduction,” Phys. Rev. D 82 (2010) 064029, arXiv:0802.1508 [gr-qc].

[142] R. A. Porto and I. Z. Rothstein, “Calculation of the first nonlinear contribution to the general-relativistic spin-spin interaction for binary systems,” Phys. Rev. Lett. 97 (2006) 021101,

arXiv:gr-qc/0604099.

[143] R. A. Porto and I. Z. Rothstein, “Erratum: Next to leading order spin(1)spin(1) effects in the motion of inspiralling compact binaries,” Phys. Rev. D 81 (2010) 029905(E).