arXiv:1106.4298v3 [hep-th] 11 Oct 2011

TUW–11–11

Three-point correlators: Examples from

Lunin-Maldacena background

D. Arnaudov^⋆ and R. C. Rashkov^{†,⋆∗}

⋆ Department of Physics, Sofia University, 5 J. Bourchier Blvd, 1164 Sofia, Bulgaria

† Institute for Theoretical Physics, Vienna University of Technology, Wiedner Hauptstr. 8-10, 1040 Vienna, Austria

Abstract

Recently there has been progress on the calculation of three-point functions with two “heavy” operators via semiclassical methods. We extend this analysis to the case of the Lunin-Maldacena background, and examine the suggested procedure for several simple string solutions. By making use of AdS/CFT duality, we derive the relevant correlation functions of operators belonging to the dual N = 1 superconformal gauge theory, and recover an important relation connecting the dimensions of “heavy” states and the structure constants.

1 Introduction

One of the most active fields of research in theoretical physics in recent years has been the correspondence between the large N limit of gauge theories and string theory, and particularly the AdS/CFT correspondence [1]. Many impressive results from the duality between type IIB string theory on AdS_5 × S^5 and N = 4 super Yang-Mills theory [1, 2, 3] have been obtained, but much more lies beyond our knowledge. One of the things that lack proper understanding is the calculation of three-point functions of operators with large quantum numbers at strong coupling ( √ λ ≫ 1). Although the problem remains unsolved in general, recently there has been progress in the semiclassical calculation of two-, three-,

∗e-mail: rash@hep.itp.tuwien.ac.at.

and four-point correlation functions with two “heavy” operators [4]–[27]. Motivated by these studies, we consider the correlation functions of two “heavy” operators and one dilaton in γ-deformed SYM, applying the methods suggested in [4, 7]. The dual N = 1 field theory arises as an exactly marginal deformation of N = 4 SYM [28, 29].

The paper is organized as follows. In the next section we give a short review of the procedure for computing semiclassically three-point functions with dilaton “light” operator. Next, we proceed with the calculation of correlators corresponding to some simple string solutions in Lunin-Maldacena background. We conclude with a brief discussion on the results.

2 Calculation of three-point correlators

Let us consider backgrounds of the form AdS_5 ×Y , where Y is a compact five-dimensional manifold. We will use Poincare coordinates (z, x) for the AdS part, so the boundary will be a four-dimensional Minkowski space with coordinates x. As was shown in [7], the correlation function of two “heavy” boundary operators and the dilaton ϕ at strong coupling assumes the following form ⟨O_A(x_i)O^∗_A(x_f )L(y)⟩ ≈ I_ϕ[X̄(τ, σ), s̄; y] |x_i − x_f |^{2ΔA} , (2.1)

where we have used that the dilaton field sources the Lagrangian density near the boundary, and Δ_A is the scaling dimension of the “heavy” operators. With a slight abuse of notation I_ϕ[X̄, s̄; y] = i ∫_{s̄/2} −s̄/2 dτ ∫ dσ δS_P [X̄, s̄, ϕ] δϕ | | |_{ϕ=0} K^ϕ(

X̄; y) . (2.2)

This equation can be obtained by taking a functional derivative of the partition function, and then setting the dilaton to zero. The bulk-to-boundary propagator in (2.2) comes from the supergravity part of the partition function, and has the following form [30]

K_ϕ(X̄; y) = K_ϕ(z(τ), x(τ); y) = 6 π^2 ( z(τ) z^2(τ) − (x(τ) − y)^2

)_4 . (2.3)

In addition, s̄ is the saddle-point value of the modular parameter s on the worldsheet cylinder, whose minimization of area gives ⟨O_A(x_i)O^∗_A(x_f )⟩. X̄ stands for a classical solution to the equations of motion, which corresponds to an operator with large quantum numbers in the dual gauge theory, namely O_A. In what follows, we will confine ourselves to solutions which are point-particle in AdS. They are described with

z = z(τ) = R/cosh κτ , (2.4a) x = x(τ) = R tanh κτ + x_0 . (2.4b)

As was shown in [4] κ ≈ 2 s ln x_f ε , R ≈ x_0 ≈ x_f 2 , (2.5)

where ε is an ultraviolet cutoff, and κ is defined through t = κτ. Also, the Polyakov action in conformal gauge is S_P [X̄, s̄, ϕ] = −g ∫_{s̄/2} −s̄/2 dτ ∫ dσ e^{ϕ/2} ( η^{αβ}∂_αX̄^A∂_βX̄^Bg_{AB} − ϵ^{αβ} ∂_αX̄^A∂_βX̄^B B_{AB} ) , (2.6)

where g ≡^{√λ}_{4π} is the coupling, g_{AB} is the background metric, ϵ^{01} = 1, and B_{AB} is the NS-NS 2-form field.

The detailed analysis in [4] shows that there is a subtlety in obtaining the string propagator, so that the classical solution for the cylinder coincides with the classical state. Therefore, when calculating s̄ we have to consider

S̃_P = S_P − ∫_{s/2} −s/2 dτ ∫ dσ Π^AẊ_A , (2.7)

which is equal to minus the integral of the Hamiltonian. It was shown in [15] that, strictly speaking, we have to use the Routhian instead of minus the Hamiltonian, but they coincide in our case.

Also, the following relation is expected to hold (analyzed for AdS_5 × S^5 in [7, 8]) ⟨O_A(0)O^∗_A(x_f )L(y)⟩ ≈ − 1 2π^2 g^2∂Δ_A ∂g^2 x^{4−2ΔA} f y^4(x_f − y)^4

. (2.8)

3 Three-point functions from Lunin-Maldacena

In this section we apply the methods described in the previous one to particular string solutions in Lunin-Maldacena background. The metric and B-field are given by [31]

ds^2_{str}/R^2_{str} = dz^2 + dx^2

z^2 + 3∑ i=1 (dρ^2_i + Gρ^2_i dϕ^2_i ) + γ̃^2Gρ^2_1ρ^2ρ^2_3

(_3 ∑ i=1 dϕ_i )_2 , (3.1)

B_2/R^2_{str} = γ̃G(ρ^2_1ρ^2dϕ_1dϕ_2 + ρ^2ρ^2_3dϕ_2dϕ_3 + ρ^2_3ρ^2_1dϕ_3dϕ_1) , (3.2)

G^{−1} ≡ 1 + γ̃^2(ρ^2_1ρ^2 + ρ^2ρ^2_3 + ρ^2_1ρ^2_3) , ρ_1 = sin α cos θ , ρ_2 = sin α sin θ , ρ_3 = cos α .

Here γ̃ = γ √ λ is the deformation parameter, and we shall assume that it is independent of the coupling.

3.1 Circular rotating string with two equal spins in S^5_{γ̃}

The simplest nontrivial spinning string solution in Lunin-Maldacena background is the circular rotating string with two equal spins [32]. It is contained in the subspace α = π 2 , θ = π 4 , ϕ_1 = ωτ + mσ , ϕ_2 = ωτ − mσ . (3.3)

Assuming that both angular momenta J_{1,2} corresponding to the angles ϕ_{1,2} are positive, it follows that

J_1 = J_2 ≡ J 2 , J = 4πgG ( ω − γ̃m 2 ) , G^{−1} = 1 + γ̃^2 4 . (3.4)

This solution has a smooth limit to the undeformed case γ̃ → 0. The corresponding energy is E = √ J^2 + ( 4πgm + γ̃J 2 )_2

. (3.5)

The “heavy” operators in the dual gauge theory are of the kind O_A ∼ Tr(Φ^J_1 Φ^J_2 ), where Φ_i are complex scalars corresponding to the bulk quantities Φ_i = ρ_ie^{iϕi} .

Let us apply now the procedure outlined briefly in the previous section. For the Polyakov action in this case we have

S_P [X̄, s, ϕ = 0] = g 2 ∫_{s/2} −s/2 dτ ∫_{2π} 0 dσ [ 2κ^2 + G(ϕ̇_1^2 − ϕ^′_1^2 + ϕ̇_2^2 − ϕ^′_2^2) + γ̃G(ϕ̇_1ϕ^′_2 − ϕ^′_1ϕ̇_2) ]

= 2πg [ 4 s^2 log^2 x_f ε + G(ω^2 − m^2 − γ̃ωm) ] s , (3.6)

where relation (2.5) is used. The modified action (2.7) in this case takes the form

S̃_P [X̄, s, ϕ = 0] = 2πg [ 4 s^2 log^2 x_f ε − G(ω^2 + m^2) ] s . (3.7)

The saddle point with respect to the modular parameter s is given by

s̄ = 2i √ G(ω^2 + m^2) log ε x_f , (3.8)

which together with (2.5) implies the Virasoro constraint κ = i √ G(ω^2 + m^2). Therefore, it follows that ⟨O_A(0)O^∗_A(x_f )⟩ ∼ e^{iS̃P [X̄,s̄,ϕ=0]} = ( ε x_f )_{8πg}√_{G(ω}2_{+m}2_) . (3.9)

It can be shown straightforwardly that 4πg √ G(ω^2 + m^2) = E, so that Δ_A = E in agreement with the AdS/CFT prediction.

Now we turn to the derivation of the three-point function. First we evaluate I_ϕ[X̄, s; y] = 3ig π^2 ∫_{s/2} −s/2 dτ ∫_{2π} 0 dσ [ κ^2 + G(ω^2 − m^2 − γ̃ωm) ]( z z^2 + (x − y)^2

)_4

= igs 4π log^{xf}_ε [ 4 s^2 log^2 x_f ε + G(ω^2 − m^2 − γ̃ωm) ] x^4_f y^4(x_f − y)^4

. (3.10)

At the saddle point (3.8) we get I_ϕ[X̄, s̄; y] = − gm πE ( 4πgm + γ̃J 2 ) x^4_f y^4(x_f − y)^4

. (3.11)

Therefore, the final expression for the three-point correlation function is ⟨O_A(0)O^∗_A(x_f )L(y)⟩ ≈ − gm √ E^2 − J^2 πE x^{4−2E}_f y^4(x_f − y)^4

. (3.12)

With some effort it can be seen that indeed (2.8) holds, provided that J and m are kept constant.

3.2 Giant magnon and spiky string

The simplest giant magnon (spiky string) solution in Lunin-Maldacena background assumes the following form [33] α = π 2 , θ = θ(η) , ϕ_1 = ω_1τ + f_1(η) , ϕ_2 = ω_2τ + f_2(η) , (3.13)

where η = ασ + βτ. We require that one of the turning points of θ occurs at θ = π/2. Then two cases can be differentiated – giant magnon and spiky string.

Giant magnon For the case of giant magnon we have the following equations of motion

f^′_1 = − cos^2 θ α^2 − β^2 ( βω_1 sin^2 θ

+ γ̃αω_2 + γ̃^2βω_1 ) , (3.14a)

f^′_2 = βω_2 + γ̃αω_1 sin^2 θ α^2 − β^2

, (3.14b)

θ^′ = αΩ_0 (α^2 − β^2) cos θ sin θ √ sin^2 θ − sin^2 θ_0 , (3.14c)

where we have defined

sin θ_0 = βω_1 αΩ_0

, Ω_0 = √ ω^2_1 − ( ω_2 + γ̃ βω_1 α )_2

. (3.15)

The corresponding dispersion relation is

E − J_1 = √ J^2_2 + 16g^2 sin^2 ( Δϕ_1 2 − γ̃ J_2 4g ) , (3.16)

where Δϕ_1 is the angular difference, which is related to the momentum p of the magnon excitation on the spin chain in the following way

Δϕ_1 = p − 2πγ̃ + γ̃

J_2 2g . (3.17)

Let us apply now the procedure outlined briefly in the previous section. For the Polyakov action we have

S_P [X̄, s, ϕ = 0] = gs α ∫_∞ −∞ dη { 4 s^2 log^2 x_f ε + (β^2 − α^2)θ^{′2} + G sin^2 θ [ (ω_1 + βf^′_1)^2 − α^2f^{′2}_1 ]

+ G cos^2 θ [ (ω_2 + βf^′_2)^2 − α^2f^{′2}_2 ] + 2γ̃Gα sin^2 θ cos^2 θ(ω_1f^′_2 − ω_2f^′_1) } , (3.18)

where G^{−1} = 1 + γ̃^2 sin^2 θ cos^2 θ, and again relation (2.5) is used. The modified action (2.7) in this case is S̃_P [X̄, s, ϕ = 0] = gs α ∫_∞ −∞ dη { 4 s^2 log^2 x_f ε − (α^2 + β^2)θ^{′2} − G sin^2 θ [ α^2f^{′2}_1 + (ω_1 + βf^′_1)^2 ]

− G cos^2 θ [ α^2f^{′2}_2 + (ω_2 + βf^′_2)^2 ]} = gs α ∫_∞ −∞ dη ( 4 s^2 log^2 x_f ε − ω^2_1 ) . (3.19)

The saddle point with respect to the modular parameter s is given by

s̄ = 2i ω_1 log ε x_f , (3.20)

which together with (2.5) implies κ = iω_1. Therefore, in agreement with the AdS/CFT prediction

⟨O_A(0)O^∗_A(x_f )⟩ ∼ ( ε x_f )_{2E} =⇒ Δ_A = 2gω_1 α ∫_∞ −∞ dη = 4gω_1 α ∫_{π/2} θ_0 dθ θ^′ = E . (3.21)

Now we turn to the derivation of the three-point function. We evaluate at the saddle point (3.20) I_ϕ[X̄, s̄; y] = − g π^2ω_1 x^4_f y^4(x_f − y)^4 ∫_{π/2} θ_0 dθ θ^′ [ αθ^{′2} + Gα sin^2 θf^{′2}_1 + Gα cos^2 θf^{′2}_2 (3.22)

− γ̃G sin^2 θ cos^2 θ(ω_1f^′_2 − ω_2f^′_1) ] = − 1 4π^2 ( E − J_1 − J^2_2 E − J_1 + γ̃ βJ_2 α ) x^4_f y^4(x_f − y)^4 .

Thus, the final expression for the three-point correlator is ⟨O_A(0)O^∗_A(x_f )L(y)⟩ ≈ − 1 4π^2 ( E − J_1 − J^2_2 E − J_1 + γ̃ βJ_2 α ) x^{4−2E}_f y^4(x_f − y)^4

. (3.23)

It can be seen straightforwardly that (2.8) holds, provided that J_1, J_2, Δϕ_1 are constant.

Spiky string For the case of spiky string the equations of motion are

f^′_1 = 1 α^2 − β^2 ( βω_1 − α^2ω_1 β sin^2 θ − γ̃α √ ω^2_1 − Ω^2_1 cos^2 θ ) , (3.24a)

f^′_2 = βω_2 + γ̃αω_1 sin^2 θ α^2 − β^2

, (3.24b)

θ^′ = αΩ_1 (α^2 − β^2) cos θ sin θ √ sin^2 θ − sin^2 θ_1 , (3.24c)

where

sin θ_1 = αω_1 βΩ_1

, Ω_1 = √ ω^2_1 − ( ω_2 + γ̃ αω_1 β )_2

. (3.25)

The energy in this case is

E = 4g arcsin √ J^2_1 − J^2_2 4g + 2gΔϕ_1 + γ̃J_2 , (3.26)

where again Δϕ_1 is the angular difference.

For the Polyakov action we obtain again (3.18) with G^{−1} = 1 + γ̃^2 sin^2 θ cos^2 θ, where equations (3.24) should be plugged in. The modified action (2.7) takes the form S̃_P [X̄, s, ϕ = 0] = gs α ∫_∞ −∞ dη ( 4 s^2 log^2 x_f ε − α^2ω^2_1 β^2 ) . (3.27)

The saddle point with respect to the modular parameter s is provided by

s̄ = 2iβ αω_1 log ε x_f , (3.28)

which implies κ = iαω_1/β. Thus, one can obtain

⟨O_A(0)O^∗_A(x_f )⟩ ∼ ( ε x_f )_{2E} =⇒ Δ_A = 2gω_1 β ∫_∞ −∞ dη = 4gω_1 β ∫_{θ1} π/2 dθ θ^′ = E , (3.29)

which again is in agreement with the AdS/CFT prediction.

In order to derive the three-point correlator we evaluate at the saddle point (3.28) I_ϕ[X̄, s̄; y] = − βg π^2αω_1 x^4_f y^4(x_f − y)^4 ∫_{θ1} π/2 dθ θ^′ [ αθ^{′2} + Gα sin^2 θf^{′2}_1 + Gα cos^2 θf^{′2}_2 (3.30)

− γ̃G sin^2 θ cos^2 θ(ω_1f^′_2 − ω_2f^′_1) ] = − 1 4π^2 [ E + βJ_1 α ( 1 − J^2_2 J^2_1 ) − γ̃J_2 ] x^4_f y^4(x_f − y)^4 . Therefore, we obtain finally for the three-point function ⟨O_A(0)O^∗_A(x_f )L(y)⟩ ≈ − 1 4π^2 [ E + βJ_1 α ( 1 − J^2_2 J^2_1 ) − γ̃J_2 ] x^{4−2E}_f y^4(x_f − y)^4

. (3.31)

Again it can be seen that (2.8) holds, provided that J_1, J_2, Δϕ_1 are kept independent of the coupling.

4 Conclusion

In this paper we apply the ideas for the calculation of correlation functions developed for AdS_5 × S^5 in [4, 7] to the case of Lunin-Maldacena background. We examine the method in the cases of various string solutions for which the spectroscopy of the anomalous dimensions is elaborated. The string theory side computation of the correlators reproduces the correct anomalous dimensions as predicted by the AdS/CFT correspondence and the exact conformal dependence on the three points at the boundary. Also, a careful analysis has shown that the structure constants of the correlation functions are given by −g^2∂Δ_A/∂g^2. We checked this relation for all considered correlators and found perfect agreement.

The correlation functions we obtained here should be regarded only as a first step. For example, one can consider other string solutions like finite giant magnons. Also, it would be interesting to extend our results to other “light” operators, especially the superconformal primary scalar.

Acknowledgments

The authors would like to thank P. Bozhilov and H. Dimov for valuable discussions and careful reading of the paper. This work was supported in part by the Austrian Research Funds FWF P22000 and I192, and NSFB DO 02-257.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [arXiv:hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].

[3] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[4] R. A. Janik, P. Surowka, and A. Wereszczynski, “On correlation functions of operators dual to classical spinning string states,” JHEP 1005, 030 (2010) [arXiv:1002.4613].

[5] E. I. Buchbinder and A. A. Tseytlin, “On semiclassical approximation for correlators of closed string vertex operators in AdS/CFT,” JHEP 1008, 057 (2010) [arXiv:1005.4516].

[6] K. Zarembo, “Holographic three-point functions of semiclassical states,” JHEP 1009, 030 (2010) [arXiv:1008.1059].

[7] M. S. Costa, R. Monteiro, J. E. Santos, and D. Zoakos, “On three-point correlation functions in the gauge/gravity duality,” JHEP 1011, 141 (2010) [arXiv:1008.1070].

[8] R. Roiban and A. A. Tseytlin, “On semiclassical computation of 3-point functions of closed string vertex operators in AdS_5 × S^5,” Phys. Rev. D 82, 106011 (2010) [arXiv:1008.4921].

[9] R. Hernández, “Three-point correlation functions from semiclassical circular strings,” J. Phys. A 44, 085403 (2011) [arXiv:1011.0408].

[10] S. Ryang, “Correlators of Vertex Operators for Circular Strings with Winding Numbers in AdS_5 × S^5,” JHEP 1101, 092 (2011) [arXiv:1011.3573].

[11] G. Georgiou, “Two and three-point correlators of operators dual to folded string solutions at strong coupling,” JHEP 1102, 046 (2011) [arXiv:1011.5181].

[12] J. G. Russo and A. A. Tseytlin, “Large spin expansion of semiclassical 3-point correlators in AdS_5 × S^5,” JHEP 1102, 029 (2011) [arXiv:1012.2760].

[13] C. Park and B. Lee, “Correlation functions of magnon and spike,” Phys. Rev. D 83, 126004 (2011) [arXiv:1012.3293].

[14] E. I. Buchbinder and A. A. Tseytlin, “Semiclassical four-point functions in AdS_5 × S^5,” JHEP 1102, 072 (2011) [arXiv:1012.3740].

[15] D. Bak, B. Chen, and J. Wu, “Holographic Correlation Functions for Open Strings and Branes,” JHEP 1106, 014 (2011) [arXiv:1103.2024].

[16] A. Bissi, C. Kristjansen, D. Young, and K. Zoubos, “Holographic three-point functions of giant gravitons,” JHEP 1106, 085 (2011) [arXiv:1103.4079].

[17] D. Arnaudov, R. C. Rashkov, and T. Vetsov, “Three- and four-point correlators of operators dual to folded string solutions in AdS_5 × S^5,” Int. J. Mod. Phys. A 26, 3403 (2011) [arXiv:1103.6145].

[18] R. Hernández, “Three-point correlators for giant magnons,” JHEP 1105, 123 (2011) [arXiv:1104.1160].

[19] X. Bai, B. Lee, and C. Park, “Correlation function of dyonic strings,” Phys. Rev. D 84, 026009 (2011) [arXiv:1104.1896].

[20] L. F. Alday and A. A. Tseytlin, “On strong-coupling correlation functions of circular Wilson loops and local operators,” [arXiv:1105.1537].

[21] C. Ahn and P. Bozhilov, “Three-point Correlation functions of Giant magnons with finite size,” [arXiv:1105.3084].

[22] B. Lee and C. Park, “Finite size effect on the magnon’s correlation functions,” [arXiv:1105.3279].

[23] T. Klose and T. McLoughlin, “A light-cone approach to three-point functions in AdS_5 × S^5,” [arXiv:1106.0495].

[24] D. Arnaudov and R. C. Rashkov, “Quadratic corrections to three-point functions,” [arXiv:1106.0859].

[25] C. Ahn and P. Bozhilov, “Three-point Correlation Function of Giant Magnons in the Lunin-Maldacena background,” [arXiv:1106.5656].

[26] G. Georgiou, “SL(2) sector: weak/strong coupling agreement of three-point correlators,” [arXiv:1107.1850].

[27] P. Bozhilov, “More three-point correlators of giant magnons with finite size,” JHEP 1108, 121 (2011) [arXiv:1107.2645].

[28] R. G. Leigh and M. J. Strassler, “Exactly marginal operators and duality in four dimensional N = 1 supersymmetric gauge theory,” Nucl. Phys. B 447, 95 (1995) [arXiv:hep-th/9503121].

[29] D. Berenstein, V. Jejjala, and R. G. Leigh, “Marginal and Relevant Deformations of N=4 Field Theories and Non-Commutative Moduli Spaces of Vacua,” Nucl.Phys. B 589, 196 (2000) [arXiv:hep-th/0005087].

[30] D. Z. Freedman, S. D. Mathur, A. Matusis, and L. Rastelli, “Correlation functions in the CFT(d)/AdS(d+1) correspondence,” Nucl. Phys. B 546, 96 (1999) [arXiv:hepth/9804058].

[31] O. Lunin and J. Maldacena, “Deforming field theories with U(1) × U(1) global symmetry and their gravity duals,” JHEP 0505, 033 (2005) [arXiv:hep-th/0502086].

[32] S. A. Frolov, R. Roiban, and A. A. Tseytlin, “Gauge-string duality for superconformal deformations of N = 4 Super Yang-Mills theory,” JHEP 0507, 045 (2005) [arXiv:hepth/0503192].

[33] N. P. Bobev and R. C. Rashkov, “Spiky Strings, Giant Magnons and β-deformations,” Phys. Rev. D 76, 046008 (2007) [arXiv:0706.0442].