arXiv:1106.4859v1 [gr-qc] 23 Jun 2011

Spacetime torsion as a possible remedy to major problems in gravity and cosmology

Nikodem J. Popławski Department of Physics, Indiana University, Swain Hall West, 727 East Third Street, Bloomington, Indiana 47405, USA^∗ (Dated: June 27, 2011)

We show that the Einstein-Cartan-Sciama-Kibble theory of gravity with torsion not only extends general relativity to account for the intrinsic spin of matter, but it may also eliminate major problems in gravitational physics and answer major questions in cosmology. These problems and questions include: the origin of the Universe, the existence of singularities in black holes, the nature of inflation and dark energy, the origin of the matter-antimatter asymmetry in the Universe, and the nature of dark matter.

The big-bang cosmology, based on Einstein’s general theory of relativity (GR), successfully describes primordial nucleosynthesis and predicts the cosmic microwave background radiation. It does not, however, address some fundamental questions. What is the origin of the rapid expansion of the Universe from an initial, extremely hot and dense state? What is the nature of dark energy? And what caused the observed asymmetry between matter and antimatter in the Universe? The validity of GR also breaks inside black holes and at the beginning of the big bang, where the matter is predicted to compress indefinitely to curvature singularities. The big-bang cosmology also requires an inflationary scenario with additional fields to explain why the present Universe appears spatially flat, homogeneous and isotropic. In this essay, we briefly describe how the solution to the above questions and problems may come from an old adaptation of GR, the Einstein-Cartan-Sciama-Kibble (ECSK) theory of gravity [1–3]. This classical theory naturally extends GR to account for the quantum-mechanical, intrinsic angular momentum (spin) of elementary particles that compose gravitating matter, causing spacetime to exhibit a geometric property called torsion.

The ECKS gravity is based on the gravitational Lagrangian density proportional to the curvature scalar, as in GR. This theory, however, removes the GR restriction of the affine connection Γ^k_{i j} be symmetric. Instead, the antisymmetric part of the connection S^k_{ij} = Γ^k_{[i j]} (torsion tensor) is regarded as a dynamical variable like the metric tensor g_{ik}. Varying the total action for the gravitational field and matter with respect to the metric gives the Einstein equations that relate the curvature to the dynamical energy-momentum tensor T_{ik} = (2/ √ −g)δL/δg^{ik}, where L is the matter Lagrangian density and g = det(g_{ik} ) [4]. These equations can be written in a GR form as G_{ik} = κ(T_{ik} + U_{ik}), where the source is the modified energy-momentum tensor with an additional term U_{ik} quadratic in the torsion tensor. G_{ik} is the standard Einstein tensor and κ = 8πG/c^4. These equations can also be written as R_{ik} − R^j g_{ik}/2 = κθ_{ik}, where R_{ik}(Γ) is the Ricci tensor of the connection and θ_{ik} is the canonical energy-momentum tensor.

Varying the total action with respect to the torsion gives the Cartan equations [1–3], S_{jik} − S^l_{il}g_{jk} + S^l_{kl}g_{ji} = − 1 2 κs_{ikj} . (1) These equations relate the torsion tensor to the spin tensor of matter s^k_{ij} = (2/ √ −g)δL/δC^{ij}_k, where C^{ij}_k is the contortion tensor. Since they are linear and algebraic, the torsion tensor vanishes outside material bodies where the spin density is zero.

Upon substituting (1), the tensor U_{ik} becomes [1, 2]

U^{ik} = 1 2 κ ( s^{ij}_j s^{kl}_l − s^{ij}_ls^{kl}_j − s^{ijl}s^k_{jl} + 1 2 s^{jli}s^k_{jl} + 1 4 g^{ik}(2s^l_{j m}s^{jm}_l − 2s^l_{j l}s^{jm}_m + s^{jlm}s_{jlm}) ) . (2)

The contribution to the curvature from the spin is proportional to κ^2, so it is significant only at densities of matter much larger than the nuclear density. Such extremely high densities existed in the very early Universe and exist inside black holes. In other physical situations, the ECSK gravity effectively reduces to GR, passing its experimental and observational tests.

Quarks and leptons, which carry the 1/2 intrinsic spin, are the most relevant source of torsion because the torsion tensor appears in the Dirac Lagrangian via the covariant derivative of a spinor with respect to the affine connection [1–3]. The spin tensor for a Dirac spinor ψ is totally antisymmetric and it is given by [1–3] s^{ijk} = iℏc 2 ψ̄γ^{[i}γ^j γ^{k]}ψ, (3)

∗Electronic address: nipoplaw@indiana.edu

where ψ̄ is the Dirac conjugate spinor and γ^i are the Dirac matrices γ^{(i}γ^{j)} = 2g^{ij} . Because of the Cartan equations (1), the torsion tensor is quadratic in spinor fields. Its substitution into the Dirac equation gives the cubic Hehl-Datta equation for ψ [5, 6]. iℏγ^kψ_{:k} = mcψ − 3κcℏ^2 8 (ψ̄γ^5γ_kψ)γ^5γ^kψ, (4)

where the colon denotes a GR covariant derivative (with respect to the Christoffel symbols) and m is the mass of the fermion. For a spinor with electric charge q in the presence of the electromagnetic potential A_k , ψ_{:k} is generalized to ψ_{:k} − iqA_kψ/(ℏc), so that (4) becomes iℏγ^kψ_{:k} + q c A_kγ^kψ = mcψ − 3κcℏ^2 8 (ψ̄γ^5γ_kψ)γ^5γ^kψ. (5)

The second term on the right of (4) corresponds to an effective axial-axial, four-fermion interaction [1, 5],

L_e = 3κcℏ^2 √ −g 16 (ψ̄γ^5γ_kψ)(ψ̄γ^5γ^kψ). (6)

Although such an interaction term appears nonrenormalizable, L_e is an effective Lagrangian density in which only the metric tensor and spinor fields are dynamical variables. The original Lagrangian density for a Dirac field, in which the torsion tensor is also a dynamical variable (leading to the Hehl-Datta equation), is quadratic in spinor fields and hence renormalizable.

At macroscopic scales, the contributions to torsion from fermions must be averaged. Applying the Papapetrou- Nomura-Shirafuji-Hayashi method of multipole expansion in the Riemann-Cartan spacetime [7] to the conservation law for the spin density, s^{ijk}_{,k} − Γ^i_{l k}s^{jlk} + Γ^j_{l k}s^{ilk} − 2θ^{[ij]} = 0 (which results from the Bianchi identities in the ECSK gravity [1–3]), yields in the point-particle approximation

s^k_{ij} = s_{ij} u^k, s_{ij} u^j = 0, (7)

where u^i is the four-velocity of the macroscopic matter and s_{ij} is a tensor. The relations (7) describe a Weyssenhoff spin fluid [8]. The macroscopic canonical energy-momentum tensor of a spin fluid is

θ_{ij} = cΠ_iu_j − p(g_{ij} − u_iu_j ), (8)

where Π_i is the four-momentum density and p is its pressure.

Even if the spin orientation of particles is random, the macroscopic spacetime average of terms that are quadratic in the spin tensor does not vanish. In this case, the Einstein equations give [9, 10] G^{ij} = κ ( ϵ − 1 4 κs^2 ) u^iu^j − κ ( p − 1 4 κs^2 ) (g^{ij} − u^iu^j ), (9)

where ϵ = cΠ_iu^i is the rest energy density and

s^2 = s_{ij} s^{ij} /2 = (ℏcn)^2/8 > 0 (10)

is the average square of the spin density (n being the fermion number density) [11]. Thus the Einstein-Cartan equations for a spin fluid are equivalent to the Einstein equations for a perfect fluid with the effective energy density ϵ − κs^2/4 and the effective pressure p − κs^2/4.

The Friedman equations for a closed Friedman-Lemaître-Robertson-Walker (FLRW) universe filled with a spin-fluid relativistic matter are given by [10, 12]

ȧ^2 + 1 = 1 3 κ ( ϵ − 1 4 κs^2 ) a^2, (11) d dt ( (ϵ − κs^2/4)a^3 ) + (p − κs^2/4) d dt (a^3) = 0, (12)

where a is the cosmic scale factor. The relative sign between ϵ and κs^2/4 in the effective energy density is negative. Accordingly, torsion manifests itself as a force that counters gravitational attraction. The conservation law (12) implies that s^2 scales with the cosmic scale factor as ∼ a^{−6}, whereas ϵ (in the early, ultrarelativistic Universe) scales as ∼ a^{−4}. Torsion therefore prevents the collapsing spin-fluid matter from reaching a singularity [10, 12] (the avoidance of singularities for matter composed of oriented spins has been shown in [13]). Instead, the Universe has a minimum but finite scale factor at which κs^2/4 = ϵ. Accordingly, the singular big bang is replaced by a nonsingular big bounce from a contracting universe [14]. This result agrees with Hawking-Penrose singularity theorems because the contribution from torsion violates energy conditions at high densities [9]. Interestingly, loop quantum gravity also predicts a cosmic bounce [15].

The Friedman equation (11) can be written as the evolution equation for the total density parameter Ω [16]:

Ω = 1 +

(Ω_0 − 1)â^4 Ω_{R0}â^2 + Ω_{S0}

, (13)

where â = a/a_0 (a_0 being the present scale factor), Ω_0 is the present-day total density parameter, Ω_{R0} is the presentday radiation density parameter, and Ω_{S0} = −κs^2_0/(4ϵ_c) is the present-day torsion density parameter (s^2_0 being the present value of s^2 and ϵ_c/c^2 being the present critical density). In GR, Ω_{S0} does not appear in (13), so Ω tends to 1 as a → 0, introducing the flatness problem in big-bang cosmology because Ω at the GUT epoch must have been tuned to 1 to a precision of more than 52 decimal places in order for Ω to be near 1 today. The horizon problem is related to the above flatness problem.

In the ECSK gravity, the function (13) tends to infinity as a tends to its minimum value, and has a local minimum where it is equal to 1 − 4Ω_{S0}(Ω_0 − 1)/Ω^2_{R0} ≈ 1 + 10^{−63}. As the Universe expands, Ω rapidly decreases from infinity to the local minimum and then increases according to the standard dynamics. Thus the apparent fine tuning of Ω in the very early Universe is naturally caused by the extremely small in magnitude, negative torsion density parameter Ω_S , solving the flatness problem without cosmic inflation [16]. The velocity of the point that is antipodal to the coordinate origin is ȧ = π(Ω − 1)^{−1/2} c. At the point where Ω has a minimum, such a velocity has a maximum where it is πΩ_{R0}(−Ω_{S0}(Ω_0 − 1))^{−1/2}/2 c ≈ 10^{32} c. Therefore, the value of Ω_{S0} causes that the Universe, expanding from its minimum size, forms approximately 10^{32} causally disconnected volumes from a single causally connected region of spacetime, solving the horizon problem without cosmic inflation [16].

Before the bounce at the minimum size, the Universe was contracting. Since the matter inside a black hole, instead of compressing to a singularity, rebounds and begins to expand, a natural scenario follows according to which every black hole produces a new, closed nonsingular universe inside [17]. Extremely strong gravitational fields near the bounce cause an intense pair production, which generates the observed amount of mass and increases the energy density [18]. Such a particle production does not change the total (matter plus gravitational field) energy of the resulting FLRW universe [19]. The equation of state of the matter remains stiff, ϵ = p, until the bounce [20, 21]. After the bounce, the matter begins to expand as a new universe with mass [22]

M_{univ} ≈

M^2_{BH}m_n

m^2_{Pl}

, (14)

where m_n is the mass of a neutron, m_{Pl} is the Planck mass, and M_{BH} is the mass of the black hole for observers outside it. Such an expansion is not visible for those observers, in whose frame of reference the horizon’s formation and all subsequent processes occur after infinite time. The new universe is thus a separate spacetime branch with its own timeline. Such a universe can grow infinitely large if the cosmological constant Λ is present and if its total mass M_{univ} > c^2/(3G √ Λ) [3, 23], otherwise it would expand to a finite maximum size and then contract to the next bounce [12]. Equaling M_{univ} to the mass of our Universe, which obeys the above inequality, gives M_{BH} ∼ 10^3 M_⊙. The Universe may therefore have originated from the interior of an intermediate-mass black hole.

Although the ECKS gravity are time-symmetric, the boundary conditions of a universe in a black hole are not, because the motion of matter through the event horizon of a black hole is unidirectional. The time-asymmetric collapse of matter through the event horizon therefore defines the arrow of time of such a universe before the subsequent expansion [16].

Torsion, via the Hehl-Datta equation (4), may also explain the nature of dark energy, the observed matter-antimatter imbalance in the Universe and the origin of dark matter. If fermion fields have a nonzero vacuum expectation value than the corresponding four-fermion interaction term (6) acts like a cosmological constant [24],

Λ = (3κ^2cℏ^2/16)⟨0|(ψ̄γ^5γ_kψ)(ψ̄γ^5γ^kψ)|0⟩. (15)

For condensing quarks, such a torsion-induced cosmological constant is positive and its energy scale is only about 8 times larger than the observed value [24, 25]: Λ = κ^2cℏ^2 3 ( ⟨0|ψ̄ψ|0⟩ )_2 ∝ λ^6_{QCD} m^2_{Pl}

, (16) where λ_{QCD} is the QCD scale parameter of the SU(3) gauge coupling constant. The classical Hehl-Datta equation also turns out to be asymmetric under a charge-conjugation transformation. For the charge-conjugate spinor field ψ^c = −iγ^2ψ^∗, (5) becomes [26]: iℏγ^kψ^c_{:k} − q c A_kγ^kψ^c = mcψ^c + 3κcℏ^2 8 (ψ^cγ^5γ_kψ^c)γ^5γ^kψ^c. (17)

A classical Dirac spinor and its charge-conjugate therefore satisfy different field equations, which leads to their decay asymmetry at extremely high densities in the early Universe [26]. This asymmetry may be responsible for a scenario, according to which dark matter is composed of antimatter [27].

Lastly, quantum field theory based on the Hehl-Datta equation may avert divergent integrals in calculating radiative corrections. It has been shown in [28] that a nonlinear spinor theory resulting from a cubic equation iℏγ^kψ_{,k} = mcψ ± l^2(ψ̄ψ)ψ, where l^2 = const, may exhibit self-regulation of its ultraviolet behavior. A similar propagator self-regulation should therefore occur for the Hehl-Datta equation. In addition, the multipole expansion applied to Dirac fields in the ECSK gravity shows that such fields cannot form singular, point-like configurations because these configurations would violate the conservation law for the spin density and thus the Bianchi identities [29]. Instead, they describe nonsingular particles whose spatial dimensions are at least on the order of their Cartan radii r_C , defined by a condition ϵ ∼ κs^2 [30], where ϵ ∼ mc^2|ψ|^2, √ s^2 ∼ ℏc|ψ|^2, and the wave function ψ ∼ r^{−3/2}_C [29]. Accordingly, the de Broglie energy associated with the Cartan radius of a fermion (∼ 10^{−27} m for an electron) should introduce an effective ultraviolet cutoff for such a fermion in quantum field theory in the ECKS spacetime [29]. The avoidance of divergences in radiative corrections in quantum field theory may thus come from the same mechanism that can prevent the formation of singularities from matter composed of quarks and leptons: from spacetime torsion coupled to intrinsic spin.

As a final remark, we note that although there exist many other theories of gravity with torsion ([31] and references therein), the ECKS gravity is the closest one to GR. The teleparallel theory of gravity ([32] and references therein), with nonzero torsion and vanishing curvature, is merely another (and less natural with regard to the choice of the gravitational Lagrangian) formulation of GR. In fact, the ECSK theory should not be regarded as an alternative to GR, but rather as its natural extension (to sources with intrinsic spin) because it has the same simple Lagrangian, proportional to the Ricci scalar. In this theory, the torsion tensor is a dynamical variable without any constraints on its form. As a result, the spin of matter is a source of torsion, which has a natural physical interpretation in the context of the Poincaré group [1, 2]. Furthermore, the ECSK gravity predicts that the torsion tensor is related to the spin density through a linear, algebraic equation, so that torsion does not propagate and vanishes where matter is absent [1, 2, 31]. Therefore, in this theory, the principle of equivalence is satisfied where it should be: in empty space. Another advantage of the ECSK theory relative to other theories with torsion (and almost all modified theories of gravity) is that it has no free parameters, like GR.

[1] T. W. B. Kibble, J. Math. Phys. 2, 212 (1961).

[2] D. W. Sciama, in Recent Developments in General Relativity (Pergamon, New York, 1962), p. 415; D. W. Sciama, Rev.

Mod. Phys. 36, 463 (1964); D. W. Sciama, Rev. Mod. Phys. 36, 1103 (1964); F. W. Hehl, Phys. Lett. A 36, 225 (1971); F. W. Hehl, Gen. Relativ. Gravit. 4, 333 (1973); F. W. Hehl, Gen. Relativ. Gravit. 5, 491 (1974); A. Trautman, Ann. N. Y. Acad. Sci. 262, 241 (1975); F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M. Nester, Rev. Mod. Phys. 48, 393 (1976); V. de Sabbata and M. Gasperini, Introduction to Gravitation (World Scientific, Singapore, 1986); V. de Sabbata and C. Sivaram, Spin and Torsion in Gravitation (World Scientific, Singapore, 1994); N. J. Popławski, arXiv:0911.0334.

[3] E. A. Lord, Tensors, Relativity and Cosmology (McGraw-Hill, New Delhi, 1976). [4] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (Pergamon, New York, 1975). [5] F. W. Hehl and B. K. Datta, J. Math. Phys. 12, 1334 (1971).

[6] W. Heisenberg, Rev. Mod. Phys. 29, 269 (1957); D. D. Ivanenko, Introduction to Nonlinear Quantum Field Theory (Foreign Literature, Moscow, 1959).

[7] A. Papapetrou, Proc. Roy. Soc. London A 209, 248 (1951); K. Nomura, T. Shirafuji, and K. Hayashi, Prog. Theor. Phys.

86, 1239 (1991).

[8] J. Weyssenhoff and A. Raabe, Acta Phys. Pol. 9, 7 (1947); J. R. Ray and L. L. Smalley, Phys. Rev. D 27, 1383 (1983); Y.

N. Obukhov and V. A. Korotky, Class. Quantum Grav. 4, 1633 (1987). [9] F. W. Hehl, P. von der Heyde, and G. D. Kerlick, Phys. Rev. D 10, 1066 (1974). [10] M. Gasperini, Phys. Rev. Lett. 56, 2873 (1986).

[11] I. S. Nurgaliev and W. N. Ponomariev, Phys. Lett. B 130, 378 (1983). [12] B. Kuchowicz, Gen. Relativ. Gravit. 9, 511 (1978).

[13] W. Kopczyński, Phys. Lett. A 39, 219 (1972); A. Trautman, Nature (Phys. Sci.) 242, 7 (1973). [14] M. Novello and S. E. Perez Bergliaffa, Phys. Rept. 463, 127 (2008); R. H. Brandenberger, arXiv:1103.2271.

[15] M. Bojowald, Nature Phys. 3, 523 (2007); A. Ashtekar and D. Sloan, Phys. Lett. B 694, 108 (2010). [16] N. J. Popławski, Phys. Lett. B 694, 181 (2010).

[17] R. K. Pathria, Nature 240, 298 (1972); V. P. Frolov, M. A. Markov, and V. F. Mukhanov, Phys. Rev. D 41, 383 (1990);

L. Smolin, Class. Quantum Grav. 9, 173 (1992); W. M. Stuckey, Am. J. Phys. 62, 788 (1994); D. A. Easson and R. H. Brandenberger, J. High Energy Phys. 0106, 024 (2001); J. Smoller and B. Temple, Proc. Natl. Acad. Sci. USA 100, 11216 (2003); N. J. Popławski, Phys. Lett. B 687, 110 (2010).

[18] L. Parker, Phys. Rev. 183, 1057 (1969); Y. B. Zel’dovich, J. Exp. Theor. Phys. Lett. 12, 307 (1970). [19] F. I. Cooperstock and M. Israelit, Found. Phys. 25, 631 (1995).

[20] Y. B. Zel’dovich, Sov. Phys. J. Exp. Theor. Phys. 14, 1143 (1962); J. D. Walecka, Ann. Phys. 83, 491 (1974); V. Canuto, Ann. Rev. Astr. Astrophys. 12, 167 (1974).

[21] Y. B. Zel’dovich, Mon. Not. R. Astr. Soc. 160, 1 (1972); D. N. C. Lin, B. J. Carr, and S. M. Fall, Mon. Not. R. Astr.

Soc. 177, 51 (1976); J. D. Barrow, Nature 272, 211 (1977); J. Wainwright, W. C. W. Ince, and B. J. Marshman, 10, 259 (1979).

[22] N. J. Popławski, arXiv:1103.4192.

[23] H. Bondi, Cosmology (Cambridge Univ. Press, Cambridge, 1960). [24] N. J. Popławski, Ann. Phys. (Berlin) 523, 291 (2011). [25] Y. B. Zel’dovich, J. Exp. Theor. Phys. Lett. 6, 316 (1967). [26] N. J. Popławski, Phys. Rev. D 83, 084033 (2011).

[27] S. Dodelson and L. M. Widrow, Phys. Rev. D 42, 326 (1990); R. Kitano and I. Low, Phys. Rev. D 71, 023510 (2005);

D. Hooper, J. March-Russell, and S. M. West, Phys. Lett. B 605, 228 (2005); G. R. Farrar and G. Zaharijas, Phys. Rev. Lett. 96, 041302 (2006); H. An, S.-L. Chen, R. N. Mohapatra, and Y. Zhang, J. High Energy Phys. 03, 124 (2010); J. Shelton and K. M. Zurek, Phys. Rev. D 82, 123512 (2010); H. Davoudiasl, D. E. Morrissey, K. Sigurdson, and S. Tulin, Phys. Rev. Lett. 105, 211304 (2010); L. J. Hall, J. March-Russell, and S. M. West, arXiv:1010.0245.

[28] P. du T. van der Merve, Nuovo Cim. A 46, 1 (1978); P. du T. van der Merve, Phys. Rev. D 19, 1746 (1979); P. du T. van der Merve, Nuovo Cim. A 59, 344 (1980).

[29] N. J. Popławski, Phys. Lett. B 690, 73 (2010).

[30] A. Trautman, in Encyclopedia of Mathematical Physics, eds. J.-P. Francoise, G. L. Naber, and S. T. Tsou (Elsevier, Oxford, 2006), vol. 2, p. 189.

[31] F. W. Hehl, J. D. McCrea, E. W. Mielke, and Y. Ne’eman, Phys. Rep. 258, 1 (1995); I. L. Shapiro, Phys. Rep. 357, 113 (2002); R. T. Hammond, Rep. Prog. Phys. 65, 599 (2002).

[32] H. I. Arcos and J. G. Pereira, Int. J. Mod. Phys. D 13, 2193 (2004).