arXiv:1106.4977v1 [math.AG] 24 Jun 2011

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I

MARK GROSS, PAUL HACKING, AND SEAN KEEL

Abstract. We give a canonical synthetic construction of the mirror family to a pair (Y, D) of a smooth projective surface with an anti-canonical cycle of rational curves, as the spectrum of an explicit algebra defined in terms of counts of rational curves on Y meeting D in a single point. In the case D is contractible, the family gives a smoothing of the dual cusp, and thus a proof of Looijenga’s 1981 cusp conjecture.

Contents

Introduction 2 0.1. The main theorems 2 0.2. Consequences of the main theorem 5 0.3. Description of the coordinate ring 8 0.4. Frobenius structure conjecture 11 0.5. Mirror symmetry conjectures 13 0.6. Overview of the proof 18 0.7. Acknowledgements. 27 1. Basics 28 1.1. Tropical Looijenga pairs 28 1.2. The Mumford degeneration 37 1.3. Some toric constructions 40 2. Modified Mumford deformations 42 2.1. Generalities on integral linear manifolds and multi-valued functions 42 2.2. Scattering diagrams on B 50 2.3. Broken lines 55 2.4. The algebra structure 62 3. The canonical scattering diagram 63 3.1. Reduction to the Gross–Siebert locus 68 3.2. The proof of Theorem 3.32 83 3.3. The proof of Proposition 3.26: The connection with [GPS09] 88 3.4. Smoothness: Around the Gross–Siebert locus 92 3.5. The relative torus 97 4. Looijenga’s conjecture 98 1

2 MARK GROSS, PAUL HACKING, AND SEAN KEEL

4.1. Cusp family 98 4.2. Thickening of cusp family 104 4.3. Smoothness 113 5. Extending the family over boundary strata 118 5.1. Proof of Theorems 0.1 and 0.2 for n < 3 122 5.2. D positive 123 5.3. Relation to cluster varieties 126 6. Deformations of cyclic quotient singularities 128 6.1. Construction of the deformation 128 6.2. P -resolutions and deformations 133 6.3. Main Theorem 134 6.4. Deformations of pairs 136 References 140

Introduction

0.1. The main theorems. Let V_n for n ≥ 3 be the n-cycle of coordinate planes in A^n , V_n := A^2_{x1 ,x2} ∪ A^2_{x2 ,x3} ∪ · · · ∪ A^2_{xn ,x1} ⊂ A^n_{x1 ,...,xn} . We refer to V_n as the vertex of degree n. (See (1.5) and (1.6) for the definition of V_1 and V_2 .) The surfaces V_n are the most important singularities for moduli of smooth surfaces. Recall that a functorial compactification of moduli of canonically polarized manifolds is obtained by allowing so-called stable varieties — varieties with semi-log canonical (SLC) singularities and ample dualizing sheaf [K11]. One-dimensional SLC singularites are ordinary nodes. Every SLC germ is (in a canonical way) a quotient of a Gorenstein SLC germ by a finite cyclic group, and every Gorenstein SLC surface germ is obtained as a deformation of V_n (for some n), which is itself Gorenstein and SLC. Here we use mirror symmetry to construct canonical embedded smoothings, jampacked with geometric information.

Throughout the paper (Y, D = D_1 + · · · + D_n) will denote a smooth projective (necessarily rational) surface, with D ∈ | − K_Y | a singular nodal curve (either an irreducible rational nodal curve, or a cycle of n ≥ 2 smooth rational curves) over an algebraically closed field k of characteristic zero. We call (Y, D) a Looijenga pair for, as far as we know, their rich geometry was first investigated in [L81]. We cyclically order the components of D and take indices modulo n. By assumption there is a holomorphic

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 3

symplectic 2-form Ω, unique up to scaling, on Y \ D, with simple poles along D, and thus U := Y \D is a log Calabi-Yau surface. Our main result is a synthetic construction of the mirror family, which gives a canonical (and in many cases modular) embedded smoothing of V_n ⊂ A^n parameterized roughly by the formal completion of the affine toric variety Spec k[NE(Y )] along the union of toric boundary strata corresponding to contractions f : Y → Ȳ . Here NE(Y ) denotes the monoid NE(Y )_{R≥0} ∩ A_1(Y, Z) where NE(Y )_{R≥0} ⊂ A_1(Y, R) is the cone generated by curve classes. This is just an approximate statement of our result, as NE(Y ) is not in general finitely generated, and in some cases we restrict to analytic neighbourhoods of the origin. By restricting the family to slices of the base transverse to various boundary strata, we recover most of what is known about deformations of log canonical surface singularities, unifying the results in a single Mori and mirror theoretic framework, and settle the main open question in the subject, Looijenga’s 1981 conjectural criterion for smoothability of cusp singularities.

More precisely, let B_0(Z) be the set of pairs (E, n) where E is a divisor on some blowup of Y along which Ω has a pole and n is a positive integer. Set B(Z) := B_0(Z) ∪ {0}. See §0.3.1 below for another description of this set (as integer points in a natural integral affine manifold). Let v_i ∈ B(Z) be the pair (D_i, 1). Choose σ_P ⊂ A_1(Y, R) a strictly convex rational polyhedral cone containing NE(Y )_{R≥0} , and let P := σ_P ∩ A_1(Y, Z) be the associated monoid and R = k[P ] the associated k-algebra.

For each monomial ideal I ⊂ R, consider the free R_I := R/I-module (0.1) A_I := ⨁ q∈B(Z) R_I · ϑ_q. Let m ⊂ R denote the maximal monomial ideal. Let T^D = G^n_m be the torus with character group χ(T^D) having basis e_{Di} indexed by the components D_i ⊂ D. There is a homomorphism T^D → Spec k[P^{gp}] induced by C → ∑ (C · D_i)e_{Di} , so T^D acts on Spec R_I . In §3.5, an action of T^D on A_I is also constructed.

Theorem 0.1. Let I ⊂ R be a monomial ideal with √ I = m. There is a canonical T^D-equivariant finitely generated R_I -algebra structure on A_I , determined by relative Gromov-Witten invariants of (Y, D) counting rational curves meeting D in a single point. This induces a flat T^D-equivariant map f : X_I := Spec A_I → Spec R_I .

The precise description of the multiplication rule is slightly involved, so we defer the details of this multiplication until after we have explained the applications, see §0.3.2. We also have a simple and elegant alternative that we conjecture gives the mirror in all dimensions directly in terms of counts of rational curves. See §0.4.

4 MARK GROSS, PAUL HACKING, AND SEAN KEEL

We use the notation ϑ_q for generators of our algebra, since for example, as we explain below, theta functions for polarized elliptic curves occur as a special case. Tyurin conjectured the existence of canonical theta functions (i.e., a basis of global sections) for polarized K3 surfaces and Kontsevich and Soibelman made similar speculations. Our results are log analogs of Tyurin’s conjecture. In work in progress we apply similar ideas to obtain Tyurin’s conjecture in the K3 case as well, see [K3].

Theorem 0.2. There is a unique smallest radical monomial ideal J ⊂ R with the following properties:

(1) For every monomial ideal I with J ⊂ √ I there is a finitely generated R_I - algebra structure on A_I compatible with the R_{I+m}N -algebra structure on A_{I+m}N of Theorem 0.1 for all N > 0.

(2) If the intersection matrix (D_i · D_j ) is not negative semi-definite then J = 0.

In general, the zero locus V (J) ⊂ Spec R contains the union of the closed toric strata corresponding to faces F of σ_P such that F does not contain the class of some component of D.

(3) Let R̂ denote the J-adic completion of R and Spf R̂ the associated formal scheme. The algebras A_I determine a canonical T^D-equivariant formal flat family of affine surfaces

f : X → Spf R̂ with fibre V_n over 0, and with scheme-theoretic singular locus of f not surjecting scheme-theoretically onto the base.

(4) The ϑ_q determine a canonical embedding X ⊂ A^{max(n,3)} × Spf R̂.

We note the statement about the scheme-theoretic singular locus implies in particular that whenever the family is the formal completion of an algebraic family, the generic fibre of the algebraic family is smooth. As it is defined using Gromov-Witten invariants, the family depends only on the deformation type of (Y, D).

Remark 0.3. When NE(Y ) ⊂ P^′ ⊂ P ⊂ A_1(Y ), then J^′ ⊂ J and the formal family X for P comes from the family for P^′ by base-change. In this sense the family is independent of the choice of P .

We conjecture the families constructed by the above theorems are mirror to U = Y \D in the sense of homological mirror symmetry in the case k = C . In Part II of this paper, we shall prove some cases of this by relating our construction to previously known mirror constructions. In addition we conjecture the algebra A is the symplectic cohomology ring SH^0(U). See §0.5.1 for precise statements.

Next we explain the myriad applications independent of mirror symmetry.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 5

0.2. Consequences of the main theorem. There are three broad classes of behaviour for our construction, depending on the properties of the intersection matrix (D_i · D_j ).

The intersection matrix is not negative semi-definite. We call this the positive case. It holds iff U is the minimal resolution of an affine surface, see Lemma 5.9. In this case, the cone NE(Y )_{R≥0} is rational polyhedral, so we may take P = NE(Y ), and the ideal J of Theorem 0.2 equals 0. Thus our construction defines an algebraic family over Spec k[NE(Y )], with smooth generic fibre. We will show in Part II that the restriction of this family to the structure torus

X → T_Y := Pic(Y ) ⊗ G_m = Spec k[A_1(Y )] ⊂ Spec R

is the universal family of deformations of U = Y \ D.

More precisely, we will show independently of the positivity of the intersection matrix that our formal family has a simple and canonical (fibrewise) compactification to a formal family (Z, D) of Looijenga pairs (with X = Z \ D). In the positive case this extends naturally over all of Spec R, and its restriction (Z, D) → T_Y comes with a trivialization of the boundary D = D_∗ × T_Y realizing it as the universal family of Looijenga pairs (Z, D_Z) deformation equivalent to (Y, D) together with an isomorphism D_Z^∼→ D_∗. In particular, choosing such an isomorphism D^∼→ D_∗ for our original pair (Y, D) canonically identifies it with a fibre of the family (Z, D)/T_Y . The fact that (Y, D) appears as a fibre is perhaps a bit surprising as, after all, we set out to construct the mirror and have obtained the original surface back. (Note however that dual Lagrangian torus fibrations in dimension 2 are topologically equivalent, so this is consistent with the SYZ formulation of mirror symmetry.) More importantly, the restrictions of the theta functions ϑ_q to U ⊂ X endow the affine surface U = Y \ D with canonical functions.

We believe the existence of these canonical functions on such familiar objects (for example, the complement to a nodal plane cubic) represents the deepest reach to date of mirror symmetry into classical mainstream algebraic geometry.

To illustrate, in Example 5.11 we explicitly compute the theta functions in the case (Y, D) is the del Pezzo of degree 5 together with a cycle of 5 (−1)-curves. In Example 5.12, we give the expression in the case of a triangle of lines on a cubic surface, deferring in this case the proof until Part II. In each of these cases there is a characterisation of the ϑ_{vi} in terms of classical geometry.

Both of these are examples of cluster varieties, and in each instance our theta functions agree with canonical Fock-Goncharov bases of universally positive Laurent polynomials, see [FG09]. Indeed we observe that all cluster algebras are log Calabi-Yau,

6 MARK GROSS, PAUL HACKING, AND SEAN KEEL

and believe all Fock-Goncharov cluster ensembles (with their canonical bases) are instances of our Conjecture 0.8. We note that a cluster algebra comes with a great deal of auxiliary structure, but we believe that this structure is not necessary for the existence of Fock-Goncharov bases, it exists for any affine log Calabi Yau (with sufficiently degenerate boundary), and moreover that the many beautiful combinatorial rules for the multiplication rule of Fock-Goncharov bases admit a uniform expression in terms of counts of rational curves. For more details see §5.3.

We now discuss refinements of the general result of Theorem 0.2 in various special cases. For simplicity of exposition, assume that σ_P = NE(Y )_{R≥0} is a rational polyhedral cone, so that S := Spec k[P ] = Spec R is an affine toric variety (when this fails we approximate NE(Y ) by P as above). Associated to a contraction f : Y → Ȳ is a closed boundary stratum of S_f ⊂ S, with monomial ideal I_f generated by monomials z^C for curves not contracted to a point by f. The most interesting cases for deformation theory turn out to be when D itself is a fibre of f. This occurs if D is negative semidefinite. In this case Theorem 0.2 does not apply directly; however, the same methods, with k = C , produce a canonical extension of our family over the formal completion ^S^′ of an analytic open neighborhood S^′ of the zero-dimensional stratum of S along S_f ∩S^′. See Theorem 4.1 for the precise statement in the case that D is negative definite, and Part II for the negative semi-definite case.

We denote by X_f the fibre over a general point of S_f ∩ S^′. Then X_f is a Gorenstein SLC surface, and the family X |_{Sf} is a partial smoothing of the vertex V_n to X_f . Furthermore, the family X , restricted to a slice of S transverse to S_f , yields a formal smoothing of X_f . As remarked at the outset, every Gorenstein SLC singularity is a partial smoothing of some V_n , and in fact every such singularity which admits a smoothing occurs as X_f for some f. We now discuss the two main examples.

The intersection matrix is negative semi-definite but not definite. In this case, after inductively contracting (−1)-curves contained in D, we may assume that D is a cycle of (−2)-curves or an irreducible rational nodal curve with D^2 = 0. We can choose the complex structure on Y so that D is a fibre of an elliptic fibration f : Y → Ȳ (recall our family depends only on the deformation type of (Y, D)). Then X_f has a unique singular point, a cone over an elliptic curve of degree n. The restriction of our family to the boundary stratum X → S_f ∩ S^′ is the cone over Mumford’s construction of the Tate curve, and our theta functions restrict to his toric realization of classical theta functions for elliptic curves. Moreover our family X → S is defined over the analytic open set S^′ = {x ∈ Spec k[P ] | |z^D(x)| < 1} ⊂ S, and the modular parameter of the elliptic curve is q = exp(2πiτ) = z^D ∈ k[NE(Y )]. This in particular shows the family

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 7

cannot be algebraic. Thus X gives a smoothing of the cone over an elliptic curve of degree n. We recover in this way a result of Pinkham:

Corollary 0.4. [P74, §9] A cone over an elliptic curve of degree at most 9 is smoothable.

More importantly (as there are much easier ways to smooth this singularity) our construction now gives a vast generalisation of Mumford’s toric construction of theta functions for elliptic curves. Indeed, we will show in Part II that the fibrewise compactification of our family (Z, D) → Spf ^R, together with the theta functions (on X = Z \ D) extends canonically over S^′. The restriction to S^′ ∩ T_Y gives the universal family of pairs (Z, D) of a smooth anti-canonical elliptic curve on a del Pezzo surface, constructed in [L76] and [M82], but now endowed with canonical theta functions not previously observed.

The intersection matrix is negative definite. In this case, there is a birational morphism f : Y → Ȳ contracting D to a cusp singularity p ∈ Ȳ . See Example 1.9 for background on cusp singularities. Cusps come in natural dual pairs, as observed in [N80]. In fact, as we’ll see in Example 1.9, this duality can be viewed as an early instance of mirror symmetry. We prove that the fibre X_f has a unique singularity, the dual cusp to p ∈ Ȳ , and we thus obtain (in Theorem 4.13) the following:

Corollary 0.5 (Looijenga’s conjecture). A 2-dimensional cusp singularity is smoothable if and only if the exceptional cycle of the dual cusp occurs as an anti-canonical cycle on a smooth projective rational surface.

This was conjectured by Looijenga in [L81], where he also proved the forward implication. Partial results were obtained in [FM83] and [FP84]. The above procedure produces a (formal) smoothing of the cusp singularity X_f , and we conjecture this dominates an irreducible component of the versal deformation space (the space is known to be equidimensional, and our base at least has the correct dimension).

A simpler version of our construction can be used to describe deformations of cyclic quotient singularities, see §6. In this case there is a complete theory due to Kollár– Shepherd-Barron [KSB88] and Stevens [S91]. However our approach gives a new perspective and in particular clarifies the connection with symplectic geometry discovered by Lisca [L08]. This is a baby version of the general construction, a nice introduction to the ideas of the paper. Our families in this case have natural modular meaning, see Theorem 6.6.

Our construction in general is based on ideas of Gross and Siebert in [GS07]. The relation is as follows. Suppose that f : Y → Ȳ is a toric model, i.e., f is the blowup

8 MARK GROSS, PAUL HACKING, AND SEAN KEEL

of a smooth projective toric surface Ȳ at a collection of smooth points of the toric boundary D̄ ⊂ Ȳ , and D is the strict transform of D̄ (essentially all Looijenga pairs occur this way, see Proposition 1.19). In this case the restriction of X /S to S_f is the trivial family V_n × S_f . If A ∈ Pic(Ȳ ) is an ample divisor, then after pulling it back to Y , it determines a one-parameter subgroup of the torus T_Y := Spec k[A_1(Y )]. The closure of an orbit of this subgroup in S = Spec k[P ] intersects the open torus orbit of the stratum S_f . If we restrict the family X to this one-dimensional scheme, then we obtain the kind of smoothing constructed by Gross and Siebert in [GS07] in the twodimensional case (closely related to the construction of [KS06]). We improve on the Gross–Siebert construction is several ways. The Gross–Siebert construction includes a number of choices. Incorporating those choices gives essentially the family over the formal neighbourhood of the interior of S_f . The main work for us is to extend the family over the closure. The base we obtain is a formal version of the Kähler moduli space of the pair (Y, D), the natural parameterizing space from the mirror symmetry perspective.

Most importantly, our construction comes with theta functions. In this paper they play a crucial technical role, in that they allow us to extend our deformations over parts of Spec k[NE(Y )] which the construction of Gross and Siebert cannot reach (which includes all the boundary strata that are interesting from the singularity point of view). Without the theta functions, the Gross–Siebert families do not carry very much information. We will see in Part II that they can in fact be constructed abstractly via a birational modification of the standard Mumford degenerations (in particular the Gross–Siebert families are formal completions of holomorphic families — a fact that is not at all apparent from their construction, which is purely formal, carried out order by order). We stress it is the abstract deformations that admit a simple description; the theta functions themselves are highly non-trivial. They are not at all apparent from the abstract description. For example, this birational description depends on a choice of toric model Y → Ȳ , and a given Looijenga pair can have an infinite number of such models. On the other hand, the theta functions are independent of all choices, and thus are completely canonical.

We will also show in Part II that, when D is not negative definite, our family satisfies a natural universal property, and moreover we expect this holds even in the negative cases, generalizing Looijenga’s family of good pairs [L81], II.2.7.

0.3. Description of the coordinate ring. We will now give a precise description of the algebra structure on A, and thus of our mirror family to (Y, D).

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 9

0.3.1. The integral linear manifold B_{(Y,D)}. If Y is a smooth projective toric surface, and D is the toric boundary, then Y is determined by a fan Σ in B = R^2 . Note the fan is determined (up to SL_2(Z)) by the self-intersection numbers D^2_i . This allows us to use this same data to define an analogous object associated to any Looijenga pair.

In general, let B = B_{(Y,D)} be the dual complex of (Y, D), i.e., the piecewise-linear surface obtained by gluing maximal cones σ_{i,i+1} := (R_{≥0} )^2, one for each singular point D_i ∩D_{i+1} of D. The two edges of the cone σ_{i,i+1} correspond to the divisors D_i and D_{i+1} respectively, and the cones σ_{i−1,i} and σ_{i,i+1} are glued along the edges corresponding to the divisor D_i. The resulting topological space B is homeomorphic to R^2 , and it comes along with a “fan” Σ consisting of the cones σ_{i,i+1} and their faces. By construction B comes with a set of natural integral points B(Z). As in the toric case, the rays of Σ correspond to the D_i, and each D_i determines an integral point v_i ∈ B(Z), the first lattice point along its ray.

Furthermore, B_0 := B \ {0} carries an integral affine structure — it has charts with transition functions in SL_2(Z). This structure is determined by declaring that the unique continuous piecewise linear function on σ_{i−1,i} ∪ σ_{i,i+1} with value a_i at v_i is linear if and only if

(0.2) (a_{i−1}D_{i−1} + a_iD_i + a_{i+1}D_{i+1}) · D_i = 0.

Let Λ denote the locally constant sheaf of integral tangent vectors, a locally constant sheaf of rank 2 lattices on B_0. For any convex set τ ⊂ B_0 let Λ_τ indicate the stalk at a point in τ (any two are canonically identified by parallel transport). Now an integer point q ∈ B_0(Z) is the same data as the ray 0 ∈ R_{≥0} · q ⊂ B with rational slope, together with a positive integer (expressing q as a multiple of the primitive integer vector on this ray). Just as in the toric case, a ray with rational slope is the same information as a choice of exceptional divisor on a toric blowup Y^′ → Y , obtained by a weighted blowup of a node of D. Such exceptional divisors E are characterized by the property that Ω has a pole along E. Thus B(Z) agrees with the earlier definition. For full details and examples see §1.1.

0.3.2. Broken lines and multiplication. Now we sketch a description of the canonical ring structure of Theorem 0.1. For the motivation behind the definition see §0.6.2. We continue with (Y, D) and (B, Σ) as above.

Let C ⊂ V be a cone spanning the real vector space V . Say a ∈ V is above b ∈ V if a = b + c for some c ∈ C. Now we say a continuous Σ-piecewise linear function φ : B → V is C-convex if everywhere locally the graph lies above the graphs of the linear extensions, as in the usual definition for R-valued functions. Equivalently, a piecewise linear φ has a canonically defined change of slope, or bending parameter,

10 MARK GROSS, PAUL HACKING, AND SEAN KEEL

p_{ρi,φ} ∈ V , as we cross a ray ρ_i ∈ Σ, and φ is C-convex if and only if all bending parameters p_{ρi,φ} lie in the cone C. The bending parameters determine φ uniquely, up to linear functions. For the precise definitions, see §1.2.

Now take C = NE(Y )_{R≥0} . We assume for simplicity of exposition that there exists a φ : B → A_1(Y, R) with bending parameters p_{ρi,φi} = [D_i] ∈ P = NE(Y ). This is not the case in general, and instead one uses a multi-valued piecewise linear function, see §2.1, but the difference is largely notational.

Let 0 ≠ v ∈ B(Z) be a primitive integer vector, v = av_i + bv_{i+1}, with a ≥ 0, b > 0. As previously noted, the ray generated by v determines a weighted blowup π : Ỹ → Y with irreducible exceptional divisor E mapping to D_i ∩ D_{i+1} (unless a = 0 when there is no blowup and E = D_{i+1}). We attach to the ray ρ_v := R_{≥0} · v ⊂ B the formal sum

(0.3) f_v := exp ( ∑ β k_βN_βz^β · (z^{(−v,−φ(v))} )^{kβ} )

of monomials in k[Λ_v ⊕ P^{gp}] . Here β ∈ NE(Ỹ ), and N_β is a relative Gromov-Witten invariant roughly counting genus 0 curves in Ỹ of class β meeting E at a single point with contact order k_β = D̃ · β. Finally, π_∗β =: β ∈ NE(Y ). We say β is an A^1 -class if N_β ≠ 0, and a relative stable map contributing to N_β is called an A^1 -curve. The sum converges in the m-adic topology (recall m ⊂ k[P ] denotes the torus invariant maximal ideal). We call

(0.4) D := {(ρ_v, f_v) | v ∈ B_0(Z) primitive}

the canonical scattering diagram.

Definition 0.6 (Broken Line). A broken line γ is a closed piecewise linear directed path in B_0 composed of finitely many straight line segments L_1, L_2, . . . , L_N , with no segment contained in a ray of D or Σ, each decorated by a monomial m_i := c_iz^{(vi ,pi)} ∈ Q [Λ_{Li} ⊕ P^{gp}] satisfying the following: γ can bend only where it crosses a ray of D. Each L_i is compact except for L_1, which is a ray that goes to infinity inside some two-dimensional cone σ ∈ Σ. Each v_i is non-zero and parallel to L_i, and points in the opposite direction to L_i. Also m_1 = z^{(v1 ,φ(v1))} and (necessarily) v_1 ∈ σ. Subsequent decorations are determined inductively as follows: By assumption L_i ∩ L_{i+1} is on a ray (ρ, f) ∈ D. The monomial m_{i+1} is required to be one of the monomial terms in m_i · f^{⟨n,vi⟩} where n ∈ Λ^∗_v is the unique primitive element vanishing on the tangent space to ρ and positive on v_i.

One can show that p_i − φ(v_i) ∈ P for all i. Let c(γ), p(γ), v(γ) be c_N , p_N , v_N . Let Limits(γ) = (v_1, s), where s ∈ B is the endpoint of the final segment L_N . Note

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 11

s ∈ B_0(Z) determines an integer vector v_s ∈ Λ_s (given in an affine chart taking 0 ∈ B to 0 ∈ R^2 by the vector from 0 to s).

We then have the following theorem, a summary of (parts of) Theorems 2.33, 2.38, and 3.8:

Theorem 0.7. Let I ⊂ k[P ] be a monomial ideal such that √ I = m. For p_1, p_2, s ∈ B(Z) define the formal sum

α_s(p_1, p_2) = ∑ (γ_1 ,γ_2) Limits(γ_i )=(p_i,s) v(γ_1 )+v(γ_2 )=s

c(γ_1)c(γ_2)z^{p(γ1 )+p(γ2)−φ(s)}.

For any pair (γ_1, γ_2) in the sum the exponent p := p(γ_1) + p(γ_2) − φ(s) lies in P , and z^p ∈ I for all but finitely many pairs, so the sum defines an element of R_I := k[P ]/I. The multiplication on generators of A_I = ⨁ s∈B(Z) RI · ϑs defined by ϑ_{p1} ϑ_{p2} = ∑ s∈B(Z) α_s(p_1, p_2)ϑ_s

yields a well-defined R_I -algebra structure on A_I . The induced map f_I : Spec(A_I ) → Spec(R_I ) is the flat deformation of V_n of Theorem 0.1.

0.4. Frobenius structure conjecture. In this subsection we let (Y, D) be a smooth projective variety Y of arbitrary dimension together with an anti-canonical normal crossing divisor D (whereas elsewhere in the paper Y is a surface). Write U := Y \ D. Let Ω denote a nowhere zero top-dimensional holomorphic form on U with simple poles along D (uniquely determined up to scaling). We assume that D is connected and has a zero-dimensional stratum, that is, a point cut out by dim Y components of D.

Let S denote the dual complex of D. That is, let D_1, . . . , D_n be the irreducible components of D. Assume for simplicity that each D_i is smooth and for each 1 ≤ i_1 < · · · < i_p ≤ n the intersection D_{i1} ∩ · · · ∩ D_{ip} is connected (possibly empty). We can always reduce to this case by blowing up along boundary strata. Then S is the simplicial complex with vertices v_1, . . . , v_n and simplices ⟨v_{i1} , . . . , v_{ip} ⟩ corresponding to non-empty intersections D_{i1} ∩· · ·∩D_{ip} . Let B denote the cone over S and Σ the induced subdivision of B into simplicial cones. Let B_0 := B \ {0} denote the complement of the vertex.

Now suppose we are given points q_1, . . . , q_s ∈ B_0(Z). Each q_i can be written as a linear combination q_i = ∑ j m_{ij} v_{ij} for primitive generators v_{ij} of rays in Σ, with the ray generated by v_{ij} corresponding to a divisor D_{ij} ; necessarily ⋂ j D_{ij} ≠ ∅. Suppose

12 MARK GROSS, PAUL HACKING, AND SEAN KEEL

also given a class β ∈ A_1(Y ) with the property that for a component F of D,

(0.5) β · F = ∑ i,j E=Dij m_{ij} .

Using the results of [GS11] or [AC11], one can define a moduli stack M_{0,s+1}(Y/D, β) of logarithmic stable maps, using the divisorial log structure on Y induced by D, which intuitively provides a compactification for the space of stable maps g : (C, p_0, p_1, . . . , p_s) → Y such that g_∗[C] = β and C meets D_{ij} at p_i with contact order m_{ij} for each i, j, 1 ≤ i ≤ s, and order zero contact with D at p_0. (We note that we cannot use the more classical notion of relative stable map [LR01], [Li00] here, as D is not a smooth divisor). We observe that the stack M_{0,s+1}(Y/D, β) has expected dimension dim Y + s − 2. For s ≥ 2 define the associated relative Gromov–Witten invariant

N_β(q_1, . . . , q_s) := ∫ [M_{0,s+1}(Y /D,β)]^{vir} ev^∗_0[pt] · ψ^{s−2}_0 .

Informally, N_β(q_1, . . . , q_s) counts maps g : (C, p_0, p_1, . . . , p_s) → Y such that C is a smooth rational curve, g_∗[C] = β, C meets D_{ij} at p_i with contact order m_{ij} for i = 1, . . . , s and is otherwise disjoint from D, g(p_0) is a fixed general point of Y , and the isomorphism type of the pointed curve (C, p_0, p_1, . . . , p_s) is fixed.

Assume that D supports an ample divisor. Then it follows from the Cone Theorem [KM98, 3.7] that the cone of curves NE(Y )_{R≥0} ⊂ A_1(Y, R) is rational polyhedral. Write NE(Y ) := NE(Y )_{R≥0} ∩ A_1(Y, Z) for the associated monoid and R := k[NE(Y )] for the associated finitely generated k-algebra. For β ∈ NE(Y ) we write z^β ∈ R for the corresponding element. Let A := ⨁ q∈B(Z) R · ϑq be the free R-module with basis {ϑq}

for q ∈ B(Z).

Define the R-multilinear symmetric s-point functions ⟨•⟩ : (A)^{×s} → R, for s ≥ 1 as follows. For s ≥ 2 and q_1, . . . , q_s ∈ B_0(Z), we define ⟨ϑ_{q1} , . . . , ϑ_{qs} ⟩ := ∑ β∈NE(Y ) N_β(q_1, . . . , q_s)z^β ∈ R where the sum is over classes β satisfying the condition (0.5). (Note that the ampleness assumption implies that the sum is finite.) For s = 1 we define ⟨ϑ_0⟩ = 1 and ⟨ϑ_q⟩ = 0 for q ∈ B_0(Z). Finally we define ⟨ϑ_0, ϑ_{q1} , . . . , ϑ_{qs} ⟩ := ⟨ϑ_{q1} , . . . , ϑ_{qs} ⟩ for s ≥ 1.

Let T_Y := Hom(A_1(Y ), G_m ) denote the big torus of the affine toric variety Spec R.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 13

Conjecture 0.8. There is a unique finitely generated commutative and associative R-algebra structure on A with ϑ_0 = 1 ∈ A such that ⟨a_1, a_2, . . . , a_s⟩ = ⟨a_1 · a_2 · · · a_s⟩ ∈ R. That is, the s-point function ⟨a_1, . . . , a_s⟩ is the coefficient of ϑ_0 = 1 in the unique expansion of the product a_1 · a_2 · · · · a_s in terms of the R-module basis ϑ_q, q ∈ B(Z).

The induced map X := Spec(A) → S := Spec(R) is a flat family of affine varieties with trivial relative dualizing sheaf ω_{X/S} and semi log canonical singularities. The fibers over T_Y ⊂ S are irreducible and have log canonical singularities.

If k = C the algebra A is the symplectic cohomology ring SH^0(U). Let B + iω be a complexified Kähler form on Y and s = exp(2πi(B + iω)) ∈ T_Y ⊂ S.

Suppose k = C and the fiber X_s is smooth. Then X_s is mirror to (U = Y \D, (B+iω)|_U ) in the sense of homological mirror symmetry. That is, the bounded derived category of X_s is equivalent to the wrapped Fukaya category of (U, (B + iω)|_U ).

We can similarly formulate the conjecture without any ampleness assumption on D, using a polyhedral approximation σ_P to NE(Y )_{R≥0} and a monomial ideal I with √ I = m as in Theorem 0.1. We believe that in dimension 2 it would be relatively straightforward to prove the conjecture using Theorem 0.7 and tropical techniques. On the other hand, it would be far more interesting to prove that the prescription defines an associative R-algebra directly, without tropical mediation.

0.5. Mirror symmetry conjectures. We now discuss our expectation that our construction yields the mirror family to (Y, D) from a number of points of view. Assume k = C .

0.5.1. Homological mirror symmetry. Suppose that (Y, D) is not negative semi-definite. As discussed in §0.2, our construction gives a family X defined over the full toric base S = Spec k[NE(Y )].

Let B + iω be a complexified Kähler form on Y . Write U = Y \ D. Let D^πF_{wr}(U) denote the wrapped Fukaya category of (U, (B+iω)|_U ), [AS10] and [A09], §5.2. Let s = exp(2πi(B+iω)) ∈ S denote the point corresponding to [B+iω] ∈ H^2(Y, C )/H^2 (Y, Z). Let X := X_s denote the fiber of X /S over s ∈ S and D(X) the bounded derived category of coherent sheaves on X. Then, as an instance of homological mirror symmetry, we expect:

Conjecture 0.9. There is an equivalence of triangulated categories D^πF_{wr}(U) ≃ D(X).

14 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Remark 0.10. In [S08a] and [AS10] symplectic cohomology and the wrapped Fukaya category are defined only in the exact case. Also, they do not consider the B-field. Let N ⊂ D be a tubular neighbourhood of D and U^′ := Y \D. By our positivity assumption on D there is a vector field V defined in a neighbourhood of the boundary ∂U^′ which points outwards along ∂U^′ and satisfies L_V ω = ω, or equivalently d(ι_V ω) = ω. The vector field V is called a Liouville vector field. The existence of V suffices to define symplectic cohomology, cf. [Oa04], and [R09], §3. The same is expected for the wrapped Fukaya category.

The operations in symplectic cohomology and the morphisms in the Fukaya category are defined using counts of pseudoholomorphic curves f : C → U weighted by exp(2πi ∫ C f^∗(B + iω)). (In general one must work over a Novikov ring to avoid convergence issues, however we expect this is not necessary in our case because U is the minimal resolution of an affine surface, see Lemma 5.9.)

In the presence of a B-field the objects of the Fukaya category are generated by Lagrangians together with a complex vector bundle with unitary connection having curvature −2πiB. See [AKO06], §4.

Remark 0.11. In general the fiber X = X_s has Du Val singularities (that is, quotient singularities C^2 /G for G ⊂ SL(2, C ) a finite subgroup). In this case we regard X as an orbifold and define D(X) as the bounded derived category of coherent sheaves on the orbifold. Equivalently, we can replace X by its minimal resolution [BKR01].

Let SH^∗(U) denote the symplectic cohomology of (U, B + iω) [S08a],[R10]. There is a C -algebra homomorphism (the “open-closed string map”)

SH^∗(U) → HH^∗(D^πF_{wr}(U))

from the symplectic cohomology of U to the Hochschild cohomology of its wrapped Fukaya category, which is conjectured to be an isomorphism (under slightly more restrictive conditions than considered here), see [S02], Conjecture 4. Since HH^∗(D(X)) = HH^∗(X), HH^0(X) = H^0(X, O_X ), and “Hochschild cohomology is an invariant of triangulated categories”, if the open-closed string map is an isomorphism and Conjecture 0.9 holds, we find

Conjecture 0.12. There is an isomorphism of C -algebras

SH^0(U) ≃ H^0(X, O_X ).

That is, the mirror X of (U, B + iω) may be constructed as

X := Spec SH^0(U).

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 15

0.5.2. The negative semi-definite case. Suppose that D ⊂ Y is a cycle of (−2)-curves. Replacing (Y, D) by a deformation equivalent pair, we may assume that the normal bundle of D ⊂ Y is trivial. (Such pairs form a divisor in the moduli space.) Then Y admits a holomorphic elliptic fibration w : Y → P^1 such that D = w^{−1}(∞). Let B + iω be a complexified Kähler form on Y . Write U = Y \ D = w^{−1}(C ). Let FS(U, w) denote the Fukaya–Seidel category of vanishing cycles for the proper symplectic fibration w : (U, (B + iω)|_U ) → C , see [AKO06], [S09b].

Let X /S^′ be the mirror family constructed from (Y, D) as described in §0.2, with fibrewise compactification (Z, D)/S^′. Here S^′ = {|z^D| < 1} ⊂ S is an analytic neighbourhood of the zero-dimensional torus orbit in S = Spec k[P ]. Let s = exp(2πi(B + iω)) ∈ S^′, and let X := X_s, (Z, E) := (Z_s, D_s) denote the fibers over s. Then Z is a del Pezzo surface, E ⊂ Z is an anticanonical smooth elliptic curve, and X = Z \ E.

Conjecture 0.13. There is an equivalence of triangulated categories FS(U, w) ≃ D(Z). Assuming Conjecture 0.20 below concerning the periods of the family X /S^′, Conjecture 0.13 is an easy consequence of the main theorem of [AKO06]. (One just has to check that the mirror map in [AKO06] agrees with the map s = exp(2πi(B + iω)) used here.)

Remark 0.14. In [AKO06] an equivalence of categories was established between the Fukaya–Seidel category of (U, w, B + iω) for B + iω a complexified Kähler form on U and the derived category of a noncommutative del Pezzo surface. In our approach the class [B + iω] lies in the image of H^2(Y, C ). These are precisely the cases for which the mirror is commutative.

One can define the wrapped Fukaya category D^πF_{wr}(U, w) for (U, w, B + iω). Here to define the morphisms we use the Hamiltonian vector field associated to H = h(|w|) where h(t) grows sufficiently fast as t → ∞. See [A09], §5.2 and [KKP08], §4.5. The wrapped Fukaya category D^πF_{wr}(U, w) can be constructed from the Fukaya–Seidel category FS(U, w) by localization of a natural transformation σ → id, where σ is determined by the monodromy of the fibration w at infinity and, according to a conjecture of Kontsevich, σ[2] is the Serre functor of FS(U, w), see [S09a], §4. This is mirror to the construction of the derived category D(X) from D(Z) by localization of the natural transformation (·) ⊗ K_Z → id

16 MARK GROSS, PAUL HACKING, AND SEAN KEEL

given by a defining equation for the boundary divisor E ⊂ Z. See [S08b], §1 and §6. So Conjecture 0.13 suggests the analogue of Conjecture 0.9: Conjecture 0.15. There is an equivalence of triangulated categories D^πF_{wr}(U, w) ≃ D(X) 0.5.3. Y is a del Pezzo surface. Now assume that Y is a del Pezzo surface, that is, −K_Y = D is ample. Let ϑ_i := ϑ_{vi} , i = 1, . . . , n be the global theta functions on X given by Theorem 0.1. Let W := ϑ_1 +· · ·+ϑ_n : X → C , the Landau–Ginzburg potential.

Let B + iω be a complexified Kähler form on Y and D^πF(Y ) the Fukaya category of (Y, B + iω). Let s = exp(2πi(B + iω)) and X = X_s. Let D_{Sing}(X, W ) be the derived category of singularities of W : X → C [Or04].

Conjecture 0.16. Assume −K_Y is ample. Then D^πF(Y ) ≃ D_{Sing}(X, W ). Remark 0.17. There is ongoing work of Auroux, Katzarkov, Orlov, and Pantev related to Conjecture 0.16 [AKO06],[P09].

Remark 0.18. If −K_Y is not ample (more specifically, if there exist components D_i of the boundary D such that −K_Y · D_i ≤ 0) then the correct superpotential includes terms corresponding to stable maps of holomorphic disks containing components of the boundary in their image. See e.g. [A09], §3.2 for the toric examples Y = F_2 , F_3 . Our construction does not account for such maps.

Let Sing(W ) ⊂ X denote the scheme theoretic singular locus of W : X → C , that is, the closed subscheme defined by (dW = 0). Let J(X, W ) = Γ(O_{Sing W} ), the Jacobian ring of W : X → C . Assuming Conjecture 0.16, passing to Hochschild cohomology, assuming Kontsevich’s conjecture [K95] identifying the Hochschild cohomology of the Fukaya category with the small quantum cohomology, and using the identification of the Hochschild cohomology of D_{Sing}(X, W ) with the Jacobian ring [D09], we obtain Conjecture 0.19. Assume −K_Y is ample. Then there is an isomorphism of C -algebras J(X, W ) → QH^∗(Y, B + iω) from the Jacobian ring of W : X → C to the small quantum cohomology ring of (Y, B+ iω), given by ϑ_i → [D_i]. In particular, W → −[K_Y ]. Conjecture 0.19 holds if Y is toric by [B93]. We have verified Conjecture 0.19 in the case (Y, D) is a cubic surface together with a triangle of (−1)-curves and B + iω is generic (joint work with A. Oblomkov).

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 17

0.5.4. Periods. We expect that the natural toric monomials on our base S = Spec k[NE(Y )] are canonical coordinates in the sense of mirror symmetry, i.e., given by periods of the natural holomorphic 2-form on the mirror family. In Part II we will prove this when D is not negative semi-definite.

Write Q := ⟨D_1, . . . , D_n⟩^⊥ ⊂ H_2(Y, Z). We have an exact sequence 0 → Z → H_2(U, Z) → Q → 0. The kernel is generated by the class γ of a real 2-torus in U which may be described explicitly as follows. Let p ∈ D be a node, and identify the germ (p ∈ Y, D) with (0 ∈ C^2_{z1 ,z2} , V (z_1z_2)). Then γ is the class of the compact torus (|z_1| = |z_2| = ϵ) ⊂ (C^∗ )^2 (the orientation is determined by the choice of cyclic ordering of the components of D). The surface U admits a C^∞ real 2-torus fibration f : U → B with ordinary (Lefschetz) singularities over a disk B, with fiber class γ. (If p: (Y, D) → (Ȳ , D̄) is a blowdown to a toric surface together with its toric boundary then f can be obtained by modifying the smooth fibration of Ȳ \ D̄ = (C^∗ )^2 given by the quotient by the compact torus (S^1)^2 ⊂ (C^∗ )^2, cf. [S03]. We can always reduce to this case by Proposition 1.19.)

Assume that D is not negative definite, so that our formal family extends to a family X /S^′ over an open analytic subset S^′ of S = Spec k[P ]. Let S^{′o} ⊂ S^′ denote the locus of smooth fibers. One can show that a smooth fiber X_s of X /S^′ admits a dual torus fibration f̌ : X_s → B. (This is a topological version of the SYZ description of mirror symmetry.) The torus fibration of X_s is obtained as a deformation of the (singular) torus fibration of the vertex V_n given by the quotient by the compact torus (S^1)^2 ⊂ (C^∗ )^2 on each component C^2 . We let γ_s ∈ H_2(X_s, Z) denote the class of the torus fiber. (One can use the T^D action to show that the class γ_s is monodromy invariant.)

Since we are in dimension 2, we have

R^1f̌_∗Z = (R^1f_∗Z)^∗ = R^1f_∗Z.

using Poincaré duality on fibers of f. This gives an identification H_2(X_s, Z)/⟨γ_s⟩ = H_2(U, Z)/⟨γ⟩ = Q. The dualizing sheaf ω_{X /S} of the family X /S^′ is trivial, see Proposition 2.36. Moreover, as discussed in §0.2, the family has a fibrewise compactification (Z, D)/S^′ such that ω_{Z/S} (D) is trivial. Let Ω be the global section of ω_{Z/S} (D) such that ∫ γ_s Ω = 1

18 MARK GROSS, PAUL HACKING, AND SEAN KEEL

for each s ∈ S^{′o}. Thus the restriction of Ω to each smooth fibre X_s is a nowhere zero holomorphic 2-form with simple poles along D_s, normalized so that ∫ γ_s Ω = 1. For

β ∈ H_2(Y, Z) we write z^β ∈ k[NE Y ] for the corresponding monomial.

Conjecture 0.20. The local system S^{′o} ∋ s → H_2(X_s, Z)/⟨γ_s⟩ has trivial monodromy.

Identify H_2(X_s, Z)/⟨γ_s⟩ = Q as above. Then, for each β ∈ Q, writing β̃ ∈ H_2(X_s, Z) for a lift of β ∈ Q, we have z^β = exp(2πi

∫_~ β Ω). The functions exp(2πi

∫_~ β Ω), β ∈ Q are the so-called canonical coordinates on the complex moduli space of the surfaces X_s associated to the large complex structure limit s → 0 ∈ S^′. Recall that the family X /S^′ is equivariant for the action of the torus T^D. We have the exact sequence 0 → Q → H_2(Y, Z) → Z^n, H_2(Y, Z) ∋ β → (β · D_i)^n_{i=1} and so, applying Hom(·, C^∗ ), the exact sequence of tori

T^D → T_Y → Hom(Q, C^∗ ) → 0.

The torus Hom(Q, C^∗ ) is the period domain for the variation of mixed Hodge structure given by H^2(X_s), and local Torelli holds. See [L81], II.2.5 and [F83b]. So (assuming Conjecture 0.20) the family X /S^′ induces a versal deformation of each smooth fiber.

0.6. Overview of the proof. We will now give a fairly detailed sketch of the proofs of Theorem 0.1 and Corollary 0.5. It may be helpful to read this section in conjunction with the body of the paper: we shall occasionally use notation introduced there.

0.6.1. The SYZ picture of Mirror Symmetry. Much of what we do in this paper, following the philosophy of the Gross–Siebert program, is to tropicalize the SYZ picture [SYZ96]. Thus it is helpful to review informally this picture in the context of mirrors to pairs (Y, D). The SYZ picture will be a heuristic philosophical guide, and hence we make no effort to be rigorous. Here we follow the exposition from [A07] concerning SYZ on the complement of an anti-canonical divisor, itself a generalization of ideas of Cho and Oh for interpreting the Landau-Ginzburg mirror of a toric variety in terms of counting holomorphic Maslov index two disks [CO06]. For the most part we follow Auroux’s notation, except that we use Y instead of his X, and our X is his M.

Recall that (Y, D) is a rational surface together with D an anti-canonical cycle of rational curves of length n. We fix a symplectic form ω on Y , and a nowhere vanishing

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 19

holomorphic 2-form Ω on U := Y \ D. Now suppose we have a fibration f : U → B by special Lagrangian 2-tori (i.e., a general fibre L of f satisfies Im Ω|_L = ω|_L = 0). Then the SYZ mirror X of (U, ω) is the dual torus fibration f̌ : X → B. This can be thought of as a moduli space of pairs (L, ∇) consisting of a special Lagrangian torus L in U (a fibre of f) equipped with a unitary connection ∇ modulo gauge equivalence (or equivalently a holonomy map hol_∇ : H_1(L, Z) → U(1) ⊂ C^∗ ). The complex structure on X is subtle, specified by so-called instanton corrections.

In this picture we can define local holomorphic functions on X associated to a basis of H_2(Y, L, Z) (in a neighbourhood of a fibre of f̌ corresponding to a non-singular fibre L of f) as follows. For A ∈ H_2(Y, L, Z) define

(0.6) z^A := exp ( −2π ∫ A ω ) hol_∇(∂A) : X → C^∗ .

By choosing a splitting of H_2(Y, L, Z) ↠ H_1(L, Z) we can pick out local coordinates on X which define a complex structure. See [A07], Lemma 2.7. Note that as the fibre L varies, the relative homology group H_2(Y, L, Z) forms a local system over B_0 ⊂ B, where B_0 is the subset of points with non-singular fibres. This local system has monodromy, and as a consequence, the functions z^A are only well defined locally.

However, there are also well defined global functions, ϑ_1, . . . , ϑ_n on X. These are defined locally in neighbourhoods of fibres of f̌ corresponding to fibres of f not bounding holomorphic disks in U, via a (rough) expression

(0.7) ϑ_i = ∑ β∈H_2(Y,L,Z) n_βz^β ,

where n_β is a count of so-called Maslov index two disks with boundary on L representing the class β and intersecting D in one reduced point lying in D_i. (We note that in our setting the Maslov index μ of a holomorphic disk f : Δ → Y with boundary lying on a special Lagrangian torus L ⊂ Y is given by μ = 2 deg f^∗D. See [A07], Lemma 3.1.) In the case that D is ample, there are, for generic L, only finitely many such disks; it is not known how to treat the general case in this symplectic setting.

For ϑ_i to make sense the moduli space of Maslov index 2 disks with boundary on L must deform smoothly with the Lagrangian L. This fails for Lagrangians that bound holomorphic disks contained in U (Maslov index zero disks). This is a codimension one condition on L, and thus defines canonical walls in the affine manifold B. When we cross the wall the ϑ_i are discontinuous. But the discontinuity is corrected by a holomorphic change of variable in the local coordinates z^β , according to [A07], Proposition 3.9:

(0.8) z^β → z^β · h(z^α)^{[∂β]·[∂α]}

20 MARK GROSS, PAUL HACKING, AND SEAN KEEL

where here α ∈ H_2(Y, L_0, Z) represents the class of the Maslov index zero disk with boundary on L_0 a Lagrangian fibre over a point on the wall, and h(q) is a generating function counting such holomorphic disks. Thus we can define a new complex manifold, with the same local coordinates, by composing the obvious gluing induced by identifications of fibres of the local system on B_0 with fibres H_2(Y, L, Z) with the automorphism (0.8). These regluings are the instanton corrections, and the modified manifold X should be the mirror. By construction it comes with canonical global holomorphic functions ϑ_i. In particular, the sum W = ∑ i ϑ_i is a well defined global function, the Landau–Ginzburg potential.

0.6.2. The proofs. Let us consider first the well-known case that (Y, D) is toric, so that U := Y \ D is the structure torus G^2_m . Then the SYZ fibration is smooth, and U does not contain any Maslov index zero disks bounding a fibre. Thus there are no instanton corrections. So in this case the naive description of X as a moduli space of Lagrangians with U(1) connection is correct on the nose. There is a standard description of the mirror of a toric variety, due to Givental [Giv], which is really a simple instance of a fundamental construction of Mumford (with origins in his toric description of the Tate curve). Here the integral affine manifold B = B_{(Y,D)} constructed in §0.3.1 is just R^2 and Σ is the fan defining φ. Suppose we fix the symplectic form ω to represent the first Chern class of an ample line bundle on Y . This specifies, up to a linear function, φ : B → R a strictly convex Σ-piecewise linear function with integral slopes. Let Q ⊂ P := B × R be the set of points on or above the graph of φ. The polyhedron Q is preserved by translation by R_{≥0} acting on the second factor, and so the polarized toric variety X associated to Q (which in this case is affine as Q is in fact a cone) comes with a map f : X → A^1 . The special fibre is V_n and the other fibres are (G_m )^2.

Let v_i ∈ B be the primitive generator of the ray of Σ corresponding to D_i ⊂ D. Define ϑ_i to be the monomial z^{(vi ,φ(vi))}. In the case that Y is Fano, it follows from the work of Cho and Oh [CO06] that the restriction of ϑ_i to the fibre f^{−1}(1) coincides with the function defined in (0.7). If Y is not Fano, then (0.7) will contain some corrections from degenerate Maslov index two disks with components contained in the boundary.

This gives one family for each ample divisor, but it is more convenient to put these all together in one family, as Givental did, giving a single family X → Spec(k[NE(Y )]), analogously defined in terms of a canonical (up to linear functions) strictly convex Σ-piecewise linear function φ : B → H_2(Y, R). Full details are given in §1.2

Now we look for an analogous family in the general case. We have already generalized (§0.3.1) the toric fan corresponding to the pair (Y, D) to the data (B, Σ), with

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 21

B = B_{(Y,D)} integral linear with a singularity at the origin. The input for the Mumford construction, the canonical piecewise linear function φ, generalizes in an obvious way, and if we remove the singular point 0 ∈ V_n there is a straightforward naive generalisation of Mumford’s family, a (formal) deformation of V^o_n := V_n \ {0} parameterized by Spf( ^ k[NE(Y )]), the formal completion of the toric variety Spec k[NE(Y )] at the unique zero-dimensional stratum of the boundary. (As usual in this introduction, we will assume that NE(Y ) is a finitely generated monoid; more generally, we replace NE(Y ) by a finitely generated monoid containing it). This naive deformation can be described via a simple open cover, as follows.

First note that V^o_n has a natural cover by open sets U_i := {x_i ≠ 0} ⊂ V_n isomorphic to U_i = V (x_{i−1}x_{i+1}) ⊂ A^2_{xi−1 ,xi+1} × (G_m )_{xi} which are disjoint except for

U_{i,i+1} := U_i ∩ U_{i+1} = (G_m )^2_{xi,xi+1} .

In V_n they are glued in the obvious way, i.e., via the canonical inclusions U_{i,i+1} = {x_{i+1} ≠ 0} ⊂ U_i, U_{i,i+1} = {x_i ≠ 0} ⊂ U_{i+1}. The formal deformation is obtained by gluing thickenings of the U_i

(0.9) U_{i,I} := {x_{i−1}x_{i+1} = z^{[Di]}x^{−D2i}_i } ⊂ S_I × A^2_{xi−1 ,xi+1} × (G_m )_{xi}

where z^{[Di]} ∈ k[NE(Y )] is the corresponding monomial. Here I ⊂ k[NE(Y )] is a monomial ideal with √ I = m the maximal monomial ideal, and S_I = Spec(k[NE(Y )]/I).

The overlaps are relative tori, U_{i,i+1,I} = S_I × G^2_m , and the gluings are the obvious ones. The details (including a coordinate free description) are given in §2.1. This naive generalization is directly analogous to the naive description of (an open subset of) the mirror as the moduli of smooth special Lagrangian fibres with U(1) connection.

Next, there is a natural way of translating the instanton corrections. The analog of the scattering walls and the attached generating functions for associated holomorphic disks in U is our canonical scattering diagram, see §0.3.2 and §2.2. As in [GPS09], one is able to replace the non-algebro-geometric notion of holomorphic disk with, roughly speaking, finite maps A^1 → U. Intuitively, each holomorphic disk contributing can be approximated by a global rational curve (meeting D in a single point).

This intuition leads to the scattering diagram D of (0.4). The scattering diagram gives the set of walls described in the symplectic setting in §0.6.1. In a sense, our picture can be viewed as an asymptotic version of the chamber structure which would appear in the symplectic setting. For example, B has only a single singularity at the origin, but the more natural picture of having a base of the SYZ fibration with many

22 MARK GROSS, PAUL HACKING, AND SEAN KEEL

simple singularities can be recovered by perturbing the single singularity of B. Our scattering diagram D can then be viewed as a limit of diagrams, where each diagram is a union of tropical disks with leaves at the simple singularities. The diagram D can then be viewed as a natural limit of diagrams defined tropically.

We now modify our naive generalization of Mumford’s family by exactly the same coordinate transformations (0.8). This procedure is carried out for a general scattering diagram, in §2.2. In this way we obtain a modified family X^o_I (referred to as X^o_{I,D} in the main body of the paper, where D is the scattering diagram). This is a flat deformation of V^o_n , the punctured n-vertex, over Spec k[NE(Y )]/I. Now we want to extend this modified family to a flat deformation of V_n . By some standard commutative algebra (see Lemma 2.34) it is enough to find lifts to X^o_I of the canonical coordinate functions x_i on V_n . Then these coordinate functions give embeddings X^o_I → A^n × S_I , and we obtain X_I by taking the closure in A^n × S_I .

There is in fact a canonical choice of lift, suggested by the symplectic heuristic. The natural global functions in the symplectic heuristic are the functions ϑ_i of (0.7). This admits a natural translation into tropical geometry. We use the notion of broken line, introduced in [G09] to construct the full Landau-Ginzburg potential for the mirror of P^2.

A rough definition of broken line has already been given in Definition 0.6; see Definition 2.22 for a precise definition. The underlying piecewise straight path represents a tropical Maslov index two disk. While the path itself is not a tropical curve (there is no balancing condition at the bends), we can produce one by, for each bending point b of the broken line, gluing on the line segment 0b. Recall any bending point lies on a ray of the scattering diagram — this ray represents the tropicalisation of an A^1 -curve. Heuristically we imagine that a subset of this A^1 -curve is a Maslov index zero holomorphic disk with boundary on the SYZ fibre L_b. The line segment 0b ⊂ B represents the tropicalisation of this disk. Having glued on these line segments, the bending in the definition of broken line yields the usual tropical balancing condition at vertices, and the resulting tree is viewed as the tropicalization of a Maslov index two holomorphic disk with boundary lying in the SYZ fibre over the endpoint of the broken line. This Maslov index two disk is approximated by taking a cylinder over each line segment of the broken line, and gluing on the appropriate disks at each bend. The attached data p_i of Definition 0.6 (or equivalently q_L of Definition 2.22) is analogous to the relative homology class β ∈ H_2(Y, L). The transformation rule for p_i when the path bends is analogous to the change in this class coming from gluing on Maslov index zero disks. The coefficients keep track of the actual count of such disks; this count can be viewed as a generalization of the usual Mikhalkin tropical multiplicity formula [Mk05].

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 23

Our theta functions are defined in local charts as sums over monomials attached to broken lines: this is the expression Lift_Q(q) of Equation (2.13), and is exactly analogous to the canonical global functions ϑ_i of (0.7). Now to complete the construction we have to prove that these local expression patch, i.e., transform under change of local variables according to the wall-crossing maps determined by the canonical scattering diagram D. If this is the case, we say that D is consistent, see Definition 2.32. Of course this is a completely natural expectation — our scattering diagram is motivated by the scattering walls of the heuristic discussion, and the associated automorphisms are exactly defined so that the local expressions for the ϑ_i patch together. But this is only heuristic reasoning, and our actual proof of consistency proceeds along quite different lines.

We assume now for simplicity that we have a toric model Y → Ȳ . The broken lines of [G09] were defined in a case where the integral affine manifold B is smooth. In our situation, B_(¯_{Y ,}¯_{D)} = R^2 has no singularities (in fact smoothness of B exactly characterizes toric pairs, see Lemma 1.3). The analogous consistency result was proven there for a scattering diagram which had a natural compatibility. This compatibility stated that the composition of scattering automorphisms for a small loop around any point (see Definition 3.23 for the precise notion of path-ordered compositions) is trivial. A cleaner proof of this consistency was given in [CPS], not using the specifics of the P^2 situation used in [G09]. Our strategy is to reduce our consistency question on B_{(Y,D)} to an analogous question on B_(¯_{Y ,}¯_{D)}, and then apply the method of [CPS].

The existence of the toric model p : Y → Ȳ allows us to define the Gross–Siebert locus: let G be the monomial ideal in k[NE(Y )] generated by classes which are not contracted by p. Then G defines a toric boundary stratum of Spec(k[NE(Y )]); the big torus orbit T of this stratum is what we call the Gross–Siebert locus. If J is a monomial ideal with √ J = G, we obtain a thickening T_J ⊂ S_J of the Gross–Siebert locus, and then will construct an extension of the family V_n × T to a flat family over T_J . We call this the Gross–Siebert family.

This is related to the construction of [GS07] as follows. A divisor L = p^∗A for A an ample divisor on Ȳ induces a map A^1 → Spec k[NE(Y )] with 0 ∈ A^1 mapping into T . Pulling back the family we construct to the completion of A^1 at 0 gives a family constructed using the techniques of [GS07].

We construct the Gross–Siebert family as follows. Restricting [GS07] to the case at hand, [GS07] applies only to affine surfaces with very specific types of singularities, and not of the type that B_{(Y,D)} has at the origin. Rather, all singularities must appear in

the interiors of rays of the fan on B, and must have monodromy of the form ( 1 −k 0 1 )

24 MARK GROSS, PAUL HACKING, AND SEAN KEEL

for some k > 0, with the ray being the invariant direction; in analogy with the Kodaira classification, we call this an I_k singularity. Indeed, one expects a cycle of k two-spheres as fibre over such a point in the SYZ picture.

Here, we can view such a surface as being obtained by factoring the complicated singularity 0 ∈ B into I_1 singularities along the edges of Σ, one for each exceptional divisor of p : Y → Ȳ , by moving worms (in the terminology of [KS06]). We describe the process in Example 1.10. Let B^′ be the manifold so obtained, choosing arbitrarily the position of each I_1 singularity along its corresponding edge. If we now push the I_1 singularities to infinity (along their invariant directions, which correspond to the rays of the toric fan for Ȳ ) we obtain the toric fan Σ¯_Y for Ȳ in B_(¯_{Y ,}¯_{D)} = R^2 . The Gross–Siebert deformations are built using a scattering diagram, D^′, constructed by translating one of the key ideas from [KS06]. In particular, there is an algorithm for the construction of D^′, which we now outline.

Let us explain the initial input to the algorithm. If B^′ had no singularities, then D^′ is empty and one obtains a Mumford deformation in a straightforward way. Locally near a ray ρ of B^′, one can view this deformation infinitesimally simply by gluing together two standard thickenings of A^1 × G_m to obtain the set U_{i,J} given in (0.9). However, if instead B^′ is singular, say with k I_1 singularities on a ray of B^′, then while the thickenings of the irreducible components are canonical (still the irreducible components of U_{i,J} ), the gluings are not, as the gluing depends on a path chosen connecting the two maximal cells of B^′ containing the given edge: see [GS08], §2.3 for a detailed discussion of this phenomenon. In particular, the choice of path gives different choices for U_{i,J} : if one glues using a path which crosses ρ very far from the origin, so that all the singularities lie between this crossing point and the origin, then the naturally induced gluing yields the choice (0.9) for the glued patch. On the other hand, if one glues using a path which crosses ρ near the origin, so that there are no singularities between this crossing point and the origin, then one obtains a chart U^′_{i,J} := {x_{i−1}x_{i+1} = z^{[Di]}x^{−D2i −k}_i } ⊂ S_J × A^2_{xi−1 ,xi+1} × (G_m )_{xi} . This ambiguity needs to be dealt with. The suggestion originally made by Kontsevich and Soibelman in [KS06] was to let rays emanate from the singularities. These rays carry gluing information in the form of a function which determines an automorphism. Then when we try to glue two affine pieces together, we need to modify the standard gluing using these automorphisms. In our case, each singularity has two rays emanating from it. Because the automorphisms associated to these can rays differ, it is possible to choose these automorphisms in such a way that the effect of monodromy about the singularity is cancelled out.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 25

In our case, these modified gluings yield a modification of the U_{i,J} of (0.9):

(0.10) U_{i,J} = V (x_{i−1}x_{i+1} − z^{[Di]}x^{−D2i}_i ∏ j (1 + z^{[Eij ]}x^{−1}_i )) ⊂ S_J × A^2_{xi−1 ,xi+1} × (G_m )_{xi} .

Here E_{ij} are the exceptional divisors ((−1)-curves) for the corresponding toric model p : Y → Ȳ which intersect the boundary divisor D_i ⊂ D. The basic problem in this approach is that in order to ensure compatible gluings, these rays need to extend indefinitely. When rays collide, one obtains new compatibility problems because the associated automorphisms in general fail to commute. This fundamental problem was solved in [KS06], where a canonical procedure for adding new rays to restore compatibility is introduced. This key idea is stated in Theorem 3.24. The Gross–Siebert deformation is obtained using the diagram D^′ which is the output of this procedure applied to D^′_0, the scattering diagram consisting of the rays emanating from the singularities of B^′. In fact in our argument, we never work on B^′, but rather imagine the singularities go off to infinity, yielding the smooth manifold B_(¯_{Y ,}¯_{D)} = R^2 . The limit of D^′_0 (which we call D̄_0) on B_(¯_{Y ,}¯_{D)} has only the rays emanating from the singularities (now at infinity) heading towards the origin. These rays now come in from infinity.

The diagram D^′ satisfies the necessary compatibility to build an actual deformation, but its role for mirror symmetry was unclear. The meaning of D^′ was clarified by [GPS09]. The main result of that paper is a description of D^′ in terms of relative Gromov-Witten invariants. In particular, D^′ can be constructed by counting rational curves on a toric variety (Ȳ , D̄) meeting the toric boundary at a collection of prescribed points, plus a single extra contact at an unspecified point. More precisely, these invariants involve counting curves on the blow-up of Ȳ at the prescribed points, and these curves are precisely the A^1 -curves mentioned earlier. Thus the repackaged result of the Kontevich-Soibelman scattering process is our canonical scattering diagram D. This is the translation into algebraic geometry of the collections of walls and generating functions determined by Maslov index zero disks. Thus starting with the simple input diagram the Kontsevich-Soibelman procedure produces the diagram one expects from the symplectic heuristic.

Given this, we prove consistency of D, which is a question of equality of functions defined to arbitrary order, after restricting to the Gross–Siebert locus. If we move the singularities to infinity, D^′ induces a diagram D̄ on R^2 = B_(¯_{Y ,}¯_{D)}, which, by construction, satisfies the local consistency condition required for patching. Now we reduce the patching question for the canonical diagram on B_{(Y,D)} to D̄ on B_(¯_{Y ,}¯_{D)}. The identity map on the underlying topological spaces gives ZPL identifications ν : B → B^′ → B̄. This allows us to compare the scattering diagrams, D, D^′ and D̄ (which lie on different affine manifolds). The scattering diagrams, or more precisely, the functions attached

26 MARK GROSS, PAUL HACKING, AND SEAN KEEL

to rays, are not identified by ν, see Proposition 3.26. This is clear since the starting diagram D^′_0 changes as we move worms. Nonetheless ν induces a bijection on broken lines, see Lemma 3.30.

This bijection between broken lines allows us to reduce consistency for D on B_{(Y,D)} to consistency for D̄ on B_(¯_{Y ,}¯_{D)}, and so to the method of [CPS]. This completes the construction of the family in Theorem 0.1.

Remark 0.21. We take this as an indication that it is the collection of broken lines, rather than the scattering diagram, which is the essential object. We will show in a future paper [K3] that in the global K3 context the analog of broken lines are similarly independent of moving worms. Here the invariance is more striking, as the underlying scattering diagrams can be quite wildly different. This is the key fact that will allow us to glue together deformations of the global analog of the n-vertex constructed from different semi-stable models for the mirror degeneration, to produce a canonical deformation, with accompanying theta functions, depending only on the generic fibre of the mirror degeneration.

We conclude this overview by explaining how Looijenga’s conjecture follows naturally from the construction of the mirror family. The point is that we can extend our construction (from the formal completion over the maximal ideal) to give a family over the formal completion along most of the toric boundary. In particular, let f : Y → Y^′ be the contraction of the cusp, and let I_f ⊂ k[NE(Y )] be the ideal generated by the monomials z^C for curves C not contracted by f. Let T_2 be the corresponding stratum of Spec C [NE(Y )], and assuming there is a toric model p : Y → Ȳ , let T_1 be the closure of the Gross–Siebert locus. We extend our family over the formal completion along (T_1 ∪ T_2) ∩ S^′ for an open analytic neighbourhood S^′ of the torus fixed point of Spec C [NE(Y )]. Informally, the reader should imagine that we have a holomorphic family defined in a tubular neighborhood of the union of these two strata.

From the explicit charts for smoothings around the Gross–Siebert locus, one can show that this family contains formal smoothings. This can be done because these deformations can be described via local charts that cover all of V_n . Indeed, the complement of the origin is covered by the charts given by (0.10), while a neighbourhood of the origin in fact is described purely torically and is locally isomorphic to a Mumford degeneration. From these explicit charts it is obvious that these are smoothings. Thus by considering the Gross–Siebert locus, we conclude the “generic fibre” of our family is smooth. (Here we use quotes because, as our family is only formal, we do not actually have a generic fibre, but there is a natural formulation, in terms of the scheme-theoretic singular locus of the map, which makes sense). See §4.3.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 27

Next we consider the family over the locus T_2, defined by the ideal I_f . From the naive charts above it is easy to guess the singularities of the fibre of our family over a generic point of the boundary stratum T_2. The local charts (0.9) covering V^o_n are correct, and we only modify the gluing. Since the monomials z^{Di} do not lie in the ideal I_f , they are in fact invertible generically along T_2. Thus from (0.9) we see that the double curves of V^o_n are smoothed, and so the fibre has at worst normal Gorenstein SLC singularities. Furthermore, our scattering diagram is defined in terms of A^1 -classes — none of these are contracted by f, and thus modulo I_f , the scattering automorphisms are trivial. One can then show that our family over the open torus orbit of T_2 (intersected with S^′) specializes to Hirzebruch’s original quotient construction for the dual cusp to the cusp of Y^′. See Example 1.9. We carry this out in §4. We will see this part of our family — a partial smoothing of V_n to the dual cusp — is obtained from the purely toric Mumford construction, modulo a natural Z-action. As we have already seen our “generic fibre” is smooth, so in particular the cusp is smoothable. If our family were holomorphic, defined over a tubular neighborhood of the toric boundary, this implication would be obvious. Because we have only formal families the details are a bit more delicate, see §4.3.

Similar constructions to ours appeared in the physics papers [GMN1], [GMN2], and [GMN3], which are in part concerned with a construction of a family of complex manifolds over P^1, the twistor family of some underlying hyperkahler manifold. The construction depends on some additional data which is natural from the point of view of supersymmetric field theory, but is not a priori available in our context; nevertheless it turns out that some of the spaces we discuss also appeared in these papers In these cases: The restriction of the main construction of [GMN1] to any single fiber of the P^1 family (excluding the fibers over 0 and ∞) is equivalent to the gluing we use. Canonical functions identical (we believe) to our theta functions also appeared in [GMN3], as line operators in a certain supersymmetric four-dimensional field theory. In [GMN2], where the hyperkahler manifold in question is Hitchen’s integrable system, the line operators are traces of holonomies around loops as in the Fock-Goncharov theory (which [GMN2] in part follows).

0.7. Acknowledgements. An initial (and ongoing) motivation for the project was to find a geometric compactification of moduli of polarized K3 surfaces. We received a good deal of initial inspiration in this direction from conversations with V. Alexeev. We learned a great many things from A. Neitzke, especially about the connections of our work with cluster algebras and moduli of local systems. Our thinking about Looijenga pairs was heavily influenced by conversations with R. Friedman and E. Looijenga.

28 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Our Conjecture 0.12 was inspired by talks with M. Abouzaid, D. Auroux and P. Seidel. Many other people have helped us with the project, discussions with D. Allcock, D. Benzvi, V. Fock, D. Freed, A. Goncharov, R. Heitmann, D. Huybrechts, M. Kontsevich, A. Oblomkov, T. Perutz, M. Reid, A. Ritter, B. Siebert, and Y. Soibelman were particularly helpful. We would also like to thank IHÉS for hospitality during the summer of 2009 when part of this research was done. The first author was partially supported by NSF grants DMS-0805328 and DMS-0854987. The second author was partially supported by NSF grant DMS-0968824. The third author was partially supported by NSF grant DMS-0854747.

1. Basics

1.1. Tropical Looijenga pairs. We recall the following basic definition. Fix a lattice M ∼= Z^n. In what follows, we will always use the notation M_R = M ⊗_Z R, N = Hom_Z(M, Z) and N_R = N ⊗_Z R. We denote by Aff(M) the group of affine linear transformations of the lattice M.

Definition 1.1. An integral affine manifold B is a (real) manifold B with an atlas of charts {ψ_i : U_i → M_R} such that ψ_i ∘ ψ^{−1}_j ∈ Aff(M) for all i, j.

An integral affine manifold with singularities B is a (real) manifold B with an open subset B_0 ⊂ B which carries the structure of an integral affine manifold, and such that Δ := B \ B_0, the singular locus of B, is a locally finite union of locally closed submanifolds of codimension at least two.

An integral affine manifold with singularities is (oriented) integral linear if the transition maps of the atlas lie in SL_n(Z).

If B is an integral affine manifold with singularities, there is a local system Λ_B on B_0 consisting of flat integral vector fields: i.e., if y_1, . . . , y_n are local integral affine coordinates, then Λ_B is locally given by linear combinations of the vector fields ∂/∂y_1, . . . , ∂/∂y_n. If B is clear from context, we drop the subscript B.

Similarly, Λ̌_B is the dual local system, locally generated by dy_1, . . . , dy_n. We will be primarily interested in dim B = 2 in this paper, in which case Δ will consist, in all our examples, of a finite number of points. All integral affine manifolds we encounter will in fact be oriented integral linear.

The fundamental example for this paper is the following. Fix a pair (Y, D) where Y is a rational surface and D = D_1 + · · · + D_n ∈ | − K_Y | is an anti-canonical cycle of rational curves. We associate to this data a pair (B, Σ), where B is homeomorphic to R^2 with singularity at the origin, and Σ is a decomposition of B into cones. The idea is that we pretend that (Y, D) is toric and we try to build the associated fan. More precisely, the construction is as follows.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 29

We will always take D_1, . . . , D_n cyclically ordered and indices modulo n, so that D_i ∩ D_j ≠ ∅ if and only if the indices i and j are adjacent in the cyclic ordering of 1, . . . , n. For each node p_{i,i+1} := D_i ∩ D_{i+1} of D we take a rank two lattice M_{i,i+1} with basis v_i, v_{i+1}, and the cone σ_{i,i+1} ⊂ M_{i,i+1} ⊗_Z R generated by v_i and v_{i+1}. We then glue σ_{i,i+1} to σ_{i−1,i} along the rays ρ_i := R_{≥0} v_i to obtain a piecewise-linear manifold B homeomorphic to R^2 and a decomposition Σ = {σ_{i,i+1} | 1 ≤ i ≤ n} ∪ {ρ_i | 1 ≤ i ≤ n} ∪ {0}. We define an integral affine structure on B \ {0}. We do this by defining charts ψ_i : U_i → M_R (where M = Z^2). Here U_i = Int(σ_{i−1,i} ∪ σ_{i,i+1})

and ψ_i is defined on the closure of U_i by ψ_i(v_{i−1}) = (1, 0), ψ_i(v_i) = (0, 1), ψ_i(v_{i+1}) = (−1, −D^2_i ), with ψ_i linear on σ_{i−1,i} and σ_{i,i+1}.

A coordinate free description of this structure is given by equation (0.2) in the introduction.

We note this construction makes sense even when n = 1, i.e., the anti-canonical divisor D is an irreducible nodal curve. In this case there is one cone σ_{1,1}, and opposite sides of the cone are identified. (Moreover, the integral affine charts are defined using the integer D^2_1 − 2 instead of D^2_1. This is the degree of the normal bundle of the map from the normalization of D_1 to Y .) However, this case will often complicate arguments in this paper, so we will usually replace Y with a surface obtained by blowing up the node of D, and replace D with the reduced inverse image of D under the blowup. This does not change the underlying integral affine manifold with singularities, but refines the decomposition Σ, exactly as in the toric case. See §1.3 for some elementary properties of such toric blowups.

Example 1.2. It is easy to see that if Y is a non-singular toric surface and D = ∂Y is the toric boundary of D, then in fact the affine structure on B extends across the origin, identifying (B, Σ) with (M_R, Σ_Y ), where Σ_Y is the fan for Y . Indeed, if ρ_j ∈ Σ_Y corresponds to the divisor D_j and ρ_j = R_{≥0} w_j with w_j ∈ M primitive, then it is a standard fact that w_{i−1} + (D_i)^2w_i + w_{i+1} = 0.

Since Y is non-singular, there is always a linear identification φ_i : M^∼→ Z^2 taking w_{i−1} to (1, 0), w_i to (0, 1), and thus w_{i+1} must map to (−1, −D^2_i ). Thus on U_i, a chart for the affine structure on B is ψ^′_i = φ^{−1}_i ∘ ψ_i : U_i → M_R. The maps ψ^′_i glue to give an integral affine isomorphism B → M_R.

30 MARK GROSS, PAUL HACKING, AND SEAN KEEL

In fact, the converse is also true:

Lemma 1.3. If the affine structure on B_0 = B \ {0} extends across the origin, then Y is toric and D = ∂Y .

Proof. We make use of some elementary results which are proved later in the paper. We first note that by Lemma 1.17, we can replace (Y, D) with a non-singular toric blow-up without affecting the affine manifold B. By Proposition 1.19, we can thus assume that there is a smooth toric variety Ȳ with toric boundary D̄ along with a birational morphism π : (Y, D) → (Ȳ , D̄) which induces an isomorphism of D with D̄. Now if D̄_i is the image of D_i under this map, then D̄^2_i ≥ D^2_i .

We first claim that (Y, D) is isomorphic to (Ȳ , D̄) if and only if equality holds for every i. Indeed, if equality holds for a given i, then π can’t contract any curves which intersect D_i. On the other hand, π can’t contract any curves contained in Y \ D since then D would not be an anti-canonical cycle.

Now assume that (Y, D) is not toric, so that π is not an isomorphism. Now in general, B \ ρ_1 has a coordinate chart ψ : B \ ρ_1 → M_R, constructed by gluing together coordinate charts for σ_{1,2}, . . . , σ_{n−1,n}, σ_{n,1}. Note that D̄^2_i > D^2_i for at least one i, and by choosing ρ_1 appropriately, we can assume that this is the case for some i ≠ 1. By comparing this chart ψ with the corresponding chart ψ̄ constructed using (Ȳ , D̄), one sees easily that ψ(B \ ρ_1) is properly contained in ψ̄(B \ ρ_1) = M_R \ ρ̄_1. Here ρ̄_1 is the one-dimensional cone in the fan for Ȳ corresponding to D̄_1. In fact, ψ(B \ ρ_1) is a wedge (possibly non-convex). If the affine structure extended across the origin, then ψ would extend to an isomorphism ψ : B → M_R, which is impossible. □

Remark 1.4. The fact that B_{(Y,D)} is integral linear, as opposed to just affine, and comes divided into cones has a nice parallel in the symplectic heuristic (observed jointly with D. Auroux). Returning to the notation of §0.6.1, with special Lagrangian fibration f : U → B, we can choose the complex structure on (Y, D) so that Im(Ω)|_U is exact. Indeed, one can show that if p : Y → Ȳ is a toric blowup, this exactness holds if and only if the blown up points lie in the unit circle of the structure G_m of the boundary components (up to the action of the big torus of Ȳ ). Write Im(Ω)|_U = dγ. Then for L = f^{−1}(b), γ|_L is closed (by the special Lagrangian condition), and thus determines a class [γ|_L] ∈ H^1(L, R), which is independent of the choice of γ.

There is a canonical identification of the tangent space to B at b with H^1(L, R) using the form Im(Ω). Given a tangent vector v at b, lift it to a normal vector field v along L. Then the contraction (ι(v) Im(Ω))|_L is a well-defined closed one-form on L, hence defining an element of H^1(L, R). Thus the restrictions γ|_L determine a canonically defined vector field v on B_0. One can show using the Arnold-Louiville theorem that

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 31

locally v is flat with respect to a canonical affine flat connection on the tangent bundle to B_0, with v locally of the form ∑ i(y_i +c_i)∂_{yi} for some constants c_i and affine coordinates y_i. From this linearity follows: in a neighbourhood of b ∈ B_0, the vector field gives a canonical linear coordinate chart in the tangent space to B_0 at b.

Now we consider the flow of this vector field. The expectation is that the Lagrangian over a generic point will flow to a node of D — in this way each node p_{i,i+1} = D_i ∩ D_{i+1} determines a 2-dimensional cone σ_{i,i+1} ⊂ B, while each D_i determines an edge ρ_i ⊂ B, those points whose associated Lagrangian approaches the interior D^o_i := D_i \ {p_{i−1,i}, p_{i,i+1}} of D_i. We can consider the universal cover q : B̃ → B \ {0}. This comes with a decomposition Σ̃ into cones minus the origin: Σ̃ = {σ_{i,i+1} \ {0} | i ∈ Z} ∪ {ρ_i \ {0} | i ∈ Z}. In addition B̃ has an integral affine structure pulled back from B \ {0} and a canonical Z-action sending σ_{i,i+1} → σ_{i+n,i+n+1}. By patching together integral affine coordinate charts, one obtains a canonical (up to integral linear functions) developing map δ : B̃ → R2 , an integral affine immersion. Negativity of the boundary D ⊂ Y is translated into convexity properties of the developing map:

Lemma 1.5. The developing map δ is one-to-one if and only if D is negative semidefinite. In this case the closure of the image is a convex cone, strictly convex if and only if D is negative definite. If the developing map is not one-to-one, then it surjects onto R^2 \ {0}.

Proof. We can assume that D contains no (−1)-curves by contracting such curves. This changes Σ but not B or its affine structure, by Lemma 1.17. Then D is negative semi-definite if D^2_i ≤ −2 for all i, and negative definite if in addition D^2_i < −2 for at least one i. If D^2_i = −2 for all i, then by the construction of the affine structure, the developing map, up to an integral linear transformation, identifies B̃ with the upper half-plane, with σ_{i,i+1} identified with the cone generated by (i, 1) and (i + 1, 1). If D^2_i < −2 for some i, it is then clear that the developing map identifies B̃ with the interior of a strictly convex cone in R^2 .

Conversely, if D^2_i ≥ 0 for some i, then again by the construction of the affine structure on B, the image of σ_{i−1,i} ∪ σ_{i,i+1} under the developing map contains a half-plane, from which it follows easily that δ cannot be one-to-one and is surjective. □

The following observation will be needed in a future paper, but for now it illustrates the essential difference between these cases. Suppose we have a point x ∈ B_0, and a tangent vector v to B at x. Then there is a ray emanating from x in the direction

32 MARK GROSS, PAUL HACKING, AND SEAN KEEL

v, which is a straight line. If the tangent vector points towards the origin, then this straight line is just the line segment joining x and the origin. Otherwise, one obtains different possible behaviours. For example, in the negative semi-definite cases, by considering the above description of the developing map, it is possible that such a ray wraps around the origin an infinite number of times. In the best case, this does not happen:

Corollary 1.6. If D is not negative semi-definite, then any such ray in B which does not pass through the origin goes off to infinity in some cone σ of Σ. That is, writing γ : [0, ∞) → B_0 for an affine parametrization of the ray, we have γ(t) ∈ σ for t ≫ 0.

Proof. This follows from the fact that δ is surjective in the non-negative semi-definite case, by the previous lemma. □

Choose a ray ρ_i in Σ. Choosing a ray ρ̃_i in Σ̃ mapping to ρ_i determines a canonical section s : B \ ρ_i → B̃ of q such that the closure of the image is bounded by edges ρ̃_i and ρ̃_{i+n}. We then obtain an integral affine immersion δ ∘ s : B \ ρ_i → R^2 .

Lemma 1.7. The closure S := (δ ∘ s)(B \ ρ_i) ⊂ R^2 is convex (resp. strictly convex) if and only if ( ∑ j≠i aj Dj) 2 ≤ 0 for any collection of integers a_j (resp. < 0 unless all a_j = 0).

Proof. The set S is the support of a fan, Σ_S , given by the closures of the images under δ of cones σ ∈ Σ̃ which intersect s(B \ {ρ_i}), along with the faces of these cones. Note that unless Y was already a toric variety, S has two boundary edges, images of ρ̃_i and ρ̃_{i+n}. Then Σ_S defines a toric variety whose toric divisors, excluding the ones given by the images of ρ̃_i and ρ̃_{i+n}, have the same intersection numbers as D_{i+1}, . . . , D_{i+n−1}, by the construction of the affine structure. It is then standard for toric varieties that the convexity of S is equivalent to the negative semi-definiteness of the intersection pairing of D_{i+1}, . . . , D_{i+n−1} and the strict convexity of S is equivalent to the negative definiteness of D_{i+1}, . . . , D_{i+n−1}. □

Example 1.8. Let Y be a del Pezzo surface of degree 5. Thus Y is isomorphic to the blowup of P^2 in 4 points in general position. The surface Y contains exactly 10 (−1)-curves. It is easy to find an anti-canonical cycle D of length 5 among these 10 curves.

In this case, consider B \ ρ_1. Each chart ψ_i : U_i → M_R can be composed with an integral linear function on M_R in such a way that the charts ψ_2, ψ_3, ψ_4 and ψ_5 glue to give a chart ψ : B \ ρ_1 → M_R. This can be done, for example, with

ψ(v_1) = (1, 0), ψ(v_2) = (0, 1), ψ(v_3) = (−1, 1), ψ(v_4) = (−1, 0), ψ(v_5) = (0, −1).

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 33

ρ_1, ρ_2 σ_{1,2} ρ_3

ρ_4

σ_{4,5}

ρ_5 ρ^1 σ_{1,2} σ_{5,1} σ_{3,4} σ_{2,3} ρ_2

Figure 1.1.

We can then take a chart ψ^′ : U_5 ∪ U_1 → M_R which agrees with ψ on σ_{5,1}, and hence takes the values

ψ^′(v_5) = (0, −1), ψ^′(v_1) = (1, −1), ψ^′(v_2) = (1, 0),

see Figure 1.1.

Thus B, as an affine manifold, can be constructed by cutting M_R along the positive real axis, and then identifying the two copies of the cone σ_{1,2} via an integral linear transformation.

Example 1.9 (Cusps). The next example is basic to our proof of Looijenga’s conjecture. We begin with background on cusps: By definition, a cusp is a normal surface singularity for which the exceptional locus of the minimal resolution is a cycle of rational curves. The self-intersections of these exceptional curves determine the analytic type of the singularity, see [L73]. Cusps have a quotient construction due to Hirzebruch [Hi73] which we explain here.

Let M = Z^2. Let T ∈ SL(M) be a hyperbolic matrix, i.e., with a real eigenvalue λ > 1. Then T determines a pair of dual cusps as follows: Let w_1, w_2 ∈ M_R be eigenvectors with eigenvalues λ_1 = 1/λ, λ_2 = λ, chosen so that w_1 ∧ w_2 > 0 (in the standard counter-clockwise orientation of R^2 ). Let C, C^′ be the strictly convex cones spanned by w_1, w_2 and w_2, −w_1, and let C, C^′ be their interiors, either of which is preserved by T . Let U_C , U_C′ be the corresponding tube domains, i.e., U_C := {z ∈ M_C | Im(z) ∈ C}/M ⊂ M_C /M = M ⊗ G_m .

34 MARK GROSS, PAUL HACKING, AND SEAN KEEL

T acts freely and properly discontinuously on U_C , U_C′ . The holomorphic hulls of U_C /⟨T ⟩, U_C′ /⟨T ⟩ are normal surface germs of dual cusps. All cusps (and their duals) arise this way. If M is identified with its dual by choosing an isomorphism

⋀_2 M ∼= Z, the cone C^′ is identified with the dual cone of C. In this way C^′/⟨T ⟩ and C/⟨T ⟩ are dual integral affine manifolds, which suggests the duality between the corresponding cusps is a form of mirror symmetry.

Now suppose for a Looijenga pair (Y, D) that D^2_i ≤ −2 for all i and D is negative definite (which is equivalent to D^2_i ≤ −3 for some i). Then we have a contraction p : Y → Ȳ with Ȳ having a single cusp singularity. By Lemma 1.5 the developing map produces an infinite fan Σ̃ in a lattice M ≃ Z^2 as follows. We take v_0, v_1 to be a positively oriented basis for M ≃ Z^2, and define v_i for i ∈ Z by the relation

v_{i−1} + (D^2_{i mod n})v_i + v_{i+1} = 0.

We take the two-dimensional cones of Σ̃ to be the cones generated by v_i and v_{i+1}, i ∈ Z. If we define T ∈ SL(M) by T (v_0) = v_n and T (v_1) = v_{n+1}, then T (v_i) = v_{i+n} for each i. Necessarily T is hyperbolic and |Σ̃| is the cone C defined above. Then U_C /⟨T ⟩ is a punctured analytic neighborhood of a cusp singularity isomorphic to z := p(D) ∈ Ȳ . See [L81], §III.2.

Let P ∈ X be the dual cusp, thus the holomorphic hull of U_C′ /⟨T ⟩. Here we provide an alternative formulation of Looijenga’s condition on smoothability of P ∈ X (i.e., that the cycle of rational curves for the dual cusp occur as the boundary of a Looijenga pair) which we can phrase just in terms of the hyperbolic matrix T . We claim that Looijenga’s condition (that there exists a rational surface Y with anticanonical boundary divisor D which can be contracted to the dual cusp) is equivalent to the following: There exists distinct primitive vectors w_1, . . . , w_r, spanning rays in counter-clockwise cyclic order in M, and positive integers n_1, . . . , n_r, such that, defining T_i ∈ SL(M) by T_ix = x − n_i(w_i ∧ x)w_i, we have T^{−1} = T_r · · · T_1.

That is, there is a factorization of the monodromy matrix T^{−1} of B_0 := C/⟨T ⟩ into

matrices T_i conjugate to ( 1 −n_i 0 1 ) , with the invariant vectors w_i in anticlockwise

cyclic order.

To see this, first suppose given such a factorization. Let Σ be a complete fan in R^2 including the rays generated by the w_i together with additional rays so that each cone is convex and generated by a basis of Z^2. Let Ȳ be the associated smooth toric surface.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 35

Blowup n_i interior points of the boundary divisor corresponding to w_i for each i. Let (Y^′, D^′) be the pair so obtained. By our assumption the integral affine manifold B_0 associated to Y^′ has monodromy matrix T^{−1}, so is the integral affine manifold C/⟨T ⟩ described above. It follows that D^′ can be contracted to the dual cusp.

Conversely, given (Y, D), after a toric blowup Y^′ → Y there exists a toric model Y^′ → Ȳ by Proposition 1.19. So we obtain a factorization of the monodromy matrix by the reverse of the above process.

The factorization determines a topological smoothing of P ∈ X: The projection

M_C → M_R, (z_1, z_2) → (Im z_1, Im z_2)

induces an S^1 × S^1-fibration f^0 : X \ {P } → C/⟨T ⟩. We have B = (C ∪ {0})/⟨T ⟩ = (C/⟨T ⟩) ∪ {0}. f^0 extends to a continuous map f : X → B, P → 0. Topologically, the existence of the above factorisation allows us to deform the singular fibration f to a S^1 × S^1-fibration with ordinary (Lefschetz) singularities, that is, each singular fibre is a pinched torus and the local monodromy is the Dehn twist in the vanishing cycle δ, acting on H_1(S^1 × S^1, Z) by γ → γ − (δ ∩ γ)δ. The monodromy of f at infinity (corresponding to the link L of the singularity P ∈ X) is the matrix T^{−1}, and the above factorization is obtained by expressing this in terms of the local monodromies around the singular fibres of the deformed fibration.

The smoothing we construct for P ∈ X in our proof of Corollary 0.5 will induce exactly this topological smoothing of f. The factoring of the singularity into simple singularities is an instance of the following:

Example 1.10 (Moving worms). Let p : (Y, D) → (Ȳ , D̄) be the blowup at x ∈ D̄_i ⊂ Ȳ which is a smooth point of D̄. Let (B, Σ) and (B̄, Σ̄) be the associated integral affine manifolds with fans. The map p : B → B̄ which identifies each cone in Σ with the corresponding cone in Σ̄ is a ZPL-isomorphism, and an isomorphism of integral affine manifolds outside of ρ_i, but it is not affine along ρ_i. There is a natural one parameter family of integral affine manifolds interpolating between the two structures by a process Kontsevich and Soibelman [KS06] call moving worms. Precisely, choose a point y ∈ ρ_i. Put a new singular affine structure on B by defining a Σ-piecewise linear function to be linear if its restriction to a neighbourhood of (y, +∞) ⊂ ρ_i is B-linear, and is B̄-linear on B \ [y, +∞). Call the resulting manifold B_y. The map p : B_y → B̄ is a linear isomorphism near 0 (indeed off of [y, +∞)). This new manifold B_y has an I_1, or focus-focus, singularity at y, with invariant direction ρ_i, and is non-singular elsewhere. Now under p : B → B̄ we view an I_1 singularity as having moved off of 0 ∈ B and migrated to infinity along the ray ρ_i.

36 MARK GROSS, PAUL HACKING, AND SEAN KEEL

One can iterate this process. If p is now the blowup at m (for simplicity, distinct) points x_{ij} ∈ D_i ⊂ Ȳ , all non-singular points of D, we can similarly define an m-parameter family of integral affine structures, with each p_{ij} determining an I_1 singularity along ρ_i. For example if p is a toric model, i.e., (Ȳ , D̄) is a smooth toric surface, then we obtain an m-parameter family of structures with m I_1 singularities located along rays of Σ, and non-singular elsewhere. In particular the toric model determines a factorisation of the singularity B into m simple I_1 singularities, and then we smooth the manifold by letting these singularities migrate along their invariant direction to infinity.

Moving worms are particularly natural in terms of birational geometry of maximally unipotent K3 degenerations. Though it is not needed for the proofs of any of our results, we explain this connection, as the underlying philosophy is relevant to our proof of Theorem 0.1:

Remark 1.11 (Tropical K3 surfaces). Let p : Y → Δ be a type III semi-stable degeneration of K3 surfaces. Recall that this means Y is a smooth 3-fold, Δ is an analytic disk, p is proper, the generic fibre Y^{gen} is a smooth K3 surface, and the special fibre Y is a normal crossing divisor with dual complex B_Y a triangulation of S^2. Each vertex v of B_Y corresponds to an irreducible component Y_v ⊂ Y which is a rational surface with anti-canonical cycle D_v := Sing(Y ) ∩ Y_v. Each edge of the triangulation of B corresponds to the intersection of two irreducible components, and each 2-simplex corresponds to a triple point of Y .

Let v_0v_1v_2, v_0v_1v_3 be two triangles of the triangulation of B sharing the edge v_0v_1. We define the affine structure on the union of these two triangles by declaring that a piecewise affine function φ is in fact affine if and only if

((φ(v_1) − φ(v_0))D_{v1v0} + (φ(v_2) − φ(v_0))D_{v2v0} + (φ(v_3) − φ(v_0))D_{v3v0} ) · D_{v1v0} = 0

where D_{vw} for adjacent vertices v, w ∈ B means the corresponding rational curve Y_v ∩ Y_w ⊂ Y_w. We use the convention that D_{vw} · D_v′_w is computed in Y_w. That this is independent of the choice of one of the two vertices on the edge v_0v_1 is equivalent to the condition

(1.1) D^2_{v0v1} + D^2_{v1v0} = −2,

which follows from the existence of the semistable smoothing Y/Δ, see, e.g., [F83a]. The open star of the vertex v in B_Y (the complement to the union of triangles not containing v) can then be identified with an open neighbourhood of the origin in B_{(Yv ,Dv)}, the integral affine manifold with singularities associated to the pair (Y_v, D_v).

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 37

There can be many semi-stable models Y → Δ with the same generic fibre. Any two are related by simple flops. Suppose for example one component Y_v ⊂ Y contains a (−1)-curve, E ⊂ Y_v not contained in D_v ⊂ Y_v. Then E ∩ D_v is necessarily a single smooth point. Let D_ω ⊂ D_v be the component containing this point; this is a stratum of Y corresponding to an edge ω. Let the second endpoint of ω be w, so that Y_w ⊂ Y is the other component containing D_ω. Let p : Y_v → Y_v be the blowdown. We can extend this to p : Y → Ȳ . Then Ȳ is again normal crossing and K-trivial, and its dual complex is the same triangulation of B_Y . We can then define as above an affine structure on the quadrilateral containing ω as a diagonal, using v_0 = v or v_0 = w. This gives two affine structures, and now, as (1.1) fails, these affine structures are not compatible. If we choose (arbitrarily) a point x ∈ ω, there is a canonical structure on this quadrilateral away from x, using the affine structure defined using v_0 = v in a neighbourhood of v and the affine structure defined using v_0 = w in a neighbourhood of w. Since these two affine structures are compatible on the interior of the two-cells of B, this gives an integral affine structure B^x_Ȳ . It is then the case that Y → Ȳ extends to a small contraction Y → Y. Let Y^′ → Y be the flop, which is again a type III semi-stable degeneration. Note B_Y , B_Y ′ , B¯_Y and their triangulations are canonically identified as ZPL-manifolds. The change in integral affine structure is exactly the moving worm procedure: under the flop an I_1 singularity departs from v ∈ B_Y , migrates along ω and into w ∈ B_Y ′ . Thus the smooth K3 surface Y^{gen} determines an integral affine structure on S^2 canonically up to moving worms, and thus structures independent of moving worms are of particular interest. We will see that our broken lines are one example.

Now suppose p : Y → Y is a toric model, i.e., the restriction to each irreducible component p : Y_v → Ȳ_v of Y is a toric model. Then Ȳ (and a choice of position for each singular point on B¯_Y ) determines an integral affine structure on B¯_Y which is smooth at each vertex. The family Y → Δ is what Gross and Siebert [GS07] call a toric degeneration, and B¯_Y is the associated integral affine manifold with singularities of the type that they consider.

1.2. The Mumford degeneration. The toric case of Theorem 0.1 is a special case of a construction due to Mumford which we now recall in a form convenient for our purposes.

Fix a toric monoid P and a lattice M = Z^n. The monoid P is defined by a convex cone σ_P ⊂ P^{gp}_R with P = σ_P ∩ P^{gp}. Fix a fan Σ in M_R, whose support, |Σ|, is convex. In what follows, we view B = |Σ| as an affine manifold with boundary. We denote by Σ_{max} the set of maximal cones in Σ.

38 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Definition 1.12. A Σ-piecewise linear function φ : |Σ| → P^{gp}_R is a continuous function such that for each σ ∈ Σ_{max}, φ|_σ is given by an element φ_σ ∈ Hom_Z(M, P^{gp}) = N ⊗_Z P^{gp}.

For each codimension one cone ρ ∈ Σ contained in two maximal cones σ_+, σ_− ∈ Σ_{max}, we can write φ_{σ+} − φ_{σ−} = n_ρ ⊗ p_{ρ,φ} where n_ρ ∈ N is the unique primitive element annihilating ρ and positive on σ_+, and p_{ρ,φ} ∈ P^{gp}. We call p_{ρ,φ} the bending parameter. Note (as the notation suggests) it depends only on the codimension one cone ρ (not on the ordering of σ_+, σ_−).

We then say a Σ-piecewise linear function φ : |Σ| → P^{gp} is P -convex if for every codimension one cone ρ ∈ Σ, p_{ρ,φ} ∈ P . We say φ is strictly P -convex if for every codimension one cone ρ ∈ Σ, p_{ρ,φ} ∈ P \ P^×, where P^× is the group of invertible elements of P .

Example 1.13. Take a complete fan Σ in M_R. This defines a toric variety Y = Y_Σ, which we assume is non-singular. We let P ⊂ P^{gp} be given by the cone of effective curves, NE(Y ) ⊂ A_1(Y ) = H_2(Y, Z).

Each codimension one cone ρ ∈ Σ corresponds to a one-dimensional toric stratum D_ρ ⊂ ∂Y , hence a class [D_ρ] ∈ NE(Y ) = P .

Lemma 1.14. There is a Σ-piecewise linear strictly P -convex function φ : M → P^{gp} with

(1.2) p_{ρ,φ} = [D_ρ]

for each codimension one cone ρ ∈ Σ. Up to a linear function, φ is unique.

Proof. We will only need this result in two dimensions, so we only prove it in this case. This is trivial unless Σ is complete, so let’s assume completeness. Let ρ_1, . . . , ρ_s be the rays in the fan Σ in cyclic order. It is sufficient to show that s∑ i=1 n_{ρi} ⊗ [D_{ρi} ] = 0

in N ⊗_Z P^{gp}, where n_{ρi} is chosen, say, to be positive on ρ_{i+1}. However, using a suitable choice of identification of

⋀_2 M ∼= Z, we note that n_{ρi} can be identified with the functional on M given by m → m_i ∧ m, where m_i is a primitive generator of ρ_i. Thus we need to show that_s ∑ i=1 m_i ⊗ [D_{ρi} ] = 0.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 39

This we can show by evaluating the left-hand side on an element n ∈ N, getting s∑ i=1 ⟨n, m_i⟩[D_{ρi} ]. However, this is precisely the divisor of zeroes and poles of z^n, and hence is zero in P^{gp} = H_2(Y, Z). □

Given a Σ-piecewise linear and P -convex function φ : |Σ| → P^{gp} we can define a monoid P_φ ⊂ M × P^{gp} by (1.3) P_φ := {(m, φ(m) + p) | m ∈ |Σ|, p ∈ P }. The convexity condition implies that P_φ is closed under addition. Furthermore, we have a natural inclusion P → P_φ given by p → (0, p), which gives us a flat morphism f : Spec k[P_φ] → Spec k[P ].

It is easy to see that a general fibre of f is isomorphic to the algebraic torus k[M]: in fact, if we consider the big torus orbit U = Spec k[P^{gp}] ⊂ Spec k[P ], f^{−1}(U) = U × Spec k[M].

We now describe the fibres over other toric strata of Spec k[P ]. Let x ∈ Spec k[P ] be a point in the torus orbit corresponding to a face Q ⊂ P . Then by replacing P with the localized monoid P − Q obtained by inverting all elements of Q, we may assume that x is contained in the smallest toric stratum of Spec k[P ]. Consider the composed map φ̄ : |Σ|^φ−→P^{gp} → P^{gp}/P^×.

Note φ̄ is also piecewise linear. Let Σ̄ be the fan (of not necessarily convex cones) whose maximal cones are the maximal domains of linearity of φ̄. Then f^{−1}(x) can be written as f^{−1}(x) = Spec k[Σ̄].

Here, k[Σ̄] = ⨁ m∈M∩|Σ| kz^m with multiplication given by

(1.4) z^m · z^{m′} = z^{m+m′} if m, m^′ lie in a common cone of Σ̄, 0 otherwise.

In particular, the irreducible components of f^{−1}(x) are the toric varieties Spec k[σ ∩M] for σ ∈ Σ̄_{max}.

In the particular case that rank M = 2 and Σ defines a non-singular complete surface with n toric divisors, suppose φ is strictly convex. Then if x is a point of the smallest

40 MARK GROSS, PAUL HACKING, AND SEAN KEEL

toric stratum of Spec k[P ], then f^{−1}(x) is just V_n ⊂ A^n , the reduced cyclic union of coordinate A^2 ’s: V_n = A^2_{x1 ,x2} ∪ A^2_{x2 ,x3} ∪ · · · ∪ A^2_{xn ,x1} ⊂ A^n_{x1 ,...,xn} . We call V_n the vertex, or more specifically, the n-vertex.

We will need in the sequel the degenerate case of the n-vertex for n = 2. This is a union of two affine planes and can be described as the double cover

(1.5) V_2 = Spec k[x_1, x_2, y]/(y^2 − x^2_1x^2) = A^2_{x1 ,x2} ∪ A^2_{x2 ,x1} .

Of course, this does not appear as a central fibre of a Mumford degeneration. Analogously, one can define

(1.6) V_1 = Spec k[x, y, z]/(xyz − x^2 − z^3),

the affine cone over a nodal cubic.

Example 1.15. In Example 1.13, with the choice of φ given by Lemma 1.14, the family Spec k[P_φ] → Spec k[NE(Y )] in fact gives the family of mirror manifolds to the toric variety Y , as constructed by Givental [Giv].

In fact, the mirror of a toric variety also includes the data of a Landau-Ginzburg potential, which is a regular function. In this case the potential is W = ∑ ρ z^{(mρ,φ(mρ))} where we sum over all rays ρ ∈ Σ, and m_ρ ∈ M denotes the primitive generator of ρ. If Y is not Fano, then this is actually not the correct Landau-Ginzburg potential; rather, the potential receives corrections which can be viewed as coming from degenerate holomorphic disks on Y with irreducible components mapping into D. See Remark 0.18.

1.3. Some toric constructions. We collect here a few simple observations which we use repeatedly throughout the paper.

Definition 1.16 (Toric Blowup). Let Y be a rational surface and D an anti-canonical cycle of rational curves on Y . A toric blow-up of the pair (Y, D) is a birational morphism π : Ỹ → Y such that if D̃ is the reduced scheme structure on π^{−1}(D), then D̃ is an anti-canonical cycle of rational curves on Ỹ .

Given (B, Σ), a refinement is a pair (B, Σ̃), where Σ̃ is a decomposition of B into rational polyhedral cones refining Σ.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 41

Lemma 1.17. There is a one-to-one correspondence between toric blow-ups of (Y, D) and refinements of (B, Σ). Furthermore, if (Ỹ , D̃) is a non-singular toric blow-up of (Y, D), and (B̃, Σ̃) is the affine manifold with singularities constructed from (Ỹ , D̃), then B̃ and B are isomorphic as integral affine manifolds with singularities in such a way that Σ̃ is the corresponding refinement of Σ.

Proof. Let π : Ỹ → Y be a toric blow-up. It follows easily from the condition that π^{−1}(D)_{red} is an anti-canonical divisor that π : Ỹ \ π^{−1}(Sing(D)) → Y \ Sing(D) is an isomorphism. Thus π is a blow-up along a subscheme supported on Sing(D). Let x ∈ Sing(D) be a double point of D, corresponding to a cone σ ∈ Σ. Note σ can be viewed as a rational polyhedral cone defining a non-singular toric variety X_σ ∼= A^2 . Then étale locally near x, the pair (Y, D) is isomorphic to the pair (X_σ, ∂X_σ). One can then check that in this local model, the only possible blow-ups satisfying the definition of toric blow-ups come from subdivisions of the cone σ, i.e., toric blow-ups of X_σ. Indeed, the exceptional divisors of toric blowups are the only divisors with log discrepancy −1. This gives the desired correspondence. The second statement is then easily checked. □ Definition 1.18. A toric model of (Y, D) is a birational morphism (Y, D) → (Ȳ , D̄) to a smooth toric surface with its toric boundary such that D → D̄ is an isomorphism. Proposition 1.19. Given (Y, D) there exists a toric blowup (Ỹ , D̃) which has a toric model (Ỹ , D̃) → (Ȳ , D̄). Proof. First observe:

(1) Let p : Y → Y^′ be the blowdown of a (−1)-curve not contained in D, and D^′ := p_∗(D) ⊂ Y^′. If the proposition holds for (Y^′, D^′) then it holds for (Y, D).

(2) Let Y^{′′} → Y be the blowup at a node of D, and D^{′′} ⊂ Y^{′′} the reduced inverse image of D. The proposition holds for (Y^{′′}, D^{′′}) if and only if it holds for (Y, D).

By using (1) and (2) repeatedly we may assume Y is minimal, and thus is either a ruled surface or is P^2. In the latter case, by blowing up a node of D we reduce to the ruled case. So we have q : Y → P^1 a ruling. We next consider the number of components of D contained in fibres of q. There cannot be more than two such components, for otherwise D cannot be a cycle. If there are precisely two such components, then D necessarily has precisely four components, and it is then easy to check that D is the toric boundary of Y , for a suitable choice of toric structure on Y . In this case the proposition obviously holds. Otherwise let D^′ ⊂ D be the union of components not contained in fibres. If D^′ has a node, then we can blowup the node, blowdown the strict transform of the fibre (through the node), increasing the number of components of D contained in fibres.

42 MARK GROSS, PAUL HACKING, AND SEAN KEEL

After carrying out this procedure for each node of D^′, we are then in one of two cases.

Case I. D has two components contained in fibres, and then we are done. Case II. D consists of a fibre f and a non-singular irreducible two-section D^′ of q.

Note that since D^′ + f ∼ −K_Y and Y is isomorphic to the Hirzebruch surface F_e for some e, we can write Pic Y = ZC_0 ⊕ Zf, with C^2_0 = −e and −K_Y = 2C_0 + (e + 2)f. Thus D^′ ∼ 2C_0 + (e + 1)f and C_0 · D^′ = −e + 1. Since C_0 is not contained in D^′, e = 0 or 1.

If e = 0, then there is a second ruling q^′ : Y → P^1, with D^′ and f sections of this ruling. In this case, we follow the same procedure as above of blowing up nodes for this new ruling, arriving in Case I.

If e = 1, then C_0 is disjoint from D^′. Blowing down C_0, we obtain P^2, and can then blowup one of the nodes of the image of D^′ ∪ f. Using this new ruled surface, we can again blowup a node and find ourselves back in Case I. □

2. Modified Mumford deformations

As throughout the paper, (Y, D) is a Looijenga pair, where D is a cycle of length n, and (B = B_{(Y,D)}, Σ) is the tropicalisation defined in §1.1. Next we explain how to generalize Mumford’s family, to give a canonical formal deformation of V^o_n associated to (Y, D). In local coordinates this is described in §0.6.2; here we give an abstract coordinate free description. Locally on B_0 the picture is toric and we have Mumford’s deformations described in §1.2. As Mumford’s construction is functorial, the deformations built locally patch canonically together. Here are the details.

2.1. Generalities on integral linear manifolds and multi-valued functions. Let us consider a somewhat more general situation, in which B_0 is an integral linear surface. For any locally constant sheaf F on B_0, and any simply connected subset τ ⊂ B_0 we write F_τ for the stalk of this local system at any point of τ (as any two such stalks are canonically identified by parallel transport). In particular, we apply this for the sheaf Λ of integral constant vector fields, and Λ_R = Λ ⊗_Z R.

One feature of linear manifolds is that for any simply connected open set U ⊂ B_0, there is a canonical linear immersion U → Λ_{R,τ} , compatible with parallel transport inside U. The construction is functorial in the obvious way for linear maps between linear manifolds, and this allows us to generalize many convex geometric notions from vector spaces to linear manifolds.

A rational polyhedral fan Σ on B_0 is a polyhedral decomposition of B_0 whose restriction to each linear chart B_0 ⊃ U → R^2 is the restriction of a fan in the usual sense; the reader should think of the example of §1.1.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 43

For each cone τ ∈ Σ, and each cone σ ∈ Σ containing τ, there is a canonical inclusion σ ⊂ Λ_{τ,R}. We define the localized fan τ^{−1}Σ in Λ_{τ,R} as the collection of cones τ^{−1}Σ = {σ + Rτ ⊂ Λ_{τ,R} | σ ∈ Σ, τ ⊂ σ}. When τ is positive dimensional, this is a fan of not strictly convex cones: if τ is two-dimensional, then τ^{−1}Σ consists just of the entire space Λ_{τ,R}, while if τ is onedimensional, it consists of the tangent line to τ in Λ_{τ,R} along with the two closed half-planes with boundary this tangent line.

Remark 2.1. Note that if q is a point of B_0 with q ∈ σ ∈ Σ, and τ ⊂ σ, then the canonical embedding of a neighbourhood of τ in Λ_{τ,R} identifies q with a point of Λ_{τ,R}. We shall use this identification freely in what follows.

Let P ⊆ P^{gp} be a toric monoid as in §1.2. Let π : P_0 → B_0 be a linear locally trivial principal P^{gp}_R := P^{gp} ⊗_Z R bundle. In other words, P_0 is an integral linear manifold, π is linear, we have local trivializations π^{−1}(U) = U ×P^{gp}_R , and the transition functions respect the translation action on the second factor. We write P := π_∗Λ_{P0} (the local system whose sections over a simply connected open set U ⊂ B_0 are the constant integral tangent vectors on π^{−1}(U)). Thus we can write P_τ for τ ∈ Σ, and this coincides with the stalk of Λ_{P0} at any point x ∈ π^{−1}(τ).

We use this setup to generalize the kind of piecewise linear function which appeared in §1.2. In particular, one can consider Σ-piecewise linear sections φ : B_0 → P. These are continuous sections of π which are linear on cones of Σ. Furthermore, one can define convexity in the same sense as Definition 1.12. Indeed, using a trivialization π^{−1}(U) = U × P^{gp}_R in a neighbourhood of a point of τ, we can describe φ by giving a piecewise linear function φ_U : U → P^{gp}_R , and so, as in Definition 1.12, there is a bending parameter p_{ρ,φU} . We say φ is convex (strictly convex) if p_{ρ,φU} ∈ P (P \ P^×) for all ρ, U. Note p_{ρ,φU} is defined independently of the trivialization, since changing the choice of trivialization only changes φ_U by a linear function.

To see how such bundles and sections arise, we now specialize to the case B = B_{(Y,D)}, and B_0 ⊂ B the smooth locus (which is B \ {0} unless (Y, D) is toric, in which case B_0 = B = R^2 ). Recall from §1.1 that B_0 is covered by open sets U_1, . . . , U_n on which charts are defined, with U_i = Int(σ_{i−1,i} ∪ σ_{i,i+1}) and ρ_i = σ_{i−1,i} ∩ σ_{i,i+1}. Definition 2.2. A (P^{gp}_R -valued) Σ-piecewise linear multivalued function on B is a collection φ = {φ_i} with φ_i a Σ-piecewise linear function on U_i with values in P^{gp}_R .

Note this is equivalent to giving a ρ^{−1}_i Σ-piecewise linear function φ_i : Λ_{R,ρi} → P^{gp}_R for each ray ρ_i ∈ Σ. Two such functions φ, φ^′ are said to be equivalent if φ_i − φ^′_i is linear for each i. Note the equivalence class of φ is determined by the collection of bending parameters p_{ρ,φ} ∈ P .

44 MARK GROSS, PAUL HACKING, AND SEAN KEEL

We drop the modifiers Σ and P when they are clear from context.

The collection {φ_i} determines a P^{gp}_R -principal bundle π : P_0 → B_0 with a piecewise linear convex section φ : B_0 → P_0 in an obvious way: we glue U_i × P^{gp}_R to U_{i+1} × P^{gp}_R along (U_i ∩ U_{i+1}) × P^{gp}_R by (x, p) → (x, p + φ_{i+1}(x) − φ_i(x)). By construction we have local sections x → (x, φ_i(x)) which patch to give the piecewise linear section φ. One checks immediately the isomorphism class (of the P^{gp}_R -principal bundles together with the section) depends only on the equivalence class of {φ_i}.

This construction gives rise to a sheaf P := π_∗Λ_{P0} on B_0, and taking the differential of the projection π gives a canonical exact sequence

(2.1) 0 → P^{gp} → P^r−→Λ_{B0} → 0

of local systems on B_0, where P^{gp} denotes the constant local system. We shall write Λ for Λ_{B0} , as we shall only consider sheaves on B_0.

Example 2.3. Our standard example, fundamental to this paper, will be as follows. Suppose P is a monoid which comes with a homomorphism η : NE(Y ) → P of monoids.

Choose φ by specifying φ_i on U_i by the formula p_{ρi,φi} = η([D_i]). Such a φ is well-defined up to linear functions, and always exists. This is always convex, and is strictly convex provided η([D_i]) is not invertible for any i.

In terms of the symplectic heuristic, in the case that η induces an isomorphism between H_2(Y, Z) and P^{gp}, we view the sequence (2.1) as analogous to the relative homology sequence

(2.2) 0 → H_2(Y, Z) → H_2(Y, L, Z) → H_1(L, Z) → 0

where L is a Lagrangian fibre of the SYZ fibration. Of course varying L this becomes a sequence of local systems.

We continue to assume we have a Σ-piecewise linear P -convex section φ : B_0 → P_0 as above, with B = B_{(Y,D)}. We explain how Mumford’s construction determines a canonical formal deformation of V^o_n .

For each τ, φ determines a τ^{−1}Σ-piecewise linear P -convex function φ_τ : Λ_{R,τ} → P_{R,τ} (note the target is a P^{gp}_R torsor, so P -convex makes sense).

Now define the toric monoid P_{φτ} ⊂ P_τ by

(2.3) P_{φτ} := {q ∈ P_τ |q = p + φ_τ (m) for some p ∈ P , m ∈ Λ_τ }.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 45

By the definition of convex, we have canonical inclusions (2.4) P_{φρ} ⊂ P_{φσ} ⊂ P_ρ whenever ρ ⊂ σ ∈ Σ. If ρ ∈ Σ is a ray with ρ ⊂ σ_± ∈ Σ_{max} we have the equality

(2.5) P_{φσ+} ∩ P_{φσ−} = P_{φρ} .

Definition 2.4 (Monomial ideals). A (monoid) ideal of a monoid P is a subset I ⊂ P such that p ∈ I, q ∈ P implies p + q ∈ I. An ideal determines a monomial ideal in the monoid ring k[P ], generated by monomials z^p for p ∈ I. We also denote this ideal by I, hopefully with no confusion. As a consequence, we shall sometimes write certain ideal operations either additively or multiplicatively, i.e., for J ⊂ P , kJ = {p_1 + · · · + p_k | p_i ∈ J, 1 ≤ i ≤ k}, and the corresponding monomial ideal is J^k.

Let m = P \ P^×. This is the unique maximal ideal of P , defining a monomial ideal m ⊂ k[P ]. Note k[P ]/m ∼= k[P^×].

We say an ideal I ⊂ P is m-primary if √ I = m, in which case the same holds for the associated monomial ideal I ⊂ k[P ].

In this paper we only consider toric monoids P , that is, P = σ ∩ L where L is a free abelian group of finite rank and σ ⊂ L_R is a rational polyhedral cone (thus k[P ] is the coordinate ring of an affine toric variety over k). In particular, k[P ] is Noetherian. If σ is strictly convex then m is the maximal ideal corresponding to the unique torus fixed point of Spec k[P ].

Fix an ideal I ⊂ P . Define I_{τ,σ} ⊂ P_{φτ} for τ, σ ∈ Σ with τ ⊂ σ ∈ Σ_{max}, τ ≠ {0}, by (2.6) I_{τ,σ} := {q ∈ P_{φτ} |q − φ_σ(r(q)) ∈ I}. Finally, for τ_1 ⊂ τ_2,

(2.7) I_{τ1,τ2} := ⋃ σ⊇τ_2 I_{τ1,σ}, Note the union is just the single ideal I_{τ1,σ=τ2} defined in (2.6) except in the case τ_1 = τ_2 = ρ is a ray of the fan.

Now we define R_{τ1,τ2,I} := k[P_{φτ1} ]/I_{τ1,τ2} . We note that in the special case τ_1 = τ_2 = σ ∈ Σ_{max}, then I_{σ,σ} = I · k[P_{φσ}] and R_{σ,σ,I} = k[P_{φσ}]/Ik[P_{φσ}] ∼= k[Λ_σ] ⊗_k k[P ]/I.

46 MARK GROSS, PAUL HACKING, AND SEAN KEEL

For ρ a ray and σ a two-dimensional cell with ρ ⊂ σ, there is a natural surjection R_{ρ,σ,I} ↠ R_{ρ,ρ,I} . By (2.4), there is also a natural injective map R_{ρ,σ,I} → R_{σ,σ,I} which is the localization at z^{φρ(m)} for any m ∈ ρ^{−1}σ that generates Λ_ρ/(Rρ ∩ Λ_ρ).

From this system of rings we can build a scheme X^o_I over Spec k[P ]/I as follows. First, if ρ ⊂ σ_±, let R_{ρ,I} := R_{ρ,σ+,I} ×_{Rρ,ρ,I} R_{ρ,σ−,I} . Note R_{ρ,I} is a k[P ]/I-algebra.

Lemma 2.5. Let I ⊂ P be a monomial ideal. Then R_{ρ,I} = k[P_{φρ}] ⊗_{k[P ]} k[P ]/I. So if ρ = ρ_i, then Spec R_{ρ,I} → Spec k[P ]/I is the base-change of the Mumford degeneration induced by the PL function φ_i on the localized fan ρ^{−1}Σ. Proof. It is easy to check that the map k[P_{φρ}]/Ik[P_{φρ}] → R_{ρ,I} given by f → (f mod I_{ρ,σ+} , f mod I_{ρ,σ−} ) is an isomorphism, using the fact that Ik[P_{φρ}] = I_{ρ,σ+} ∩ I_{ρ,σ−} . □ Remark 2.6. Since Spec R_{ρ,I} → Spec k[P ]/I is a base-change of the Mumford degeneration, we can in fact say what a fibre of this morphism is over a point x in the smallest toric stratum of Spec k[P ], i.e., a point in Spec k[P ]/m. This depends on whether p_{ρ,φ} ∈ P is invertible or not. If it is not invertible, then the fibre is Spec k[ρ^{−1}Σ] ∼= Spec k[x, y, z^{±1}]/(xy). If p_{ρ,φ} is invertible, then the fibre is Spec k[Z^2]. In this latter case, in fact the surjective maps R_{ρ,σ±,I} → R_{ρ,ρ,I} are isomorphisms, and the fibred product R_{ρ,I} is isomorphic to any of these three rings.

We now have natural maps ψ_{ρ,±} : R_{ρ,I} → R_{σ±,σ±,I} given by ψ_{ρ,±}(z^p) = z^p, using the inclusions P_{φρ} ⊂ P_{φσ±} of (2.4). One sees easily that the ψ_{ρ,±} are in fact localization maps, given by localization at z^{φρ(m)} for any m ∈ ρ^{−1}σ_± that generates Λ_ρ/(Rρ ∩ Λ_ρ). Thus if ρ ⊂ σ, we obtain open subschemes U_{ρ,σ,I} := Spec R_{σ,σ,I} ⊂ U_{ρ,I} := Spec R_{ρ,I} .

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 47

Of course, if ρ_± are the two edges of σ, U_{ρ−,σ,I} and U_{ρ+,σ,I} are canonically isomorphic. Note also that (2.8) U_{ρ,σ+,I} ∩ U_{ρ,σ−,I} ∼= Spec k[Λ_ρ] × Spec(k[P ]/I)_zpρ,φ ∼= (G_m )^2 × Spec(k[P ]/I)_zpρ,φ Note that if p_{ρ,φ} ∈ √ I then the localization (k[P ]/I)_zpρ,φ is zero, and the intersection is empty. This motivates the following definition.

Definition 2.7. Given (B, Σ), φ a PL multivalued convex function on B with values in P^{gp}_R , and I ⊆ P an ideal, we define Σ_I to be the decomposition of B into cones obtained by removing any ray ρ ∈ Σ such that p_{ρ,φ} ∉ √ I, so that Σ is a refinement of Σ_I . Then Σ_I is a fan of not necessarily convex cones.

We can now define our analogue of the Mumford degeneration.

Definition-Lemma 2.8. Suppose that Σ_I contains at least two rays. Then the canonical identifications of the open sets U_{ρi,σi,i+1,I} with U_{ρi+1,σi,i+1,I} generate an equivalence relation on ∐ i U_{ρi,I} , and the quotient by this equivalence relation defines a scheme X^o_I over Spec k[P ]/I.

Proof. Let ρ_i, ρ_j be two rays of Σ contained in the same maximal cone σ ∈ Σ_I . Assume without loss of generality that i < j and ρ_{i+1}, . . . , ρ_{j−1} also lie in σ. Let U_{ij} ⊆ U_{ρi,σi,i+1} ⊆ U_{ρi,I} be the open set defined by localizing R_{σi,i+1,σi,i+1,I} at ∏_{j−1} k=i+1 z p_{ρk ,φ} , and

define U_{ji} ⊆ U_{ρj ,σj−1,j} ⊆ U_{ρj ,I} by localizing R_{σj−1,j ,σj−1,j ,I} at this same element. One sees from (2.8) that the gluings of U_{ρk,I} with U_{ρk+1,I} , i ≤ k < j, induce an isomorphism ψ_{ij} : U_{ij} → U_{ji}. One checks easily that these isomorphisms satisfy the requirements for gluing data for schemes along open subsets, see e.g., [H77], Ex. II 2.12. □

Remarks 2.9. (1) X^o_I only depends on the equivalence class of φ, since the monoids P_{φτ} , P_{φσ} are canonically defined, independently of the choice of representative for φ.

(2) One could work in the case that only one ray ρ satisfies p_{ρ,φ} ∈ √ I (recall in Definition 2.8 we require at least two such rays). In this case we are identifying two disjoint open subsets of U_{ρ,I} via an étale equivalence relation, so a priori this only gives an algebraic space. To avoid such technicalities we do not consider this case, though after straightforward adjustments our method does apply. For √ I = I_q the ideal associated to a contraction (a morphism with connected fibres) q : Y → Z, this means we require q|_{Di} is finite for at least two components D_i (though again, this is purely to avoid the need for algebraic spaces).

(3) If p_{ρ,φ} ∈ P^× for all rays ρ in Σ one obtains a single open set, isomorphic to an algebraic torus over Spec k[P ]/I, and dividing out by the identifications would divide this torus out by the action of T ∈ SL_2(Z) representing the monodromy of the

48 MARK GROSS, PAUL HACKING, AND SEAN KEEL

singularity of B. This quotient is badly behaved in general — it does not have the structure of a scheme or complex analytic space (it is not Hausdorff). However, when D is negative definite and k = C , let f : Y → Y^′ be the contraction of D. Suppose P is a toric monoid containing NE(Y ) such that the classes of the D_i’s generate a face of P . If we take J := I_f to be the complement of this face, and I to be an ideal with √ I = J, then after restricting to an appropriate analytic open set, the action is properly discontinuous and so the quotient has the structure of a complex analytic space, see §4.1. For example, if we take I = J the prime ideal, the resulting family is a degeneration of the dual cusp to V_n ; the generic fibre is exactly the quotient construction of the dual cusp given in Example 1.9. This is why Looijenga’s conjecture follows naturally from Theorem 0.1. We give the details in §4.

We first analyze this construction in the purely toric case:

Lemma 2.10. For (Y, D) toric and P = B × P^{gp}_R , X^o_I is an open subscheme of the Mumford degeneration Spec k[P_φ]/Ik[P_φ], and

H^0(X^o_I , O_Xo_I ) = k[P_φ]/Ik[P_φ].

Proof. Note that for τ ∈ Σ, the monoid P_{φτ} is isomorphic to the localization of P_φ along the face {(m, φ(m)) | m ∈ τ ∩ M}. Thus Spec k[P_{φτ} ] is an open subset of Spec k[P_φ] and Spec k[P_{φτ} ] ⊗_{k[P ]} k[P ]/I is an open subset of Spec k[P_φ]/Ik[P_φ]. Furthermore, the gluing procedure constructing X^o_I is clearly compatible with these inclusions, so X^o_I is an open subscheme of Spec k[P_φ]/Ik[P_φ]. Next, looking at the fibre over a closed point, one sees easily that the underlying topological space of these fibres is obtained just by removing the zero-dimensional torus orbit from the corresponding fibre of the Mumford degeneration. The closed fibres of the Mumford degeneration are S_2 by [A02], 2.3.19. Thus by Lemma 2.11, the result follows. □

Lemma 2.11. Let π : X → S be a flat family of surfaces such that the fibre X_s satisfies Serre’s condition S_2 for each s ∈ S. Let i: X^o ⊂ X be the inclusion of an open subset such that the complement has finite fibres. Then i_∗O_X o = O_X . Similarly, if F is a coherent sheaf on S then i_∗(O_X 0 ⊗ π^∗F) = O_X ⊗ π^∗F.

Proof. For the first statement see, e.g., [H04], Lemma A.3, (the assumption that the fibres are semi log canonical is not used). The second statement follows from the first by dévissage. □

Definition 2.12. Let B_0(Z) denote the set of points of B_0 with integral coordinates in an integral affine chart. We also write B(Z) = B_0(Z) ∪ {0}.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 49

Remark 2.13. Recall that by our definition an integral affine manifold has a distinguished atlas of charts with transition functions lying in GL(n, Z) ⋉ Z^n. Thus the integral points of an integral affine manifold are well defined. Often a weaker definition is used where one only requires that the transition functions lie in GL(n, Z) ⋉ R^n (for example in the theory of integrable systems, see e.g., [GS06], Example 1.17). In this case one cannot define integral points. For an integrable system (Y, ω) → B, the induced affine structure on the base B is integral in the strong sense if the class of the symplectic form [ω] ∈ H^2_{dR}(Y, R) is integral, see [GS06], Example 1.17 or [KS06], 3.1.1.

Given the description of Remark 2.6, the following lemma is obvious.

Lemma 2.14. Suppose we are given φ and a monomial ideal I ⊂ P such that Σ_I contains at least two rays, so that X^o_I is defined. Assume further that all cones in Σ_I are strictly convex.

(1) If x ∈ Spec k[P ]/I is a closed point, let Σ_x denote the refinement of Σ_I obtained by adding any ray ρ of Σ for which p_{ρ,φ} ∉ √ I but z^{pρ,φ} lies in the maximal ideal of k[P ]/I corresponding to x. Suppose Σ_x contains at least three rays. Then the fibre of X^o_I → Spec k[P ]/I over x is (Spec k[Σ_x]) \ {0}. Here, k[Σ_x] denotes the k-algebra with a k-basis {z^m | m ∈ B(Z)} with multiplication given exactly as in (1.4), and 0 is the closed point whose ideal is generated by {z^m | m ≠ 0}.

(2) Suppose that every cone in Σ_x is integral affine isomorphic to the first quadrant and Σ_x contains p ≥ 3 rays. If x ∈ Spec k[P ]/I is a closed point, then the fibre of X^o_I → Spec k[P ]/I over x is V^o_p , the p-vertex minus the origin.

Remark 2.15. If the hypothesis of Lemma 2.14, (2) is not satisfied then each closed fibre of X^o_I → Spec k[P ] is a degenerate cusp [KSB88], 4.20. A degenerate cusp is a union of cyclic quotient singularities glued pairwise along toric boundary components in cyclic order.

Remark 2.16. We show that the convexity condition in Lemma 2.14 is satisfied in the cases we shall consider in this paper. We assume φ is defined using a pair (Y, D) as in Example 2.3, and p_{ρ,φ} = η([D_ρ]) ∈ √ I for at least two rays ρ ∈ Σ. Furthermore, we shall assume that √ I is a prime ideal.

Suppose D_1, . . . , D_r are consecutive components of the boundary such that η([D_i]) ∉ √ I, for some r ≤ n − 2. We consider two cases. First suppose the union of the cones σ_{0,1}, . . . , σ_{r,r+1} is not convex. Then there exist a_1, . . . , a_r ∈ Z_{≥0}, such that ( ∑ a_iD_i)^2 > 0. (This follows from the toric case.) So ∑ a_iD_i lies in the interior of the cone of curves NE(Y ). Since we are assuming √ I is prime, it follows that η([C]) ∉ √ I for all [C] ∈ NE(Y ), so in particular, η([D_j ]) ∉ √ I for all j = 1, .., n, contradicting our assumption.

50 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Second suppose the union of the cones σ_{0,1}, . . . , σ_{r,r+1} is a half-space. Then there exist a_1, . . . , a_r ∈ Z_{>0} such that ( ∑ a_iD_i)^2 = 0, and ∑ a_iD_i defines a ruling f : Y → P^1.

(Indeed, as in the toric case, there is a composition g : Y → Y^′ of contractions of (−1)- curves, with exceptional locus contained in D_1 + · · · + D_r, such that D_1 + · · · + D_r contracts to a smooth rational curve F with F^2 = 0. Then the curve F defines a ruling of Y^′, so g^∗F = ∑ a_iD_i defines a ruling of Y .) It follows that η([C]) ∉ √ I for all curves C ⊂ Y contracted by f, again by our assumption of primality. Note that D_j is contracted by f for j ≠ r + 1, n, and D_{r+1}, D_n are sections of f.

If (Y, D) is toric, the deformation X^o_I → Spec k[P ]/I is a Mumford degeneration (see Lemma 2.10), and the closed fibres are isomorphic to the normal crossing surface V (x_1x_3) ⊂ A^2_{x1 ,x3} × G_{m,x2} .

If (Y, D) is not toric, then after a toric blowup π : (Ỹ , D̃) → (Y, D), there exists a (−1)-curve C ⊂ Ỹ , which is not contained in the boundary D̃ and is contracted by f ∘π. (Indeed, since ρ(Y ) > n − 2 we see that either there is a (−1)-curve C not contained in D and contracted by f, or r = n − 2 and the fiber F through p := D_{n−1} ∩ D_n is irreducible. In the latter case let π : Ỹ → Y be the blowup of p and C be the strict transform of F .) We will later assume that either η([D_j ]) ∈ √ I for j = 1, . . . , n, or η(β) ∈ √ I for each A^1 -class β (see Definition 3.3), in particular, η(π_∗[C]) ∈ √ I. So this case is not considered.

2.2. Scattering diagrams on B. Next we translate into algebraic geometry the instanton corrections. To construct our mirror family we will use the canonical scattering diagram D^{can} (which is the translation of the instanton corrections associated to Maslov index zero disks), but as the regluing process works for any scattering diagram (and we will make use of this greater generality in the sequel [K3]), we carry it out for an arbitrary scattering diagram.

We continue with the notation of the previous sections, with (Y, D), (B = B_{(Y,D)}, Σ), P , and φ given. We also fix a monomial ideal J ⊂ P such that J = √ J. For any τ ∈ Σ, τ ≠ 0, we have the monoid ring k[P_{φτ} ] and the ideal J_{τ,τ} ⊂ k[P_{φτ} ]. We denote by ^ k[P_{φτ} ] the completion of the ring k[P_{φτ} ] with respect to the ideal J_{τ,τ} .

We will now define a scattering diagram, which encodes ways of modifying the construction of X^o_I .

Definition 2.17. A scattering diagram for the data (B, Σ), P, φ, and J is a set

D = {(d, f_d)}

where

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 51

(1) d ⊂ B is a ray in B with endpoint the origin with rational slope. d may coincide with a ray of Σ, or lie in the interior of a two-dimensional cone of Σ.

(2) Let τ_d ∈ Σ be the smallest cone containing d. Then f_d is a formal sum

f_d = 1 + ∑ p c_pz^p ∈ ^ k[P_{φτd} ] for c_p ∈ k and p running over elements of P_{φτd} such that r(p) ≠ 0 and r(p) is tangent to d. We further require that d be an outgoing ray, in which case r(p), viewed as a tangent vector at an interior point of d, always points towards the origin, or an incoming ray, in which case r(p) always points away from the origin.

(3) If dim τ_d = 2, or if dim τ_d = 1 and p_{τd,φ} ∉ J, then f_d ≡ 1 mod J. (4) For any ideal I ⊂ P with √ I = J, there are only a finite number of (d, f_d) ∈ D such that f_d ≢ 1 mod I_{τd,τd} .

Construction 2.18. We now explain how a scattering diagram D is used to modify the construction of X^o_I . Suppose we are given a scattering diagram D for the data (B, Σ), P , φ and J, and an ideal I with √ I = J. We assume that Σ_I contains at least two rays.

We will use the scattering diagram D to both modify the definition of the rings R_{ρ,I} as well as the gluings of the schemes defined by these rings. First, we modify the definition of R_{ρ,I} , setting for a ray ρ ∈ Σ contained in two maximal cells σ_± ∈ Σ (2.9) R_{ρ,I} := R_{ρ,σ−,I} ×_{(Rρ,ρ,I )fρ} R_{ρ,σ+,I} . Here, f_ρ ∈ R_{ρ,ρ,I} is defined by

f_ρ = ∏ (d,fd)∈D d=ρ f_d mod I_{ρ,ρ}.

This makes sense by condition (4) of the definition of scattering diagram. Furthermore, the maps in the fibred product are given by R_{ρ,σ−,I} → (R_{ρ,ρ,I} )_{fρ} being the composition of the canonical surjection with the localization, while the map R_{ρ,σ+,I} → (R_{ρ,ρ,I} )_{fρ} is given by the composition of the canonical surjection with the localization and then the map (R_{ρ,ρ,I} )_{fρ} →(R_{ρ,ρ,I} )_{fρ} z^p →z^pf^{⟨nρ,r(p)⟩} ρ ,

52 MARK GROSS, PAUL HACKING, AND SEAN KEEL

where n_ρ ∈ Λ^∗_ρ annihilates the tangent space to ρ and is positive on σ_+. One notes easily that R_{ρ,I} does not depend on which maximal cone containing ρ is called σ_+. Set U_{ρ,I} := Spec R_{ρ,I} . Lemma 2.19. Let ρ be a ray in Σ corresponding to a component D_ρ ⊂ D and m_ρ ∈ ρ its primitive integral generator. Let ρ ⊂ σ_±, and let ρ_+ and ρ_− be the other boundary rays of σ_+ and σ_− respectively. Define

(2.10) R^′_{ρ,I} :=

(k[P ]/I)[X_+, X_−, X^{±1}] (X_+X_− − z^{pρ,φ} X^{−D2ρ} f_ρ) Here we view f_ρ as an element of (k[P ]/I)[X^{±1}] by identifying X with z^{φρ(mρ)} ∈ k[P_{φρ}]. The map (k[P ]/I)[X_+, X_−, X^{±1}] → R_{ρ,σ−,I} × R_{ρ,σ+,I} given by X → (z^{φρ(mρ)}, z^{φρ(mρ)}) X_− → (z^{φρ(mρ− )}, f_ρz^{φρ(mρ− )}) X_+ → (f_ρz^{φρ(mρ+ )}, z^{φρ(mρ+ )}) induces an isomorphism h : R^′_{ρ,I} → R_{ρ,I} . Furthermore, the natural map U_{ρ,I} → Spec(k[P ]/I) is flat.

Proof. First, it is easy to check that the image of the given map takes values in the fibre product R_{ρ,I} . Furthermore, X_−X_+ − z^{pρ,φ} X^{−D2ρ} f_ρ is mapped to (f_ρz^{φρ(mρ− )+φρ(mρ+ )} − f_ρz^{pρ,φ} z^{−D2ρφρ(mρ)}, f_ρz^{φρ(mρ− )+φρ(mρ+ )} − f_ρz^{pρ,φ} z^{−D2ρφρ(mρ)}). However, m_{ρ−} + D^2_ρm_ρ + m_{ρ+} = 0 as elements of Λ_ρ, so one sees in fact that φ_ρ(m_{ρ−} ) + φ_ρ(m_{ρ+} ) = p_{ρ,φ} − D^2_ρφ_ρ(m_ρ). Thus the above element of the product is zero, and so our map induces a map h : R^′_{ρ,I} → R_{ρ,I} .

To show h is an isomorphism, we proceed as in [GS07], Lemma 2.34. Note that the rings R_− = R_{ρ,σ−,I} and R_+ = R_{ρ,σ+,I} are generated as S = (k[P ]/I)[X^{±1}]-modules by 1, x^j , y^k for j, k > 0, where x = z^{φρ(mρ− )} and y = z^{φρ(mρ+ )}. Also the S-submodules of R_− (R_+) generated by x^j , j ≥ 0 (y^k, k ≥ 0) are free direct summands. So for g_± ∈ R_±, we can write uniquely g_− = ∑ j≥0 a_j x^j + h_−(y)

g_+ = ∑ k≥0 b_ky^k + h_+(x),

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 53

with a_i, b_j ∈ S and h_− ∈ S[y], h_+ ∈ S[x], with h_±(0) = 0. So (g_−, g_+) lies in the fibred product if and only if

a_0 = b_0, h_−(y) = ∑ k>0 b_kf^k_ρ y^k, h_+(x) = ∑ j>0 a_j f^j_ρ x^j

as elements of (R_{ρ,ρ,I} )_{fρ} . But if this is the case then (g_−, g_+) is the image of ∑ j≥0 a_j X^j_− + ∑ k>0 b_kX^k_+.

This shows that the map h is surjective. Injectivity follows easily after noting that R^′_{ρ,I} is a free S-module with basis X^j_−, X^k_+, j ≥ 0, k > 0.

The claimed flatness now is clear from the form of R^′_{ρ,I} . □

Remark 2.20. In the case of the canonical scattering diagram D = D^{can}, and √ I = I_p the monomial ideal for the Gross–Siebert locus, i.e., the toric stratum associated to a toric model p : Y → Ȳ , the Lemma shows that U_{ρ,I} is given by Equation (0.10), see Corollary 3.16.

Note that there are canonical maps ψ_{ρ,±} : R_{ρ,I} → R_{σ±,σ±,I} . These are induced by the natural projections R_{ρ,I} → R_{ρ,σ±,I} followed by the natural inclusions R_{ρ,σ±,I} → R_{σ±,σ±,I} . In terms of the description of R_{ρ,I} as the ring R^′_{ρ,I} , the map ψ_{ρ,±} can be described as the localization of R^′_{ρ,I} at X_±. Thus Spec R_{σ±,σ±,I} is identified with an open subset U_{ρ,σ±,I} of U_{ρ,I} .

Note that if p_{ρ,φ} ∉ J, then (3) of Definition 2.17 tells us that f_ρ is already invertible in R_{ρ,ρ,I} , so the localization isn’t necessary. However, ψ_{ρ,+} ∘ψ^{−1}_{ρ,−}, where defined, is not the trivial identification used in Definition-Lemma 2.8, but is twisted by the automorphism z^p → z^pf^{−⟨nρ,r(p)⟩} ρ . Next, consider (d, f_d) ∈ D with d ⊂ σ ∈ Σ_{max} and d not contained in a ray of Σ. Let γ be a path in B_0 which crosses d transversally at time t_0. Then define θ_{γ,d} : R_{σ,σ,I} → R_{σ,σ,I} by θ_{γ,d}(z^p) = z^pf^{⟨nd,r(p)⟩}_d where n_d ∈ Λ^∗_σ is primitive and satisfies, with m a non-zero tangent vector of d,

⟨n_d, m⟩ = 0, ⟨n_d, γ^′(t_0)⟩ < 0.

Note that f_d is invertible in R_{σ,σ,I} since f_d ≡ 1 mod J_{σ,σ}, so f_d −1 is nilpotent in R_{σ,σ,I} .

54 MARK GROSS, PAUL HACKING, AND SEAN KEEL

γ σ

ρ ρ^′

Figure 2.1. The path γ. The solid lines indicate the fan, the dotted lines are additional rays in D. The solid lines may also support rays in D Let D_I ⊂ D be the finite set of rays (d, f_d) with f_d ≢ 1 mod I_{τd,τd} . For a path γ wholly contained in the interior of σ ∈ Σ_{max} and crossing elements of D_I transversally, we define θ_{γ,D} := θ_{γ,dn} ∘ · · · ∘ θ_{γ,d1} , where γ crosses precisely the elements (d_1, f_{d1} ), . . . , (d_n, f_{dn} ) of D_I , in the given order. Note that if two rays d_i, d_{i+1} in fact coincide as subsets of B, then θ_{γ,di} and θ_{γ,di+1} commute, so the ordering is not important for overlapping rays.

To construct X^o_{I,D}, we modify the gluings of the sets U_{ρ,I} along the open subsets U_{ρ,σ,I} . For each σ ∈ Σ_{max} with edges ρ, ρ^′, we have canonical identifications U_{ρ,σ,I} = Spec R_{σ,σ,I} = U_ρ′_{,σ,I} . Hence we can modify this gluing via any automorphism. We do this by choosing a path γ : [0, 1] → B whose image is contained in the interior of σ, with γ(0) a point in σ close to ρ and γ(1) ∈ σ close to ρ^′, chosen so that γ crosses every ray (d, f_d) of D_I with τ_d = σ exactly once, see Figure 2.1.

We then obtain an automorphism θ_{γ,D} : R_{σ,σ,I} → R_{σ,σ,I} , hence an isomorphism θ_{γ,D} : U_ρ′_{,σ,I} → U_{ρ,σ,I} . Gluing together the open sets U_ρ′_{,σ,I} ⊂ U_ρ′_{,I} and U_{ρ,σ,I} ⊂ U_{ρ,I} via θ_{γ,D}, we obtain a scheme X^o_{I,D}. □

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 55

2.3. Broken lines. We continue to fix a rational surface with anti-canonical cycle (Y, D) as usual, giving (B, Σ), as well as a monoid P , a P -convex function φ on B, J ⊂ P an ideal with √ J = J, and a scattering diagram D for this data. As explained in the previous section, D determines an instanton-corrected deformation X^o_{I,D} of V^o_n . As explained in §0.6.2, this extends to a deformation of V_n if and only if the coordinate functions x_i on V^o_n lift to X^o_{I,D}. The symplectic heuristic suggests a natural way of producing such lifts. Translated into algebraic geometry this leads to the notion of broken line.

Definition 2.21. Let B be an integral affine manifold. An integral affine map γ : (t_1, t_2) → B from an open interval (t_1, t_2) is a continuous map such that for any integral affine coordinate chart ψ : U → R^n of B, ψ ∘ γ : γ^{−1}(U) → R^n is integral affine, i.e., is given by t → tv + b for some v ∈ Z^n and b ∈ R^n .

Note that for an integral affine map, γ^′(t) ∈ Λ_{B,γ(t)}.

Definition 2.22. A broken line γ in B for q ∈ B_0(Z) with endpoint Q ∈ B_0 is a proper continuous piecewise integral affine map γ : (−∞, 0] → B_0, together with, for each L ⊂ (−∞, 0] a maximal connected domain of linearity of γ, a choice of monomial m_L = c_Lz^{qL} where c_L ∈ k and q_L ∈ k[Γ(L, γ^{−1}(P)|_L)], satisfying the following properties.

(1) For the unique unbounded domain of linearity L, γ|_L goes off to infinity in a cone σ ∈ Σ_{max} as t → −∞, and q ∈ σ. Furthermore, using the identification of the stalk P_x for x ∈ σ with P_σ, m_L = z^{φσ (q)} (see Remark 2.1).

(2) For each L and t ∈ L, −r(q_L) = γ^′(t). Also γ(0) = Q ∈ B_0. (3) Let t ∈ (−∞, 0) be a point at which γ is not linear, passing from domain of linearity L to L^′. If γ(t) ∈ τ ∈ Σ, then P_{γ(t)} = P_τ , so that we can view q_L ∈ P_τ and r(q_L) ∈ Λ_τ . Let d_1, . . . , d_p ∈ D be the rays of D that contain γ(t), with attached functions f_{dj} . Let n = n_{dj} be the element of Λ^∗_τ used to define θ_{γ,dj} . Expand

(2.11) p∏ j=1 f^{⟨n,r(qL)⟩} d_j

as a formal power series in ^k[P_{φτ} ]. Then there is a term cz^q in this sum with m_L′ = m_L · (cz^q). Remark 2.23. Using the notation of item (3) above, by item (2) of the definition, (2.12) ⟨n, r(q_L)⟩ > 0. This is vital to interpret (2.11). Indeed, if τ is a ray, f_{di} need not be invertible in ^ k[P_{φτ} ], so (2.12) tells us that (2.11) makes sense in this ring.

56 MARK GROSS, PAUL HACKING, AND SEAN KEEL

The next lemma and corollary are vital for interpreting the monomials m_L: Lemma 2.24. Let σ_−, σ_+ ∈ Σ_{max} be the two maximal cones containing the ray ρ ∈ Σ. If q ∈ P_{φσ−} with −r(q) ∈ Int(ρ^{−1}σ_+) ⊂ Λ_ρ ⊗_Z R, then q ∈ P_{φρ} = P_{φσ−} ∩ P_{φσ+} . Proof. By the definitions there exist p, p_{ρ,φ} ∈ P and n_ρ ∈ Λ^∗_ρ annihilating the tangent space to ρ and positive on σ_+ such that q = φ_{σ−} (r(q)) + p φ_{σ+} (−r(q)) = φ_{σ−} (−r(q)) + ⟨n_ρ, −r(q)⟩p_{ρ,φ}. Since ⟨n_ρ, −r(q)⟩ > 0, q = φ_{σ+} (r(q)) + p + ⟨n_ρ, −r(q)⟩p_{ρ,φ} ∈ P_{φσ+} . □ An immediate consequence of this lemma is Corollary 2.25. (1) Let γ : [t_1, t_2] → B_0 be integral affine. Suppose that γ(t_1) ∈ τ_1, γ(t_2) ∈ τ_2. Suppose also we are given a section q ∈ Γ(γ^{−1}P) such that −r(q) = γ^′(t) for each t. If q(t_1) ∈ P_{φτ1} ⊂ P_{τ1} = P_{γ(t1 )}, then q(t_2) ∈ P_{φτ2} ⊂ P_{τ2} = P_{γ(t2 )}.

(2) If γ is a broken line, t ∈ L a maximal domain of linearity with γ(t) ∈ τ, then q_L ∈ P_{φτ} ⊂ P_τ = P_{γ(t)}. Proof. The first item follows immediately from the lemma. The second item follows from the fact that if t ≪ 0 lies in the unbounded domain of linearity with γ(t) ∈ σ, then m_L = z^{φτ (q)} ∈ P_{φσ} by construction. Then this holds for all t by item (1) and Definition 2.22, (3). □ The convexity of φ puts further restrictions on the monomial decorations of a broken line.

Definition 2.26. Let J ⊂ P be a proper monoid ideal. For p ∈ J there exists a maximal k ≥ 1 such that p = p_1 + · · · + p_k with p_i ∈ J. We define ord_J (p) to be this maximum, and ord_J (p) = 0 if p ∈ P \ J.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 57

For x ∈ τ, q ∈ P_{φτ} , define ord_{J,x}(q) := ord_J (q − φ_τ (r(q))). This measures how high q is above the graph of φ_τ . If γ is a broken line and t ∈ L a maximal domain of linearity, define ord_{J,γ}(t) = ord_{J,γ(t)}(q_L), using γ(t) ∈ τ and q_L ∈ P_{φτ} ⊂ P_{γ(t)}.

Lemma 2.27. Let γ be a broken line. Then if t < t^′, ord_{J,γ} (t) ≤ ord_{J,γ} (t^′), with strict inequality if either t and t^′ lie in different domains of linearity or for some t^{′′} with t < t^{′′} < t^′, γ(t^{′′}) lies in a ray ρ ∈ Σ with bending parameter p_{ρ,φ} ∈ J. Proof. This is immediate from the definitions and the proof of Lemma 2.24. □ Definition 2.28. For I an ideal in P with √ I = J, let Supp_I (D) := ⋃ d d where the union is over all (d, f_d) ∈ D such that f_d ≢ 1 mod I_{τd,τd} . By Definition 2.17, (4), this is a finite union.

Definition 2.29. Let I be an ideal of P with √ I = J, and let Q ∈ B \ Supp_I (D), Q ∈ τ ∈ Σ. For q ∈ B_0(Z), define (2.13) Lift_Q(q) := ∑ γ Mono(γ) ∈ k[P_{φτ} ]/I · k[P_{φτ} ], where the sum is over all broken lines γ for q with endpoint Q, and Mono(γ) denotes the monomial attached to the last domain of linearity of γ. The fact that Lift_Q(q) lies in the stated ring follows from:

Lemma 2.30. Let Q ∈ σ ∈ Σ_{max}, q ∈ B_0(Z). Let I be an ideal with √ I = J. Assume that p_{ρ,φ} ∈ J for at least one ray ρ ∈ Σ. Then the following hold:

(1) The collection of γ in Definition 2.29 with Mono(γ) ∉ I · k[P_{φσ}] is finite.

(2) If one boundary ray of the connected component of B \ Supp_I (D) containing Q is a ray ρ ∈ Σ, then Mono(γ) ∈ k[P_{φρ}], and the collection of γ with Mono(γ) ∉ I · k[P_{φρ}] is finite.

58 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Proof. Note there is some k such that J^k ⊂ I because k[P ] is Noetherian. If γ is a broken line with Mono(γ) ∉ I · k[P_{φσ}], then it is easy to see that γ crosses the rays of Σ in a cyclic order, and so in any set of at least n consecutive rays of Σ that it crosses, there is at least one ray ρ with p_{ρ,φ} ∈ J. By Lemma 2.27, ord_{J,γ} increases every time γ crosses such a ray, and also every time γ bends. Once ord_{J,γ} ≥ k, Mono(γ) ∈ I · k[P_{φσ}]. Hence there is an absolute bound on the number of rays of Σ that γ can cross, and the number of times γ can bend. Once the initial direction of γ is fixed, it’s easy to see that the set of all possible broken lines satisfying the condition of (1) is finite, yielding the finiteness of (1).

The argument for the finiteness statement in (2), once the first part of (2) is established, is the same. For the first part of (2), consider a broken line γ contributing to Lift_Q(q). We take Q ∈ σ_+, in the notation of Lemma 2.24. Write Mono(γ) = c_Lz^{qL} . If r(q_L) ∈ ρ^{−1}σ_+ then the statement follows from Lemma 2.24. Otherwise (by the definition of broken line) γ crosses ρ, which is the last ray of Σ and the last ray of Supp_I (D) it crosses before reaching Q. Now the result follows from Lemma 2.24 and the definition of broken line. □

Remark 2.31 (Heuristic meaning of Lift_Q(q)). Assume D is the canonical scattering diagram D^{can}. Let q ∈ B_0(Z) and q = mv, for v ∈ B_0(Z) the primitive integral point on the ray ρ_q := R_{≥0} q ⊂ B. Then v determines a boundary divisor D_v on a toric blowup (Ỹ , D̃) of (Y, D). Let γ be a broken line contributing to Lift_Q(q), with Mono(γ) = cz^w ∈ k[P_Q]. The point Q heuristically corresponds to a Lagrangian L ⊂ U := Y \D and γ to a holomorphic disk with boundary on L and meeting D̃ in a single point, lying in the interior D^o_v of D_v, with multiplicity m. Then w ∈ P_Q = H_2(Y, L) is the relative homology class of the disk, and the monomial function z^w (on the SYZ dual X of U → B viewed now as the instanton corrected moduli space of special Lagrangians with U(1) connection) is as defined in (0.6). The monomials z^q are only locally defined, but we should expect that the sum Lift_Q(q) makes global sense. For example, in the special case q = v_i it corresponds to the canonical global function ϑ_i obtained from counting Maslov index two disks meeting D_i. In particular, we expect the Lift_Q(q) to transform the same way as the z^q, i.e., by change of coordinate according to the symplectomorphisms coming from the canonical scattering diagram D^{can}. In this section we are considering an arbitrary scattering diagram, so we introduce the necessary patching conditions as an axiom. In subsequent sections we’ll prove that D^{can} has this property.

Definition 2.32. Assume that p_{ρ,φ} ∈ J for at least one ray ρ ∈ Σ. We say a scattering diagram D is consistent if for all ideals I ⊂ P with √ I = J and for all q ∈ B_0(Z), the

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 59

following holds. Let Q ∈ B_0 be chosen so that the line joining the origin and Q has irrational slope, and Q^′ ∈ B_0 similarly. Then:

(1) If Q, Q^′ ∈ σ ∈ Σ_{max}, then we can view Lift_Q(q) and Lift_Q′ (q) as elements of R_{σ,σ,I} , and as such, we have

Lift_Q′ (q) = θ_{γ,D}(Lift_Q(q))

for γ a path contained in the interior of σ connecting Q to Q^′. (2) If Q ∈ σ_− and Q^′ ∈ σ_+ with σ_± ∈ Σ_{max} and ρ = σ_+ ∩ σ_− a ray, and furthermore Q and Q^′ are contained in connected components of B\Supp_I (D) whose closures contain ρ, then viewing Lift_Q(q) ∈ R_{ρ,σ−,I} , Lift_Q′ (q) ∈ R_{ρ,σ+,I} , the pair

(Lift_Q(q), Lift_Q′ (q))

lies in the ring R_{ρ,I} .

Of course the definition is introduced so that the following holds:

Theorem 2.33. Let φ be a multivalued piecewise linear function satisfying the hypotheses of Lemma 2.14. Let D be a consistent scattering diagram and I ⊂ P an ideal with √ I = J. Set X_I := Spec Γ(X^o_{I,D}, O_Xo_{I,D} ).

Since X^o_{I,D} has the structure of a scheme over Spec k[P ]/I, so does X_I , which we write as f_I : X_I → Spec k[P ]/I.

Suppose that for every closed point x ∈ Spec k[P ]/I, Σ_x satisfies the hypotheses of Lemma 2.14, (1). Then

(1) X_I contains X^o_{I,D} as an open subset, f_I is flat with fibre over a closed point x of Spec k[P ]/I a surface, isomorphic to Spec k[Σ_x] in general and to the p-vertex V_p for some p if the hypothesis of Lemma 2.14, (2), holds.

(2) For each q ∈ B(Z), there is a section ϑ_q ∈ Γ(X_I , O_{XI} ), and the set {ϑ_q | q ∈ B(Z)} is a free (k[P ]/I)-module basis for Γ(X_I , O_{XI} ).

Proof. We define ϑ_0 = 1. We now construct ϑ_q for q ∈ B_0(Z): this is the main point of Definition 2.32. For each ray ρ ∈ Σ contained in σ_± ∈ Σ_{max}, choose two points Q^±_ρ ∈ B, one each in the two connected components of B \ (Supp_I (D) ∪ ρ) which are adjacent to ρ, with Q^+_ρ ∈ σ_+ and Q^−_ρ ∈ σ_−. Then Lift_Q±_ρ (q) is a well-defined element of R_{ρ,σ±,I} , independent of the particular choice of Q^±_ρ : given a choice say of Q = Q^+_ρ and another choice Q^′, we take a path γ connecting Q and Q^′ contained wholly in the connected component of B \ (Supp_I (D) ∪ ρ) containing Q and Q^′. By Definition 2.32, (1), it then follows that Lift_Q(q) = Lift_Q′ (q). Furthermore, by Definition 2.32, (2),

60 MARK GROSS, PAUL HACKING, AND SEAN KEEL

(Lift_Q−_ρ (q), Lift_Q+_ρ (q)) defines an element Lift_ρ(q) ∈ R_{ρ,I} . It then follows via another application of Definition 2.32, (1), applied to the path of Figure 2.1, that if ρ, ρ^′ are adjacent rays in Σ, then Lift_ρ(q) and Lift_ρ′ (q) glue under the identification of open subsets of U_{ρ,I} and U_ρ′_{,I} given by θ_{γ,D}. Thus all these elements of the rings R_{ρ,I} glue to give a regular function on X^o_{I,D}, by construction of this latter space. This regular function is what we call ϑ_q. By the definition of X_I , ϑ_q ∈ Γ(X_I , O_{XI} ).

Now note that X^o_{J,D} = X^o_J as defined in §2.1. Indeed, for any (d, f_d) ∈ D with dim τ_d = 2 we have f_d ≡ 1 mod J, so the open sets U_{ρi,J} , U_{ρi+1,J} are glued trivially. Similarly, if dim τ_d = 1 and p_{τd,φ} ∉ J, then f_d ≡ 1 mod J, so the sets U_{τd,J} coincide in both constructions. If p_{τd,φ} ∈ J, then by Lemma 2.19, again these open sets coincide in both constructions.

We verify explicitly that the map

(2.14) ⨁ q∈B(Z) (k[P ]/J) · ϑ_q → Γ(X^o_J , O_Xo_J )

is an isomorphism. We assume that Σ_I has at least three rays, leaving the straightforward modifications in the case of two rays to the reader. We first prove surjectivity. Write U_i := U_{ρi,J} and U_{i,i+1} := U_i ∩ U_{i+1}. Let h ∈ Γ(X^o_J , O_Xo_J ) be a global function on X^o_J . Observe that X^o_J is reduced and ⋃ U_{i,i+1} is a dense open set. So it suffices to show that the restriction of h to this open set coincides with the restriction of a (k[P ]/J)- linear combination of the ϑ_q. Write h_{i,i+1} = h|_{Ui,i+1} and h_{i,i+1} = ∑ q∈Λ_{σi,i+1} hi,i+1,q, where h_{i,i+1,q} is a sum of monomials in r^{−1}(q) ⊂ P_{σi,i+1} . Then the h_{i,i+1,q} satisfy the following compatibility. Let γ : [0, 1] → B_0 be a path given by a straight line segment in the direction q with endpoints γ(0), γ(1) lying in the interiors of σ_{i,i+1} and σ_{j,j+1}. Then h_{i,i+1,q} is obtained from h_{j,j+1,q} by parallel transport in P along γ^{−1} followed by reduction modulo J. (In the case that γ crosses a single ray of Σ, this follows from the definition of U_j and the inclusions U_{j−1,j} ⊂ U_j , U_{j,j+1} ⊂ U_j. The general case follows by induction.) In particular, if γ crosses a ray of Σ_I then h_{i,i+1,q} = 0 (cf. Lemma 2.27). Let σ be the maximal cone of Σ_I containing σ_{i,i+1}. Then the above compatibility yields the following. If the ray R_{≥0} · q is not contained in σ then h_{i,i+1,q} = 0. Otherwise, let σ_{j,j+1} ⊂ σ be a maximal cone of Σ containing q. Then h_{i,i+1,q} is obtained from h_{j,j+1,q} by parallel transport in P along a path in σ from σ_{j,j+1} to σ_{i,i+1}. Now for q ∈ B(Z) let σ_{j,j+1} be a maximal cone of Σ containing q and write h_{j,j+1,q} = a_qz^{φ(q)} where a_q ∈ k[P ]/J. We deduce that h = ∑ q∈B(Z) aqϑq. Thus (2.14) is surjective.

Finally, injectivity of (2.14) is clear by restriction to the open sets U_{i,i+1}. Hence (2.14) is an isomorphism as required.

It follows that X_J := Spec Γ(X^o_J , O_Xo_J ) is flat over Spec(k[P ]/J) and the fiber over a closed point x is given by Spec k[Σ_x].

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 61

Now let I be a J-primary ideal. Let i: X^o_J ⊂ X_J be the inclusion. Define a ringed space X^′_I with underlying topological space X_J by O_X′_I := i_∗O_Xo_{I,D} . Then the natural map O_X′_I → O_{XJ} is surjective by the existence of the lifts ϑ_q. Thus X^′_I / Spec(k[P ]/I) is a flat deformation of X_J / Spec(k[P ]/J) by Lemma 2.34 below. Now since X_J is affine it follows that X^′_I is also affine, so X^′_I = X_I := Spec Γ(X^o_{I,D}, O_Xo_{I,D} ).

We showed above that the ϑ_q form a (k[P ]/J)-module basis of Γ(X_J , O_{XJ} ). Now since X_I / Spec(k[P ]/I) is a flat infinitesimal deformation of X_J / Spec(k[P ]/J) it follows that the ϑ_q form a k[P ]/I-module basis of Γ(X_I , O_{XI} ), see Lemma 2.35 below. □

Lemma 2.34. Let X_0/S_0 be a flat family of surfaces such that the fibres satisfy Serre’s condition S_2. Let i: X^o_0 ⊂ X_0 be the inclusion of an open subset such that the complement has finite fibres. Note that i_∗O_Xo_0 = O_{X0} by Lemma 2.11.

Let S_0 ⊂ S be an infinitesimal thickening of S_0 and let X^o → S be a flat deformation of X^o_0 /S_0 over S. Define a family of ringed spaces X → S by O_X := i_∗O_Xo .

Then X/S is a flat deformation of X_0/S_0 (that is, X/S is flat and X_0 = X ×_S S_0) if and only if the map

O_X := i_∗O_Xo → i_∗O_Xo_0 = O_{X0}

(2.15)

is surjective.

Proof. The condition is clearly necessary.

Conversely, suppose (2.15) is surjective. Let I ⊂ O_S be the nilpotent ideal defining S_0 ⊂ S. Let X^o_n/S_n denote the nth order infinitesimal thickening of X_0/S_0 determined by X^o/S, that is, O_Xo_n = O_Xo /I^{n+1} · O_Xo and O_{Sn} = O_S /I^{n+1}. Define X_n/S_n by O_{Xn} := i_∗O_X0_n . Note that O_{Xn} → O_{X0} is surjective because O_X → O_{X0} is surjective by assumption. We show by induction on n that X_n/S_n is a flat deformation of X_0/S_0. For n = 0 there is nothing to prove. Suppose the induction hypothesis is true for n. Since X^o_{n+1}/S_{n+1} is flat (being the restriction of the flat family X^o/S to S_{n+1}) we have a short exact sequence

0 → I^{n+1}/I^{n+2} ⊗ O_Xo_0 → O_Xo_{n+1} → O_Xo_n → 0.

Applying i_∗ we obtain an exact sequence

0 → i_∗(I^{n+1}/I^{n+2} ⊗ O_Xo_0 ) → O_{Xn+1} → O_{Xn}

By Lemma 2.11 the first term is equal to I^{n+1}/I^{n+2} ⊗ O_{X0} . Moreover, the last arrow is surjective because O_{Xn+1} → O_{X0} is surjective, O_{Xn} /I · O_{Xn} = O_{X0} by the induction hypothesis, and I is nilpotent. So we have an exact sequence

0 → I^{n+1}/I^{n+2} ⊗ O_{X0} → O_{Xn+1} → O_{Xn} → 0.

(2.16)

62 MARK GROSS, PAUL HACKING, AND SEAN KEEL

It follows that O_{Xn+1} /I^{n+1}·O_{Xn+1} = O_{Xn} (using again that O_{Xn+1} → O_{X0} is surjective). Now by [Ma89], Theorem 22.3, p. 174, the exact sequence (2.16) shows that X_{n+1}/S_{n+1} is a flat deformation of X_0/S_0. □

Lemma 2.35. Let A → B be a flat homomorphism of Noetherian rings and I ⊂ A a nilpotent ideal. Suppose given a set S of elements of B such that the reductions of the elements of S form an A/I-module basis of B/IB. Then S is an A-module basis of B.

Proof. Since I is nilpotent and S generates B/IB it is clear that S spans B. So we have an exact sequence 0 → K → A^S → B → 0. Tensoring with A/I we obtain an exact sequence 0 → K/IK → (A/I)^S → B/IB → 0 using flatness of B over A. We deduce that K/IK = 0 by our assumption, hence K = 0 because I is nilpotent. □

Proposition 2.36. Let X_I /S_I := Spec(k[P ]/I) be the family of Theorem 2.33. Then the relative dualizing sheaf ω_{XI /SI} is trivial. It is generated by the global section Ω given on local patches U_ρ = Spec R_{ρ,I} by dlog X^− ∧ dlog X = dlog X ∧ dlog X^+. Here we have used the notation of Lemma 2.19 and have labelled the rays ρ_−, ρ, ρ_+ in anticlockwise order.

Proof. By the adjunction formula for the closed embedding U_ρ ⊂ A^2_{X− ,X+} × G_{m,X} × S_I , the dualizing sheaf ω_{XI /SI} is freely generated over U_ρ by the local section in the statement. These sections patch to give a generator Ω of ω_Xo_{I,D/SI} because the scattering automorphisms preserve the torus invariant differentials. Both ω_{XI /SI} and O_{XI} satisfy the relative S_2 property i_∗i^∗F = F where i: X^o_I ⊂ X_I is the inclusion ([H04], Appendix), hence ω_{XI /SI} is freely generated by Ω. □

2.4. The algebra structure. In the previous section, we saw that the k[P ]/I-algebra

R_I = Γ(X^o_{I,D}, O_Xo_{I,D} )

defining the flat deformation X_I has a k[P ]/I-module basis of theta functions {ϑ_m | m ∈ B(Z)}. Here we derive a description of the multiplication rule on R_I using the geometry of the integral affine manifold B. We will use this (in the case of the canonical scattering diagram D^{can}) in §5 to prove our deformation is algebraic when D is not negative semidefinite.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 63

Definition 2.37. For a broken line γ with endpoint Q ∈ τ ∈ Σ, define s(γ) ∈ Λ_τ , c(γ) ∈ k[P ] by demanding that Mono(γ) = c(γ) · z^{φτ (s(γ))}.

Write Limits(γ) = (q, Q) if γ is a broken line for q and has endpoint Q ∈ B. Theorem 2.38. Let q_1, q_2 ∈ B(Z). In the canonical expansion ϑ_{q1} · ϑ_{q2} = ∑ q∈B(Z) α_qϑ_q, where α_q ∈ k[P ]/I for each q, we have α_q = ∑ (γ_1 ,γ_2) Limits(γ_i)=(q_i,z) s(γ_1)+s(γ_2 )=q

c(γ_1)c(γ_2)

Here z ∈ B_0 is a point very close to q contained in a cell τ, and we identify q with a point of Λ_τ using Remark 2.1.

Proof. To see what the coefficient of ϑ_q is, choose a point z ∈ B very close to q, and describe the product using the lifts of z^{q1} , z^{q2} at z: (Lift_z(q_1))(Lift_z(q_2)) = ∑ q^′ α_q′ Lift_z(q^′).

Now observe first that there is only one broken line γ with endpoint z and s(γ) = q ∈ Λ_τ : this is the broken line whose image is z + R_{≥0} q. Indeed, the final segment of such a γ is on this ray, and this ray meets no scattering rays, so the broken line cannot bend. Thus the coefficient of Lift_z(q) on the right-hand side of the above equation can be read off by looking at the coefficient (in k[P ]/I) of z^{φτ (q)}. This gives the desired description. □

3. The canonical scattering diagram

Here we give the precise definition of D^{can}, the scattering diagram suggested by the regluing in the symplectic heuristic, §0.6.1. As explained in §0.3.2, it is defined in terms of A^1 -classes. We begin by recalling necessary facts about relative Gromov- Witten invariants used to count them.

Definition 3.1. Let (Ỹ , D̃) be a rational surface with D̃ an anti-canonical cycle of rational curves, and let C be an irreducible component of D̃. Consider a class β ∈ H_2(Ỹ , Z) such that

(3.1) β · D̃_i = k_β D̃_i = C 0 D̃_i ≠ C

64 MARK GROSS, PAUL HACKING, AND SEAN KEEL

for some k_β > 0. Let F be the closure of D̃ \ C, and let Ỹ^o := Ỹ \ F, C^o := C \ F. Let M(Ỹ^o/C^o, β) be the moduli space of stable relative maps of genus zero curves representing the class β with tangency of order k_β at an unspecified point of C^o. (See [Li00], [Li02] for the algebraic definition for these relative Gromov-Witten invariants, and [LR01], [IP03] for the original symplectic definitions.) We refer to β informally as an A^1 -class. The virtual dimension of this moduli space is

−K~_Y · β + (dim Ỹ − 3) − (k_β − 1) = 0.

Here the first two terms give the standard dimension formula for the moduli space of stable rational curves in Ỹ representing the class β, and the term k_β −1 is the change in dimension given by imposing the k_β-fold tangency condition. The moduli space carries a virtual fundamental class. Furthermore, we have

Lemma 3.2. M(Ỹ^o/C^o, β) is proper over k.

Proof. This follows as in the proof of [GPS09], Theorem 4.2. In brief, let R be a valuation ring with residue field K, with S = Spec R, T = Spec K. We would like to extend a morphism T → M(Ỹ^o/C^o, β) to S. We know that the moduli space M(Ỹ /C, β) is proper, so we obtain a family of relative stable maps C → S to Ỹ . We just need to show that in fact the image of the closed fibre C_0 lies in Ỹ^o. However, the argument in the proof of [GPS09], Theorem 4.2 shows that if the image of C_0 intersects F , then C_0 must be of genus at least 1, which is not the case. □

Given this, we define N_β := ∫ [M(Ỹ^o/C^o,β)]^{vir} 1. Morally, one should view N_β as counting maps from affine lines to Ỹ \D̃ whose closures represent the class β.

In what follows, we fix as usual the pair (Y, D), B = B_{(Y,D)}, and φ the function given by Example 2.3 for some choice of η : NE(Y ) → P .

Definition 3.3. Assume P is equipped with a homomorphism η : NE(Y ) → P. Let φ be the multi-valued piecewise linear function on (B, Σ) given by Example 2.3. Fix a ray d ⊂ B with endpoint the origin, with rational slope. If d coincides with a ray of Σ, set Σ^′ := Σ; otherwise, let Σ^′ be the refinement of Σ obtained by adding the

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 65

ray d. This gives a toric blow-up π : Ỹ → Y (the identity in the first case) by Lemma 1.17. Let C ⊂ π^{−1}(D) be the irreducible component corresponding to d.

Let τ_d ∈ Σ be the smallest cone containing d. Let m_d ∈ Λ_{τd} be a primitive generator of the tangent space to d, pointing away from the origin. Define

f_d := exp [ ∑ β k_βN_βz^{η(π∗ (β))−φτd (kβ md)} ] . Here the sum is over all classes β ∈ H_2(Ỹ , Z) satisfying (3.1). Note that if N_β ≠ 0, then necessarily M(Ỹ^o/C^o, β) is non-empty, and thus β ∈ NE(Ỹ ), so π_∗(β) ∈ NE(Y ). We note that Σ^′ can be replaced with a further refinement, as Ỹ^o/C^o, and so the numbers N_β , does not depend on the particular choice of refinement.

We define D^{can} := {(d, f_d) | d ⊂ B a ray of rational slope}.

We call a class β ∈ H_2(Ỹ , Z) an A^1 -class if N_β ≠ 0.

Remark 3.4. In theory, one should be able to use logarithmic Gromov-Witten invariants [GS11] to define N_β without the technical trick of blowing up and working on an open variety. This would be done by working relative to D, and counting rational curves of class β with one point mapping to the boundary with specified orders of tangency exactly as done in §0.4. However, we do not yet know that this way of defining N_β coincides with the method given above, and the definition given above was used in the arguments of [GPS09], on which we rely.

Lemma 3.5. Let J ⊂ P be an ideal with √ J = J. Suppose the map η : NE(Y ) → P satisfies the following conditions:

(1) For any ray d ⊂ B of rational slope, let π : Ỹ → Y be the corresponding blowup. We require that if dim τ_d = 2 or dim τ_d = 1 and p_{τd,φ} ∉ J then for any A^1 -class β contributing to f_d, we have η(π_∗(β)) ∈ J.

(2) For any ideal I with √ I = J, there are only a finite number of d and A^1 -classes β such that η(π_∗(β)) ∉ I.

Then D^{can} is a scattering diagram for the data (B, Σ), P, φ, and J.

Proof. Note that z^{η(π∗ (β))−φτd (kβ md)} ∈ I_{τd,τd} if and only if η(π_∗(β)) ∈ I. So the hypotheses of the lemma imply conditions (2)-(4) of Definition 2.17. □

Example 3.6. Let σ ⊂ A_1(Y ) ⊗_Z R be a strictly convex rational cone containing NE(Y ). (This can be obtained as the dual of a strictly convex rational cone in Pic(Y )⊗_Z

66 MARK GROSS, PAUL HACKING, AND SEAN KEEL

R which spans this latter space and is contained in the nef cone.) Let P = σ ∩ A_1(Y ). Since σ is strictly convex, P^× = 0. For any m-primary ideal I, P \ I is a finite set. Let η : NE(Y ) → P be the inclusion. Then the finiteness hypotheses of the above Lemma hold for J = m (note that the conditions (3.1) determine β ∈ A_1(Ỹ ) given π_∗(β)).

Example 3.7. We return to the example (Y, D) of a del Pezzo surface together with a cycle of 5 (−1)-curves studied in Example 1.8. Let P = NE(Y ) and η be the identity. Then D^{can} consists of five rays:

D^{can} = {(ρ_i, 1 + z^{[Ei]−φρi (vi)}) | 1 ≤ i ≤ 5}.

Here E_i is the unique (−1)-curve in Y which is not contained in D and meets D_i transversally, and v_i is the primitive generator of the ray ρ_i corresponding to D_i. To derive this formula from the above definition of the canonical scattering diagram one needs to show that the only possible stable relative maps contributing to D^{can} are multiple covers of the E_i’s, and that a k-fold multiple cover contributes a Gromov- Witten invariant of (−1)^{k−1}/k^2. It is easier to compute this using the main result of [GPS09], which is done by way of Proposition 3.26. See Example 3.28.

If we accept this description of D^{can}, then we can describe all broken lines and the multiplication law given by this diagram.

We first note that no broken line can wrap around 0 ∈ B, i.e., if a broken line leaves a cone σ ∈ Σ_{max}, it will never return to that cone. It is enough to check this for a straight line (as the bending in any broken line is always away from the origin), and this is easily verified, using e.g., Figure 1.1.

Next, since the only scattering rays are the rays ρ ∈ Σ, if q, Q ∈ σ ∈ Σ_{max}, then the obvious straight line is the unique broken line for q with endpoint Q. Thus if we describe ϑ_q in the open subset of X^o_{I,D}can corresponding to σ, ϑ_q is just the toric monomial z^{φσ (q)}. It follows that ϑ^a_{vi} ϑ^b_{vi+1} = ϑ_{avi +bvi+1} for a, b ≥ 0. In particular, the ϑ_{vi} ’s generate the k[P ]/I-algebra Γ(X_I , O_{XI} ), and the algebra structure is determined once we compute ϑ_{vi} · ϑ_{vi+2} .

We consider a broken line for v_i. One checks the following, using Figure 1.1 and the above description of D^{can}: The broken line can cross at most two rays of Σ, and it bends at most once, at the last ray of Σ that it crosses. See Figure 3.1. From this one deduces using Theorem 2.38:

(3.2) ϑ_{vi−1} ϑ_{vi+1} = z^{[Di]}(ϑ_{vi} + z^{[Ei]}).

The term z^{[Di]} ·ϑ_{vi} corresponds to two straight broken lines for v_{i−1}, v_{i+1}, with endpoint the point v_i of ρ_i. The term z^{[Di]} · z^{[Ei]} is the coefficient of 1 = ϑ_0. To compute this we

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 67

ρ_1, ρ_2 σ_{1,2} ρ_3

ρ_4

σ_{4,5}

ρ_5 ρ^1 σ_{1,2} σ_{5,1} σ_{3,4} σ_{2,3} ρ_2

Figure 3.1. The different types of broken lines in Example 3.7.

use the invariance of broken lines, and so choose a generic point Q near 0 and compute the coefficient α_0 of ϑ_0 using pairs γ_i as in Theorem 2.38 whose final directions are opposite, i.e., s(γ_1) + s(γ_2) = 0. If we take Q ∈ σ_{i,i+1}, then there is exactly one term contributing to α_0: γ_1 will bend once where it crosses ρ_i, and γ_2 is straight.

One can check that the five equations (3.2) define X_I . These equations are algebraic, and in fact define a flat family over Spec k[NE(Y )]. (This is always the case in the nonnegative semi-definite case, see Corollary 5.10). The fibre of this family over the unit in the open torus orbit of the base is obtained by specializing to z^{[Di]} = z^{[Ei]} = 1, we obtain the A_2-cluster algebra, see [G07].

Next we prove that D^{can} is consistent — thus completing our construction of our mirror family X_I for any I with √ I = J. Consistency is an entirely reasonable expectation — in the symplectic heuristic the regluings from D^{can} are derived from the consistency condition. But of course that was a purely heuristic discussion, and our actual proof is based on rather different ideas. As we explain in §0.6.2, the main point is that D^{can} is a limit (under moving worms) of scattering diagrams built from Lemma 3.24 — diagrams about which we know essentially nothing except that they satisfy a natural local consistency requirement (the composition of scattering automorphisms associated to a small loop around a smooth point is the identity), and thus are consistent by an argument from [CPS].

Our goal now is to prove the following (the final step in the construction of our mirror family):

68 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Theorem 3.8. Suppose that we are given a map η : NE(Y ) → P such that φ is defined as in Example 2.3 by p_{ρ,φ} = η([D_ρ]). Suppose furthermore the following conditions hold:

(I) For any A^1 -class β, η(π_∗(β)) ∈ J; (II) For any ideal I with √ I = J, there are only a finite number of A^1 -classes β such that η(π_∗(β)) ∉ I.

(III) η([D_ρ]) ∈ J for at least two boundary components D_ρ ⊂ D. Then D^{can} is a consistent scattering diagram.

We include here an observation we will need later showing that the canonical scattering diagram only depends on the deformation class of (Y, D).

Lemma 3.9. Let (Y, D) → S be a flat family of pairs over a connected base S, with each fibre (Y_s, D_s) being a non-singular rational surface with anti-canonical cycle. Suppose further that there is a trivialization D ∼= D × S. Then for any s, s^′ ∈ S, (Y_s, D_s) and (Y_s′ , D_s′ ) induce the same canonical scattering diagram, after making an identification of H_2(Y_s, Z) with H_2(Y_s′ , Z) via parallel transport with respect to the Gauss-Manin connection along any path from s to s^′.

Proof. It is enough to show that the numbers N_β are deformation invariants in the above sense, i.e., if we are given a family π : (Ỹ, D̃) → S with each fibre as in Definition 3.1, with an irreducible component C ⊂ D̃, then the number N_{β,s} := ∫ [M(Ỹ^o_s /C^o_s ,β)]^{vir} 1 is independent of s. Indeed, once this is shown, then if N_{β,s} ≠ 0, necessarily β defines a class in NE(Y_s), as well as in NE(Y_s′ ), under the chosen identification. This invariance follows from the standard argument that (relative) Gromov-Witten invariants are deformation invariants, with a little care because our target spaces are open. For this, one considers the moduli space M(Ỹ^o/C^o, β) of stable maps to Ỹ^o relative to C^o and whose composition with π is constant. Then one has a map ψ : M(Ỹ^o/C^o, β) → S whose fibre over s is M(Ỹ^o_s /C^o_s , β). Letting ξ be the inclusion of this fibre in M(Ỹ^o/C^o, β), deformation invariance will follow if we know that

ξ^![M(Ỹ^o/C^o, β)]^{vir} = [M(Ỹ^o_s /C^o_s , β)]^{vir}

and ψ is proper. The first statement is standard in Gromov-Witten theory. The second point, the properness of ψ, follows exactly as in the proof of Lemma 3.2. □

3.1. Reduction to the Gross–Siebert locus. We now begin the proof of Theorem 3.8, following the outline given in §0.6.2. We will, however, prove a number of lemmas in a slightly more general context, as we will need some more general consistency results

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 69

in [K3]. We assume we are given (Y, D), η : NE(Y ) → P and φ defined as in Example 2.3, and a radical ideal J ⊆ P . Suppose we are given a scattering diagram D for this data; the application in this paper will be D = D^{can}. In particular, the hypotheses of Theorem 3.8 imply D^{can} is a scattering diagram for this data.

We first show that we are free to perform toric blowups on (Y, D).

Proposition 3.10. Let p : (Ỹ , D̃) → (Y, D) be a toric blowup. Then if we take η̃ := η ∘ p_∗ : NE(Ỹ ) → P , then D can also be viewed as a scattering diagram for B_(~_{Y ,}~_{D)}, P . Furthermore, if D is consistent for this latter data, it is consistent for the data B_{(Y,D)}, P .

Proof. Decorate notation, writing for example B̃, Σ̃ for the singular affine manifold with subdivision into cones associated to (Ỹ , D̃). By Lemma 1.17, we have a canonical identification of the underlying singular affine manifolds B = B̃, and Σ̃ is the refinement of Σ obtained by adding one ray for each p-exceptional divisor. We have multi-valued piecewise linear functions φ on B and φ̃ on B̃. We can in fact choose representatives so that φ̃ = φ. Indeed, p_{ρ,φ̃} = η(p_∗([D̃_ρ])) where D̃_ρ is the irreducible component of D̃ corresponding to ρ. But p_∗([D̃_ρ]) = 0 if ρ ∉ Σ, and p_∗([D̃_ρ]) = [D_ρ] if ρ ∈ Σ. Thus φ̃ in fact has the same domains of linearity as φ, and the same bending parameters, so we can choose representatives which agree.

As a consequence, we note that the sheaves P and P̃ on B_0 defined using φ and φ̃ coincide. Furthermore, if ρ̃ ⊂ σ̃ are cones in Σ̃, with ρ ∈ Σ the smallest cone containing ρ̃ and σ ∈ Σ the smallest cone containing σ̃, there is a canonical identification of P_{φρ} with P_{φ̃ρ̃} and a canonical isomorphism (3.3) R̃_{ρ̃,σ̃,I} ∼= R_{ρ,σ,I} ; note the slightly non-trivial case when dim ρ̃ = 1 but dim ρ = 2, in which case we use the fact that p_{ρ̃,φ̃} = 0.

Using these identifications, we can view D as living on B̃, and as such, one sees from the definition that D is a scattering diagram for the data B̃, P, φ̃.

Now suppose √ I = J. One observes that the set of broken lines contributing to Lift_Q(q) are the same whether we are working in B or B̃. Thus if Q ∈ σ̃ ∈ Σ̃_{max}, Lift_Q(q) ∈ R̃_{σ̃,σ̃,I} , defined using B̃, coincides under the isomorphism (3.3) with Lift_Q(q) ∈ R_{σ,σ,I} . From this one sees easily that if D is consistent for Ỹ , it is consistent for Y . □

Corollary 3.11. Given Y, P, η, J satisfying the hypotheses of Theorem 3.8, then Theorem 3.8 holds for this data if it holds for the data Ỹ , P, η̃, J.

70 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Proof. By the proposition, one just needs to check that the canonical scattering diagrams defined using Y or Ỹ are identical. Indeed, given a ray d ⊂ B, we can choose a refinement Σ^′ of Σ which is also a refinement of Σ̃, giving maps π̃ : Y^′ → Ỹ and π : Y^′ → Y . Then for an A^1 -class β ∈ H_2(Y^′, Z), η(π_∗(β)) = η̃(π̃_∗(β)), and so f_d is the same for Ỹ and Y . □

Proposition 3.12. Suppose we are given monoid homomorphisms NE(Y )^{η̄}−→P̄^ψ−→P with η = ψ∘η̄. Let φ be the multi-valued piecewise linear function defined using P̄ , η̄, so that φ = ψ ∘ φ is the function defined using P, η. Then ψ induces maps ψ : P̄_{φτ} → P_{φτ} . For any f ∈ ^k[P̄_{φτ} ], we can then view ψ(f) as a formal sum of monomials in k[P_{φτ} ], though in general ψ(f) need not lie in ^k[P_{φτ} ]. Suppose D̄ is a scattering diagram for the data B, P̄ , m̄ = P̄ \ P̄^×, such that D = ψ(D̄) is a scattering diagram for the data B, P, J, where ψ(D) = {(d, ψ(f_d)) | (d, f_d) ∈ D}.

Thus in particular ψ(f_d) lies in ^k[P_{φτ} ] for each d. If D̄ is consistent for P̄ , η̄, m̄, then D is consistent for P, η, J.

Proof. The monoids P and P̄ yield sheaves P and P̄ over B_0. The map ψ : P̄ → P induces a map of sheaves ψ : P̄ → P using φ = ψ ∘ φ̄, and hence it also induces monoid homomorphisms ψ : P̄_{φ̄τ} → P_{φτ} .

Let q ∈ B_0(Z). Then if γ̄ is a broken line for q with endpoint Q with respect to the barred data, i.e., P̄ , P̄ etc., we can construct what we shall call ψ(γ̄). This will be the data required for defining a broken line for the unbarred data, consisting of the map ψ(γ̄) : (−∞, 0] → B coinciding with γ̄, and we simply apply ψ to the monomial m_L(γ̄) attached to a domain of linearity L of γ̄ to get the attached monomial for ψ(γ̄). This is not a broken line for the unbarred data, as condition (3) of Definition 2.22 need not hold, precisely because ψ : P̄ → P need not be injective.

To rectify this, fix an ideal I ⊂ P with √ I = J, Q ∈ σ ∈ Σ, and let B̄ be the set of broken lines γ̄ for the barred data with endpoint Q such that ψ(Mono(γ̄)) ∉ I · k[P_{φσ}]. The same finiteness argument of Lemma 2.30 shows that B̄ is a finite set. We then define an equivalence relation on B̄ by saying γ̄_1 ∼ γ̄_2 provided ψ(γ̄_1) and ψ(γ̄_2) coincide except possibly for the k-valued coefficients of the monomials attached to the domains of linearity. Given an equivalence class ξ ⊂ B̄ with respect to this equivalence relation, we will show there is exactly one broken line γ_ξ for the unbarred data such that

(3.4) ∑ γ̄∈ξ ψ(Mono(γ̄)) = Mono(γ_ξ).

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 71

Furthermore, every broken line γ for the unbarred data with Mono(γ) ∉ I ·k[P_{φσ}] arises in this way.

Define γ_ξ to be the broken line with underlying map given by any element of ξ with the following attached monomials. For any domain of linearity L = [s, t] for γ_ξ, choose a maximal subset ξ_L ⊂ ξ of broken lines such that γ̄_1|_{(−∞,t]} ≠ γ̄_2|_{(−∞,t]} for any γ̄_1, γ̄_2 ∈ ξ_L. Then define m_L(γ_ξ) = ∑ γ̄∈ξ_L m_L(ψ(γ̄)). One then checks easily that γ_ξ is a broken line, now satisfying (3) of Definition 2.22, and (3.4) is satisfied since for L the last domain of linearity of γ_ξ, one takes ξ_L = ξ. Furthermore, it is easy to see that any broken line for the unbarred data with the same underlying map and attached monomials at most differing by their coefficients from γ_ξ must in fact coincide with γ_ξ. This shows the claim.

Since the broken lines in B̄ only involve bending at a finite number of places and crossing rays of Σ only a finite number of times, there is some k > 0 such that for any γ̄ ∈ B̄, Mono(γ̄) ∈ k[P̄_{φτ} ] does not lie in m̄^k · k[P̄_{φτ} ]. If we then take Ī = m̄^k + ψ^{−1}(I), then it is clear from (3.4) that

ψ(Lift_Q(q)) = Lift_Q(q),

where Lift_Q(q) is the lift defined with respect to the ideal Ī and the other barred data, and Lift_Q(q) is defined with respect to the unbarred data and the ideal I. Thus if consistency holds for the barred data, it holds for the unbarred data. □

As a consequence of Proposition 1.19 and Corollary 3.11, in order to prove Theorem 3.8 (i.e., with D = D^{can}), we may assume we have a toric model p : (Y, D) → (Ȳ , D̄) with D̄ = D̄_1+· · ·+D̄_n. Furthermore, by replacing (Y, D) with a deformation equivalent pair and using Lemma 3.9, we can assume that p is the blowup at distinct points x_{ij} , 1 ≤ j ≤ ℓ_i, along D̄_i, with exceptional divisors E_{ij} . Let ρ_i ∈ Σ be the ray corresponding to the proper transform of D̄_i.

By Proposition 3.12, we can replace P with a better suited choice of monoid. We shall do this as follows in the case that D = D^{can}. As in Example 3.6, the nef cone K(Y ) ⊂ A^1(Y, R) contains a strictly convex rational polyhedral cone σ, so σ^∨ ⊂ A_1(Y, R) is a strictly convex rational polyhedral cone containing NE(Y ). The map η : NE(Y ) → P induces a map η : A_1(Y, R) → P^{gp}_R . There is some rational polyhedral cone σ_P ⊂ P^{gp}_R such that P = σ_P ∩ P^{gp}. In addition, let H be an ample divisor on Ȳ , so that NE(Y ) ∩ (p^∗H)^⊥ is a face of NE(Y ), generated by the classes [E_{ij} ]. Now take σ¯_P = η^{−1}(σ_P ) ∩ σ^∨ ∩ {q ∈ A_1(Y, R) | p^∗ H · q ≥ 0},

72 MARK GROSS, PAUL HACKING, AND SEAN KEEL

and take P̄ = σ_{P̄} ∩ A_1(Y, Z).

As σ¯_P is strictly convex, (P̄ )^× = {0}, m̄ = P̄ \ {0}, and if Ī is an m̄-primary ideal, P̄ \ Ī is finite. Thus the hypotheses of Theorem 3.8 trivially hold for η̄ : NE(Y ) → P̄ . By Proposition 3.12, we can replace P with P̄ to prove Theorem 3.8.

To summarize, we will now make four assumptions in order to prove a given scattering diagram D is consistent; the above discussion shows these assumptions can be made in the case of D = D^{can}.

Assumptions 3.13. • There is a toric model p : (Y, D) → (Ȳ , D̄) which blows up distinct points x_{ij} on D_i, with exceptional divisors E_{ij} .

• η : NE(Y ) → P is an inclusion, and P^× = {0}.

• There is a face of P whose intersection with NE(Y ) is NE(Y ) ∩ (p^∗H)^⊥. Let G be the prime monomial ideal given by the complement of this face. • J = m = P \ {0}. We assume we are given a scattering diagram D for this data. Note that G ≠ m unless p is an isomorphism.

Definition 3.14. The Gross–Siebert locus is the open torus orbit T of Spec k[P ]/G.

The next step will be to extend our family to the formal completion of Spec k[P ] along the toric boundary stratum associated to G, and then check the explicit equalities in Theorem 3.8 after restricting to the formal thickening of the Gross–Siebert locus. This reduces us to the two-dimensional situation of [GS07]. In terms of the integral affine manifold, we will pass from B_{(Y,D)} to the smooth manifold B_(¯_{Y ,}¯_{D)} = R^2 by first factoring the singularity into a collection of I_1-singularities, one for each point blownup under p (this yields the manifold B^′ of §0.6.2) and then pushing these singularities to infinity along their invariant directions. We will be left with a scattering diagram in ordinary affine space, the context of the broken line construction in [G09].

We first analyze an important property of D^{can} in this situation; we will then continue our analysis assuming that D shares this property.

For each ray ρ_i in Σ, we have a unique ray (ρ_i, f_{ρi} ) ∈ D^{can} with support ρ_i. The following describes f_{ρi} mod G.

Lemma 3.15. f_{ρi} = g_{ρi} ℓ_i∏

j=1 (1 + b_{ij} X^{−1}_i )

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 73

where X_i = z^{φρi (vi )} with v_i a primitive generator of ρ_i, b_{ij} = z^{η([Eij ])} and g_{ρi} ≡ 1 mod G. The j^{th} term of the product is the contribution from A^1 -classes coming from multiple covers of the p-exceptional divisor E_{ij}, and g_{ρi} is the product of contributions from all other A^1 -classes.

Proof. Note that in defining f_{ρi} using the definition of the canonical scattering diagram, we take Ỹ = Y . Now the only terms that contribute to f_{ρi} mod G will involve classes β ∈ NE(Y ) ⊂ A_1(Y ) with η(β) ∉ G, so in particular, such a β must be a linear combination ∑_{ℓi} j=1 c_j[E_{ij} ], with k_β = ∑ c_j. Furthermore, if f : C → Y contributes to N_β , f(C) must be contained in ⋃ i,j E_{ij} . Indeed, if f(C) has an irreducible component D not contained in this set, then η([D]) ∈ G, so η(f_∗([C])) ∈ G, as G is an ideal. But η(f_∗([C])) = η(β), which we have assumed is not an element of G.

Since f(C) is connected and intersects D_i, we now see that the image of f is E_{ij} for some j, and in particular, f is a degree k_β cover of E_{ij} . Then Theorem 6.1 of [GPS09] tells us that the contribution from k_β-fold multiple covers of E_{ij} is (−1)^{kβ −1}/k^2_β. From this we conclude that

f_{ρi} = exp ( h + ∞∑ k=1 ℓ_i∑

j=1 k_β ( (−1)^{kβ −1} k^2_β ) (b_{ij} X^{−1}_i )^{kβ} )

= exp(h) ℓ_i∏

j=1 (1 + b_{ij} X^{−1}_i )

where h ∈ G. We take g_{ρi} = exp(h). □

Corollary 3.16. U_{ρi,G} is isomorphic to the hypersurface of Equation (0.10).

Proof. Since the g_{ρi} ≡ 1 mod G, they are already units in R_{ρi,σ±,G} and so do not contribute to the isomorphism type of the fibre product, equation (2.9). Now the result follows from Lemma 2.19. □

Corollary 3.17. D^{can} is a scattering diagram for the data (B, Σ), P , φ and G.

Proof. Fixing an I ⊂ P with √ I = G, there exists a bound n such that q ∈ P \ I implies q · p^∗H < n, where H is a fixed ample divisor on Ȳ . Thus if β is an A^1 -class with η(π_∗(β)) ∈ P \ I, there are only a finite number of choices for p_∗π_∗β, and for each of these choices, there are only a finite number of choices of π_∗β. This shows condition (4) in Definition 2.17 of scattering diagrams, from which also follows condition (2). Note that p_{ρi,φ} = [D_i] ∈ G for each i so condition (3) is vacuous for dim τ_d = 1. If dim τ_d = 2, any contributing A^1 -class β satisfies π_∗β ∈ G, so (3) holds. □

Theorem 3.18. We follow the above notation.

74 MARK GROSS, PAUL HACKING, AND SEAN KEEL

(1) D^{can} is consistent as a scattering diagram for (B, Σ), P , φ, and G. (2) Theorem 3.8 follows from (1).

Proof. We shall for now only show item (2). This just follows from the series of reductions of Theorem 3.8 already made and the observation that if I^′ is an m-primary ideal, then since G ⊂ m one can find some k such that kG ⊂ I^′. To show consistency holds for the ideal I^′, we use (1) to observe consistency holds for the ideal I = kG, and this gives the desired result. □

Remark 3.19. Given a consistent scattering diagram D for (B, Σ), P , φ, and G, Theorem 2.33 shows that with √ I = G, X_I := Spec Γ(X^o_{I,D}, O_Xo_{I,D} )

is flat over Spec k[P ]/I, and X_G = V_n × Spec k[P ]/G.

Let T ⊂ Spec k[P ]/G be the Gross–Siebert locus, Definition 3.14. Note T determines open subschemes of the thickenings Spec k[P ]/I, which we will shall denote by T_I .

We can describe the subscheme T_I of Spec k[P ]/I as follows. Let E ⊂ P^{gp} be the lattice generated by the face P \ G. Then as a subset of Spec k[P ]/G, T ∼= Spec k[E]. Furthermore, if we take the localization P + E of P along the face P \ G, then T_I as a subscheme of Spec k[P ]/I is Spec k[P + E]/(I + E).

Note that m_{P +E} = (P + E) \ E, and G = P ∩ m_{P +E}, so we can write k[E] = k[P + E]/m_{P +E} .

We can now view φ as a multi-valued strictly (P + E)-convex function. Then we have the following obvious

Lemma 3.20. Suppose D is a consistent scattering diagram for the data (B, Σ), P +E, φ, m_{P +E}. Then D is consistent as a scattering diagram for (B, Σ), P, φ and G. In particular, Theorem 3.18, (1) holds if D^{can} is consistent as a scattering diagram for P + E, m_{P +E}.

For Ī ⊂ m_{P +E} an ideal with √ Ī = m_{P +E} , and I = Ī ∩ P , then X o_{I,D}, which is flat over Spec k[P ]/I, when restricted to the open set Spec k[P + E]/Ī gives the flat family X^o_{Ī,D}.

We now replace P by P + E and J by m_{P +E} in what follows.

Now consider the affine manifold B̄ := B_(¯_{Y ,}¯_{D)}. By Example 1.2, B̄ in fact has no singularity at the origin, and is affine isomorphic to M_R = R^2 (with M = Z^2), while Σ̄ is precisely the fan for Ȳ . In order to distinguish between constructions on (Y, D) and (Ȳ , D̄), we decorate all existing notation with bars. For example, if τ ∈ Σ, denote the corresponding cone of Σ̄ by τ̄. Let φ̄ be the multi-valued P^{gp}_R -valued function on

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 75

B̄ such that p_{ρ̄,φ̄} = p^∗[D̄_{ρ̄}].

Note that by Lemma 1.14, we can assume φ̄ is in fact a single-valued fuction on M_R. This single-valuedness will be important to be able to apply the method of Kontsevich and Soibelman, Lemma 3.24. We then have the associated P^{gp}_R -bundle π : P_0 → B̄_0, with convex section φ : B̄_0 → P_0, by the construction of §2.1.

We now have sheaves P̄ on B̄_0 and P on B_0, induced by the two functions φ̄ and φ respectively.

Note that since φ̄ is single-valued and B̄ has no singularities, P̄ is the constant sheaf with fibre P^{gp} ⊕ M.

There is a canonical piecewise linear map ν : B → B̄ which restricts to an integral affine isomorphism ν|_σ : σ → σ̄, where σ ∈ Σ_{max} and σ̄ ∈ Σ̄_{max} is the corresponding cell of Σ̄. Note this map identifies B(Z) with B̄(Z).

Lemma 3.21. There is a unique piecewise linear map

ν̃ : P_0 → P̄_0

satisfying • π̄ ∘ ν̃ = ν ∘ π. • ν̃ is equivariant for the P^{gp}_R -action. • ν̃ ∘ φ = φ̄ ∘ ν. Proof. Existence and uniqueness are clear, since both sides are bundles of P^{gp} torsors. □ For each maximal cone σ ∈ Σ_{max}, the derivative ν_∗ of ν induces a canonical identification of Λ_{B,σ} with Λ¯_{B,σ}. This then gives an induced isomorphism of monoids:

(3.5) ν̃_σ : P_{φσ} → P_{φ̄σ̄}

given by φ_σ(m) + p → φ̄_{σ̄}(ν_∗(m)) + p, for p ∈ P and m ∈ Λ_σ. This identifies the k[P ]-algebras k[P_{φσ}] and k[P_{φ̄σ̄}], and the completions ^k[P_{φσ}] and ^k[P_{φ̄σ̄}].

Because the map ν is only piecewise linear around rays ρ ∈ Σ, there is only a piecewise linear identification of P_{φρ} with P_{φ̄ρ̄} and hence no identification of the corresponding rings. However, ν_∗ is still defined on the tangent space to ρ, and there is an

76 MARK GROSS, PAUL HACKING, AND SEAN KEEL

identification ν̃_ρ : {φ_ρ(m) + p | m is tangent to ρ, p ∈ P } → {φ̄_{ρ̄}(m) + p | m is tangent to ρ̄, p ∈ P } given by φ_ρ(m) + p → φ̄_{ρ̄}(ν_∗(m)) + p. We now explain the Kontsevich-Soibelman lemma. This has to do with scattering diagrams on the smooth affine surface M_R = R^2 (such as B̄ = B_(¯_{Y ,}¯_{D)}). For this general discussion, we fix the data of a monoid Q which comes along with a map r : Q → M. Let m_Q = Q \ Q^×, and let ^k[Q] denote the completion of k[Q] with respect to the monomial ideal m_Q. (In our application we take Q = P_{φ̄} as defined in (1.3).)

We can then consider a variant of the notion of scattering diagram:

Definition 3.22. We define a scattering diagram for the pair Q, r : Q → M. This is a set D = {(d, f_d)} where

• d ⊂ M_R is given by d = −R_{≥0} m_0 if d is an outgoing ray and d = R_{≥0} m_0 if d is an incoming ray, for some m_0 ∈ M \ {0}. • f_d ∈ ^k[Q]. • f_d ≡ 1 mod m_Q. • f_d = 1 + ∑ p c_pz^p for c_p ∈ k, r(p) ≠ 0 a positive multiple of m_0.

• For any k > 0, there are only a finite number of rays (d, f_d) ∈ D with f_d ≢ 1 mod m^k_Q.

Definition 3.23. Given a loop γ in M_R around the origin, we define the path ordered product θ_{γ,D} : ^k[Q] → ^k[Q] as follows. For each k > 0, let D[k] ⊂ D be the subset of rays (d, f_d) ∈ D with f_d ≢ 1 mod m^k_Q. This set is finite. For d ∈ D[k] with γ(t_0) ∈ d, define θ^k_{γ,d} : k[Q]/m^k_Q → k[Q]/m^k_Q by θ^k_{γ,d}(z^q) = z^qf^{⟨nd,r(q)⟩}_d

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 77

for n_d ∈ M^∗ primitive satisfying, with m a non-zero tangent vector of d,

⟨n_d, m⟩ = 0, ⟨n_d, γ^′(t_0)⟩ < 0.

Then, if γ crosses the rays d_1, . . . , d_n in order with D[k] = {d_1, . . . , d_n}, we can define θ^k_{γ,D} = θ^k_{γ,dn} ∘ · · · ∘ θ^k_{γ,d1} . We then define θ_{γ,D} by taking the limit as k → ∞.

The following is a slight generalisation of a result of Kontsevich and Soibelman which appeared in [KS06].

Theorem 3.24. Let D be a scattering diagram in the sense of Definition 3.22. Then there is another scattering diagram Scatter(D) containing D such that Scatter(D) \ D consists only of outgoing rays and θ_{γ,Scatter(D)} is the identity.

For a proof of this theorem essentially as stated here, see [GPS09], Theorem 1.4. The result is unique if Scatter(D) \ D has at most one ray in each possible direction; we shall assume Scatter(D) has been chosen to have this property. This can always be done.

We apply this in the following situation. We take Q to be the monoid P_{φ̄} which yields the Mumford degeneration associated to the data (B̄, Σ̄), φ̄ (recalling B̄ = M_R), defined by P_{φ̄} = {(m, φ̄(m) + p) | m ∈ M, p ∈ P } ⊂ M × P^{gp}. This comes with a canonical map r : P_{φ̄} → M by projection.

Definition 3.25. Let D be a scattering diagram for the data (B, Σ), P, φ, m_P . Suppose furthermore that D has at most one outgoing ray in each possible direction, and that for (ρ_i, f_{ρi} ) ∈ D the unique outgoing ray with support ρ_i, f_{ρi} = g_{ρi} ℓ_i∏

j=1 (1 + b_{ij} X^{−1}_i )

for some g_{ρi} ≡ 1 mod G (so in particular D^{can} satisfies this hypothesis, by Lemma 3.15). We define a scattering diagram ν(D) on B̄ as follows. For every ray (d, f_d) ∈ D not equal to (ρ_i, f_{ρi} ) for some i, ν(D) contains the ray (ν(d), ν̃_{τd} (f_d)), and for each ray (ρ_i, f_{ρi} ), ν(D) contains two rays, (ρ̄_i, ν̃_{τd} (g_{ρi} )) and (ρ̄_i, ∏_{ℓi} j=1(1 + b^{−1}_{ij} X̄_i)).

We note that ν(D) may not actually be a scattering diagram in the sense of Definition 3.22, as it is possible that f_d ∉ ^k[P_{φ̄}]: if p ∈ P_{φτ} , then ν̃_τ (p) ∈ P_{φτ} but need not lie in P_φ.

78 MARK GROSS, PAUL HACKING, AND SEAN KEEL

In the case of D = D^{can}, we can use the Kontsevich-Soibelman lemma to describe ν(D^{can}). This will both show that ν(D^{can}) is a scattering diagram in the sense of Definition 3.22 and that it satisfies an important additional property which will allow us to prove consistency. Let

(3.6) D̄_0 = {(ρ̄_i, ℓ_i∏

j=1 (1 + b^{−1}_{ij} X̄_i)) | 1 ≤ i ≤ n}. Let m_{φ̄} = P_{φ̄} \ P^×_{φ̄} as usual. Then by the strict convexity of φ̄, X̄_i ∈ m_{φ̄} so that D̄_0 is a scattering diagram for the pair P_{φ̄}, r in the sense of Definition 3.22. Now define D̄ := Scatter(D̄_0)

where we require D̄ \ D̄_0 to have only one outgoing ray in each direction (and no incoming rays).

Proposition 3.26. D̄ = ν(D^{can}). In particular, ν(D^{can}) is a scattering diagram in the sense of Definition 3.22 and θ_{γ,}¯_D ≡ 1 for a loop γ around the origin.

Proof. The result follows (after some work) from the main result of [GPS09]. We will explain this derivation in §3.3. The precise statement we need here is Theorem 3.38. □

Remark 3.27. As explained in §0.6.2 the sign changes between ν(D^{can}) and D̄ are explained by the fact that on B̄ we have moved the singularities to infinity. If instead they were at finite distance, then the input diagram, call it D^′_0, would have for each singular point an additional outgoing ray, with attached function ℓ_i∏

j=1 (1 + b_{ij}X̄^{−1}_i ).

(If we think in terms of K3 degenerations as in Remark 1.11, this is the only possible choice of functions that is symmetric with respect to flops and dependent only on the flopping curve.) Now when we take the limit as the singular point moves to the origin, the incoming ray disappears, and this outgoing ray remains.

Example 3.28. Continuing with Example 3.7, note that the pair (Y, D) can be obtained from the toric pair (Ȳ , D̄) defined by the fan Σ̄ with rays generated by (1, 0), (1, 1), (0, 1), (−1, 0) and (0, −1), corresponding to D̄_1, . . . , D̄_5, by blowing up one point on each of D̄_4 and D̄_5. This description determines D̄_0 and hence D̄. One can check this description agrees with that given in Example 3.7 for D^{can}, see e.g. [GPS09], Example 1.6 for a similar computation.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 79

Now suppose we have a scattering diagram D for (B, Σ), P, φ, m_P as in Definition 3.25, and suppose that D satisfies the hypotheses of that definition, and that ν(D) is a scattering diagram in the sense of Definition 3.22. (For example, by Proposition 3.26, D = D^{can} satisfies these assumptions.) For I ⊂ P an ideal with √ I = J, we now have deformations X^o_{I,D} and X̄^o_{I,ν(D̄)}. The latter scheme is glued from open sets U_{ρ̄,I} = Spec R_{ρ̄,I} along open sets identified with Spec R_{σ̄,σ̄,I} . Here we are decorating the rings coming from the data on B̄ with bars as before, while we maintain the notation R_{ρ,I} , etc., for those rings coming from the data on B.

Lemma 3.29. With D satisfying the hypotheses of Definition 3.25 and ν(D) a scattering diagram in the sense of Definition 3.22, there are isomorphisms p_i : R_{ρi,I} → R_{ρ̄i,I} and p_{i−1,i} : R_{σi−1,i,σi−1,i,I} → R_{σ̄i−1,i,σ̄i−1,i,I} for all i such that the diagrams R_{ρi,I} // p_i fflffl R_{σi−1,i,σi−1,i,I} p_{i−1,i} fflffl R_{ρ̄i,I} // Rσ̄_{i−1,i} ,σ̄_{i−1,i},I

R_{ρi,I} // p_i fflffl R_{σi,i+1,σi,i+1,I} p_{i,i+1} fflffl R_{ρ̄i,I} // Rσ̄_{i,i+1},σ̄_{i,i+1},I and R_{σi−1,i ,σi−1,i,I}^{θγ,D} // p_{i−1,i} fflffl R_{σi−1,i,σi−1,i,I} p_{i−1,i} fflffl R_{σ̄i−1,i,σ̄i−1,i,I θγ̄,ν(D)} // R_{σ̄i−1,i ,σ̄i−1,i,I} are commutative.

Consequently, the maps p_i and p_{i−1,i} induce an isomorphism p : X^o_{I,D} → X̄^o_{I,ν(D)} over Spec k[P ]/I.

80 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Proof. To describe p_i, use the representations R^′_{ρ,I} and R^′_{ρ̄,I} given by Lemma 2.19, so that R^′_{ρ,I} = (k[P ]/I)[X_{i−1}, X^±_i , X_{i+1}] (X_{i−1}X_{i+1} − z^{η([Di ])}X^{−D2i}_i g_{ρi} ∏_{ℓi} j=1(1 + b_{ij} X^{−1}_i )) ,

R^′_{ρ,I} = (k[P ]/I)[X̄_{i−1}, X̄^±_i , X̄_{i+1}] (X̄_{i−1}X̄_{i+1} − z^{η(p∗ [D̄i])}X̄^{−D̄2i}_i ḡ_{ρi} ∏_{ℓi} j=1(1 + b^{−1}_{ij} X̄_i)) . We simply define p_i to be the identity on k[P ]/I and p_i(X_j ) = X̄_j. This makes sense since D^2_i = D̄^2_i − ℓ_i and [D_i] = p^∗[D̄_i] − ∑_{ℓi} j=1 E_{ij} , so that p_i ( z^{η([Di ])}X^{−D2i}_i ℓ_i∏

j=1 (1 + b_{ij} X^{−1}_i ) ) = z^{η(p∗ [D̄i])}X̄^{−D̄2i}_i (_{ℓi} ∏ j=1 b^{−1}_{ij} X̄_i ) (_{ℓi} ∏ j=1 (1 + b_{ij}X̄^{−1}_i ) )

= z^{η(p∗ [D̄i])}X̄^{−D̄2i}_i ℓ_i∏

j=1 (1 + b^{−1}_{ij} X̄_i).

The map p_{i−1,i} is induced by ν̃_{σi−1,i} defined in (3.5). It is then straightforward to check the commutativity of the three diagrams. □

Lemma 3.30. Suppose D is a scattering diagram satisfying the hypotheses of Definition 3.25 and ν(D) a scattering diagram in the sense of Definition 3.22. For Q ∈ σ_{i−1,i}, we distinguish between Lift_Q(q) ∈ R_{σi−1,i ,σi−1,i,I} for the lift of q ∈ B_0(Z) and Lift_{ν(Q)}(ν(q)) ∈ R̄_{σ̄i−1,i,σ̄i−1,i} the lift of ν(q). Then

(1) p_{i−1,i}(Lift_Q(q)) = Lift_{ν(Q)}(ν(q)).

(2) Under the natural identifications (P_{φ̄τ} )^{gp} = (P_{φ̄})^{gp}, for τ ∈ Σ̄ \ {0}, P_{φ̄} ⊂ P_{φ̄τ} , and for any broken line γ for q, Mono(γ) ∈ k[P_{φ̄}].

(3) ν induces a bijection between broken lines: If γ : (−∞, 0] → B_0 is a broken line in B_0, then ν ∘ γ is a broken line in B̄_0, and conversely, if γ̄ : (−∞, 0] → P̄ is a broken line in B̄_0, then ν^{−1} ∘ γ̄ is a broken line in B_0.

Proof. (3) implies (1). For (3), clearly it is enough to compare bending and attached monomials of broken lines near a ray ρ_i.

Consider a broken line γ in B_0 passing from σ_{i−1,i} to σ_{i,i+1}, and let cz^q be the monomial attached to the broken line before it crosses over ρ_i, so that q ∈ P_{φσi−1,i} . Let

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 81

θ_{ρi} , θ̄_{ρ̄i} be defined by θ_{ρi} (z^p) := z^pf^{⟨n,r(p)⟩}_{ρi} θ̄_{ρ̄i} (z^p) := z^p ( ḡ_{ρi} ℓ_i∏

j=1 (1 + b^{−1}_{ij} X̄_i) )_{⟨n̄,r̄(p)⟩}

where (ρ̄_i, ḡ_{ρi} ) ∈ ν(D) is the outgoing ray with support ρ̄_i. Then we need to show that (3.7) p_{i,i+1}(θ_{ρi} (cz^q)) = θ̄_{ρ̄i} (p_{i−1,i}(cz^q)) to get the correspondence between broken lines.

Note that p_{i−1,i}(X_{i−1}) = X̄_{i−1}, p_{i,i−1}(X_i) = X̄_i, p_{i,i+1}(X_i) = X̄_i, but to compute p_{i,i+1}(X_{i−1}), we need to use the relation X_{i−1}X_{i+1} = z^{η([Di ])}X^{−D2i}_i in k[P_{φρi} ] to write X_{i−1} = z^{η([Di ])}X^{−D2i}_i X^{−1}_{i+1}.

On the other hand, one has the relation X̄_{i−1}X̄_{i+1} = z^{η(p∗ [D̄}i^{])}X̄^{−D̄2}i_i in k[P_{φ̄ρ̄i} ], so p_{i,i+1}(X_{i−1}) = z^{η([Di ]−p∗[D̄i])}X̄^{−D2i +D̄2i}_i X̄_{i−1} = X̄^{ℓi}_i X̄_{i−1} ℓ_i∏

j=1 b^{−1}_{ij} . Thus p_{i,i+1}(θ_{ρi} (X_{i−1})) = p_{i,i+1}(X_{i−1}f_{ρi} ) = X̄^{ℓi}_i X̄_{i−1} (_{ℓi} ∏ j=1 b^{−1}_{ij} ) (_{ℓi} ∏ j=1 (1 + b_{ij}X̄^{−1}_i ) ) ḡ_{ρi}

= X̄_{i−1}ḡ_{ρi} ℓ_i∏

j=1 (1 + b^{−1}_{ij} X̄_i) = θ̄_{ρ̄i} (p_{i−1,i}(X_{i−1})) as desired. Also, p_{i,i+1}(θ_{ρi} (X_i)) = X̄_i = θ̄_{ρ̄i} (p_{i−1,i}(X̄_i)).

Thus (3.7) holds. This shows (3).

82 MARK GROSS, PAUL HACKING, AND SEAN KEEL

For (2), the statement that P_{φ̄} ⊂ P_{φ̄τ} is obvious. For q ∈ σ ∈ Σ, by definition the monomial attached to the first domain of linearity of a broken line for q is z^{φσ (q)}, which is identified under ν̃_σ with z^{(ν(q),φ̄(q))} ∈ k[P_{φ̄}]. For any (d, f_d) ∈ ν(D), f_d ∈ ^k[P_{φ̄}] by assumption, and hence all monomials associated to broken lines in B̄_0 lie in k[P_{φ̄}], hence (2). □

Definition 3.31. Suppose D is a scattering diagram satisfying the hypotheses of Definition 3.25 and ν(D) is a scattering diagram in the sense of Definition 3.22. Let m_{Pφ̄} = P_{φ̄} \ P^×_{φ̄} , and let I ⊂ P_{φ̄} be an ideal with √ I = m_{Pφ̄} . We define for q ∈ B̄_0(Z) and Q ∈ B̄_0, Lift_Q(q) = ∑ Mono(γ) ∈ k[P_{φ̄}]/I

where the sum is over all broken lines γ for q with endpoint Q in B̄_0 with respect to the scattering diagram ν(D). One sees easily as in Lemma 2.30 that this is a finite sum.

The last reduction comes down to the following theorem, to be proved in the next section:

Theorem 3.32. Assume D satisfies the hypotheses of Definition 3.25 and ν(D) is a scattering diagram in the sense of Definition 3.22. Suppose furthermore that θ_{γ,ν(D)} ≡ 1 for a loop γ around the origin. (These hypotheses hold for D = D^{can} by Proposition 3.26.) Fix an ideal I ⊂ P_{φ̄} with √ I = m_{Pφ̄} and q ∈ B̄_0(Z). If Q, Q^′ ∈ M_R \Supp(ν(D)_I ) are general, and γ is a path connecting Q and Q^′ for which θ_{γ,ν(D)I} is defined, then

Lift_Q′ (q) = θ_{γ,ν(D)I} (Lift_Q(q))

as elements of k[P_{φ̄}]/I.

Proof of Theorem 3.18, (1), hence of Theorem 3.8. Note that if we want to check an equality Lift_Q′ (q) = θ_{γ,D}can (Lift_Q(q))

for Q, Q^′ ∈ σ_{i−1,i}, by Proposition 3.26, Lemma 3.29, and Lemma 3.30, it is sufficient to show that Lift_{ν(Q}′_)(ν(q)) = θ_{γ̄,}¯_D(Lift_{ν(Q)}(ν(q))).

On the other hand, to check this equality we can compare coefficients of monomials, and given any monomial z^p appearing on the left- or right-hand sides, we can apply Theorem 3.32 with I = m^k_{Pφ̄} for sufficiently large k so that p ∉ I. The same strategy applies if Q, Q^′ lie on opposite sides of a ray ρ. □

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 83

3.2. The proof of Theorem 3.32. The proof of Theorem 3.32 is just a variation of the argument given in [G09], §4, or rather, a generalization and simplification of this argument due to Carl, Pumperla and Siebert [CPS]. (See also [G11], §5.4.)

Suppose D satisfies the hypotheses of Theorem 3.32. Recall that the sheaf P is trivial over B̄ \ {0} so we can extend it trivially over B̄ = M_R. Recall also that all monomials attached to broken lines for the scattering diagram D̄ := ν(D) in B̄ lie in k[P_φ] (Lemma 3.30, (2)). We then consider families of broken lines in M_R with respect to the scattering diagram D̄:

Definition 3.33. A family of broken lines consists of the data:

• A continuous map Γ : (−∞, 0] × I → M_R with I ⊂ R an interval such that for each s ∈ I, Γ_s := Γ|_{(−∞,0]×{s}} is a piecewise integral affine map. Furthermore, if L_s is a maximal domain of linearity for Γ_s, there exists a closed set L ⊂ (−∞, 0] × I such that L ∩ ((−∞, 0] × {s}) = L_s and L ∩ ((−∞, 0] × {s^′}) is non-empty and a maximal domain of linearity for Γ_s′ for all s^′ ∈ I.

• For each set L ⊂ (−∞, 0] × I as above, a monomial m_L ∈ k[P_φ], such that for each s^′ ∈ I, Γ_s′ along with this data is an ordinary broken line.

We say Γ_s′ is a deformation of Γ_s for s, s^′ ∈ I.

The basic idea is that broken lines deform freely as we deform the endpoint, unless, as we deform the endpoint, the image of the broken line passes through the origin of B̄ = M_R. We then have to show that we can pass through the origin. This may not happen in a continuous fashion, but we will show that the total contribution from such lines remains unchanged.

To carry out this analysis, fixing the ideal I with √ I = m_{Pφ} , let S_I = {−r(p) | p ∈ P_{φ̄} \ I}. It is easy to see that this is a finite set. Then set

U_I := Supp_I (D̄) ∪ ⋃ m∈S_I R_{≥0} m. Suppose that we want to deform a broken line γ by deforming its endpoint. We can do this continuously as follows. If L is the unique unbounded domain of linearity, we can translate the unbounded segment γ(L) of γ. Inductively, this deforms all the remaining segments of γ. As long as the endpoint of γ is not deformed through a ray along which γ bends or the image of one of the bending points does not reach the origin of M_R, each bending point remains inside exactly the same set of rays in D̄, and therefore the deformed broken line can bend in exactly the same way as γ. If γ contributes to Lift_Q(q), then the monomial cz^p associated to the last line segment of

84 MARK GROSS, PAUL HACKING, AND SEAN KEEL

γ must satisfy p ∈ P_{φ̄} \ I. Since the image of this last line segment in M_R points in the direction −r(p), we see that we can continue to deform γ freely as long as the endpoint Q doesn’t pass through a ray of D̄ at which γ bends or passes through the ray −R_{≥0} r(p).

From this it is clear that as long as the endpoint of γ stays within one connected component of M_R \ U_I , γ can be deformed continuously. More precisely, if we consider a path ζ : [0, 1] → u, for u a connected component of M_R \ U_I , and γ is a broken line with endpoint ζ(0), then there is a continuous deformation Γ with γ = Γ_0 and with Γ_s(0) = ζ(s), 0 ≤ s ≤ 1.

From this one sees that Lift_q(Q) is independent of the choice of Q provided Q stays within u.

We will now analyze carefully how broken lines change if their endpoint passes between different connected components of M_R \ U_I . So now consider two connected components u_1 and u_2 of M_R \ U_I . Let ℓ = u_1 ∩ u_2, and assume dim ℓ = 1. Let Q_1 and Q_2 be general points in u_1 and u_2, near ℓ, positioned on opposite sides of ℓ. Let ζ : [0, 1] → M_R be a short general path connecting Q_1 and Q_2 crossing ℓ precisely once. Let s_0 ∈ (0, 1) be the unique point such that ζ(s_0) ∈ ℓ. We may assume that γ(s_0) ≠ 0.

Let B(Q_i) be the set of broken lines with endpoint Q_i. Let n_0 ∈ N be the primitive vector annihilating the tangent space to ℓ such that ⟨n_0, Q_2⟩ > 0. We can decompose B(Q_i) into three sets B^+(Q_i), B^−(Q_i), and B^0(Q_i) as follows. For γ ∈ B(Q_i), let m_γ ∈ M_R be the projection r(q_γ ), where Mono(γ) = c_γ z^{qγ} ∈ k[P_φ]. Then γ ∈ B^+(Q_i), B^−(Q_i), or B^0(Q_i) depending on whether ⟨n_0, m_γ ⟩ > 0, ⟨n_0, m_γ ⟩ < 0, or ⟨n_0, m_γ ⟩ = 0. This gives decompositions

Lift_{Q1} (q) = Lift^−_{Q1} (q) + Lift^0_{Q1} (q) + Lift^+_{Q1} (q) Lift_{Q2} (q) = Lift^−_{Q2} (q) + Lift^0_{Q2} (q) + Lift^+_{Q2} (q)

We will show

θ_{ζ,}¯_D(Lift^−_{Q1} (q)) =Lift^−_{Q2} (q),

(3.8)

θ^{−1}_{ζ,D̄}(Lift^+_{Q2} (q))) =Lift^+_{Q1} (q),

(3.9)

Lift^0_{Q2} (q) = Lift^0_{Q1} (q).

(3.10)

From this follows the desired identity

θ_{ζ,}¯_D(Lift_{Q1} (q)) = Lift_{Q2} (q),

as θ_{ζ,}¯_D is necessarily the identity on Lift^0_{Q1} (q). One then uses this inductively to see that this holds for any path ζ with endpoints in M_R \ U_I for which θ_{ζ,}¯_D is defined.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 85

Proof of (3.8) and (3.9). If γ is a broken line with endpoint Q_1 and L the last domain of linearity of γ (i.e., 0 ∈ L), then γ(L) ∩ ℓ = ∅ if ⟨n_0, m_γ ⟩ ≤ 0, while γ(L) ∩ ℓ ≠ ∅ if ⟨n_0, m_γ ⟩ > 0. (Here we are using Q_1 very close to ℓ.) On the other hand, if γ has endpoint Q_2, then γ(L) ∩ ℓ = ∅ if ⟨n_0, m_γ ⟩ ≥ 0 and γ(L) ∩ ℓ ≠ ∅ if ⟨n_0, m_γ ⟩ < 0.

To see, say, (3.8), we proceed as follows. Let γ ∈ B^−(Q_1). By the previous paragraph, γ(L) ∩ ℓ = ∅. Write θ_{γ,}¯_D(Mono(γ)) as a sum of monomials ∑_s i=1 d_iz^{q′i} as in Definition 2.22, (3). We can then deform γ continuously along ζ to time s_0. Indeed, γ can only converge to something passing through the origin if ζ(s_0) ∈ −R_{≥0} r(q_γ ) for Mono(γ) = c_γ z^{qγ} . But this only happens if γ ∈ B^0(Q_1).

Let γ^′ be the deformation of γ with endpoint ζ(s_0). For 1 ≤ i ≤ s, we then get a broken line γ^′_i by adding a short line segment to γ^′ in the direction −r(q^′_i), with attached monomial d_iz^{q′i} . This new broken line has endpoint in u_2, and hence can be deformed to a broken line γ^{′′}_i ∈ B^−(Q_2). We note that the line may not actually bend at ℓ if d_iz^{q′i} is the term Mono(γ) appearing in θ_{ζ,}¯_D(Mono(γ)).

Conversely, any broken line γ ∈ B^−(Q_2) clearly arises in this way. From this, (3.8) becomes clear. (3.9) is identical. □

Proof of (3.10). We will show that there are partitions B^0(Q_1) = ∐_s i=1 B^1_i and B^0(Q_2) = ∐_s i=1 B^2_i such that for each i, the contributions to Lift_{Q1} (q) and Lift_{Q2} (q) from B^1_i and B^2_i are the same.

Let γ_1 ∈ B^0(Q_1). If γ_1 deforms continuously to a broken line γ_2 in B^0(Q_2) without ever passing through the origin, then γ_1 and γ_2 will each appear in one-element sets in the partition, say γ_1 ∈ B^1_i , γ_2 ∈ B^2_i , and clearly both these sets contribute the same term to Lift_{Q1} (q) and Lift_{Q2} (q).

We need to partition the remaining elements of B^0(Q_1) and B^0(Q_2) to show they make the same contribution to Lift_Q(q).

To do so, recall by assumption that

(3.11) θ_{η,}¯_D = Id

for η a loop in M_R around the origin.

Define a trajectory in M_R to be a pair (t, cz^q) where cz^q ∈ k[P_{φ̄}] is a monomial and either

(1) t = R_{≥0} r(q), in which case we say (t, cz^q) is an incoming trajectory, or (2) t = −R_{≥0} r(q), in which case we say (t, cz^q) is an outgoing trajectory.

As usual, t is called the support of (t, cz^q).

Claim 3.34. Given an incoming trajectory t_0 = (R_{≥0} r(q_0), c_0z^{q0} ), there is a set of outgoing trajectories {t_i} with t_i = (−R_{≥0} r(q_i), c_iz^{qi} ) with the following property. For

86 MARK GROSS, PAUL HACKING, AND SEAN KEEL

each t_i (including i = 0) let x_i be a point in a connected component of M_R \ Supp_I (D̄) whose closure contains the support of t_i. Let ζ_i be a path from x_i to x_0 not passing through 0; by (3.11), θ_i := θ_{ζi,}¯_D is independent of this choice of path. Then

(3.12) c_0z^{q0} = ∑ i θ_i(c_iz^{qi} ) mod I.

Furthermore, the set of trajectories is unique in the sense that given a ray R_{≥0} m ⊂ M_R, the sum ∑ i c_iz^{mi} over all i ≠ 0 with the support of t_i being R_{≥0} m is uniquely determined by (t_0, c_0z^{q0} ).

Proof. First note that (3.12) does not depend on the precise choice of x_i or x_0: if t_i (including the case i = 0) is contained in a ray of D̄, then c_iz^{qi} is invariant under the corresponding automorphism.

We now construct the set {t_i} by induction. At the kth step, we will find a set T_k of outgoing trajectories for which (3.12) holds modulo the ideal m^k_{Pφ̄} . For k = 1, we take

T_1 = {(−R_{≥0} r(q_0), c_0z^{q0} )},

which works since θ_i ≡ Id mod m_{Pφ̄} .

Assume now we have constructed T_k = {t_i | i ∈ I}. Then by the induction hypothesis

c_0z^{q0} − ∑ i θ_i(c_iz^{qi} ) = ∑ c_jz^{qj} mod m^{k+1}_{Pφ̄}

with q_j ∈ m^k_{Pφ̄} . Then take

T_{k+1} = T_k ∪ {(−R_{≥0} r(q_j ), c_jz^{qj} )};

(3.12) now holds modulo m^{k+1}_{Pφ̄} .

Since m^k_{Pφ̄} ⊂ I for large k, this process terminates. It is also clear that at each step there are no choices to be made, hence the uniqueness. □

The point of this set of outgoing trajectories is that it tells us precisely what terms broken lines can produce. Recall we are trying to understand Lift_Q(q). To do this, pick a general point x ∈ M_R contained in a connected component of M_R \ Supp_I (D̄) whose closure contains R_{≥0} q. Consider a slight modification of the notion of broken line which are maps γ : R → M_R which are piecewise integral affine together with attached monomials c_Lz^{qL} as usual, and with γ(0) = x, otherwise satisfying the conditions of Definition 2.22 except for the requirement that γ(0) = Q. The only difference is that these broken lines have no endpoints and are constrained to pass through x at time 0 instead.

Let B be the set of such modified broken lines γ such that the monomial associated with the first segment is z^{(q,φ(q))} ∈ k[P_{φ̄}], and γ|_{(−∞,0]} is linear. For γ_i ∈ B, let c_iz^{qi} be

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 87

the monomial attached to the last line segment of γ_i, and let ζ_i be a path from a point x_i = γ_i(t) for t ≫ 0 to x. Let θ_i = θ_{ζi,}¯_D.

Claim 3.35. ∑ i θ_i(c_iz^{qi} ) = z^{q0} .

Proof. Note that if D̄ just consisted of one line, then the broken lines in B would either not bend or bend at one point, the intersection of x − R_{≥0} q with the unique element of D̄. It then follows immediately from condition (3) of Definition 2.22 that the claim is true in this case.

Using this, the general case then follows easily if we take, for the path ζ_i, the segment of γ_i running from x_i backwards to x. □

As a consequence, by the uniqueness statement of Claim 3.34, if we fix an outgoing direction −R_{≥0} m, the sum ∑ i c_iz^{qi} where i runs over all indices such that −r(q_i) ∈ −R_{≥0} m is well-defined, irrespective of the choice of the point x.

We can now complete the proof in this case. Take the set B^1 ⊂ B^0(Q_1) to be the subset of all broken lines in B^0(Q_1) which do not deform continuously to broken lines with endpoint Q_2 (because they degenerate to broken lines passing through the origin). We define B^2 similarly to be the set of all broken lines in B^0(Q_2) which do not deform continuously to broken lines with endpoint Q_1. We will be done once we show these sets yield the same contribution to Lift(q).

Recalling that we are deforming the endpoints of the broken lines in B^0(Q_1) and B^0(Q_2) along a path ζ, we define for s ≠ s_0 the set B_s of broken lines with endpoint ζ(s) which again fail to deform through time s_0, so that each broken line in B_s for s < s_0 is a deformation of a unique broken line in B^1 and each broken line in B_s for s > s_0 is a deformation of a unique broken line in B^2.

Let x_0 ∈ R_{≥0} r(q). Locally near x_0, R_{≥0} r(q) splits M_R into two connected components, and broken lines in B_s for s < s_0 are locally contained in one of these connected components, and broken lines in B_s for s > s_0 are locally contained in the other. Fix points x, x^′ on either side of R_{≥0} r(q) near x_0, chosen so that some element of B_s for some s < s_0 passes through, say, x. For each broken line γ ∈ B^1, one can find at least one s < s_0 such that γ can be deformed to a γ_s ∈ B_s which passes through x. Similarly, for each broken line γ ∈ B^2, one can find at least one s > s_0 such that γ can be deformed to a γ_s ∈ B_s which passes through x^′. For each γ ∈ B^1, we make a choice of one of these γ_s’s passing through x, and let B_x be the set of these choices. We define B_x′ similarly, so that B_x is in one-to-one correspondence with B^1 and B_x′ is in one-to-one correspondence with B^2. In particular, if c_γ z^{qγ} denotes the monomial

88 MARK GROSS, PAUL HACKING, AND SEAN KEEL

attached to the last segment of a broken line γ, we just need to show that ∑ γ∈B_x c_γ z^{qγ} = ∑ γ∈B_x′ c_γ z^{qγ} . But this follows from Claim 3.35 and the uniqueness statement of Claim 3.34.

3.3. The proof of Proposition 3.26: The connection with [GPS09]. Here we derive Proposition 3.26 from the main result of [GPS09]. We will need to review one form of this result, which gives an enumerative interpretation for the output of the Kontsevich-Soibelman lemma.

Fix M ∼= Z^2 as usual. Suppose we are given positive integers ℓ_1, . . . , ℓ_n and primitive vectors m_1, . . . , m_n ∈ M. Let ℓ = ∑_n i=1 ℓ_i and Q = M ⊕ N^ℓ , with r : Q → M the projection. Denote the variables in k[Q] corresponding to the generators of N^ℓ as t_{ij} , for 1 ≤ i ≤ n and 1 ≤ j ≤ ℓ_i. Consider the scattering diagram for the data r : Q → M (in the sense of Definition 3.22)

D = {(R_{≥0} m_i, ℓ_i∏

j=1 (1 + t_{ij}z^{mi} )) | 1 ≤ i ≤ n}. We wish to interpret (d, f_d) ∈ Scatter(D) \ D. Choose a complete fan Σ_d in M_R which contains the rays R_{≥0} m_1, . . . , R_{≥0} m_n as well as the ray d (which may coincide with one of the other rays). Let X_d be the corresponding toric surface, and let D_1, . . . , D_n, D_{out} be the divisors corresponding to the above rays. Choose general points x_{i1}, . . . , x_{iℓi} ∈ D_i, and let ν : X̃_d → X_d

be the blow-up of all the points {x_{ij}}. Let D̃_1, . . . , D̃_n, D̃_{out} be the proper transforms of the divisors D_1, . . . , D_n, D_{out} and E_{ij} the exceptional curve over x_{ij}.

Now introduce the additional data of P = (P_1, . . . , P_n), where P_i denotes a sequence p_{i1}, . . . , p_{iℓi} of ℓ_i non-negative numbers. We will use the notation P_i = p_{i1} + · · · + p_{iℓi} and call P_i an ordered partition. Define

|P_i| = ℓ_i∑

j=1 p_{ij}. We shall restrict attention to those P such that

(3.13) − n∑ i=1 |P_i|m_i = k_Pm_d

where m_d ∈ M is a primitive generator of d and k_P is a positive integer.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 89

Given this data, consider the class β ∈ H_2(X_d, Z) specified by the requirement that, if D is a toric divisor of X_d with D ∉ {D_1, . . . , D_n, D_{out}}, then D · β = 0; if D_{out} ∉ {D_1, . . . , D_n}, D_i · β = |P_i|, D_{out} · β = k_P;

while if D_{out} = D_j for some j, then D_i · β = |P_i| i ≠ j, |P_i| + k_P i = j.

That such a class exists follows easily from (3.13) and the first part of Lemma 3.37 below. It is also unique. We can then define

β_P = ν^∗(β) − p∑ i=1 ℓ_i∑

j=1 p_{ij}[E_{ij} ] ∈ H_2(X̃_d, Z).

We define N_P := N_{βP} as in Definition 3.1, using (Ỹ , D̃) = (X̃_d, D̃), where D̃ is the proper transform of the toric boundary of X_d, and using C = D̃_{out}. Then one of the main theorems of [GPS09] states

Theorem 3.36.

(3.14) log f_d = ∑ P k_PN_Pt^Pz^{−kPmd} ,

where the sum is over all P satisfying (3.13) and t^P denotes the monomial ∏ ij t^{pij}_{ij} . We can adapt this theorem for our purposes as follows. Fix a fan Σ in M_R defining a complete non-singular toric surface Ȳ , with D̄ = D_1 + · · · + D_n the toric boundary. Choose points x_{i1}, . . . , x_{iℓi} ∈ D_i, and define a new surface Y as the blow-up ν : Y → Ȳ at the points {x_{ij} }. Let E_{ij} be the exceptional curve over x_{ij} .

Let P = NE(Ȳ ); because Ȳ is toric, this is a finitely generated monoid with P^× = {0}. Let φ̄ : M_R → P^{gp}_R be the Σ-piecewise linear strictly P -convex function given by Lemma 1.14.

We will need the following lemma:

Lemma 3.37. Let T_Σ be the free abelian group generated by the rays of Σ, with generator t_ρ corresponding to a ray ρ ∈ Σ. Let

s : T_Σ → M

be the map defined by s(t_ρ) = m_ρ, for m_ρ a primitive generator of ρ. Then

H_2(Ȳ , Z) ∼= ker s.

90 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Furthermore, if ∑ ρ a_ρt_ρ ∈ ker s, then the corresponding element of H_2(Ȳ , Z) is ∑ ρ a_ρφ̄(m_ρ) ∈ P^{gp}.

Proof. The isomorphism is standard, given by H_2(Ȳ , Z) ∋ β → ∑ ρ (D_ρ · β)t_ρ.

To see the second statement, first note that the claim is not affected by adding a linear function to φ̄, since ∑ ρ a_ρm_ρ = 0 by assumption. Letting p = ∑ ρ a_ρφ̄(m_ρ), we need to show that p · D_ρ = a_ρ for each ρ.

Label the rays of Σ cyclically as ρ_1, . . . , ρ_n, with σ_{i,i+1} containing ρ_i, ρ_{i+1} as usual. We can modify φ̄ by adding a linear function so that φ̄|_{σn,1} = 0. Once we’ve done this, then with m_i the primitive generator of ρ_i and n_i ∈ N primitive, annihilating m_i, with ⟨n_i, m_{i+1}⟩ > 0, we have φ̄|_{σi,i+1} = i∑ k=1 n_k ⊗ p_{ρk ,φ̄}. Note that ⟨n_k, m_i⟩ = −⟨n_i, m_k⟩ and p_{ρk ,φ̄} = [D_k], so

φ̄(m_i) = − i∑ k=1 ⟨n_i, m_k⟩[D_k] = − i−1∑ k=1 ⟨n_i, m_k⟩[D_k].

Thus on the surface Ȳ \ ⋃_n k=i+1 Dk, φ̄(mi) is in fact the divisor of zeroes and poles

of z^{−ni} , so D_k · φ̄(m_i) = 0 for 2 ≤ k ≤ i − 1. Also, clearly D_k · φ̄(m_i) = 0 for i + 1 ≤ k ≤ n − 1. Next, note that if i < n, (recalling that Ȳ is non-singular) D_i · φ̄(m_i) = −⟨n_i, m_{i−1}⟩ = 1 and D_n · φ̄(m_i) = − ⟨n_i, m_1⟩ − δ_{i,n}⟨n_i, m_{n−1}⟩ D_1 · φ̄(m_i) =

0 i = 1 −⟨n_i, m_1⟩D^2_1 − ⟨n_i, m_2⟩ 2 ≤ i ≤ n Thus we see that for i ≠ 1, n, D_i · p = a_{ρi} ,

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 91

as desired, and D_n · p = − n∑ i=1 ⟨a_{ρi} n_i, m_1⟩ + a_{ρn} = a_{ρn} ,

D_1 · p = − n∑ i=1 ⟨a_{ρi} n_i, m_1⟩D^2_1 − n∑ i=2 ⟨a_{ρi} n_i, m_2⟩ = a_{ρ1} ⟨n_1, m_2⟩ = a_{ρ1} since ∑ a_{ρi} n_i = 0. □ Let E ⊂ H_2(Y, Z) be the lattice spanned by the classes of the exceptional curves of ν, so that H_2(Y, Z) = ν^∗H_2(Ȳ , Z) ⊕ E. We then obtain a map φ = ν^∗ ∘ φ̄ : M_R → ν^∗P^{gp} ⊕ E. Let Q = {(m, p) ∈ M ⊕ H_2(Y, Z) | ∃p^′ ∈ ν^∗P ⊕ E such that p = p^′ + φ(m)}. There is an obvious projection r : Q → M, and by strict convexity of φ̄, Q^× = E.

We consider the scattering diagram, D̄_0, over ^k[Q] given by D̄_0 = {(R_{≥0} m_i, ℓ_i∏

j=1 (1 + z^{(mi ,φ(mi)−Eij )})) | 1 ≤ i ≤ n}. Then we have Theorem 3.38. Let (d, f_d) ∈ Scatter(D̄_0) \ D̄_0, assuming that there is at most one ray of Scatter(D̄_0) \ D̄_0 in each possible outgoing direction. (Note by definition of Scatter(D̄_0), (d, f_d) cannot be incoming.) Then, following the notation of Definition 3.1 and 3.3, (3.15) log f_d = ∑ β k_βN_βz^{(−kβ md,π∗(β)−φ(kβ md))}. Here π : Ỹ → Y is the toric blow-up of Y determined by d and C ⊂ Ỹ is the component of the boundary determined by d. If d is not one of the rays R_{≥0} m_i, then we sum over all A^1 -classes β ∈ H_2(Ỹ , Z) satisfying (3.1), and if d = R_{≥0} m_i we sum over all such classes except for classes given by multiple covers of one of the exceptional divisors E_{ij} . Proof. Let Q^′ be the submonoid of M ⊕ N^ℓ generated by elements of the form (m_i, d_{ij}), where d_{ij} is the (i, j)-th generator of N^ℓ . Note that Q^′ itself is freely generated by these elements. Thus we can define a map α : Q^′ → Q

92 MARK GROSS, PAUL HACKING, AND SEAN KEEL

by (m_i, d_{ij}) → (m_i, φ(m_i) − E_{ij} ). The scattering diagram

D^′ := {(R_{≥0} m_i, ℓ_i∏

j=1 (1 + z^{(mi ,dij )})) | 1 ≤ i ≤ n} then has image under the map α (applying α to each f_d) the scattering diagram D̄_0. Thus if we apply α to each element of Scatter(D′), we must get Scatter(D̄_0), as θ_{γ,Scatter(D}′_) being the identity on ^k[Q^′] implies that θ_{γ,α(Scatter(D}′_{))} is the identity on ^k[Q]. To obtain the result, we now note that the set of possible A^1 classes in Ỹ occurring in the expression (3.15) are precisely the classes {β_P} where P runs over all partitions satisfying (3.13). Now applying α to a term appearing in (3.14) of the form

k_PN_Pt^Pz^{−kPmd} = k_{βP} N_{βP} (∏ t^{pij}_{ij} ) z^{∑pi=1 |Pi|mi} , we get k_{βP} N_{βP} z^{(−kPmd,∑pi=1 |Pi|φ(mi)−∑i,j pij Eij )}. But by Lemma 3.37 and (3.13), p∑ i=1 |P_i|φ(m_i) − ∑ i,j p_{ij}E_{ij} = π_∗(β_P) − φ(k_Pm_d),

hence the result. □

A direct comparison of the formula of the above theorem and the formula in the definition of the canonical scattering diagram then yields Proposition 3.26.

3.4. Smoothness: Around the Gross–Siebert locus. Next we prove that our deformation of V_n is indeed a smoothing. As explained in §0.6.2 we do this by working over the Gross–Siebert locus (Definition 3.14). Here our deformation (when restricted to one-parameter subgroups associated to p^∗A, A an ample divisor on Ȳ ) agrees with the construction of [GS07]. This is important here because the deformations of [GS07] come with explicit charts that cover all of V_n , from which it is clear that they give a smoothing. So conceptually, the smoothing claim is clear. Because we work with formal families the actual argument is a bit more delicate. First we make rigorous the notion of a smooth generic fibre for a formal family:

Definition-Lemma 3.39. Let f : Z → W be a flat finite type morphism of schemes or a flat morphism of complex analytic spaces, of relative dimension d. Then Sing(f) ⊂ Z is the closed embedding defined by the d^{th} Fitting ideal of Ω^1_{Z/W} . Sing(f) is empty if and only if f is smooth. Formation of Sing(f) commutes with all base extensions of W .

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 93

Proof. For the definition of the Fitting ideal, see e.g., [E95], 20.4. The fact that it commutes with base-change follows from the fact that Ω^1_{Z/W} commutes with basechange and [E95], Cor. 20.5. That Sing(f) is empty if and only if f is smooth follows from [E95], Prop. 20.6 and the definition of smoothness. □

Now for a formal family, smoothness of the generic fibre is measured by the fact that Sing(f) does not surject scheme-theoretically onto the base. More precisely, let S be a normal variety or complex analytic space, V ⊂ S a connected closed subset, and S the formal completion of S along V . Let f: X → S be an adic flat morphism of formal schemes or formal complex analytic spaces, and Z ⊂ X the scheme theoretic singular locus of f. Then we say the generic fiber of f is smooth if the map O_S → f_∗O_Z is not injective. See Theorem 4.12.

We now continue with our usual setting of a surface (Y, D), and assume we have a toric model p : (Y, D) → (Ȳ , D̄), the blowup at distinct points along the boundary, and an inclusion η : NE(Y ) → P satisfying Assumptions 3.13, and let I be a monomial ideal with radical G. Let D be a scattering diagram for this data such that D satisfies the hypotheses of Definition 3.25, ν(D) is a scattering diagram in the sense of Definition 3.22, and θ_{γ,ν(D)} ≡ 1 for a loop γ around the origin. Thus by Theorem 3.32, D is consistent. These hypotheses apply in particular when D = D^{can}.

Let T be the Gross–Siebert locus: using the notation of Remark 3.19, we have T = Spec k[P + E]/m_{P +E}. Consistency of D gives a flat family

f_I : X_I → Spec k[P ]/I,

which restricts to a family

f¯_I : X¯_I → Spec k[P + E]/Ī,

where Ī = I + E.

On the other hand, letting Σ̄ be the fan for Ȳ in B̄ = M_R, we have the piecewise linear function φ̄ : B̄ → P^{gp}_R with p_{ρ̄,φ̄} = p^∗[D̄_{ρ̄}], as before. This now determines the Mumford family f̄_Ī : X̄_Ī → Spec k[P + E]/Ī.

Our goal is to compare these two families. The restriction of either family to T is the trivial family V_n × T → T . Thus either family contains a canonical copy of T , i.e., {0} × T , where 0 is the vertex of V_n .

In what follows, to simplify notation, replace P by P + E, G by m_{P +E} = G + E and I by Ī = I + E.

94 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Proposition 3.40. Fix an ideal I with √ I = G. There are open affine sets Ū_I ⊂ X̄_I , U_I ⊂ X_I , both sets containing the canonical copy of T , and an isomorphism

μ_I : U_I → Ū_I

of families over Spec k[P ]/I.

Moreover, there is a non-zero monomial y ∈ k[P ] whose pullback to X_I is in the stalk at any point x ∈ T ⊂ V_n × T of the ideal of Sing_{fI} for all I.

Proof. The generic fibre of the Mumford family over Spec k[P ] is smooth: indeed the family is trivial over the open torus orbit of Spec k[P ], with fibre an algebraic torus. It follows that there is a non-zero monomial y ∈ k[P ] in the ideal of Sing¯_f for the global Mumford family f̄ : Spec k[P_{φ̄}] → Spec k[P ].

Of course its restriction then lies in the stalk at any point x of the ideal sheaf of Sing¯_{fI} for all I. Thus once we establish the claimed isomorphisms, the final statement follows.

Recall from §3.1 the construction of D̄ := ν(D) and the scheme X̄^o_{I,D̄} from D̄. By Lemma 3.29, X^o_{I,D} ∼= X̄^o_{I,D̄}, so we in fact have an isomorphism

X_I ∼= Spec Γ(X̄^o_{I,D̄}, O¯_Xo_{I,D̄} ) =: X̄_{I,}¯_D.

So we can work with X̄_{I,}¯_D instead of X_I . On the other hand, the Mumford family X̄_I over Spec k[P ]/I can be described similarly. Using the empty scattering diagram instead of the scattering diagram D̄, one has by Lemma 2.10 X̄_I = Spec Γ(X̄^o_{I,∅}, O_{X̄oI,∅} ).

Now define an ideal I_0 ⊂ P_{φ̄} as follows. For σ ∈ Σ̄_{max}, let φ̄_σ denote the linear extension of φ̄|_σ. We set

I_0 := {(m, p) ∈ P_{φ̄} | p − φ̄_σ(m) ∈ I for some σ ∈ Σ̄_{max}}.

Note that √ I_0 = m_{Pφ̄} . By assumption, D̄ is a scattering diagram for P_{φ̄}, and hence there are only a finite number of (d, f_d) ∈ D̄ for which f_d ≢ 1 mod I_0. Furthermore, modulo I_0, each f_d is a polynomial.

Let D̄_I be the scattering diagram obtained from D̄ by, for each outgoing ray (d, f_d), truncating each f_d by throwing out all terms which lie in I_0. The incoming rays remain unchanged. Thus D̄_I can be viewed as a finite scattering diagram. Let

h := ∏ d∈D̄_I

f_d.

This is an element of k[P_{φ̄}]. Note that necessarily h ≡ 1 mod m_{Pφ̄} . Thus h ≠ 0 defines an open subset Ū ⊂ Spec k[P_{φ̄}]/Gk[P_{φ̄}] = X̄_G = X_G = V_n × T which contains

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 95

the canonical copy of T . Since X̄_I and X_I both have underlying topological space X̄_G, this defines open sets Ū_I of X̄_I and U_I of X_I . We shall show these two sets are isomorphic.

Recall for τ_1, τ_2 ∈ Σ with {0} ≠ τ_1 ⊂ τ_2, we obtain from the ideal I the ring R_{τ1,τ2,I} = k[P_{φ̄τ1} ]/I_{τ1,τ2} . Since h ∈ k[P_{φ̄}] ⊂ k[P_{φ̄τ1} ], h defines an element of R_{τ1 ,τ2,I} . Let S_{τ1,τ2,I} := (R_{τ1,τ2,I} )_h. Given a path γ in M_R \ {0}, note that by construction of h, θ_{γ,}¯_{DI} makes sense as an automorphism of the localization k[P_{φ̄}]_h, since to define the automorphism associated with crossing a ray (d, f_d), we only need f_d to be invertible. However since by construction h is divisible by f_d, f_d is invertible. In particular, θ_{γ,}¯_{DI} also makes sense as an automorphism of S_{τ1,τ2,I} for any I.

Choose an orientation on M_R, labelling the rays ρ_1, . . . , ρ_n of Σ̄ in a counterclockwise order, with σ_{i−1,i} as usual the maximal cone containing ρ_{i−1} and ρ_i. For two distinct points p, q on the unit circle in M_R not contained in Supp(D̄_I ), let γ_{p,q} be a counterclockwise path from p to q, and write θ_{p,q} for θ_{γp,q ,}¯_{DI} acting on any of the rings S_{τ1,τ2,I} . For each ρ_i, let p_{i,+} be a point on this unit circle contained in the connected component of σ_{i,i+1} \ Supp(D̄_I ) adjacent to ρ_i, and p_{i,−} a point in this unit circle contained in the connected component of σ_{i−1,i} \ Supp(D̄_I ) adjacent to ρ_i.

Both X̄^o_{I,∅} and X̄^o_{I,D̄} are constructed by first constructing open sets Ū_{ρi,I} , U_{ρi,I} , where both of these are given as spectra of fibred products R_{ρi,σi−1,i,I} ×_{(Rρi ,ρi,I )fρi} R_{ρi,σi,i+1,I} . In the Mumford case, the maps are just the canonical surjections, while in the case X̄ o_{I,D̄}, we can take R_{ρi,σi−1,i,I} → (R_{ρi,ρi,I} )_{fρi} to be the composition of the canonical map surjection followed by θ_{pi,−,pi,+} . Note that this automorphism is defined using the truncated scattering diagram D̄_I rather than D̄. However, in fact this is the same automorphism. Indeed, given an outgoing ray (d, f_d) ∈ D̄, any monomial z^p which appears in f_d satisfies −r(p) ∈ τ_d. One then applies the following claim to observe that modulo I_{τd,τd} , the function f_d and the truncated version coincide.

Claim 3.41. Let τ ∈ Σ̄, and suppose (m, p) ∈ P_{φ̄} satisfies −m ∈ τ. Then (m, p) ∈ I_0 if and only if (m, p) ∈ I_{τ,τ} .

Proof of claim. Clearly I_{τ,τ} ∩ P_φ ⊂ I_0, so one implication is clear. Conversely, suppose that (m, p) ∈ I_0, so that p − φ_σ(m) ∈ I for some σ ∈ Σ_{max}. If τ ⊂ σ^′ ∈ P_{max}, let ρ_1, . . . , ρ_n be the sequence of rays traversed in passing from σ to σ^′, chosen so that all

96 MARK GROSS, PAUL HACKING, AND SEAN KEEL

ρ_1, . . . , ρ_n lie in a half-plane bounded by the line Rm. Then

φ_σ′ (m) = φ_σ(m) + n∑ i=1 ⟨n_{ρi} , m⟩p_{ρi,φ}. Note that since −m ∈ τ, we must have ⟨n_{ρi} , m⟩ ≤ 0 for each i, and hence p − φ_σ′ (m) = p − φ_σ(m) + p^′ for some p^′ ∈ P . Hence (m, p) ∈ I_{τ,τ} . □

After localizing all these rings at h, we obtain open subsets Ū^h_{ρi,I} and U^h_{ρi,I} of Ū_{ρi,I} and U_{ρi,I} respectively as the spectra of the fibred products S_{ρi,σi−1,i,I} ×_{Sρi,ρi,I} S_{ρi,σi,i+1,I} Choose a base-point q on the unit circle not in Supp(D̄_I ). We can easily write down an isomorphism between these two fibred products via the diagram S_{ρi,σi−1,i,I}^{θpi,−,q} // θ_{pi,−,pi,+} &&MM MMM MMM MM S_{ρi,σi−1,i,I} &&MM MMM MMM MM S_{ρi,ρi,I}^{θpi,+,q} // S_{ρi,ρi,I}

S_{ρi,σi,i+1,I} 88qq qqq qqq qq_{θpi,+,q} // S_{ρi,σi,i+1,I} 88qq qqq qqq qq

Here unlabelled arrows are the canonical surjections, while decorated arrows are the canonical maps composed with the given automorphism. Since the diagram is clearly commutative, it induces an isomorphism between the respective fibred products, and hence an isomorphism Ū^h_{ρi,I} → U^h_{ρi,I} .

Next recall in the construction of X̄^o_{I,∅}, the open sets Ū_{ρi,I} and Ū_{ρi+1,I} are glued together trivially along the common open set Spec R_{σi,i+1,σi,i+1,I} , while in the construction of X̄^o_{I,D̄}, U_{ρi,I} and U_{ρi+1,I} are glued together along the common open set Spec R_{σi,i+1,σi,i+1,I} using θ_{pi,+,pi+1,−} . On the other hand, we have an obviously commutative diagram S_{ρi,σi,i+1,I}^{θpi,+,q} // θ_{pi,+,pi+1,−} ((PP PPP PPPP PPP S_{ρi,σi,i+1,I} ((PP PPP PPPP PPP S_{σi,i+1,σi,i+1,I}^{θpi+1,−,q} // S_{σi,i+1,σi,i+1,I}

S_{ρi+1,σi,i+1,I} 66nn nnn nnn nnnn_{θp} i+1,−,q // S_{ρi+1,σi,i+1,I} 66nn nnn nnn nnnn

This shows that the isomorphisms between U^h_{ρi,I} and Ū^h_{ρi,I} are compatible with the gluings, hence giving an isomorphism between U_I \ T and Ū_I \ T .

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 97

Now V_n satisfies Serre’s condition S_2. Since X̄_I and X_I are flat deformations of V_n × T , by Lemma 2.11 the above isomorphism extends across the codimension two set T , giving the desired isomorphism between U_I and Ū_I . □

3.5. The relative torus. The flat deformations X_{I,D}can → Spec k[P ]/I produced by the canonical scattering diagram have a useful special property: there is a natural torus action on the total space X_{I,D}can compatible with a torus action on the base. The meaning of this action will be clarified in Part II, where we will prove that our family extends naturally, in the positive case, to a universal family of Looijenga pairs (Z, D) together with a choice of isomorphism D^∼→ D_∗, where D_∗ is a fixed n-cycle. The torus action then corresponds to changing the choice of isomorphism.

Fixing the pair (Y, D) as usual, D = D_1 + · · · + D_n, let A^D = A^n be the affine space with one coordinate for each component D_i. Let T^D be the diagonal torus acting on A^D , i.e., the torus T^D whose character group

χ(T^D) = Z^D

is the free module with basis e_{D1} , . . . , e_{Dn} .

Definition 3.42. We have a canonical map w : A_1(Y ) → χ(T^D) given by C → ∑ (C · D_i)e_{Di} . Suppose P ⊂ A_1(Y ) is a toric submonoid containing NE(Y ). We then get an action of T^D on Spec k[P ], as well as on Spec k[P ]/I for any monomial ideal I, and hence also on Spf( ^k[P ]) for any completion of k[P ] with respect to a monomial ideal.

We can also define a unique piecewise linear map w : B → χ(T^D) ⊗_Z R with w(0) = 0 and w(m_i) = e_{Di} , for m_i the primitive generator of the ray ρ_i.

Theorem 3.43. Let J ⊂ P be a radical ideal and I an ideal with √ I = J for which X_{I,D}can → Spec k[P ]/I is defined. Then T^D acts equivariantly on X_{I,D}can → Spec k[P ]/I. Furthermore, each theta function ϑ_q, q ∈ B(Z), is an eigenfunction of this action, with character w(q).

Proof. It’s enough to check this on the open subset X^o_{I,D}can ⊂ X_{I,D}can . We have a cover of X^o_{I,D}can by open sets the hypersurfaces U_{i,I} ⊂ A^2_{xi−1 ,xi+1} × (G_m )_{xi} × Spec k[P ]/I given by the equation x_{i−1}x_{i+1} = z^{[Di]}x^{−D2i}_i f_{ρi} ,

98 MARK GROSS, PAUL HACKING, AND SEAN KEEL

where f_{ρi} is the function attached to the ray ρ_i in D^{can}. If we act on x_j with weight w(m_j) and z^p with weight w(p) (for p ∈ P ), then we note that for every (d, f_d) ∈ D^{can}, every monomial in f_d has weight zero by the explicit description of f_d in Definition 3.3. In particular, the equation defining U_{i,I} is clearly T^D equivariant, and each of the monomials is an eigenfunction.

Now X^o_{I,D}can is obtained by gluing U_{ρi,σi,i+1,I} ⊂ U_{i,I} with U_{ρi+1,σi,i+1} ⊂ U_{i+1,I} , using scattering automorphisms of in D^{can}, and these open sets are naturally identified with (G_m )^2_{xi,xi+1} ×Spec k[P ]/I. The scattering automorphisms commute with the T^D action, by the fact that the scattering functions have weight zero. Thus T^D acts equivariantly on X_{I,D}can → Spec k[P ]/I.

Now we check our canonical global function ϑ_q is an eigenfunction, with character w(q). By construction, given a broken line γ, the weights of monomials attached to adjacent domains of linearity are the same, since the functions in the scattering diagram are of weight zero. Thus the weight of Mono(γ) only depends on q. This weight can be determined by fixing the base point Q in a cone σ which contains q, in which case the broken line for q which doesn’t bend and is wholly contained in σ yields the monomial z^{φσ (q)}, which has weight w(q). Thus ϑ_q is an eigenfunction with weight w(q). □

4. Looijenga’s conjecture

In this section we apply our main theorem to give a proof of Looijenga’s conjecture on smoothability of cusp singularities, Corollary 0.5. The simple conceptual idea is explained at the end of §0.6.2. Here we give the details. These are slightly involved. Indeed, the most natural construction of a cusp, the quotient construction of Example 1.9, is analytic, and we will have to deal with convergence issues to show that our construction extends to this analytic situation.

Let (Y, D) be a rational surface with anti-canonical cycle. Let σ_P ⊂ A_1(Y, R) be a rational polyhedral cone containing NE(Y ), P = σ_P ∩ A_1(Y, Z) the associated toric monoid, J ⊂ P a radical monomial ideal, and I a monomial ideal such that √ I = J. We write S = Spec k[P ] and S_I = Spec k[P ]/I. In §4.1 and §4.2 below we use the field k = C .

4.1. Cusp family. Suppose that the intersection matrix (D_i · D_j )_{1≤i,j≤n} is negative definite. Let f : Y → Y^′ be the contraction (in the analytic category) of D ⊂ Y to a cusp singularity q ∈ Y^′. We assume that f is the minimal resolution of Y^′, that is, D^2_i ≤ −2 for all i. We further assume that n ≥ 3. Let L be a nef divisor on Y such that NE(Y )_{R≥0} ∩ L^⊥ = ⟨D_1, . . . , D_n⟩_{R≥0} .

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 99

Here the subscript R_{≥0} denotes the real cone in H_2(Y, R) generated by the given elements or set. (If Y^′ is projective we can take L = h^∗A for A an ample divisor on Y^′. In general, let A be an ample divisor on Y . There exist unique a_i ∈ Q such that L := A + ∑ a_iD_i is orthogonal to D_j for each j. By negative definiteness of ⟨D_1, . . . , D_n⟩, we have a_i > 0 for each i. It follows that L is nef.) Assume that σ_P is strictly convex and σ_P ∩ L^⊥ is a face of σ_P . Let m = P \ {0} and J = P \ P ∩ L^⊥ ⊂ P , the radical monomial ideal associated to the face σ_P ∩ L^⊥ of σ_P .

Theorem 4.1. There exists an analytic open neighbourhood S^′_J of 0 ∈ S_J and an analytic flat family f_J : X_J → S^′_J together with a section s: S^′_J → X_J satisfying the following properties:

(1) The general fibre X_{J,t} of f_J is a Stein analytic surface with a unique singularity s(t) ∈ X_{J,t} isomorphic to the dual cusp to q ∈ Y^′.

(2) Fix R > 1. For each ray ρ ∈ Σ there is an open analytic subset V_{ρ,J} ⊂ X_J and open analytic embeddings V_{ρ,J} ⊂ {(X_−, X_+, X) ∈ U_{ρ,J} | |X_−| < R|X|, |X_+| < R|X|} ⊂ U_{ρ,J} where

U_{ρ,J} := V (X_−X_+ − z^{[Dρ]}X^{−D2ρ} ) ⊂ A^2_{X− ,X+} × (G_m )_X × S_J

such that (a) X^o_J := X_J \ s(S^′_J ) = ⋃ ρ∈Σ V_{ρ,J} (b) V_{ρ,J} ∩ V_ρ′_{,J} = ∅ unless ρ = ρ^′ or ρ and ρ^′ are the edges of a maximal cone σ ∈ Σ. (3) The restriction of X_J /S^′_J to S_{J+m}N+1 is identified with an analytic neighbourhood of the vertex in the restriction of the family X_mN+1 /S_mN+1 given by Theorem 2.33, (1) with D = D^{can}, for each N ≥ 0.

Proof. (1) We use the notation of Example 1.9, so that we have an infinite fan Σ̃ in M_R with the primitive generators of the rays being the v_i for i ∈ Z. We also have T ∈ SL(M) acting on the fan Σ̃. We have B = |Σ̃|/Γ, where Γ is the group generated by T .

Now let Ξ ⊂ M_R be the convex hull of the points v_i ∈ M. Thus Ξ is an infinite convex polytope. Let Σ̃^′ be the subdivision of Ξ induced by Σ̃. We can build a Mumford degeneration Z/S_J with special fibre Z_0 the stable toric variety associated to Σ̃^′ (that is, Z_0 is the union of the toric surfaces associated to the maximal polytopes in Σ̃^′), as follows.

S_J is the affine toric variety associated to the face σ_{bdy} := σ_P ∩ L^⊥ of σ_P , and P_{bdy} := σ_{bdy} ∩ H_2(Y, Z) contains the classes of the components of the boundary of Y .

100 MARK GROSS, PAUL HACKING, AND SEAN KEEL

We define a piecewise linear convex function φ: |Σ̃^′| → P_{bdy} by φ_{σ+} − φ_{σ−} = n_ρ ⊗ p_ρ where σ_+, σ_− are two polytopes with common edge ρ, φ_{σ±} are as usual the affine linear extensions of φ|_{σ±} , and n_ρ ∈ M^∗ is the primitive element annihilating ρ and positive on σ_+. Finally, p_ρ = [D_{i mod n}] ∈ P if ρ = v_i + R_{≥0} · v_i. This determines φ modulo an integral affine function.

Then φ determines a Mumford degeneration: this is a slight generalization of §1.2. One defines

Ξ̃ := {(m, r) | m ∈ Ξ, r ∈ φ(m) + σ_{bdy}} ⊂ M_R ⊕ (P^{gp}_{bdy} ⊗_Z R).

Let C(Ξ̃) be the closure of {(sm, sr, s) | (m, r) ∈ Ξ̃, s ≥ 0} ⊂ M_R ⊕ (P^{gp}_{bdy} ⊗_Z R) ⊕ R. Then C [C(Ξ̃) ∩ (M ⊕ P^{gp}_{bdy} ⊕ Z)] has a natural grading given by the last coordinate, and the degree zero part of this ring is easily seen to contain C [P_{bdy} ]. Thus we obtain the Mumford family determined by φ as

Z := Proj C [C(Ξ̃) ∩ (M ⊕ P^{gp}_{bdy} ⊕ Z)] → Spec C [P_{bdy} ] = S_J .

One sees easily that the fibre over 0 ∈ S_J of Z → S_J has infinitely many components indexed by the 2-cells of the subdivision Σ̃^′ of Ξ, each of which is a copy of the blowup of A^2 at the origin. The general fibre is a toric surface (only locally of finite type) containing an infinite chain of smooth rational curves, which specializes to the union of the exceptional curves of the blowups in Z_0. By construction Γ acts on Z over S_J (because φ is Γ-invariant modulo integral affine functions). Let E ⊂ Z/S_J be the family of curves described above (the relative toric boundary). The group Γ acts properly discontinuously on a tubular neighbourhood N of E ⊂ Z (cf. [AMRT75], p. 48). Let p: (F ⊂ X̃) → S_J denote the quotient of (E ⊂ N) → S_J by Γ.

The divisor F ⊂ X̃ is Cartier and the dual of its normal bundle is relatively ample over a neighbourhood of 0 ∈ S_J . Indeed, the special fibre X̃_0 is a union of n irreducible components each isomorphic to a tubular neighbourhood of the exceptional locus in the blowup of A^2 , and F_0 ⊂ X̃_0 is the cycle of n smooth rational curves formed by the exceptional curves of the blowups. Hence the normal bundle of F_0 in X̃_0 has degree −1 on each component of F_0. Moreover, we have R^1p_∗(N^∨_{F/X̃} )^{⊗k} = 0 for each k > 0. Indeed, by cohomology and base change it suffices to show that H^1((N^∨_{F0/X̃0} )^{⊗k}) = 0, and this follows from Serre duality. Now by a relative version of Grauert’s contractibility

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 101

criterion [F75], Thm. 2, taking global sections of the structure sheaf defines a contraction p: X̃ → X_J /S_J to a family of Stein analytic spaces with exceptional locus F . The general fibre X_{J,t} of X_J /S_J is the dual cusp by Lemma 4.2 below.

We now show that X_J /S_J is flat and the special fibre is the neighbourhood of the n-vertex obtained by contracting F_0 ⊂ X̃_0. The key point is that R^1p_∗O~_X is a locally free O_{SJ} -module, cf. [W76], Theorem 1.4(b). Indeed, we have R^1p_∗O~_X (−F ) = 0 by cohomology and base change, the theorem on formal functions, and the vanishing H^1((N^∨_{F0/X̃0} )^{⊗k}) = 0 for k > 0 used above. So, pushing forward the exact sequence 0 → O~_X (−F ) → O~_X → O_F → 0 we obtain R^1p_∗O~_X = R^1p_∗O_F ≃ O_{SJ} .

Recall that S_J is a toric variety, so in particular Cohen-Macaulay. Let t_1, . . . , t_r be a regular sequence at 0 ∈ S_J of length dim S_J and write S^i_J = V (t_1, · · · , t_i) ⊂ S_J , X̃ i = X̃|_{SiJ} , and let X i_J /Si_J be the family over Si_J defined by O_{XiJ} = p_∗O_{X̃i} . Arguing as above we find that R^1p_∗O~_Xi ≃ O_Si_J . Pushing forward the exact sequence 0 → O~_Xi^{·ti+1}−→O~_Xi −→O~_Xi+1 −→0 we deduce that the natural map (4.1) O_Xi_J /t_{i+1}O_Xi_J → O_Xi+1_J is an isomorphism. Hence by the local criterion of flatness [Ma89], Ex. 22.3, p. 178, it suffices to show that X^r_J /S^r_J is flat with special fibre the n-vertex. But S^r_J is the spectrum of an Artinian C -algebra, so this follows from [W76], Theorem 1.4(b).

(2) Write Z^o = Z \ E, and m_i = −D^2_{i mod n}, a_i = z^{[Di mod n]} for i ∈ Z. We have an open covering Z^o = ⋃ i∈Z U_{i,J} , where U_{i,J} = V (x_{i−1}x_{i+1} − a_ix^{mi}_i ) ⊂ A^2_{xi−1 ,xi+1} × (G_m )_{xi} × S_J .

Similarly, we have an open covering Z = ⋃ i∈Z Ū_{i,J} ,

102 MARK GROSS, PAUL HACKING, AND SEAN KEEL

where Ū_{i,J} = V (x^′_{i−1}x^′_{i+1} − a_ix^mi^{−2}_i ) ⊂ C^3_{x′i−1 ,xi,x′i+1} × S_J , F ∩ Ū_{i,J} = V (x_i) ⊂ Ū_{i,J} , and Ū_{i,J} \ F = U_{i,J} via x_{i−1} = x_ix^′_{i−1}, x_{i+1} = x_ix^′_{i+1}. (Note that m_i = −D^2_i ≥ 2 by assumption.)

Recall that the infinite cyclic group Γ acts on Z/S_J , there is a Γ-invariant tubular neighbourhood N ⊂ Z of E ⊂ Z on which the action is properly discontinuous, and F ⊂ X̃ is obtained as the quotient of E ⊂ N by Γ. In terms of the open covering above the action is given by U_{i,J} → U_{i+n,J} , x_j → x_{j+n}. Note that the map U_{i,J} ∩N → X̃ is not an open embedding (because, for example, U_{i,J} contains the general fibre of Z^o/S_J ). Fix R > 1. We define W_i ⊂ U_{i,J} ∩ N by W_i = {(x_{i−1}, x_i, x_{i+1}) ∈ U_{i,J} ∩ N | |x_{i−1}| < R|x_i|, |x_{i+1}| < R|x_i|} and similarly define W_i ⊂ Ū_{i,J} ∩ N by W_i = {(x^′_{i−1}, x_i, x^′_{i+1}) ∈ Ū_{i,J} ∩ N | |x^′_{i−1}| < R, |x^′_{i+1}| < R}. Then W_i \ E = W_i.

The W_i cover the special fibre E_0 of E/S_J (using R > 1). The open set ⋃ W_i ⊂ N is Γ-invariant, the quotient (N, E) → (X̃, F ) by Γ is a covering map, and p: X̃ → X_J is proper with exceptional locus F . Hence we may assume (passing to an analytic neighbourhood of 0 ∈ S_J and s(0) ∈ X_J ) that N = ⋃ W_i.

By Lemma 4.4 below there exists δ > 0 such that W_i ∩ {(x_{i−1}, x_i, x_{i+1}) | |x_i| < δ} ⊂ {|x_j| < 1 ∀j} for each i. We replace W_i by W_i ∩ {|x_i| < δ}, and modify W_i similarly. Then as above we may assume that N = ⋃ W_i, and N ⊂ {|x_i| < 1 ∀i}. We claim that W_i ∩ W_j = ∅ for all j > i + 1. It suffices to work on the general fibre of Z^o/S_J , which is an algebraic torus. The coordinate functions x_i are characters of this torus (up to a multiplicative constant). By construction we have |x_i| < 1 for each i on N. Hence, shrinking the base S_J , we may assume that |a_ix^{mi−2}_i | < 1/R^2 for each i. The relation x_{i−1}x_{i+1} = a_ix^{mi}_i gives the inequality |x_{i+1}/x_i| < (1/R^2)|x_i/x_{i−1}|. Combining such inequalities we obtain (4.2) |x_{j+1}/x_j | < (1/R^2)^{j−i}|x_{i+1}/x_i| for j > i.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 103

Now |x_{i+1}/x_i| < R on W_i and |x_{j−1}/x_j | < R on W_j , so |x_j /x_{j−1}| > (1/R^2)|x_{i+1}/x_i| on W_i ∩ W_j. For j > i + 1 this contradicts the inequality (4.2), hence W_i ∩ W_j = ∅ as claimed.

It follows that W_i embeds in X_J . Let V_i denote its image, with indices now understood modulo n. Thus X^o_J = ⋃ V_i and the inverse image of V_i is the (disjoint) union of W_j such that j ≡ i mod n. We have V_i ∩ V_j = ∅ for j ≠ i − 1, i, i + 1 by our claim above. So, writing V_{ρ,J} := V_i for ρ the ray of Σ corresponding to D_i, the condition (2)(b) is satisfied.

(3) We have the open covering X^o_J = ⋃ V_i and open embeddings V_i ⊂ U_{i,J} , and an open covering X^o_{mN+1} = ⋃ U_{i,m}N+1 . The restrictions of U_{i,J} /S_J and U_{i,m}N+1 /S_mN+1 to S_{J+m}N+1 are identified, and the gluing maps coincide. It follows that the restriction of X_J /S_J is identified with a neighbourhood of the vertex in the restriction of X_mN+1 /S_mN+1 using Lemma 2.11. □ Lemma 4.2. Let q ∈ Y^′ be a cusp singularity and f : Y → Y^′ the minimal resolution of q ∈ Y^′, with exceptional locus D = D_1 + · · · + D_n a cycle of smooth rational curves.

Define vectors v_i ∈ Z^2 for i ∈ Z by v_0 = ( 1 0 ) , v_1 = ( 0 1 ) and v_{i−1}+v_{i+1} = (−D^2_{i mod n})v_i

for each i ∈ Z. Let Ξ ⊂ R^2 be the convex hull of the v_i. Then Ξ is an unbounded convex polytope and the v_i are the integral points lying on the boundary of Ξ. Let T ∈ SL(2, Z) be the matrix such that T v_0 = v_n and T v_1 = v_{n+1}. Then Γ := ⟨T ⟩ ≃ Z acts properly discontinuously on Ξ.

Let Z be the quasiprojective toric variety (only locally of finite type) associated to Ξ. Let E ⊂ Z be the toric boundary of Z, an infinite chain of smooth rational curves corresponding to the boundary of Ξ. Then there exists a tubular neighbourhood E ⊂ N ⊂ Z such that the Γ action on Ξ induces a properly discontinuous Γ action on N. Let F ⊂ X̃ denote the quotient of E ⊂ N by Γ. So F is a cycle of smooth rational curves. Then F ⊂ X̃ can be contracted to a singularity p ∈ X, which is a copy of the dual cusp to q ∈ Y^′. Moreover, X̃ is obtained from the minimal resolution of p ∈ X by contracting all the (−2)-curves.

Proof. Let Σ be the fan in R^2 with maximal cones σ_{i,i+1} = ⟨v_i, v_{i+1}⟩_{R≥0} for i ∈ Z. Let C denote the closure of the support of Σ. Let Σ^′ be the normal fan for the polytope Ξ and C^′ the closure of its support. We observe that C^′ coincides with the dual of C, together with the induced Γ-action. It follows that X̃ is a partial resolution of a copy of the dual cusp. See Example 1.9.

The surface X̃ has Du Val singularities of type A. Indeed, v_i is a vertex of Ξ iff m_i := −D^2_i > 2. The corresponding point of Z is smooth if m_i = 3 and a singularity of type A_{mi−3} if m_i > 3 (by direct calculation using v_{i−1} + v_{i+1} = m_iv_i). Also K~_X is

104 MARK GROSS, PAUL HACKING, AND SEAN KEEL

relatively ample over X by Lemma 4.3 below. Indeed, the vectors u_i := v_{i+1} − v_i are the primitive integral vectors in the direction of the edges of Ξ, and

u_i − u_{i−1} = v_{i+1} + v_{i−1} − 2v_i = (m_i − 2)v_i,

so the lines v_i+R·(u_i −u_{i−1}) = R·v_i all meet at the origin. We deduce that X̃ is obtained from the minimal resolution of X by contracting all (−2)-curves as claimed. □

Lemma 4.3. Let P ⊂ R^2 be a rational convex polygon and X the associated toric surface. Fix an orientation and let e_0, e_1, e_2 denote consecutive edges of the boundary of P . Let C ⊂ X denote the component of the toric boundary associated to the bounded edge e_1 ⊂ P . Let v_0 = e_0 ∩ e_1 and v_1 = e_1 ∩ e_2 be the vertices of e_1. Let u_0, u_1, u_2 ∈ Z^2 denote the primitive integral vectors in the direction of e_0, e_1, e_2. Then K_X · C > 0 iff the lines v_0 + R(u_1 − u_0) and v_1 + R(u_2 − u_1) meet on the opposite side of e_1 to P .

Proof. This is an elementary toric calculation. When rewritten in terms of the normal fan of P it is the criterion of [R83], 4.3. □

Lemma 4.4. We use the notation of the proof of Theorem 4.1(2). Let x_j be the coordinate functions on Z^o = ⋃ U_{i,J} . There exists δ > 0 such that on each open set U_{i,J} if |x_i| < δ, |x_{i−1}| < R|x_i|, |x_{i+1}| < R|x_i|, and |z^p| < 1 for all p ∈ P_{bdy} then |x_j | < 1 for all j.

Proof. The points v_{i−1}, v_i, and v_{i+1} are consecutive integral points on the boundary of the infinite convex polytope Ξ with asymptotic directions w_1, w_2. It follows that w_1 = α_{i1}v_i +β_{i1}(v_{i−1} −v_i) and w_2 = α_{i2}v_i +β_{i2}(v_{i+1} −v_i) for some α_{i1}, β_{i1}, α_{i2}, β_{i2} ∈ R_{>0} . Note that the ratios β_{i1}/α_{i1}, β_{i2}/α_{i2} only depend on i modulo n (because w_1, w_2 are eigenvectors of T and T (v_i) = v_{i+n}). Let μ be the maximum of the ratios β_{i1}/α_{i1}, β_{i2}/α_{i2} for i = 1, . . . , n. Let δ = R^{−μ}. If j > i then v_j = αv_i + β(v_{i+1} − v_i) with β/α < β_{i2}/α_{i2}. The coordinate function x_j can be written as z^px^α_i (x_{i+1}/x_i)^β on V_i, where p ∈ P_{bdy}. Thus |x_j| < δ^αR^β < 1 for |x_i| < δ and |z^p| < 1. The same is true for j < i by symmetry. □

4.2. Thickening of cusp family.

Theorem 4.5. Let p_J : X_J → S^′_J be the analytic family of Theorem 4.1. Possibly after replacing S^′_J by a smaller neighbourhood of 0 ∈ S_J and X_J by a smaller neighbourhood of s(S^′_J ) ⊂ X_J , the following holds. Let I ⊂ P be a monomial ideal such that √ I = J and let S^′_I ⊂ S_I denote the induced thickening of S^′_J ⊂ S_J . There is an infinitesimal deformation p_I : X_I → S^′_I of p_J : X_J → S^′_J such that for each N > 0 the restriction to Spec k[P ]/(I + m^{N+1}) is identified with an analytic neighbourhood of the vertex in

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 105

the restriction of the family X_mN+1 /S_mN+1 given by Theorem 2.33, (1) applied with D = D^{can}.

As usual, D^{can} is the canonical scattering diagram on B associated to the pair (Y, D). Let D be the scattering diagram obtained by reducing D^{can} modulo I as follows: For each ray d of D^{can}, we truncate the attached function f_d by removing monomial terms lying in I·k[P_{φτd} ], and we discard the ray if the truncated function equals 1. Thus D has only finitely many rays d and the attached functions f_d are finite sums of monomials.

We use the scattering diagram D to define a complex analytic space X^o_I /S^′_I as follows. Recall from Lemma 2.19 the description of the schemes U_{ρ,I} /S_I for ρ ∈ Σ : if σ_−, σ_+ ∈ Σ are the maximal cones containing ρ,

U_{ρ,I} = V (X_−X_+ − z^{[Dρ]}X^{−D2ρ} f_ρ) ⊂ A^2_{X− ,X+} × (G_m )_X × S_I .

We have open subsets U_{ρ,σ±,I} ⊂ U_{ρ,I} defined by X_± ≠ 0. For σ ∈ Σ a maximal cone with edges ρ, ρ^′ we have canonical identifications (4.3) U_{ρ,σ,I} = U_{σ,σ,I} = U_ρ′_{,σ,I} where U_{σ,σ} = (G_m )^2_{X,X}′ × S_I .

Recall that we have an open covering X^o_J = ⋃ J∈Σ V_{ρ,J} and open analytic embeddings V_{ρ,J} ⊂ U_{ρ,J} . For a maximal cone σ ∈ Σ with edges ρ, ρ^′, write V_{σ,σ,J} := (V_{ρ,J} ∩ U_{ρ,σ,J} ) ∩ (V_ρ′_{,J} ∩ U_ρ′_{,σ,J} ) ⊂ U_{σ,σ,J} where we use the identification (4.3). Let V_{ρ,σ,J} ⊂ V_{ρ,J} , V_ρ′_{,σ,J} ⊂ V_ρ′_{,J} denote the open subsets corresponding to V_{σ,σ,J} under (4.3). Let V_{ρ,I} , V_{ρ,σ,I} , etc., be the infinitesimal thickenings of these open sets determined by the thickenings U_{ρ,I} of U_{ρ,J} . Let σ ∈ Σ be a maximal cone with edges ρ, ρ^′. Let θ_{γ,D} : U_ρ′_{,σ,I} → U_{ρ,σ,I} be the gluing isomorphism defined as in §2.2. Note that the canonical scattering diagram D^{can} is trivial modulo J (because ⟨D_1, . . . , D_n⟩_Q does not contain any A^1 -classes). Hence θ_{γ,D} restricts to the identification (4.3) modulo J, and thus restricts to an isomorphism V_ρ′_{,σ,I} → V_{ρ,σ,I} . Gluing the V_{ρ,I} via these isomorphisms we obtain an infinitesimal deformation X^o_I /S^′_I of X^o_J /S^′_J . Note that there are no triple overlaps of the V_{ρ,J} by Theorem 4.1(2)(b), hence no compatibility condition for the gluing automorphisms. It is clear from the construction that the families X^o_I /S^′_I and X_mN+1 /S_mN+1 are compatible.

Proof of Theorem 4.5. We define sections ϑ_q ∈ Γ(X^o_I , O_Xo_I ) for q ∈ B(Z), compatible with the sections of Theorem 2.33, (2). We proceed as in the algebraic case: we

106 MARK GROSS, PAUL HACKING, AND SEAN KEEL

first define a local section Lift_Q(q) for each choice of basepoint Q ∈ B_0 \ Supp(D) on a corresponding open patch of X^o_I using the broken lines construction. The new difficulty here is that the functions Lift_Q(q) are not algebraic, even over the unthickened locus S^′_J . Indeed, by definition Lift_Q(q) = ∑ Mono(γ) is a formal sum of monomials corresponding to broken lines γ for q with endpoint Q. This sum has infinitely many terms in the present case and so we must prove convergence. This is done in §4.2.1, see Propositions 4.8 and 4.9.

Once this convergence is proved, we observe that these patch to give well defined global sections. This follows from the consistency of D^{can} and compatibility of X^o_I /S^′_I with X^o_{mN+1} /S_mN+1 for N ≥ 0.

We define an infinitesimal thickening X_I /S^′_I of X_J /S^′_J by O_{XI} = i_∗O_Xo_I where i: X^o_J ⊂ X_J is the inclusion. Then X_I /S^′_I is flat by Lemma 2.34 and the existence of the lifts ϑ_q. □

4.2.1. Convergence of Lifts. Let C ⊂ M_R be the closure of the support |Σ̃| of the fan Σ̃, a closed convex cone. Let w_1, w_2 be generators of C. Then w_1, w_2 are eigenvectors of T with eigenvalues λ^{−1}, λ for some λ ∈ R. We may assume that λ > 1. Let π : B̃_0 → B_0 denote the universal cover of B_0. So B̃_0 is identified with the interior Int(C) of C, with deck transformations given by the action of Γ = ⟨T ⟩ on C. Let P̃, φ̃, and B̃_0(Z) denote the pullbacks of P, φ, and B_0(Z). Let D̃ denote the scattering diagram on B̃_0 induced by D. We fix a trivialization of P̃ as the constant sheaf with fibre P^{gp} ⊕ M.

The behaviour of the broken lines γ is best studied by passing to the universal cover B̃_0 of B_0. Let Q ∈ B_0, q ∈ B_0(Z), and choose lifts Q̃ ∈ B̃_0, q̃ ∈ B̃_0(Z). Then a broken line γ on B_0 for q with endpoint Q lifts uniquely to a broken line γ̃ on B̃_0 for T^N (q̃) with endpoint Q̃, for some N ∈ Z, and the attached monomials are identified via P̃ = π^∗P. Note that T^N (q̃) approaches R_{≥0} · w_2 as N → ∞ and R_{≥0} · w_1 as N → −∞.

If γ is a broken line for a point q̃ ∈ B̃_0(Z) with endpoint Q̃ ∈ B̃_0 then γ : (−∞, 0] → B̃_0 is a piecewise linear path in B̃_0 = Int C with initial direction −q̃, ending at Q̃, and crossing all the rays between R_{≥0}q̃ and R_{≥0}Q̃ in order. Let t_1, . . . , t_l ∈ (−∞, 0) denote the points where γ is not affine linear. Each point γ(t_i) lies on a ray d_i of the scattering diagram D̃ and the change γ^′(t_i + ϵ) − γ^′(t_i − ϵ) in the direction of γ as it crosses d_i is an integral multiple of the primitive generator of d_i. Moreover this multiple is positive because each ray of the canonical scattering diagram is an outgoing ray in the terminology of Definition 2.17. So the path γ is “convex when viewed from the origin”.

It is convenient for the convergence calculation to decompose the monomials for broken lines as follows. Let γ : (−∞, 0] → B̃_0 be a broken line, t ∈ (−∞, 0] a point such that γ is affine linear near t and γ(t) lies in the interior of a maximal cone σ of

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 107

Σ̃, and czq the monomial attached to the domain of linearity of γ containing t. Here c ∈ k and q ∈ P_{φ̃σ} ⊂ P^{gp} ⊕ M. We write cz^q = az^{φ̃σ (m)}, where m = r(q) ∈ M and a = cz^{q−φ̃σ (m)} is a monomial in k[P ]. We also use the same decomposition for the monomials occuring in the scattering functions f_d for d ∈ D̃. Let d be a ray in D̃ with primitive integral generator m ∈ M and τ = τ_d the smallest cone of Σ̃ containing d. Then f_d − 1 is a sum of monomials cz^q where c ∈ k and q ∈ P_{φ̃τ} , 0 ≠ −r(q) ∈ d. We write cz^q = az^{φ̃τ (m)} where m = r(q) and a = cz^{q−φ̃τ (m)} is a monomial in k[P ].

The scattering diagram D on B is finite (because we have reduced modulo I), and D̃ is its inverse image under π : B̃_0 → B_0. Thus D̃ has only finitely many Γ-orbits of rays. Moreover, the Γ-action on the scattering functions f_d is induced by the given action on M_R and the trivial action on k[P ] as follows: writing f_d = 1 + ∑ a_mz^{φ̃τ (m)} as above, f_{T (d)} = 1 + ∑ a_mz^{φ̃T (τ )(T (m))}.

Lemma 4.6. Let Q̃ ∈ B̃_0 \ Supp(D̃) be a point contained in the interior of a maximal cone σ ∈ Σ̃. We consider broken lines γ on B̃_0 for T^N (q̃), some N ∈ Z, with endpoint Q̃, such that Mono(γ) /∈ I · k[P_{φ̃σ}]. Let k ≥ 0 be such that (k + 1)J ⊂ I.

(1) The number of bends of γ is at most k.

(2) The number of broken lines for T^N (q̃) with endpoint Q̃ is O(|N|^k). (3) For γ a broken line from T^N (q̃) with endpoint Q̃ write Mono(γ) = a_γ z^{φ̃σ (mγ )} where a_γ is a monomial in k[P ]. Assume that |z^p| < ϵ < 1 for all p ∈ P . Then |a_γ | = O( ∏ ρ∈Σ dim ρ=1 |z^{[Dρ]}|^{|N|}).

Proof. (1) At a bend t_i ∈ (−∞, 0] of γ the attached monomial c_iz^{qi} is replaced by the monomial c_{i+1}z^{qi+1} = cz^q · c_iz^{qi} where cz^q is a term in a positive power of the scattering function f_d associated to the ray d containing γ(t_i). In particular cz^q ∈ J · k[P_{φ̃τd} ]. Since Mono(γ) /∈ I · k[P_{φ̃σ}] and (k + 1)J ⊂ I it follows that there are at most k bends.

(2) Such a broken line crosses O(|N|) scattering rays. If γ is a broken line for T^N (q̃) then the initial attached monomial is specified, equal to z^{φ̃(T N (q̃))}. At a scattering ray d, let u denote the primitive generator of d, f = f_d the attached function, and let cz^q be the monomial attached to the incoming segment of the broken line. Then the possible continuations of the broken line past d correspond to the monomial terms in f^d, where d = |r(q) ∧ u| is the index of the sublattice of M generated by r(q) and u. Note that since f ≡ 1 mod J · k[P_{φ̃τd} ] the number of monomial terms in f^d not lying in I · k[P_{φ̃τd} ] is bounded independent of d. Further, since there are a finite number of Γ-orbits of scattering rays, and the Γ-action preserves monomials, there is a bound on the number of monomial terms independent of the ray d. Now by (1) the total number of broken lines is O(|N|^k).

108 MARK GROSS, PAUL HACKING, AND SEAN KEEL

(3) By symmetry we may assume that N ≥ 0. Let d ∈ D̃ be a scattering ray, f = f_d the attached function, and γ a broken line that crosses d. Suppose first that d is contained in the interior of a maximal cone σ of Σ̃. Let az^{φ̃σ (m)} be the monomial attached to the incoming segment of γ near d. Let u be the primitive generator of d. Then the outgoing monomial a^′z^{φ̃σ (m′)} is obtained from the incoming monomial by multiplication by a monomial term in f^d, where d = |m∧u|. Write f = 1+f_1 +· · ·+f_r, a sum of monomials. Since f ≡ 1 mod J · k[P_{φσ}] we have

(4.4) f^d ≡ ∑ i_1+···+i_r≤k ( d i_1, . . . , i_r ) f^{i1}_1 · · · f^{ir}_r mod I · k[P_{φσ}].

The multinomial coefficient ( d i_1, . . . , i_r ) := d! i_1! · · · i_r!(d − i_1 − · · · − i_r)!

is bounded by d^k. The direction of the scattering ray d is u = T^s(β) where 0 ≤ s ≤ N and β ∈ M is chosen from a finite set. The vector m ∈ M is of the form

m = T^N (q̃) − l∑ i=1 T^{si} α_i where l ≤ k, 0 ≤ s_i ≤ N for each i, and the α_i ∈ M are chosen from a finite set. Indeed, for the monomial terms cz^q occurring in the powers f^d of the function f = f_d attached to a given scattering ray d, only finitely many exponents q ∈ P_{φ̃τd} occur (working modulo I · k[P_{φ̃τd} ]). So there are only finitely many possible changes of exponent q for the attached monomial cz^q of a broken line at a scattering ray modulo the action of Γ. Now identify M = Z^2 and let ‖ · ‖ denote the standard norm on M_R = R^2 . Then d = |m ∧ u| ≤ ‖m‖ · ‖u‖ = O(λ^{2N} ). So, the coefficient a^′ ∈ k[P ] of the outgoing monomial is given by a^′ = c · z^p · a where c ∈ k, p ∈ P , and c = O(λ^{2kN} ). Thus |a^′| = O(λ^{2kN} ) · |a| for |z^p| < 1.

Second, let ρ ∈ Σ̃ be a ray and σ_+, σ_− the maximal cones containing ρ. Suppose γ is a broken line that crosses ρ, travelling from σ_− to σ_+. Let a_−z^{φ̃σ− (m)} be the monomial attached to the incoming segment of γ near ρ and a_+z^{φ̃σ+ (m′ )} the monomial attached to the outgoing segment. By the definition of φ̃, z^{φ̃σ− (m)} = (z^{[Dρ]})^{−⟨nρ,m⟩}z^{φ̃σ+ (m)}, where n_ρ ∈ N is primitive, annihilates ρ, and is positive on σ_+. Write d := −⟨n_ρ, m⟩; note d = |u ∧ m| > 0 where u ∈ M is the primitive generator of ρ. If γ does not bend at ρ then a_+ = (z^{[Dρ]})^d · a_−. In general a_+ = (z^{[Dρ]})^d · a^′_− where a^′_−z^{φ̃σ− (m′)} is obtained

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 109

from a_−z^{φ̃σ− (m)} as above (by applying the scattering automorphism associated to ρ and selecting a monomial term).

We need to show the exponent d = |u ∧ m| > 0 of z^{[Dρ]} in the previous paragraph is large for some rays ρ. This will allow us to absorb the O(λ^{2N} ) factors coming from bends of γ and obtain the estimate (3). Let γ be a broken line for T^N (q̃), then

m_γ = T^N (q̃) − l∑ i=1 T^{si} α_i as above, where 0 ≤ l ≤ k, N ≥ s_1 ≥ · · · ≥ s_l ≥ 0, and the α_i lie in a finite set. Write s_0 = N and s_{l+1} = 0. Choose j such that s_j − s_{j+1} ≥ N/(k + 1). Now consider the exponent d = |u ∧ m| for m = T^N (q̃) − ∑_j i=1 T^{si} α_i given by the monomial attached to the segment of the broken line between bends j and j + 1 and u = T^{sj+1} β the primitive generator of a ray of Σ̃ near bend j + 1. Then |u ∧ m| = |β ∧ T^{sj −sj+1} m^′| where m^′ = T^{−sj} (m). Write m^′ = μ^′_1w_1 +μ^′_2w_2, then |μ^′_1| is bounded and μ^′_2 is bounded away from zero by Lemma 4.7. Now

u ∧ m = β ∧ T^{sj −sj+1} m^′ = μ^′_1(β ∧ w_1)λ^{−(sj −sj+1)} + μ^′_2(β ∧ w_2)λ^{sj −sj+1} ,

where s_j − s_{j+1} > N/(k + 1), so |u ∧ m| > c · λ^{N/(k+1)} for some constant c > 0.

Combining our results now gives the estimate

a_γ = O((λ^{2kN} )^k · ∏ ρ∈Σ dim ρ=1 |z^{[Dρ]}|^{c·λN/(k+1)} ). where the first factor bounds the contribution associated to bends of γ and the second factor bounds the contribution associated to rays ρ of the fan crossed by γ, as described in the preceding two paragraphs. This implies the estimate (3) in the statement. Indeed, the above expression is of the form λ^{aN} · x^{c·λbN} where a, b, c > 0 and λ > 1 are constants, and x = ∏ |z^{[Dρ]}|. This is bounded by Cx^N for 0 ≤ x < ϵ < 1, for some constant C (depending on ϵ). □

Lemma 4.7. Let A ⊂ R be a finite set and λ ∈ R, λ > 1. For k ∈ N let S_k ⊂ R be the set of real numbers s of the form s = ∑_l i=1 c_iλ^{ni} where l ≤ k and c_i ∈ A, n_i ∈ Z_{≥0} for each i. Then S_k is discrete for each k.

Proof. Proof by induction on k. We have S_0 = {0}. Suppose S_k is discrete. We have S_{k+1} = ⋃ n≥0 λ^n(S_k + A). Since λ > 1 we deduce that S_{k+1} discrete. □

110 MARK GROSS, PAUL HACKING, AND SEAN KEEL

For Propositions 4.8 and 4.9 below, the assertions hold after possibly replacing X_J by a smaller neighbourhood of s(0) ∈ X_J (independent of I, Q and q).

Proposition 4.8. Let Q ∈ B_0 \ Supp(D) be a point contained in the interior of a maximal cone σ of Σ. Each term of the formal sum Lift_Q(q) = ∑ Mono(γ) is an analytic function on V_{σ,σ,I} and the sum defines an analytic function on V_{σ,σ,I} .

Proof. Recall that V_{σ,σ,I} is an infinitesimal thickening of the reduced complex analytic space V_{σ,σ,J} . Write V_{σ,σ} := {(X_1, X_2) | |X_1| < R|X_2|, |X_2| < R|X_1|} ⊂ (G_m )^2_{X1,X2} × S. Then V_{σ,σ} is a reduced complex analytic space containing V_{σ,σ,I} as a locally closed subspace. We show that the sum Lift_Q(q) converges (uniformly on compact sets) to an analytic function on a neighbourhood of V_{σ,σ,I} in V_{σ,σ}.

Let Q̃ ∈ B̃_0 be a lift of Q and σ̃ the lift of σ containing Q̃. Let u_1, u_2 be the primitive generators of σ̃ (a basis of M) such that the orientation of u_1, u_2 agrees with that of w_1, w_2. Let X_i = z^{φ̃σ̃ (ui)}, i = 1, 2, be the associated coordinate functions on V_{σ,σ,I} , so that V_{σ,σ,I} ⊂ {(X_1, X_2) | |X_1| < R|X_2|, |X_2| < R|X_1|} ⊂ (G_m )^2_{X1,X2} × S^′_I . For m ∈ M, writing m = α_1u_1 + α_2u_2, we have z^{φ̃σ̃ (m)} = X^{α1}_1 X^{α2}_2 .

As already noted, broken lines γ on B_0 for q with endpoint Q lift uniquely to broken lines on B̃_0 for T^N (q̃) with endpoint Q̃, for some N ∈ Z, and the attached monomials are identified. Write Mono(γ) = a_γ z^{φ̃σ̃ (mγ )} and m_γ = α_1u_1 + α_2u_2. Clearly Mono(γ) = a_γ X^{α1}_1 X^{α2}_2 ∈ k[P ][X^{±1}_1 , X^{±1}_2 ] is an analytic function on V_{σ,σ}. Also write m_γ = μ_1w_1 + μ_2w_2. By Lemma 4.10, (1), μ_1 and μ_2 are bounded below. The points u_1 and u_2 are adjacent integral points on the boundary of the infinite convex polytope Ξ with asymptotic directions w_1, w_2. It follows that w_1 = β_1u_2 + γ_1(u_1 − u_2) and w_2 = β_2u_1 + γ_2(u_2 − u_1), for some β_1, β_2, γ_1, γ_2 > 0. Hence

|z^{φ̃σ̃ (mγ )}| = |X^{α1}_1 X^{α2}_2 | = (|X_2|^{β1} |X_1/X_2|^{γ1} )^{μ1} (|X_1|^{β2} |X_2/X_1|^{γ2} )^{μ2} .

Now |X_1/X_2| < R, |X_2/X_1| < R on V_{σ,σ} . Thus, for 0 < δ < min(R^{−γ1/β1} , R^{−γ2/β2} ) and any δ^′ > 0, |z^{φ̃σ̃ (mγ )}| is bounded for 0 < δ^′ < |X_1|, |X_2| < δ. (Note that δ^′ is required because μ_1, μ_2 may be negative — we only obtain uniform convergence of the series Lift_Q(q) on compact subsets of V_{σ,σ} .) By Lemma 4.6, (3), if |z^p| < ϵ < 1 for all p ∈ P we have |a_γ | = O(ϵ^{|N|}). By Lemma 4.6, (2), the number of broken lines for T^N (q̃) is O(|N|^k). Combining, we deduce that Lift_q(Q) = ∑ Mono(γ) is convergent on the open analytic subset V^′_{σ,σ} of V_{σ,σ} defined by |X_1|, |X_2| < δ and |z^p| < 1 for all p ∈ P , for some δ > 0 (independent of I and q). After replacing X_J by an analytic neighbourhood of the vertex s(0) ∈ X_J , we may assume that V_{σ,σ,I} ⊂ V^′_{σ,σ}. □

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 111

Proposition 4.9. Let Q ∈ B_0 \ Supp(D) be a point contained in the interior of a maximal cone σ of Σ and let ρ be an edge of σ. Consider the formal sum Lift_Q(q) = ∑ Mono(γ). For Q sufficiently close to ρ each term of the sum is an analytic function on V_{ρ,I} and the sum defines an analytic function on V_{ρ,I} .

Proof. Write σ_+ = σ and let σ_− ∈ Σ be the other maximal cone containing ρ. Let Q̃, ρ̃, σ̃_+, σ̃_− be compatible lifts to B̃_0. Let u, u_−, u_+ be the primitive generators of ρ̃ and the remaining edges of σ̃_− and σ̃_+, and write X, X_−, X_+ for the corresponding coordinates on V_{ρ,I} . So V_{ρ,I} ⊂ {(X_−, X_+, X) | |X_−| < R|X|, |X_+| < R|X|} ⊂ V (X_−X_+ − z^{[Dρ]}X^{−D2ρ} f_ρ) ⊂ A^2_{X− ,X+} × (G_m )_X × S^′_I .

Define V_ρ = {(X_−, X_+, X) | |X_−| < R|X|, |X_+| < R|X|} ⊂ V (X_−X_+ − z^{[Dρ]}X^{−D2ρ} f_ρ) ⊂ A^2_{X− ,X+} × (G_m )_X × S.

We assume that the orientation of u_−, u_+ is the same as that of w_1, w_2.

We first consider broken lines γ lying in the cone generated by u and w_2. Write Mono(γ) = a_γ z^{φ̃σ̃ (mγ )}, and m_γ = αu + α_+u_+ = μ_1w_1 + μ_2w_2. By Lemma 4.10,(1), |μ_1| is bounded, and μ_2 > 0 for all but finitely many γ. By Lemma 4.10,(2), α_+ ≥ 0, so Mono(γ) = a_γ X^αX^{α+}_+ ∈ k[P ][X^{±1}, X_−, X_+] is analytic on V_ρ for each γ. In particular we may assume in what follows (discarding finitely many terms Mono(γ)) that μ_2 > 0. Writing w_1 = −β_1u_+ + γ_1u and w_2 = β_2u + γ_2(u_+ − u), we have β_1, β_2, γ_1, γ_2 > 0 and

|z^{φ̃σ̃ (mγ )}| = (|X_+|^{−β1} |X|^{γ1} )^{μ1} (|X|^{β2} |X_+/X|^{γ2} )^{μ2} .

Recall that |X_+/X|, |X_−/X| < R on V_ρ. Also, the equation for V_ρ gives |z^{[Dρ]}X^{−1}_+ | = |X_−| · |X|^{D2ρ} · |f_ρ|^{−1}. The function f_ρ on V_ρ restricts to the constant function 1 over S_J . Hence we may impose the condition |f_ρ| > δ^′ for any small δ^′ > 0. We see that for 0 < δ < R^{−γ2/β2} , and any δ^′ > 0, if δ^′ < |X| < δ and |f_ρ| > δ^′ then |z^{φ̃σ̃ (mγ )}| · |z^{[Dρ]}|^c is bounded, where c = β_1 · sup({μ_1}) is a constant. Now by Lemma 4.6, (3), if |z^p| < ϵ < 1 for all p ∈ P then | Mono(γ)| = |a_γ z^{φ̃σ̃ (mγ )}| = O(ϵ^{|N|}). Recall that the number of broken lines for T^Nq̃ is O(|N|^k) (Lemma 4.6, (2)). We deduce that the sum ∑ Mono(γ) over broken lines γ lying in ⟨u, w_2⟩_{R≥0} is uniformly

112 MARK GROSS, PAUL HACKING, AND SEAN KEEL

convergent on compact sets for |X| < δ, f_ρ ≠ 0, and |z^p| < 1 for all p ∈ P , where δ > 0 is independent of I and q.

Finally, we consider broken lines lying in ⟨u, w_1⟩_{R≥0} . We write

Lift_Q(q) = Lift^+_Q(q) + Lift^0_Q(q) + Lift^−_Q(q)

where the terms are sums over broken lines γ with ⟨n_ρ, m_γ ⟩ positive, zero, and negative respectively, where as before n_ρ is positive on σ_+. Then Lift^+_Q(q) + Lift^0_Q(q) is the sum over broken lines lying in ⟨u, w_2⟩_{R≥0} and so defines an analytic function on V_{ρ,I} as proved above. Let Q^′ be a point close to Q contained in σ_−. Then

Lift^−_Q(q) = θ(Lift^−_Q′ (q))

where θ is the scattering automorphism attached to ρ, see the proof of (3.8). Because the scattering automorphism is incorporated into the definition of V_{ρ,I} , this means that Lift^−_Q(q) and Lift^−_Q′ (q) are identified as formal sums of functions on V_{ρ,I} . Now, Lift^−_Q′ (q) is a sum over broken lines on B̃_0 lying in ⟨u, w_1⟩_{R≥0} . Hence by symmetry Lift^−_Q′ (q) defines an analytic function on V_{ρ,I} . Combining we deduce that Lift_Q(q) defines an analytic function on V_{ρ,I} . □

Lemma 4.10. Let Q̃ ∈ B̃_0 \ Supp(D̃) be a point contained in the interior of a maximal cone σ̃ ∈ Σ̃. Consider broken lines γ on B̃_0 for T^N (q̃) with endpoint Q̃, for all N ∈ Z such that T^N (q̃) ∈ ⟨Q̃, w_2⟩_{R≥0} . Write Mono(γ) = a_γ z^{φ̃σ̃ (mγ )}, and m_γ = μ_1w_1 + μ_2w_2.

(1) |μ_1| is bounded, and μ_2 is positive for all but finitely many γ. In particular, μ_1, μ_2 are bounded below.

(2) Let u_1, u_2 be generators of σ̃ with the same orientation as w_1, w_2. Then for Q̃ sufficiently close to ρ̃ := R_{≥0} · u_1, m_γ lies in the half space R · u_1 + R_{≥0} · u_2 for each γ.

Proof. (1) Note that the rays spanned by w_1, w_2 are irrational so μ_1, μ_2 ≠ 0. Suppose for a contradiction that there is an infinite sequence of broken lines γ such that m_γ = μ_1w_1 + μ_2w_2 with μ_2 < 0. Each broken line has at most k bends and there are a finite number of Γ-orbits of possible changes α ∈ M of the derivative of γ at a bend; see Lemma 4.6 and its proof. So, passing to a subsequence, we may assume that the bends (in order of increasing t ∈ (−∞, 0]) of each γ are of types T^{s1} α_1, . . . , T^{sl} α_l for some fixed α_1, . . . , α_l ∈ M, l ≤ k, and N ≥ s_1 ≥ s_2 ≥ · · · ≥ s_l ≥ 0 (depending on γ). Say N − s_i is bounded for i ≤ l^′ and unbounded otherwise. Passing to a subsequence, we may assume that N − s_i is constant for i ≤ l^′. Let γ^′ be the broken line obtained by truncating γ after the first l^′ bends, and moving by a homothety so that (extending its final line segment) γ^′ ends at Q̃. Then m_γ′ = T^N (m) for some fixed m ∈ M. Moreover,

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 113

since T w_2 = λw_2, λ > 1, it follows that we must have m = ν_1w_1 + ν_2w_2 with ν_2 < 0. This is a contradiction because m_γ′ lies in the half-space R · Q̃ + R_{≥0} · w_2.

To see that |μ_1| is bounded, recall that m_γ = T^N (q̃) − ∑_l i=1 T^{si} α_i where 0 ≤ l ≤ k, 0 ≤ s_i ≤ N, and the α_i are selected from a finite set. Now since T w_1 = λ^{−1}w_1 it follows that |μ_1| is bounded.

(2) Let u be the connected component of B̃_0 \Supp_I (D̃) contained in σ̃ and containing ρ̃ in its closure. Let Q̃^′ ∈ u be a point such that Q̃^′ ∈ ⟨ρ̃, Q̃⟩_{R≥0} . Then if T^N (q̃) ∈ ⟨Q̃, w_2⟩_{R≥0} and γ^′ is a broken line for T^N (q̃) with endpoint Q̃^′, we obtain a broken line γ for T^N (q̃) with endpoint Q̃ and m_γ = m_γ′ as follows: First apply a homothety to obtain a broken line passing through Q̃, then truncate at Q̃.

Now suppose γ is a broken line for T^N (q̃) with endpoint Q̃ and m_γ not lying in the half-space R · u_1 + R_{≥0} · u_2. Since m_γ lies in the half-space R · Q̃ + R_{≥0} · w_2 we find m_γ lies in the cone generated by −Q̃, −u_1. In particular, m_γ does not lie in the half-space R · w_1 + R_{≥0} w_2, so by (1) there are only finitely many such γ. Now by the above construction it follows that for Q̃ sufficiently close to ρ̃ there are none. □

4.3. Smoothness.

Assumptions 4.11. We consider the following three cases:

(1) Every A^1 -class lies in J, and for any monomial ideal I such that √ I = J there are only a finite number of A^1 -classes not lying in I. Furthermore there are at least 2 rays ρ of Σ such that z^{[Dρ]} ∈ J.

(2) There is a toric model p: Y → Ȳ . For some ample divisor H̄ on Ȳ , σ_P ∩(p^∗H̄)^⊥ is a face of σ_P , and J = P \ P ∩ (p^∗H̄)^⊥.

(3) The field k = C . The intersection matrix (D_i · D_j )_{1≤i,j≤n} is negative definite, D^2_i ≤ −2 for each i, and n ≥ 3. The cone σ_P is strictly convex. For some nef divisor L on Y such that L^⊥ ∩ NE(Y )_{R≥0} = ⟨D_1, . . . , D_n⟩_{R≥0} , σ_P ∩ L^⊥ is a face of σ_P and J = P \ P ∩ L^⊥.

Let I be a monomial ideal such that √ I = J. In cases (1) and (2) we have an algebraic flat family f_I : X_I → S_I by Theorem 2.33, (1), consistency of D^{can}, and Remark 3.19. In case (3) we have an analytic flat family f_I : X_I → S^′_I by Theorem 4.5, where S^′_I is an analytic neighbourhood of 0 ∈ S_I . In the remainder of this section we will abuse notation and denote S^′_I by S_I .

Let f_J : X_J → S_J denote the formal deformation determined by the deformations X_J N+1 → S_J N+1 for N ≥ 0. Thus in the algebraic cases S_J = Spf(lim←− k[P ]/J^{N+1}) is the formal spectrum of the J-adic completion of k[P ], X_J is a formal scheme, and X_J → S_J is an adic flat morphism of formal schemes. In the analytic case, S_J is the formal complex analytic space obtained as the completion of S along S_J , X_J is a formal

114 MARK GROSS, PAUL HACKING, AND SEAN KEEL

complex analytic space, and X_J → S_J is an adic flat morphism. We refer to [G60] and [B78] for background on formal schemes and formal complex analytic spaces.

Let Z_I := Sing(f_I ) ⊂ X_I denote the singular locus of f_I : X_I → S_I . Thus Z_I ⊂ X_I is a closed embedding of schemes or complex analytic spaces. Since the singular locus is compatible with base-change, the singular loci Z_J n ⊂ X_J n determine a closed embedding Z_J ⊂ X_J which we refer to as the singular locus of f_J : X_J → S_J .

We shall prove the following main smoothing theorems in this section:

Theorem 4.12. Assume σ_P is strictly convex and J = m := P \ {0} satisfies the conditions 4.11, (1). Then the map O_{SJ} → f_{J ∗}O_{ZJ} is not injective. In particular, for I = m^{N+1} and N ≫ 0, the map k[P ]/I → f_{I∗}O_{Sing(fI )} is not injective.

Theorem 4.13. (Looijenga’s conjecture) Suppose that k = C and the intersection matrix (D_i · D_j )_{1≤i,j≤n} is negative definite, so that D ⊂ Y can be contracted to a cusp singularity q ∈ Y^′. Then the dual cusp to q ∈ Y^′ is smoothable.

We have a section s: S_J → X_J such that, for t ∈ S_J general, the point s(t) ∈ X_{J,t} on the fibre is the vertex in the algebraic case and the cusp in the analytic case. We write X^o_J := X_J \ s(S_J ) ⊂ X_J and X^o_I ⊂ X_I , X^o_J ⊂ X_J for the induced open embeddings.

Lemma 4.14. There exists 0 ≠ g ∈ k[P ] such that Supp(g ·O_{ZJ} ) is contained in s(S_J ). In particular, f_{J∗}(g · O_{ZJ} ) is a coherent sheaf on S_J .

Proof. We first recall explicit open coverings of X^o_J . In the algebraic cases (1) and (2), X^o_J is a union of open subschemes U_{i,J} , i = 1, . . . , n, given as follows. Write a_i = z^{[Di]} and m_i = −D^2_i . In case (1), (4.5) U_{i,J} = V (x_{i−1}x_{i+1} − a_ix^{mi}_i ) ⊂ A^2_{xi−1 ,xi+1} × (G_m )_{xi} × S_J .

In case (2), let E_{ij} be the exceptional curves of p: (Y, D) → (Ȳ , D̄) over points of D̄_i, and write b_{ij} = z^{[Eij ]}. Then U_{i,J} = V (x_{i−1}x_{i+1} − a_ix^{mi}_i ∏ (1 + b_{ij} x^{−1}_i )) ⊂ A^2_{xi−1 ,xi+1} × (G_m )_{xi} × S_J .

In the analytic case (3), let U_{i,J} be defined as in (4.5) above. Then X^o_J is a union of open subspaces V_{i,J} , i = 1, . . . , n, such that V_{i,J} is an analytic open subspace of U_{i,J} for each i.

We now use the charts U_{i,J} to compute the singular locus explicitly. In case (1) the singular locus Z_{i,J} of U_{i,J} /S_J is given by Z_{i,J} = V (x_{i−1}, x_{i+1}, a_i) ⊂ U_{i,J} . Hence if we define g = a_1 · · · a_n then Supp(g · O_{ZJ} ) is contained in s(S_J ). The same is true in the analytic case (3).

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 115

Similarly, in case (2) the structure sheaf of the singular locus of U_{i,J} is annihilated by g_i := a_i ∏ j≠k(bij − bik). (Here ∏ j≠k(bij − bik) is the discriminant of the polyno-

mial f(x_i) := ∏ (x_i + b_{ij} ). It is a linear combination of f and f^′ with coefficients in k[{b_{ij}}][x_i]. See [L02], p. 200–204.) So we can take g = g_1 · · · g_n.

The support of g · O_{ZJ} is a closed subset of s(S_J ), hence proper over S_J . It follows that f_{J∗}(g · O_{ZJ} ) is coherent by [B78], 3.1 and [G61], 3.4.2. □ Let u(J) denote the natural map u(J): O_{SJ} → f_{J∗}(O_{ZJ} ).

Let m denote the monomial ideal P \ P^× of P as usual. So, for any monomial ideal J ⊊ P , we have J ⊂ m.

Lemma 4.15. u(J) is injective if and only if u(m) is injective.

Proof. Let 0 ≠ g ∈ k[P ] be the element given by Lemma 4.14. Let K_J be the kernel of u(J) and K^′_J the kernel of g · u(J). Thus K_J , K^′_J are ideal sheaves in O_{SJ} and g · K^′_J ⊂ K_J ⊂ K^′_J . The local rings of S_J are domains by Lemma 4.16, so K_J = 0 if and only if K^′_J = 0. The sheaf K^′_J is coherent because the image of g · u(J) is contained in the coherent subsheaf f_{J∗}(g · O_{ZJ} ) ⊂ f_{J∗}O_{ZJ} .

We claim that the natural map K^′_J ⊗_{OSJ} O_{Sm} → K^′_m is an isomorphism. Let z ∈ S_m be a point and let Ô_{S,z} denote the completion of O_{S,z} at its maximal ideal. Note that Ô_{S,z} coincides with the completions of O_{Sm,z} and O_{SJ ,z} at their maximal ideals. It suffices to show that the map K^′_{J,z} ⊗_{OSJ ,z} Ô_{S,z} → K^′_{m,z} ⊗_{OSm,z} Ô_{S,z} is an isomorphism for each z (because O_{Sm,z} ⊂ Ô_{S,z} is faithfully flat). We have an exact sequence of coherent sheaves 0 → K^′_J → O_{SJ} → f_{J∗}(g · O_{ZJ} ) and so an exact sequence of Ô_{S,z}-modules 0 → K^′_{J,z} ⊗ Ô_{S,z} → Ô_{S,z} → f_{J∗}(g · O_{ZJ} )_z ⊗ Ô_{S,z}. Now f_{J∗}(g · O_{ZJ} )_z ⊗ Ô_{S,z} = (g · O_{ZJ} )_{s(z)} ⊗ Ô_{S,z} = ^(g · O_{ZJ} )_{s(z)} = g · Ô_{ZJ ,s(z)}

116 MARK GROSS, PAUL HACKING, AND SEAN KEEL

where the hats denote completion with respect to the maximal ideal of O_{SJ ,z}. Thus K^′_{J,z} ⊗ Ô_{S,z} is the kernel of the map Ô_{S,z} → g · Ô_{ZJ ,s(z)}. By the base-change property for the singular locus, this map coincides with the corresponding map for m. This proves the claim.

The support of the ideal sheaf K^′_J is either empty or S_J (because the local rings of S_J are domains and S_J is connected). So K^′_J = 0 if and only if K^′_m = 0 by the claim. □

Lemma 4.16. The local rings of S_J are integral domains.

Proof. The completion of the local ring of S_J at a point z ∈ S_J is identified with the completion of the local ring of the toric variety S at z. By Serre’s criterion for normality, the completion of a normal Noetherian ring at a maximal ideal is a local normal Noetherian ring; in particular, it is a domain. Since O_{SJ ,z} is a local Noetherian ring, it is contained in its completion. We deduce that O_{SJ ,z} is a domain. □

Lemma 4.17. Suppose we are in case (2) of Assumptions 4.11. Then u(J) is not injective.

Proof. By Lemma 4.14 there exists 0 ≠ g ∈ k[P ] such that Supp(g · O_{ZJ} ) ⊂ s(S_J ). By Proposition 3.40 there exists 0 ≠ h ∈ k[P ] such that Supp(h · O_{ZJ} ) is disjoint from s(S_J ). Thus gh · O_{ZJ} = 0, that is, gh lies in the kernel of u(J). □

Proof of Theorem 4.12. By Proposition 1.19 there exists a toric blowup π : (Ỹ , D̃) → (Y, D) such that (Ỹ , D̃) has a toric model p: (Ỹ , D̃) → (Ȳ , D̄).

Let H̄ be an ample divisor on Ȳ . Let σ~_P ⊂ A_1(Ỹ , R) be the rational polyhedral cone given by σ~_P := (π_∗)^{−1}σ_P ∩ {β ∈ H_2(Ỹ , R) | β · (p^∗H̄) ≥ 0} and P̃ := σ~_P ∩ A_1(Ỹ , Z) the associated toric monoid. Let F ⊂ A_1(Ỹ , Z) be the free abelian group generated by the π-exceptional divisors. Since σ_P is strictly convex there exists an ample divisor H on Y such that σ_P ⊂ (H ≥ 0) and σ_P ∩ H^⊥ = {0}. Then σ~_P ∩ (π^∗H)^⊥ is a face of σ~_P contained in F ⊗_Z R. Define radical monomial ideals m̃, J̃_1, J̃_2 ⊂ P̃ by

m̃ = P̃ \ P̃^× J̃_1 = P̃ \ (p^∗H̄)^⊥ J̃_2 = P̃ \ (π^∗H)^⊥

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 117

By Lemma 4.17, u(J̃_1) is not injective. Hence u(m̃) and u(J̃_2) are not injective by Lemma 4.15. Let X̃~_{J2} /S̃~_{J2} be the family given by Theorem 2.33, (1) with D = D^{can} over the formal thickening of S̃~_{J2} := Spec k[P̃]/J̃_2.

Let T = Hom(F, G_m ) be the big torus for S̃~_{J2} . Write D̃ = D̃_1 + · · · + D̃_r. Let T~_Y = Hom(A_1(Ỹ ), G_m ) be the big torus for S̃ = Spec k[P̃] and T^{D̃} := G^r_m → T~_Y the homomorphism of tori given by the map of character lattices

A_1(Ỹ ) → Z^r, β → (β · D̃_i)^r_{i=1}.

The family X̃~_{J2} /S̃~_{J2} is T^{D̃}-equivariant, as discussed in §3.5. The composition F ⊂ A_1(Ỹ ) → Z^r is a primitive embedding (because F ⊂ ⟨D̃_1, . . . , D̃_r⟩ and its intersection matrix is unimodular, congruent to −I). So the corresponding composition T^{D̃} → T~_Y → T admits a splitting T → T^{D̃}. By T -equivariance, the restriction of the family X̃_{J̃2} /S̃_{J̃2} to the open subscheme of S̃_{J̃2} defined by T ⊂ S̃_{J̃2} is isomorphic to the direct product of X_m/S_m with T . Thus u(m) is not injective because u(J̃_2) is not injective. □

Proof of Theorem 4.13. Let f : Y → Y^′ be the contraction of D ⊂ Y . We may assume f is the minimal resolution of Y^′. We may further assume n ≥ 3. Indeed, the embedding dimension of the dual cusp equals max(n, 3) by [N80], Corollary 7.8, p. 232 and [KM98], Theorem 4.57, p. 143. So in particular for n ≤ 3 the dual cusp is a hypersurface and thus smoothable. Let L be a nef divisor on Y such that NE(Y )_{R≥0} ∩L^⊥ = ⟨D_1, . . . , D_n⟩_{R≥0} . Let σ_P ⊂ H_2(Y, R) be a strictly rational polyhedral cone containing NE(Y ) such that σ_P ∩ L^⊥ is a face of σ_P . Let P = σ_P ∩ H_2(Y, Z) and J = P \ P ∩ L^⊥. By Lemma 4.15 and Theorem 4.12, u(J) is not injective.

Let P ∈ S_J be a point lying in the interior of the toric variety S_J and h ∈ O_{SJ ,P} a nonzero element of the kernel of u(J) near P . By Lemma 4.18 there is a morphism

v : Spec C [t]/(t^{N+1} ) → S_J

such that 0 → P and 0 ≠ v^∗(h) ∈ C [t]/(t^{N+1} ). Let Y/ Spec(C [t]/(t^{N+1} )) be the pullback of X_J /S_J by v and Z ⊂ Y its singular locus. Then Y/ Spec(C [t]/(t^{N+1} )) is a deformation of the dual cusp singularity and O_Z is annihilated by t^N . By [A76], Theorem 5.1, there is an algebraic finite type deformation Y^′/ Spec C [t] whose restriction to Spec(C [t]/(t^{N+1} )) is locally analytically isomorphic to Y/ Spec(C [t]/(t^{N+1} )). Let Z^′ ⊂ Y^′ denote the singular locus of Y^′/ Spec C [t]. Then O_Z′ is a finite C [t]- module because the fibre Y^′_0 has an isolated singularity (using [Ma89], Theorem 8.4, p. 58). Now O_Z = O_Z′ /t^{N+1}O_Z′ and t^N O_Z = 0, so t^N O_Z′ = t^{N+1}O_Z′ and thus t^N O_Z′ = 0 by Nakayama’s lemma. Hence the general fibre of Y^′/ Spec C [t] is smooth, and Y^′/ Spec C [t] is a smoothing of the dual cusp. □

118 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Lemma 4.18. Let A be the completion of a finitely generated normal Cohen-Macaulay C -algebra at a maximal ideal. Let 0 ≠ a ∈ A. Then there exists N ≥ 0 and a C -algebra map f : A → C [t]/(t^{N+1} ) such that f(a) ≠ 0.

Proof. Extend a to a regular sequence a, t_1, . . . , t_r of length dim A. Then the normalization of A/(t_1, . . . , t_r) is a finite direct sum of copies of C [t]. Now the result is clear. □

5. Extending the family over boundary strata

Here we prove Theorem 0.1 and Theorem 0.2. Note that Theorem 0.1 holds for n ≥ 3 by Theorems 2.33 and 3.8. We use Theorem 0.2 for n ≥ 3 to prove Theorem 0.1 for n < 3.

As usual, let P be the toric monoid associated to a strictly convex rational polyhedral cone σ_P ⊂ A_1(Y )_R which contains the Mori cone NE(Y )_{R≥0} . We have m = P \ {0}. For a monomial ideal I ⊂ P we define

A_I := ⨁ q∈B(Z) R_I · ϑ_q where R_I = k[P ]/I. We take throughout D = D^{can}.

Assumptions 5.1. For any monomial ideal I with √ I = m, the multiplication rule of Theorem 2.38 defines an R_I -algebra structure on A_I , so that A_I ⊗_{RI} R_m = H^0(V_n , O_{Vn} ).

Note we have already shown that Assumptions 5.1 hold if n ≥ 3. Let G ⊂ B(Z) be a finite collection of integer points such that the corresponding functions ϑ_q generate the k-algebra H^0(V_n , O_{Vn} ). (Then the ϑ_q, q ∈ G generate A_I as an R_I -algebra if √ I = m and Assumptions 5.1 hold.) Note for n ≥ 3 we can take for G the points {v_i}, and for n = 1, 2, one can make a simple choice for G, see §5.1.

Lemma 5.2. For any monomial ideal J ⊂ P , ⋂ k>0(J + m^k) = J.

Proof. The inclusion ⊃ is obvious. For the other direction, as the intersection is a monomial ideal, it’s enough to consider a monomial in the intersection. But notice that a monomial is in J + m^k iff it is either in J or in m^k. The result follows since ⋂ m^k = 0. □

Assume 5.1. We let A be the collection of monomial ideals J ⊂ P with the following properties:

(1) There is an R_J -algebra structure on A_J such that the canonical isomorphism of R-modules A_J ⊗_{RJ} R_{I+J} = A_{I+J} is an algebra isomorphism, for all √ I = m.

(2) ϑ_q, q ∈ G generate A_J as an R_J -algebra.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 119

By the lemma, the algebra structure in (1) is unique if it exists. The algebra structure on all A_I determines such a structure on Â := lim←−√_{I=m} A_I , Â_J := lim←−√_{I=m} A_{I+J} . Also, there are canonical inclusions Â ⊂ ∏ q∈B(Z) R̂ · ϑ_q Â_J ⊂ ∏ q∈B(Z) R̂_J · ϑ_q

where R̂, R̂_J are the completions of R, R_J at m, J + m (here the direct products are viewed purely as R̂, R̂_J modules). We can also view

A_J := ⨁ q∈B(Z) R_J · ϑ_q ⊂ ∏ q∈B(Z) R̂_J · ϑ_q.

It is clear that A_J ⊂ Â_J (as submodules of the direct product). Thus (1) holds if and only if the following, (1^′), holds: For each p, q ∈ B(Z), at most finitely many z^C ϑ_s with C ∉ J appear in the product expansion of Theorem 2.38 for ϑ_p · ϑ_q ∈ Â_J .

Lemma 5.3. If J ∈ A and J ⊂ J^′, then J^′ ∈ A. In addition, A is closed under finite intersections.

Proof. The first statement is clear. Now assume J_1, J_2 ∈ A. It’s clear that (1^′) holds for J_1 ∩ J_2, so A_{J1∩J2} is an algebra. Moreover we have an exact sequence of k-modules

0 → A_{J1∩J2} → A_{J1} × A_{J2} → A_{J1+J2} → 0

exhibiting A_{J1∩J2} as the fibred product A_{J1} ×_{AJ1+J2} A_{J2} =: A_1 ×_B A_2 =: A. We now show this fibred product is a finitely generated k-algebra. Indeed, note that since the maps A_1, A_2 → B are surjective, so are the maps A → A_i. Let {u_i} be a generating set for the ideal ker(A_2 → B). Since A_i is Noetherian, one can find a finite such set. Note that ũ_i = (0, u_i) ∈ A. In addition, choose finite sets {x_i}, {y_j} generating A_1 and A_2 as k-algebras. For each of these elements, choose a lift to A, giving a finite set of lifts {ũ_i, x̃_i, ỹ_i}, which we claim generate A. Indeed, given (x, y) ∈ A, one can subtract a polynomial in the x̃_i’s to obtain (0, y^′). Necessarily y^′ ∈ ker(A_2 → B), and hence we can write y^′ = ∑ f_iu_i with f_i a polynomial in the y_i’s. Let f̃_i be the same polynomial in the ỹ_i’s. Then ∑~ f_iũ_i = (0, y^′), showing generation.

Thus A_{J1∩J2} is a also a finitely generated R_{J1∩J2} -algebra. Now the generation statement follows from Lemma 5.4. □

Lemma 5.4. Let I, J ⊂ R be ideals in a Noetherian ring, with I · J = 0, and let S be a finitely generated R-algebra, and R[T_1, . . . , T_m] → S an R-algebra map which is surjective modulo I and J. Then the map is surjective.

120 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Proof. The associated map Spec S → A^m × Spec R is proper, and thus S is a finite R[T_1, . . . , T_m]-module. Now we can apply Nakayama’s lemma. □

Proposition 5.5. There is a unique minimal radical monomial ideal I_{min} ⊂ P such that (1) and (2) hold for any monomial ideal J with I_{min} ⊂ √ J. Proof. Certainly any ideal J with m ⊂ √ J lies in A. Note that a radical monomial ideal is the complement of a union of faces of P , so there are only a finite number of such ideals. Suppose I_1, I_2 are two radical ideals such that J_i ∈ A for any J_i with I_i ⊂ √ J_i. Note that any ideal J with I_1 ∩ I_2 ⊂ √ J can be written as J_1 ∩ J_2, with I_i ⊂ √ J_i. Thus by Lemma 5.3, J ∈ A. This shows the existence of I_{min}. □

Proposition 5.6. Assume 5.1.

(1) Suppose the intersection matrix (D_i · D_j) is not negative semi definite. Then I_{min} = (0) ⊂ k[P ].

(2) Suppose F ⊂ σ_P is a face such that F does not contain the class of some component of D. Then I_{min} ⊂ P \ F .

Proof. We prove both cases simultaneously, writing F := P in case (1). We claim there exists an effective divisor W with support D such that W · D_j > 0 for all D_j contained in F . For case (1), see Lemma 5.9. In case (2), say [D_1] /∈ F . Then we can take W = ∑ a_iD_i where a_1 ≫ a_2 ≫ · · · ≫ a_n > 0.

The algebra structure depends only on the deformation type of (Y, D). By the local Torelli theorem for Looijenga pairs, see [L81], II.2.5, we may replace (Y, D) by a deformation equivalent pair such that any irreducible curve C ⊂ Y intersects D.

Let NE(Y )_{R≥0} ⊂ A_1(Y, R) denote the closure of NE(Y )_{R≥0} . Let F^′ := NE(Y )_{R≥0} ∩F , a face of NE(Y )_{R≥0} . Define Δ = D − ϵW , 0 < ϵ ≪ 1. Then (Y, Δ) is KLT (Kawamata log terminal). We claim K_Y + Δ ∼ −ϵW is negative on F^′ \ {0}. By construction (K_Y + Δ) · D_j < 0 for [D_j ] ∈ F^′ and (K_Y + Δ) · C < 0 for C ⊄ D. Let N be a nef divisor such that F^′ = NE(Y )_{R≥0} ∩ N^⊥. Then aN − (K_Y + Δ) is nef and big for a ≫ 0, and thus some multiple defines a birational morphism g by the basepoint-free theorem [KM98], Theorem 3.3. Thus (K_Y + Δ)^⊥ ∩ F^′ is generated by exceptional curves of g. We deduce that (K_Y +Δ)^⊥ ∩F^′ = {0} and (K_Y +Δ) is negative on F^′ \{0} as claimed. Now by the cone theorem [KM98], Theorem 3.7, NE(Y )_{R≥0} is rational polyhedral near F^′ and there is a contraction p: Y → Ȳ such that F^′ is generated by the classes of curves contracted by p. It follows that we can find NE(Y )_{R≥0} ⊂ σ_P ′ ⊂ σ_P such that F^′ is a face of σ_P ′ . Now the algebra structure for P comes from P^′ by base extension, so (replacing P by P^′) we can assume F = F^′, and thus that W is positive on F \ {0}.

Now let J be a monomial ideal with √ J = P \ F . Consider condition (1^′). By the T^D-equivariance of Theorem 3.43, any z^C ϑ_s that appears in ϑ_p · ϑ_q has the same weight

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 121

for T^D. Thus it is enough to show that the map w : B(Z) × (P \ J) → χ(T^D), (q, C) → w(q) + w(C) has finite fibres. It is enough to consider fibres of σ(Z) × (P \ J) → χ(T^D) for each σ ∈ Σ_{max}. Note that σ(Z) × P is the set of integral points of a rational polyhedral cone, and w is linear on this set. Thus it is enough to check that ker(w) ∩ F = 0. So suppose we have q ∈ σ(Z), C ∈ F with w(q) + w(C) = 0. Say σ = σ_{i,i+1}. Then q = av_i + bv_{i+1}, for a, b ∈ Z_{≥0}. We have

w(q) + w(C) = ae_{Di} + be_{Di+1} + ∑ j (C · D_j)e_{Dj} ; thus if this is zero, we have C · D_j ≤ 0 for all j. In particular, W · C ≤ 0. Since W is positive on F \ {0}, C = 0. Now necessarily a = b = q = 0. This proves (1^′).

For (2), let A^′_J ⊂ A_J be the subalgebra generated by the ϑ_q, q ∈ G. Fix a weight w ∈ χ(T ). To show A^′_J = A_J it is enough to show that each of the finitely many z^C ϑ_q ∈ A_J , with (q, C) ∈ B(Z) × (P \ J) of weight w lies in A^′_J (since the z^C ϑ_q give a k-basis of A_J ). We argue by decreasing induction on ord_m(C) (see Definition 2.26). Since the set of possible (q, C) is finite, there is an upper bound on the possible ord_m’s. so the claim is vacuously true for large ord_m. Consider z^C ·ϑ_p, with ord_m(C) = h. Since the ϑ_q generate A_J modulo m, we can find a ∈ A^′_J such that

ϑ_p = a + m

with m ∈ m · A_J . Moreover, we can assume a, and thus m, is homogeneous for the T^D action. Now z^C ϑ_p = z^C a + z^C m.

Clearly z^C m is a sum of terms z^Dϑ_q of weight w and ord_m(D) > h, so z^C m ∈ A^′_J by induction. □

Remark 5.7. Suppose p: Y → Ȳ is a contraction such that some component of D is not contracted by p. Let F be the face of NE(Y )_{R≥0} generated by classes of curves contracted by p. Then NE(Y )_{R≥0} is rational polyhedral near F . (This follows from the cone theorem, cf. the proof of Proposition 5.6.) In particular there exists a rational polyhedral cone σ_P ⊂ A_1(Y, R) such that NE(Y )_{R≥0} ⊂ σ_P and σ_P coincides with NE(Y )_{R≥0} near F .

Corollary 5.8. Theorem 0.2 holds for n ≥ 3.

Proof. Immediate from Proposition 5.6. □

122 MARK GROSS, PAUL HACKING, AND SEAN KEEL

5.1. Proof of Theorems 0.1 and 0.2 for n < 3. If n ≤ 2, let p : (Y^′, D^′) → (Y, D) be a toric blowup with n^′ ≥ 3. We can find a strictly convex rational polyhedral cone σ_P ′ with NE(Y^′)_{R≥0} ⊂ σ_P ′ ⊂ A_1(Y^′)_R which has a face F spanned by the p-exceptional curves, and which surjects onto σ_P ⊂ A_1(Y )_R. For any monomial ideal I ⊂ P with √ I = m, let J ⊂ P^′ be the inverse image. Then √ J is the prime monomial ideal associated to the face F . Since the exceptional curves are a proper subset of D^′ we have √ J ∈ A(Y^′) by Proposition 5.6.

Now restrict the family X_J → Spec k[P^′]/J to Spec k[P ]/I ⊂ Spec k[P^′]/J (induced by the surjection P^′ → P ). This gives an algebra structure on

A_I := ⨁ q∈B(Z) (k[P ]/I)ϑ_q. We claim this is precisely the algebra described by Theorem 2.38. The argument is just as in the proof of Proposition 3.12: We have B_{(Y} ′_{,D}′_) = B_{(Y,D)} and for η : k[NE(Y^′)] → k[NE(Y )] the natural surjection (induced by p_∗ : A_1(Y^′) → A_1(Y )), η(D^{can}) = D^{can} (i.e. the rays are the same, and we apply p_∗ to the decoration function). This does not literally give a bijection on broken lines (because different monomials in the decoration of a ray in D^{can}_{(Y} ′_{,D}′_) could map to the same monomial under p_∗). However, by Equation (3.4), with z a point close to q, ∑ (γ_1,γ_2) Limits(γ_i)=(q_i,z) s(γ_1)+s(γ_2)=q

c(γ_1)c(γ_2) = ∑ (γ_1 ,γ_2) Limits(γ_i)=(q_i,z) s(γ_1)+s(γ_2 )=q η ∑ η(γ^′_1 )=γ_1

c(γ^′_1) η ∑ η(γ^′_2 )=γ_2

c(γ^′_2)

= η ∑ (γ^′_1,γ^′_2) Limits(γ^′_i )=(q_i,z) s(γ^′_1)+s(γ^′_2)=q

c(γ^′_1)c(γ^′_2)

which implies the claim.

Now to complete the proof we need to check that the the fibre over the zero stratum of Spec k[P ] is V_n . We check this directly using the algebra structure. We will do the case of n = 1, as n = 2 is similar (and simpler). We cut B = B_{(Y,D)} along the unique ray ρ ∈ Σ, and consider the image under the developing map of the complement. This is a strictly convex rational cone in R^2 . Let w, w^′ be the primitive generators of the two boundary ray. Modulo m the decoration on every scattering ray is trivial, so every broken line is straight. Moreover, no line can cross ρ (or the attached monomial

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 123

becomes trivial by the strict convexity of φ). Now it follows for any x ∈ B(R) \ ρ and any q ∈ (B \ ρ)(Z) there is a unique (straight) broken line with Limits = (q, x), while there are exactly two (straight) broken lines with Limits = (v, x), v = v_1 — under the developing map these become two distinct straight lines with directions w, w^′. Performing a toric blowup of (Y, D) to get n^′ = 3 can be accomplished by subdividing the cone generated by w and w^′ along the rays generated by w + w^′ and 2w + w^′. Then by Theorem 0.2 in the case n = 3, we see that A_m is generated over k by ϑ_v = ϑ_w = ϑ_w′ , ϑ_{w+w}′ , ϑ_{2w+w}′ where we abuse notation and use the same symbol for an integer point in the convex cone generated by w and w^′, and the corresponding point in B(Z). Now applying the multiplication rule of Theorem 2.38 one checks easily the equalities: ϑ^2_v = ϑ_{w+w}′ + ϑ_{2v} ϑ_v · ϑ_{w+w}′ = ϑ_{2w+w}′ + ϑ_{w+2w}′ ϑ_{2w+w}′ · ϑ_{w+2w}′ = ϑ_{3w+3w}′ = ϑ^3_{w+w}′ . It follows that ϑ_{2w+w}′ · ϑ_v · ϑ_{w+w}′ = ϑ^2_{w+w}′ + ϑ^3_{w+w}′ and thus A_m = k[x, y, z]/(xyz − x^2 − z^3), which is isomorphic to the ring of sections ⨁ m≥0 H^0(C, O(m))

for a line bundle O(1) of degree one on an irreducible rational nodal curve C of arithmetic genus 1. Thus Spec A_m = V_1 . □ Now Theorems 0.1 and 0.2 holds for all n by Proposition 5.6.

5.2. D positive.

Lemma 5.9. The following are equivalent for a Looijenga pair (Y, D):

(1.1) There exist integers a_1, . . . , a_n such that ( ∑ a_iD_i)^2 > 0.

(1.2) There exist positive integers b_1, . . . , b_n such that ( ∑ b_iD_i) · D_j > 0 for all j.

(1.3) Y \ D is the minimal resolution of an affine surface with (at worst) Du Val singularities.

(1.4) There exist 0 < c_i < 1 such that −(K_Y + ∑ c_iD_i) is nef and big.

If any of the above equivalent conditions hold, then so do the following:

(2.1) The Mori cone NE(Y )_{R≥0} is rational polyhedral, generated by finitely many classes of rational curves. Every nef line bundle on Y is semi-ample.

(2.2) The subgroup G of Aut(Pic(Y ), ⟨·, ·⟩) fixing the classes [D_i] is finite. (2.3) The union R ⊂ Y of all curves disjoint from D is contractible.

124 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Proof. We have

K_Y + ∑ c_iD_i = (K_Y + D) − ∑ (1 − c_i)D_i = − ∑ (1 − c_i)D_i

so (1.2) and (1.4) are equivalent, and (1.2) obviously implies (1.1).

If (1.1) holds then (D^⊥, ⟨·, ·⟩) is negative definite, by the Hodge Index Theorem, and this implies (2.2) and (2.3).

Suppose (1.4) holds. By the basepoint-free theorem [KM98], 3.3, the linear system |m( ∑ b_iD_i)| = | − m(K_Y + ∑ c_iD_i)| defines a birational morphism for m ∈ N sufficiently large, with exceptional locus the union R of curves disjoint from D. Adjunction shows R is a contractible configuration of (−2)-curves, which gives (1.3). (2.1) follows from the cone theorem [KM98], 3.7.

We show (1.1) implies (1.2). By the Riemann–Roch theorem, if W is a Weil divisor (on any smooth surface) and W^2 > 0 then either W or −W is big (i.e., the rational map given by |nW | is birational for sufficiently large n). So, possibly replacing the divisor by its negative, we may assume W = ∑ a_iD_i is big. Write

W^′ = ∑ a_i>0 a_iD_i = W + ∑ −a_i>0 (−a_i)D_i. Thus W^′ is big, and replacing W by nW^′, we may assume all a_i ≥ 0 and |W | defines a birational (rational) map. Subtracting off the divisorial base-locus (which does not affect the rational map) we may further assume the base locus is at most zero dimensional. Now W = ∑ b_iD_i is effective, nef and big, and supported on D. We show we may assume that in addition b_i > 0 and W · D_i > 0 for each i. If W · D_i > 0, then we may assume b_i > 0 (by adding ϵD_i to W if necessary). Now consider the set S ⊂ {1, . . . , n} of components D_i of D such that W · D_i = 0. By connectedness of D we find b_i > 0 for each i ∈ S. Thus Supp(W ) = D. By the Hodge index theorem the intersection matrix (D_i · D_j )_{i,j∈S} is negative definite. Hence there exists a linear combination E = ∑ i∈S α_iD_i, with α_i ∈ Z_{>0} for each i ∈ S, such that E · D_i < 0 for each i ∈ S. Now replacing W by W − ϵE, we obtain W · D_i > 0 for each i = 1, . . . , n.

Finally we show (1.3) implies (1.1). Since U is affine, we have U = Y^′ \ D^′ where Y^′ is a normal projective surface and D^′ is a Weil divisor such that D^′ is the support of an ample divisor A. Let π : Ỹ → Y^′ be a resolution of singularities such that π is an isomorphism over U and the inclusion U ⊂ Y extends to a birational morphism f : Ỹ → Y . Let D̃ be the inverse image of D^′ under π, so Ỹ \ D̃ = Y^′ \ D^′ = U. The divisor π^∗A has support D̃. So we can write π^∗A = f^∗( ∑ a_iD_i)+ ∑ μ_j E_j where the E_j are the f-exceptional curves and a_i, μ_j ∈ Z. Then ( ∑ a_iD_i)^2 ≥ (π^∗A)^2 = A^2 > 0. □

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 125

Corollary 5.10. Let (Y, D) be a Looijenga pair satisfying any of the equivalent conditions of Lemma 5.9. Let P = NE(Y ). The multiplication rule Theorem 2.38 determines a finitely generated T^D-equivariant R = k[P ]-algebra structure on the free R-module A = ⨁ q∈B(Z) R · ϑ_q. Furthermore, Spec A → Spec R is a flat affine family of Gorenstein SLC surfaces with central fibre V_n , and smooth generic fibre. Any collection of ϑ_q whose restrictions generate A/m = H^0(V_n , O_{Vn} ) generate A as an R-algebra. In particular the ϑ_{vi} generate for n ≥ 3.

Proof. Everything but the singularity statement follows from Theorem 0.2. The Gorenstein SLC locus in the base is open, and T^D-equivariant. By the positivity there is a one parameter subgroup G_m ⊂ T^D so that the torus fixed point 0 ∈ Spec R is in the closure of every orbit. Thus the locus is all of Spec R. □

In Part II we will prove that when D is positive, our mirror family admits a canonical fibrewise T^D-equivariant compactification X ⊂ (Z, D). The restriction (Z, D) → T_Y comes with a trivialization D^∼→ D_∗ × T_Y . We will show that (Z, D) is the universal family of Looijenga pairs (Z, D_Z ) deformation equivalent to (Y, D) together with a choice of isomorphism D_Z^∼→ D_∗. Now for any positive pair (Z, D_Z ) together with a choice of isomorphism ϕ: D_Z^∼→ D_∗, our construction equips the complement U = Z \D_Z with canonical theta functions ϑ_q, q ∈ B_{(Z,D)}(Z). We will give a characterisation in terms of the intrinsic geometry of (Z, D_Z ). Changing the choice of isomorphism ϕ changes ϑ_q by a character of T^D = Aut^0(D_∗), the identity component of Aut(D_∗). Here we illustrate with two examples:

Example 5.11. Consider first the case (Y, D) a 5-cycle of (−1)-curves on the (unique) degree 5 del Pezzo surface, Example 3.7. In this case T^D = T_Y = Pic(Y ) ⊗_Z G_m , and thus by the T^D-equivariance, all fibres of the restriction X → T_Y are isomorphic. We consider the fibre over the identity e ∈ T_Y , thus specializing the equations of Example 3.7 by setting all z^{Di} = 1. It’s well known that these equations define an embedding of the original Y \D into A^5 — if we take the closure in P^5 (for the standard compactification A^5 ⊂ P^5) one checks easily we obtain Y with D the hyperplane section at infinity.

Now it is easy to compute the zeroes and poles:

(ϑ_{vi} ) = E_i + D_i − D_{i+2} − D_{i−2}

(indices mod 5). In particular {ϑ_{vi} = 0} = E_i ∩ U ⊂ U, which characterizes ϑ_{vi} up to scaling.

126 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Example 5.12. Now let (Y, D = D_1 + D_2 + D_3) be (the deformation type of) a cubic surface together with a triangle of lines. Let X ⊂ Spec(k[NE(Y )])×A^3 be the canonical embedding given by ϑ_i := ϑ_{vi} , i = 1, 2, 3. We will show in Part II that this is given by the equation

ϑ_1ϑ_2ϑ_3 = ∑ i z^{Di} ϑ^2_i + ∑ i ( ∑ j z^{Eij} ) z^{Di} ϑ_i + ∑ π z^{π∗H} + 4z^{D1+D2+D3} . Here the E_{ij} are the interior (−1)-curves meeting D_i, and the sum over π is the sum over all possible toric models π : Y → Ȳ of (Y, D) to a pair (Ȳ , D̄) isomorphic to P^2 with its toric boundary. (Such π are permuted simply transitively by the Weyl group W (D_4) by [L81], Prop. 4.5, p. 283.) The same family, in the same canonical coordinates, was discovered by Oblomkov [Ob04]. As we learned from Dolgachev, after a change of variables (in A^3 ), and restricting to T_Y (the locus over which the fibers have at worst Du Val singularities) this is identified with the universal family of affine cubic surfaces (the complement to a triangle of lines on projective cubic surface) constructed by Cayley in [C1869]. The universal family of cubic surfaces with triangle is obtained as the closure in A^3 ⊂ P^3. In particular, as in the first example, our mirror family compactifies naturally to the universal family of Looijenga pairs deformation equivalent to the original (Y, D). There is again a geometric characterisation of ϑ_i (up to scaling): The linear system | − K_Y − D_i| = |D_j + D_k| (here {i, j, k} = {1, 2, 3}) is a basepoint free pencil. It defines a ruling π : Y → P^1 which restricts to a double cover D_i → P^1. Let {a, b} ⊂ P^1 be the branch points of π|_{Di} . Let p = π(D_j +D_k) ∈ P^1. There is a unique point q ∈ P^1 \ {a, b, p} fixed by the unique involution of P^1 interchanging a and b and fixing p. Let Q = π^∗(q) ∈ |D_j + D_k| be the corresponding divisor. The curve Q ⊂ P^3 is a smooth conic. In Part II we will show

Proposition 5.13. (ϑ_i) = Q − D_j − D_k.

5.3. Relation to cluster varieties. Fock and Goncharov define a (rational) birational automorphism h : T T of a split algebraic torus to be positive if the pullback of any character is a ratio of Laurent polynomials with positive integer coefficients. A positive atlas W is a collection of (rational) birational isomorphisms T W such that the transition functions h : T T are positive. They then point out two flavors X , A of cluster varieties which are examples. We refer to [FG09] for the definition of cluster variety and precise statements. We write U(W) for the affine closure (that is, the spectrum of the global sections of the structure sheaf) of the scheme over Z obtained by glueing together the tori in the atlas.

Note that a split torus has a nowhere vanishing top degree form Ω canonical up to sign, namely dlog(x_1) ∧ · · · ∧ dlog(x_n) for a basis x_1, . . . , x_n of characters. We observe:

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 127

Lemma 5.14. U(W) is an affine log Calabi Yau variety, that is, has a nowhere vanishing top degree form with log poles at infinity, unique up to scaling. Proof. The tori cover U up to a codimension two subset. It is immediate from the explicit formulae for cluster transformation, [FG09],(13),(14) that the canonical forms Ω agree up to sign. It follows that they extend to a nowhere vanishing form on U. Uniqueness follows from the same statement on a torus. □

Fock and Goncharov define the tropical points W(Z^t) of any positive atlas and observe that each chart canonically g : T W identifies W(Z^t) with the lattice of co-characters of T . They associate to each seed i (a certain combinatorial object introduced by Fomin and Zelevinsky) a pair of positive atlases A_i, X_i. Each seed has a natural Langlands dual i^∨. They conjecture a remarkable duality. A universally positive Laurent polynomial means a regular function on U which in each toric chart is a Laurent polynomial with positive integer coefficients. These form a semi-group under addition. Let E (W) be the set of minimal elements. They conjecture there is a natural bijection A_i(Z^t) → E (X_i∨ ), and moreover that E (X_i∨ ) gives a Z-basis of H^0(U(X_i∨ ), O). We believe this is a special case of our Conjecture 0.8.

We note first that their tropical points are canonically identified with our (weighted) log canonical centers B(Z) of §0.4. This is immediate from the definitions: B(Z) is a birational invariant of the form Ω and so can be computed on any of the toric charts; for a torus B(Z) is the lattice of co-characters. We believe that the U(A_i) and U(X_i∨ ) are mirror Calabi-Yau varieties and under the identification A_i(Z^t) = B(Z) our theta functions ϑ_q give the minimal generators of the semi-group E (X_i∨ ).

Thus we believe that our theta functions give a natural generalisation of the Fock– Goncharov minimal universally positive Laurent polynomials to any affine Calabi-Yau with maximal boundary (recall this means that B has the maximal possible dimension d = dim(U)), moreover that the multiplication rule for the generators is governed by counts of rational curves, according to the formula of Conjecture 0.8. We note this will include non-rational examples, which of course have no torus charts.

We have checked that this is true for the three cluster surfaces of finite type – associated to A_2, B_2 and G_2. The A_2 case is Example 5.11.

Example 5.12 is also an instance. In this case the total space of our deformation is the Fock-Goncharov cluster variety X_{PGL2,S} , parameterizing PGL_2-local systems on the surface S given by the 2-sphere with 4 punctures (more precisely, X_{PGL2,S} = X /T^D, the quotient of our total space by the relative torus T^D). In this case (by Fock–Goncharov) A(Z^t) = B(Z) is the space of integral A-laminations of S, which are (weighted) isotopy classes of simple loops in S. We have checked that under the correspondence our ϑ_q gives the trace of the monodromy transformation for the corresponding loop. Note we

128 MARK GROSS, PAUL HACKING, AND SEAN KEEL

now have several quite different interpretations for ϑ_q: The current view as a trace function on a moduli space of local systems, the interpretation in terms of classical geometry of a cubic surface, Example 5.12, as functions arising from areas of holomorphic discs in the SYZ picture of mirror symmetry as in (0.6), or the tropical version of discs via broken lines, Theorem 0.7, and finally a (speculative) Floer theoretic incarnation via our Conjecture 0.8.

6. Deformations of cyclic quotient singularities

In this section we describe the deformation theory of surface cyclic quotient singularities using a variant of our construction. The deformation theory of these singularities is now completely understood and has a beautiful and intricate structure. A key advance was obtained by Kollár and Shepherd-Barron [KSB88]. They showed that the irreducible components of the deformation space are in bijective correspondence with certain partial resolutions of the singularity, dubbed P -resolutions. J. Stevens obtained an explicit description of all P -resolutions and the deformation associated to each P -resolution [S91].

Our construction in this case is much easier than in the proof of Theorem 0.1 because, roughly speaking, there is no “scattering”, see Remark 6.2. So we are able to prove versality results for our deformations. We also obtain a geometric interpretation of Stevens’ combinatorial description of P -resolutions given by a real 2-torus fibration of the Milnor fiber.

Remark 6.1. More recently, Lisca obtained a classification of the Stein symplectic fillings of the link of the cyclic quotient singularity (a lens space) up to diffeomorphism [L08]. He conjectured that all such fillings arise as the Milnor fiber of a smoothing of the singularity. Lisca’s conjecture was verified by Némethi and Popescu-Pampu [NPP10]. This establishes a bijective correspondence between components of the deformation space of the singularity and Stein symplectic fillings of its link up to diffeomorphism. It would be very interesting to establish an analogous correspondence for cusp singularities.

In this section, we use the notation A^m /^1_r (a_1, . . . , a_m) or just^1_r (a_1, . . . , a_m) to denote the cyclic quotient singularity A^m /μ_r, μ_r ∋ ζ : (x_1, . . . , x_m) → (ζ^{a1} x_1, . . . , ζ^{am} x_m). 6.1. Construction of the deformation. Let Ȳ be a smooth quasiprojective toric surface admitting a toric proper morphism f̄ : Ȳ → A^1 . Thus the fan Σ̄ of Ȳ has support a half-plane and the morphism f̄ corresponds to the linear projection |Σ̄| → R_{≥0} . Let D̄ be the toric boundary of Ȳ . Then D̄ is a chain of curves D̄ = D̄_0 + D̄_1 +

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 129

· · · + D̄_n + D̄_{n+1} where D̄_0, D̄_{n+1} are sections of f̄ and D̄_1 + · · · + D̄_n is the reduction of the fiber of f̄ over 0 ∈ A^1 . Fix integers l_1, . . . , l_n ∈ Z_{≥0}. Let π : Y → Ȳ be the blowup of Ȳ at distinct points x_{ij} in the interior of the boundary divisor D̄_i for each 1 ≤ i ≤ n and 1 ≤ j ≤ l_i. Let E_{ij} denote the exceptional curve of π over x_{ij} and f : Y → A^1 the composition f = f̄ ∘ π. Let D = D_0 + · · · + D_{n+1} denote the strict transform of the boundary D̄ of Ȳ . Then K_Y + D = 0.

Let P = NE(Y/A^1 ) be the monoid of classes of curves contracted by f : Y → A^1 . Explicitly, P = N^{n+∑ li} , generated by D_1, . . . , D_n and the π-exceptional curves E_{ij} . Thus S := Spec k[P ] = A^{n+∑ li} with coordinates z^{Di} , 1 ≤ i ≤ n and the z^{Eij} .

Define S_n := A^2_{x0 ,x1} ∪ · · · ∪ A^2_{xn ,xn+1} ⊂ A^{n+2}_{x0 ,...,xn+1} , the union of a chain of n + 1 coordinate planes in A^{n+2} . Let B_n ⊂ S_n denote the union A^1_{x0} ∪ A^1_{xn+1} of coordinate lines, a closed subscheme of codimension 1. We construct a deformation of the pair (S_n, B_n ) over Spec k[P ] associated to (Y, D).

We define a singular integral affine manifold with boundary (B, ∂B) together with a subdivision Σ into cones associated to (Y, D) as in §1.1. Thus B is a union of 2- dimensional convex cones σ_{0,1}, . . . , σ_{n,n+1} corresponding to the nodes of D, glued along rays ρ_1, . . . , ρ_n corresponding to the proper components D_1, . . . , D_n of D, and B has boundary ∂B the union of the two rays ρ_0, ρ_{n+1} corresponding to the affine components D_0, D_{n+1} of D. The integral affine structure on B is defined by declaring each cone σ_{i,i+1} to be integral affine isomorphic to the positive quadrant in R^2 , and defining the integral affine structure on the union σ_{i−1,i} ∪ σ_{i,i+1} of two adjacent cones using the self-intersection number D^2_i as in §1.1. Writing B_0 := B \ {0} and ∂B_0 := ∂B \ {0}, the pair (B_0, ∂B_0) is an integral affine manifold with boundary in the obvious sense. We write Σ for the polyhedral subdivision of B given by the cones {0}, ρ_i, and σ_{i,i+1}.

The developing map identifies B with a convex cone σ in M_R ≃ R^2 . If π is an isomorphism then σ is a half-plane and Σ can be identified with Σ̄, otherwise σ is strictly convex. Let v_i ∈ M denote the primitive generator of ρ_i for i = 0, . . . , n + 1.

As explained in §0.6.2, the toric model π : Y → Ȳ corresponds to a deformation of the singular integral affine manifold with boundary (B, ∂B) to the integral affine manifold with boundary (B̄, ∂B̄) given by the support |Σ̄| of the fan of Ȳ . This deformation is obtained by moving l_i singularities of type I_1 with invariant direction ρ_i from 0 ∈ B to infinity along the ray ρ_i, for each i = 1, . . . , n. Let ν : B → B̄ denote the induced piecewise linear identification.

Let φ: B → P^{gp} denote the P -convex Σ-piecewise linear function defined (up to a linear function) by p_{ρi} = D_i for i = 1, . . . , n. Let D denote the scattering diagram on

130 MARK GROSS, PAUL HACKING, AND SEAN KEEL

B with rays

d_i = (ρ_i, f_i = l_i∏

j=1 (1 + z^{Eij} z^{(−vi ,−φ(vi))})), i = 1, . . . , n. Remark 6.2. Compare with the similar diagram D̄_0 of (3.6) used in the proof of Theorem 0.1. In that case D̄_0 is only the input to the Kontsevich-Soibelman lemma, Theorem 3.24, while the diagram we use for the construction, D^{can}, is obtained using the complicated scattering process via ν(D^{can}) = D̄ = Scatter(D̄_0). The present case is vastly simpler: B̄ ⊂ M_R is a half-space, and so any outgoing ray obtained by the scattering process applied to D̄_0 := ν(D) lies in the opposite half-space. (In general, if the incoming rays are contained in a convex cone C ⊂ B̄ ⊂ M_R, then the outgoing rays generated by the scattering process lie in the opposite cone −C ⊂ M_R. This follows easily from the proof of the Kontsevich Soibelman lemma.) So restricting to B̄ we obtain D̄ := Scatter(D̄_0)|¯_B = D̄_0. Alternatively, because Y is proper over A^1 , the only A^1 -classes are the E_{ij} , and thus D^{can} = D.

Let Ŝ denote Spf ^k[P ], the formal spectrum of the completion of k[P ] at the maximal monomial ideal m = P \ {0}. We construct a formal deformation X̂/Ŝ of S_n over Ŝ by modifying the Mumford deformation determined by φ using the scattering diagram D as in §2. We now spell this out explicitly.

Let U_i = (x_i ≠ 0) ⊂ S_n for i = 0, . . . , n + 1. Thus U_i = V (x_{i−1}x_{i+1}) ⊂ A^2_{xi−1 ,xi+1} × G_{m,xi} for i = 1, . . . , n and U_0 = A^1_{x1} × G_{m,x0} , U_{n+1} = A^1_{xn} × G_{m,xn+1} .

Note that ⋃ U_i = S^o_n := S_n \ {0} and U_i ∩ U_{i+1} = G^2_{m,xi ,xi+1} , U_i ∩ U_j = ∅ for |i − j| > 1. We define deformations U_i/S of U_i over S as follows:

U_i = V ( x_{i−1}x_{i+1} − z^{Di} x^{−D2i}_i ∏ (1 + z^{Eij} x^{−1}_i ) ) ⊂ A^2_{xi−1 ,xi+1} ×G_{m,xi} ×S for 1 ≤ i ≤ n, U_i = U_i × S for i = 0, n + 1.

Let Û_i/Ŝ denote the restrictions to Ŝ := Spf ^k[P ]. We glue the deformations U_i by identifying the open sets Û_i ⊃ (x_{i+1} ≠ 0) = G^2_{m,xi ,xi+1} × Ŝ

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 131 and Û_{i+1} ⊃ (x_i ≠ 0) = G^2_{m,xi ,xi+1} × Ŝ

via the identity map on G^2_{m,xi ,xi+1} × Ŝ, for i = 0, . . . , n. Note that the gluings are purely toric because the only scattering rays are the rays ρ_i, i = 1, . . . , n, of Σ, and the associated automorphisms have been incorporated into the definition of the open sets U_i as in Construction 2.18. As before, there is no compatibility condition for the gluing because there are no triple overlaps of the open sets U_i. Write Û_{i,i+1} := Û_i ∩ Û_{i+1} = G^2_{m,xi ,xi+1} × Ŝ. In the coordinate free notation of §2, letting I ⊂ P be a monomial ideal such that √ I = m and using the subscript I to denote restriction to Spec(k[P ]/I), we have U_{i,i+1,I} = Spec R_{ρi,σi,i+1,I} = Spec R_{ρi+1,σi,i+1,I} = Spec R_{σi,i+1 ,σi,i+1,I} , x_j = z^{(vj ,φ(vj ))} ∈ R_{σi,i+1,σi,i+1,I} for j = i, i + 1, U_{i,I} = Spec(R_{ρi,I} ) = Spec(R_{ρi,σi−1,i,I} ×_{(Rρi,ρi,I )fi} R_{ρi,σi,i+1,I} ) for i = 1, . . . , n, and U_{0,I} = Spec(R_{ρ0,σ0,1,I} ), U_{n,I} = Spec(R_{ρn+1,σn,n+1,I} ). We thus obtain a formal deformation X̂^o/Ŝ of S^o_n over Ŝ. We define a formal scheme X̂/Ŝ by O_{X̂} := i_∗O_{X̂o} where i denotes the inclusion So_n ⊂ S_n. We explain below that the coordinates x_i lift to global sections ϑ_{vi} ∈ Γ(X̂^o, O_{X̂}o ). Thus by Lemma 2.34, X̂/Ŝ is a formal deformation of S_n over Ŝ.

Let q ∈ B_0(Z) and Q ∈ B \∂B. We define broken lines γ in B_0 for q with endpoint Q as before (see Definition 2.22). For Q lying in the interior of σ_{i,i+1} we have Lift_Q(q) := ∑ γ Mono(γ) ∈ Γ(Û_{i,i+1}, O_{X̂}o ). We assert that the Lift_Q(q) for varying Q patch to define a lift ϑ_q ∈ Γ(X̂^o, O_{X̂}o ) of z^q ∈ Γ(X, O_X ) = k[Σ]. In §3.2 the analogous statement was established by analyzing the behaviour of broken lines as the endpoint Q varies. The difficulty is entirely due to limits of broken lines passing through the singular point 0 ∈ B. In the present case this cannot happen by Lemma 6.3 below. Indeed, if γ is a broken line in B_0 with endpoint Q and ζ : [0, 1] → B \ ∂B is a path from Q to Q^′ which does not pass through a ray at which γ bends, then we can deform γ to a family Γ = {Γ_s} of broken lines in B_0 with endpoints ζ(s) obtained by applying a homothety and either truncating γ or extending the final segment linearly.

Lemma 6.3. Let γ be a broken line in B_0 for q with endpoint Q. Then the ray ρ ⊂ M_R in the direction of the final segment of γ is not contained in the interior of σ, and if ρ coincides with one of the edges ρ_0, ρ_{n+1} of σ then R_{≥0} q coincides with the other edge.

132 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Proof. The broken line γ is convex when viewed from the origin 0 ∈ B (because all rays in the scattering diagram D are outgoing rays). Consider the piecewise linear path γ̂ ⊂ B obtained by extending the final segment of γ as far as possible. We must show that γ̂ either meets the boundary of B or its final segment is parallel to one of the edges ρ_0, ρ_{n+1} of B. We may assume that the bend in γ at each ray ρ_i is as large as possible, that is, the change in the primitive integral tangent vector v is given by v → v + l_i|v_i ∧ v|v_i. Then ν(γ̂) ⊂ B̄ is a straight line in the half-space B̄ ⊂ M_R. Thus either γ̂ meets the boundary of B or both its incoming and outgoing unbounded segments are parallel to an edge of B. □

The global function ϑ_q for q = av_i +bv_{i+1} ∈ σ_{i,i+1} ∩B_0(Z) is given by z^{(q,φ(q))} = x^a_i x^b_{i+1} on U_{i,i+1} (because the only broken line for q with endpoint Q in the interior of σ_{i,i+1} is given by the ray Q + R_{≥0} · q). (We remark that the analogous statement is not true in general in the case (Y, D) proper, because broken lines can “wrap around” the origin 0 ∈ B.) Write x_i := ϑ_{vi} .

Next we verify that the formal deformation X̂/Ŝ is algebraic. As in §5 this follows because the formal deformation admits a G_m -action with positive weights on Γ(X̂, O_{X̂} ): The torus T^D = G^{n+2}_m acts on X̂ ⊂ A^{n+2}_{x0 ,...,xn+1} × Ŝ via T^D ∋ t = (t_0, . . . , t_{n+1}): x_i → t_i · x_i, z^β → (∏ t^{Di·β}_i ) · z^β. There exists a linear combination A = ∑ α_iD_i, such that α_i > 0 for all i and A is f-ample. Write R̂ := Γ(O_{X̂} ) and let R_m ⊂ R̂ denote the homogeneous elements of weight m for the one-parameter subgroup G_m → T^D corresponding to A. Then R_0 = k, R := ⨁ m≥0 R_m ⊂ R̂ is the k[P ]-subalgebra generated by x_0, . . . , x_{n+1}, and R̂ is the completion of R with respect to the torus invariant maximal ideal m ⊂ k[P ]. Thus the formal deformation X̂/Ŝ extends (uniquely) to an T^D-equivariant algebraic deformation X/S, given by X = Spec R.

In fact, due to the finiteness of broken lines on B for D, the lifts ϑ_q are algebraic functions on the open patches U_i and we have the following more precise statement. The open embeddings Û_i ⊂ X̂ over Ŝ extend uniquely to T^D-equivariant open embeddings U_i ⊂ X over S. Moreover U_i = (x_i ≠ 0) ⊂ X ⊂ A^n_{x0 ,...,xn+1} × S, so ⋃ U_i = X^o := X \ {0} × S. The coordinate ring R = Γ(X, O_X ) is a free k[P ]-module with basis ϑ_q for q ∈ B(Z) (as usual we define ϑ_0 = 1). Let I ⊂ R be the (free) k[P ]-submodule generated by ϑ_q for q ∈ B(Z) \ ∂B. Using the last clause of Lemma 6.3, we see that I is an ideal of R. The ideal I defines a closed subscheme C ⊂ X/S of codimension one, flat over S, with special fiber C_0 = B_n ⊂ X_0 = S_n the union of the coordinate lines A^1_{x0} , A^1_{xn+1}

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 133

corresponding to the edges ρ_0, ρ_{n+1} of B. We remark that K_X + C = 0, but neither C nor K_X is Q-Cartier for n > 1.

The product of permutation groups W := S_{l1} × · · · × S_{ln} acts on S by permuting the z^{Eij} , and this action lifts to (X, C)/S.

Now suppose that π is not an isomorphism, so that D_1 +· · ·+D_n is negative definite. Let p: Y → Y^′ denote the contraction of D_1 + · · · + D_n. Then D_1 + · · · + D_n contracts to a cyclic quotient singularity q ∈ Y^′ isomorphic to 0 ∈ Spec k[σ^∨ ∩ N].

Let S_p ⊂ S be the toric stratum of S associated to the contraction p. The restriction of the family (X, C)/S to S_p is a purely toric deformation with general fiber Z := Spec k[σ ∩ M], the dual cyclic quotient singularity to q ∈ Y^′, together with its toric boundary.

Let S^′ denote a W -invariant transverse slice to S_p. Explicitly, S_p ⊂ S is the coordinate subspace A^n_{zD1 ,...,zDn} and we may take

S^′ = V (z^{D1} − 1, · · · , z^{Dn} − 1) = A ∑ l_i {z^{Eij} }. Let (X^′, C^′)/S^′ denote the restriction of (X, C)/S to S^′. Thus (X^′, C^′)/(0 ∈ S^′) is a deformation of the cyclic quotient singularity Z together with its toric boundary.

6.2. P -resolutions and deformations. Let p ∈ V be a normal surface singularity such that K_V is Q -Cartier. Let N be the index of p ∈ V , that is, NK_V is Cartier at p and N ∈ Z_{>0} is minimal with this property. Then the index one cover of p ∈ V is the μ_N Galois cover q : W → V given by

W = Spec_V (O_V ⊕ O_V (K_V ) ⊕ · · · ⊕ O_V ((N − 1)K_V )),

where the multiplication on q_∗O_W is defined by choosing an isomorphism O_V (NK_V )^∼→ O_V . We say a deformation V/(0 ∈ S) of V is Q -Gorenstein if it is induced by an equivariant deformation of the index one cover. (If p ∈ V is a quotient singularity and 0 ∈ S is a smooth curve germ this is equivalent to requiring that K_V is Q-Cartier.)

A quotient singularity is said to be of class T if it admits a Q-Gorenstein smoothing. The quotient singularities of class T are the Du Val singularities and the cyclic quotient singularities of the form^1_{dn2} (1, dna − 1) for some d, n, a ∈ Z_{>0}, (a, n) = 1.

If Z is a quotient singularity then a P -resolution g : Z̃ → Z is a proper birational morphism such that K~_Z is relatively ample over Z and Z̃ has quotient singularities of class T . We can now state the main result of Kollár and Shepherd-Barron on deformations of cyclic quotient singularities (together with some improvements obtained subsequently by Stevens):

134 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Theorem 6.4. [KSB88],[S91] Let Z be a cyclic quotient singularity. Let g : Z̃ → Z be a P -resolution of Z. The versal Q -Gorenstein deformation space Def^{QG}(Z̃) of Z̃ is smooth. There is a morphism F : Def^{QG}(Z̃) → Def(Z) to the versal deformation space of Z given by blowing down deformations (using R^1g_∗O~_Z = 0). The morphism F is an isomorphism onto an irreducible component of Def(Z), and this establishes a bijective correspondence between P -resolutions of Z and irreducible components of Def(Z).

We now describe a P -resolution of the cyclic quotient singularity Z determined by the pair (Y, D). Let n ∈ N be the primitive integral inward normal of the half-plane B̄ ⊂ M_R, so B = (n ≥ 0) ⊂ M_R. Let Ξ̄ ⊂ B̄ be the half-plane (n ≥ 1) ⊂ M_R. Let Ξ be the convex polytope ν^{−1}(Ξ̄) ⊂ B, where we recall that ν : B → B̄ denotes the piecewise linear identification of B and B̄. Let Z̃ denote the quasiprojective toric variety associated to the polytope Ξ ⊂ M_R. Explicitly, let Q denote the closure of R_{≥0} · (Ξ × {1}) ⊂ M_R ⊕ R, then Z̃ = Proj k[Q ∩ (M ⊕ Z)], where the grading is defined by the projection M ⊕ Z → Z. The surface Z̃ admits a proper birational map g : Z̃ → Z to the cyclic quotient singularity Z = Spec k[σ ∩ M] given by the equality σ ∩ M = Q ∩ (M × {0}). Proposition 6.5. The morphism g : Z̃ → Z is a P -resolution of the cyclic quotient singularity Z.

Proof. The exceptional locus of g is the union of the proper toric boundary divisors of Z̃, which correspond to the bounded edges of the polytope Ξ. The vertices of Ξ are the intersection points of Ξ with the rays ρ_i such that 1 ≤ i ≤ n and l_i > 0.

Write v̄_i := ν(v_i) ∈ B̄ ⊂ M_R. Choose a basis of M such that B̄ = R_{≥0} × R ⊂ R^2 .

Then v̄_i = ( n_i a_i ) for some n_i, a_i ∈ Z_{>0}, (n_i, a_i) = 1. (Note that n_i is independent of

the choice of basis and a_i is determined modulo n_i.) Then it is an exercise in toric geometry to show that if l_i > 0 then the singularity of Z̃ corresponding to the vertex of Ξ on ρ_i is a cyclic quotient singularity of class T of type^1_{lin2i} (1, l_in_ia_i − 1).

The canonical divisor K~_Z is relatively ample over Z by Lemma 4.3. Indeed, the lines considered in the statement of that lemma are the lines through the origin and the vertices of Ξ, by the construction of Ξ. □

6.3. Main Theorem.

Theorem 6.6. Let Z denote the cyclic quotient singularity dual to the singularity obtained by contracting D_1, . . . , D_n ⊂ Y , and B ⊂ Z its toric boundary.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 135

(1) The deformation (X^′, C^′)/(0 ∈ S^′) induces an isomorphism (0 ∈ S^′/W )^∼−→ D from the quotient S^′/W to an irreducible component D of the versal deformation space of the pair (Z, B).

(2) The group W is the monodromy group of the restriction of the versal deformation to D.

(3) The irreducible component D corresponds to the P -resolution of Z described in Proposition 6.5 under the bijection of Theorem 6.4 and Proposition 6.7.

(4) Every irreducible component of the versal deformation of a cyclic quotient singularity together with its toric boundary arises uniquely in this way for a pair (Y, D) as above such that the contraction p: Y → Y^′ is the minimal resolution of the dual cyclic quotient singularity q ∈ Y^′.

Proof. (1) Note of course that taking the quotient by W amounts to replacing the parameters z^{Eij} , j = 1, . . . , l_i by the elementary symmetric functions a_{i1}, . . . , a_{ili} in these parameters, for each i = 1, . . . , n. Then the equation of the open patch U_i of X yields an equation

(6.1) x_{i−1}x_{i+1} = x^{−D2i −li}_i (x^{li}_i + a_{i1}x^{li−1}_i + · · · + a_{ili} )

for X^′, for each i = 1, . . . , n. Let D^′ ⊂ Def(Z) be the irreducible component associated to the P -resolution g : Z̃ → Z of Proposition 6.5. By (3) below the deformation X^′/S^′ induces a morphism S^′/W → D^′. If Z is Du Val of type A then n = 1 and the statement is easy to check. Now assume that Z is not Du Val of type A. By comparing the description of the tangent space of Def(Z) in [S91], §2.2 with the equations (6.1) above we deduce that the morphism S^′/W → D^′ is a closed embedding. Let F : Def(Z, B) → Def(Z) be the forgetful map. By Proposition 6.7 the inverse image D := F^{−1}(D^′) is an irreducible component of Def(Z, B) and D → D^′ is a closed embedding. The embedding S^′/W → D^′ factors through D, and we observe that the dimension of D is equal to the dimension ∑ l_i of S^′/W by Remark 6.8, hence S^′/W maps isomorphically to D.

(2) This follows from [BC94].

(3) We need to exhibit a simultaneous P -resolution X̃^′ → X^′/S^′ such that K~_X′ is Q -Cartier and the special fiber is the P -resolution Z̃ → Z of Proposition 6.5. In fact we describe a proper birational morphism X̃ → X/S whose restriction to S^′ is the desired simultaneous P -resolution. Let Ξ denote the polyhedral subdivision of the polytope Ξ ⊂ B ⊂ M_R induced by the decomposition of B. For i = 1, . . . , n, let α_i be the multiplicity of D̄_i in the fiber of f̄ : Ȳ → A^1 over 0 ∈ A^1 , and define α_0 = α_{n+1} = 0.

136 MARK GROSS, PAUL HACKING, AND SEAN KEEL

Then the vertices of Ξ are the points v_i/α_i for i = 1, . . . , n. We remark that (α_i, α_j) = 1 for |i − j| = 1 (proof by induction on the number of blowups required to obtain Ȳ /A^1 from a P^1-bundle). Then X̃ is glued from patches

Ũ_i = V ( x^′_{i−1}x^′_{i+1} − z^{Di} l_i∏

j=1 (u^{αi}_i + z^{Eij} ) ) ⊂ ( A^3_x′_{i−1 ,ui,x}′_{i+1} / 1 α_i (α_{i−1}, −1, α_{i+1}) ) × S for i = 1, . . . , n. The morphism X̃ → X can be described as follows: we have identifications

Ũ_i \ (u_i = 0)^∼−→ U_i, (x^′_{i−1}, u_i, x^′_{i+1}) → (x_{i−1}, x_i, x_{i+1}) = (u^{αi−1}_i x^′_{i−1}, u^αi_i , u^{αi+1}_i x^′_{i+1}) and Ũ_1 \ (x^′_0 ≠ 0)^∼−→ U_0, (x^′_0, u_1, x^′_2) → (x_0, x_1) = (x^′_0, u_1),

Ũ_n \ (x^′_{n+1} ≠ 0)^∼−→ U_{n+1}, (x^′_{n−1}, u_n, x^′_{n+1}) → (x_n, x_{n+1}) = (u_n, x^′_{n+1}).

These patch to give an identification X̃^{o ∼}→ X^o where X^o = X \ {0} × S and X̃^o ⊂ X̃ has complement of codimension at least 2. This identification extends to the desired birational morphism X̃ → X because X is affine and both X̃ and X are normal.

(4) By Theorem 6.4 and Proposition 6.7 there is a bijective correspondence between P -resolutions of Z and irreducible components of Def(Z, B). So it suffices to show that P -resolutions arise uniquely by the procedure described in Proposition 6.5 for a pair (Y, D) such that Y → Y^′ is the minimal resolution of the dual singularity. This follows from [A98], §4. □

6.4. Deformations of pairs. The deformations we construct are deformations of the pair (Z, B) consisting of a cyclic quotient singularity together with its toric boundary. The following result explains the relation between deformations of the pair and deformations of the singularity.

We remark that, in the theory of compact moduli of surfaces [KSB88], the deformation theory of the pair (Z, B) is more important than that of the singularity Z. This is because for a deformation (Z, B)/S of the pair (Z, B) the sheaf ω_{Z/S}(B) is a line bundle (see Lemma 6.9 below), whereas for a deformation Z/S of a cyclic quotient singularity Z it is usually not the case that ω_{Z/S} is a Q-line bundle.

If Z is a normal surface and B ⊂ Z is a reduced closed subscheme of codimension 1, a deformation (Z, B)/(0 ∈ S) of (Z, B) over a base (0 ∈ S) is a deformation Z/S together with a closed subscheme B ⊂ Z, flat over S, such that B_0 = B. If in addition Z is a Q -Gorenstein surface, we say a deformation (Z, B)/(0 ∈ S) of (Z, B) is Q - Gorenstein if it is locally induced by a deformation of (Z^′, B^′) where Z^′ → Z is a local index one cover and B^′ is the reduced inverse image of B.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 137

Proposition 6.7. Let (Z, B) be a cyclic quotient singularity together with its toric boundary.

(1) Let

F : Def(Z, B) → Def(Z)

be the forgetful map from the deformation space of the pair (Z, B) to the deformation space of Z. Then F induces a bijection between the irreducible components of Def(Z) and Def(Z, B) given by D → F^{−1}(D). Moreover F^{−1}(D) → D is a closed embedding unless Z is a Du Val singularity of type A, in which case it is smooth of relative dimension 1.

(2) Let g : Z̃ → Z be a P -resolution of Z and D ⊂ Def(Z) the associated irreducible component. Let B̃ ⊂ Z̃ be the reduced inverse image of B. Let Def^{QG}(Z̃, B̃) be the Q-Gorenstein deformation space of the pair (Z̃, B̃). Then Def^{QG}(Z̃, B̃) is smooth and there is a morphism

G: Def^{QG}(Z̃, B̃) → Def(Z, B)

to the deformation space of the pair (Z, B) given by blowing down deformations. The morphism G is an isomorphism onto the irreducible component F^{−1}(D) of Def(Z, B).

Remark 6.8. The dimension of D and of F^{−1}(D) may be computed as follows. Let g : Z̃ → Z be the P -resolution associated to the irreducible component D ⊂ Def(Z). Let {Q_i}^r_{i=1} be the nodes of B̃ ⊂ Z̃. Then Q_i ∈ Z̃ is a singularity of type^1_{din2i} (1, d_in_ia_i − 1) for some d_i, n_i, a_i (the smooth case d_i = n_i = 1 is not excluded). Then F^{−1}(D) has dimension ∑ d_i. Let Z̃^′ → Z̃ be the minimal resolution of Z̃ and let E^′_1, . . . , E^′_{r−1} ⊂ Z̃^′ denote the strict transforms of the exceptional cuves of g. Let s denote the number of indices i for which n_i = 1. Then D has dimension ∑_r i=1 d_i − s + ∑_{r−1} j=1(−E^′_j^2 − 1), see [KSB88], Corollary 3.20.

Proof. Let g : Z̃ → Z be a P -resolution and B̃ the inverse image of B with its reduced structure. Then g is toric because Z is a cyclic quotient, and the divisor B̃ ⊂ Z̃ is the toric boundary of Z̃. In particular the singularities of Z̃ are of type^1_{dn2} (1, dna − 1).

Let Z̃ → Z̃ be the Deligne–Mumford stack with coarse moduli space Z̃ defined by the local index one covers^1_{dn} (1, −1) →^1_{dn2} (1, dna − 1) of the singularities of Z̃. Thus, locally over Z̃, the morphism Z̃ → Z̃ is of the form [U/μ_n] → U/μ_n where U = A^2_{u,v} / 1 dn (1, −1) = V (xy − z^{dn}) ⊂ A^3_{x,y,z}

138 MARK GROSS, PAUL HACKING, AND SEAN KEEL

and the μ_n action has weights^1_n (1, −1, a) on x, y, z. The deformations of Z̃ are the deformations of the coarse moduli space Z̃ which are locally induced by an equivariant deformation of the index one cover, that is, the Q -Gorenstein deformations of Z̃.

Let B̃ ⊂ Z̃ denote the closed substack corresponding to B̃ ⊂ Z̃. Let {P_i}^r_{i=1} denote the nodes of B̃. Let T~_Z(− log B̃) be the sheaf of vector fields with logarithmic zeroes along B̃. This is the sheaf of first order infinitesimal automorphisms of the pair (Z̃, B̃). We have T~_Z(− log B̃) ≃ O^{⊕2}_{Z̃} because the pair (Z̃, B̃) is toric. So H^i(T~_Z(− log B̃)) = 0 for i > 0. It follows that the local-to-global map

Def(Z̃, B̃) → ∏ i Def(P_i ∈ Z̃, B̃)

is an isomorphism. Let Q_i ∈ Z̃ be the image of P_i ∈ Z̃. Let the singularity Q_i ∈ Z̃ be of type^1_{din2i} (1, d_in_ia_i − 1). The Q -Gorenstein deformation space of the pair ( 0 ∈ ( A^2_{u,v} / 1 dn^2 (1, dna − 1) ) , V (uv) )

is smooth of dimension d (this includes the smooth case d = n = 1), with versal deformation

((xy = z^{dn} + a_{d−1}z^{(d−1)n} + · · · + a_0), V (z)) ⊂ ( A^3_{x,y,z} / 1 n (1, −1, a) ) × A^d_{a0 ,...,ad−1} . Thus Def(Z̃, B̃) is smooth of dimension ∑ i d_i. We note that if Z is a Du Val singularity of type A, then the Proposition is trivially true: Def(Z) is smooth, the map F is smooth of relative dimension 1, Z is Gorenstein, and the only P -resolution is the identity. We exclude this case in what follows.

We assert that the forgetful map Def(Z̃, B̃) → Def(Z̃) is a closed embedding. To prove this, we need to show that all first order embedded deformations of B̃ ⊂ Z̃ are induced by infinitesimal automorphisms of Z̃, that is, the map H^0(T~_Z) → H^0(N ) is surjective, where N is the normal bundle of B̃ ⊂ Z̃. Note that B̃ is a Cartier divisor on Z̃ (because K~_Z + B̃ = 0 and Z̃ → Z̃ is the index one cover). So N is a line bundle on B̃. Let N^′ denote the kernel of the surjection N → ⨁ i N ⊗ k(P_i). Then we have an exact sequence

0 → T~_Z(− log B̃) → T~_Z → N^′ → 0.

Hence H^0(T~_Z) → H^0(N^′) is surjective (because H^1(T~_Z(− log B̃)) = 0, see above). We claim that H^0(N^′) = H^0(N ) (here we use that Z is not a Du Val singularity of type A): Indeed, on Z̃ we have K~_Z + B̃ = 0 and K~_Z is relatively ample, so N is negative

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 139

on proper components of B̃. It follows that the map H^0(N ) → ⨁ H^0(N ⊗ k(P_i)) is zero unless Z̃ = Z. If Z̃ = Z then the action of μ_n on the fiber N ⊗ k(P ) of N at the singular point P ∈ Z̃ is nontrivial because n > 1 by assumption, so H^0(N ⊗ k(P )) = 0. Hence H^0(N^′) = H^0(N ) as claimed, and combining we obtain that H^0(T~_Z) → H^0(N ) is surjective as required.

We have a map Def(Z̃, B̃) → Def(Z, B) given by blowing down deformations. Indeed, by [W76], Thm. 1.4(c), deformations Z̃ and B̃ of Z̃ and B̃ over an Artinian base S induce deformations Z and B of Z and B, respectively. We just need to check that the closed embedding B̃ ⊂ Z̃ induces a closed embedding B ⊂ Z. Pushing forward the exact sequence 0 → O~_Z (−B̃) → O~_Z → O~_B → 0 gives 0 → g_∗O~_Z (−B̃) → O_Z → O_B → R^1g_∗O~_Z (−B̃) → 0.

We have K~_Z + B̃ = 0, and ω~_{Z/S} (B̃) is invertible by Lemma 6.9, so ω~_{Z/S} (B̃) ≃ O~_Z (using R^1g_∗O~_Z = 0). Thus R^1g_∗O~_Z (−B̃) = R^1g_∗ω~_{Z/S} = 0 by Grauert-Riemenschneider vanishing [KM98], p. 73, Cor. 2.68. Thus B ⊂ Z is a closed subscheme as required.

We claim that Def(Z̃, B̃) → Def(Z, B) is an isomorphism onto an irreducible component of Def(Z, B), which is the inverse image F^{−1}(D) of the irreducible component D ⊂ Def(Z) corresponding to the P -resolution g under the forgetful map F : Def(Z, B) → Def(Z). The map Def(Z̃, B̃) → Def(Z, B) is a closed embedding with image contained in F^{−1}(D) because Def(Z̃, B̃) → Def(Z̃) is a closed embedding and Def(Z̃) → Def(Z) is an isomorphism onto D. So it suffices to show that a map (0 ∈ S) → F^{−1}(D) from a smooth curve germ (0 ∈ S) lifts to Def(Z̃, B̃). Let (Z, B)/S be the induced deformation of the pair (Z, B). The divisor K_Z + B is Cartier by Lemma 6.9. Thus (Z, Z + B) is log canonical by inversion of adjunction [K07]. By Theorem 6.4 the deformation Z/S is induced by a Q-Gorenstein deformation f : Z̃ → Z/S of the P - resolution g : Z̃ → Z. Let B̃ be the inverse image of B with its reduced structure. Then K~_Z + Z̃ + B̃ = f^∗(K_Z + Z + B) because K~_Z + B̃ = g^∗(K_Z + B). It follows that (Z̃, Z̃ + B̃) is log canonical. Now by [A08], Thm. 0.1, B̃_0 is reduced, so (Z̃, B̃)/S is a Q -Gorenstein deformation of (Z̃, B̃). We deduce that Def(Z̃, B̃) → Def(Z, B) is an isomorphism onto F^{−1}(D) (with its reduced structure) and F^{−1}(D) → D is a closed embedding. □

Lemma 6.9. Let (Z, B) be a surface cyclic quotient singularity together with its toric boundary. Let (Z, B)/(0 ∈ S) be a deformation of (X, D). Then ω_{Z/S} (B) is invertible.

Proof. We glue on another component to obtain a deformation of a reducible surface without boundary, and obtain the result by restriction. Let W = (0 ∈ A^2_{x,y} ) × S

140 MARK GROSS, PAUL HACKING, AND SEAN KEEL

be a smooth surface germ over S. Observe that the curve singularity B is a node. Choose an embedding B ⊂ W over S, and glue Z and W along B. We obtain a flat family X /S. The special fiber X is a Gorenstein semi log canonical singularity — a so-called degenerate cusp. In particular ω_{X /S} is invertible (because ω_X is invertible, and the relative dualising sheaf commutes with base change for a flat family of Cohen- Macaulay schemes). Write U := X \ W = Z \ B. We have a natural identification ω_{X /S} |_U = ω_{U/S} = ω_{Z/S} |_U . We claim that this extends to an isomorphism ω_{X /S} |_Z^∼−→ ω_{Z/S} (B) Both ω_{X /S}|_Z and ω_{Z/S} (B) satisfy the relative S_2 property i_∗i^∗F = F, where i: Z^o ⊂ Z is the inclusion of a open subset whose complement has finite fibers. So it suffices to check the claim in relative codimension 1, where it is obvious. Hence ω_{Z/S} (B) is invertible as required. □

References

[AS10] M. Abouzaid, P. Seidel, An open string analogue of Viterbo functoriality, Geom. Topol. 14 (2010), no. 2, 627–718.

[AC11] D. Abramovich, Q. Chen, Stable logarithmic maps to Deligne-Faltings pairs II, arXiv:1102.4531.

[A02] V. Alexeev, Complete moduli in the presence of semiabelian group action, Ann. of Math. (2) 155 (2002), no. 3, 611–708.

[A08] V. Alexeev, Limits of stable pairs, Pure Appl. Math. Q. 4 (2008), no. 3, 767–783. [A98] K. Altmann, P -resolutions of cyclic quotients from the toric viewpoint, in Singularities (Oberwolfach, 1996), 241–250, Progr. Math. 162, Birkhäuser, 1998.

[A76] M. Artin, Lectures on deformations of singularities, Lectures on Mathematics and Physics 54, Tata Inst. Fund. Res., 1976.

[A07] D. Auroux, Mirror symmetry and T-duality in the complement of an anticanonical divisor, J.

Gökova Geom. Topol. 1 (2007), 51-91, and preprint arXiv:0706.3207 (2007). [A09] D. Auroux, Special Lagrangian fibrations, wall-crossing, and mirror symmetry, in Geometry, analysis, and algebraic geometry, Surv. Differ. Geom. 13, 1–47, Int. Press, 2009.

[AKO06] D. Auroux, L. Katzarkov, D. Orlov, Mirror symmetry for del Pezzo surfaces: vanishing cycles and coherent sheaves, Invent. Math. 166 (2006), no. 3, 537-582.

[AMRT75] A. Ash, D. Mumford, M. Rapoport, Y. Tai, Smooth compactification of locally symmetric varieties, Math. Sci. Press, 1975.

[B93] V. Batyrev, Quantum cohomology rings of toric manifolds, in Journées de Géométrie Algébrique d’Orsay, Astérisque No. 218 (1993), 9-34.

[BC94] K. Behnke, J. Christophersen, M-resolutions and deformations of quotient singularities, Amer.

J. Math. 116 (1994), no. 4, 881–903.

[B78] J. Bingener, Über formale komplexe Räume, Manuscripta Math. 24 (1978), no. 3, 253–293.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 141

[BKR01] T. Bridgeland, A. King, M. Reid, The McKay correspondence as an equivalence of derived categories, J. Amer. Math. Soc. 14 (2001), no. 3, 535-554.

[C1869] A. Cayley, A Memoir on Cubic Surfaces, Philosophical Transactions of the Royal Society of London 159 (1869), 231–326.

[CPS] M. Carl, M. Pumperla, and B. Siebert, A tropical view of Landau-Ginzburg models, in preparation.

[CO06] C.-H. Cho, Y.-G. Oh, Floer cohomology and disc instantons of Lagrangian torus fibers in Fano toric manifolds, Asian J. Math. 10, (2006), 773-814.

[D09] T. Dyckerhoff, Compact generators in categories of matrix factorizations, preprint arXiv:0904.4713 .

[E95] D. Eisenbud, Commutative algebra with a view toward Algebraic Geometry, Graduate Texts in Mathematics 150, Springer-Verlag, New York, 1995.

[FG09] V. Fock and A. Goncharov, Cluster ensembles, quantization and the dilogarithm, Invent.

Math. 175 (2009), no. 2, 223286.

[F83a] R. Friedman, Global smoothings of varieties with normal crossings, Ann. of Math. (2) 118 (1983), no. 1, 75–114.

[F83b] R. Friedman, The mixed Hodge structure of an open variety, unpublished manuscript, 1983. [FM83] R. Friedman and R. Miranda, Smoothing cusp singularities of small length, Math. Ann. 263 (1983), no. 2, 185–212.

[FP84] R. Friedman and H. Pinkham, Smoothings of cusp singularities via triangle singularities. With an appendix by H. Pinkham, Compositio Math. 53 (1984), no. 3, 303–324.

[F75] A. Fujiki, On the blowing down of analytic spaces, Publ. Res. Inst. Math. Sci. 10 (1974/75), 473–507.

[GMN1] D. Gaiotto, G. Moore, and A. Neitzke, Four- dimensional wall-crossing via three-dimensional field theory,” Commun. Math. Phys. 299 (2010) 163–224.

[GMN2] D. Gaiotto, G. Moore, and A. Neitzke, Wall-crossing, Hitchin Systems, and the WKB Approximation, arXiv:0907.3987.

[GMN3] D. Gaiotto, G. Moore, and A. Neitzke, Framed BPS States, arXiv:1006.014. [Giv] A. Givental, Homological geometry. I. Projective hypersurfaces. Selecta Math. 1 (1995), 325–345. [G07] A. Goncharov, Pentagon relation for the quantum dilogarithm and quantized M^{cyc}_{0,5} . Geometry and dynamics of groups and spaces, 415428, Progr. Math., 265, Birkhuser, Basel, 2008.

[G09] M. Gross, Mirror symmetry for P^2 and tropical geometry, arXiv:0903.1378v1 [math.AG] . [G11] M. Gross, Tropical geometry and mirror symmetry, CBMS Regional Conf. Ser. in Math. 114, A.M.S., 2011.

[K3] M. Gross, P Hacking, S. Keel, Theta functions for K3 surfaces, in preparation. [GPS09] M. Gross, R. Pandharipande, B. Siebert, The tropical vertex, arXiv:0902.0779v1 [math.AG]. [GS06] M. Gross, B. Siebert, Mirror symmetry via logarithmic degeneration data, I. J. Differential Geom., 72, (2006) 169–338.

[GS07] M. Gross, B. Siebert, From real affine geometry to complex geometry, arXiv:math/0703822v2 [math.AG] .

[GS08] M. Gross, B. Siebert, An invitation to toric degenerations, arXiv:0808.2749v1 [math.AG] . [GS11] M. Gross, B. Siebert, Logarithmic Gromov-Witten invariants, arXiv:1102.4322v1 [math.AG] .

142 MARK GROSS, PAUL HACKING, AND SEAN KEEL

[G60] A. Grothendieck, Éléments de géométrie algébrique I. Le langage des schémas, Inst. Hautes Études Sci. Publ. Math. No. 4.

[G61] A. Grothendieck, Éléments de géométrie algébrique III, Étude cohomologique des faisceaux cohérents I, Inst. Hautes Études Sci. Publ. Math. No. 11 (1961).

[H04] P. Hacking, Compact moduli of plane curves, Duke Math. J. 124 (2004), no. 2, 213–257. [Hi73] F. Hirzebruch, Hilbert modular surfaces, Enseignement Math., 19, (1973), 183-281. [H77] R. Hartshorne, Algebraic geometry, Grad. Texts in Math. 52, Springer, 1977. [IP03] E.-N. Ionel, T. Parker, Relative Gromov-Witten invariants, Ann. of Math. 157 (2003), 45–96. [KKP08] L. Katzarkov, M. Kontsevich, T. Pantev, Hodge theoretic aspects of mirror symmetry, in From Hodge theory to integrability and TQFT tt^∗-geometry, 87-174, Proc. Sympos. Pure Math. 78, A.M.S., 2008.

[K07] M. Kawakita, Inversion of adjunction on log canonicity, Invent. Math. 167 (2007), no. 1, 129– 133.

[KM98] J. Kollár, S. Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Math. 134.

C.U.P., 1998.

[KSB88] J. Kollár, N. Shepherd-Barron, Threefolds and deformations of surface singularities, Invent.

Math. 91 (1988), no. 2, 299–338.

[K11] J. Kollár et al., Moduli of varieties of general type, book in preparation, preliminary version available at http://www.math.princeton.edu/ kollar/ [K95] M. Kontsevich, Homological algebra of mirror symmetry, Proceedings of the International Congress of Mathematicians, Vol. 1, (Zürich, 1994), 120-139, Birkhäuser, 1995.

[KS06] M. Kontsevich, Y. Soibelman: Affine structures and non-Archimedean analytic spaces, in:

The unity of mathematics (P. Etingof, V. Retakh, I.M. Singer, eds.), 321–385, Progr. Math. 244, Birkhäuser 2006.

[L02] S. Lang, Algebra, 3rd ed., Grad. Texts in Math. 211, Springer, 2002. [L73] H. Laufer, Taut two-dimensional singularities, Math. Ann. 205 (1973), 131–164. [Li00] J. Li, Stable morphisms to singular schemes and relative stable morphisms, J. Diff. Geom. 57, (2000), 509–578.

[Li02] J. Li, A degeneration formula of GW-invariants, J. Diff. Geom., 60, (2002) 199-293. [LR01] A.-M. Li, Y. Ruan, Symplectic surgery and Gromov-Witten invariants of Calabi-Yau 3-folds, I, Invent. Math. 145 (2001), 151–218.

[L08] P. Lisca, On symplectic fillings of lens spaces, Trans. Amer. Math. Soc. 360 (2008), no. 2, 765-799.

[L76] E. Looijenga, Root systems and elliptic curves, Invent. Math. 38 (1976), 17–32. [L81] E. Looijenga, Rational surfaces with an anticanonical cycle. Ann. of Math. (2) 114 (1981), no.

2, 267–322.

[M82] J. Mérindol, Les singularités simples elliptiques, leurs déformations, les surfaces de del Pezzo et les transformations quadratiques. Ann. Sci. École Norm. Sup. (4) 15 (1982), no. 1, 17–44 [Ma89] H. Matsumura, Commutative ring theory, C.U.P., 1989.

[Mk05] G. Mikhalkin, Enumerative tropical algebraic geometry in R^2 . J. Amer. Math. Soc. 18 (2005), no. 2, 313–377.

[Mum] D. Mumford, An analytic construction of degenerating abelian varieties over complete rings, Compositio Math. 24, (1972), 239-272.

MIRROR SYMMETRY FOR LOG CALABI-YAU SURFACES I 143

[N76] Y. Namikawa, A new compactification of the Siegel space and degeneration of Abelian varieties.

I. Math. Ann. 221 (1976), no. 2, 97–141.

[N80] I. Nakamura, Inoue-Hirzebruch surfaces and a duality of hyperbolic unimodular singularities, Math. Ann. 252 (1980), no. 3, 221–235.

[NPP10] A. Némethi, P. Popescu-Pampu, On the Milnor fibres of cyclic quotient singularities, Proc.

Lond. Math. Soc. (3) 101 (2010), no. 2, 554-588.

[Oa04] A. Oancea, A survey of Floer homology for manifolds with contact type boundary or Symplectic homology, in Symplectic geometry and Floer homology, 51-91, Ensaios Mat. 7, Soc. Brasil. Mat., Rio de Janeiro, 2004.

[Ob04] A. Oblomkov, Double affine Hecke algebras of rank 1 and affine cubic surfaces, Int. Math. Res.

Not. 2004, no. 18, 877–912, and arXiv:math/0306393v4 [math.RT] .

[O09] M. Olsson, Compactifying moduli spaces for abelian varieties. Lecture Notes in Mathematics, 1958. Springer-Verlag, Berlin, 2008 [Or04] D. Orlov, Triangulated categories of singularities and D-branes in Landau-Ginzburg models, Proc. Steklov Inst. Math. 246, no. 3 (2004), 227-248.

[P09] T. Pantev, Notes from a lecture “Homological mirror symmetry for del Pezzo surfaces” at Princeton University, November 2009.

[P74] H. Pinkham, Deformations of algebraic varieties with G_m action, Astérisque 20, S.M.F., 1974. [R83] M. Reid, Decomposition of toric morphisms, in Arithmetic and geometry, Vol. II, 395-418, Progr. Math. 36, Birkhäuser, 1983.

[R09] A. Ritter, The Novikov theory for symplectic cohomology and exact Lagrangian embeddings, PhD thesis, MIT, 2009.

[R10] A. Ritter, Topological quantum field theory structure on symplectic cohomology, preprint arXiv:1003.1781 (2010).

[S02] P. Seidel, Fukaya categories and deformations, Proceedings of the International Congress of Mathematicians, Vol. II (Beijing, 2002), 351-360, Higher Ed. Press, Beijing, 2002. in Current developments in mathematics, 2006, 211–253, Int. Press, 2008.

[S08b] P. Seidel, A_∞-subalgebras and natural transformations, Homology, Homotopy Appl. 10 (2008), no. 2, 83-114.

[S08a] P. Seidel, A biased view of symplectic cohomology, Homology, Homotopy Appl. 10 (2008), no. 2, 83-114.

[S09a] P. Seidel, Symplectic homology as Hochschild homology, in Algebraic geometry–Seattle 2005, Proc. Sympos. Pure Math. 80, Part 1, 415-434, A.M.S., 2009.

[S09b] P. Seidel, Fukaya categories and Picard-Lefschetz theory, Zürich Lectures in Advanced Mathematics, E.M.S, 2008.

[S91] J. Stevens, On the versal deformation of cyclic quotient singularities, in Singularity theory and its applications, Part I (Coventry, 1988/1989), 302–319, Lecture Notes in Math. 1462, Springer, 1991.

[SYZ96] A. Strominger, S.-T. Yau, and E. Zaslow, Mirror Symmetry is T -duality, Nucl. Phys. B479, (1996) 243–259.

[S03] M. Symington, Four dimensions from two in symplectic topology, in Topology and geometry of manifolds (Athens, GA, 2001), 153–208, Proc. Sympos. Pure Math. 71, A.M.S., 2003.

144 MARK GROSS, PAUL HACKING, AND SEAN KEEL

[W76] J. Wahl, Equisingular deformations of normal surface singularities I, Ann. of Math. (2) 104 (1976), no. 2, 325–356.

UCSD Mathematics, 9500 Gilman Drive, La Jolla, CA 92093-0112, USA E-mail address: mgross@math.ucsd.edu

Department of Mathematics and Statistics, Lederle Graduate Research Tower, University of Massachusetts, Amherst, MA 01003-9305

E-mail address: hacking@math.umass.edu

Department of Mathematics, 1 University Station C1200, Austin, TX 78712-0257 E-mail address: keel@math.utexas.edu