arXiv:1106.5787v3 [hep-th] 18 Jan 2013

Adv. Theor. Math. Phys. 16 (2012) 549-644

June 28, 2011 AEI-2011-029 arXiv:1106.5787

Geometry of fractional spaces

Gianluca Calcagni

Max Planck Institute for Gravitational Physics (Albert Einstein Institute) Am Mühlenberg 1, D-14476 Golm, Germany

calcagni@iem.cfmac.csic.es

Abstract

We introduce fractional flat space, described by a continuous geometry with constant non-integer Hausdorff and spectral dimensions. This is the analogue of Euclidean space, but with anomalous scaling and diffusion properties. The basic tool is fractional calculus, which is cast in a way convenient for the definition of the differential structure, distances, volumes, and symmetries. By an extensive use of concepts and techniques of fractal geometry, we clarify the relation between fractional calculus and fractals, showing that fractional spaces can be regarded as fractals when the ratio of their Hausdorff and spectral dimension is greater than one. All the results are analytic and constitute the foundation for field theories living on multi-fractal spacetimes, which are presented in a companion paper.

Present address: Instituto de Estructura de la Materia, CSIC, Serrano 121, 28006 Madrid, Spain

Key words and phrases. Models of Quantum Gravity, Field Theories in Lower Dimensions, Fractal Geometry.

Contents 1. Introduction 3 1.1. Motivation 3 1.2. Strategy and plan of the paper 7 1.3. Original and review material 9 2. Fractional calculus in one dimension 10 2.1. Integrals and derivatives 11 2.2. Examples of fractional derivatives 13 2.3. Properties of fractional operators 17 2.4. Exterior derivative 23 2.5. Mixed operators 25 2.6. Lebesgue–Stieltjes measure and interpretation of fractional integrals 28 3. Fractional Euclidean space 30 3.1. Interpretation of fractional gradients 31 3.2. Which calculus? 32 3.3. Geometric notation 36 3.4. Metric and distance 39 3.5. Volume 41 3.6. Hausdorff dimension of space 49 4. Fractional versus fractal 52 4.1. Fine and irregular structure 53 4.2. Self-similarity and self-affinity 54

4.3. Other properties 60

4.4. Fractional measures as approximations of fractals 61

5. Spectral dimension of space 64

5.1. Harmonic structure 64

5.2. Diffusion 65

5.3. The case of fractional space 70

6. Discussion 77

Acknowledgements 78

References 78

1 Introduction

1.1 Motivation

The quest for a quantum theory of gravity has reached such a level of sophistication that several independent approaches to this problem have been developed by now. Each proposes its own physical picture, but they are often related one to the other [1]. Apart from string theory, we mention in particular group field theory [2], loop quantum gravity (LQG) [3, 4], spin foam models [5, 6], asymptotically safe gravity (or quantum Einstein gravity, QEG) [7]–[10], and simplicial quantum gravity [11]–[13], the latter having a particular incarnation in causal dynamical triangulations (CDT) [14]. All these approaches, starting from different assumptions and using different techniques, have achieved important results concerning both the kinematical description of quantum space and its dynamics. However, many formal aspects of such dynamics are still to be understood and we still lack a conclusive proof that, within any of these models, the proposed quantum dynamics of space as a discrete entity leads to a continuum description of the same, and to the general relativistic dynamics at large scales and in the classical limit.

Another important issue is the extraction of effective models of quantum gravity dynamics for both spacetime and matter. These effective descriptions should be used to predict new phenomena and quantum gravity corrections to known particle and astroparticle physics, as well as to large-scale cosmological scenarios. An example of the type of phenomenology one might deal with is dimensional flow. It has been noticed that independent models such as CDT [15, 16], QEG [17], and Hořava–Lifshitz gravity [18, 19] all exhibit a running of the spectral dimension of spacetime such that at short scales the physics is effectively two-dimensional (see also [20]). This number is not accidental and plays an important role in the construction and renormalizability properties of quantum gravity [21]–[23]. The change of dimensionality at different scales and its acquiring non-integer values is typical of multi-fractals, so it is customary to describe dimensional flow as a “fractal property” of spacetime. The idea that spacetime is “fractal” in extreme regimes has been hovering for a while [24], especially in relation with the classical mixmaster behaviour of the BKL big bang singularity [25]–[32] and with the notion that renormalization properties of gravity improve on a microscopic “spacetime foam” [33, 34]. The concept of fractal spacetime has been often shrouded in a halo of vagueness, devoid of any clear-cut definition, and it has begun to be realized concretely in quantum models only in recent times. Aside from the above cases, there are hints of fractal spacetime behaviour at high energies also in effective κ-Minkowski non-commutative field theories [35]. These findings prompted similar investigations in the context of LQG spin foam models, with some preliminary results obtained using certain approximations to the full spin foam dynamics [36]–[38].

The scenario is that of a fundamental dynamics where the usual notions of space, time and geometry emerge only in specific regimes and approximations of the theory. At high energies/small scales, the effective dimension of spacetime is two, while at lower energies the dimension should instead run to four, and the dynamics be well-described by general relativity. This suggests the intriguing possibility that Nature admits a multi-fractal formulation with good ultraviolet (UV) behaviour.

In the attempt to encode dimensional flow in a physically intuitive framework, in [23, 39, 40] a field theory living in a fractal spacetime was proposed. The key point is to replace the standard Lebesgue measure in the action with a Lebesgue–Stieltjes measure with anomalous scaling, d^Dx → dϱ(x) , [ϱ] = −Dα ≥ −D , (1.1) where D is the number of topological dimensions, ϱ is a (possibly very irregular) distribution, square brackets denote the engineering dimension in momentum units, and 0 < α ≤ 1 is a real parameter interpreted as running with the scale. In the ultraviolet, α achieves the critical value

α → α_∗ := 2 D , (1.2) and the measure becomes effectively two-dimensional. Several characteristic features were highlighted for the generic measure (1.1) [23, 40], but the Lebesgue–Stieltjes formalism is too general to be manipulated. Therefore, the special case of an absolutely continuous measure was considered, where dϱ can be written as

dϱ(x) = d^Dx v(x) , (1.3)

for some scalar v. In particular, the Poincaré algebra of these models is deformed [39] and at sufficiently small scales an observer should see deviations from Lorentz invariance. At the quantum level, (1.2) helps field theories with Lebesgue–Stieltjes measure to be power-counting renormalizable, gravity included. The reason is that the dimension of the couplings changes with the scale and goes to zero in the ultraviolet. Dimensional flow also affects cosmology, leading to possible applications to inflation and the cosmological constant problem [39].

Seen as effective models of quantum gravity, fractal field theories can provide a useful tool to describe the physics at scales large enough to smoothen any discrete structure into a continuous spacetime, but small enough to retain some properties (such as dimensional flow) of the putative full theory.

Although Hořava–Lifshitz gravity is presently facing some criticism, one of its major merits has been to advance the perspective that treating gravity as an ordinary field theory has nothing wrong in itself, but it requires some rethinking of the geometric structure of spacetime. In this spirit, the framework of [23, 39, 40] can be regarded simply as an alternative to any of the more complicated quantum gravity scenarios mentioned at the beginning, and the interest shifts from a comparison with the continuum limit of discrete models to a detailed study of properties such as renormalization and the breaking of ordinary Poincaré symmetries. Also, there is a conspicuous hiatus between the rigorous mathematical literature on fractals and generic ideas of “fractal” structures in field theory and quantum gravity. Letting aside dimensional flow, in what sense is spacetime “fractal”? What is the geometric meaning of a fractal in Lorentzian signature [39]?

It is the purpose of this paper to begin a study of these problems, triggered by the qualitative treatment of [39, 40], in a more rigorous framework. Fractional calculus is the natural candidate, since it is known to provide a reliable continuum description of certain properties of fractals. Fractional measures have the desired characteristics of having anomalous scaling and inducing power-counting renormalizability. Their study with the techniques of fractal geometry will fulfill the initial expectations and unravel a number of new, and perhaps surprising, phenomena.

The relation between matter and spacetime and the concept of spacetime itself are radically different when comparing field theories in Minkowski and general relativity. Although realistic models of Nature should include gravity, the introduction of the present formalism of fractional dynamics in a flat nondynamical space will help in clarifying how to construct a covariant notion of spacetime with non-integer dimension. This will eventually result in a model of multi-fractal geometry with non-Euclidean signature [41, 42].

We spell out again the physical motivations for studying fractional spaces. We can distinguish between direct and indirect applications of these objects to quantum gravity approaches. Indirect applications concern the description of certain features of quantum gravity such as dimensional flow and the transition from a discrete to a continuum spacetime texture. Fractional space is the building block of a more sofisticated environment, multi-fractional spacetime [41, 42]. In turn, the geometry of multi-fractional spacetime is an explicit realization of the above-mentioned features. The present paper is the starting point of this programme.

Direct applications of fractional spaces are possible whenever they naturally emerge as the limit of some quantum spacetime model. Presently, we are aware only of two such examples. The first is non-commutative geometry. In [43], we establish a connection between a certain class of non-commutative geometries and fractional spacetimes. The case of κ-Minkowski is special, inasmuch as it is obtained as the asymptotic regime of multi-fractional geometry at the lowest possible scale. (In multi-fractional spacetimes, there exists a hierarchy of scales starting from a fundamental length we can identify with the Planck length.) This mapping is realized as an equivalence of spacetime measures in both theories. On the non-commutative side, these measures preserve the property of cyclicity in the action. Thus, certain non-commutative geometries, including the best known one (κ-Minkowski), correspond to spacetimes with well-defined and precise fractal properties. These spacetimes are nothing but fractional spacetimes. A second example, asymptotic safety, will be discussed elsewhere [44].

Finally, with no reference to other approaches, our programme aims at the construction of a UV-finite perturbative quantum field theory. As a field theory, one can apply well-known techniques (modulo some modifications) to check the desired property of renormalizability. This is illustrated with the example of a scalar field theory in [42]. The final goal is to show that perturbative quantum gravity is well defined in a multi-fractional setting.

1.2 Strategy and plan of the paper

Our programme follows the logic of gradually introducing all the necessary concepts to formalize the idea of a general multi-fractional spacetime:

1. First, the fractional analogue of Euclidean space is defined via an embedding abstract space (ordinary Euclidean space) and a choice of fractional calculus of fixed real order α. In this arena, we can understand elementary notions of geometry such as distances, volumes and dimension.

2. Fractional Euclidean space is a particular model of fractal spacetime.

It is very important to clarify this concept using tools of fractal geometry which are seldom or only partially employed in the literature of quantum gravity. The relations between fractional measures and deterministic and random fractals, and between different rigorous definitions of dimension, are discussed. The Hausdorff (d_H) and spectral (d_S) dimensions of space are non-integer and constant at all scales. In general, as expected in fractals, d_H ≠ d_S, although in the simplest cases d_H = d_S.

These two points are the subject of the present paper. There is still little physics in this setting for many reasons: the dimension of space is fixed and non-integer (in particular, different from 4), the signature is Euclidean, and gravity and matter fields are not mentioned. To continue our agenda:

3. Fractional Euclidean spaces are generalized to fractional Minkowski spacetimes with Lorentzian signature. Their symmetry structure is thoroughly analyzed.

4. A scalar field is introduced as matter, in order to test renormalization properties of field theories in fractional spacetimes.

5. The Hausdorff and spectral dimensions are made scale-dependent via multi-fractal geometry techniques. At large scales spacetime is fourdimensional, while at small scales it is two-dimensional. Contrary to other approaches where phenomenology is the main guiding principle, both these numbers are constrained by geometric arguments.

6. A major advancement in the description of fractal spacetimes is to allow the order of fractional operators to be complex. This entails a radical change of the physical picture at ultra-microscopic scales, and opens up remarkable connections with non-commutative spacetimes and discrete quantum gravity models. Discrete symmetries are fundamental, and are progressively averaged at larger scales to finally give way to effective continuous symmetries, up to the point where ordinary Lorentz invariance is achieved.

These features were sketched in [41] and full details are presented in the companion paper [42]. Finally, as a future work,

7. One should introduce the notion of fractional manifold in order to realize a dynamical fractal spacetime and gravity. Consequences for the cosmology of the early universe are expected.

The strategy, plan, and results of this paper are the following.

• Section 2. We begin by reviewing the basic tools of fractional calculus in one dimension. Our target reader is the physicist unfamiliar with this area of mathematics and for this reason we will not attempt a rigorous presentation of the latter, preferring intuitive descriptions of its properties. This section is not a mere compilation of results taken from the literature. In fact, it also includes several proofs of properties of the Caputo derivative, which are rarely found in textbooks (Section 2.3.2), and a novel discussion on mixed operators (Section 2.5). Fractional integral measures are a particular case of Lebesgue–Stieltjes measure, whose mathematical and physical interpretation is given in Section 2.6. The reader acquainted with fractional calculus can skip this section.

• Section 3. The first step towards the description of the physical world as a field theory on a multi-fractional manifold is to consider a much simpler object; namely, a fractional generalization of empty Euclidean space with fixed dimension, denoted as E^D_α . This is the ideal playground whereon to understand the properties of fractional geometry (Section 3.1). The notation of fractional calculus is not always suitable for this task and it is convenient to introduce a new notation (Section 3.3), which makes explicit the geometric properties of E^D_α . After providing hopefully fresh insights on the relations between different fractional derivatives (Section 3.2), we define the distance between two points (Section 3.4). The volume calculations of Section 3.5 are instructive for several reasons. First, they provide examples of multiple fractional integration on non-rectangular domains. Second, they highlight how different choices of fractional integration affect volume measurements, both in strongly fractional theories and in spaces with almost integer dimension. Last but not least, they show how the Hausdorff dimension of fractional space is related to the fractional order of the measure (Section 3.6).

• Section 4. We discuss at length in which sense fractional Euclidean space is a fractal. On one hand, by considering in detail each of the most characteristic features of fractal sets, we will show that E^D_α can be regarded as a genuine but peculiar fractal, with a continuum structure and anomalous scaling properties (Sections 4.1–4.3). These are hybrid properties interpolating between the trivial case of smooth space R^D (technically a fractal, but with a most boring structure) and self-similar sets. By this analysis, we identify the symmetries of E^D_α as affine transformations of geometric coordinates, equivalent to non-linear transformations in the embedding coordinates (Section 4.2). On the other hand, fractional calculus can be also seen as an approximation of discrete/disconnected fractals under certain assumptions (Section 4.4). We specify the relation between fractional theories and genuine fractal models in this section, where the state of the art of this often confusing subject is reviewed and clarified.

• Section 5. The rigorous definition of the spectral dimension d_S on self-similar fractals is reviewed. In smooth spaces, it can be found via an operational procedure involving a diffusion process. This is the most widely used tool to probe “fractal” properties of spacetime in quantum gravity theories, and we revisit it at length in Section 5.2. Examining every single ingredient of the recipe will allow us to find the spectral dimension of fractional space in Section 5.3. As a byproduct, fractional momentum space and the transform thereon, replacing the ordinary Fourier transform, are constructed [45].

1.3 Original and review material

Due to the length of the paper, it may be useful to tell apart original from review material in detail. Fractional space E^D_α is a novel object and all related statements are presented here for the first time. Many mathematical concepts composing it had been already explored by a number of authors, but they had not been collected together into a unified physical proposal. We employ the well-established mathematical tools of fractional calculus and fractal geometry, and all statements about these two sectors (including definitions and theorems) are, modulo some exceptions, taken from the literature, which is quoted in the text. Attempting a somewhat artificial discrimination, Section 2 is a review, except Section 2.3.2 (commutation relations are usually reported only for the Riemann–Liouville derivative, not for the Caputo derivative) and the text discussion in Section 2.5. Section 3 is original except Section 3.1, (3.17) to (3.25), and the Definition (3.58) of Hausdorff dimension. Section 4 is original except general definitions and statements about self-similarity ((4.1)–(4.11) and (4.18)–(4.21)) and Section 4.4 from (4.23) to (4.32). Sections 5.1 and 5.2 are reviews, while Section 5.3 is new, including the discussion of certain conjectures advanced in fractal geometry at large.

Most of previous “fractal” field theoretical proposals assumed spacetime to have a non-integer but fixed, non-dynamical dimensionality, thus drawing the attention to 4 − ϵ dimensions with 0 < ϵ ≪ 1. On the other hand, here the dimension of space is fixed, but in [42] we shall enforce a non-trivial dimensional flow via a superposition of fractional measures. Therefore, we shall not be concerned with the almost-integer regime except as the infrared limiting case of the multi-fractional theory. A global comparison with the early literature on spacetime models in non-integer dimension will be done in [42].

2 Fractional calculus in one dimension

We begin by reviewing some basic formulæ of fractional calculus. The material in this section can be found in the dedicated literature. Among the many excellent textbooks on fractional integrals and derivatives, we mention [46]–[49] (for an historical account, see also [50]). For reasons which will become clear later, here we make extensive use of Caputo derivatives. Multi-dimensional vector calculus based on these derivatives has been developed in [51] (see references therein for works adopting other types of integro-differential operators).

Unfortunately, this branch of mathematics may sometimes produce a feeling of estrangement in the reader with field theory/high energy background, thus giving her/him the impression of a bizarre topic. This may be due to several reasons: (i) Contrary to ordinary calculus, there is no unique definition of derivative (Riemann–Liouville, Caputo, Erdélyi–Kober, Grünwald– Letnikov, Hadamard, Nishimoto, Riesz, Weyl); (ii) The output of fractional operators is almost always quite different from that of ordinary calculus and, in this respect, counterintuitive; (iii) Fractional operators are very seldom employed in particle physics, cosmology, and physics beyond the Standard Model.

A deeper inspection, however, shows that: (i) All definitions of fractional derivatives are related to one another in a precise way (eventually, differences amount both to the convergence properties of the functional space on which these operators act and to boundary terms in the formulæ), so there is no mutual contradiction between different operators; (ii) For any choice of fractional operators, the calculus can be defined self-consistently, whatever the look of the formulæ; (iii) Fractional operators are regularly employed in a number of fields in physics and mathematics, such as statistics, diffusing or dissipative processes with residual memory like weather and stochastic financial models [52], and system modeling and control in engineering [53].

Moreover, in our context the choice of the Caputo operators over the others will be motivated by independent arguments, thus further neutralizing issue (i).

Although by now some particular symbols are widely employed, for the sake of simplicity, and in order not to overburden the unfamiliar reader, we will reserve a simplified notation for the operators we use the most.

2.1 Integrals and derivatives Let x ∈ [x_0, x_1] (2.1)

be a real coordinate variable defined on an interval with constant extrema x_0 and x_1, which may be taken to infinity if desired. We define a space of functions f(x) on this interval, such that all the following integro-differential operators will be well defined. A space of particular interest is AC^n[x_0, x_1], that of functions which are absolutely continuous on [x_0, x_1] up to their n − 1 derivative. This is equivalent to the space of Lebesgue-summable functions with summable derivatives ∂^j , j = 0, . . . , n, almost everywhere in the interval. Another space we shall use more or less implicitly is L_p(x_0, x_1), that of Lebesgue-measurable functions f on [x_0, x_1] with finite p-norm ‖f‖_p. From now on, we assume that for every mathematical statement the functional space is suitably chosen. One can find precise theorem declarations in [46, 47].

Let f ∈ L_p(x_0, x_1) and let θ be the Heaviside distribution: θ(x) = { 1 , x > 0 0 , x < 0 . (2.2)

We introduce the left fractional integral of order α as

(I^αf)(x) := 1 Γ(α)

�_{x1}

x_0 dx^′ (x − x^′)^{1−α} θ(x − x^′)f(x^′) . (2.3)

Here α ∈ C is a complex constant parameter, which we shall restrict to be real for our purposes. This formula is naturally suggested as a generalization to non-integer n of the Cauchy formula for the n-time repeated integration:

(I^nf)(x) =

�_x

x_0 dy_1 �_{y1}

x_0 dy_2 · · · �_{yn−1} x_0 dy_nf(y_n) = 1 (n − 1)!

�_x

x_0 dx^′ (x − x^′)^{n−1}f(x^′) .

One can also define the right fractional integral of order α

(Ī^αf)(x) := 1 Γ(α)

�_{x1}

x_0 dx^′ (x^′ − x)^{1−α} θ(x^′ − x)f(x^′) , (2.4)

where integration now is from x to the end of the interval.^1 Because of the x dependence in the step function, the output of fractional integrals is a function of x. These operators are bounded if f ∈ L_p(x_0, x_1), for every 1 ≤ p ≤ +∞ [47, (2.1.23)]. Sometimes we will need to specify the integration domain explicitly and we shall denote the left and right integrals with I^α = I^α_{x0,x} and Ī^α = Ī^α_{x,x1} .

In parallel, for any f ∈ AC^n[x_0, x_1] the left and right Caputo derivatives of order α [54, 55] exist almost everywhere in [x_0, x_1] [47, Theorem 2.1]: (∂^αf)(x) := (I^{n−α}∂^nf)(x) , n − 1 ≤ α < n , (2.5) = 1 Γ(n − α) �_{x1}

x_0 dx^′ (x − x^′)^{α+1−n} θ(x − x^′)∂^n_x′ f(x^′) , (2.6)

( ¯∂^αf)(x) := (Ī^{n−α}∂^nf)(x) , n − 1 ≤ α < n , (2.7) = (−1)^n Γ(n − α) �_{x1}

x_0 dx^′ (x^′ − x)^{α+1−n} θ(x^′ − x)∂^n_x′ f(x^′) , (2.8)

where ∂ is the ordinary first-order partial derivative and n ≥ 1 is a natural number.^2 We shall be interested in the particular case 0 ≤ α < 1 (n = 1) , (2.9) which simplifies the above expression for the left derivative as

(∂^αf)(x) = 1 Γ(1 − α)

�_{x1}

x_0 dx^′ (x − x^′)^α θ(x − x^′)∂_x′ f(x^′) , 0 ≤ α < 1 ; (2.10) a similar statement holds for the right derivative. An elementary but typically ignored fact is that, under the transformation x → x_0 + x_1 − x , (2.11) left operators are mapped into right operators:

(Ī^αf)(x) = (I^αF )(x_0 +x_1 −x) , ( ¯∂^αf)(x) = (∂^αF )(x_0 +x_1 −x) , (2.12)

1The left fractional integral is variedly indicated in the literature with the symbols x0 I^α_x , x_0 D^{−α}_x , x_0 d^{−α}_x , I^α_{x0−}. The right integral, with xI^α_{x1} , xD^{−α}_{x1} , xd^{−α}_{x1} , I^α_{x1+}.

2The left fractional derivative is variedly indicated in the literature with the symbols x0 D^α_x , x_0 d^α_x , D^α_{x0−}. The right derivative, with xD^α_{x1} , xd^α_{x1} , D^α_{x1 +}. All these symbols are further decorated with tilde’s, in bold font, or with the superscript C when they denote the Caputo derivative. Fractional operators are often called differintegrals, since one can analytically continue derivative expressions to α < 0 and vice versa.

where F (x) := f(x_0 + x_1 − x). Therefore, it is sufficient to study the properties of, say, left operators, and infer their right counterparts by using (2.12). For this reason, in the following we mainly concentrate on left operators.

An alternative, inequivalent definition of fractional derivation is obtained by exchanging the order of integration and derivation. This corresponds to the left and right Riemann–Liouville derivatives (n − 1 ≤ α < n) (_{rl}∂^αf)(x) := (∂^nI^{n−α}f)(x) = 1 Γ(n − α) ∂^n_x �_{x1}

x_0 dx^′ (x − x^′)^{α+1−n} θ(x − x^′)f(x^′) , (2.13)

(_{rl} ¯∂^αf)(x) := (∂^nĪ^{n−α}f)(x) = 1 Γ(n − α) ∂^n_x �_{x1}

x_0 dx^′ (x^′ − x)^{α+1−n} θ(x^′ − x)f(x^′) . (2.14)

There is a precise relation between Caputo and Riemann–Liouville derivatives. If ∂^j_xf is continuous on [x_0, x] for j = 1, . . . , n, one has

(∂^αf)(x) = (_{rl}∂^αf)(x) − n−1∑ j=0 (x − x_0)^{j−α} Γ(1 + j − α) (∂^j f)(x_0) , n − 1 ≤ α < n . (2.15) In particular, for n = 1

(∂^αf)(x) = (_{rl}∂^αf)(x) −

(x − x_0)^{−α} Γ(1 − α) f(x_0) , 0 ≤ α < 1 , (2.16)

and the two derivatives are the same if f(x_0) = 0. In general, the two types of derivatives differ in the boundary conditions. While (∂^αf)(x_0) = 0 by definition, because of (2.15)

(_{rl}∂^αf)(x_0) = 0 ⇔ (∂^j f)(x_0) = 0 , j = 0, . . . , n − 1 . (2.17) So, the Riemann–Liouville derivative of a constant is not zero. Right derivatives obey similar relations.

2.2 Examples of fractional derivatives

Let us see some examples of calculation with Caputo left fractional derivatives with n − 1 < α < n. A simple function to consider is a power law, f(x) = (x − x_∗)^β , x_∗ ∈ [x_0, x_1] , β ∈ R . (2.18) If β = m = 0, 1, . . . , n − 1, then both the left and right Caputo derivatives vanish for every x_∗,

∂^α(x − x_∗)^m = 0 = ¯∂^α(x − x_∗)^m , m = 0, 1, . . . , n − 1 . (2.19)

Barring these cases, and assuming x_0 ≠ −∞, one has

∂^α(x − x_∗)^β = 1 Γ(n − α) �_x

x_0 dx^′ (x − x^′)^{α+1−n} ∂^n_x′ (x^′ − x_∗)^β = Γ(β + 1) Γ(n − α)Γ(β − n + 1)

�_x

x_0 dx^′ (x^′ − x_∗)^{β−n} (x − x^′)^{α+1−n} y=x^′−x_0 = Γ(β + 1) Γ(n − α)Γ(β − n + 1) �_{x−x0} 0 dy [y + (x_0 − x_∗)]^{β−n} [(x − x_0) − y]^{α+1−n} = Γ(β + 1) Γ(n − α + 1)Γ(β − n + 1)

(x_0 − x_∗)^{β−n}(x − x_0)^{n−α}

×_2F_1 ( 1, n − β; n + 1 − α, x − x_0 x_∗ − x_0 ) , (2.20)

where we used [56, 3.196.1] and_2F_1 is the hypergeometric function. In the special case x_∗ = x_0, we get (2.19) and [56, 3.191.1]

∂^α(x − x_0)^β =

Γ(β + 1) Γ(β − α + 1)

(x − x_0)^{β−α} , β ≠ 0, 1, . . . , n − 1 . (2.21)

When the lower extremum is x_0 = −∞, one can employ 3.196.2 of [56]:

∞∂^α(x − x_∗)^β =

Γ(β + 1) Γ(n − α)Γ(β − n + 1)

�_x −∞ dx^′ (x^′ − x_∗)^{β−n} (x − x^′)^{α+1−n} y=−x^′ = (−1)^{β−n}Γ(β + 1) Γ(n − α)Γ(β − n + 1)

�_{+∞} −x dy (y + x_∗)^{β−n} (y + x)^{α+1−n} = (−1)^{β−n}Γ(β + 1)Γ(α − β) Γ(1 − n + β)Γ(n − β) (x_∗ − x)^{β−α} = (−1)^α

Γ(β + 1) Γ(β + 1 − α) sin(πβ) sin[π(β − α)] (x − x_∗)^{β−α}, (2.22)

where we used the property Γ(z)Γ(1 − z) = π/ sin(πz). This expression is ill defined for β = α. Otherwise, it is real under certain conditions on the values of α and β and the sign of x − x_∗; consistently, it vanishes for β = m. The Riemann–Liouville, Caputo and Grünwald–Letnikov derivatives all collapse to the same operator when x_0 = −∞, the Liouville fractional derivative_∞∂^α (in particular,_∞∂^α1 = 0). When regarded as an approximation in the limit t ≫ t_0, this operator is employed in mechanics to describe “steady state” systems, that is, systems which evolved well after the initial transient phase at time t_0. The right derivative (or integral) with x_1 = +∞ is called Weyl derivative (or integral). To get the Weyl differintegral from the Liouville differintegral, it is sufficient to set x_0 = −x_1 in (2.12) and then take the limit x_0 → −∞:

(_∞Ī^αf)(x) = (_∞I^αF )(−x) , (_∞ ¯∂^αf)(x) = (_∞∂^αF )(−x) , (2.23) where F (x) := f(−x).

The α-th order integral of (x − x_∗)^β is given by the analytic continuation α → −α of the above formulæ for any β. In particular, to prove some commutation theorems we will need the integral [47, (2.1.16)]

I^α(x − x_0)^β =

Γ(β + 1) Γ(β + α + 1)

(x − x_0)^{β+α} . (2.24)

The extension of (2.22) to negative α is

∞I^α(x − x_∗)^β = 1 Γ(α)

�_x −∞ dx^′ (x^′ − x_∗)^β (x − x^′)^{1−α} y=−x^′ = (−1)^β Γ(α)

�_{+∞} −x dy (y + x_∗)^β (y + x)^{1−α} = (−1)^β Γ(−α − β) Γ(−β) (x_∗ − x)^{β+α} = (−1)^{−α}Γ(−α − β) Γ(−β) (x − x_∗)^{β+α} . (2.25)

Another example is the derivative of the exponential function, f(x) = e^{λx} , 0 ≠ λ ∈ R . (2.26) For finite x_0, we have

∂^αe^{λx} = λ^n Γ(n − α) �_x

x_0 dx^′ e^{λx′} (x − x^′)^{α+1−n} y=x^′−x_0 = λ^ne^{λx0} Γ(n − α) �_{x−x0} 0 dy e^{λy} [(x − x_0) − y]^{α+1−n} = λ^α Γ(n − α) e^{λx}γ[n − α, λ(x − x_0)] , (2.27)

where we used [56, 3.382.1] and γ is the incomplete gamma function. Comparing its series representation γ(b − 1, z) = Γ(b − 1)z^{b−1}e^{−z} +∞∑ k=0 z^k Γ(k + b) , with that of the two-parameter Mittag-Leffler function [57], E_{a,b}(z) := +∞∑ k=0 z^k Γ(ak + b) , a > 0 , (2.28) one can also express (2.27) as

∂^αe^{λx} = λ^ne^{λx0} (x − x_0)^{n−α}E_{1,n+1−α}[λ(x − x_0)] . (2.29)

Since γ(z, +∞) = Γ(z), the exponential is an eigenfunction of the Liouville derivative (x_0 = −∞), with eigenvalues λ^α:

∞∂^αe^{λx} = λ^αe^{λx} . (2.30)

This can be obtained also from [56, 3.382.2]. For finite x_0, the eigenfunction of the Caputo derivative is the one-parameter Mittag-Leffler function E_α(z) := E_{α,1}(z):

∂^αE_α[λ(x − x_0)^α] = λE_α[λ(x − x_0)^α] , (2.31)

which stems from differentiating (2.28) term by term via (2.21) (and remembering that the constant term k = 0 gives zero). Thus, the Mittag-Leffler function E_α[λ(x − x_0)^α] can be considered as the fractional generalization of the exponential e^z = E_1(z). With the same procedure, one can get other expressions such as

∂^α{(x−x_0)^βE_{a,β+1}[λ(x−x_0)^a]} = λ(x−x_0)^{β−α}E_{a,β−α+1}[λ(x−x_0)^a] . (2.32)

Notice, however, that one should exercise care in inferring some results by analytic continuation of others. For instance, one does not recover (2.31) from (2.32) in the limit a → α, β → 0, because E_{α,1−α}(z) = [Γ(1 − α)]^{−1} + zE_α(z). The first term would give an extra contribution (x−x_0)^{−α}/Γ(1−α) to (2.31). The reason is that, contrary to the case of the Riemann–Liouville derivative, the limit β → 0 of (2.21) does not give the correct result (2.19). In fact, when differentiating the left-hand side of (2.32) term by term one picks up also the k = 0 contribution, which is zero if β is set to zero from the beginning.

Analogous formulæ can be obtained for the right derivative by making use of (2.12) and (2.23). For example, the right version of (2.21), (2.22) and (2.30) are simply

¯∂^α(x_1 − x)^β = Γ(β + 1) Γ(β − α + 1)

(x_1 − x)^{β−α} , β ≠ 0, . . . , n − 1 , (2.33)

∞ ¯∂^α(x − x_∗)^β = Γ(β + 1) Γ(β + 1 − α) sin(πβ) sin[π(β − α)]

(x − x_∗)^{β−α} , (2.34)

∞ ¯∂^αe^{λx} = (−λ)^αe^{λx} . (2.35)

2.3 Properties of fractional operators

We list some properties of fractional operators, focussing on left Caputo differintegrals but quoting some results also for Riemann–Liouville operators. Here, n − 1 < α < n and m − 1 < β < m.

We detail the derivation of most of the results for two reasons. One is that some of the theorems below on Caputo derivatives cannot be found in [46, 47]. Another is to give the unacquainted reader a few examples of the subtleties of fractional calculus. In order to prove some of the statements, we will invoke the first and second theorems of fundamental calculus on the interval [x_0, x_1]:

(∂^nI^nf)(x) = f(x) , n ∈ N , (2.36) (I^n∂^nf)(x) = f(x) − n−1∑ j=1 1 j! (x − x_0)^j (∂^j f)(x_0) . (2.37)

2.3.1 Limit to ordinary calculus and linearity When α = n ∈ N, one recovers ordinary calculus of integer order n [46, (2.4.14)]:

lim_{α→n} ∂^α = ∂^n , lim_{α→n} ¯∂^α = (−1)^n∂^n . (2.38) In particular, when α = 0 derivatives and integrals collapse to the identity operator.

Fractional operators are linear: for O^α = ∂^α, ¯∂^α, I^α, Ī^α,

O^α[c_1f(x) + c_2g(x)] = c_1(O^αf)(x) + c_2(O^αg)(x) . (2.39)

2.3.2 Commutation relations The commutation relations O^αO^β = O^βO^α , O^{α>0} = ∂^α , O^{α<0} = I^α (2.40) are valid under one of the following conditions.

• I^αI^{β ?}= I^βI^α.

If α, β < 0, at almost every point x ∈ [x_0, x_1], fractional integrals obey the semi-group property ([46, (2.100)]; [47, (2.1.30)]) I^αI^β = I^βI^α = I^{α+β} , ∀ α, β > 0 . (2.41) This property holds everywhere in [x_0, x_1] if α + β > 1.

• ∂^αI^{β ?}= I^β ∂^α. If β ≥ α, ∂^αI^{β (} 2.41) = ∂^αI^αI^{β−α} = I^{β−α} , (2.42) while if β < α we have, letting k − 1 ≤ α − β < k (so that k = n − m ≤ n), (∂^αI^βf)(x)^(

2.37) = (∂^αI^βI^k∂^kf)(x) + k−1∑ j=1 ∂^αI^β(x − x_0)^j j! (∂^j f)(x_0)

(2.24) = (∂^αI^{k+β−α+α}∂^kf)(x) + k−1∑ j=1 ∂^α(x − x_0)^{j+β} Γ(1 + j + β)

(∂^j f)(x_0)

(2.21) = [∂^αI^αI^{k−(α−β)}∂^kf](x) + k−1∑ j=1 (x − x_0)^{j+β−α} Γ(1 + j + β − α)

(∂^j f)(x_0)

(2.36) = (∂^{α−β} f)(x) + k−1∑ j=1 (x − x_0)^{j+β−α} Γ(1 + j + β − α)

(∂^j f)(x_0) . (2.43)

On the other hand, when β ≥ α,

(I^β ∂^αf)(x)^(

2.5) = (I^βI^{n−α}∂^nf)(x) = I^{β−α}I^n∂^nf(x) (2.37) = I^{β−α}f(x) − n−1∑ j=0 (x − x_0)^{j+β−α} Γ(1 + j + β − α)

(∂^j f)(x_0) , (2.44)

while for β < α (I^β ∂^αf)(x) = (I^βI^{n−α}∂^nf)(x) (2.5) = [I^{n−(α−β)}∂^nf](x) (2.41) = [I^{k−(α−β)}I^{n−k}∂^nf](x) (2.36) = [I^{k−(α−β)}∂^kI^kI^{n−k}∂^nf](x) = (∂^{α−β} I^n∂^nf)(x) (2.37) = (∂^{α−β} f)(x) − n−1∑ j=0 (x − x_0)^{j+β−α} Γ(j + 1 + β − α)

(∂^j f)(x_0). (2.45)

Therefore, (2.45) is valid for all α, β > 0 and ∂^αI^β = I^β ∂^α, α, β ≥ 0 ⇔ (∂^j f)(x_0) = 0 , j = 0, . . . , n − 1 . (2.46)

In comparison, for α, β > 0 the Riemann–Liouville relations are_{rl}∂^αI^β = ∂^{α−β} (for any α and β, not just α ≥ β) and

(I^β_{rl}∂^αf)(x) = (_{rl}∂^{α−β}f)(x) − n−1∑ j=1 (x − x_0)^{β−j} Γ(1 − j + β)

(_{rl}∂^{α−j} f)(x_0) ,

and, via (2.17), one has_{rl}∂^αI^β = I^β_{rl}∂^α if (∂^j f)(x_0) = 0, j = 0, 1, . . . , n − 1. • ∂^α∂^{m ?}= ∂^m∂^α.

If β = m ∈ N^+ , (2.40) holds if

(∂^j f)(x_0) = 0 , j = n, n + 1, . . . , n + m − 1 . (2.47) In fact, on one hand we have ∂^α∂^m = I^{n−α}∂^n∂^m = I^{(n+m)−(α+m)}∂^{n+m} = ∂^{α+m} . (2.48) On the other hand, by using (2.15) twice and ∂^m_{rl}∂^α =_{rl}∂^{α+m}, one gets

(∂^m∂^αf)(x) = (∂^{α+m}f)(x) + n+m−1 ∑ j=n (x − x_0)^{j−m−α} Γ(1 + j − m − α)

(∂^j f)(x_0) , (2.49)

hence the result. For the Riemann–Liouville counterpart of (2.40), plug (2.15) into (2.48): then,

(_{rl}∂^α∂^mf)(x) = (_{rl}∂^{α+m}f)(x) − m−1∑ j=0 (x − x_0)^{j−m−α} Γ(1 + j − m − α)

(∂^j f)(x_0) ,

and_{rl}∂^α∂^m = ∂^m_{rl}∂^α when (∂^j f)(x_0) for j = 0, . . . , m − 1. • ∂^α∂^{β ?}= ∂^β∂^α.

Another case of interest is the commutation relation between two Caputo derivatives. When α, β > 0, one has

(∂^α∂^βf)(x)^(

2.5) = (I^{n−α}∂^n∂^β f)(x) (2.49) = (I^{n−α}∂^{β+n}f)(x) + n+m−1 ∑ j=m I^{n−α}(x − x_0)^{j−n−β} Γ(1 + j − n − β)

(∂^j f)(x_0)

(2.24) = (I^{n−α}∂^{β+n}f)(x) + n+m−1 ∑ j=m (x − x_0)^{j−α−β} Γ(1 + j − α − β)

(∂^j f)(x_0)

(2.45)

= (∂^{α+β} f)(x) − m−1∑ j=0 (x − x_0)^{j−α−β} Γ(1 + j − α − β)

(∂^j f)(x_0) . (2.50)

(Incidentally, notice that one cannot analytically continue (2.50) to the cases β = m and α = n. For β = m, there is an obstruction in the step from the first to the second line, while for α = n there is an obstruction from the third to the fourth line. The correct expressions (2.48) and (2.49) are obtained from the first and third line, respectively.) Switching (α, n) and (β, m) and comparing the expressions, one finds that ∂^α∂^β = ∂^β∂^α (2.51) if either n = m , (2.52) or α + β = n + m − 1 , (2.53) or (∂^j f)(x_0) = 0 , j = r, r + 1, . . . , r̄ − 1 , (2.54) where r = min(n, m) and r̄ = max(n, m). Interestingly, fractional derivatives do commute if α and β have same integer part. The reason is that (2.50) is symmetric in α and β. Notice also that ∂^α∂^β ≠ ∂^{α+β} unless (∂^j f)(x_0) = 0 for j = 0, . . . , r̄ − 1 or (2.53) holds. In the latter case there fall the values α = β = 1/2, and one has ∂^12 ∂^12 = ∂.

The commutation relation for the Riemann–Liouville derivatives is ([46, (2.126)]; [47, (2.1.42)])

(_{rl}∂^α_{rl}∂^βf)(x) = (_{rl}∂^{α+β}f)(x) − m∑ j=1 (x − x_0)^{−j−α} Γ(1 − j − α) (_{rl}∂^{β−j} f)(x_0) .

Switching (α, n) and (β, m), the relation rl∂^α_{rl}∂^β =_{rl}∂^β_{rl}∂^α holds if, simultaneously, (_{rl}∂^{β−j} f)(x_0) = 0 for j = 1, . . . , m and (_{rl}∂^{α−j} f)(x_0) = 0 for j = 1, . . . , n . Using (2.17), the combined condition is (∂^j f)(x_0) = 0 , j = 0, 1, . . . , r̄ − 1 .

Summarizing for 0 < α, β < 1 and m ∈ N^+ , I^αI^β = I^βI^α , ∀ α, β , (2.55a) ∂^αI^β = I^β∂^α ⇔ f(x_0) = 0 , (2.55b) ∂^α∂^m = ∂^m∂^α ⇔ (∂f)(x_0) = 0 , (2.55c) ∂^α∂^β = ∂^β∂^α , ∀ α, β (2.55d) for the Caputo left derivative, while rl∂^αI^β = I^β_{rl}∂^α ⇔ f(x_0) = 0 , (2.56a) rl∂^α∂^m = ∂^m_{rl}∂^α ⇔ f(x_0) = 0 , (2.56b) rl∂^α_{rl}∂^β =_{rl}∂^β_{rl}∂^α ⇔ f(x_0) = 0 (2.56c) for the Riemann–Liouville left derivative. Finally, the Liouville differintegral ∞∂^α always commutes, for sufficiently good functions f (i.e., continuous with continuous derivatives and which fall to zero with their derivatives sufficiently fast for x_0 → −∞) [49]:

∞I^α_∞I^β =_∞I^β_∞I^α =_∞I^{α+β} , ∀ α, β > 0 , (2.57a) ∞∂^α_∞I^β =_∞I^β_∞∂^α =_∞∂^{α−β} , ∀ α, β > 0 , (2.57b) ∞∂^α_∞∂^β =_∞∂^β_∞∂^α =_∞∂^{α+β} , ∀ α, β > 0 . (2.57c)

2.3.3 Fundamental theorems of calculus

The fractional derivative is the left inverse of the integral. Setting α = β in (2.42), (∂^αI^αf)(x) = f(x) , α > 0. (2.58) This equation holds also for the Riemann–Liouville derivatives ([46, (2.106)]; [47, (2.1.31)]).

The extra term in (2.15) is responsible for the following, important difference between Riemann–Liouville and Caputo derivatives. One of the points where fractional calculus may show its worst trickiness is upon generalization of the theorems of calculus, such as the Newton–Leibniz formula �_x

x_0

dx^′ (∂f)(x^′) = f(x) − f(x_0) .

The same formula is not valid for the Riemann–Liouville derivative. In fact, one can show that ([46, (2.108)]; [47, (2.1.39)])

(I^α_{rl}∂^αf)(x) = f(x)− n∑ j=1 (x − x_0)^{α−j} Γ(α − j + 1) (∂^{n−j} I^{n−α}f)(x_0) , n−1 ≤ α < n , so that for n = 1

(I^α_{rl}∂^αf)(x) = f(x) −

(x − x_0)^{α−1} Γ(α)

(I^{1−α}f)(x_0) , 0 ≤ α < 1 .

On the other hand, the Caputo derivative is the only fractional derivative obeying a simple Newton–Leibniz formula without imposing particular boundary conditions on the functional space. Thanks to (2.41), one has (I^α∂^αf)(x) = (I^αI^{n−α}∂^nf)(x) = (I^n∂^nf)(x) , so that we get (I^α∂^αf)(x) = f(x)− n−1∑ j=0 1 j! (x−x_0)^j (∂^j f)(x_0) , n−1 < α ≤ n , (2.59)

which could have been obtained from (2.45) with α = β. For n = 1, (I^α∂^αf)(x) = f(x) − f(x_0) , 0 < α ≤ 1 . (2.60) Therefore, both fundamental theorems of calculus are satisfied by the Caputo derivative. If the terminal points are not equal in I^α and ∂^α, composition laws become more complicated; we do not consider this case, since these operators are always thought of as defined on the same domain.

2.3.4 Leibniz rule, non-locality, composite functions

Unfortunately, the Leibniz rule of derivation for a product of functions f and g is complicated whatever the choice of derivative, since it contains an infinite number of terms [46, (2.202)]. If f, g ∈ C^∞ in [x_0, x], then

rl∂^α(fg) = +∞∑ j=0 ( α j ) (∂^j f)(_{rl}∂^{α−j} g) , ( α j ) = Γ(1 + α) Γ(α − j + 1)Γ(j + 1) , (2.61) where ∂^{α−j} = I^{j−α} are actually integrations for j ≥ 1. If f and g are, respectively, analytic and continuous in [x_0, x], (2.61) is valid also for α < 0 (i.e., for fractional derivatives replaced by fractional integrals) and for Liouville/Weyl operators [49].

Equation (2.61) shows the non-local nature of fractional operators: fractional integration by parts or derivation gives rise to an infinite number of terms. Setting g = 1 or g = θ(x − x_0), one obtains an expression of the Caputo derivative ∂^α as an infinite series of ordinary derivatives. For n = 1,

(∂^αf)(x) = 1 Γ(1 − α) f(x) − f(x_0)

(x − x_0)^α + +∞∑ j=1 sin[π(j − α)] π(j − α) Γ(1 + α) Γ(1 + j)

(x − x_0)^{j−α}(∂^j f)(x) , (2.62)

where we used (2.16) and (2.24).

Equation (2.62) is useful for writing down the fractional derivative (or integral) of a composite function f[g(x)]. In fact, the simple rule

∂_x[f(g)] = ∂f ∂g ∂_xg (2.63) no longer holds. The j-th derivative ∂^j_x[f(g)] can be further expanded as a series, using the Arbogast–Faà di Bruno formula [46, Section 2.7.3].

2.3.5 Integration by parts

For an ordinary integral where the integrand contains fractional derivatives, one has [47, (2.1.50)] �_{x1}

x_0 dx f ∂^αg = �_{x1}

x_0 dx g ¯∂^αf , (2.64) and the same formula, under suitable conditions on the functions, holds for ∂^α and ¯∂^α replaced by I^α and Ī^α, respectively. One can also consider the opposite situation, i.e., a fractional integral where the integrand has only ordinary derivatives: I^α_{x0,x1} {g∂f} = 1 Γ(α)

�_{x1}

x_0 dx (x_1 − x)^{1−α} g∂f = �_{x1}

x_0 dx G∂f ( G = 1 Γ(α) g (x_1 − x)^{1−α} )

= − �_{x1}

x_0 dx f∂G = − 1 Γ(α)

�_{x1}

x_0 dx (x_1 − x)^{1−α} f ( ∂g + 1 − α x_1 − x g )

= −I^α_{x0,x1} { f∂g + 1 − α x_1 − x fg } . (2.65)

The integration by parts of fractional integrals of fractional integrands can be inferred by combining these two cases. As an example, we take a fractional integral over the positive semi-axis. Denoting with a left subscript the lower (upper) extremum of integration in left (right) derivatives, Ī^α_{0,∞} { g∂^β f } = 1 Γ(α)

�_{+∞} 0 dx x^{α−1} g_0∂^β f (2.64) = 1 Γ(α)

�_{+∞} 0 dx f(x)_∞ ¯∂^β[x^{α−1}g(x)] , (2.66)

assuming that the functions f, g are good enough for all steps to be well defined.

2.4 Exterior derivative

Fractional differentials were early proposed in [58]–[61] for the Nishimoto derivative, in [62]–[64] for the Riemann–Liouville derivative, and in [51,

65, 66] with Caputo derivatives; early applications of fractional differential forms to mechanical systems can be found in [66]–[70]. We shall mainly follow the results of [51, 62], with adaptations.

The fractional exterior derivative is defined via the left derivative as

d^α := (dx)^α∂^α , (2.67)

and a right definition also exists: d̄^α := (dx)^α ¯∂^α. The reader may wonder, on one hand, whether this definition is natural and, on the other hand, about the meaning of the writing (dx)^α, the “α-th power of dx.” These two questions are actually interrelated. We shall postpone the answer to the first in Section 3.3, where we will see how the second fundamental theorem of fractional calculus (2.60) immediately suggests (2.67) as the obvious candidate for the fractional differential of a function. As for the second question, the object (dx)^α is a compact rewriting of the fractional differential of a certain function of x, which will be later recognized as the natural coordinate in fractional space. By (2.21), one sees that ∂^α(x − x_0)^α = Γ(1 + α) and

d^α(x − x_0)^α = Γ(1 + α)(dx)^α , (2.68)

and (dx)^α is shown to be, up to a constant, the fractional differential of

q :=

(x − x_0)^α Γ(1 + α)

, [q] = −α . (2.69)

Therefore, we can recast (2.67) as

d^α = d^αq ∂^α . (2.70)

For integer α, the fractional differential behaves as the ordinary one. Taking again (2.21), one has d^0(x − x_0)^β = (x − x_0)^β, d^1(x − x_0)^β = β(x − x_0)^{β−1}dx, d^2(x − x_0)^β = β(β − 1)(x − x_0)^{β−2}(dx)^2, and so on.

Notice that the left-hand side of (2.68) seems to be ill defined for x = x_0 or x_0 = −∞ at any x, but the right-hand side just shows that these are artifacts of the presentation in fractional coordinates. The internal structure of d^α conspires with that of the fractional coordinate to give a finite, well-defined result.

An exact fractional 1-form is the differential of a scalar function, d^αf. A generic fractional 1-form is ω = (dx)^αf(x), for some function f. The exterior derivative of ω yields a 2-form, which requires an extension of the coordinate space to many dimensions. In that context we shall describe a geometric interpretation of fractional differentials [60, 61].

2.5 Mixed operators

After choosing to work with the left or right sector, one can consistently define all the elements of differential calculus within the same sector. However, in a fractional calculus of variations we expect to have a mixing of the sectors because of (2.64). This may be a first reason to also consider versions of fractional calculus with mixed operators.

As far as derivatives are concerned, Cresson defined the complex linear combination [71]^3

D^α_λ := iλ + 1 2 ∂^α + iλ − 1 2 ¯∂^α , (2.71)

such that integration by parts becomes �_{x1}

x_0 dx f D^α_λ g = − �_{x1}

x_0 dx g D^α_{−λ}f . (2.72) When λ = −i and λ = +i, one recovers ∂^α and − ¯∂^α, respectively. For λ = 0, the same derivative operator would appear on both sides of the equation. However, the operators ∂^α and ¯∂^α have complementary domains and it is not possible to define a generalized fractional coordinate associated with the operator D^α_λ . In the interval [x_0, x), the natural fractional coordinate is (2.69), while in the interval (x, x_1] it is

q̄ :=

(x_1 − x)^α Γ(1 + α)

. (2.73)

One of the extrema in differintegral operators varies and, very roughly speaking, one cannot envisage a functional which is constant in the first and second interval for any x (compare (2.21) and (2.33) with β = α). There seems to be no natural geometric interpretation of a theory defined with D_λ, for any λ. Another motivation to construct mixed operators is in the way fractional integration is carried out. In fact, there are different prescriptions for generalizing the definite Lebesgue integral �_{x1}

x_0 dx^′f(x^′) to a fractional integral. The left operator I^α, (2.3) with x = x_1, carries a measure weight (x_1 −x^′)^{α−1}, such that the major contribution to the integral comes from the area under the curve with x ∼ x_1. On the other hand, the right operator Ī^α, (2.4) with x = x_0, carries a measure weight (x^′ − x_0)^{α−1} dominating near the lower extremum, x ∼ x_0: the output value of the two

3This operator was actually defined for Riemann–Liouville derivatives of mixed fractional order.

integrals is not the same. This will not result in different physical qualitative properties, but will eventually lead to different physical measurements, as we shall see in the next section. Therefore, it may be interesting to explore other possibilities. A mixed-type generalization of the definite integral draws inspiration from the splitting

�_{x1}

x_0 dx^′f(x^′) = �_{x∗} x_0 dx^′f(x^′) + �_{x1} x_∗ dx^′f(x^′) , ∀ x_∗ ∈ [x_0, x_1] ,

so that one can define Ĩ^α_{x∗} f := [(I^α + Ī^α)f](x_∗) , (2.74)

or, more explicitly, Ĩ^α_{x0,x∗,x1} f := I^α_{x0,x∗} f + Ī^α_{x∗,x1} f . (2.75) Actually, and contrary to the Lebesgue case, due to the fractional weights the splitting is no longer arbitrary and Ĩ^α_{x∗} is a class of inequivalent integrals parametrized by x_∗ ∈ [x_0, x_1].

Notably, Ĩ^α can be written in terms of just one sector [67, 68, 72, 73]. After obvious coordinate transformations, one has

Ĩ^α_{x∗} f = 1

Γ(α) �_{x∗−x0} 0 dx^′ x^{′1−α} f(x_∗ − x^′) + 1 Γ(α) �_{x1−x∗} 0 dx x^{1−α} f(x_∗ + x) . Upon changing integration variable in the first term as x^′ = [(x_∗ − x_0)/(x_1 − x_∗)]x, we obtain Ī^α_{x∗,x1} f = Ī^α_{0,x1−x∗} f_+ , (2.76) I^α_{x0,x∗} f = ( x_∗ − x_0 x_1 − x_∗ )_α Ī^α_{0,x1−x∗} f_− , (2.77)

where

f_+(x) := f(x_∗ + x) , f_−(x) := f ( x_∗ − x_∗ − x_0 x_1 − x_∗ x ) . (2.78)

Thus,

Ĩ^α_{x∗} f = 2

Γ(α) �_{x1−x∗} 0 dx x^{1−α} f̃(x) = 2Ī^α_{0,x1−x∗} {f̃} , (2.79) where f̃(x) := 1 2 [ f_+(x) + ( x_∗ − x_0 x_1 − x_∗ )_α f_−(x) ] . (2.80)

Therefore, the mixed integral Ĩ^α is equivalent to a right integral on the positive semi-axis (the weight dominating near the origin), acting on a modified function space. Expression (2.79) simplifies under some conditions. First, if the definite integral is symmetric (x_0 = −x_1 = −R), we have Ĩ^α_{−R,x∗,R}f = 2 Γ(α) �_{R−x∗} 0 dx x^{1−α} f̃(x) , (2.81a)

f̃(x) = 1 2 [ f(x_∗ + x) + ( R + x_∗ R − x_∗ )_α f ( x_∗ − R + x_∗ R − x_∗ x )] . (2.81b)

In particular, the symmetric choice x_∗ = 0 yields Ĩ^α_{−R,0,R}f = 2 Γ(α)

�_R 0 dx x^{1−α} f̃(x) , (2.82a)

f̃(x) = 1 2 [f(x) + f(−x)] . (2.82b)

When f is even, f̃(x) = f(x). We will use this property later to calculate multiple volume integrals. Also, sending R → +∞ in (2.81), the mixed fractional integral can be presented as Ĩ^α_{R,x∗} f = 2 Γ(α)

�_{+∞} 0 dx x^{1−α} f̃(x) , (2.83a)

f̃(x) = 1 2 [f(x_∗ + x) + f(x_∗ − x)] , (2.83b)

which can be further specialized to x_∗ = 0, if desired. Notice that this is a generalization of the ordinary integral over the whole real axis, despite the fact that the presentation (2.83) is on the positive semi-axis. Taking the absolute value |x| in the measure, one can formally extend this presentation to the whole axis, but we prefer to keep (2.83) because it makes explicit the existence of a boundary (the special point x = 0). This will be the object of much discussion when defining the symmetries of fractional spacetime [42].

Unfortunately, also the mixed integral has unattractive properties. Integration by parts follows from the results of Section 2.3.5. When the integrand has only ordinary derivatives, one has Ĩ^α_{x∗} {g∂f}^(2.65^)= −Ĩ^α_{x∗} { f∂g + 1 − α x_∗ − x fg }

+ (−1)^α − 1 Γ(α) lim_{x→x∗} f(x)g(x) (x_∗ − x)^{1−α} . (2.84)

The last term must vanish, thus imposing a function space such that for any f and g, (fg)(x) ∼ (x_∗ − x)^{1−α+ϵ} near x ∼ x_∗, where ϵ > 0. The physical meaning of this constraint is not clear a priori. Finally, the fundamental theorems of calculus do not hold, since there is no left inverse of the mixed integral (a linear combination of left and right derivatives would produce cross-terms which, in general, do not cancel).

2.6 Lebesgue–Stieltjes measure and interpretation of fractional integrals

Equation (2.69) can be also regarded as the Lebesgue–Stieltjes measure associated with left fractional integrals. Indeed, the distribution q(x) defines a measure ϱ_α over the interval [x_0, x]. This measure is the Carathéodory extension of m_ϱ((x_∗, x]) := q(x) − q(x_∗), m_ϱ({x_0}) := 0, for any x_∗ ∈ [x_0, x]. In fact, ϱ_α is monotonic, non-decreasing and right-continuous. Furthermore, the properties of measures are satisfied. We can see this intuitively by considering m_ϱ: (i) m_ϱ(∅) = 0, (ii) m_ϱ(A) ≤ m_ϱ(B) if A ∈ B /∈ [x_0, x], (iii) given a countable or finite union of sets, m_ϱ( ⋃ i A_i) ≤ ∑ i m_ϱ(A_i), where the equality holds if the A_i are disjoint Borel sets; in particular, m_ϱ(A \ B) = m_ϱ(A) − m_ϱ(B). Therefore, the Riemann–Liouville integral (2.3) can be regarded as a Lebesgue–Stieltjes (or Radon) integral [74]–[76]: I^αf = �_x

x_0

dϱ_α(x^′) f(x^′) , ϱ_α(x^′) = − (x − x^′)^α Γ(1 + α)

, (2.85)

where we made a slight abuse of notation and identified ϱ_α(x) with m_ϱ((x_0, x]) = q(x). An important feature of the measure is the scaling property, inherited from q, ϱ_α(λx) = λ^αϱ_α(x) , λ > 0 ; (2.86) namely, the measure of the set obtained by a rescaling x → λx is the same as the original set, multiplied by a factor λ^α.

Fractional integrals admit neat geometrical [77, 78] and physical [79, 80] interpretations. Consider a function f(t) and the time integral

(I^αf)(t_1) =

�_{t1}

t_0 dt (t_1 − t)^{α−1} Γ(α) f(t) =:

�_{t1}

t_0 dt v_α(t_1 − t)f(t) = �_{t1}

t_0

dϱ_α(t) f(t) . (2.87)

The geometric meaning of the left fractional integral (2.87) with α ≠ 1 fixed is shown in figure 1. The continuous curve in the box is given parametrically by the set of points C = {(t, ϱ_α(t), f(t))}, where f is some smooth function. Projection of C onto the t-f plane (ϱ_α = const.) gives f(t), while projection onto the t-ϱ_α plane (f = const.) yields ϱ_α(t). Now, build a vertical “fence” under the curve C, and project it onto both planes. On the t-f plane, the shadow of the fence is the ordinary integral,

(I^1f)(t_1) =

�_{t1}

t_0

dt f(t) . (2.88)

On the ϱ_α-f plane, the shadow corresponds to the fractional integral (2.87), the area under the projection of C on such plane.

Figure 1. Geometric interpretation of Lebesgue–Stieltjes integrals as “shadows” of a “fence”. f(t) is a generic smooth function and the measure ϱ_α(t) is given in (2.85) (specifically, in the figure α = 1/2).

The behaviour of the measure weight v_α(t_1 − t) leads to different physical scenarios at the extreme values of the interval 0 ≤ α ≤ 1. We can regard this weight as a memory function and the fractional integral as a memory flux. If α = 1, the fence lies in the t-f plane and the memory function v_1 = 1 equally weighs all the points from the initial time t_0 to the final time t, (2.88). Processes described by integer integrals retain all the memory of the past history. The integral has the usual meaning of “area under the curve f(t) in the interval [t_0, t_1].” Also, if f(t) is the speed of a point particle, I^1f is the operational definition of the distance covered in the time interval Δt = t_1 − t_0.

When α = 0, the limit of the memory function in the sense of distributions is a delta, v_{α→0}(t_1 −t) = δ(t_1 −t), the fractional integral becomes the identity operator, and the integral of a function from t_0 to t_1 equals the function itself, evaluated at the final point t_1:

lim_{α→0}(I^αf)(t_1) = f(t_1) . (2.89)

The past history is completely forgotten. Systems with no memory retention are called Markovian, and are well described by fractional calculus in the limit α → 0. Thinking of information as carried by “states”, α roughly corresponds to the fraction of states preserved at a given time t. In turn, loss of information corresponds to a loss of energy, at a rate 1 − α. Hence, fractional systems are dissipative [81, 82]. Examples are percolation clusters, porous media, collision systems, and Brownian motion. The one-sidedness of fractional operators, in fact, is responsible for the irreversibility of time [83].

3 Fractional Euclidean space

The extension to D topological dimensions (i.e., to D coordinates, where D ∈ N_+ ) is straightforward. Each direction is associated with a fractional “charge” α_μ. The corresponding Lebesgue–Stieltjes measure is

ϱ_α(x) = D⨂ μ=1 ϱ_{αμ} (x^μ) , (3.1)

with rescaling

ϱ_α(λx) = λ^{∑μ αμ} ϱ_α(x) , λ > 0 . (3.2)

In general, the D parameters α_μ can be different from one another. To make the presentation as simple as possible, we shall make an “isotropy” assumption: namely, α_μ = α , ∀ μ = 1, . . . , D . (3.3) This restricts the analysis to fractional manifolds (Section 3.3) where the fractional charge is equally distributed among the directions, and all of them are treated on an equal footing. Anisotropic configurations are possible and different choices of the set {α_μ} (modulo permutations) correspond to inequivalent geometries. Some anisotropic measures were given in [39].

Before discussing fractional Euclidean space, we need the extension of fractional differentials to many dimensions. The partial fractional derivative along the μ direction is

∂^α_μ := ∂^α_xμ , [∂^α_μ ] = α . (3.4)

A simple summation over coordinates yields

d^α := (dx^μ)^α∂^α_μ , [d^α] = 0 . (3.5)

The Einstein convention of summing over repeated upper-lower indices is employed. Arbitrary fractional n-forms can be constructed [51, 62]. For instance, the exterior derivative of the 1-form

ω = (dx^μ)^αf_μ(x) (3.6)

is d^αω(x) = (∂^α_μ f_ν )(x) (dx^μ)^α ∧ (dx^ν )^α.

3.1 Interpretation of fractional gradients

Fractional gradients admit a geometric interpretation [60, 61], illustrated in figure 2. Already in one dimension, the fractional derivative of an αdifferentiable function f on R can be expressed as

(∂^αf)(x) = lim_{y→x+} (T_αf)(y, x) − (T_αf)(x, x) (y − x)^α , (3.7)

where T_α is a mapping suitably defined (see [59, 61] for details in the case of the Nishimoto derivative). In particular,

(T_αf)(x + h, x) = f(x) + d^αf_x(h) + h^αε(h) , (3.8)

where h > 0, d^αf_x(h) = h^α(∂^αf)(x), and lim_{h→0} ε(h) = 0. (Related to this equation or variations on the same theme, one can develop a fractional Taylor expansion [83]–[85].) In many dimensions, one can consider a directional fractional derivative and a bilinear mapping (T_αf)(y, x) acting on R^D ⊗ R^D . Let (grad_αf)_μ := ∂^α_μ f be the μ-th component of the fractional gradient of a function f. Indicating a vector x as a point M in R^D , let the gradient exist at the point M_0 ∈ R^D . If dM is an infinitesimal vector displacement of the point, with coordinates (dx^1, . . . , dx^D), one can identify a fractional displacement dM^α as the vector ((dx^1)^α, . . . , (dx^D)^α). Therefore, the differential d^αf is given by

d^αf = grad_αf · dM^α . (3.9)

The set Σ of points M satisfying (T_αf)(M, M_0) = c, where c is a constant, is called a level surface passing through M_0. The point M_0 + dM in a neighborhood of M_0 belongs to Σ, but the point M_0 + dM^α does not. In fact, the latter determines another level surface Σ^′, (T_αf)(M, M_0) = c^′, at an angle β with Σ determined by cos β = |c−c^′|/‖dM^α‖, where ‖·‖ is the norm equipping the vector space. Since d^αf vanishes on Σ, the vectors grad_αf and dM^α are orthogonal, so that grad_αf is not orthogonal to (tangent vectors on) Σ at M_0 for 0 < α < 1. The projection of grad_αf on the unit vector n

Figure 2. Geometric interpretation of fractional gradient. The symbols are explained in the text.

normal to Σ at M_0 has modulus grad_αf · n = |grad_αf| sin β. When α = 1, the two level surfaces coincide and c = c^′, β = 0.

3.2 Which calculus?

We define fractional Euclidean space E^D_α of order α as Euclidean space R^D endowed with a set of rules Calc^α = {∂^α, I^α, . . . } of integro-differential calculus, a measure ϱ_α with a given support, a natural norm ‖ · ‖, and a Laplacian K: E^D_α = (R^D , Calc^α, ϱ_α, ‖ · ‖, K) . (3.10)

Different sets of fractional operators in Calc^α can correspond to inequivalent fractional spaces. We should now make a commitment on the type of derivative and integration operators acting in E^D_α , and choose between left and/or right integrals, left and/or right Caputo or Riemann–Liouville derivatives, mixed operators, the range of α, and so on. In fact, there are many more fractional derivatives we could have listed here, so the choice is actually larger. For the purposes of this section, the only ingredient we need to specify is calculus. In particular, for finite-volume calculations we pick the left fractional integral with 0 < α ≤ 1, while we elect the left Caputo derivative ∂^α with 0 < α ≤ 1 as the building block of the differential structure of E^D_α . We postpone the choice of the Laplacian K to Section 5.3, after the discussion of the so-called harmonic structure of fractal sets. Furthermore, we anticipate that the measure of E^D_α is, for each direction, the Weyl measure ϱ_α(x) = x^α/Γ(α + 1), with support on the positive real axis. Here we are interested in local properties of fractional Euclidean space, so we do not spell the reason why the support of ϱ_α can be chosen as [0, +∞) and not something else. That is given in [42].

Let us justify in detail the calculus.

• Fractional versus non-fractional calculus: Fractional calculus is among the most studied and best manageable frameworks generalizing ordinary calculus and, to the best of our knowledge, there are almost no other examples of calculi mimicking fractal behaviours in physics and statistics such as anomalous scaling of dimensionality and discrete scale invariance [41]. Mathematical properties of fractals, however, can be analyzed by Connes quantized calculus [86], which we shall not consider here.

• Left versus right operators: While left operators involve integration from an initial point x_0 up to the arbitrary point x, right operators integrate over the complementary sub-interval [x, x_1]. In fractional mechanics, where x = t is time and one studies dissipative classical systems, the output of these operators should depend on the past (rather than future) evolution of the system, and left derivatives seem more natural. However, on one hand in our context we do not have this type of physical interpretation and, on the other hand, both types of operators appear in fractional Lagrangian systems because of (2.64). Fortunately, “left versus right” is a non-issue, since the two classes of operators are actually the same under coordinate reflection ((2.11), (2.12) and (2.23)). Further discussion of this point can be found in [42].

• 0 < α ≤ 1: This choice is empirical. One wishes to obtain a model of space whose dimension is smaller than the topological dimension D of the embedding space. For a natural isotropic distribution of fractional charge over the D coordinates, this is achieved precisely for this range of the order parameter. The range of α will be further restricted in Section 3.4.

• Caputo versus Riemann–Liouville (and others): The Caputo derivative carries several advantages over the Riemann–Liouville operator.

(i) First, the Caputo derivative of a constant is zero for any x_0, while for the Riemann–Liouville derivative it is so only when x_0 = −∞. This helps in rendering fractional calculus more akin to the ordinary one without affecting other properties. We have seen, for instance, that the fundamental theorems of calculus are generalized in a simple way only for the Caputo derivative. Another difference, fully appreciated only when doing tensor calculus on curved manifolds, is that the frame metric η_{μν} is indeed a constant matrix for the Caputo differentiation; hence, tensor calculus keeps many of its usual rules.^4 In [42], we shall see that it is possible to define a simple fractional generalization of Poincaré symmetries precisely because of this property of the Caputo derivative.

(ii) A popular reason to prefer Caputo over Riemann–Liouville operators is the existence, in the former case, of a standard Cauchy problem, where one needs to specify only the first n ordinary derivatives [46]. On the other hand, the Riemann–Liouville operator requires the specification of n initial conditions of the form lim_{x→x0} (I^{k−α}f) (x), k = 1, . . . , n, which have no clear physical interpretation. Related considerations hold for general non-local theories, where the Cauchy problem must be reinterpreted; such a reinterpretation is known only for special non-local operators (e.g., [93, 94]).

(iii) There is, moreover, a simple but not very well known argument setting the Caputo and Riemann–Liouville derivatives on a different footing [46], and favouring the former as the most plausible operator to appear in dynamical equations. Taking the α → n limit of (2.15), one obtains

(∂^nf)(x) = (_{rl}∂^nf)(x) − n−1∑ j=0 ∂^{n−1−j} δ(x − x_0)(∂^j f)(x_0) . (3.11)

This is nothing but the relation between the integer classical derivative, on the left-hand side, and the derivative in the sense of distributions on the right-hand side. Therefore, one can consider the Caputo derivative as the fractional generalization of classical differentiation, and the Riemann–Liouville derivative as the fractional generalization of functional differentiation. In this respect, the Caputo operator is a much more natural choice for the fractional derivative in actions defined on E^D_α .

(iv) Another difference between Caputo and Riemann–Liouville derivatives emerges within initialized fractional calculus [53, 95]–[99]. We

4This fact was recognized in studies of manifolds with non-holonomic structure [87]– [90], a framework employed to integrate non-linear dynamical equations such as Einstein’s [91, 92].

mention it for the sake of completeness, although it has no impact in the present discussion. Heuristically, while repeated use of ordinary integration and differentiation generates arbitrary integration constants which are fixed by the boundary conditions of the problem, fractional integration is a continuous operation leading to a nontrivial entire function, called complementary (or complimentary). This function is determined by additional input on the boundary conditions. More precisely, in classical fractional mechanics one is interested in observing a system starting from a time t_∗ later than the initial time t_0 when the system began to evolve; call f(t) the observed history, a continuous function on [t_∗, t]. The effect of past history is incorporated in the complementary function. It turns out that the inferred history for the Riemann–Liouville derivative is continuous throughout the evolution period, and it is described just by the function f(t), analytically continued to the whole interval [t_0, t]. On the other hand, if the Caputo derivative is required to be equal to the initialized Riemann–Liouville derivative, the analytic continuation of f(t) is the constant f(t) = f(t_∗), for t < t_∗ [96]; therefore, derivatives of f are discontinuous at t_∗, and Caputo initialization effects seem not to be properly taken into account [99]. In our case this is not an issue, both because we do not ask the two derivatives to coincide (we simply make one choice and keep it all along the way) and because the context of fractional evolution is quite different. There is no connection between the lower terminal of integration, representing a boundary of space(time), with the notion of performing observations at space(time) points in the bulk. Here, all functionals are defined to have support in the domain of the fractional integrals, so there is no need to extend the physics outside this domain.

(v) The choice of measure (2.85) and (3.1) may seem too restrictive within all the possible choices of calculus, but this is not the case. On one hand, the more general arbitrary Lebesgue–Stieltjes measure (1.1) is technically untractable [23, 40], and not much progress can be done even for the absolutely continuous measure (1.3) without specifying the profile v(x) [23, 39]. On the other hand, there is no apparent advantage in choosing specific profiles different from (2.85) and (3.1), which is highly anisotropic in the embedding coordinates. For instance, one might object that anisotropic measures do not have the symmetries we observe in Nature, such as rotation invariance, and one might advocate isotropic measures such as a power-law profile v(x) ∼ |x|^{−D(1−α)}. Integro-differential operators generating this type of measure constitute the so-called Riesz calculus [47, Section 2.10], which is another version of fractional calculus. In principle, it would be possible to define fractional spaces also with this calculus. However, the factorized measure (3.1) allows us to define a natural set of geometric coordinates (Section 3.3) and a simple differential structure (Section 3.4), while mixing coordinate components would result in something more difficult to deal with. Furthermore, in fact, we do not need the measure to have any of the ordinary Poincaré symmetries, because these turn out to be accidental symmetries of fractional spacetimes in the infrared [41, 42].

Different choices of calculus are not excluded. In principle, they will lead to different quantitative details (that is, in the mapping between embedding and geometric coordinates and in the definition of the geometric integrodifferential operators). Occasionally, we will compare the left theory with one with mixed operators. We saw that these operators do not share many of the simple properties enjoyed by each individual sector, and because of this we will not pursue a full description of a mixed theory. Nevertheless, an example of volume calculation will show how geometry changes from a single-sector to a mixed-sector formulation.

It is important to stress that inequivalent fractional spaces are expected to share the same physical features. The reason is that the scaling property (3.2) of the fractional measure is unaffected by the choice of differential operators; see Sections 3.5 and 3.6.

3.3 Geometric notation

The geometry of fractional space is characterized by a set of integro-differ-ential operators, specifying both the measure on the space and its boundary, and the notion of distance (shortest path) between two points. The latter can be and has been derived within fractional calculus, but these results are more transparent after introducing a novel notation, which we call “geometric” and also carries part of the physical interpretation of the model.

The central idea is to regard a fractional manifold as embedded in an ordinary D-dimensional manifold constituting a mathematical ambient space. A fractional manifold is defined by the multiplet of objects (3.10) but with more general embedding. By embedding we mean the ordinary manifold one would obtain by setting α_μ = 1 in the measure for all μ. A general embedding is a smooth manifold endowed with a metric g_{μν} . For instance, in [42] the embedding defining fractional Minkowski spacetime M^D_α is ordinary

Minkowski spacetime M^D, with metric g_{μν} = η_{μν} . In the case of fractional Euclidean space E^D_α , the embedding is R^D and g_{μν} = δ_{μν} .

While x^μ, μ = 1, . . . , D, are embedding coordinates, on the fractional manifold a natural coordinate system is provided by the “fractional” (or “geometric”) coordinates q^μ, (2.69). The symbol q leaves implicit both the coordinate dimensionality and the dependence on the embedding coordinate domain, but this does not differ substantially from what one does in ordinary geometry. In fact, hiding a fixed α in q is tantamount to hiding the scaling [x] = −1 in the symbol x. Similarly, one typically specifies a coordinate system {x} and its domain Dom(x) separately, and not as a joint symbol x_{Dom(x)}. The coordinates (2.69), sometimes called “generalized”, were introduced in the special case x_0 = 0 (and without the Γ factor) in [67, 68, 72, 73, 81, 82] in the context of dissipative mechanics.

Equations (2.22) and (2.34) state that there is no natural geometric coordinate for Liouville (and also Weyl) calculus, i.e., no function q(x) such that_∞∂^αq = 1. In fact, the right-hand side of (2.69) diverges for x_0 = −∞ (e.g., for global Cartesian coordinates). This fact should not be of concern, since this is just a mapping stating how embedding and fractional coordinate systems are related to each other. A singular mapping does not imply a pathology in the embedding coordinate system, and in fact the final expressions of geometric integrals are perfectly well defined in the language of fractional calculus, even for |x_{0,1}| = ∞. In other words, even if there are no geometric coordinates in pure Liouville and Weyl calculi, fractional spaces equipped with these operators are still meaningful.

The “geometric” differential associated with the fractional coordinates q is just d^α:

d := d^α , [d] = 0 . (3.12)

We change notation to avoid confusion between the label α and space indices μ, ν, . . . . From (2.70),

d = dq ∂^α_q , dq = (dx)^α , (3.13)

where the “geometric” derivative is the Caputo fractional derivative regarded as a function of q,

∂^α_q := d dq = ∂^α_x ; (3.14)

in particular, ∂^α_q q = 1. Note that (3.13) can be taken as the definition of q via d^αq also in Liouville calculus (x_0 = −∞; compare (2.9) in [100]). Also,

∂^α_q ≠ ∂_q = (∂q/∂x)^{−1}∂_x: comparing with (2.62),

(∂^αf)(x) = α Γ(α)Γ(2 − α) ∂f ∂q + 1 q f(x) − f(x_0) Γ(1 − α)Γ(1 + α) + +∞∑ j=2 sin[π(j − α)] π(j − α) Γ(1 + α) Γ(1 + j)

(x − x_0)^{j−α}(∂^j f)(x) .(3.15)

In many dimensions,

d := dq^μ ∂^α_μ , ∂^α_μ := ∂^α ∂^αq^μ . (3.16)

By virtue of the unique property ∂^α_μ 1 = 0 typical of the Caputo fractional derivative, ∂^α_μ q^ν = δ^ν_μ. The symbol ∂^α_μ will indicate both the partial fractional derivative with respect to x^μ and the one with respect to q^μ; the context should make the distinction clear.

Finally, we define the “geometric” integral �_q 0 := 1 Γ(α)

�_x

x_0 ( dx^′ x − x^′ )_{1−α} , [ � ] = 0 . (3.17)

The symbol in the left-hand side of the first equation is borrowed from the standard notation for mean integrals, which are, of course, out of the present context. The right-hand side was first introduced by Tarasov [51]. A definite integral over the whole interval is simply obtained by setting x = x_1. In one embedding dimension, �_q 0 dq^′ = 1 Γ(α)

�_x

x_0 (dx^′)^{1−α} (x − x^′)^{1−α} (dx^′)^α = I^α {1} = (x − x_0)^α Γ(1 + α) = q . Therefore, posed f(q) = f(x), (2.60) is equivalent to �_q 0 df(q^′) = f(q) − f(0) , (3.18)

stating that geometric integration in fractional coordinates has formally the same properties as the ordinary integral. By formally, we mean that there will be a difference in the functional space over which the integral operators act.

Geometric Fractional calculus Stieltjes measure formalism formalism formalism Coordinates q (x − x_0)^α/Γ(1 + α) x Measure dq (dx)^α dϱ(x) Integration � I^α � Differentiation ∂^α_q ∂^α ∂ Table 1. Equivalent formalisms describing calculus on a fractional manifold. The Lebesgue–Stieltjes measure formalism, with generic measure ϱ, is the most general but it is often impractical to perform calculations.

Geometric integrals with different lower extrema are obtained either by a initialization prescription [95] or by the composition law

�_{q1} q_∗ := �_{q1} 0 − �_{q∗} 0 , q_{∗,1} ≡ (x_{∗,1} − x_0)^α Γ(1 + α)

, 0 ≤ q_∗ ≤ q_1 .

Multiple integrals in the coordinate system {q^μ| μ = 1, . . . D} follow through, � d^Dq := � dq^1 · · · � dq^D . (3.19)

Each fractional coordinate q^μ is mapped into an embedding coordinate x^μ with a given domain. Examples of nested integral will be seen in Section 3.5.

We summarize the three notation systems employed so far in table 1.

3.4 Metric and distance

In the language of first-order general relativity, arbitrary coordinate transformations define frames which, in turn, determine the metric. Therefore, the notion of line element naturally emerges. First-order formalism is somewhat of an overkill when dealing with Euclidean space, but one can foresee obvious applications in more general scenarios.

Consider two coordinate systems {x^I } and {y^μ}, the first (denoted with capital Roman indices) being the Cartesian system and the second a generic curvilinear one. The exterior derivative of order α can be written in both systems as (dx^I )^α∂^α_I = d^α = (dy^μ)^α∂^α_μ .

Applying (2.68), we get

(dx^J )^α = (dy^μ)^α∂^α_μ

[x^J (y) − x^J_0 ]^α Γ(1 + α)

=: (dy^μ)^αe^J_μ , (3.20) where e^J_μ , a D × D matrix, is the fractional generalization of the vielbein. To avoid confusion with space indices, we shall omit labels α for fractional vielbein and metric, using the same symbols as in ordinary space.

Some example of coordinate transformations are given in [62] for Riemann– Liouville fractional calculus. We can easily give the general form of the fractional Jacobian J_α in a calculus of order α. Let J (y) = |∂x(y)/∂y| be the Jacobian of a coordinate transformation from the system of coordinates x to y. The fractional Jacobian J_α is simply J times the ratio of measure weight factors:

J_α(y^1, . . . , y^D) = v_α[x^1(y)] v_α(y^1) · · · v_α[x^D(y)] v_α(y^D)

J (y^1, . . . , y^D) . (3.21)

For instance, for left integrals with upper terminal x_∗

v_α[x^1(y)] v_α(y^1) · · · v_α[x^D(y)] v_α(y^D) = [ y^1_∗ − y^1 x^1_∗(y_∗) − x^1(y) · · · y^D_∗ − y^D x^D_∗ (y_∗) − x^D(y) ]_{1−α} . In compact notation, the integral measure transforms as

dϱ_α(x) = dϱ_α(y) J_α(y) , J_α(y) = v_α[x(y)] v_α(y) J (y) . (3.22)

As in ordinary calculus, the measure in the new coordinates does not factorize over the directions due to the non-trivial coordinate dependence of the fractional Jacobian.

Expressing the 1-form (3.6) in y coordinates and reversing the transformation,

ω = (dx^J )^αf_J (x) = (dy^μ)^αe^J_μf_J [x(y)] = (dx^I )^αe^μ_I e^J_μf_J [x(y)] , from which it follows the relation e^μ_I e^J_μ = δ^J_I . (3.23) One can also define the fractional metric g_{μν} := η_{IJ} e^I_μe^J_ν , (3.24) where η_{IJ} = δ_{IJ} is the Kronecker delta in Euclidean space. In turn, the fractional metric gives the fractional line element

ds^α := [g_{μν} (dx^μ)^α ⊗ (dx^ν )^α]^{12} , (3.25) or, in geometric notation, ds^2 = g_{μν} dq^μ ⊗ dq^ν . (3.26) This result for fractional two-forms suggests a natural definition of the distance between two points. The metric of fractional Euclidean space E^D_α is g_{μν} = δ_{μν} , so in geometric coordinates it is expressed as

Δ_α(q, q^′) := √ Δ_αq^μΔ_αq_μ = √ [Δ_α(q^1, q^{′1})]^2 + · · · + [Δ_α(q^D, q^{′D})]^2 . (3.27) This only resembles an ordinary Euclidean distance, since Δ_α(q, q^′) ≠ |q−q^′|. From (3.25), the coordinate distance in (length)^1 units is the 2α-norm

Δ_α(x, y) := {[Δ(x^μ, y^μ)]^α[Δ(x_μ, y_μ)]^α}^{12α} := D∑ μ=1 |x^μ − y^μ|^{2α} 1 2α , (3.28)

where Δ(x^μ, y^μ) = |x^μ − y^μ|. This is a norm only if α ≥ 1/2, i.e., when the triangle inequality holds. Therefore, we can further restrict α to lie in the range 1 2 ≤ α ≤ 1 . (3.29)

From the perspective of differential forms, the 2α-norm is the natural distance in fractional space, which is a metric space. In fact, one should not confuse (3.28) with the choice of a p-norm (all topologically equivalent) in a given space: as α changes, so does the geometry of space.

In a generic fractional geometry with α ≠ 1, the Pythagorean theorem is not valid and the shortest path between two points is neither a straight line (Euclidean distance) nor unique. The case α = 1/2 corresponds to the so-called “taxicab” or “Manhattan” distance, given by the rectilinear distance along the axes. In D = 2, circles in this geometry are diamonds with edges at 45^∘; the inclination of the edges is fixed, taxicab distance not being rotation invariant (figure 3). As α increases from 1/2 to 1, the faces of the diamond become convex until they merge into an ordinary circle. These figures are called supercircles (a particular case of superellipse, or Lamé curve). See figure 4. In D = 3, taxicab spheres are octahedra (figure 5).

3.5 Volume

We have already described fractional operators in one dimension, and their replication to D copies is straightforward. As one might expect, there is a fractional analogue of areas and volumes, but their scaling properties and values will differ from their ordinary Euclidean counterparts.

Figure 3. 1-norm and taxicab geometry in two dimensions. (a) Left panel: the shortest path between two points is not unique. (b) Right panel: circles of radius R are diamonds with edges at 45^∘ with respect to the coordinate axes, |x| + |y| = R.

Figure 4. Left: circles in two dimensions with unit radius in 2α-norm, |x|^{2α} + |y|^{2α} = 1; increasing thickness corresponds to α = 1/2, 3/4, 1. Right: the same circles in left geometric coordinates q_1 = (x−x_0)^α/Γ(α+1) and q_2 = (y−y_0)^α/Γ(α+ 1), with x_0 = −1 = y_0.

Let M ⊂ R^D be an arbitrary region in space. The fractional volume of M is (e.g., [51])

V^{(D)}_M := D∏ μ=1 I^α[x^μ] , (3.30)

where each fractional integral is defined on an interval [x^μ_0 , x^μ_1 ] ∋ x^μ. These intervals can be always chosen so that they cover M. If M is a rectangular

Figure 5. Spheres in taxicab geometry are octahedra, |x| + |y| + |z| = R.

region, then all the coordinates x^μ_0 and x^μ_1 are constant. Otherwise, one can compute the volume V_M as a nested integration over elementary domains, as in ordinary calculus.

We give an example of multiple integral in the calculation, in D = 2, of the volume V^{(2)}(R) of a 2-ball with radius R and centred at the origin.^5 With the α-norm distance (3.28), this is the area enclosed by a supercircle B_2, i.e., the set

B_2 = { (x, y) : |x|^{2α} + |y|^{2α} ≤ R^{2α} } . (3.31)

When α = 1, this is a disc with radius R; when α = 1/2, it is a diamond with vertices (±R, 0) and (0, ±R). We integrate first y from −r(x) to r(x), where

r(x) = (R^{2α} − |x|^{2α})^{1/(2α)} . (3.32)

Then, we integrate in x from −R to R: V^{(2)}(R) = I^α_{−R,R} { I^α_{−r(x),r(x)}{1} }

= I^α_{−R,R} { [2r(x)]^α Γ(1 + α) }

= 2^αf_{2,α} Γ(1 + α)

R^{2α} , (3.33)

5Clearly, the final result will not depend on the location of the disc in the coordinate plane.

where

f_{2,α} = 1 Γ(α)

�_1 −1 dx (1 − x)^{α−1} √ 1 − |x|^{2α} = 1 Γ(α)

�_1 0 dx √ 1 − x^{2α}[(1 − x)^{α−1} + (1 + x)^{α−1}] . (3.34)

We will reconsider this prefactor later for general D. Other examples of double integrals can be found in [51]. Working in geometric notation, the two fractional coordinates are

q_1 =

(x + R)^α Γ(1 + α) ∈ [0, R] , R := (2R)^α Γ(1 + α)

, (3.35)

q_2 =

[y + r(x)]^α Γ(1 + α) ∈ [0, r̃] , r̃ := [2r(x)]^α Γ(1 + α)

. (3.36)

Therefore,

V^{(2)}(R) =

�_R 0 dq_1

�_{r̃(q1)} 0 dq_2 =

�_R 0 dq_1 r̃(q_1) = 2^{−α}Γ(1 + α)f_{2,α}R^2 ,

coinciding with (3.33).

As we said, different presentations of the fractional operators lead to inequivalent fractional spaces, where areas and volumes are weighed according to the measure in the integral. For example, the measure weight of the α = 1/2 unit disc is v(x, y) = [(1 − x)(1 − |x| − y)]^{−1/2}, which is heavier for points (x, y) ∼ (1, y) and (x, y) ∼ (x, 1 − |x|), corresponding to the right vertex and to the upper edges of the diamond. This is depicted in the left panel of figure 6. Using right integration Ī^α[x]Ī^α[y], the measure is v̄(x, y) = [(1 + x)(1 − |x| + y)]^{−1/2}. However, due to the symmetry of the object ((3.34) is invariant under x → −x), the value of the area is the same; this is not true in general. On the other hand, for mixed integration Ĩα[x]Ĩα[y] with (x_∗, y_∗) = (0, 0), we have V^{(2)}(R) = Ĩ^α_{−R,0,R} { Ĩ^α_{−r(x),0,r(x)}{1} }

= Ĩ^α_{−R,0,R} { 2Ī^α_{0,r(x)}{1} }

= Ĩ^α_{−R,0,R} { 2[r(x)]^α Γ(1 + α) }

= 4 Γ(1 + α) Ī^α_{0,R} {√ R^{2α} − |x|^{2α} }

= 2f̃_{α,2} Γ(1 + α)

R^{2α} , (3.37)

Figure 6. Density plots of the area measure of a 1-norm disc. The integration measure weight is represented in light to dark shade, darkest shade being points where it diverges. From left to right to bottom: left integration, right integration, mixed integration.

where we used the fact that the integrand is even and

f̃_{2,α} = 2 Γ(α)

�_1 0 dx x^{α−1} √ 1 − x^{2α} . (3.38)

Therefore, in this case the measure weight for α = 1/2 is ṽ(x, y) = |xy|^{−1/2}, which diverges along the axes x = 0 and y = 0; see the right panel of figure 6. The angle factors f_{α,2} and f̃_{2,α} represent the ratio of the area of the disc and a certain power of its radius. Measurements of both would then determine the angle factor and, in principle, provide an experimental discrimination between left/right and mixed theories. Let us recall the overall physical picture outlined in Section 1.2. The fractional space constructed in this paper has fixed dimensionality and there is no dimensional flow. So, the dimension is always different (possibly very different) from D at all scales.

To get some physics, one must generalize to spaces which are multi-fractional and whose dimension changes with the probed scale. This is overviewed in [41] and done in [42]. In the full theory of [42], spacetime has dimension close to D at large scales, and local geometry can be tested against deviations from the ordinary one. With this setting in mind, one can envisage local measurements of geometry in vacuum, made at scales and in conditions where gravitational effects (such as tidal forces) are negligible, to check if geometry in a local inertial frame is Euclidean. For instance, one could take experiments on the equivalence principle and Lorentz violation and, by reverse engineering, place experimental bounds on the angle factor. In standard theories, at human scales (say, below 1 km) Euclidean geometry holds and the theoretical value of the angle factor is π. However, if a fractional theory with dimensional flow was a correct description of Nature, we would expect the parameter α not to be exactly equal to 1 at sufficiently small scales. In other words, an expansion in α = 1 − ϵ/D, 0 < ϵ ≪ 1, would yield a correction to the Euclidean angle factor, which can be constrained from above by experiments [42].

We can find the form of this correction in arbitrary dimension. To begin, we prove by induction that the volume of a closed D-ball

B_D = x^μ : D∑ μ=1 |x^μ|^{2α} ≤ R^{2α} (3.39) is V^{(D)}(R) = Ω_{D,α}R^{Dα} , (3.40)

where Ω_{D,α} is the volume of a unit ball. We first work with fractional calculus and then in geometric notation, to show how the latter is more transparent. Suppose (3.40) true in D − 1 dimensions for a ball of radius r(x) = (R^{2α} − |x|^{2α})^{1/(2α)}. Then, integrating also in the direction x, V^{(D)}(R) = I^α_{−R,R} { V^{(D−1)}[r(x^′)] }

= Ω_{D−1,α} I^α_{−R,R} { r^{(D−1)α}(x^′) } x=x^′/R = Ω_{D−1,α}f_{D,α} R^{Dα} , (3.41)

where f_{D,α} = 1 Γ(α)

�_1 −1 dx (1 − x)^{α−1}(1 − |x|^{2α})^{D−12} = 1 Γ(α)

�_1 0 dx (1 − x^{2α})^{D−12} [(1 − x)^{α−1} + (1 + x)^{α−1}] . (3.42)

In geometric notation, the fractional coordinate over which one integrates is given by (3.35). In terms of the fractional radius R, the volume (3.40) scales as V^{(D)}(R) = ω_{D,α}R^D , ω_{D,α} = Ω_{D,α} [ Γ(1 + α) 2^α ]_D . (3.43)

Then, given a (D − 1)-ball of radius r̃ = (2r)^α/Γ(1 + α), one has

V^{(D)}(R) =

�_R 0 dq V^{(D−1)}[r̃(q)] = ω_{D−1,α} �_R 0 dq r̃^{D−1}(q) = 2^{−α}Γ(1 + α)ω_{D−1,α}f_{D,α} R^D , (3.44)

in agreement with (3.41). Formally, this is the same calculation as for (one orthant of) a D-ball in Euclidean space, the difference being in the angular factor. Thus, from the point of view of the observer in the fractional manifold, the ball scales ordinarily. However, fractional coordinates/distances have anomalous scaling (x → λx implies q → λ^αq), so the embedding volume of the ball scales as R^{Dα}. When D = 2, one recovers the explicit result for the superellipse.

The angular factor Ω_{D,α} is obtained by solving the recursive equation Ω_{D,α} = Ω_{D−1,α}f_{D,α} with initial condition Ω_{1,α} = f_{1,α} = 2^α/Γ(1 + α):

Ω_{D,α} = D∏ n=1 f_{n,α} . (3.45)

We were unable to compute Ω_{D,α} explicitly in finite form for general α, but one can do so for several special cases. For instance, when α = 1/2, one obtains [56, 3.197.3]

Ω_{D,} 1_2 = √ 2 ( 4 π ) D_{2 D}∏ n=2 [ 1 n + 1 n + 1^2

F_1 ( 1 2 , 1;

3 + n 2 ; −1 )] . (3.46)

When α = 1 − ϵ/D, 0 < ϵ ≪ 1, we get the standard result plus corrections. In fact,

f_{D,1−} ϵ_D = 2

�_1 0 dx (1 − x^2)^{D−12} − ϵ D �_1 0 dx (1 − x^2)^{D−12} [ 2γ + ln(1 − x^2) − (D − 1) x^2 ln x^2 1 − x^2 ]

+O(ϵ^2) ,

D Ω_{D,1/2} Ω̃_{D,1/2} 2 √ 2^4_π π = 4 3 ( √ 2 − 1)^8_3

√_2

π ≈ 0.88^8_{π3/2}^{4π}_3 ≈ 6 4 2 √ 2( √ 2 − 1) ( 1 −^2_π ) ≈ 0.43^{16}_{π2}^{π2}_2 = 8 Table 2. Volume of unit D-balls in various dimensions for α = 1/2, in left/right and mixed theories (with x^μ_∗ = 0).

where γ = −ψ(1) ≈ 0.577 is Euler constant and ψ is the digamma function. Using formulæ 3.251.1 and 4.253.1 of [56], f_{D,1−} ϵ_D = √ πΓ (_{D+1} 2 ) Γ (_D 2 + 1 ) { 1 − ϵ 2D [ 2γ + ψ ( D + 1 2 ) − ψ ( 3 2 )]} + O(ϵ^2) .

(3.47) Then,

Ω_{D,1−} ϵ_D = D∏ n=1 f_{n,1−} ϵ_D

= Ω_{D,1} { 1 − ϵ 2 [ 2γ − ψ ( 3 2 ) + 1 D D∑ n=1 ψ ( n + 1 2 )]} + O(ϵ^2) ,

(3.48) where

Ω_{D,1} = D∏ n=1 √ πΓ (_{D+1} 2 ) Γ (_D 2 + 1 ) = π^{D/2} Γ (_D 2 + 1

) (3.49)

is the standard unit volume.

In tables 2 and 3 we compare these unit volumes with the standard ones, and with the result which would come from a traditional dimensional regularization procedure, where the topological dimension is formally expanded as D − ϵ: Ω_{D−ϵ,1} = Ω_{D,1} { 1 − ϵ 2 [ ln π − ψ ( D 2 + 1 )]} + O(ϵ^2) . (3.50)

Left fractional expressions are not as neatly symmetric as those of integer calculus because fractional integral operators are not even in the embedding coordinates. In the mixed theory, the volume of a D-ball scales as in (3.40), but with angle factor given by

Ω̃_{D,α} = D∏ n=1 f̃_{n,α} , (3.51)

D Ω_{D,1−ϵ/D} Ω̃_{D,1−ϵ/D} Ω_{D−ϵ,1} 2 π(1 − 0.42ϵ) π(1 + 0.42ϵ) π(1 − 0.36ϵ) 3^{4π}_3 (1 − 0.54ϵ)^{4π}_3 (1 + 0.42ϵ)^{4π}_3 (1 − 0.22ϵ) 4^{π2}_2 (1 − 0.63ϵ)^{π2}_2 (1 + 0.42ϵ)^{π2}_2 (1 − 0.11ϵ) Table 3. Volume of unit D-balls in various dimensions, for α ∼ 1, in left/right and mixed theories (with x^μ_∗ = 0). The corrections in traditional dimensional regularization are shown in the last column.

where f̃_{D,α} = 2

Γ(α)

�_1 0 dx x^{α−1}(1 − x^{2α})^{D−12} , (3.52)

and Ω̃_{1,α} = f̃_{1,α} = 2/Γ(1 + α). This integral can be expressed in terms of Γ functions and one has Ω̃_{D,α} = Ω^{D,1} [Γ(1 + α)]^D

. (3.53)

In particular, for α = 1/2 the volume is enhanced by a factor (2/ √ π)^D, and in general it is considerably greater than in the left theory (table 2). Expanding in α = 1 − ϵ/D, one has Ω̃_{D,1− ϵD} = Ω_{D,1}[1 + ϵ(1 − γ)] + O(ϵ^2) . (3.54)

The coefficients in the ϵ corrections have opposite sign with respect to the left/right and dimensional-regularization cases (table 3), and are one and the same for any D. As a consequence of (3.53), which define the effective constant π̃ := π[1 + ϵ(1 − γ)/n], these corrections can be written relative to π and are the same for D = 2n and D = 2n + 1 dimensions in the mixed theory. Anyway, ϵ is expected to be constrained to extremely small values by experiments, so the actual coefficients in front of it are not important except for highlighting this concrete comparison of inequivalent theories.

3.6 Hausdorff dimension of space

When dealing with exotic sets, it is important to define a sensible notion of dimension. Sometimes, the imprecise name “fractal dimension” is used to indicate one or more among the many possible (and inequivalent) definitions of dimension, which may create much confusion. Here we specialize to one such definition, the Hausdorff dimension. Before doing so, we make general remarks on dimension counting [101].

Let F be an object living in a D-dimensional space. To measure its volume, one can take the minimum number N(δ) of n-balls, n ≤ D with radius δ centred at points in F and such that they cover F (i.e., each point in F lies in at least one ball). The number N(δ) increases as δ decreases, approaching the behaviour N(δ) ∼ δ^{−dB} as δ → 0. Then, the number

d_B := − lim_{δ→0} ln N(δ) ln δ

(3.55)

is called the box-counting dimension of F. (Strictly speaking, there exist a lower and an upper box-counting dimension, given by the lim inf and lim sup, respectively; when they coincide, they reduce to (3.55).) For instance, if F is a square or a disc, the covering of 2-balls will show that d_B = 2, if it is a cube or a 3-ball, a 3-ball covering will give d_B = 3, and so on. Very irregular or fractal sets will not be smooth and their dimension will be, in general, non-integer (although there exist also fractals with integer dimension). Intuitively, a set with many irregularities will require more balls for being covered, and their number will increase faster than expected; a typical example is an irregular porous surface, for which d_B > 2 [102]. On the other hand, a surface with “too many holes” may require less balls than a smooth one. For a given n, the shape of the covering sets is not important, and one could use, for instance, n-cubes of edge length δ instead of n-balls; what matters is how the volume of the probe scales with its size.

The box-counting dimension is only a particular definition of dimension, and it often proves to have a number of inconvenient properties. It is desirable to have a different (not just more general) notion of dimension as follows. The idea is similar, namely, to define a “minimal” covering for F ⊂ R^D , but now taking covering sets of different size. Let |U| = sup{Δ(x, y) : x, y ∈ U} be the diameter of a set U ⊂ R^D , i.e., the greatest distance Δ(x, y) between two points in U. A δ-cover of F is a countable or finite collection of sets {U_i} of diameter at most δ that cover F: F ⊂ ⋃ i U_i, with 0 ≤ |U_i| ≤ δ for all i. If s ≥ 0 is a real non-negative parameter, one can define

ϱ^s_H(F) := lim_{δ→0} inf { ∑ i |U_i|^s : {U_i} is a δ-cover of F } . (3.56)

This limit exists (it can be also 0 and +∞) and is a measure, the s-dimensional Hausdorff measure of F. One can check that it is proportional to the ndimensional Lebesgue measure for integer s = n ≤ D (length, area, volume, and so on). The Hausdorff measure obeys the scaling property (in coordinate notation) ϱ^s_H(λx) = λ^sϱ^s_H(x) , (3.57)

where λ > 0 is the scale factor of a dilation x → λx. One can show that ϱ^s_H is non-increasing with s and there exists a critical value of s at which the measure jumps from +∞ to 0. This is the Hausdorff dimension (or

Hausdorff–Besicovitch dimension) of F [103]:

d_H(F) := inf{s : ϱ^s(F) = 0} = sup{s : ϱ^s(F) = +∞} . (3.58)

This definition allows one to calculate d_H via the behaviour of the Hausdorff measure. The latter diverges for s < d_H, is zero for s > d_H, and may be 0, +∞ or finite at s = d_H. In general, d_B ≠ d_H.

Taking balls as the covering sets U_i, one defines a measure which jumps at the same critical value d_H of the Hausdorff measure [101]. This determines a local, operational definition of the Hausdorff dimension d_H of a smooth set such as an integer or a fractional manifold of topological dimension D: d_H is given by the scaling law for the volume V^{(D)} of a D-ball of radius R:

V^{(D)}(R) ∝ R^{dH} . (3.59)

Therefore,

d_H = lim_{δ→0} ln V^{(D)}(δ) ln δ

= lim_{δ→0} ln ϱ[B_D(δ)] ln δ

, (3.60)

where in the last step we formally expressed the volume as the measure of a D-ball.

Thus, in Section 3.5 we implicitly proved that the Hausdorff dimension of isotropic fractional Euclidean space is

d_H = Dα . (3.61)

Also, we calculated volume corrections for a nearly integer dimension, when α ∼ 1 and d_H = D − ϵ . (3.62)

The scaling of V^{(D)} reproduces the estimates of fractal distributions in the fractional continuum approximation [67, 68, 72, 73, 104]–[107] as well as the heuristic scaling of general Lebesgue–Stieltjes measures in certain regimes [23, 39, 40].

Since fractional space is smooth, one expects most of the inequivalent definitions of fractal dimension to collapse one into the other. For instance, the Hausdorff dimension of the product F_1 × F_2 of two fractals is greater than or equal to the sum of the Hausdorff dimensions of the two sets, but it is strictly equal if the upper box-counting dimension coincides with the Hausdorff dimension for either F_1 or F_2 [101, Corollary 7.4]. The boxcounting dimension of a fractional ball is the same as its Hausdorff dimension,

d_B = d_H , (3.63) hence the result (3.61). In Section 4.2, we will reobtain (3.61) two more times by symmetry arguments of fractal geometry.

The class of fractional spaces E^D_α is bounded by two limiting cases. When α = 1 in all directions, one recovers D-dimensional Euclidean space, where the measure weight is uniform and all points are on an equal footing. A particle has full memory of its past history and the dynamics is determined by certain initial conditions. On the opposite side, when α = 0 the measure weight is peaked at the boundary of space, but integration reduces to the identity operator. The action is defined at a point and the space is zerodimensional. This “Pointland” universe has no memory whatsoever of its history and, because it has no extension, it has no dynamics at all.

4 Fractional versus fractal

As soon as fractals made their appearance in the literature [108], the anomalous scaling of fractional measures induced the perception that certain phenomena with fractal properties might be described by fractional calculus [109]. Later, it was argued that the fractional charge α is related to the Hausdorff dimension of certain fractal objects [84, 110]. Fractional equations can approximate, in some sense to be made precise, self-similar deterministic (also known as nested) fractals such as the Cantor set [111] and von Koch curves [110], and random fractals such as (the trail and graph of) Brownian and fractional Brownian motion [110]. Criticism on the results of [111] and on the connections between fractional calculus and fractals [112, 113] led to their clarification for the Cantor set [114, 115] and their progressive generalization to self-similar sets (finite or infinite) generated by linear mappings (random self-similar [114, 115], self-similar deterministic [79, 114, 115], and generalized self-similar sets [79]), generalized cookie-cutter sets where only the first similarity is linear [116, 117], generalized net fractals (defined by contractions) where only the first mapping is linear [118] and, finally, generalized net fractals generated by non-linear mappings [119]–[121].

By now, it is established that fractional systems are not indiscriminately equivalent to fractal systems. On one hand, there are features of deterministic fractals which are not reproduced by the simplest fractional systems. On the other hand, random fractals are indeed describable by fractional tools (Section 4.4). Dynamical systems with fractal properties in certain static regimes have been successfully modeled by chaotic and fractional systems [47, 53]. Fractional differential equations (such as the generalization of the Fokker–Planck–Kolmogorov equation) well describe, for instance, self-similar dynamics, Lévy flights, and anomalous diffusion in chaotic Hamiltonian systems and systems close to thermal equilibrium [65, 67, 72, 73, 122]–[133] (see [134, 135] for reviews). Fractional Brownian motion [101] is also related to fractional calculus. Fractal domains characterized by a mass distribution or correlation functions with anomalous scaling are, in general, very irregular at small scales; this is the case in many physical systems such as porous materials, colloidal aggregates and branched polymers [102, 136]–[139]. These media, however, can be considered as continuous at scales much larger than the characteristic size of the irregularities, such as the pores in porous media [104]. Fractional systems, therefore, can be regarded as continuum approximations where the detailed microscopic structure of these materials is smoothened without loosing anomalous scaling [104, 106, 107]. This picture holds not only for mass distributions but, for instance, also in the description of the propagation of electromagnetic waves in dielectric media [140], and in other applications (e.g., [107] and references therein).

To understand in what sense fractional models describe fractals, and whether fractional Euclidean space E^D_α is a fractal, we first fix the rules of the game, analyze what properties a fractal should have, and compare these properties with those of E^D_α . This is a natural starting point where to draw a more precise comparison. Perhaps the most universal qualities of fractals are [101]

1. A fine structure; 2. An irregular structure; 3. Self-similarity.

Despite the fact that there are counterexamples of fractals not possessing one or more of these features, one must rely on descriptive properties rather than on a sharp mathematical definition. As a matter of fact, there does not exist a unique definition of “fractal”, other than “I know one when I see one” [141].

4.1 Fine and irregular structure

A fractal F has a fine structure if it has detail at every scale. Intuitively this means, first of all, that one can zoom indefinitely into a fractal and always meet points belonging to F, and, secondly, that in doing so one will always see non-trivial details. A smooth manifold M as well as fractional space E^D_α can be zoomed in indefinitely (they are continuum structures) but they lack details at all scales.

Typically, fractals are also too irregular to be described with traditional geometric tools. This means that ordinary calculus does not apply to very discontinuous sets, and one must resort to rather advanced techniques to define measures, Laplacians, spectral theory, and so on. A smooth manifold M does not satisfy this property. Fractional space E^D_α does by definition, although this is associated with an asymmetry of measure weights rather than manifest irregularity. At this point it becomes clear why fractional models are regarded as approximations of certain fractals: they do possess properties 1. and 2., but in a rather “dull” way. So E^D_α is a fractal, technically, albeit of a rather uninteresting type as far as these properties are concerned.

This is true only for fractional Euclidean space, where α is real and fixed. When lifting both these assumptions, and allowing α to be complex-valued and vary with the scale, it turns out that the structure becomes extremely rich, and much closer to that of genuine multi-fractal sets [42].

4.2 Self-similarity and self-affinity

Many fractals are self-similar, either exactly, approximately, or statistically. Roughly speaking, a set F is exactly self-similar if it is made of N(λ) copies of itself of scale λ. Then, the similarity dimension or capacity of the set is [142, 143]

d_C := − ln N(λ) ln λ

. (4.1)

For instance, a hypercube in D dimensions can be thought of as the union of N = 2^D copies of itself, each of size λ = 1/2 with respect to the original. Then, d_C = D. One can take finer subdivisions in N(λ) = (1/λ)^D copies of size λ, and obtain the same result. In this sense, ordinary Euclidean space is trivially self-similar: λ can be chosen arbitrarily. Genuine fractals have a more interesting self-similarity: for instance, the von Koch curve is the composition of 4 copies, each 1/3 of the original, hence d_C = ln 4/ ln 3; the Cantor set is made of 2 copies of the original, each scaled λ = 1/3, hence d_C = ln 2/ ln 3; and so on. In most cases, like those just mentioned, the similarity dimension coincides with the box-counting dimension (3.55) and the Hausdorff dimension [101, Section 9.2]. It is instructive to see this via the rigorous definition of self-similar sets. The ensuing calculations, employing the technique of contractions so often used in fractal analysis, will be more lengthy than those stemming from (4.1), but they will also allow us to obtain very precise information about the structure of fractional space and its Hausdorff dimension.

We begin with sets in R^D . Consider a set of N maps S_i : R^D → R^D , i = 1, . . . , N ≥ 2, such that

Δ[S_i(x), S_i(y)] ≤ λ_iΔ(x, y) , x, y ∈ R^D , 0 < λ_i < 1 , (4.2)

where the distance Δ between two points is Δ(x, y) = |x − y| in ordinary integer geometry. Any such map is called contraction and the number λ_i is its ratio. If equality holds, S_i is a contracting similarity or simply a similarity; if, moreover, λ_i = 1, it is an isometry. Thus, a similarity transforms a subset of R^D into another set with similar geometry. Many fractals are invariant under contraction maps and can be expressed as the union F = N⋃ i=1 S_i(F) . (4.3)

Given N contraction maps S_i, F exists, is unique, non-empty and compact. The writing (4.3) is an “embedding” definition of a fractal, which is thought of as a subset of Euclidean space. There is also a topological presentation which requires no embedding. For any non-empty compact set U one can define the transformation

S(U) := N⋃ i=1 S_i(U) (4.4)

and its k-th iterate S^k := S ∘ · · · ∘ S. If S_i(U) ⊂ U ⊃ F for all i, then one can show that F = ∞⋂ k=1 S^k(U) . (4.5)

In practice, this means that a fractal can be constructed by iterations of contractions. The k-th iteration may be regarded as a pre-fractal, an approximation of F. The Hausdorff dimension of these fractals is bounded from above [101]:

d_H(F) ≤ s , where N∑ i=1 λ^s_i = 1 . (4.6)

When the S_i in (4.3) are similarities, the attractor F is called an exactly (or strictly) self-similar set, and it is a union of smaller copies of itself [144]. In general, one further requires that the similarities obey the open set condition: namely, there exists a non-empty open bounded set U ⊃ F containing a disjoint union of its copies, U ⊃ N⋃ i=1 S_i(U) . (4.7)

If this condition holds, then one can prove that N∑ i=1 λ^{dH(F)} i = 1 . (4.8)

A heuristic quick proof of this formula makes use of the scaling property (3.57) of the Hausdorff dimension. For a self-similar set (4.3),

ϱ^s_H(F) = N∑ i=1 ϱ^s_H[S_i(F)] = N∑ i=1 λ^s_i ϱ^s_H(F) , (4.9)

and assuming that ϱ^s_H(F) is finite at the critical value s = d_H(F), one can divide by ϱ^s_H(F) to obtain (4.8).

Thus, if one can define a set F via similarities, (4.8) gives the Hausdorff dimension of F. Let us reconsider some of the examples mentioned at the beginning of the section. The middle-third Cantor set is defined by

S_1(x) = 1 3 x , S_2(x) = 1 3 x + 2 3 ; (4.10)

then, 1 = 2(1/3)^{dH} implies d_H = ln 2/ ln 3. Another self-similar fractal is the Sierpiński triangle or gasket, the attractor of three similarities of ratio 1/2; there, 1 = 3(1/2)^{dH} implies d_H = ln 3/ ln 2. Other fractals, such as the nonlinear Cantor set, can be defined by non-linear contractions or similarities. A more trivial but, for our purpose, instructive case is F = R^D . In fact, one can work instead with a compact subset, the unit hypercube F̃ = [0, 1]^D = [0, 1]× · · · × [0, 1], where the extrema are chosen without loss of generality; then, the natural unbounded extension of the set will have the same Hausdorff dimension. Take first the case D = 1 and the interval F = [0, 1]. This can be expressed as the union [0, 1] = [0, λ] ∪ [λ, 1], where 0 < λ < 1.^6 But this is equivalent to define two similarities such that F̃ = S_1(F̃) ∪ S_2(F̃), where

S_1(x) = λx , λ_1 = λ , (4.11a) S_2(x) = (1 − λ)x + λ , λ_2 = 1 − λ . (4.11b)

These maps satisfy the open set condition, as one can verify simply by taking open intervals. Therefore,

1 = λ^{dH} + (1 − λ)^{dH} ⇒ d_H = 1 .

In more than one dimension, it is convenient to set λ = 1/2. In two dimensions, one has a square given by four smaller copies, and 4(1/2)^{dH} = 1 yields

6The argument can be carried out verbatim for the semi-open interval [0, 1), where S1(F̃) ∩ S2(F̃) = ∅.

d_H = 2. In general, a hypercube can be expressed by N = 2^D similarities (as many as the number of orthants) with equal ratios λ_i = 1/2, so that

1 = 2^D ( 1 2 )_{dH} ⇒ d_H = D . (4.12)

R^D is not a genuine self-similar fractal because it is not defined by similarities with a fixed λ: the similarity ratio 0 < λ < 1 is arbitrary. Also, a finite number of iterations S^k (actually, just one, k = 1) is sufficient to obtain the set, which coincides with its pre-fractal approximation. In this last sense, Euclidean space is not a non-trivial self-similar fractal. Furthermore, R^D is not completely characterized by the similarities (4.11). In the above construction for a unit hypercube, the similarity S_1(x^μ) = λx^μ + a is just a contraction and translation equal along all directions, but R^D enjoys many more symmetries, including inequivalent contractions/dilations along different directions, rotations (Δ[S(x), x_0] = Δ(x, x_0)), translations (S(x^μ) = x^μ +a^μ, where also a now is a vector) and reflections (S(x^μ) = a^μ − x^μ). These are examples of affine transformations, linear mappings of the form

x^{′μ} = S(x^μ) = A^μ_ν x^ν + a^μ, (4.13)

where A is a D × D matrix. Linear similarities are a particular case of affine transformations. The attractor of a sequence of affine transformations is a self-affine set: F = N⋃ i=1 [A_i(F) + a_i] . (4.14)

Typical examples of self-affine fractals are “fern-like” and “tree-like” sets. It is rather difficult to find general results on the dimension of self-affine sets, and formulæ such as (4.6) or (4.8) are no longer valid [101]. From our perspective, it is sufficient to note that if one can show that a set F is selfsimilar under a certain sequence of similarities, then (4.8) allows one to find its Hausdorff dimension, while if one only knows that a set F is self-affine, the calculation of the dimension may become less clear.

In the trivial example of F = R^D , one knows d_H(F) from a direct calculation of volumes. Then, one notices that F is self-affine, but in particular it is invariant under certain similarities S_i. Using this last property, we have recalculated the Hausdorff dimension. This exercise would be pointless were it not for the insight it can give us for the fractional Euclidean space E^D_α . In fact, while the symmetries of fractals are used to calculate or estimate their dimension, here we can reverse the logic and ask what the symmetries characterizing fractional space are. We know its Hausdorff dimension from the operational definition (scaling law of D-ball volumes). Therefore, because of (3.57) and (3.2), if E^D_α is self-similar, then (4.8) holds with d_H = d_C. Sometimes, the scaling property of the measure is erroneously taken as the definition of self-similarity, but we have seen that scaling alone is not sufficient to guarantee self-similarity. Thus, we would like to go into some detail in the symmetry structure of fractional spaces.

Already in one dimension, however, we see a difference with respect to the ordinary Euclidean case. Take, as before, the unit interval [0, 1]. If we took two similarities

S_{α,1}(x) := λ^{1α} x , S_{α,2}(x) := (1 − λ)^{1α} x + a , (4.15)

for some λ and a, by (4.8) we would obtain the expected dimension d_H = α, but the resulting set would be a Cantor dust. In its first iteration, it would be the union of the intervals [0, λ^{1/α}] and [a, a+(1−λ)^{1/α} ], with gap a−λ^{1/α} in between. In its second iteration, the intervals would be further split, and so on until one obtains a totally disconnected set. However, this is not what we expected, i.e., a continuous space. What went amiss is the requirement, here ignored, of endowing sets of R with a fractional measure. In other words, the correct procedure is to define similarities on the “fractional interval” [0, 1]^α spanned, by definition, by the geometric coordinate q:

S_1(q) := λq , S_2(q) := (1 − λ)q + λ . (4.16)

These similarities would guarantee that [0, 1]^α = [0, λ]^α ∪ [λ, 1]^α and that d_H([0, 1]^α) = 1, consistently with (3.44) in one dimension. From this, one infers that d_H(E_α) = α and, extending to D embedding dimensions, d_H(E^D_α ) = Dα. Calculations where d_H = D − ϵ correspond, in the fractal picture, to regimes with “low lacunarity”, i.e., where fractal space is almost translation invariant [145].

As a mapping on x, and assuming without loss of generality that x_0 = 0 [42], {S_1[q(x)]}^{1/α} ∝ S_{α,1}(x) is a linear similarity, but

{S_2[q(x)]}^{1α} ∝ S̃_{α,2}(x) = [(1 − λ)x^α + λΓ(1 + α)]^{1α} ≠ S_{α,2}(x)

is neither linear nor a similarity.^7 Therefore, an estimate of d_H(E^D_α ) via symmetry arguments seems unpractical in x coordinates, while it is straightforward in geometric coordinates. The reason why we dwelt so long on the topic of self-similarity and self-affinity is that it constitutes the starting point wherefrom to attack the important problem of the isometry group of fractional space. The integer case strongly suggests, in fact, that this group be given by the affine transformations

q^{′μ} = S(q^μ) := A^μ_ν q^ν + a^μ , (4.17)

7By using the mean value theorem, one can show that S̃α,2 is a contraction on any compact interval [xa, x_b] for xa > x0 (compare [101, Example 9.8]).

for some D × D matrix A^μ_ν and some vector a^μ. We shall continue the discussion in [42], where it will be extended to spacetimes with Lorentzian signature.

We wish to insist upon the characterization of fractional spaces as selfsimilar sets, and rederive the result d_H = α under yet another perspective. The concept of self-similar measure is fundamental not only to this purpose, but also for determining the spectral dimension of spacetime and for generalizing the fixed-α case to multi-fractional scenarios.

Let S_i be N similarities defining a self-similar set F. Suppose the strong separation condition holds, i.e., there exists a closed set U such that S_i(U) ⊂ U for all i = 1, . . . , N and S_i(U)∩S_{j≠i}(U) = ∅. F ⊂ U is constructed taking sequences of similarities and the intersection of sets U_k = S_{i1} ∘ · · · ∘ S_{ik} (U). If |U| = 1, then the diameter of the k-th iteration set is the product of similarity ratios, |U_k| = λ_{i1} . . . λ_{ik} . Let 0 < g_i < 1 be N probabilities (or mass ratios, or weights), such that ∑ i g_i = 1. One can imagine to distribute a mass on sets U_k by dividing it repeatedly in N subsets of U_k, in the ratios g_1 : · · · : g_N . This defines a self-similar measure ϱ with support F, such that ϱ(U_k) = g_{i1} . . . g_{ik} and, for all sets A ⊆ F [144], ϱ(A) = N∑ i=1 g_i ϱ[S^{−1}_i (A)] . (4.18)

For Cantor sets where N = 2, (4.18) is said to be a binomial measure (e.g., [146]). The case N = +∞ corresponds to infinite self-similar measures, describing fractals with an infinite number of similarities [147, 148]. Given a real number u, we define the singularity (or correlation) exponent θ(u) as the real number such that [146]–[151] N∑ i=1 g^u_i λ^{θ(u)}_i = 1 . (4.19)

The correlation exponent exists and is unique, since 0 < λ_i, g_i < 1. As a function of u, θ is decreasing and lim_{u→±∞} θ(u) = ∓∞. The generalized dimensions are defined as

d(u) := θ(u) 1 − u , u ≠ 1 , (4.20)

and a non-singular definition, which we do not report here, is employed for u = 1.

Self-similar measures are associated with multi-fractal sets, where the mass is not equally distributed among the smaller subsets of F. Fractals characterized by just one dimension at all scales are special cases of multifractals. For nested fractals, the probabilities are all equal to g_i = 1/N. In all fractals with equal contracting ratios λ_i = λ, the generalized dimensions all coincide with the capacity (4.1) of the set, which is also the Hausdorff dimension. In fact, from (4.19), N λ^{θ(u)} N^u = 1 ⇒ d(u) = − ln N ln λ

= d_C = d_H . (4.21)

Trivially, for the unit interval [0, 1] the scaling is λ = 1/N = g_i, and d_H = 1.

Let us apply (4.19) to a fractional line of fixed order α. As for the ordinary real line, the mass is equidistributed on all subsets, and the probabilities are still g_i = 1/N. N is arbitrary but can be fixed to N = 2, in which case ϱ_α is a binomial measure. In geometric coordinates, the scaling is λ = 1/N = 1/2 and equals the g_i, so 1 = 2^{1−dH} implies d_H = 1, and d_H = α for embedding coordinates. From the point of view of the fractional interval spanned by the x, the scaling is

λ = g^{1α}_i = ( 1 N ) 1_α = ( 1 2 ) 1_α , (4.22)

which is smaller than in the integer case. Then, (4.21) yields 1 = 2^{1−dH/α}, consistently: the fractional charge α is the Hausdorff dimension.

4.3 Other properties

After 1.-3., one could mention other properties, which are more modeldependent and hence fail in a number of cases. For instance, one of the early definitions of fractals was that their dimension (defined in some of the above ways: d_B, d_H, d_C, and so on) is non-integer and greater than its topological dimension d_{top}. There are many counterexamples where the Hausdorff dimension is integer, in some cases smaller than or equal to the topological dimension of the set (or of the graph or the trail of the map it is defined by). In all cases, d_H and d_{top} are smaller than the topological dimension D of the ambient space. Fractals with d_H = 2 are: for d_{top} = 1 and D = 2, the dragon curve, the Sierpiński curve, some plane-filling curves (Moore curve, Peano curve), and the boundary of the Mandelbrot set; for D ≥ 2, Brownian trails (almost surely, i.e., with probability 1, and d_B = d_H; however, the graph of Brownian motion has d_B = d_H = 3/2 almost surely [101]); for d_{top} = 2 and D = 2, the Mandelbrot set, some Julia sets, some diamond fractals, and Pythagoras tree; for d_{top} = 3 and D = 3, the Sierpiński tetrahedron. Fractals with d_H = 3 and d_{top} = 1 in D = 3 are box-filling curves such as the Moore, Hilbert, and Lebesgue curves.

The fractional space E^D_α can have non-integer dimension, but its Hausdorff dimension is never greater than its topological dimension, d_H ≤ D. Therefore, we can regard fractional space as a space-filling fractal or, more suggestively, as a fractal associated with a diffusion process.

Because of the empirical nature of the definition of fractals, one can conclude that fractional space E^D_α can be correctly characterized as “fractal” but, since it is a special case of fractal with a continuous structure, it may be better to use the less catchy but more specific adjective “fractional.”

4.4 Fractional measures as approximations of fractals

A conceptually independent point of view was briefly mentioned at the beginning of this section, where traditional fractals were found to be approximated by fractional measures. We can now look into greater detail at the reason why fractional calculus, under certain assumptions, approximates some classes of fractals.

A rough understanding of these approximations is actually contained in (4.15). Depending on the value of a in S_{α,2}, we can either make a connected construction (a = λ^{1/α}) or a Cantor-type one (a = 1−(1−λ)^{1/α}). In the first case, the first iteration yields the interval [0, λ^{1/α} + (1 − λ)^{1/α}], smaller than the desired set by a gap (λ^{1/α} + (1 − λ)^{1/α}, 1]. This remainder is zero only if α = 1. Therefore, we could add at least another similarity S_3 to fill the gap, but it does not take long to convince oneself that the task is impossible unless one takes an infinite number of similarities as in fractals with infinitetype measure. This is equivalent to a continuum approximation, where λ can be taken arbitrarily small and λ^{1/α} + (1 − λ)^{1/α} → 1. Conversely, the first iteration of a Cantor-like construction gives [0, λ^{1/α}] ∪ [1 − (1 − λ)^{1/α}, 1], with a central gap (λ^{1/α}, 1 − (1 − λ)^{1/α}). Sending λ to zero would give the same limiting set as in the connected construction. In a qualitative sense, we begin to recognize that real-order fractional measures can be regarded as approximations of self-similar fractals in the limit of the similarity ratio approaching zero. While deterministic self-similar fractals pick a countable number of ratios λ_i, infinite and random fractals accept any. So, this limit is associated with random fractal structures.

This intuition is confirmed by precise arguments; we review them from the literature, but add new comments linking independent results. Consider a function f(x) in D = 1 and the convolution

I_F (x) = v_F ∗ f :=

�_x 0 dx^′ v_F (x − x^′)f(x^′) , (4.23) over a set F ⊆ [0, 1]. The kernel v_F depends on the set. For an interval, v_F is simply a step function, but on a fractal it can be very complicated; for example, in self-similar fractals v_F can be determined recursively at any given order of iteration. In general, it is convenient to Laplace transform the convolution (4.23),

Î_F (p) :=

�_{+∞} 0 dx e^{−px}I_F (x) = v̂_F (p)f̂(p) . (4.24)

If F is a self-similar set, Î_F (p) can be expressed iteratively as an infinite intersection of pre-fractals, (4.5). The k-th iteration has Laplace-transformed kernel v̂^k_F (p) = ∏_{k−1} n=0 g_n(p), for some functions g_n. Typically, for self-similar and generalized self-similar sets these functions are equal and with argument g_n(p) = g(pλ^n), where λ is the self-similarity ratio of F. The asymptotics of g is g(z) ∼ 1+O(z) for small z and g(z) ∼ g_1 +O(z^{−1}) for large z, where the constant g_1 is the first probability weight in the self-similar measure (4.18) [79]. Then [114, 115], lim k→+∞ v̂^k_F (p) = v̂_F (p) = p^{−α}F_α(ln p) , (4.25)

where α = ln g_1 ln λ

, (4.26)

and F_α is a log-periodic function [152] of period ln λ:

F_α(ln p + n ln λ) = F_α(ln p) = +∞∑ l=−∞ c_l exp ( 2πli ln p ln λ ) , (4.27)

for some coefficients c_l. The period in p is decreasing according to a geometric series. Combining (4.25) with (4.27),

v̂_F (p) = +∞∑ l=−∞ c_l exp [(iω_l − α) ln p] , ω_l := 2πl ln λ

. (4.28)

Logarithmic oscillations are a curious feature of the spectral theory on fractals. In fact, it is known that the heat kernel trace for a Laplacian on fractals displays log-oscillations in the scale [153, 154]. Oscillatory behaviour has been found analytically and numerically for various fractals [155]–[158], and (4.28) illustrates a rather universal phenomenon. This is one of the most crucial points of the physical scenario that will emerge in [42], where it shall be given adequate space.

Here, we are focussed only on the relation between (4.28) and real-order fractional integrals. The parameter α defined in (4.25) coincides, indeed, with the fractional order α determining the capacity (4.1) of fractional space (remember that g_1 = 1/N). Recognizing p^{−α} as the Laplace transform of the fractional weight v_α(x) = x^{α−1}/Γ(α) and comparing (4.23) with (4.25) and (4.22) with (4.26), one sees that I_F is quite similar to I^α, were it not for the non-constant contribution (4.27). The main idea, now, is that a fractional integral of real order represents either the averaging of a smooth function on a deterministic fractal, or a random fractal support. The average of a log-periodic function F_α over the period ln λ is defined by

b_α := ⟨F_α(ln p)⟩ :=

�_{1/2} −1/2 dz F_α(ln p + z ln λ) , (4.29)

and depends on the details of g(pλ^n). Then, ⟨v_F (x)⟩ = b_α x^{α−1} Γ(α)

, (4.30)

and [114, 115] ⟨I_F f⟩ = �_x 0 dx^′ ⟨v_F (x − x^′)⟩f(x^′) = b_αI^αf . (4.31)

Taking the average in λ is tantamount to dropping all the oscillatory modes in (4.27) except l = 0. The ω_l → 0 limit in (4.27) can be regarded as a large-Laplace-momentum limit, so that

I_F^{Re(p)→+∞}∼ b_αI^α . (4.32)

This is in complete agreement with [79, 116]–[121], where integrals on more general net fractals are shown to be approximated by the left fractional integral, with the order α being the Hausdorff dimension of the set. The approximation (4.32) is valid for large Laplace momenta and drops all the contributions of probability weights g_i for i ≥ 2 out of the Laplace transform of the measure weight. These weights can be included to better describe the full structure of the Borel self-similar measure ϱ characterizing the fractal set F [42]. References [79, 116]–[121] make this result clear by a detailed Laplace analysis, but [114, 115] give a sharper physical interpretation of what it means to take the large p limit. p is not a Fourier momentum and |p| ≫ 1 does not correspond to cutting off large scales. Yet, it is equivalent to randomize the fractal structure: the oscillatory structure disappears, the average of the kernel corresponds to the kernel itself, and the only approximation entailed in the derivation above is in the evaluation of the kernel (4.25) (in fact, it is not obvious that v^k_F ∗ f is a Cauchy sequence, i.e., that the limit k → +∞ commutes with the integration). Thus, fractional integrals of real order represent (or, more conservatively, are intimately related to) random fractals.

Picking up again the example (4.15), (4.25) states that g_1 = λ^α. In the double limit λ, g_1 → 0^+, the frequencies ω_l all vanish (the period of F_α becomes infinitely long), α remains finite, and v̂_F (p) ∼ b_αp^{−α}. The limit is only formal because b_α(g_1) vanishes at arbitrarily small g_1, but the main point is that the oscillatory structure is suppressed in the limit of arbitrarily small ratio λ. In this sense, fractional integrals of real order are continuum approximations of net fractals. This should not be confused with the lowlacunarity limit α → 1. Here α is fixed and defines the quantity ln g_1/ ln λ in the double limit λ, g_1 → 0.

It is quite the rule that fractals are nowhere-differentiable objects. In particular, a truly fractal spacetime is not expected to be represented by a differentiable manifold. Fractional calculus strikes quite a rich compromise between standard fractal geometry, where differentiability at large is given up, and a framework where only ordinary differentiability is forfeited. An example from function theory is Weierstrass’ function: it is nowhere differentiable in the ordinary sense, yet it is differentiable under fractional calculus [84]. Because of the operator ∂^n in (2.6), the functional space on which Caputo derivatives act is the space of integer-differentiable functions, which seems at odds with fractal geometry. If concerned by that, one could take another definition of fractional derivative, differing from Caputo in the absence of integer differentiation inside the definition, but such that ∂^α1 = 0 [83]. Not much would change in our conceptual framework, though.

5 Spectral dimension of space

Spectral theory is a tool to answer the famous “Can one hear the shape of a drum?” question [159]: the asymptotic spectrum of eigenvalues of Laplacian operators defined on a set provides information on the boundary of the set. This information is incomplete, inasmuch as “drums” with different shapes can vibrate in the same way, but it is nevertheless valuable. While the Hausdorff dimension depends on the local structure of a fractal, the spectral dimension d_S is a local probe of its topology [153, 160]–[164]. A rigorous and fairly general definition of d_S stems from the spectral theory on fractals [165]–[167]. We only sketch some aspects of this theory in Section 5.1; details can be found in the references.

5.1 Harmonic structure

Consider the topological presentation (4.5) where, now, the maps S^k are obtained from N continuous injections f_i which are not necessarily the similarities of the set. The subsets f_i(F) are weighted in two ways: by the probabilities g_i of the self-similar measure (4.18) of the fractal, now constructed with the f_i, and by resistance scaling ratios r_i appearing in the definition of the Laplacian. A Laplacian K on a self-similar fractal is part of the so-called harmonic structure of the set, which is characterized by g_i and r_i. Together, these quantities are assembled into N parameters^8

γ_i := √ r_ig_i . (5.1)

We can give an intuitive coordinate meaning of the γ_i. Let K(x) be a Laplacian on a given set defined via the injections f_i(x) = r_ix + const. In any subcopy i, the scaling of the Laplacian is determined by K[f_i(x)] = r^{−1}_i K(x); summing over all the copies with the appropriate weight, one gets K(x) = ∑ i g_ir_iK[f_i(x)] = ∑ i γ^2_i K[f_i(x)] .

Thus, γ^2_i is the scaling of the Laplacian on the subsets.

The harmonic structure is said to be regular if 0 < r_i < 1 for all i. When N = 2, this happens if, and only if, γ^{n1}_1 = γ^{n2}_2 , where n_{1,2} are integer numbers. Given what one would call the standard Laplacian on a fractal, the spectral dimension d_S(F) is the unique number satisfying the relation N∑ i=1 γ^{dS(F)} i = 1 , (5.2)

similar to (4.8) [153]. For simplicity, we can identify f_i with the similarities of the embedding picture, and the resistance ratios with the contracting ratios λ_i. Deterministic fractals have a regular harmonic structure with r_i = λ_i = λ for all i, hence from (5.2)

1 = N ( λ N )^dS_2 ⇒ d_S =

2 ln N ln(N/λ) = 2d_H d_H + 1

. (5.3)

When λ = 1/N, d_S = d_H = 1. The unit interval is a trivial example where the spectral and Hausdorff dimension coincide.

5.2 Diffusion

The spectral and Hausdorff dimensions of a fractal F are related to each other by the dimension of a Brownian motion taking place on F [163, 168]– [172]. The anomalous diffusion law on fractals is characterized by the walk

8In [153] and other papers, a “renormalization constant” is introduced explicitly in the definition of the Laplacian and of the γi. It renders finite the discrete definition of K in the limit of infinite iteration. This constant can be reabsorbed, as explained in [167].

dimension [163, 164]

d_W := 2 d_H d_S

. (5.4)

Since d_S ≤ d_H for a fractal, d_W ≥ 2. The mean-square displacement of a random walker is a power law in diffusion time, ⟨r^2(σ)⟩ ∼ σ^{2/dW} . Processes with d_W > 2 are of sub-diffusion, since the diffusion speed is lower than for normal diffusion (Gaussian process, d_W = 2). Intuitively, on a fractal sub-diffusion is due to lacunarity (i.e., the presence of “many holes”) and/or to the very high multiplicities of certain available states [173]. Systems with d_W < 2 are caller of super-diffusion or jump processes [172, 174, 175], and do not correspond to fractals.

Thus, we realize that the information obtained from the Hausdorff dimension was, at best, incomplete, and we cannot decide about the “fractal” nature of fractional spaces before looking at their harmonic structure or, in other words, at their topology, or, in yet other terms, at the way diffusion processes take place in them. Conversely, and contrary to popular belief in part of the physicists community, quantum gravity models with a non-integer spectral dimension do not necessarily entail a “fractal” spacetime. To establish whether the latter is “fractal” or not, it is important to compare d_H with d_S. To this purpose, we review the operative definition of spectral dimension employed in quantum gravity. The main steps are well known (e.g., [176]), but a closer and perhaps pedantic contact with the fractal-geometry perspective will be crucial to avoid confusion in the interpretation and construction of the fractional case.

Since we want to probe the local structure of space,^9 we can imagine to place a test particle in it and let it diffuse in a random walk starting at point x (index μ omitted) and ending at point x^′. For a metric space of topological dimension D and Riemannian metric g_{μν} , this process is governed by a diffusion equation for the heat kernel P (x, x^′, σ),

(∂_σ − ∇^2_x)P (x, x^′, σ) = 0 , P (x, x^′, 0) = δ(x − x^′) √ g , (5.5)

where σ is diffusion time (a parameter not to be confused with physical or coordinate time), ∇^2 = g^{−1/2}∂_μ(g^{1/2}∂^μ) is the Laplacian defined on the ambient space, g is the determinant of the metric, and δ is the D-dimensional Dirac distribution.

9Dimension of spacetimes is always computed in Euclidean signature, i.e., after coordinate time has been Wick rotated. Thus, here we refer to spaces rather than spacetimes.

The Laplacian acts on the x dependence of P , even in cases where the ambient space is not translation invariant and P (x, x^′, σ) ≠ P (x − x^′, σ). In fact, the heat kernel is the matrix element in x representation of the operator e^{σ∇2} , P (x, x^′, σ) = ⟨x^′|e^{σ∇2} |x⟩. This writing means that, given a complete orthonormal set of eigenfunctions of the Laplacian,

∇^2φ_k(x) = −λ_kφ_k(x) , ∑ k � d^Dx √ g φ_k(x)φ^∗_k(x^′) = 1 , (5.6)

the heat kernel can be written as P (x, x^′, σ) = ∑ k e^{−σλk} φ_k(x)φ^∗_k(x^′) . (5.7)

In (5.6) and (5.7), the sum over k is replaced by an integral if the spectrum is continuous.

The relative sign between σ derivative and Laplacian in (5.5) guarantees causal diffusion, where the particle flows away from the point x as diffusion time increases. The initial condition reflects the pointwise nature of the probe. Probes of finite shape are in principle possible, but they would not lead to a sensible definition of spectral dimension in the present context (in fact, we want to investigate the local manifold structure of a smooth space). In general, given the initial condition ϕ(x, 0) at σ = 0, the solution of the diffusion equation is

ϕ(x, σ) = e^{σ∇2} ϕ(x, 0) = � d^Dx^′ √ g P (x, x^′, σ)ϕ(x^′, 0) . (5.8) In particular, the effect of the non-local operator e^{σ′∇2} is a shift of the auxiliary variable σ: e^{σ′∇2} ϕ(x, σ) = e^{σ′ ∂σ} ϕ(x, σ) = ϕ(x, σ + σ^′).

For a smooth space with D dimensions, the solution of (5.5) can be found via the Fourier transform method. Consider first flat Euclidean space. The direct and inverse Fourier transforms of a function f(x) are

f̃(k) = 1 (2π)^D2

�_{+∞} −∞ d^Dx f(x) e^{−ik·x} =: F [f(x)] , (5.9a) f(x) = 1 (2π)^D2

�_{+∞} −∞ d^Dk f̃(k) e^{ik·x} . (5.9b)

In particular, this definition is compatible with the definition of the Dirac distribution: δ(x) = 1 (2π)^D � d^Dk e^{ik·x} , (2π)^{D2} F [δ(x)] = � d^Dx δ(x) e^{−ik·x} = 1 . (5.10)

Phases φ_k(x) = e^{ik·x} are eigenfunctions of the ordinary Laplacian ∇^2 = ∂_μ∂^μ = ∂^2_1 + · · · + ∂^2_D with a continuum of eigenvalues,

∇^2e^{ik·x} = −λ_ke^{ik·x} , λ_k = k^2 := k_μk^μ = k^2_1 + · · · + k^2_D , (5.11)

which allows us to write the solution of the diffusion equation as P (x, x^′, σ) = 1 (2π)^D � d^Dk P̃ (k, σ) e^{ik·(x−x′)} . (5.12) In particular, due to the composition law φ_k(x)φ^∗_k(x^′) = e^{ik·(x−x′)}, the heat kernel (5.7) only depends on the relative distance of the initial and end point. P̃ (k, σ) must obey

(∂_σ + k^2)P̃ (k, σ) = 0 , lim_{σ→0} P̃ (k, σ) = 1 ,

yielding P̃ (k, σ) = e^{−σk2} . (5.13)

Equation (5.12) is simply a Gaussian in D dimensions, P (x, x^′, σ) = e^{− (x−x′)2}4σ (4πσ)^D2

. (5.14)

For a metric space of topological dimension D, the solution at small σ is Weyl’s expansion P (x, x^′, σ) = e^{− Δ(x,x′)2}4σ (4πσ)^D2 [ 1 + +∞∑ n=1 A_nσ^n ] , (5.15)

where the O(σ) remainder and the distance Δ(x, x^′) between the two points depend on the metric. The precise form of the coefficients A_n in the expansion (sometimes called Hadamard–Minakshisundaram–DeWitt–Seeley coefficients) can be obtain via the theory of Green’s functions in Riemannian manifolds [177]–[189] (for reviews, see [190]–[192]).

The spatial average of the heat kernel P (x, x, σ) at coincident points x = x^′ is the return probability

P(σ) := 1 V^{(D)} � d^Dx √ g P (x, x, σ) , V^{(D)} := � d^Dx √ g , (5.16)

which is the trace per unit volume of the operator e^{σ∇2} . Since the heat kernel P (x, x, σ) = (4πσ)^{−D/2}[1 + O(σ)] associated with (5.15) is constant in x due to translation invariance, to leading order in σ one has P(σ) ∼ σ^{−D/2} and the topological dimension of space is given by D = −2 lim_{σ→0} d ln P(σ)/d ln σ.

This formula suggests an operational definition, for any metric space allowing a random walk process, of the spectral dimension:

d_S := −2 d ln P(σ) d ln σ , (5.17)

which can be shown to coincide with the more abstract prescription (5.2). Due to curvature effects, the spectral dimension changes with the diffusion parameter σ, and one can find the phenomenon of dimensional flow at different scales already in classical gravity [21]. In practice, however, the solution to (5.5) is difficult to compute for arbitrary σ, and one confines her/his interest to the heat kernel expansion (5.15). This expansion is valid also for spaces with boundaries or non-trivial topologies, in which case σ must not be taken “too large” (lest global boundary or topology effects vitiate the estimate of d_S, which must be local). On the other hand, random walks and Laplacians can be defined even on very non-trivial sets such as fractals. The exponent of the first term in Weyl’s expansion is the spectral dimension of the fractal and it can be non-integer [153]. Information on the various dimensions can be obtained directly from the scaling property of the heat kernel. In fact, under a coordinate and external-time dilation,

P (λ^{2/dW} x, λ^{2/dW} x^′, λ^2σ) = λ^{−dS} P (x, x^′, σ) . (5.18)

Comparison with (5.14) shows that the walk and spectral dimensions of flat space are, respectively, d_W = 2 and d_S = D.

To summarize, the spectral dimension (5.17) is obtained with the following ingredients:

1) An invertible transform between position and momentum space. In flat Euclidean space, the Fourier transform (5.9) is a superposition of phases.

2) A Laplacian K. There is no unique definition of Laplacian, but the most natural one is such that the expansion basis of the invertible transform is made of eigenfunctions of K. In flat Euclidean space, the natural Laplacian is the second-order operator ∇^2 = ∂_μ∂^μ.

3) A diffusion equation (D^β_σ − K_x)P (x, x^′, σ) = 0, which is defined by K (acting on x) and by the choice of diffusion process (i.e., of the derivative operator D^β_σ and of the relative coefficient between this and K). These two independent ingredients correspond to the definition of a harmonic structure. In flat Euclidean space, diffusion is normal (D^β_σ = ∂_σ , (5.5)).

5.3 The case of fractional space

The determination of the spectral dimension of fractional spaces highlights once again the main difference between fractal geometry and ordinary space constructions in field theory. In the first case, geometry and topology are defined by the symmetry and harmonic structures of the fractal, which are given at the outset. On the other hand, in field theory the harmonic structure stems from physical considerations. More specifically, we can say that the symmetry structure is first dictated by the action measure ϱ and then imposed on the Lagrangian density L, but the harmonic structure is determined both by the symmetries and by the form of the kinetic operator. For instance, in ordinary field theory the natural Lorentz-invariant Laplace– Beltrami operator is K_1 = □ = ∂_μ∂^μ. However, any other operator of the form (K_1)^n = □^n respects the same symmetry group, but its harmonic structure is different. Physical requirements (in particular, the absence of ghosts) eventually single out K_1 as the kinetic operator, but this extra input is not always readily available.

In fractional spaces, the possibility to choose a different symmetry for L is the first source of ambiguity. A second source is the non-unique way the diffusion equation is defined with fractional calculus. After this preamble, let us examine the three ingredients of the previous section.

5.3.1 Laplacian

As we shall see in [42], symmetry arguments select two inequivalent classes of fractional field theories:

• Fractional symmetry scenario. In ordinary integer models, the symmetries sym_α and sym_L of, respectively, the measure and the Lagrangian density are the same. If we impose sym_α = sym_L also in fractional theories, we obtain an action invariant under what will turn out to be the fractional generalization of rotation/Lorentz transformations. In this case, the invariant Laplacians we shall consider are

K_α := δ^{μν} ∂^α_μ ∂^α_ν , K̄_α := δ^{μν}_∞ ¯∂^α_{μ ∞} ¯∂^α_ν . (5.19)

Under a scaling transformation x → λx, K_α → λ^{−2α}K_α and K̄_α → λ^{−2α}K̄_α.

• Integer-symmetry scenario. While the symmetry of the measure guarantees protection against proliferation of arbitrary measure operators in the renormalization group flow, one can prescribe a constant symmetry for L along the flow. Since the Lagrangian should be Lorentz invariant in the infrared, we assume sym_L = sym_{α=1}, the integer Lorentz group in D dimensions. Then,

K_1 := δ^{μν} ∂_μ∂_ν . (5.20)

Under a scaling transformation, K_1 → λ^{−2}K_1. In preparation of building the action functional for a scalar field ϕ in fractional space(time) [42], we notice that the presence of a non-trivial measure weight factor

v_α(x) = ∏ μ (x^μ)^{α−1} Γ(α)

(5.21)

makes the kinetic terms ϕK_1ϕ and −∂_μϕ∂^μϕ inequivalent. Upon integration by parts, the latter corresponds to ϕKϕ, where K := δ^{μν} ( ∂_μ∂_ν + ∂_μv_α v_α ∂_ν ) = δ^{μν} ( ∂_μ∂_ν − 1 − α x^μ ∂_ν ) . (5.22)

Several physical considerations [42, 45] will select K, over the other choices (5.19) and (5.20), as a better Laplacian on fractional spaces. Here we do so also for technical reasons, which are going to become apparent to the reader: K allows one the simplest and most natural analytic expansion of the fractional heat kernel in the basis of the fractional transform.

5.3.2 Fractional Bessel transform

The construction of a field theory on a fractal is subordinate to the possibility to define a transform thereon and to move at will from position to momentum space and vice versa. Shifting point of view on the same issue, the aim is to define a Laplacian operator on a fractal and study its spectrum. Indeed, the spectral theory of Laplacians on fractals is a hot and evolving topic in the mathematical literature. Currently, the state of the art is that no consistent measure-theoretic definition of a Fourier transform on fractals has been found, although some authors have gone so far as to obtain a Plancherel formula [193]. Yet, the spectral theory has been formulated in a number of special cases, and general results exist for post-critically finite fractals, i.e., fractals which would become totally disconnected after the removal of a finite set of points (an example is the Sierpiński gasket; textbook introductions are [166, 167]). These fractals admit an actual Fourier transform [194, 195]. A natural conjecture is to identify the dimension of momentum space with the spectral dimension d_S, calculated by looking at the spectral properties of the Laplacian. This can be motivated, for instance, in thermodynamical systems, where the spectral dimension comes from the momentum space trace needed to implement thermodynamical equations of state [196]. In general, d_S differs from the Hausdorff dimension d_H of position space.

On a more phenomenological ground, there are some results also in particular models of spaces with fractal-like features. In [197], an invertible Fourier transform was defined on a metric space with non-integer dimension, only for the class of functions generated by the Gaussian and used in perturbative field theory. On the same class of functions, an invertible transform exists on spaces with translation-invariant Lebesgue–Stieltjes measure [100]. Then, the measure in momentum space has the same dimension as in position space. This agrees with [39], where we defined a transform with Stieltjes measure such that the engineering dimension of the measure is the same in both momentum and position space and d_S = d_H. We do not corroborate the same conclusion in this paper. In fractional spaces, transport can be anomalous with respect to the natural differential structure and, by the diffusion equation method, we shall find that d_S = d_H only in special cases, but not generally. In these spaces, the spectral dimension is not the dimension of momentum space.

The derivation of an invertible transform in fractional spaces considerably differs from that of [39] in the final result. The discrepancy lies in the fact that a naive replacement of the measure in the Fourier integral does not lead to an invertible transform,^{10} due to the loss of translation invariance in the measure (such an invariance was formally assumed in [100]). We give here the correct answer, which is proven in a separate publication [45]. One can show that, given the fractional measure

dϱ_α(x) = d^Dx v_α(x) (5.23)

with weight (5.21), the measure in momentum space is τ_α(k) = ϱ_α(k) and the fractional transform and anti-transform are

f̃(k) :=

�_{+∞} 0 dϱ_α(x) f(x) c_α(k, x) =: F_α[f(x)] , (5.24a) f(x) = �_{+∞} 0 dϱ_α(k) f̃(k) c_α(k, x) , (5.24b)

where c_α(k, x) := ∏ μ c_{α,μ}(kx) := ∏ μ Γ(α)(k^μx^μ)^{1− α2} J α_{2 −1}(k^μx^μ) (5.25)

and J_ν is the Bessel function of the first kind of order ν. Notice that, consistently, c_1(k, x) = (2/π)^{D/2} cos(k_1x_1) · · · cos(k_Dx_D), and one recovers the ordinary Fourier cosine transform.

The check that the fractional Bessel transform thus defined is invertible makes use of the integral representation of the ordinary Dirac distribution

10I am indebted to G. Nardelli for pointing it out.

in terms of Bessel functions [45]. In one dimension, δ(x − x^′) = x �_{+∞} 0 dk kJ_ν (kx)J_ν (kx^′) , (5.26)

for Re(ν) > −1 (α > 0 in the above calculation). In particular, in D dimensions and for ν = α/2 − 1, (5.26) yields the correct integral representation of the “fractional” Dirac distribution:

δ_α(x, x^′) := v^{−1}_α (x)δ(x − x^′) =

�_{+∞} 0 dϱ_α(k) c_α(k, x)c_α(k, x^′) , (5.27)

which is not translation invariant. From (5.24b) and (5.26), in one dimension �_{+∞} 0 dϱ_α(x) δ_α(x, x^′)f(x) = f(x^′) , (5.28)

and the generalization to D dimensions is straightforward.

5.3.3 Diffusion equation

Depending on the choice of Laplacian and of the operator D^β_σ, the diffusion equation will describe different diffusion processes, characterized by different values of the walk dimension. When anomalous dimensions are involved, there is no unique way to determine the diffusion equation, except on heuristic or phenomenological grounds. Anomalous diffusion can be realized also without fractional derivatives (e.g., [126]), but here we pick the form

(D^β_σ −K)P (x, x^′, σ) = 0 , P (x, x^′, 0) = δ_α(x, x^′) , 0 < β ≤ 1 , (5.29)

where D^β_σ ∈ {∂_σ , ∂^β_{0,σ},_∞ ¯∂^β_σ } , (5.30)

and we chose the fractional delta as the natural initial condition. Generalized to (D^β_σ − K̄_γ )P (x, x^′, σ) = 0, (5.29) is often called fractional wave equation. When β = 1 = γ, this is ordinary diffusion (Brownian motion). When β ≠ 1 and γ = 1, it corresponds to fractional sub-diffusion. Finally, when β = 1 and γ ≠ 1 the process is a Lévy flight [135]. In the literature, in all these cases the initial condition is the usual delta.

5.3.4 Spectral and walk dimensions

We have all the ingredients to determine the spectral dimension of fractional space with the heat-kernel method. The geometry of a set affects the spectral dimension in two different ways: through the fractal structure and the metric structure. In a fractional theory, what we call fractal structure is actually the calculus associated with the fractional manifold, and the metric structure is given by the fractional metric. Drawing inspiration from the ordinary manifold result, we can ignore curvature effects to obtain the spectral dimension of fractional spaces for small diffusion parameter.

Solutions of the diffusion equation (5.29) and its generalization (D^β_σ − K̄_γ )P = 0 are known for phenomenological models of statistical mechanics, where an anomalous diffusion process takes place in ordinary space [46, 47, 72, 132]–[135]. Here, the very geometry of space is modified, and we need to start from scratch.

Given a diffusion equation (integer or fractional), a most practical way to solve it is to render it algebraic. In ordinary space, one writes the heat kernel as a quadratic superposition of eigenstates φ_k(x) of the Laplacian, (5.6) and (5.7). By construction, the Laplacian is chosen so that its eigenfunctions (phases, cosines or sines) also constitute the basis of the momentum expansion of the Fourier transform.

In the fractional case, the eigenfunctions of the Laplacian K_1 are not the functions c_α(k, x) in the Bessel transform (5.24a), so one is left with two different options: to expand the heat kernel in the Laplacian eigenstates φ_k(x) or in the functions c_α(k, x). The first possibility seems the one guaranteeing an algebraic solution of the diffusion equation, but in fact it is not compatible with the initial condition in (5.29). We omit the proof that the expansion (5.7) does not work properly. The second case turns out to be both analytically exact and compatible with the initial condition, but only for the Laplacian K. The c_α are eigenfunctions of the kinetic operator (5.22),

Kc_α(k, x) = −k^2c_α(k, x) . (5.31)

This is a Bessel equation with two independent solutions given, in one dimension, by (kx)^{−ν} J_ν and (kx)^{−ν} Y_ν , where ν = α/2 − 1 and Y_ν is the Bessel function of the second kind, or by their complex linear combination into Hankel functions. Transforms can be defined also via Y and the Hankel functions, but only the Bessel transform with J is invertible and unitary, i.e., it is the only one where the Dirac distribution admits a Bessel integral representation. Therefore, the existence of an invertible unitary transformation between position and momentum space determines the natural Laplacian in position space. Notice from (5.27) that the c_α already have the correct normalization.

The heat kernel (5.7) is generalized to fractional space by identifying φ_k(x) with c_α(k, x), by replacing the sum over k with an integral with the momentum-space measure ϱ_α(k), and by replacing the exponential with the eigenfunction f_k(σ) of the operator (5.30), with eigenvalue −k^2:

(D^β_σ + k^2)f_k(σ) = 0 . (5.32)

For different choices of D^β_σ, the solution is

f_k(σ) = e^{−σk2} , D^β_σ = ∂_σ e^{−σ(−k2)1/β} , D^β_σ =_∞ ¯∂^β_σ E_β(−k^2σ^β) , D^β_σ = ∂^β_σ

, (5.33)

all in agreement with (5.13) when β → 1 (up to an extra sign for the right derivative). The final form of the fractional heat kernel is then P (x, x^′, σ) = �_{+∞} 0 dϱ_α(k) f_k(σ) c_α(k, x)c_α(k, x^′) . (5.34)

By construction, it obeys the diffusion equation (5.29) and is not translation invariant. The initial condition is also correct, as one can see by comparing P (x, x^′, σ) with (5.27). Furthermore, the general solution Φ(x, σ) of the diffusion equation for the initial condition Φ(x, 0) is always of the form Φ(x, σ) = ( ∏ μ x^μ ) α_2 ϕ(x, σ) , (5.35)

and is naturally given by the fractional generalization of (5.8), Φ(x, σ) = �_{+∞} 0 dϱ_α(x^′) P (x, x^′, σ) Φ(x^′, 0) , (5.36)

in accordance with (5.28).

The return probability is the fractional counterpart of (5.16) and reads P(σ) = 1 V_α �_{+∞} 0 dϱ_α(x) P (x, x, σ) = 1 V_α �_{+∞} 0 dϱ_α(x) �_{+∞} 0 dϱ_α(k) f_k(σ) c^2_α(k, x) , (5.37)

where V_α := � dϱ_α(x) is a divergent total volume prefactor. For each of the D directions, one has to solve a double integral of the form �_{+∞} 0 dx x �_{+∞} 0 dk k f_k(σ)J^2_ν (kx) . In the ordinary flat case, the coordinate dependence factorizes and is cancelled out by the volume prefactor, but here the integrals in x and k do not commute. The choice of integration ordering and the regularization of eventual divergent contributions do not affect the spectral dimension, (5.17), because from our choices of f_k(σ) one can always rewrite (5.37) as a function of σ times a pure (α-dependent) number. Let β include also the value 1. From (5.33), upon the rescaling

k̃ = σ^β_2 k , x̃ = σ^{− β}_2 x , (5.38)

one can always factorize (5.37) as P(σ) = σ^{− Dαβ2} [ 1 V_α �_{+∞} 0 d^Dx̃ �_{+∞} 0 d^Dk̃ C(k̃, x̃; α) ] . (5.39)

The σ dependence comes exclusively from the volume prefactor, while the numerator of (5.37) is rendered dimensionless by the rescaling (5.38). Integration of the α-dependent function C entails an ordering and, eventually, a regularization choice.

Combining (5.39) with (5.17), we finally obtain the spectral dimension: d_S = Dαβ for D^β_σ = ∂_σ, and d_S = Dαβ for D^β_σ =_∞ ¯∂^β_σ , ∂^β_σ . In general form,

d_S = βd_H . (5.40)

Some remarks are in order:

• For normal diffusion (β = 1),

d_S = d_H = Dα , (5.41)

realized by integer operators ∂_σ and K. The order of the diffusion operator is half that of the Laplacian.

• When β < 1, diffusion is anomalous but fractional space can be regarded as a fractal.

• The case β > 1 does not correspond to a fractal, since d_S > d_H; the operator D^β_σ is higher order from the point of view of the differential structure of fractional space, and it is responsible for super-diffusion. In particular, for β = 1/α the spectral dimension coincides with the topological dimension of space.

In all these cases, the spectral dimension is constant and non-vanishing. There is no contradiction with the findings of [198], where the spectral dimension does not converge to the embedding dimension when the lacunarity of fractals becomes asymptotically zero. Here, fractional spaces are not lowlacunarity approximations of fractals and we do not take the limit λ → 0.

The results are summarized in table 4 for d_S and the walk dimension d_W.

D^β_σ d_S d_W ∂_σ d_H 2 ∞ ¯∂^β_σ , ∂^β_σ βd_H 2/β Table 4. Spectral dimension d_S and walk dimension d_W of fractional space E^D_α for the natural Laplacian (5.22) and different diffusion equations. Fractional space is fractal only if d_W ≥ 2 (β ≤ 1).

6 Discussion

The results presented in this paper are the first step towards a field theory on fractional spacetimes. We have detailed the geometric properties of the fractional equivalent of Euclidean space, with no time, no matter, no gravity, and fixed real dimension. The goal, of course, will be to include the physics in a controlled way. Bits of it, such as the generalization to spacetimes with Lorentzian signature, only require minor modifications of the fractional construction. Others, such as the formulation of a multi-fractal scenario, the recovery of four dimensions at large scales, and inclusion of the logoscillations of fractal geometry, are not difficult but entail a major change of perspective. We endeavor to complete this programme in [42], still in the absence of gravity.

We would like to conclude with a remark at the interface between quantum gravity and mathematics. It has been recognized that effective spacetime emerging from quantum gravity scenarios has a scale-dependent spectral dimension, a feature on which part of the community has grown the belief that quantum spacetime is, somehow, “fractal.” However, aside from the spectral dimension, fractal geometry is an arsenal of tools which has been scantly exploited in quantum gravity. As a consequence, a deeper understanding of fractal properties of spacetime has seldom gone beyond qualitative remarks based on quantitative determinations of d_S. Taking advantage of this arsenal in a less frugal way would open up a wealth of possibilities, as we shall argue in the companion paper. On the other hand, progress in pure fractal geometry is very much ongoing and the effective insights in the physics literature can suggest mathematicians some interesting directions of research. For instance, to the best of our knowledge there is no systematic formulation of a Fourier transform on fractals. To a physicist, transforming to momentum space is important both for doing field theory and for computing the spectral dimension. Related to that, we are unaware of any good physical transport model where jump processes naturally occur. These are non-local diffusing processes characterized by discrete jumps, rather than continuous movements. While for local diffusion the walk dimension is bounded by 2 ≤ d_W ≤ d_H + 1, in non-local diffusion 0 < d_W ≤ d_H + 1 [172]. The cases where fractional spaces have d_W = 2d_H/d_S < 2 might correspond to continuum models of jump processes, but the physical meaning of this is presently unclear. Yet, transient regimes where d_S > d_H do arise in other approaches to quantum gravity, as in causal dynamical triangulations (CDTs) [16] or in non-commutative spaces [199]. Further study of the subject promises to be stimulating.

Acknowledgements

The author is grateful to D. Benedetti, S. Gielen, J. Magueijo, L. Modesto, D. Oriti, J. Thürigen, S. Vacaru, and especially to G. Dunne and G. Nardelli for useful discussions. G. Nardelli is also credited for the construction of the fractional transform (5.24a)–(5.24b).

References

[1] D. Oriti, (ed.), Approaches to Quantum Gravity, Cambridge University Press, Cambridge, UK, 2009.

[2] D. Oriti, The group field theory approach to quantum gravity, in [1] [arXiv:gr-qc/0607032].

[3] C. Rovelli, Quantum Gravity, Cambridge University Press, Cambridge, UK, 2006.

[4] T. Thiemann, Modern canonical quantum General Relativity, Cambridge University Press, Cambridge, UK, 2007.

[5] D. Oriti, Spacetime geometry from algebra: spin foam models for non-perturbative quantum gravity, Rep. Prog. Phys. 64 (2001), 1703 [arXiv:gr-qc/0106091].

[6] A. Perez, Spin foam models for quantum gravity, Class. Quant. Grav.

20 (2003), R43 [arXiv:gr-qc/0301113].

[7] M. Niedermaier, The asymptotic safety scenario in quantum gravity: an introduction, Class. Quant. Grav. 24 (2007), R171 [arXiv:gr-qc/0610018].

[8] M. Niedermaier and M. Reuter, The asymptotic safety scenario in quantum gravity, Living Rev. Rel. 9 (2006), 5.

[9] M. Reuter and F. Saueressig, Functional renormalization group equations, asymptotic safety and quantum Einstein gravity, arXiv:0708.1317.

[10] A. Codello, R. Percacci and C. Rahmede, Investigating the ultraviolet properties of gravity with a Wilsonian renormalization group equation, Ann. Phys. 324 (2009), 414 [arXiv:0805.2909].

[11] R.M. Williams and P.A. Tuckey, Regge calculus: a bibliography and brief review, Class. Quant. Grav. 9 (1992), 1409.

[12] R.M. Williams, Discrete quantum gravity: the Regge calculus approach, Int. J. Mod. Phys. B 6 (1992), 2097.

[13] R.M. Williams, Recent progress in Regge calculus, Nucl. Phys. Proc.

Suppl. 57 (1997), 73 [arXiv:gr-qc/9702006].

[14] R. Loll, The emergence of spacetime or quantum gravity on your desktop, Class. Quant. Grav. 25 (2008), 114006 [arXiv:0711.0273].

[15] J. Ambjørn, J. Jurkiewicz and R. Loll, Spectral dimension of the universe, Phys. Rev. Lett. 95 (2005), 171301 [arXiv:hep-th/0505113].

[16] D. Benedetti and J. Henson, Spectral geometry as a probe of quantum spacetime, Phys. Rev. D 80 (2009), 124036 [arXiv:0911.0401].

[17] O. Lauscher and M. Reuter, Fractal spacetime structure in asymptotically safe gravity, J. High Energy Phys. 10 (2005), 050 [arXiv:hep-th/0508202].

[18] P. Hořava, Spectral dimension of the universe in quantum gravity at a Lifshitz point, Phys. Rev. Lett. 102 (2009), 161301 [arXiv:0902.3657].

[19] T.P. Sotiriou, M. Visser and S. Weinfurtner, Spectral dimension as a probe of the ultraviolet continuum regime of causal dynamical triangulations, Phys. Rev. Lett. 107 (2011), 131303 [arXiv:1105.5646].

[20] L. Modesto and P. Nicolini, Spectral dimension of a quantum universe, Phys. Rev. D 81 (2010), 104040 [arXiv:0912.0220].

[21] S. Carlip, Spontaneous dimensional reduction in short-distance quantum gravity?, AIP Conf. Proc. 1196 (2009), 72 [arXiv:0909.3329].

[22] S. Carlip, The small scale structure of spacetime, in Foundations of space and time, eds. G. Ellis, J. Murugan and A. Weltman, Cambridge University Press, Cambridge, UK, 2012 [arXiv:1009.1136].

[23] G. Calcagni, Fractal universe and quantum gravity, Phys. Rev. Lett.

104 (2010), 251301 [arXiv:0912.3142].

[24] J.D. Barrow, Dimensionality, Phil. Trans. R. Soc. Lond. A 310 (1983), 337.

[25] J.D. Barrow, Chaos in the Einstein equations, Phys. Rev. Lett. 46 (1981), 963; Phys. Rev. Lett. 46 (1981), 1436.

[26] J.D. Barrow, Chaotic behavior in general relativity, Phys. Rep. 85 (1982), 1.

[27] D.F. Chernoff and J.D. Barrow, Chaos in the mixmaster universe, Phys.

Rev. Lett. 50 (1983), 134.

[28] P. Halpern, Chaos in the long-term behavior of some Bianchi-type VIII models, Gen. Relativ. Gravit. 19 (1987), 73.

[29] N.J. Cornish and J.J. Levin, The mixmaster universe is chaotic, Phys.

Rev. Lett. 78 (1997), 998 [arXiv:gr-qc/9605029].

[30] N.J. Cornish and J.J. Levin, Mixmaster universe: a chaotic Farey tale, Phys. Rev. D 55 (1997), 7489 [arXiv:gr-qc/9612066].

[31] A.E. Motter and P.S. Letelier, Mixmaster chaos, Phys. Lett. A 285 (2001), 127 [arXiv:gr-qc/0011001].

[32] A.E. Motter, Relativistic chaos is coordinate invariant, Phys. Rev. Lett.

91 (2003), 231101 [arXiv:gr-qc/0305020].

[33] L. Crane and L. Smolin, Renormalization of general relativity on a background of spacetime foam, Nucl. Phys. B 267 (1986), 714.

[34] L. Crane and L. Smolin, Space-time foam as the universal regulator, Gen. Relativ. Gravit. 17 (1985), 1209.

[35] D. Benedetti, Fractal properties of quantum spacetime, Phys. Rev. Lett.

102 (2009), 111303 [arXiv:0811.1396].

[36] L. Modesto, Fractal structure of loop quantum gravity, Class. Quant.

Grav. 26 (2009), 242002 [arXiv:0812.2214].

[37] F. Caravelli and L. Modesto, Fractal dimension in 3D spin-foams, arXiv:0905.2170.

[38] E. Magliaro, C. Perini and L. Modesto, Fractal space-time from spinfoams, arXiv:0911.0437.

[39] G. Calcagni, Quantum field theory, gravity and cosmology in a fractal universe, J. High Energy Phys. 03 (2010), 120 [arXiv:1001.0571].

[40] G. Calcagni, Gravity on a multifractal, Phys. Lett. B 697 (2011), 251 [arXiv:1012.1244].

[41] G. Calcagni, Discrete to continuum transition in multifractal spacetimes, Phys. Rev. D 84 (2011), 061501(R) [arXiv:1106.0295].

[42] G. Calcagni, Geometry and field theory in multi-fractional spacetime, J.

High Energy Phys. 01 (2012), 065 [arXiv:1107.5041].

[43] M. Arzano, G. Calcagni, D. Oriti and M. Scalisi, Fractional and noncommutative spacetimes, Phys. Rev. D 84 (2011), 125002 [arXiv:1107.5308].

[44] G. Calcagni, Multi-fractional spacetimes, asymptotic safety and Hořava– Lifshitz gravity, arXiv:1209.4376.

[45] G. Calcagni and G. Nardelli, Momentum transforms and Laplacians in fractional spaces, arXiv:1202.5383.

[46] I. Podlubny, Fractional differential equations, Academic Press, San Diego, USA, 1999.

[47] A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and applications of fractional differential equations, Elsevier, Amsterdam, The Netherlands, 2006.

[48] S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional integrals and derivatives, Gordon and Breach, New York, USA, 1993.

[49] K.S. Miller and B. Ross, An introduction to the fractional calculus and fractional differential equations, Wiley, New York, USA, 1993.

[50] B. Ross (ed.), Fractional calculus and its applications, Lect. Notes Math.

457, Springer, Amsterdam, The Netherlands, 1975.

[51] V.E. Tarasov, Fractional vector calculus and fractional Maxwell’s equations, Ann. Phys. 323 (2008), 2756 [arXiv:0907.2363].

[52] Y.S. Mishura, Stochastic calculus for fractional Brownian motion and related processes, Springer-Verlag, Berlin, Germany, 2008.

[53] S. Das, Functional fractional calculus, Springer-Verlag, Berlin, Germany, 2008.

[54] M. Caputo, Linear model of dissipation whose Q is almost frequency independent-II, Geophys. J. R. Astron. Soc. 13 (1967), 529.

[55] M. Caputo, Elasticità e dissipazione, Zanichelli, Bologna, Italy, 1969. [56] I.S. Gradshteyn and I.M. Ryzhik, Table of integrals, series, and products, Academic Press, London, UK, 2007.

[57] H.J. Haubold, A.M. Mathai and R.K. Saxena, Mittag-Leffler functions and their applications, J. Appl. Math. 2011 (2011), 298628.

[58] F. Ben Adda, Geometric interpretation of the fractional derivative, J.

Fract. Calc. 11 (1997), 21.

[59] F. Ben Adda, La différentiabilité dans le calcul fractionnaire, C. R.

Acad. Sci. Paris Sér. I Math. 326 (1998), 787.

[60] F. Ben Adda, Interprétation géométrique de la différentiabilité et du gradient d’ordre réel, C. R. Acad. Sci. Paris Sér. I Math. 326 (1998), 931.

[61] F. Ben Adda, The differentiability in the fractional calculus, Nonlinear Anal. 47 (2001), 5423.

[62] K. Cottrill-Shepherd and M. Naber, Fractional differential forms, J.

Math. Phys. 42 (2001), 2203 [arXiv:math-ph/0301013].

[63] K. Cottrill-Shepherd and M. Naber, Fractional differential forms II, arXiv:math-ph/0301016.

[64] Y. Chen, Z.-Y. Yan and H.-Q. Zhang, Applications of fractional exterior differential in three-dimensional space, Appl. Math. Mech. 24 (2003), 256.

[65] V.E. Tarasov, Fractional statistical mechanics, Chaos 16 (2006), 033108 [arXiv:0710.1807].

[66] V.E. Tarasov, Liouville and Bogoliubov equations with fractional derivatives, Mod. Phys. Lett. B 21 (2007), 237 [arXiv:0711.0859].

[67] V.E. Tarasov, Fractional generalization of Liouville equations, Chaos 14 (2004), 123 [arXiv:nlin/0312044].

[68] V.E. Tarasov, Fractional systems and fractional Bogoliubov hierarchy equations, Phys. Rev. E 71 (2005), 011102 [arXiv:cond-mat/0505720].

[69] V.E. Tarasov, Fractional generalization of gradient and Hamiltonian systems, J. Phys. A 38 (2005), 5929 [arXiv:math.DS/0602208].

[70] V.E. Tarasov, Fractional generalization of gradient systems, Lett. Math.

Phys. 73 (2005), 49 [arXiv:nlin.CD/0604007].

[71] J. Cresson, Fractional embedding of differential operators and Lagrangian systems, J. Math. Phys. 48 (2007), 033504 [arXiv:math/0605752].

[72] V.E. Tarasov, Fractional Fokker–Planck equation for fractal media, Chaos 15 (2005), 023102 [arXiv:nlin/0602029].

[73] V.E. Tarasov, Fractional Liouville and BBGKI equations, J. Phys.

Conf. Ser. 7 (2005), 17 [arXiv:nlin/0602062].

[74] F. Riesz and B. Sz.-Nagy, Functional Analysis, Dover, New York, USA, 1990.

[75] M. Carter and B. van Brunt, The Lebesgue–Stieltjes integral: a practical introduction, Springer, New York, USA, 2000.

[76] G. de Barra, Measure Theory And Integration, Horwood Publishing, Chichester, UK, 2003.

[77] G.L. Bullock, A geometric interpretation of the Riemann–Stieltjes integral, Am. Math. Mon. 95 (1988), 448.

[78] I. Podlubny, Geometric and physical interpretation of fractional integration and fractional differentiation, Fract. Calc. Appl. Anal. 5 (2002), 367 [arXiv:math.CA/0110241].

[79] F.-Y. Ren, Z.-G. Yu and F. Su, Fractional integral associated to the self-similar set or the generalized self-similar set and its physical interpretation, Phys. Lett. A 219 (1996), 59.

[80] M. Moshrefi-Torbati and J.K. Hammond, Physical and geometrical interpretation of fractional operators, J. Franklin Inst. B 335 (1998), 1077.

[81] F.E. Riewe, Nonconservative Lagrangian and Hamiltonian mechanics, Phys. Rev. E 53 (1996), 1890.

[82] F.E. Riewe, Mechanics with fractional derivatives, Phys. Rev. E 55 (1997), 3581.

[83] G. Jumarie, Modified Riemann–Liouville derivative and fractional Taylor series of non-differentiable functions Further results, Comput. Math. Appl. 51 (2006), 1367.

[84] K.M. Kolwankar and A.D. Gangal, Fractional differentiability of nowhere differentiable functions and dimensions, Chaos 6 (1996), 505 [arXiv:chao-dyn/9609016].

[85] G. Jumarie, On the representation of fractional Brownian motion as an integral with respect to (dt)^a, Appl. Math. Lett. 18 (2005), 739.

[86] A. Connes, Noncommutative geometry, Academic Press, New York, USA, 1994.

[87] S.I. Vacaru, Fractional nonholonomic Ricci flows, Chaos Solitons Fractals 45 (2012), 1266 [arXiv:1004.0625].

[88] S.I. Vacaru, Fractional dynamics from Einstein gravity, general solutions, and black holes, Int. J. Theor. Phys. 51 (2012), 1338 [arXiv:1004.0628].

[89] D. Baleanu and S.I. Vacaru, Fedosov quantization of fractional Lagrange spaces, Int. J. Theor. Phys. 50 (2011), 233 [arXiv:1006.5538].

[90] D. Baleanu and S.I. Vacaru, Fractional almost Kähler–Lagrange geometry, Nonlinear Dyn. 64 (2011), 365 [arXiv:1006.5535].

[91] S. Vacaru, P. Stavrinos, E. Gaburov and D. Gonta, Clifford and Riemann-Finsler structures in geometric mechanics and gravity, Geometry Balkan Press, Bucharest, Romania, 2006 [arXiv:gr-qc/0508023].

[92] S.I. Vacaru, On general solutions for field equations in Einstein and higher dimension gravity, Int. J. Theor. Phys. 49 (2010), 884 [arXiv:0909.3949].

[93] N. Moeller and B. Zwiebach, Dynamics with infinitely many time derivatives and rolling tachyons, J. High Energy Phys. 10 (2002), 034 [arXiv:hep-th/0207107].

[94] G. Calcagni and G. Nardelli, String theory as a diffusing system, J.

High Energy Phys. 02 (2010), 093 [arXiv:0910.2160].

[95] C.F. Lorenzo and T.T. Hartley, Initialized fractional calculus, Int. J.

Appl. Math. Comput. Sci. 3 (2000), 249 [online source]. [96] B.N. Narahari Achar, C.F. Lorenzo and T.T. Hartley, Initialization issues of the Caputo fractional derivative, ASME Conf. Proc. 2005-47438 (2005), 1449.

[97] C.F. Lorenzo and T.T. Hartley, Initialization of fractional-order operators and fractional differential equations, J. Comput. Nonlinear Dynam. 3 (2008), 021101.

[98] T.T. Hartley and C.F. Lorenzo, Application of incomplete gamma functions to the initialization of fractional-order systems, J. Comput. Nonlinear Dynam. 3 (2008), 021103.

[99] T.T. Hartley and C.F. Lorenzo, The error incurred in using the Caputoderivative Laplace-transform, ASME Conf. Proc. 2009-87648 (2009), 271.

[100] K. Svozil, Quantum field theory on fractal space-time, J. Phys. A 20 (1987), 3861.

[101] K. Falconer, Fractal geometry, Wiley, New York, USA, 2003. [102] P. Pfeifer and D. Avnir, Chemistry in noninteger dimensions between two and three. I. Fractal theory of heterogeneous surfaces, J. Chem. Phys. 79 (1983), 3558; J. Chem. Phys. 80 (1984), 4573.

[103] F. Hausdorff, Dimension und äußeres Maß, Math. Annalen 79 (1918), 157.

[104] V.E. Tarasov, Continuous medium model for fractal media, Phys. Lett.

A 336 (2005), 167 [arXiv:cond-mat/0506137].

[105] V.E. Tarasov, Possible experimental test of continuous medium model for fractal media, Phys. Lett. A 341 (2005), 467 [arXiv:physics/0602121].

[106] V.E. Tarasov, Wave equation for fractal solid string, Mod. Phys. Lett.

B 19 (2005), 721 [arXiv:physics/0605006].

[107] V.E. Tarasov, Magnetohydrodynamics of fractal media, Phys. Plasmas 13 (2006), 052107 [arXiv:0711.0305].

[108] B. Mandelbrot, How long is the coast of Britain? Statistical selfsimilarity and fractional dimension, Science 156 (1967), 636.

[109] B.B. Mandelbrot and J.W. Van Ness, Fractional Brownian motions, fractional noises and applications, SIAM Rev. 10 (1968), 422.

[110] F.B. Tatom, The relationship between fractional calculus and fractals, Fractals 3 (1995), 217.

[111] R.R. Nigmatullin, Fractional integral and its physical interpretation, Theor. Math. Phys. 90 (1992), 242.

[112] R.S. Rutman, On the paper by R.R. Nigmatullin “A fractional integral and its physical interpretation”, Theor. Math. Phys. 100 (1994), 1154.

[113] R.S. Rutman, On physical interpretations of fractional integration and differentiation, Theor. Math. Phys. 105 (1995), 1509.

[114] A. Le Méhauté, R.R. Nigmatullin and L. Nivanen, Flèches du temps et géométrie fractale, Hermes, Paris, France, 1998.

[115] R.R. Nigmatullin and A. Le Méhauté, Is there geometrical/physical meaning of the fractional integral with complex exponent?, J. Non-Cryst. Solids 351 (2005), 2888.

[116] Z.-G. Yu, F.-Y. Ren and J. Zhou, Fractional integral associated to generalized cookie-cutter set and its physical interpretation, J. Phys. A 30 (1997), 5569.

[117] F.-Y. Ren, Z.-G. Yu, J. Zhou, A. Le Méhauté and R.R. Nigmatullin, The relationship between the fractional integral and the fractal structure of a memory set, Physica A 246 (1997), 419.

[118] Z.-G. Yu, Flux and memory measure on net fractals, Phys. Lett. A 257 (1999), 221.

[119] W.-Y. Qiu and J. Lü, Fractional integrals and fractal structure of memory sets, Phys. Lett. A 272 (2000), 353.

[120] F.-Y. Ren, W.-Y. Qiu, J.-R. Liang and X.-T. Wang, Determination of memory function and flux on fractals, Phys. Lett. A 288 (2001), 79.

[121] F.-Y. Ren, J.-R. Liang, X.-T. Wang and W.-Y. Qiu, Integrals and derivatives on net fractals, Chaos Solitons Fractals 16 (2003), 107.

[122] B. O’Shaughnessy and I. Procaccia, Analytical solutions for diffusion on fractal objects, Phys. Rev. Lett. 54 (1985), 455.

[123] T.F. Nonnenmacher, Fractional integral and differential equations for a class of Lévy-type probability densities, J. Phys. A 23 (1990), L697S.

[124] G.M. Zaslavsky, Anomalous transport and fractal kinetics, in Topological aspects of the dynamics of fluids and plasmas, eds. H.K. Moffatt, G.M. Zaslavsky, P. Comte and M. Tabor, Kluwer, Boston, USA, 1992.

[125] W.G. Glöckle and T.F. Nonnenmacher, Fox function representation of non-Debye relaxation processes, J. Stat. Phys. A 71 (1993), 741.

[126] R. Metzler, W.G. Glöckle and T.F. Nonnenmacher, Fractional model equation for anomalous diffusion, Physica A 211 (1994), 13.

[127] G.M. Zaslavsky, Renormalization group theory of anomalous transport in systems with Hamiltonian chaos, Chaos 4 (1994), 25.

[128] G.M. Zaslavsky, Fractional kinetic equation for Hamiltonian chaos, Physica D 76 (1994), 110.

[129] G.M. Zaslavsky, M. Edelman and B.A. Niyazov, Self-similarity, renormalization, and phase space nonuniformity of Hamiltonian chaotic dynamics, Chaos 7 (1997), 159.

[130] G.M. Zaslavsky and M. Edelman, Hierarchical structures in the phase space and fractional kinetics: I. Classical systems, Chaos 10 (1999), 135.

[131] R. Metzler, E. Barkai and J. Klafter, Anomalous diffusion and relaxation close to thermal equilibrium: a fractional Fokker–Planck equation approach, Phys. Rev. Lett. 82 (1999), 3563.

[132] E. Barkai, Fractional Fokker–Planck equation, solution, and application, Phys. Rev. E 63 (2001), 046118.

[133] H. Weitzner and G.M. Zaslavsky, Some applications of fractional equations, Comm. Nonlin. Sc. Num. Sim. 8 (2003), 273 [arXiv:nlin.CD/0212024].

[134] R. Metzler and J. Klafter, The random walk’s guide to anomalous diffusion: a fractional dynamics approach, Phys. Rep. 339 (2000), 1.

[135] G.M. Zaslavsky, Chaos, fractional kinetics, and anomalous transport, Phys. Rep. 371 (2002), 461.

[136] D. Avnir, D. Farin and P. Pfeifer, Chemistry in noninteger dimensions between two and three. II. Fractal surfaces of adsorbents, J. Chem. Phys. 79 (1983), 3566.

[137] D.W. Schaefer, J.E. Martin, P. Wiltzius and D.S. Cannell, Fractal geometry of colloidal aggregates, Phys. Rev. Lett. 52 (1984), 2371.

[138] H.D. Bale and P.W. Schmidt, Small-angle X-ray-scattering investigation of submicroscopic porosity with fractal properties, Phys. Rev. Lett. 53 (1984), 596.

[139] D.W. Schaefer and K.D. Keefer, Fractal geometry of silica condensation polymers, Phys. Rev. Lett. 53 (1984), 1383.

[140] V.E. Tarasov, Fractional integro-differential equations for electromagnetic waves in dielectric media, Theor. Math. Phys. 158 (2009), 355.

[141] R.S. Strichartz, Fractafolds based on the Sierpiński gasket and their spectra, Trans. Am. Math. Soc. 355 (2003), 4019.

[142] A.N. Kolmogorov, A new invariant for transitive dynamical systems, Dokl. Akad. Nauk SSSR 119 (1958), 861.

[143] J.D. Farmer, E. Ott and J.A. Yorke, The dimension of chaotic attractors, Physica D 7 (1983), 153.

[144] J.E. Hutchinson, Fractals and self similarity, Indiana Univ. Math. J.

30 (1981), 713.

[145] Y. Gefen, Y. Meit, B.B. Mandelbrot and A. Aharony, Geometric implementation of hypercubic lattices with noninteger dimensionality by use of low lacunarity fractal lattices, Phys. Rev. Lett. 50 (1983), 145.

[146] R. Riedi, An improved multifractal formalism and self-similar measures, J. Math. Anal. Appl. 189 (1995), 462.

[147] R.H. Riedi and B.B. Mandelbrot, Multifractal formalism for infinite multinomial measures, Adv. Appl. Math. 16 (1995), 132.

[148] Z.-G. Yu, F.-Y. Ren and J.-R. Liang, Hausdorff dimension, mean quadratic variation of infinite self-similar measures, Bull. Hong Kong Math. Soc. 2 (1999) 347 [arXiv:math/9812138].

[149] P. Grassberger, Generalized dimensions of strange attractors, Phys.

Lett. A 97 (1983), 227.

[150] H.G.E. Hentschel and I. Procaccia, The infinite number of generalized dimensions of fractals and strange attractors, Physica D 8 (1983), 435.

[151] T.C. Halsey, M.H. Jensen, L.P. Kadanoff, I. Procaccia and B.I.

Shraiman, Fractal measures and their singularities: the characterization of strange sets, Phys. Rev. A 33 (1986), 1141; Phys. Rev. A 34 (1986), 1601.

[152] D. Sornette, Discrete scale invariance and complex dimensions, Phys.

Rep. 297 (1998), 239 [arXiv:cond-mat/9707012].

[153] J. Kigami and M.L. Lapidus, Weyl’s problem for the spectral distribution of Laplacians on P.C.F. self-similar fractals, Comm. Math. Phys. 158 (1993), 93.

[154] N. Kajino, Spectral asymptotics for Laplacians on self-similar sets, J.

Funct. Anal. 258 (2010), 1310.

[155] B. Derrida, C. Itzykson and J.M. Luck, Oscillatory critical amplitudes in hierarchical models, Comm. Math. Phys. 94 (1984), 115.

[156] A. Teplyaev, Spectral zeta functions of fractals and the complex dynamics of polynomials, Trans. Am. Math. Soc. 359 (2007), 4339 [arXiv:math/0505546].

[157] E. Akkermans, G.V. Dunne and A. Teplyaev, Physical consequences of complex dimensions of fractals, Europhys. Lett. 88 (2009), 40007 [arXiv:0903.3681].

[158] A. Allan, M. Barany and R.S. Strichartz, Spectral operators on the Sierpiński gasket I, Complex Var. Elliptic Equ. 54 (2009), 521.

[159] M. Kac, Can one hear the shape of a drum?, Am. Math. Mon. 73 (1966), 1.

[160] S. Alexander and R. Orbach, Density of states on fractals: “fractons”, J. Phys. Lett. (Paris) 43 (1982), 625.

[161] R. Rammal and G. Toulouse, Random walks on fractal structures and percolation clusters, J. Phys. Lett. (Paris) 44 (1983), 13.

[162] H. Watanabe, Spectral dimension of a wire network, J. Phys. A 18 (1985), 2807.

[163] S. Havlin and D. Ben-Avraham, Diffusion in disordered media, Adv.

Phys. 36 (1987), 695.

[164] D. ben-Avraham and S. Havlin, Diffusion and reactions in fractals and disordered systems, Cambridge University Press, Cambridge, UK, 2000.

[165] R.S. Strichartz, Analysis on fractals, Not. Am. Math. Soc. 46 (1999), 1199.

[166] J. Kigami, Analysis on fractals, Cambridge University Press, Cambridge, UK, 2001.

[167] R.S. Strichartz, Differential equations on fractals, Princeton University Press, Princeton, USA, 2006.

[168] M.T. Barlow and R.F. Bass, Transition densities for Brownian motion on the Sierpiński carpet, Probab. Th. Rel. Fields 91 (1992), 307.

[169] T. Kumagai, Estimates of transition densities for Brownian motion on nested fractals, Probab. Th. Rel. Fields 96 (1993), 205.

[170] S. Kusuoka and X.Y. Zhou, Waves on fractal-like manifolds and effective energy propagation, Probab. Th. Rel. Fields 110 (1998), 473.

[171] H. Osada, A family of diffusion processes on Sierpiński carpets, Probab. Th. Rel. Fields 119 (2001), 275.

[172] A. Grigor’yan and T. Kumagai, On the dichotomy in the heat kernel two sided estimates, Proc. Sympos. Pure Math. 77 (2008), 199 [online source].

[173] G.V. Dunne and A. Teplyaev, private communication (2011). [174] M.T. Barlow, A. Grigor’yan and T. Kumagai, Heat kernel upper bounds for jump processes and the first exit time, J. Reine Angew. Math. 626 (2009), 135.

[175] M.T. Barlow, R.F. Bass, Z.-Q. Chen and M. Kassmann, Non-local Dirichlet forms and symmetric jump processes, Trans. Am. Math. Soc. 361 (2009), 1963.

[176] T.P. Sotiriou, M. Visser and S. Weinfurtner, From dispersion relations to spectral dimension —and back again, Phys. Rev. D 84 (2011), 104018 [arXiv:1105.6098].

[177] J. Hadamard, Lectures on Cauchy’s problem in linear partial differential equations, Yale University Press, New Haven, USA, 1923.

[178] S. Minakshisundaram and Å. Pleijel, Some properties of the eigenfunctions of the Laplace-operator on Riemannian manifolds, Can. J. Math. 1 (1949), 242.

[179] B.S. DeWitt and R.W. Brehme, Radiation damping in a gravitational field, Ann. Phys. 9 (1960), 220.

[180] B.S. DeWitt, Dynamical theory of groups and fields, Gordon and Breach, New York, USA, 1965.

[181] B.S. DeWitt, Quantum theory of gravity. III. Applications of the covariant theory, Phys. Rev. 162 (1967), 1239.

[182] R.T. Seeley, Complex powers of an elliptic operator, Proc. Symp. Pure Math. 10 (1967), 288.

[183] B.S. DeWitt, Quantum field theory in curved spacetime, Phys. Rep.

19 (1975), 295.

[184] P.B. Gilkey, The spectral geometry of a Riemannian manifold, J. Diff.

Geom. 10 (1975), 601.

[185] B.S. DeWitt, Quantum gravity: the new synthesis, in General relativity, a centenary survey, eds. S.W. Hawking and W. Israel, Cambridge University Press, Cambridge, UK, 1979.

[186] I.G. Avramidi, A new algebraic approach for calculating the heat kernel in quantum gravity, J. Math. Phys. 37 (1996), 374 [arXiv:hep-th/9406047].

[187] I.G. Avramidi, Covariant algebraic method for calculation of the low-energy heat kernel, J. Math. Phys. 36 (1995), 5055 [arXiv:hep-th/9503132].

[188] I.G. Avramidi, The heat kernel on symmetric spaces via integrating over the group of isometries, Phys. Lett. B 336 (1994), 171 [arXiv:hep-th/9509079].

[189] Y. Décanini and A. Folacci, Off-diagonal coefficients of the DeWitt– Schwinger and Hadamard representations of the Feynman propagator, Phys. Rev. D 73 (2006), 044027 [arXiv:gr-qc/0511115].

[190] I.G. Avramidi, Heat kernel and quantum gravity, Springer-Verlag, Berlin, Germany, 2000.

[191] K. Kirsten, Spectral functions in mathematics and physics, Chapman & Hall/CRC, Boca Raton, USA, 2001.

[192] D.V. Vassilevich, Heat kernel expansion: userŠs manual, Phys. Rep.

388 (2003), 279 [arXiv:hep-th/0306138].

[193] R.S. Strichartz and A. Teplyaev, Spectral analysis on infinite Sierpiński fractafolds, J. Analyse Math. 116 (2012), 255 [arXiv:1011.1049].

[194] R.S. Strichartz, Function spaces on fractals, J. Funct. Anal. 198 (2003), 43.

[195] K.A. Okoudjou and R.S. Strichartz, Weak uncertainty principles on fractals, J. Fourier Anal. Appl. 11 (2005), 315.

[196] E. Akkermans, G.V. Dunne and A. Teplyaev, Thermodynamics of photons on fractals, Phys. Rev. Lett. 105 (2010), 230407 [arXiv:1010.1148].

[197] F.H. Stillinger, Axiomatic basis for spaces with noninteger dimension, J. Math. Phys. 18 (1977), 1224.

[198] B.M. Hambly and T. Kumagai, Asymptotics for the spectral and walk dimension as fractals approach Euclidean space, Fractals 10 (2002), 403.

[199] E. Alesci and M. Arzano, Anomalous dimension in semiclassical gravity, Phys. Lett. B 707 (2012), 272 [arXiv:1108.1507].