arXiv:1106.6248v2 [hep-ph] 1 Sep 2011

Short baseline neutrino oscillations: when entanglement suppresses coherence.

Daniel Boyanovsky^{1, ∗} 1Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh, PA 15260 (Dated: September 5, 2011)

Abstract

For neutrino oscillations to take place the entangled quantum state of a neutrino and a charged lepton produced via charged current interactions must be disentangled. Implementing a nonperturbative Wigner-Weisskopf method we obtain the correct entangled quantum state of neutrinos and charged leptons from the (two-body) decay of a parent particle. The source lifetime and disentanglement length scale lead to a suppression of the oscillation probabilities in short-baseline experiments. The suppression is determined by π L_s/L_{osc} where L_s is the smallest of the decay length of the parent particle or the disentanglement length scale. For L_s ≥ L_{osc} coherence and oscillations are suppressed. These effects are more prominent in short base line experiments and at low neutrino energy. We obtain the corrections to the appearance and disappearance probabilities modified by both the lifetime of the source and the disentanglement scale and discuss their implications for accelerator and reactor experiments. These effects imply that fits to the experimental data based on the usual quantum mechanical formulation underestimate sin^2(2θ) and δm^2, and are more dramatic for δm^2 ≃ eV^2, the mass range for new generations of sterile neutrinos that could explain the short-baseline anomalies and long disentanglement length scales.

PACS numbers: 14.60.Pq;13.15.+g;14.60.St

∗Electronic address: boyan@pitt.edu

I. INTRODUCTION

Neutrino masses, mixing and oscillations are the clearest evidence yet of physics beyond the standard model [1–3]. They provide an explanation of the solar neutrino problem [4–6] and have important phenomenological [1–3, 7–11], astrophysical [5, 12, 13] and cosmological [14] consequences. A remarkable series of experiments have confirmed mixing and oscillations among three “active” neutrinos with δm^2 = 10^{−4} − 10^{−3} eV^2 for atmospheric and solar oscillations respectively[15].

A fascinating aspect of neutrino oscillations is that they provide an extraordinary example of macroscopic quantum coherence maintained over hundreds of kilometers. It is particularly this aspect that has sparked an ongoing discussion in the field that seeks to clarify the main concepts behind the physical interpretation of oscillations.

As neutrino oscillations open a window to explore physics beyond the standard model, it is important to understand the underlying phenomena at the deepest level, and the domain of validity of the various calculations of oscillation probabilities and their impact on experiments. In particular, the standard approach of treating neutrino oscillations by analogy with Rabi-oscillations in a two state system (see for example, [1–3, 7, 8] and references therein) while simple and intuitive, has motivated a wide ranging discussion. Deeper investigations of this basic paradigm have already raised a number of important and fundamental questions [16–19] that are still being debated [20].

A correct interpretation of the results from oscillation experiments require understanding of both the production and detection mechanisms[21–23]. Neutrino detection is indirect through charged or neutral current processes and mostly through the detection of the associated charged lepton. As for the production mechanism, the neutrino state is produced by the decay of a parent particle via charged current interactions. Coherence (and decoherence) aspects of the production and detection of neutrinos [23, 25, 26] and lifetime of the source[24] have been discussed, however only recently the recognition that the neutrino state produced by the decay of a parent particle via charged current interactions is in fact entangled with that of the charged lepton[18, 27–34] has become the focus of a reassessment of the dynamics of neutrino oscillations.

Quantum entanglement is a direct consequence of conservation laws in the production process[18, 27] which result in a correlated quantum state of the neutrino and its charged current lepton partner. As observed in refs.[28, 29] in order for neutrino mass eigenstates to interfere coherently and oscillate, the quantum state must be disentangled: entanglement surviving for a very long time projects out states of definite energy and prevent oscillations. In a typical experiment disentanglement of the charged lepton occurs when this particle is measured, absorbed or decays, after disentanglement the quantum state is reduced and is reset. The full dynamics of the process of production of the entangled state, disentanglement and further evolution to production of another charged lepton at a (far) detector was studied in a model in ref.[29] with a focus on long baseline experiments. Ref.[34] studied the free time evolution of a disentangled wave-packet produced from pion decay including lifetime effects but without addressing the production of charged leptons by the disentangled state and detection process .

The results of ref.[29] show that if disentanglement occurs on time scales much shorter than the oscillation scale, namely for long baseline experiments, the familiar result obtained from the simple quantum mechanical picture and factorization is reproduced, but also point out possible subtle consequences if the disentanglement process occurs on time scales of the same order of or longer than the oscillation time scale, with potential impact on short baseline experiments. This possibility is also hinted at in ref.[31].

In the last few years several experimental results have been accumulating that cannot be interpreted within the “standard paradigm” of mixing and oscillations among three “active” neutrinos with δm^2 ≃ 10^{−4} − 10^{−3}. The early results from the LSND experiment[35] have recently been confirmed by MiniBooNE running in antineutrino mode[36] both suggesting the possibility of new “sterile” neutrinos with δm^2 ∼ eV^2. More recently, a re-examination of the antineutrino flux[37] in anticipation of the Double Chooz reactor experiment resulted in a small increase in the flux of about 3.5% for reactor experiments leading to a larger deficit of 5.7% suggesting a reactor anomaly[38]. If this deficit is the result of neutrino mixing and oscillation with baselines L ≲ 10 − 100 m, it requires the existence of at least one sterile neutrino with δm^2 ≳ 1.5 eV^2 and mixing amplitude sin^2(2θ) ≃ 0.115[38]. Taken together these results may be explained by models that incorporate one or more sterile neutrinos that mix with the active ones[39–42] including perhaps non-standard interactions[43]. Furthermore the latest analysis of the cosmic microwave background anisotropies by WMAP[44] suggests that the effective number of neutrino species is N_{eff} = 4.34 ± 0.86 and ∑ (m_ν ) < 0.58 eV bolstering the case for sterile neutrino(s) with m ≲ eV.

The common aspect of accelerator and reactor anomalies is that these are all short baseline experiments with 10 m ≲ L ≲ 600 m and this aspect, when considered along with the potentially relevant corrections from disentanglement discussed above, motivate our study of the disentanglement and lifetime effects on short baseline oscillations. Although the effect of the muon lifetime on neutrino oscillations has been studied in ref.[45] and more recently ref.[46] argued that the pion lifetime introduces decoherence on oscillations ν_μ − ν_s at the near detector of the MINOS experiment, the combined effect of lifetime of the source and disentanglement of charged leptons have not yet been discussed with regard to the distortion of the spectrum for charged lepton events at the detector in short baseline experiments.

Goals: The accumulation of experimental evidence of short baseline anomalies and the recognition that entanglement and lifetime effects may lead to corrections in the oscillation probabilities precisely in short baseline experiments motivates us to understand the impact of these effects on the appearance and disappearance probabilities, and their possible experimental implications.

In this article we seek to understand the subtle aspects arising from quantum mechanical correlations as a result of the fact that the neutrino states produced at charged current vertices are entangled with the charged lepton partner. Measurement, absorption or decay of this charged lepton disentangles the quantum state, but the emerging neutrino state carries information on the quantum correlations in its evolution. These correlations along with intrinsic energy uncertainties associated with the lifetime of the parent particle whose decay produces the neutrinos, influence the oscillation probabilities. Our goal is to study these corrections in the simplest and most clear setting that allow a systematic calculation of the effects and to extract the possible impact of these effects on the experimental observables and their interpretation.

Results:

The dimensionless parameter that determines the impact of the lifetime of the source and the disentanglement time scale on the oscillation probabilities is πL_s/L_{osc} where L_s is the smaller between the decay length of the source and the disentanglement length scale at which the charged lepton produced with the neutrino is measured, absorbed or decays and L_{osc} ∝ E_ν /δm^2 is the oscillation length.

A detailed analysis of the production and disentanglement of the quantum states of neutrinos produced in charged current vertices reveals that the usual “Pontecorvo” states familiar from the simple quantum mechanical approach, are a reliable description only when L_s ≪ L_{osc} in which case appearance and disappearance probabilities are given by the usual expressions, but for L_s ≫ L_{osc} the energy uncertainties become smaller than the distance between energy eigenstates and coherence is suppressed with a concomitant suppression of the appearance probability.

Appearance probabilities are suppressed in short baseline experiments where both the lifetime of the source and the disentanglement scale are comparable to or a large fraction of the baseline.

We find that at MiniBooNE the dominant source of suppression is the decay length of the pions, whereas at LSND and reactor experiments we argue that the relevant length scale is the disentanglement distance.

In all these cases, fits of the experimental data to the usual quantum mechanical appearance and disappearance probabilities underestimate both δm^2 and sin^2(2θ). These fits are much less reliable at low neutrino energy (for fixed δm^2 , L) because for low energy events the ratio L_s/L_{osc} is larger and the suppression of the oscillation probability is stronger.

The corrections from lifetime and disentanglement effects on short baseline experiments are more dramatic for the mass range δm^2 ∼ 1 eV^2 which is the putative mass range for sterile neutrinos that could explain the short baseline anomalies, and for low neutrino energy.

II. A MODEL OF “NEUTRINO” OSCILLATIONS

In order to exhibit the main results in a clear and simple manner, we introduce a bosonic model that describes mixing, oscillations and charged current weak interactions reliably. The complications associated with fermionic and gauge fields are irrelevant to the physics of mixing and oscillations, as is obviously manifest in the case of meson mixing.

We study the model defined by the Lagrangian density

L = L_0[W, l_α] + L_0[ν_α] + L_{int}[π, W, l_α, ν_α] ; α = e, μ (II.1)

with L_0[ν] = 1 2 [ ∂_μΨ^T ∂^μΨ − Ψ^T M Ψ ] , (II.2)

where Ψ is a flavor doublet representing the neutrinos Ψ = ( ν_e ν_μ ) , (II.3)

and M is the mass matrix M = ( m_{ee} m_{eμ} m_{eμ} m_{μμ} ) . (II.4)

The interaction Lagrangian is similar to the charged current interaction of the standard model but explicitly includes a vertex that describes the decay of a parent particle (here the pion) into a charged lepton and its flavor neutrino π → μ ν_μ, namely L_{int}(⃗x, t) = g_ππ(⃗x, t)μ(⃗x, t)ν_μ(⃗x, t) + g W (⃗x, t) [ e(⃗x, t) ν_e(⃗x, t) + μ(⃗x, t) ν_μ(⃗x, t) ] , (II.5)

where g plays the role of the electroweak charged current coupling, and g_π includes the pion decay constant. π(x) represents the pion field or alternatively any parent particle that decays into a charged lepton and its associated neutrino, W (x) represents the vector boson, and l = e, μ the two charged leptons.

Obviously this simple model cannot describe CP violating effects or distinguish between neutrino vs. antineutrino modes, however our goal is to understand decoherence effects associated with lifetime of the source and disentanglement of charged leptons.

The mass matrix is diagonalized by a unitary transformation

U^{−1}(θ) M U(θ) = ( m_1 0 0 m_2 ) ; U(θ) = ( cos θ sin θ − sin θ cos θ ) . (II.6)

In terms of the doublet of mass eigenstates, the flavor doublet can be expressed as ( ν_e ν_μ ) = U(θ) ( ν_1 ν_2 ) . (II.7)

This bosonic model clearly describes charged current weak interactions reliably as it includes all the relevant aspects of mixing and oscillations. Furthermore the coupling π μ ν_μ allows us to study the dynamics of the production process including the lifetime of the source ( pion) within the same model.

In order to clearly separate the effects from the lifetime of the source and disentanglement time scale from the effects of wave-packet localization, this article is primarily devoted to the analysis in terms of plane waves, in section (V) we comment on the modifications from a wave packet treatment, but postpone the full treatment with wavepackets to a more thorough forthcoming study[47].

We consider the case in which a neutrino and its flavor charged lepton partner are produced via the decay of a parent particle, in this case a pion, however, the discussion and the main consequences are general, with the only difference being the associated many-particle phase space if the decay is in more than two particles. The production process corresponds to π → μ ν_μ where the μ is “observed” or is absorbed (or decays) at a “disentanglement” time scale t_μ, the disentangled neutrino is detected via a charged current interaction ν_μ → W l where l = e, μ is the charged lepton.

The Wigner-Weisskopf[57, 58] method described in the appendix yields the entangled state that results from pion decay, the relevant part of the interaction Hamiltonian in the interaction picture is

H^π_I (t) = g_π ∫ d^3x π(⃗x, t)μ(⃗x, t)ν_μ(⃗x, t) (II.8) where the time evolution is that of free fields. The neutrino field operator

ν_μ(⃗x, t) = cos(θ)ν_2(⃗x, t) − sin(θ)ν_1(⃗x, t) , (II.9)

where ν_{1,2}(⃗x, t) are expanded, as usual, in annihilation and creation operators of mass eigenstates a_{1,2}(⃗p); a^†_{1,2}(⃗p) respectively, with the single particle mass eigenstates being a^†_i (⃗p)|0⟩ = |ν_{⃗p,i}⟩ (II.10) where |0⟩ is the vacuum state annihilated by a_i(⃗p). We note that the transformation law (II.7) applies to the field operators not to the single particle states.

Consider that the initial state, at t = 0 is given by a single particle pion state described by a plane wave with momentum ⃗k, namely

|Ψ(t = 0)⟩ = |π_{⃗k}⟩ . (II.11)

H^π_I connects the single particle pion state to the states |κ⟩ = |μ_{⃗q}, ⟩|ν_{⃗p,i}⟩. The transition matrix element is given by ⟨μ_{⃗q}, ν_{⃗p,i}|H^π_I (t)|Π_{⃗k}⟩ ≡ M_i(⃗k, ⃗q, ⃗p, t) = g_π √ V U_{μ i} δ_{⃗k,⃗p+⃗q} e^{−i(Eπ (k)−Eμ(q)−Ωi(p))t} √ 8 E_π(k)E_μ(q)Ω_i(p)

(II.12)

where Ω_i(p) = √ p^2 + m^2_i are the energies of the neutrino mass eigenstates.

We are now in position to use the results of the appendix for the time evolved state in the Schroedinger picture resulting from pion decay, it is given by eqn. (A.27) with C_A(0) = C_π(0) = 1 and the set κ described above, we find |Ψ(t)⟩_S = e^{−iEπ (k) t} e^{− Γπ (k)2 t}|π_{⃗k}⟩ − ∑ i;⃗p,⃗q C_i(⃗k, ⃗q, ⃗p, t) e^{−i(Eμ(q)+Ωi(p)) t} |μ_{⃗q}⟩ |ν_{⃗p,i}⟩ ; ⃗q = ⃗k − ⃗p , (II.13) where the amplitudes C_i(⃗k, ⃗q, ⃗p, t) = M_i(⃗k, ⃗q, ⃗p, t = 0) [ 1 − e^{−i(ES −Ωi(p))t} e^{−Γπ (k) t/2} E_S − Ω_i(p) −^i_2 Γ_π(k) ] ; E_S = E_π(k)−E_μ(q) (II.14)

E_π(k) is the fully renormalized pion energy (including the self-energy correction from the intermediate states, see appendix) and Γ_π(k) = M_πΓ_o/E_π(k) where Γ_o is the decay rate of the pion at rest. For Γ_π = 0 the entangled state (II.13) is the same as that obtained in ref.[29] in lowest order in perturbation theory.

Although the particular form of M_i(⃗k, ⃗q, ⃗p, t) for the bosonic theory considered here is given by (II.12) the results (II.13,II.14) are general in terms of the transition matrix element M_i(⃗k, ⃗q, ⃗p, t = 0). The state (II.13) is an entangled state of the neutrino mass eigenstates and the muon, the entanglement is evident in that it is a sum of product states, not a simple product state, the amplitudes C are a measure of the correlation between ν_i and the charged lepton. The entanglement is a consequence of momentum conservation since ⃗q = ⃗k − ⃗p. The “observation”, measurement or decay of the muon state at time t_μ disentangles the neutrino state. If the muon is “measured” in a plane wave state with momentum ⃗Q the disentangled state is obtained by projecting the quantum state (II.13) onto the state |μ_{⃗Q}⟩, namely, the disentangled neutrino state is given by |V_μ(t_μ)⟩ = ⟨μ_{⃗Q}|Ψ(t_μ)⟩_S = − g_πe^{−iEμ(Q)tμ} [ 4V E_π(k)E_μ(Q) ] 1_2 ∑ i=1,2 U_{μ,i} e^{−iΩi(p)tμ} √ 2 Ω_i(p) F_i[k, Q, p ; t_μ] |ν_{⃗p,i}⟩ ; ⃗p = ⃗k− ⃗Q (II.15) where F_i[k, Q, p ; t_μ] = [ 1 − e^{−i(ES −Ωi(p))tμ} e^{−Γπ (k) tμ/2} E_S − Ω_i(p) −^i_2 Γ_π(k) ] ; E_S = E_π(k) − E_μ(Q) , (II.16)

The functions F_i encode the information of production of the entangled charged-lepton-neutrino pair and the measurement of the charged lepton, it features both time scales: the lifetime of the source and the disentanglement time scale t_μ.

The number of muons of momentum ⃗Q detected at t_μ is given by

N_μ( ⃗Q, t_μ) ≡ (2π)^3 d^6N_μ d^3xd^3 ⃗Q

= ⟨Ψ(t_μ)|a^†_μ( ⃗Q)a_μ( ⃗Q)|Ψ(t_μ)⟩ = ⟨V_μ(t_μ)|V_μ(t_μ)⟩ , (II.17)

where a^†_μ, a_μ are creation and annihilation operators for muons. Thus the normalization of the disentangled neutrino state is completely determined by the number density of muons detected at t_μ.

We find N_μ( ⃗Q, t_μ) = g^2_π [ 4V E_π(k)E_μ(Q) ] [ cos^2(θ) 2 Ω_2(p) | |F_2(k, Q, p, t_μ) | |^2 + sin^2(θ) 2 Ω_1(p) | |F_1(k, Q, p, t_μ) | |^2 ] . (II.18) This expression becomes familiar from the following analysis: the functions | F_i(k, Q, p, t_μ) |_2 = ( 1 − e^{− Γπ (k)}2^{tμ}

)_2

+ 4 e^{− Γπ (k)}2^{tμ} sin^2 [ (E_S − Ω_i(p))^{tμ}_2 ] ( E_S − Ω_i(p))

)_2

+^{Γ2π (k)}_4

(II.19)

are strongly peaked at E_S = E_π(k) − E_μ(Q) = Ω_i(p) with width determined by the largest of Γ_π(k) ; 2π/t_μ becoming proportional to energy conserving delta functions in the limit when these become very small. This is clearly seen in two relevant limits:

i): the narrow width limit with Γ_π(k) t_μ ≪ 1 but large t_μ where | |F_i(k, Q, p, t_μ) | |^2 ≃

4 sin^2 [ (E_S − Ω_i(p))^{tμ}_2 ] ( E_S − Ω_i(p))

)_2 , (II.20)

This limit corresponds to a long disentanglement time scale but t_μ ≪ T_π(k) where T_π(k) = 1/Γ_π(k) is the pion lifetime in the laboratory frame. This function is strongly peaked at E_S = Ω_i(p) with maximum height t^2_μ and width 2π/t_μ which is the largest of Γ_π(k) and 2π/t_μ for this case. As t_μ becomes very large, | F_i(k, Q, p, t_μ) |_2 ≃ 2π t_μ δ ( E_S − Ω_i(p) ) . (II.21)

ii:) the opposite limit, for Γ_π(k) t_μ ≫ 1, in which the disentanglement time scale t_μ is much longer than T_π(k), where | |F_i(k, Q, p, t_μ) | |^2 ≃ 1 ( E_S − Ω_i(p)

)_2 +^{Γ2π (k)}_4

. (II.22)

The function is strongly peaked at E_S = Ω_i(p) of height 4/Γ^2_π(k) and width Γ_π(k)/2 which is the largest of Γ_π ; 2π/t_μ in this case. In the narrow width limit | |F_i(k, Q, p, t_μ) | |^2 ≃ 2πT_π(k) δ(E_S − Ω_i(p)) . (II.23)

It is clear from this discussion that |F_i|^2 describe approximate energy conservation at the production vertex, approximate because the finite disentanglement time scale t_μ and/or the pion lifetime T_π(k) broaden the energy conserving delta functions with an energy resolution determined by the width which is the largest of 2π/t_μ or 2π/T_π(k) respectively, namely the shortest time scale.

For the general form (II.19), a straightforward integration yields ∫_∞ −∞ |F_i|^2dE_S = 2πT_π(k) [ 1 − e^{−Γπ (k) tμ} ] , (II.24)

therefore, assuming that the energy distribution is very sharply peaked at E_s = Ω_i(p), we can approximate | |F_i(k, Q, p, t_μ) | |^2 ≃ 2πT_π(k) [ 1 − e^{−Γπ (k) tμ} ] δ ( E_S − Ω_i(p) ) . (II.25)

In this approximation the total number of muons measured at the disentanglement time scale is N_μ = ∫ d^3x ∫ d^3Q (2π)^3

N_μ( ⃗Q, t_μ) ≃ Γ_π(k) T_π(k) [ 1 − e^{−Γπ (k) tμ} ] (II.26)

where Γ_π(k) = cos^2(θ) Γ_{π→μ ν2} (k) + sin^2(θ)Γ_{π→μ ν1} (k) (II.27)

is the total pion decay rate (in this simple model) and Γ_{π→μ νi} (k) = g^2_π 32 π^2 E_π(k) ∫ d^3Q E_μ(Q) Ω_i(p) δ ( E_π(k) − E_μ(Q) − Ω_i(p) ) ; ⃗p = ⃗k − ⃗Q (II.28)

are the partial widths for pion decay into the neutrino mass eigenstates. Although this result applies to the simple model considered here, clearly it is general and conceptually correct: the particle decays into mass eigenstates which are the correct eigenstates of the unperturbed Hamiltonian, with the probabilities determined by cos^2(θ) , sin^2(θ) respectively.

In what follows, we consider ultrarelativistic and nearly degenerate neutrinos and write

Ω_1(p) ≃ E_ν (p) − Δ(p) ; Ω_2(p) ≃ E_ν (p) + Δ(p), (II.29)

where

E_ν (p) = [ p^2 + m^2_1 + m^2 2 ] 1_2

; Δ(p) = δm^2 4E_ν (p)

; δm^2 = m^2 − m^2_1, (II.30)

and take Δ(p) ≪ E_ν (p) as is the experimentally relevant case. For Δ/E_ν ≪ 1 the energy conserving δ ( E_π(k)−E_μ(Q)−Ω_i(p) ) in (II.28) may be replaced by δ ( E_π(k)−E_μ(Q)−E_ν (p) ) in the integral, because for the experimental range δm^2 ≲ 1 eV^2 ; E_ν ≳ 1 MeV the relative error incurred ∝ (Δ/E_ν ) ≲ 10^{−12} is much smaller than typical experimental resolution.

The detection or measurement of the muon at time t_μ re-sets the quantum state to |V_μ(t_u)⟩, upon further evolution in time this disentangled state evolves into |V_μ(t)⟩ = e^{−iH0t} U(t, t_μ) e^{iH0tμ} |V_μ(t_μ)⟩ , (II.31) where U(t, t_μ) = T ( e^i ∫_t tμ dt^′ ∫ d^3x L_{int}(⃗x,t^′)) (II.32) is the time evolution operator in the interaction picture with boundary condition U(t_μ, t_μ) = 1. The usual “Pontecorvo” quantum state familiar in the literature are simple linear superpositions |ν_l⟩ = ∑ i U_{li}|ν_i⟩, where U_{li} are the elements of the mixing matrix (II.6), and the corresponding muon neutrino state at any time t is

|ν_μ⟩(t) = cos(θ) e^{−iΩ2(p) t} |ν_2⟩ − sin(θ) e^{−iΩ1(p) t} |ν_1⟩ . (II.33)

Instead, the corresponding quantum state evolved freely in time from t_μ up to t from the disentangled state |V_μ(t_u)⟩, is obtained from (II.31) by setting U(t, t_μ) = 1, it is given by |V_μ(t)⟩ = e^{−iH0(t−tμ )}|V_μ(t_μ)⟩ = N [ cos(θ) F_2(k, Q, p, t_μ) e^{−iΩ2(p) t} |ν_{⃗p,2}⟩

− sin(θ) F_1(k, Q, p, t_μ) e^{−iΩ1(p) t} |ν_{⃗p,1}⟩ ] (II.34)

where the prefactor N can be read off (II.15) and we have neglected terms of O ( Δ(p)/E_ν (p) )_2

thereby approximating √ 2 Ω_i(p) ≃ √ 2 E_ν (p) in (II.15) including this factor in N. Consequently we also replace Ω_{1,2}(p) → E_ν (p) in (II.18).

Obviously the usual “Pontecorvo” states emerge up to the overall normalization factor if |F_1| = |F_2| since time independent phases can be absorbed in the definition of the mass eigenstates. The conditions under which this equality is fulfilled is analyzed below.

Following the familiar quantum mechanical approach to obtain the survival probability we find P_{νμ→νμ} (t; t_μ) = | |⟨V_μ(t_μ)|V_μ(t)⟩ | |^2 = |N|^4 { [ cos^2(θ)|F_2|^2 + sin^2(θ)|F_1|^2

]_2

− |F_2|^2 |F_1|^2 sin^2(2θ) sin^2 [ δm2 4E_ν (p) (t − t_μ) ] } (II.35)

Obviously if |F_1| = |F_2| there is agreement with the usual result from Pontecorvo states up to an overall normalization.

We note that invoking the approximation (II.25) for |F_i|^2 yields |F_1F_2|^2 = 0 as the product of delta functions vanishes for Ω_1 ≠ Ω_2 thereby leading to the hasty conclusion that coherence is completely suppressed, however (II.25) is an approximation that neglects the fact that |F_i|^2 are not sharp distributions but broadened with typical widths Γ_π or 2π/t_μ. Thus an assessment of the coherence leading to oscillations and interference requires a careful and detailed examination of the product |F_1F_2|^2.

It proves convenient to use (II.16,II.29) and write | |F_1(k, Q, p; t_μ) | |^2 = ( 1 − e^{− Γπ (k)}2^{tμ}

)_2 + 4 e^{− Γπ (k)}2^{tμ} sin^2 [ (E_S + Δ(p))^{tμ}_2 ] ( E_S + Δ(p)

)_2 +^{Γ2π (k)}_4

(II.36)

| |F_2(k, Q, p; t_μ) | |^2 = ( 1 − e^{− Γπ (k)}2^{tμ}

)_2

+ 4 e^{− Γπ(k)}2^{tμ} sin^2 [ (E_S − Δ(p))^{tμ}_2 ] ( E_S − Δ(p)

)_2

+^{Γ2π (k)}_4

(II.37)

where E_S = E_S − E_ν (p) . (II.38)

The limits studied above clarify the impact of the width of the energy distribution,

• i): Γ_π(k)t_μ ≫ 1. In this case | |F_1(k, Q, p; t_μ) | |^2 ≃ 2 T_π(k)

(_{Γπ (k)} 2 ) ( E_S + Δ(p)

)_2

+^{Γ2π (k)}_4

(II.39)

| |F_2(k, Q, p; t_μ) | |^2 ≃ 2 T_π(k)

(_{Γπ (k)} 2 ) ( E_S − Δ(p)

)_2

+^{Γ2π (k)}_4

(II.40)

where T_π(k) = 1/Γ_π(k) is the pion lifetime in the laboratory frame. Each Lorentzian is peaked at E_S = ±Δ(p) respectively with a height ∝ T^2_π (k) and width ∝ Γ_π(k), their product is depicted in fig. (1) for Γ_π(k) > Δ(p) and Γ_π(k) ≪ Δ(p) respectively. For Γ_π(k) ≫ Δ(p) the product is similar to one Lorentzian peaked at E_S ∼ 0 because the width of the individual Lorentzians (≃ Γ_π(k)) is larger than their separation (≃ Δ(p)), therefore the lifetime of the source introduces a large energy uncertainty that cannot resolve between the nearly degenerate energy eigenstates and blurs the individual peaks under one broad peak. In this case |F_1|^2 ≃ |F_2|^2 and the disentangled state |V_μ(t)⟩ is proportional to the corresponding Pontecorvo state.

On the other hand if Γ_π(k) ≪ Δ(p) the product is a double peaked distribution with peaks at E_S ≃ ±Δ(p) of widths ≃ Γ_π(k) but with height 1/ ( Δ^2(p)Γ^2_π(k) ) ≪ 1/Γ^4_π(k)^1 as is the case for |F_{1,2}|^4 which are the terms that do not feature oscillations. In this case the distance between the peaks ≃ Δ(p) is much larger than the width of the individual peaks ≃ Γ_π(k) and the energy uncertainty ∼ Γ_π(k) is small enough that the individual mass eigenstates are resolved. This can be seen more efficiently from the identity

|F_1|^2 |F_2|^2 = 1 E^2_S + Δ^2(p) +^{Γ2π (k)}_4 1 2 [ |F_1|^2 + |F_2|^2 ] ≃ 1 2 Δ^2(p) +^{Γ2π (k)}_4 1 2 [ |F_1|^2 + |F_2|^2 ] (II.41) where the last approximate equality follows from the fact that |F_{1,2}|^2 are strongly peaked at E_S ∓ Δ(p).

Therefore, the conclusion is that when Δ(p) ≫ Γ_π(k) and t_μ ≫ T_π it follows that |F_1|^2|F_2|^2 ≪ |F_{1,2}|^4 and coherence and oscillations are suppressed.

1 This suppression is not manifest in fig. (1) because we have chosen Δ as the overall scale for presentation purposes.

FIG. 1: The product | |F_1(k, Q, p; t_μ)F_2(k, Q, p; t_μ) | |^2 vs. E_S in units of Δ for Γ_π(k) = 2, 0.2 respec-

tively for Γ_π(k)t_μ ≫ 1.

• ii): Γ_π(k)t_μ ≪ 1. In this case | |F_1(k, Q, p; t_μ) | |^2 ≃

(_{Γπ (k)} 2 t_μ )_2

+ 4 sin^2 [ (E_S + Δ(p))^{tμ}_2 ] ( E_S + Δ(p)

)_2

+^{Γ2π (k)}_4

(II.42)

| F_2(k, Q, p; t_μ) |_2 = (_{Γπ (k)} 2 t_μ )_2

+ 4 sin^2 [ (E_S − Δ(p))^{tμ}_2 ] ( E_S − Δ(p)

)_2

+^{Γ2π (k)}_4

. (II.43)

These are sharply peaked distributions that feature maxima at E = ∓Δ(p) respectively with heights t^2_μ and widths ≃ 2π/t_μ, displayed in fig. (2) for Δ(p) = 1; Γ_π(k) = 0.01; t_μ = 2, 20. If 2π/t_μ > Δ(p) the two peaks are blurred into one broad peak, whereas if 2π/t_μ ≪ Δ(p) the peaks are separated, this is a manifestation of the separation of mass eigenstates in real time as a consequence of the energy-time uncertainty, nevertheless, the product |F_1F_2|^2 is not only not vanishing but with large support at the individual peaks.

An important case is when Γ_π = 0, namely a stationary source, which will be important in the discussion below. In this case for large t_μ

|F_{1,2}|^2 = 4 sin^2 [ (E_S ± Δ(p))^{tμ}_2 ] ( E_S ± Δ(p)

)_2 ≃ 2π tμ δ(ES ± Δ(p)) (II.44)

whereas

|F_1F_2| = 4 sin[(E_S − Δ)^{tμ}_2 ] (E_S − Δ) sin[(E_S + Δ)^{tμ}_2 ] (E_S + Δ) = sin(Δ t_μ) Δ [ sin[(E_S − Δ)t_μ] (E_S − Δ) + sin[(E_S + Δ)t_μ] (E_S + Δ) ]

+ 2 cos(Δ t_μ) Δ [ sin^2[(E_S − Δ)^{tμ}_2 ] (E_S − Δ) − sin^2[(E_S + Δ)^{tμ}_2 ] (E_S + Δ) ] . (II.45)

FIG. 2: The product | |F_1(k, Q, p; t_μ)F_2(k, Q, p; t_μ) | |^2 vs. E_S in units of Δ for Γ_π(k) = 0.01 for

Γ_π(k)t_μ ≪ 1 for t_μ = 2, 20 respectively.

In the long time limit, in the first line we can replace

sin[(E_S ± Δ)t_μ] (E_S ± Δ)

≃ πδ(E_S ± Δ) , (II.46)

whereas the second term is subleading in the limit t_μ → ∞; Δ → 0, therefore |F_1F_2| ≃ sin(Δ(p) t_μ)/(Δ(p) t_μ) |F_{1,2}|^2, namely in eqn. (II.35) the interference term is of the same order as the direct terms for Δ(p) t_μ ≪ 1 but suppressed for Δ(p) t_μ ≫ 1.

We highlight that Δ(p) = π/t_{osc} where t_{osc} is the oscillation time scale, therefore the conclusion from the analysis above is that F_1 ≃ F_2 when the smallest of T_π(k), t_μ ≪ t_{osc} and the time uncertainty due to either the lifetime of the source or the disentanglement time scale leads to an energy uncertainty ≃ Γ_π(k), 2π/t_μ that cannot distinguish between the mass eigenstates, and the resulting quantum state is similar to a “Pontecorvo” state namely a coherent superposition of mass eigenstates leading to oscillations with the familiar quantum mechanical survival probability.

On the other hand if T_π(k), t_μ ≳ t_{osc} the mass eigenstates separate in time as the energy uncertainty becomes smaller than the distance between the broadened “delta functions”, the coherence and interference between the mass eigenstates is suppressed by this separation and the disentangled state is not of the form of a “Pontecorvo state”.

The energy uncertainty is determined by the smallest of the lifetime of the source and the disentanglement time scale. When this uncertainty is larger than the energy separation between neutrino mass eigenstates, the disentangled quantum states is the “Pontecorvo” state, but if the uncertainty is much smaller than the energy separation coherence and oscillations are suppressed.

Therefore entanglement during a time scale of the order of or longer than the oscillation time scale suppress coherence and oscillations.

These are some of the main results of this article.

These results were obtained from the free evolution of the disentangled state, however, what is needed is an assessment of how these considerations are manifest in the energy spectrum of the charged leptons that are measured at the detector.

III. CHARGED LEPTON DETECTION:

To obtain the transition probability to a final state with a charged lepton, which is the state finally detected, we must go to first order in the charged current interaction in (II.5), evolving the disentangled state |V_μ(t_μ)⟩ up to time t_D at which the charged lepton is detected. In first order in the charged current interaction we find from (II.31) |V_μ(t_D)⟩^{(1)} = e^{−iH0 tD} (−ig) ∑ l ∫_{tD} t_μ dt^′ ∫ d^3x U_{l i}W (⃗x, t^′) l(⃗x, t^′) ν_i(⃗x, t^′) e^{iH0 tμ} |V_μ(t_μ)⟩ . (III.1) The contributions that yield a W and a charged lepton l in the final state correspond to annihilating the neutrino states from |V_μ(t_μ)⟩ and creating the final W, l. A straightforward calculation yields,

|V_μ(t_D)⟩^{(1)} = (−ig g_π) e^{−iEμ(Q)tμ} ∑ l ∑ ⃗q_l V Π_l { U_{l 2} cos(θ) 2Ω_2(p) F_2[k, Q, p, t_μ] G_2[p, q_l, t_D, t_μ]

− U_{l 1} sin(θ) 2Ω_1(p) F_1[k, Q, p, t_μ] G_1[p, q_l, t_D, t_μ] } e^{−iED tD} |W_{⃗kw} ⟩ |l_{⃗ql} ⟩ (III.2) where

⃗p = ⃗k − ⃗Q ; ⃗k_w = ⃗p − ⃗q_l ; E_D = E_W (k_w) + E_l(q_l) ; E_S = E_π(k) − E_μ(Q) (III.3)

Π_l = [ V^4 2E_π(k) 2E_μ(Q) 2E_W (k_w) 2E_l(q_l) ]_{−1/2}

and G_i[p, q_l, t_D, t_μ] = ∫_{tD} t_μ dt^′ e^{i(ED −Ωi(p))t′} = e^{i(ED −Ωi(p))(tD +tμ)/2} sin [ (E_D − Ω_i)(t_D − t_μ)/2 ] [ (E_D − Ω_i)/2 ] (III.4) The functions F_{1,2} and G_{1,2} determine approximate energy conservation at the production (F_{1,2}) and detection (G_{1,2}) vertices respectively.

The relevant observable is the energy distribution of the charged leptons measured in the detector, namely N_l(⃗q_l, t_D) =^{(1)}⟨V_μ(t_D)|a^†_l (⃗q_l)a_l(⃗q_l)|V_μ(t_D)⟩^{(1)} (III.5) using Ω_i(p) ≈ E_ν (p) in the denominators, we find

N_μ(⃗q_μ, t_D) = [ gg_π V Π_μ 2 E_ν (p)

]_2 {

cos^4(θ) |F_2|^2 |G_2|^2+sin^4(θ) |F_1|^2 |G_1|^2+ 1 2 sin^2(2θ) Re [ F_2 F^∗_1 G_2 G^∗_1 ] }

(III.6)

N_e(⃗q_e, t_D) = [ gg_π V Π_e 2 E_ν (p)

]_2 1 2 sin^2(2θ) { 1 2 |F_2|^2 |G_2|^2 + 1 2 |F_1|^2 |G_1|^2 − Re [ F_2 F^∗_1 G_2 G^∗_1 ] } . (III.7)

The term Re [ F_2 F^∗_1 G_2 G^∗_1 ] describes the interference between the mass eigenstates that include the initial correlation in the entangled quantum state (II.13).

As a guide, we note that if |F_1| = |F_2| and |G_1| = |G_2| then one would find

N_μ(⃗q_μ, t_D) = [ gg_π V Π_μ 2 E_ν (p)

]_2

|F_2|^2 |G_2|^2 { 1 − sin^2(2θ) sin^2 [Φ 2 ]} (III.8)

N_e(⃗q_e, t_D) = [ gg_π V Π_e 2 E_ν (p)

]_2

|F_2|^2 |G_2|^2 { sin^2(2θ) sin^2 [Φ 2 ] } (III.9)

where Φ is the total phase in the product inside the real part in (III.6,III.7). Clearly the terms inside the brackets in (III.8,III.9) are the disappearance P_{νμ→νμ} and appearance P_{νμ→νe} probabilities associated with Pontecorvo states respectively.

The general case is obtained by replacing F_{1,2} by (II.16) and G_{1,2} by (III.4)in the interference term I = Re [ F_2 F^∗_1 G_2 G^∗_1 ] . (III.10)

Before we study this interference term in detail, let us consider again the direct terms |F_{1,2}|^2 and |G_{1,2}|^2. The functions |F_{1,2}|^2 are sharply peaked at E_S = Ω_i(p), therefore consider integrating either one of these functions with a density of states that is varies smoothly near Ω_i(p), ∫_∞ −∞ ρ(E_S )|F_i|^2dE_S ≈ ρ(Ω_i) ∫_∞ −∞ |F_i|^2dE_S ≈ ρ(Ω_i) 2πT_π(k) [ 1 − e^{−Γπ (k) tμ} ] (III.11)

where we used eqn. (II.24) which implies the identification (II.25). Similarly for large t_D −t_μ ∫_∞ −∞ ρ(E_D)|G_i|^2dE_D ≈ ρ(Ω_i) ∫ |G_i|^2dE_D ≈ ρ(Ω_i) 2π(t_D − t_μ) (III.12)

hence just as in Fermi’s Golden rule we identify

|G_i|^2 = 2π (t_D − t_μ) δ(E_D − Ω_i) . (III.13)

Furthermore for δm^2 ≲ 1 (eV)^2 which is the putative mass range of sterile neutrinos to explain the short baseline anomalies, and typical neutrino energies E_ν ≳ 3 Mev with the lower range applying to reactor neutrinos, then Δ ≲ 10^{−7} (eV) and Δ/E_ν ≲ 10^{−14}. In typical neutrino experiments, the energy spectrum is measured with a finite resolution and “binned”, namely integrated over an energy range determined by the resolution, however, such resolution is always much larger than 10^{−7} eV and in all experiments the relative error in energy resolution ΔE/E ≫ 10^{−14}. The point is that the measurement resolution is nowhere near enough to discriminate an energy difference Δ(p) between the energy eigenstates in the “binning”, and replacing δ(E_{S,D} − E_ν ± Δ) → δ(E_{S,D} − E_ν ) is an excellent approximation. Therefore we can safely replace

|F_1|^2 = |F_2|^2 = 2πT_π(k) [ 1 − e^{−Γπ (k) tμ} ] δ ( E_S − E_ν (p) ) = 2πT_π(k) [ 1 − e^{−Γπ (k) tμ} ] δ ( E_S ) . (III.14)

|G_1|^2 = |G_2|^2 = 2π(t_D − t_μ) δ ( E_D − E_ν (p) ) = 2π(t_D − t_μ) δ ( E_D ) . (III.15) The approximations above rely on that F_{1,2}; G_{1,2} are distributions that are sharply peaked and they must be understood as being integrated with density of states, which experimentally are insensitive to the energy difference Δ(p) between the neutrinos. Under these approximations, consider the product

F_2 F^∗_1 = 1 − 2 e^{iΔ(p)tμ} e^{−Γπ (k)tμ/2} cos ( E_S t_μ ) + e^{2iΔ(p)tμ} e^{−Γπ (k)tμ} ( E_S − Δ(p) − i^{Γπ (k)}_2 ) ( E_S + Δ(p) + i^{Γπ (k)}_2

) (III.16)

This function features two poles in the complex E_S plane at E_S = ±(Δ(p) + i Γ_π(k)/2), being integrated with a density of states that is insensitive to Δ(p) in the narrow width approximation ∫_∞ −∞ ρ(E_S )F_2F^∗_1 dE_S ≃ ρ(0) ∫_∞ −∞ F_2F^∗_1 dE_S (III.17)

the integral can be done and we find ∫_∞ −∞ F_2F^∗_1 dE_S = 2π T_π(k) [ 1 + i^{2Δ(p)}_{Γπ (k)} 1 +^{4Δ2(p)}_{Γ2π (k)} ] [ 1 − e^{2iΔ(p) tμ} e^{−Γπ (k) tμ} ] (III.18)

using these results for Γ_π = 0 we obtain ∫_∞ −∞ ρ(E_D)G_2G^∗_1 dE_D ≃ ρ(0) (2π) e^{−iΔ(p)(tD +tμ)} sin [ Δ(p)(t_D − t_μ) ] Δ(p)

(III.19)

Therefore, under the assumption that the experimental “binning” is insensitive to the neutrino energy difference we can safely approximate the direct terms as,

|F_1|^2 = |F_2|^2 = 2πT_π(k) [ 1 − e^{−Γπ (k) tμ} ] δ ( E_S ) |G_1|^2 = |G_2|^2 = 2π(t_D − t_μ) δ ( E_D ) , (III.20)

and for the interference terms

F_2F^∗_1 = 2π T_π(k) [ 1 + iR 1 + R^2 ] [ 1 − e^{2iΔ(p) tμ} e^{−Γπ (k) tμ} ] δ(E_S) G_2G^∗_1 = 2π e^{−iΔ(p)(tD +tμ)} sin [ Δ(p)(t_D − t_μ) ] Δ(p) δ(E_D) (III.21)

where we have introduced the ratio R = 2 Δ(p) Γ_π(k) = ( δ m^2 2 M_π Γ_0 ) E_π(k) E_ν (p)

, (III.22)

where Γ_0 is the rest-frame decay width of the pion.

With these approximations, the number (density) of charged leptons ( muons ) measured at disentanglement time t_μ (II.18), is obtained by using the approximation (II.25) and Ω_i(p) ≃ E_ν (p), we find

N_μ( ⃗Q, t_μ) = 2π g^2_π T_π(k) [ 1 − e^{−Γπ (k) tμ} ] [ 8V E_π(k)E_μ(Q)E_ν (p) ] δ ( E_S ) , (III.23)

and the number (density) of charged leptons measured at the detector is given by

N_μ(t_D) = N_μ(t_μ) dΓ_{ν→W μ} { (cos^4(θ) + sin^4(θ)) (t − t_μ) + 1 2 sin^2(2θ)T [t_D, t_μ] } (III.24) and N_e(t_D) = N_μ(t_μ) dΓ_{ν→W e} 1 2 sin^2(2θ) { (t − t_μ) − T [t_D, t_μ] } (III.25)

where

T [t_D, t_μ] = 1 1 + R^2 1 1 − e^{−Γπ (k)tμ} sin [ Δ(p)(t_D − t_μ) ] Δ(p) { ( cos[Δ(p)(t_D + t_μ)] + R sin[Δ(p)(t_D + t_μ)] )

− e^{−Γπ (k)tμ} ( cos[Δ(p)(t_D − t_μ)] + R sin[Δ(p)(t_D − t_μ)] ) } (III.26) and dΓ_{ν→W l} = [ 2π g^2 δ(E_D − E_ν (p)) 8V E_W (k_w)E_l(q_l)E_ν (p) ] , (III.27)

is the differential charged lepton production rate from the reaction ν → W l for a neutrino of energy E_ν at the detector.

These expressions become more familiar if we calculate the detection rate as is the usual procedure in S-matrix theory, we find the simpler results

d N_μ(t_D) dt_D = N_μ(t_μ) dΓ_{ν→W μ} P_{μ→μ}(t_D) (III.28)

d N_e(t_D) dt_D = N_μ(t_μ) dΓ_{ν→W e} P_{μ→e}(t_D) , (III.29)

where the survival (disappearance) and appearance probabilities are

P_{μ→μ}(t_D) = 1 − 1 2 sin^2(2θ) { 1 − 1 1 + R^2 1 1 − e^{−Γπ (k)tμ} [( cos[2 Δ(p) t_D] + R sin[2 Δ(p) t_D] ) −

e^{−Γπ (k)tμ} ( cos[2 Δ(p) (t_D − t_μ)] + R sin[2 Δ(p) (t_D − t_μ)] )]} (III.30)

P_{μ→e}(t_D) = 1 2 sin^2(2θ) { 1 − 1 1 + R^2 1 1 − e^{−Γπ (k)tμ} [( cos[2 Δ(p) t_D] + R sin[2 Δ(p) t_D] ) −

e^{−Γπ (k)tμ} ( cos[2 Δ(p) (t_D − t_μ)] + R sin[2 Δ(p) (t_D − t_μ)] )]} (III.31)

These expressions are in agreement with the previous discussion: when Γ_π ≫ 2 Δ(p) and t_D ≫ t_μ (or t_{osc} ≫ t_μ) the mass eigenstates cannot be discriminated during the lifetime of the source, R → 0 and the appearance and disappearance probabilities are given by the usual result

P_{μ→μ}(t_D) = 1 − sin^2(2θ) sin^2 [ δm2 4E_ν (p) t_D ] ; P_{μ→e}(t_D) = sin^2(2θ) sin^2 [ δm2 4E_ν (p) t_D ] . (III.32) However, in the opposite limit 2 Δ(p) ≫ Γ_π(k), namely R ≫ 1 or t_{osc} ≃ t_μ the mass eigenstates are completely separated by the time evolution and the oscillation probabilities are suppressed.

The origin of the discrepancy between between the probabilities (III.30,III.31) and the familiar results given by (III.32) is traced to the interference term Re[F_2F^∗_1 G_2G^∗_1], the functions F_j , G_j are completely determined by the time evolution of the quantum state and describe the approximate energy conservation at the production and detection vertices. The functions F_{1,2} describe the initial correlations in the entangled quantum state (II.13).

Therefore the physical reason behind the difference between the probabilities (III.30,III.31) and (III.32) is that the time scales associated with the lifetime of the source and the entanglement of the charged lepton define energy uncertainties which determine whether the mass eigenstates are separated during these time scales or not. Short lifetimes and disentanglement time scales (T_π(k) ; t_μ ≪ t_{osc}) introduce large energy uncertainties and the mass eigenstates are “blurred” into a Pontecorvo state which yields the usual quantum mechanical result (III.32). In the opposite limit, long lifetime and disentanglement scales (T_π(k) ; t_μ ≫ t_{osc}) lead to small energy uncertainties and the mass eigenstates are separated leading to decoherence which is manifest in the expressions (III.30,III.31) in terms of R and t_μ.

It is important to highlight that the factorization in (III.28,III.29) is a direct consequence of the fact that the binning or energy resolution in all current experiments cannot distinguish the energy difference between the mass eigenstates Δ(p) ≲ 10^{−7} eV and energy resolutions Δ(p)/E_ν (p) ≲ 10^{−14} therefore the approximations (III.14-III.15) are amply justified.

The interplay between the lifetime of the source and the disentanglement time scale and the suppression of the oscillatory component of the transition probabilities is more clearly exhibited in two simple cases:

Case I: Γ_π(k) t_μ ≫ 1: This corresponds to a disentanglement time scale much larger than the lifetime of the source, in which case the energy uncertainty is determined by Γ_π.

In this case

P_{μ→μ}(t_D) = 1 − 1 2 sin^2(2θ) { 1 − 1 1 + R^2 [ cos[2 Δ(p) t_D] + R sin[2 Δ(p) t_D] ]} (III.33)

P_{μ→e}(t_D) = 1 2 sin^2(2θ) { 1 − 1 1 + R^2 [( cos[2 Δ(p) t_D] + R sin[2 Δ(p) t_D] )]} (III.34)

This expressions make clear that when Δ(p) ≫ Γ_π(k), namely for R ≫ 1 oscillations are suppressed in agreement with the analysis presented in the previous section. The suppression is a consequence of the separation of the mass eigenstates and the ensuing loss of coherence.

Note that whereas the usual expressions (III.32) valid for R = 0 are such that P_{μ→μ} → 1 ; P_{μ→e} → 0 as t_D → 0, for R ≠ 0 this is not the case, because the expressions (III.33,III.34) only hold for t_D > t_μ ≫ T_π.

Case II: Γ_π(k) t_μ ≪ 1:

In this case the disentanglement time scale is much shorter than the lifetime of the source, namely the source is nearly stationary during the time scale of disentanglement and we can simply approximate this case by taking Γ_π(k) → 0. This approximation correctly describes the fact that the main energy uncertainty is determined by 2π/t_μ as explained following equations (II.42,II.43). In this case we find

F_j = e^{−iES tμ/2} e^{iΩj tμ/2} 2i sin [ (E_S − Ω_j )t_μ/2 ] [ E_S − Ω_j

] (III.35)

and invoking the same approximations as in the previous case we find |F_1|^2 = |F_2|^2 = 2π t_μ δ(E_S − E_ν (p)) (III.36)

N_μ( ⃗Q, t_μ) = 2π g^2_π t_μ δ ( E_S − E_ν (p) ) [ 8V E_π(k)E_μ(Q)E_ν (p)

] . (III.37)

The interference term is given by Re [ F_2 F^∗_1 G_2 G^∗_1 ] = cos(Δ(p) t_D) sin(Δ(p) t_μ) Δ(p) sin(Δ(p) (t_D − t_μ)) Δ(p) × (2π) δ(E_S − E_ν (p)) (2π) δ(E_D − E_ν (p)) , (III.38) leading to the final results d N_μ(t_D) dt_D = N_μ(t_μ) dΓ_{ν→W μ} P_{μ→μ}(t_D) (III.39)

d N_e(t_D) dt_D = N_μ(t_μ) dΓ_{ν→W e} P_{μ→e}(t_D) , (III.40)

where the survival (disappearance) and appearance probabilities are

P_{μ→μ}(t_D) = 1 − 1 2 sin^2(2θ) [ 1 − sin ( Δ(p) t_μ ) Δ(p) t_μ cos [ 2 Δ(p) ( t_D − t_μ 2 )] ] (III.41)

P_{μ→e}(t_D) = 1 2 sin^2(2θ) [ 1 − sin ( Δ(p) t_μ ) Δ(p) t_μ cos [ 2 Δ(p) ( t_D − t_μ 2 )] ] . (III.42)

As Δ(p) t_μ → 0, namely when t_μ/t_{osc} → 0, the expressions for the probabilities become the familiar ones, but for Δ(p) t_μ ≫ 1 the expressions above display two sources of suppression through entanglement: the prefactor sin ( Δ(p) t_μ ) /Δ(p) t_μ, and also a shortening of the effective baseline from L = c t_D to L_{eff} = c (t_D −^{tμ}_2 ) .

IV. IMPLICATIONS FOR ACCELERATOR AND REACTOR EXPERIMENTS:

The discussion of the previous sections hinges on two generation mixing, however, if sterile neutrinos are the correct explanation of the short-baseline anomalies then

sin^2(2θ) → 4|U_{e4}|^2 |U_{μ4}|^2 . (IV.1)

It is convenient to write the probabilities in terms of the baseline L = c t_D and introduce the disentanglement length of the muon L_d = c t_μ, writing as usual

Δ(p) t_D = 1.27 δm^2 eV^2 L/m E_ν (p)/MeV

; Δ(p) t_μ = 1.27 δm^2 eV^2 L_d/m E_ν (p)/MeV

(IV.2) and Δ(p) = 1.27 δm^2 eV^2 MeV E_ν (p) ≡ π L_{osc}/m . (IV.3)

The disappearance and appearance probabilities are given by P_{μ→μ}(L) = 1 − 1 2 sin^2(2θ) { 1 − 1 1 + R^2 1 1 − e^{−Ld/Lπ (k)} [( cos[2 Δ(p) L] + R sin[2 Δ(p) L] ) −

e^{−Ld/Lπ (k)} ( cos[2 Δ(p) (L − L_d)] + R sin[2 Δ(p) (L − L_d)] )]} (IV.4)

P_{μ→e}(L) = 1 2 sin^2(2θ) { 1 − 1 1 + R^2 1 1 − e^{−Ld/Lπ (k)} [( cos[2 Δ(p) L] + R sin[2 Δ(p) L] ) −

e^{−Ld/Lπ (k)} ( cos[2 Δ(p) (L − L_d)] + R sin[2 Δ(p) (L − L_d)] )]} (IV.5)

where L_π(k) = c/Γ_π(k) is the decay length^2 of the parent particle (pion).

For neutrinos produced from pion decay the ratio R (III.22) becomes R = 2π L_π(k) L_{osc}(E_ν ) = 0.14 δm^2 (eV)^2 ( E_π(k) E_ν (p) ) (IV.6)

therefore, R ≃ 1 for δm^2 ≃ (eV)^2 which is the range of masses for sterile neutrinos that could solve the short-baseline anomalies, and in the case of MiniBooNE 1 ≲ E_π/E_ν ≲ 6.

Remarkably, eqn. (IV.4) is exactly the same as eqn. (23) in ref.[46] where R is equivalent to the quantity ξ and L_μ replaces the “pipeline” l_d in this reference. Hence, the result of ref.[46] can be interpreted as disentangling the muon at the distance l_d which is identified with the “pipeline”.

Both LSND and MiniBooNE are designed with (L/m)/(E_ν /(MeV) ≃ 1. At MiniBooNE a neutrino beam is obtained from pions that decay in a decay “pipe” ≃ 50 m long, and neutrinos go through ≃ 500 m of “dirt” before reaching the detector

2 For E_π(k) ≳ 1 GeV the Lorentz factor γ ≳ 7 and we approximate β ∼ 1.

determining a baseline L ∼ 550 m with a peak energy in the neutrino spectrum at about 600−1000 MeV. At MiniBooNE muons with ∼ GeV energy are stopped at a distance ≃ 4 m in the “dirt” thus L_d ≃ 54 m^3.

Fig. (3) displays these probabilities for the set of parameters consistent with (one) sterile neutrino with δm^2 ≃ 1 eV^2 ; sin^2(2θ) = 0.2 and MiniBooNE baseline and range of neutrino energies.

FIG. 3: Appearance P_{μ→e} probability vs. E_ν (MeV) for MiniBooNE parameters. The solid line(s) correspond to (IV.5) for E_π(k) = 1, 2 GeV (indistinguishable on the scale of the figure). The dashed line corresponds to the quantum mechanical probability P_{μ→e} (III.32).

The figure shows that the appearance probability is suppressed as compared to the quantum mechanical result, the suppression being more pronounced at smaller energy where R is larger (see below). Although for R ≠ 0 the probabilities cannot be fit by the usual quantum mechanical result in the full energy range, a fit of the form

P_{μ→e}(L) = sin^2(2θ_{eff} ) sin^2 [ δm^2_{eff} 4E_ν L ] (IV.7)

in a restricted energy range would lead to

sin^2(2θ_{eff} ) < sin^2(2θ) ; δm^2_{eff} < δm^2 (IV.8)

as can be seen from the position of the maxima of the appearance probability: lower in amplitude (smaller mixing angle) and moving towards smaller energy (smaller δm^2). For the case of MiniBooNE the fit is shown in fig.4

Because in this situation L_d ≃ L_π(k) ≪ L decoherence from the source lifetime or entanglement does not lead to experimentally substantial corrections.

Although not relevant for the MiniBooNE experiment, but as an illustrative example to display the effects of decoherence on the transition probabilities as a consequence of long

3 The author is indebted to William C. Louis III for extensive correspondence clarifying these experimental aspects of the MiniBooNE experiment.

FIG. 4: Fit of P_{μ→e} vs. E_ν (MeV) for MiniBooNE parameters and E_π = 1 GeV. For sin^2(2θ) = 0.2 , δm^2 = 1 eV^2 the fit yields sin^2(2θ_{eff} ) = 0.198 , δm^2_{eff} = 0.975 eV^2

distance entanglement, we consider the case L_d ≫ L_π(k), in which case the probabilities (IV.4,IV.5) simplify to

P_{μ→μ}(L) = 1 − 1 2 sin^2(2θ) { 1 − 1 1 + R^2 [( cos[2 Δ(p) L] + R sin[2 Δ(p) L] )]} (IV.9)

P_{μ→e}(L) = 1 2 sin^2(2θ) { 1 − 1 1 + R^2 [( cos[2 Δ(p) L] + R sin[2 Δ(p) L] )} (IV.10)

These are displayed in fig. (5) for L = 600 m , δm^2 = 1 eV^2 , sin^2(2θ) = 0.2 , E_π(k) = 1, 2 GeV.

FIG. 5: Disappearance P_{μ→μ} and appearance P_{μ→e} probabilities vs. E_ν (MeV) for L = 600 m , δm^2 = 1 eV^2 , sin^2(2θ) = 0.2. The value E_π = 0 refers to R = 0, the usual quantum mechanical result for the the probabilities.

Figure (6) displays the appearance probability given by (III.31), for the parameters E_π = 2000 MeV ; δm^2 = 1 eV^2 ; L = 600 m ; sin^2(2θ) = 0.2 (solid line) and the best fit to the quantum mechanical probability (IV.7) resulting in δm^2_{eff} = 0.71 eV^2 ; sin^2(2θ_{eff} ) = 0.185. Several aspects are clarified by this example: i) the suppression by lifetime and disentanglement effects leads to an underestimate of both δm^2, sin^2(2θ), ii) the fit is reliable only within an intermediate energy range, much less reliable in the low energy region, iii) the ratio R implies that there are more parameters than the amplitude sin^2(2θ) and the ratio L(m)/E_ν (MeV ).

FIG. 6: Disappearance P_{μ→μ} for MiniBooNE parameters: the dashed line is the result with E_π = 2000 MeV ; δm^2 = 1 eV^2 ; sin^2(2θ) = 0.2, the solid line is a fit with the quantum mechanical probability (IV.7) with δm^2_{eff} = 0.71 eV^2 ; sin^2(2θ_{eff} ) = 0.185. L = 600 m.

Therefore, since the experimental data is always fit with the usual quantum mechanical formula, the values of sin^2(2θ) ; δm^2 from the fit actually correspond to sin^2(2θ_{eff} ) ; δm^2_{eff} the above analysis leads to conclude that decoherence from the decay of the parent particle and the disentanglement of the charged lepton imply a larger value of the mixing angle and δm^2 from those extracted from the fit to the usual quantum mechanical probability.

As shown above for the parameters of MiniBooNE, decoherence through lifetime and entanglement effects yield very small corrections, however the principal and fundamental observation remains, namely lifetime or disentanglement time scales similar to or larger than the oscillation time scale lead to decoherence and suppression of the appearance probabilities. A quantum mechanical fit yield effective values θ_{eff} , δm^2_{eff} which are smaller than the actual values.

In our analysis we have assumed that the entangled quantum state arises from the two body decay of a parent particle, (here considered to be the pion), however at LSND the (anti) neutrino beam is produced by the three body decay of a muon at rest, whereas at reactors the (anti) neutrinos are produced via the β decay of long-lived unstable nuclei 235U ,^{238}U ,^{239}Pu ,^{241}Pu[37, 38]. Although the actual calculation presented in the previous section for the exact entangled state does not directly apply to the description of the quantum states of neutrinos produced at LSND and of reactor experiments, in absence of a more detailed understanding of the entangled quantum state resulting from the three body nuclear β decay, we will use the result (II.13) with the caveat of possible corrections arising from three body phase space effects.

At LSND muon antineutrinos are produced from π^+ → μ^+ ν_μ followed by μ^+ → e^+ν_eν_μ where most of the muons decay at rest. The resulting ν_μ beam attains the maximum energy at the Michel end point 52.8 MeV and the liquid scintillator detector is located about L = 30 m from the neutrino source. Since L ≪ cτ_μ ≃ 660 m for LSND it follows that Γ_μt_μ ≪ 1 (the relevant decay width now is the muon’s as the parent particle) and this corresponds to case II (nearly stationary case) with L_d the disentanglement length. The same limit applies to reactor experiments where neutrinos are produced from nuclear β decay of long-lived radiaoactive nuclei, therefore for LSND and reactor experiments the disappearance and appearance probabilities are given by, P_{μ→μ}(L) = 1 − 1 2 sin^2(2θ) [ 1 − sin ( Δ(p) L_d ) Δ(p) L_d cos [ 2 Δ(p) L ( 1 − L_d 2 L )] ] (IV.11)

P_{μ→e}(L) = 1 2 sin^2(2θ) [ 1 − sin ( Δ(p) L_d ) Δ(p) L_d cos [ 2 Δ(p) L ( 1 − L_d 2 L )]] . (IV.12)

In ref.[24] it was also recognized that the muon lifetime does not affect the transition probabilities at LSND, however, the effect of disentanglement has not been previously recognized.

In LSND, the detector is at L = 30 m from the neutrino source and is shielded by the equivalent of 9 m of steel[48] which then should be taken as a figure of merit for L_d ≲ 20 m. At reactor experiments a figure of merit could be the size of the reactor core, at CHOOZ[49] it is approximately ≃ 4 m with a baseline 100 m ≲ L ≲ 1 km, although, quite likely these figures of merit for L_d overestimate the disentanglement length scale both in LSND and in reactor experiments. Unlike the case of MinibooNE where the suppression factor is mainly determined by the pion decay length, at LSND and reactor experiments the disentanglement scale L_d is less certain.

Thus we take L_d as a parameter and study the disappearance and appearance probabilities within the range 0 m ≲ L_d ≲ 15 m to illustrate the consequences of decoherence from entanglement and to extract the main conclusions. These are displayed in fig. (7).

FIG. 7: Disappearance P_{μ→μ} and appearance P_{μ→e} probabilities vs. E_ν (MeV) for LSND and reactor parameters. The value L_d = 0 refers to the usual quantum mechanical result for the the probabilities.

These figures reveal a situation very similar to that analyzed above for MiniBooNE. Larger disentanglement lengths L_d lead to a larger suppression of the appearance probability. Similarly, a fit to the experimental data with the usual quantum mechanical appearance probability results in an underestimate of both sin^2(2θ) and δm^2 for the same reasons analyzed above.

V. COMMENTS ON WAVE PACKETS:

The study in this article was restricted to plane waves to exhibit the main results and conclusions in the clearest possible setting. As has been argued in the literature[16, 17, 20, 23, 25, 26] wave packet localization is an important ingredient in the description of neutrino oscillations. The localization length both of the production and detection regions define momentum uncertainties that are important in the conceptual understanding of the interference phenomena.

Furthermore, in our calculation the disentanglement t_μ and detection t_D times are sharp, this is a consequence of calculating the transition matrix elements in finite time intervals, however, the wave packet treatment smears these times over the time scale during which the wave packet overlaps with the detectors which is the appropriate physical description of the detection events.

The analysis in[16, 17, 20, 23, 25, 26, 50] (typically with Gaussian wave packets) clarifies that neutrino wave-packets evolve semiclassically, the center moves as the front of a plane wave with the group velocity and is modulated by a Gaussian envelope which spreads through dispersion. Wave packets associated with the different mass eigenstates separate as they evolve with slightly different group velocities and when their separation becomes of the order of or larger than the width of the wave packet the overlap vanishes and oscillations are suppressed, typically exponentially in the ratio L^2/L^2_{coh} where L_{coh} ≃ σ E^2_ν /δm^2 and σ is the spatial localization scale of the wave packet. As discussed in [51] the wave packet description also features another source of decoherence in the localization term, which suppresses coherence when σ > L_{osc}.

However, it should be clear from the discussion and results presented above, that energy uncertainties from the width of the parent particle, disentanglement time scales, finite time intervals between production and detection and experimental measurements are sufficient to guarantee interference and oscillations. Entanglement over long distances and time scales introduces decoherence in a quantifiable manner. Introducing wave packets will modify the results only quantitatively but by no means fundamentally: a wave packet is a linear superposition of plane waves and the analysis for each plane wave described above can be generalized to such superposition. One aspect that relies on a wave-packet description is the detection: the total number of events is obtained by the event rates multiplied by the total time that the wave packet takes to pass through the detector. For ultrarelativistic neutrinos this is of order σ/c since spreading through dispersion can be neglected on short baselines, therefore the total number of events is given by the rates (III.39,III.40) multiplied by σ/c, obviously this will not change the distortion of the spectrum determined by the oscillations in the appearance and disappearance probabilities. Another correction is the geometric flux factor which again for short baselines can be neglected. As found in refs.[18, 24, 34] including the lifetime of the source in the wave-packet evolution introduces another length scale (the decay length of the parent particle) which competes with the localization length of the wave-packet. As discussed above, wave packet localization will not affect oscillations unless the wave-packets corresponding to the different mass eigenstates begin to separate.

For δm^2 ≃ 1 eV^2 ; E_ν ∼ MeV and L ∼ 100 m the criterion for separation over the baseline would require a localization length σ ≲ 1 Å, this estimate is much larger than the nuclear radius for unstable nuclei, thus decoherence via the separation of the wave-packets of mass eigenstates may be another source of decoherence if the localization length scale of the wave packets is of nuclear dimensions.

Thus we conclude that the results obtained with the plane wave analysis will apply vis a vis to the case of wave packets, unless the source of decoherence associated with the separation of wave packets of mass eigenstates introduces enough decoherence as to dwarf the effects discussed here. On the short baseline experiments considered here this would require localization lengths ≲ 10^{−10} m for reactor experiments and ≲ 10^{−15} m for accelerator experiments.

Strengthening these arguments require (and warrant) a full study of the complete description of disentanglement and lifetime effects in a wave packet formulation. Of particular importance is whether for δm^2 ∼ eV^2 ; E_ν ∼ few MeV wave packet localization on nuclear scales can be a source of decoherence in reactor experiments. The results of this study will be presented elsewhere[47].

Wave packets vs. disentanglement:

Decoherence through lifetime and disentanglement is fundamentally and conceptually different from decoherence in the wave packet formulation. Neutrino wavepackets manifestly describe single particle states that are spatially localized, the spatial localization introduces uncertainty in the momentum, and in this formulation decoherence is a consequence of the separation in space of the wave packets associated with the different mass eigenstates. As explained in ref.[51] there are two sources of decoherence: one resulting from the separation of the wave packets of different mass eigenstates through their different group velocity, and another determined by a localization term (see eqn. (8.114) in ref.[12]) which results in decoherence for σ ≫ L_{osc}.

Entanglement, on the other hand, refers to the fact that the quantum state that results from the decay of the parent particle is a correlated many particle state, the correlation between the charged lepton and the neutrino(s) is manifest in the coefficients C_i(⃗k, ⃗q, ⃗p, t) in the quantum state (II.13). These coefficients are time dependent and describe the approximate conservation of energy at the production vertex. A single particle neutrino state is obtained by projection of the charged lepton state, this projection is the quantum mechanical manifestation of the observation, absorption or decay of the charge lepton and disentangles the (two body) quantum state at a time scale t_μ. These correlations are precisely the origin of the terms F_{1,2} which enter in the interference term (III.10) and are, therefore, the origin of the difference with the familiar quantum mechanical result. In this description the lifetime of the source and t_μ determine energy uncertainties as explained in the previous sections. Decoherence ensues when the energy uncertainty is much smaller than the energy separation between the mass eigenstates. This source of decoherence is obviously independent of the spatial localization of the quantum state and is present even for plane waves, unlike wave packet decoherence. Although decoherence in the wave packet and disentanglement formulations are physically and conceptually different, they are indeed complementary and both will be present in a complete wave packet description of neutrino oscillations. For example as discussed in ref.[51] if a neutrino wavepacket produced by the decay of a parent particle of width Γ is assigned a localization length 1/Γ then the condition for decoherence from the localization term σ ≃ L_{osc} becomes equivalent to Γ ≃ Δ(p) which is the condition which results from the disentanglement analysis in the case when the lifetime is shorter than the disentanglement time scale. However, obviously this cannot be the case for reactor neutrinos since the lifetime of the parent particle is thousands of years and the relevant scale is the disentanglement length scale as discussed above.

VI. CONCLUSIONS AND FURTHER QUESTIONS:

Accumulating evidence for anomalies in short-baseline experiments pointing towards a change in the current paradigm of neutrino oscillations resulting from the mixing among three active species, will likely motivate further accelerator and reactor short baseline experiments. The firm assessment of new “sterile” neutrinos as possible explanations of the data warrant a deeper understanding of quantum coherence that determine the appearance and disappearance probabilities.

The realization that the neutrino states produced in charged current interaction vertices are quantum entangled states of the neutrino and its flavor charged lepton partner call for a re-examination of the usual quantum mechanical description of neutrino oscillations as simple two level systems (for two neutrinos mixing). The measurement, absorption or decay of the charged lepton leads to the disentanglement of the quantum state, but the resulting neutrino state features the correlations from the prior entanglement.

The disentanglement of this correlated quantum state is a necessary condition for coherence between the mass eigenstates leading to oscillations, entanglement over long time scales project out energy eigenstates preventing oscillations. The usual “Pontecorvo” (quantum mechanical states) emerge if the disentanglement time scale is much smaller than the oscillation scale. This is a consequence of the time-energy uncertainty: for disentanglement time scales shorter than the oscillation time, the uncertainty in energy cannot discriminate between the different mass eigenstates, the longer the entanglement time scale the smaller the energy uncertainty and the mass eigenstates become sharply defined in the correlated state leading to a suppression of the oscillation probability.

In this article we find that both the entanglement with the charged lepton and the lifetime of the source that produces the neutrino beam lead to a suppression of the appearance probabilities. The relevant dimensionless parameter that quantifies decoherence by both effects is the ratio πL_s/L_{osc} where L_s is the smaller between the decay length of the parent particle (source) and the disentanglement length scale.

We obtain the corrections to the disappearance and appearance probabilities both from entanglement and lifetime effects in a model which captures in a clear and reliably manner the main features of the production, evolution and detection of mixed states.

For MiniBooNE, the most important source of suppression is the decay length of the pions that produce the neutrino beam which is of the same order as the disentanglement length for the muons, whereas at LSND and reactor experiments, the disentanglement distance is the relevant scale that determines the suppression, for LSND this is because neutrinos are produced by muons decaying at rest while in reactor experiments neutrinos are produced via β decay of long lived radioactive sources, in both cases the disentanglement time scale is shorter than the lifetime of the source.

Short baseline experiments imply small L_{osc} therefore the impact of disentanglement and source lifetime is larger in these experiments. The suppressions of the oscillation probabilities are more pronounced at lower energies and are more dramatic for δm^2 ∼ 1 eV^2 which is the mass range for “sterile” neutrinos proposed as possible explanations of the short-baseline anomalies.

Our main results are the general disappearance and appearance probabilities given by eqns. (IV.4,IV.5). These simplify to equations (IV.11,IV.12) when the disentanglement time scale is much shorter than the lifetime of the source, this is the case in reactor experiments (neutrinos at reactors are produced by β decay of long lived radioactive nuclei) and at LSND. The determination of the scale L_d is cleaner in accelerator experiments where the neutrino beam is produced by pion decay (either at rest or in flight). However, for MiniBooNE the corrections are relatively small because the disentanglement length scale is of the order of the pion decay length and both are much smaller than the baseline. In reactor experiments L_d is more difficult to establish, a figure of merit is the size of the reactor core, but this estimate is probably too simplistic and overestimates the disentanglement length.

While the experimental impact of the corrections in current experiments is relatively small, this work suggests that in the analysis of the data, the issue of disentanglement length scale must be addressed for a consistent interpretation of the results. An important corollary of our results is that fitting the experimental data with the usual quantum mechanical expressions for appearance and disappearance probabilities underestimates both sin^2(2θ) and δm^2, furthermore this fit to the data differs substantially at low neutrino energy from the correct expression for the probabilities that include both the lifetime and disentanglement suppression, since the suppression is larger at smaller energies (shorter L_{osc}).

An aspect that remains to be explored further is the description of neutrino propagation in terms of wave packets: the source and detector are spatially localized, in particular the localization of the source entails that the neutrinos are produced in entangled wave packets, the disentanglement of the charged lepton brings in another localization scale (at which the charged lepton is measured, absorbed or decays) which also influences the disentangled neutrino state. Wave packet localization also introduces yet another decoherence length scale L_{coh} ∝ σE^2_ν /δm^2 where σ is the spatial localization scale of the wave packet. For δm^2 ≃ 1 eV^2 sterile neutrinos in reactor experiments it is possible that L_{coh} ≲ L_{osc} which would result in yet another source of decoherence and suppression of oscillations. These aspects are currently being studied and will be reported in a forthcoming study[47].

Finally, it is worth commenting that quantum entanglement is also ubiquitous in B-meson oscillations, where the process of “flavor” tagging actually disentangles the entangled B^0_q −B^0_q state produced by Υ(4s) decay[28, 52, 53], and quantum entanglement of the C = −1 B_s B_s pair produced in the decay of the Υ(5s) has been invoked for a determination of the width difference[54]. Thus neutrino mixing is yet another fascinating manifestation of quantum entanglement in a system that maintains macroscopic quantum coherence over scales of kilometers. Fascinating examples of quantum entanglement on macroscopic scales are also emerging in other unlikely systems: photosynthesis in light harvesting complexes[55] and perhaps most surprising and provocative, as a possible explanation of the “avian compass”[56].

Acknowledgments

The author thanks Tony Mann, Vittorio Paolone, Donna Naples and David Jasnow for enjoyable and enlightening conversations, he is indebted to William C. Louis III for extensive and instructive correspondence and acknowledges support from NSF through grant award PHY-0852497.

Appendix A: The Wigner-Weisskopf Method

For completeness we give a detailed presentation of the field theoretical version of the Wigner-Weisskopf approximation as it is not widely available in the literature.

Consider a system whose Hamiltonian H = H_0 +H_I where H_0 is the free field Hamiltonian and H_I the interaction. The time evolution of states in the interaction picture of H_0 is given by i d dt |Ψ(t)⟩_I = H_I (t) |Ψ(t)⟩_I , (A.1)

where the interaction Hamiltonian in the interaction picture is

H_I (t) = e^{iH0 t}H_I e^{−iH0 t} (A.2)

This has the formal solution

|Ψ(t)⟩_I = U(t, t_0)|Ψ(t_0)⟩_I (A.3)

where the time evolution operator in the interaction picture U(t, t_0) obeys i d dt U(t, t_0) = H_I (t)U(t, t_0) . (A.4)

Now we can expand |Ψ(t)⟩_I = ∑ n C_n(t)|n⟩ (A.5) where |n⟩ form a complete set of orthonormal eigenstates of H_0; in the quantum field theory case these are many-particle Fock states. From eq.(A.1) one finds the exact equation of motion for the coefficients C_n(t), namely Ċ_n(t) = −i ∑ m C_m(t)⟨n|H_I (t)|m⟩ . (A.6) Although this equation is exact, it generates an infinite hierarchy of simultaneous equations when the Hilbert space of states spanned by {|n⟩} is infinite dimensional. However, this hierarchy can be truncated by considering the transition between states connected by the interaction Hamiltonian at a given order in H_I . Thus consider the situation depicted in figure 8 where one state, |A⟩, couples to a set of states {|κ⟩}, which couple back to |A⟩ via H_I .

FIG. 8: Transitions |A⟩ ↔ |κ⟩ in first order in H_I .

Under these circumstances, we have Ċ_A(t) = −i ∑ κ ⟨A|H_I (t)|κ⟩ C_κ(t) (A.7) Ċ_κ(t) = −i C_A(t)⟨κ|H_I (t)|A⟩ (A.8) where the sum over κ is over all the intermediate states coupled to |A⟩ via H_I .

Consider the initial value problem in which at time t = 0 the state of the system |Ψ(t = 0)⟩ = C_A(0)|A⟩, namely C_κ(t = 0) = 0. (A.9) We can solve eq.(A.8) and then use the solution in eq.(A.7) to find C_κ(t) = −i ∫_t 0 ⟨κ|H_I (t^′)|A⟩ C_A(t^′) dt^′ (A.10) Ċ_A(t) = − ∫_t 0 Σ_A(t − t^′) C_A(t^′) dt^′ (A.11)

where, using (A.2) we find

Σ_A(t − t^′) = ∑ κ ⟨A|H_I (t)|κ⟩⟨κ|H_I (t^′)|A⟩ = ∑ κ |⟨A|H_I (0)|κ⟩|^2 e^{i(EA−Eκ)(t−t′ )} (A.12) This integro-differential equation with memory yields a non-perturbative solution for the time evolution of the amplitudes and probabilities. Inserting the solution for C_A(t) into eq.(A.10) one obtains the time evolution of amplitudes C_κ(t) from which we can compute the time dependent probability to populate the state |κ⟩, |C_κ(t)|^2. This is the essence of the Weisskopf-Wigner[57] non-perturbative method ubiquitous in quantum optics[58] and the decay formalism of K_0 − K_0 mixing[59].

The hermiticity of the interaction Hamiltonian H_I , together with the initial conditions in eqs.(A.9) yields the unitarity condition ∑ n |C_n(t)|^2 = 1 . (A.13)

Equation (A.11) can be solved exactly via Laplace transform[60], however, in weak coupling, the time evolution of C_A(t) determined by eq.(A.11) is slow in the sense that the time scale is determined by a weak coupling kernel Σ ∝ H^2_I . This allows us to use a Markovian approximation in terms of a consistent expansion in derivatives of C_A[60]. Define

W_0(t, t^′) = ∫_t′ 0 Σ_A(t − t^{′′})dt^{′′} (A.14)

so that Σ_A(t − t^′) = d dt^′ W_0(t, t^′), W_0(t, 0) = 0. (A.15)

Integrating by parts in eq.(A.11) we obtain ∫_t 0 Σ_A(t − t^′) C_A(t^′) dt^′ = W_0(t, t) C_A(t) − ∫_t 0 W_0(t, t^′) d dt^′ C_A(t^′) dt^′. (A.16)

The second term on the right hand side is formally of fourth order in H_I and we see how a systematic approximation scheme can be developed. Setting

W_1(t, t^′) = ∫_t′ 0 W_0(t, t^{′′})dt^{′′}, W_1(t, 0) = 0 (A.17)

and integrating by parts again, we find ∫_t 0 W_0(t, t^′) d dt^′ C_A(t^′) dt^′ = W_1(t, t) Ċ_A(t) + · · · (A.18)

leading to ∫_t 0 Σ(t, t^′) C_A(t^′) dt^′ = W_0(t, t) C_A(t) − W_1(t, t) Ċ_A(t) + · · · (A.19) This process can be implemented systematically resulting in higher order differential equations. Up to leading order in this Markovian approximation the equation eq.(A.11) becomes Ċ_A(t) [1 − W_1(t, t)] + W_0(t, t)C_A(t) = 0 (A.20) with the result C_A(t) = e^{−i ∫ t0 E(t′)dt′} , E(t) = −i W_0(t, t) 1 − W_1(t, t)

≃ −i W_0(t, t) [1 + W_1(t, t) + · · · ] (A.21)

To leading order in the interaction (O(H^2_I )) we keep E(t) = −i W_0(t, t). Note that in general E(t) is complex. In the long time limit and using the representation (A.12) we find ∫_∞ 0 Σ_A(τ)dτ = i ∑ κ |⟨A|H_I (0)|κ⟩|^2 (E_A − E_κ + i0^+)

≡ i ΔE_A +

Γ_A 2 (A.22)

where ΔE_A = P ∑ κ |⟨A|H_I (0)|κ⟩|^2 (E_A − E_κ)

(A.23)

is the energy shift in agreement with second order perturbation theory, and Γ_A = 2π ∑ κ |⟨A|H_I (0)|κ⟩|^2 δ(E_A − E_κ) (A.24)

this result for the width is in agreement with Fermi’s Golden rule. Finally, in the Markovian approximation the Wigner-Weisskopf method yields C_A(t) = C_A(0) e^{−iΔEA t} e^{− ΓA2 t} . (A.25) This solution agrees with the exact solution via Laplace transform[60]^4. Inserting this result into equation (A.10) we find C_κ(t) = −i C_A(0) ⟨κ|H_I (0)|A⟩ ∫_t 0 e^{−i(ErA−Eκ−i ΓA2 )t′} dt^′ = −C_A(0) ⟨κ|H_I (0)|A⟩ [ 1 − e^{−i(ErA−Eκ−i ΓA}2^{) t} E^r_A − E_κ − i^{ΓA}_2 ] (A.26)

4 Here we neglect wave function renormalization as it is not relevant for the discussion.

where E^r_A = E_A +ΔE_A is the renormalized energy. The Schroedinger picture state |Ψ(t)⟩_S = e^{−iH0t}|Ψ(t)⟩_I is finally given by

|Ψ(t)⟩_S = C_A(0) { e^{−iErA t} e^{− ΓA2 t}|A⟩ − ∑ κ ⟨κ|H_I (0)|A⟩ [ 1 − e^{−i(ErA−Eκ−i ΓA}2^{) t} E^r_A − E_κ − i^{ΓA}_2 ] e^{−iEκ t} |κ⟩ } . (A.27) For t ≫ τ_A = 1/Γ_A the asymptotic state becomes | |Ψ(t ≫ τ_A)⟩_S = −C_A(0) ∑ κ ⟨κ|H_I (0)|A⟩ e^{−iEκ t} [ E^r_A − E_κ − i^{ΓA}_2 ] |κ⟩ . (A.28)

[1] C. W. Kim and A. Pevsner, Neutrinos in Physics and Astrophysics, (Harwood Academic Publishers, USA, 1993).

[2] R. N. Mohapatra and P. B. Pal, Massive Neutrinos in Physics and Astrophysics, (World Scientific, Singapore, 2004).

[3] M. Fukugita and T. Yanagida, Physics of Neutrinos and Applications to Astrophysics, (Springer-Verlag Berlin Heidelberg 2003).

[4] L. Wolfenstein, Phys. Rev. D 17, 2369 (1978); S. P. Mikheyev and A. Yu. Smirnov, Sov. J.

Nucl. Phys. 42, 913 (1985).

[5] J. N. Bahcall, Neutrino Astrophysics, (Cambridge University Press, NY. 1989). [6] W. C. Haxton, Ann. Rev. Astron. Astrophys. 33, 459 (1995). [7] W. Grimus, Lect. Notes Phys. 629, 169 (2004). [8] B. Kayser, arXiv:0804.1497; arXiv:0804.1121. [9] R. N. Mohapatra et al., Rept. Prog. Phys. 70, 1757 (2007). [10] A. de Gouvea, Mod. Phys. Lett. A 19, 2799 (2004). [11] S. M. Bilenky, arXiv:1105.2306.

[12] C. Giunti, C. W. Kim, Fundamentals of Neutrino Physics and Astrophysics, (Oxford University Press, Oxford, 2007).

[13] W. C. Haxton,, arXiv:0808.0735.

[14] A. D. Dolgov, Surveys High Energ. Phys. 17, 91 (2002); Phys. Rept. 370, 333 (2002). [15] For recent reviews and fits see: M. Gonzalez-Garcia, M. Maltoni, J. Salvado, JHEP 04, 056 (2010); JHEP 1008, 117 (2010); M.C. Gonzalez-Garcia, M. Maltoni, Phys.Rept.460,1 (2008); A. Strumia, F. Vissani, arXiv:hep-ph/0606054v3.

[16] B. Kayser, Phys. Rev. D 24, 110 (1981); Nucl. Phys. Proc. Suppl. 118, 425 (2003). [17] J. Rich, Phys. Rev. D 48, 4318 (1993) [18] M. Nauenberg, Phys. Lett. B 447, 23 (1999), [Erratum-ibid. B 452, 434 (1999)]. [19] H. J. Lipkin, Phys. Lett. B 348, 604 (1995); Phys. Lett. B 579, 355 (2004); Phys. Lett. B 642, 366 (2006); arXiv:0905.1216; arXiv:0904.4913; arXiv:0910.5049.

[20] E. K. Akhmedov and J. Kopp, JHEP 1004, 008 (2010). [21] K. Kiers, N. Weiss, Phys.Rev. D57, 3091 (1998). [22] W. Grimus and P. Stockinger, Phys. Rev. D 54, 3414 (1996).

[23] C. Giunti, JHEP 0211, 017 (2002); J.Phys. G34 R93 (2007); Found.Phys.Lett. 17 , 103 (2004); Mod.Phys.Lett. A16 , 2363(2001); C. Giunti, C. W. Kim, Found.Phys.Lett. 14, 213 (2001); Phys.Rev. D58, 017301 (1998); C. Giunti, C. W. Kim, U. W. Lee, Phys. Lett. B421, 237 (1998).

[24] W. Grimus, S. Mohanty, P. Stockinger, Phys.Rev. D61,033001 (2000). [25] A. D. Dolgov, O. V. Lychkovskiy, A. A. Mamonov, L. B. Okun and M. G. Schepkin, Eur.

Phys. J. C 44, 431 (2005); A. D. Dolgov, O. V. Lychkovskiy, A. A. Mamonov, L. B. Okun, M. V. Rotaev and M. G. Schepkin, Nucl. Phys. B 729, 79 (2005); A. D. Dolgov, L. B. Okun, M. V. Rotaev and M. G. Schepkin, arXiv:hep-ph/0407189.

[26] M. Beuthe, Phys.Rept. 375, 105 (2003).

[27] T. Goldman, Mod. Phys. Lett.A25, 479 (2010) (arXiv:hep-ph/9604357 ). [28] A. G. Cohen, S. L. Glashow and Z. Ligeti, Phys. Lett. B 678, 191 (2009). [29] J. Wu, J. A. Hutasoit, D. Boyanovsky, R. Holman, Phys. Rev.D82 013006 (2010);

arXiv:1002.2649; Phys. Rev. D 82, 045027 (2010).

[30] E. K. Akhmedov and A. Y. Smirnov, Phys. Atom. Nucl. 72, 1363 (2009); arXiv:1008.2077. [31] D. V. Ahluwalia, S. P. Horvath, arXiv:1102.0077; arXiv:1006.1710.

[32] R. G. H. Robertson,arXiv:1004.1847; B. Kayser, J. Kopp, R. G. Hamish Robertson,, P. Vogel, Phys.Rev.D82 093003 (2010).

[33] J. M. Losecco, arXiv:0912.0900; arXiv:0902.2752. [34] B. Meszena, A. Patkos, Mod.Phys.Lett.A26,101 (2011).

[35] A. Aguilar et.al. (LSND collaboration), Phys. Rev. D64, 112007 (2001); C. Athanassopoulos et.al. (LSND collaboration), Phys. Rev. Lett. 77, 3082 (1996).

[36] A. A. Aguilar-Arevalo et.al. (MiniBooNE collaboration), Phys. Rev. Lett. 105, 181801 (2010). [37] T. A. Mueller, arXiv:1101.2663.

[38] G. Mention et.al Phys. Rev. D83, 073006 (2011).

[39] G. Karagiorgi, Z. Djurcic, J. M. Conrad,M. H. Shaevitz, M. Sorel, Phys. Rev. D80,073001 (2009).

[40] M. Maltoni, T. Schwetz, Phys.Rev.D76, 093005 (2007).

[41] J. Kopp, M. Maltoni, T. Schwetz, arXiv:1103.4570; T. Schwetz, M. Tortola and J.W.F. Valle, New J. Phys. 10 (2008) 113011; C. Giunti, arXiv:1106.4479.

[42] C. Giunti, M. Laveder, Phys.Rev.D82, 093016 (2010); Phys.Rev.D77, 093002 (2008);

Mod.Phys.Lett.A22, 2499 (2007).

[43] E. Akhmedov, T. Schwetz, JHEP 1010, 115 (2010).

[44] E. Komatsu et.al. (WMAP collaboration), Astrophys.J.Suppl.192, 18 (2011). [45] W. Grimus, P. Stockinger , S. Mohanty, Phys. Rev. D 59, 013011 (1999). [46] D. Hernandez, A. Yu. Smirnov, arXiv:1105.5946. [47] Jun Wu, Daniel Boyanovsky, in preparation.

[48] C. Athanassopoulos et.al. (LSND collaboration), Nucl.Instrum.Meth.A388, 149 (1997). [49] M. Apollonio et.al. (CHOOZ collaboration), Eur.Phys.J.C27, 331 (2003). [50] C. M. Ho, D. Boyanovsky, Phys.Rev. D73, 125014 (2006). [51] See chapters 8.2 and 8.3 in ref.[12].

[52] R. A. Bertlmann, W. Grimus, Phys.Rev. D64, 056004 (2001); Phys.Lett. B392, 426 (1997). [53] G.V. Dass, K.V.L. Sarma, Eur.Phys.J. C5, 283 (1998). [54] D. Atwood, A. Soni, arXiv:0910.0260.

[55] M. Sarovar, A. Ishizaki, G. R. Fleming, K. Birgitta Whaley, Nature Physics, 6, 462 (2010). [56] E. Gauger, E. Rieper, J. J. L. Morton, S. C. Benjamin, V. Vedral, Phys. Rev. Lett. 106, 040503 (2011).

[57] V. Weisskopf, E. Wigner, Z. Phys. 63, 54 (1930).

[58] M. O. Scully, M. S. Zubairy, Quantum Optics, (Cambridge University Press, Cambridge, U.K.

(1997)); M. Sargent III, M. Scully, W. E. Lamb, Laser Physics (Addison-Wesley, Reading MA

1974); W. Louisell, Quantum Statistical Properties of Radiation, (Wiley, N.Y. 1974). [59] The CP puzzle: strange decays of the neutral kaon, P. K. Kabir, (Academic Press, N.Y. 1968) (see appendix A).

[60] D. Boyanovsky, R. Holman, JHEP,Volume 2011, Number 5, 47 (2011).