arXiv:1106.6337v4 [physics.acc-ph] 22 Nov 2011

Radiative polarization of electrons in a strong laser wave

Dmitry V. Karlovets^∗ Tomsk Polytechnic University, Lenina 30, 634050, Tomsk, Russian Federation (Dated: November 23, 2011)

We reanalyze the problem of radiative polarization of electrons brought into collision with a circularly polarized strong plane wave. We present an independent analytical verification of formulae for the cross section given by D. Yu. Ivanov et al [Eur. Phys. J. C 36, 127 (2004)]. By choosing the exact electron’s helicity as the spin quantum number we show that the self-polarization effect exists only for the moderately relativistic electrons with energy γ = E/mc^2 ≲ 10 and only for a non-head-on collision geometry. In these conditions polarization degree may achieve the values up to 65 %, but the effective polarization time is found to be larger than 1 s even for a high power optical or infrared laser with intensity parameter ξ = |E|mc^2/Ecℏω ∼ 0.1 (Ec = m^2c^3/eℏ). This makes such a polarization practically unrealizable. We also compare these results with the ones of some papers where the high degree of polarization was predicted for ultrarelativistic case. We argue that this apparent contradiction arises due to the different choice of the spin quantum numbers. In particular, the quantum numbers which provide the high polarization degree represent neither helicity nor transverse polarization, that makes the use of them inconvenient in practice.

PACS numbers: 12.20.-m; 13.88.+e

I. INTRODUCTION

The process of emission of a photon by an electron moving in the field of a plane wave of arbitrary strength was considered in quantum electrodynamics (QED) at the beginning of 1960’s [1–3]. Polarization effects in this process were studied in the limiting case of a weak wave (ordinary linear Compton scattering) e.g. in Refs. [4–7] and in the general non-linear regime (i.e. at the tree-level in a Furry picture) e.g. in Refs. [8–11]. The complete description of the polarization effects in the non-linear case was given more recently in Ref.[12]. Polarization states of the initial and final particles are of importance for a number of processes studied at the current accelerators (such as LHC; see e.g. [13, 14]) and planned for studying at the future colliders (such as CLIC and ILC; see e.g. [15–17]).

The possibility to use the linear and non-linear Compton scattering for production of the polarized electron (positron) beams was discussed in Refs.[18–24] and some others. The general conclusion on this topic was made in Ref.[24] where the absence of the longitudinal radiative polarization during a head-on collision of the ultrarelativistic electrons and the optical photons was demonstrated. In fact, such a conclusion was made for the first time as early as 1968 by the Ternov group in Ref.[8] soon after discovery of the self-polarization effect in synchrotron radiation. Nevertheless, later it was pointed out by the same group that there exist some spin operators allowing one to find the directions that are preferable for the electron (positron) spin, so the radiative polarization may take place [20–22]. Therefore, the problem cannot be considered to be finally solved.

∗Electronic address: d.karlovets@gmail.com

In the present paper we analytically calculate the cross section of this process for arbitrary polarized initial and final electrons, with a circularly polarized laser wave and unpolarized final photon. The laser wave is assumed to be circularly polarized (rather than linearly polarized) because it provides the highest influence on the electron’s spin (see e.g. §87 in [4]). The results of our calculations completely coincide with those obtained via computer code in Ref.[12], but the final expression for the squared amplitude is presented in the form which allows one to study the case of a moderately relativistic electron and a non-head-on collision.

It is important to note that the zero result of Refs.[8, 24] was obtained when neglecting the terms of the order of γ^{−1} ≪ 1 and θ_e ≪ 1 in the cross section (θ_e is the electron’s scattering angle); see the corresponding footnote in [24]. In the present paper we systematically take into account all the small terms in the amplitude and estimate their influence on the degree of polarization. The last becomes possible because we use the exact electron’s helicity as the spin quantum number instead of the Lorentzinvariant quantity ζ^′_3 (used e.g. in [24]) which coincides with the final electron’s double mean helicity with an accuracy O(γ^{−2}) (see in more detail [12]). In particular, we will show that the total probabilities of the process with spin flips, W_{↑↓} and W_{↓↑}, are equal to each other exactly with that accuracy. Therefore, the polarization degree is negligibly small already at γ ∼ 10^2. However, if the particles collide non-head-on and the electron’s energy is not too high, the degree of polarization may turn out to be noticeably higher. We study in detail the case of a non-head-on collision of the moderately relativistic electrons with the laser photons and show that degree of the longitudinal polarization may reach the values of P ≲ 65 % for electrons with γ ≲ 10 and the small angles of collision: α ≪ π/2 (α = π for head-on geometry).

Besides that, we study the influence of the laser wave strength on the polarization degree and find no significant deviations from the linear Compton scattering case for parameters of the laser similar to those of the well-known experiment conducted at SLAC [25]. On the other hand, it turns out that only the high power lasers provide a reasonable polarization time (which is ∼ 1 s for an optical laser with |E|/E_c ≳ 10^{−6}), since the probability of the process with a spin flip is extremely low in the linear regime for small angles of collision. This circumstance makes the experimental realization of such a polarization technique practically impossible.

Finally, we explain why the results of Ref.[24] and Refs.[20–22] do not agree. In brief, the different spin quantum numbers were used in these papers. In particular, if one chooses the electron’s helicity as the spin quantum number the radiative polarization would be absent in the relativistic case (in accordance with [24]).

The paper is organized as follows. After general definitions given in Sec.II we proceed to the calculation of the squared amplitude summed over polarizations of the final photon in Sec.III. The general expression for the squared amplitude, its comparison with results of Ref.[12] and the final electron’s polarization are presented in Sec.IV. Analysis of the process with a spin flip both in the linear and non-linear regimes is performed in Sec.V. Our conclusions are presented in Sec.VI. Appendix A contains some details of the squared matrix element calculations. Appendix B contains an expression for the squared matrix element written in the limiting case of a weak wave (linear Compton scattering) and its comparison with results of Refs.[5, 6]. A system of units ℏ = c = 1 is used throughout the text. The scalar product of 4-vectors is defined with the use of the metric g^{μν} = diag(1, −1, −1, −1), so that kr ≡ k^μr_μ = ωt−(kr).

II. KINEMATICS

A. General definitions and conservation laws

We consider the process of emission of a photon with momentum k^′ by an electron with kinetic momentum p moving in the field of a plane wave possessing arbitrary strength:

γ(nk) + e^−(q) → e^−(q^′) + γ(k^′), (1)

with

q^ν = p^ν − k^ν e^2A^2 2(pk) , q^{ν ′} = p^{ν ′} − k^ν e^2A^2 2(p^′k) (2) being the averaged quasi-momenta of electrons moving in the laser wave with 4-potential A^μ ≡ A^μ(kr), and n is an integer (a number of harmonic).

According to the reaction (1), the emission of a photon with frequency ω^′ = k^′_0 occurs after absorbing n photons with frequency ω = k_0 from the wave. The potential of the wave possessing 100 % circular right-handed polarization can be represented as follows: A = mξ e ( e_1 cos (kr) + e_2 sin (kr) ) , (3)

where e_1, e_2 are the space-like unit 4-vectors with the following properties: e_ie_j = −δ_{ij} , (e_ik) = (e_ik^′) = 0; i = 1, 2. These vectors can be constructed by using the momenta of the particles which enter the reaction (1) (see e.g. [4]):

e^μ_1 = N^μ √ −N^2 , e^μ_2 = P^μ √ −P^2 , P^μ = q^μ + q^{μ′} − (nk^μ + k^{μ′})

(q^ν + q^{ν ′})(nk_ν + k_ν^′) (nk + k^′)^2 , N^μ = ε^{μνηρ}P_ν (q_η − q_η^′)(nk_ρ + k_ρ^′) = = 4nε^{μνηρ}p_ν k_η^′k_ρ = 4nε^{μνηρ}p_ν^′k_η^′k_ρ. (4) The last two identities are fulfilled due to the conservation laws. According to these definitions, the vector e_1 is orthogonal to all the momenta: (e_1p) = (e_1p^′) = 0, and the following equalities are fulfilled for the vector e_2:

(pe_2) = (p^′e_2) = − √ 2n(p^′k)(pk) (k^′k) − m^2_⋆, √ −P^2 = −2(pe_2), √ −N^2 = −4n(k^′k)(pe_2). (5)

Here, m^2_⋆ = m^2(1 + ξ^2) ≡ q^2 is the squared effective electron mass in the laser field. Therefore, the vectors e_1, e_2 (or rather their space components e_i) describe the photon polarization perpendicular to the scattering plane and in that plane, respectively. Note that all calculations need only be performed for the right-hand polarization of the laser wave (ξ_2 = +1). The process amplitude for the left-hand polarization (ξ_2 = −1) can be obtained by changing the signs of the pseudo-scalar terms M_s, M_s′ (see Sec.III).

The expression (3) also contains a “classical” dimensionless parameter of the laser wave strength (do not confuse with Stokes parameters): ξ = e √ −A^2 m = e|E| mω = |E| E_c m ω ≡ |E| E_c mc^2 ℏω , (6)

where |E| is the root-mean-square electric field strength of the wave in the laboratory frame of reference, E_c = m^2c^3/eℏ ≃ 1.3 × 10^{16} V/cm is the critical field of QED (the corresponding intensity is I_c = E^2_c c/4π ≈ 0.5 × 10^{30} W cm^{−2}). The limiting case ξ ≪ 1 corresponds to the weak field of the wave. In order to make an accurate transition to the linear Compton scattering case it is also necessary to change a normalization in (3) to the one photon in the unit volume. For this purpose one needs to put ξ^2 = 4πe^2/m^2ω and then define the cross section of the process. The alternative variant consists in the transition in the general non-linear case to the “effective” cross section staying finite in the limiting case ξ → 0 (see below).

The energy-momentum conservation law for the reaction (1) may be written as nk + p + k m^2ξ^2 2(pk) = p^′ + k^′ + k m^2ξ^2 2(p^′k)

. (7)

Multiplying this equality by the vectors p, p^′, k, k^′, we obtain the following useful identities:

(pk) = (p^′k) + (k^′k),

(p^′p) − m^2 = (k^′k) ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) , (pk^′) = (p^′k) ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) , (p^′k^′) = (pk) ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) . (8)

Taking into account the first equality, one can rewrite the conservation law (7) as p + k ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) = p^′ + k^′. (9)

The vectors of the electron polarization s, s^′ are spacelike, (sp) = (s^′p^′) = 0, and in laboratory frame of reference they are s = { (ζp) m , ζ + p

(ζp) m(E + m) } = { |p| m ζ_‖, p |p| γζ_‖ + ζ_⊥ } , s^′ = { (ζ′p′) m , ζ^′ + p^′

(ζ^′p^′) m(E^′ + m) } = = { |p′| m ζ^′_‖, p^′ |p^′| γ^′ζ^′_‖ + ζ^′_⊥ } . (10)

Here, E = γm, p, E^′ = γ^′m, p^′ are the energies and momenta of the initial and final electrons, ζ_‖ = 2λ_e, ζ^′_‖ = 2λ^′_e are the double mean helicities of the electrons. Multiplying equality (9) by the 4-vectors of spins, we arrive at the “spin conservation laws”: (sk) ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) = (sp^′) + (sk^′), (s^′k) ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) = (s^′k^′) − (s^′p) (11)

that will be used below.

B. Probability of the process and cross section

The probability of the reaction (1) per second is defined as a probability of “decay” of the plane-wave electron with quasi-energy q_0 into two plane-wave particles (electron and photon) in the element of a phase volume d^3q^′d^3k^′/(2π)^6: dW = ∞∑ n=1 dW_n, dW_n = (2π)^4δ^{(4)}(nk + q − q^′ − k^′)

×|M_n|^2 1 2q_02q^′_02ω^′ d^3q^′ (2π)^3 d^3k^′ (2π)^3

. (12)

It is useful to introduce the notion of the effective cross section by dividing the probability by the flux density of colliding particles j (see in more detail [12]): dσ = ∞∑ n=1 dσ_n, dσ_n = dW_n j , j = m^2ξ^2 4πq_0e^2

(pk). (13)

After elimination of the delta-function in (12) in the center-of-mass system (nk + q = 0), the formula for effective cross section gains the simple form: dσ_n = r^2_e x |M_n|^2dydφ, |M_n|^2 = 1 4πe^2m^2ξ^2 |M_n|^2, y = (kk^′) (pk) , x = 2(pk) m^2 ≡ 2(pk) m^2c^2

. (14)

Here, φ is the common azimuthal angle of the scattering plane, and r_e = e^2/m is the classical electron radius. For the following convenience, we have separated the factor 4πe^2m^2ξ^2 from the square of the matrix element. This representation, in particular, makes the comparison between the formulas derived and the ones for the linear scattering more convenient, since the squared matrix element |M_n|^2 stays finite in the limiting case ξ → 0.

When considering the process with a spin flip (2λ_e = ±1, 2λ^′_e = ∓1) in the general non-linear regime, it is necessary to use the formula for total (but not differential) probability per second: W = ∞∑ n=1 W_n, W_n = 1 T_0 ξ^2 8π m q_0 x r^2_e σ_n, (15)

where T_0 = 1/e^2m ≡ ℏ^2/e^2mc ≃ 1.765 × 10^{−19} s. As the cross section σ_n in (14) is invariant under the action of the Lorentz boosts along the collider axis, one can calculate it in an arbitrary frame of reference and then substitute into Eq.(15).

Study of collisions between photons and electrons (or positrons) usually implies the head-on geometry and, accordingly, the use of formulas similar to Eq.(14) (see e.g. [4, 7, 12, 26]). The radiative polarization effect in this case is negligibly small (see [8, 24] and Sec.V below). Therefore, our main focus will be on the non-head-on geometry and the moderately relativistic energies of electrons. In Sec.V we will use the laboratory frame of reference in which the electron performs a non-head-on collision with a laser photon at the angle α. The final photon frequency in this frame is

ω^′ = n(pk) q^0 + nω − (n^′, q + nk)

, (16)

where n^′ = k^′/ω^′ is denoted. The probability of the process per second in this frame is obtained from (12) as: dW_n = 1 T_0 ξ^2 4π m q_0nx ( ω^′ m )_2

|M_n|^2dΩ, (17) where the integration is performed over the final photon angles (see Eq.(38)). Note that the azimuthal angle φ in (17) does not coincide with the one in (14), since in the frame of reference being used the particles collide nonhead-on. This implies an additional azimuthal dependence in (17) which is absent for the head-on geometry and the circularly polarized laser wave.

If the probability of the process with a spin flip differs from zero, the time of the radiative polarization (relaxation time) is defined as follows: T_{pol} = 1 W_{↑↓} + W_{↓↑} , W_{↑↓(↓↑)} ≡ W (2λ_e = ±1, 2λ^′_e = ∓1), W ≡ ∞∑ n=1 W_n. (18)

According to the usual statistical interpretation, the portions of the final electrons in a beam, n_{↑(↓)}, being in the polarization states with 2λ^′_e = ±1 and the process asymmetry P (degree of polarization) are found as:

n_{↑(↓)} = W_{↓↑(↑↓)} W_{↑↓} + W_{↓↑} , P = n_↑ − n_↓ = W_{↓↑} − W_{↑↓} W_{↑↓} + W_{↓↑} .(19)

The complete polarization of the electron beam with a degree P comes when the time interval Δt of its flight through a laser flash is Δt ≫ T_{pol}.

Finally, note that all these definitions refer to the emission rate calculated for only one electron that implies neglecting the collective effects in the electron beam (incoherent regime of emission; see e.g. Eq.(74) in [26]). Actually, even in the well-studied problem of the selfpolarization process due to the synchrotron radiation the rigorous theory of the collective spin-effects is absent. We will return to these problems in Sec.VI.

III. THE SQUARE OF THE PROCESS MATRIX ELEMENT

At the tree-level in the Furry picture the squared matrix element of a photon emission by a plane-wave electron moving in the quasi-classical field of the laser wave with potential (3) has the following form (notations of [4] are used):

|M_n|^2 = 4πe^2Tr{ρ^′_{(e)}Q^μρ_{(e)}Q̄^ν ρ^{(γ)′}_{νμ}}. (20)

Here, ρ_{(e)}, ρ^′_{(e)}, ρ^{(γ)′}_{νμ} are the density matrices of the initial and final electrons and the final photon, respectively. Besides, in (20) the following notations are used: Q = 3∑ j=1 g_j G_j , g_1 = J_n, g_2 = i 2 (J_{n+1} − J_{n−1}),

g_3 = 1 2 (J_{n+1} + J_{n−1}), G_1 = γ + k(γk) m^2ξ^2 2(p^′k)(pk) , G_2 = γ(γk)(γe_1) mξ(k^′k) 2(p^′k)(pk) + mξ (pk) (k(γe_1) − e_1(γk)),

G_3 = γ(γk)(γe_2) mξ(k^′k) 2(p^′k)(pk) + + mξ (pk) (k(γe_2) − e_2(γk)), (21)

where γ ≡ γ^μ are the Dirac matrices, Q̄ = γ^0Q^†γ^0, and J_n ≡ J_n(z_n) is the Bessel function depending on the invariant argument

z_n = mξ(k^′k) (p^′k)(pk) √ 2n(p^′k)(pk) (k^′k) − m^2_⋆. (22)

We will not study the polarization of the final photon, so one may put ρ^{(γ)′}_{νμ} = −g_{νμ}/2 or, equivalently, ρ^{(γ)′}_{νμ} = (e_{1ν} e_{1μ} + e_{2ν} e_{2μ})/2 (with vectors e_1, e_2 defined in (4)) and then double the squared amplitude.

The squared scattering amplitude (20) (as well as |M_n|^2) may be represented as follows:

|M_n|^2 = M_0 + M_s + M_s′ + M_{ss}′ . (23)

The calculation of the spin-independent terms M_0 is performed by using the standard technique (see e.g. [1, 3, 4]) taking into account Eqs.(5), (8). It leads to the following expression:

M_0 = 2πe^2m^2 ( − 4J^2_n + ξ^2(J^2_{n+1} + J^2_{n−1} − 2J^2_n) × ((p′k) (pk) + (pk) (p^′k) )) . (24)

One can see that multiplying this result by the factor 2 we obtain the ordinary formula for the process with unpolarized particles (see [3, 4]).

The one-spin-dependent terms in the square of the matrix element are found as (some details of calculations are provided in Appendix A):

M_s = 2πe^2m^3 ξ^2(k^′k) n(pk)(p^′k) (J^2_{n−1} − J^2_{n+1}) × ( (sk^′) + (sk) ( n − m^2ξ^2(k^′k)

2(pk)^2 − m^2_⋆(k^′k) (pk)(p^′k) )) , M_s′ = 2πe^2m^3 ξ^2(k^′k) n(pk)(p^′k) (J^2_{n−1} − J^2_{n+1}) × ( (s^′k^′) + (s^′k) ( n − m^2ξ^2(k^′k) 2(p^′k)^2 − m^2_⋆(k^′k) (pk)(p^′k) )) (25)

It is the difference of these terms that determine the presence (or absence) of the self-polarization effect (see Sec.V).

Calculation of the term M_{ss}′ depending on both spins yields: M_{ss}′ = 2πe^2m^2ξ^2 (pk)(p^′k) (J^2_{n−1} + J^2_{n+1}) [ − (k^′k)^2 (pk)(p^′k) × ( 2n(p′k)(pk) (k^′k) − m^2_⋆ ) (s^′k)(sk) + 2(pk)(s^′k)(sp^′)− −2(pk)(p^′k)(s^′s) + 2(p^′k)(s^′p)(sk) ] +

+8πe^2J^2_n [ m^2_⋆(s^′s) + (p^′k) (k^′k) n(pk)(p^′k) − m^2_⋆(k^′k) 2n(pk)(p^′k) − m^2_⋆(k^′k) × ( (s^′k^′)(sp^′) + (s^′p)(sk^′) ) − (p^′k) 2(k^′k) ( m2ξ2(k′k) (pk)(p^′k) + +n 2n(pk)(p^′k) − m^2ξ^2(k^′k) 2n(pk)(p^′k) − m^2_⋆(k^′k) ) (s^′k^′)(sk)+ + (m2ξ2(k′k) (pk)(p^′k) + (p^′k) 2(k^′k) ( m2ξ2(k′k) (pk)(p^′k) + +n 2n(pk)(p^′k) − m^2ξ^2(k^′k) 2n(pk)(p^′k) − m^2_⋆(k^′k) )) (s^′k)(sk^′)− − nm^2(k^′k) 2n(p^′k)(pk) − m^2_⋆(k^′k) (s^′k)(sp^′) ] . (26)

It is clear that this expression (as well as (25)) may be represented in another form by using the conservation laws (11).

IV. DESCRIPTION OF THE FINAL ELECTRON’S POLARIZATION

The expression for the squared amplitude provided allows one to describe the polarization states of the electron in invariant form. For instance, the final formula for effective cross section of Ref.[12] contains the expansions of the spin 4-vectors with the use of the following set of orthogonal unit 4-vectors: s = 3∑ j=1 ζ_j n_j , s^′ = 3∑ j=1 ζ^′_j n^′_j , ζ_j = −(sn_j ), ζ^′_j = −(s^′n^′_j ),

n_1 = e_1, n_2 = −e_2 − k 1 (pk) √ 2n(p^′k)(pk) (k^′k) − m^2_⋆, n_3 = 1 m ( p − k m^2 (pk) ) , n^′_1 = e_1, n^′_2 = −e_2 − k 1 (p^′k) √ 2n(p^′k)(pk) (k^′k) − m^2_⋆, n^′_3 = 1 m ( p^′ − k m^2 (p^′k) ) . (27)

The meaning of this expansion becomes clear from the fact that invariants ζ_1, ζ^′_1 characterize the electron’s polarization perpendicular to the scattering plane, and the others characterize polarization in that plane. In particular, the invariants

ζ_3 = m (pk) (sk) = −(ζ, n_k), ζ^′_3 = m (p^′k) (s^′k) = −(ζ^′, ñ_k) (28)

represent the projections of the electron’s spin on the direction of propagation of the initial photon. Here, n_k = k/ω and ñ_k = k̃/ω are the unit vectors of quantization in the corresponding rest frames. For the usually-studied geometry of a head-on collision of a photon with an ultrarelativistic electron, one has ζ_3 = 2λ_e and ζ^′_3 ≈ 2λ^′_e, since the scattering angle of the final electron is small in the laboratory frame of reference (see in more detail [12]). In other words, the Lorentz-invariant spin quantum number ζ^′_3 coincides with the final electron’s double mean helicity with an accuracy O(γ^{−2}).

The choice of the spin invariants (28) means that the spin quantization axis does not depend upon the final particles momenta. Such a description (which is similar to that of Ref.[8]) is equivalent to the one used in the theory of synchrotron radiation where the quantization vectors, n_H and ñ_H , coincide in the quasiclassical limit (i.e. when neglecting the electron’s scattering). However, it is the deviation of invariant ζ^′_3 from the exact double mean helicity of the final electron (arising due to the non-zero scattering angle) that leads to a non-zero selfpolarization of the moderately relativistic electron beam. In other words, the non-Lorentz-invariant final electron’s helicity 2λ^′_e = (ζ^′, p^′)/|p^′| does depend upon the integration variables in Eq.(12) that leads to the non-zero radiative polarization, as we know from Refs.[20–22]. We will return to these questions in the next Section.

For comparison of the results obtained in the previous Section with the ones of Ref.[12], it is necessary to express the scalar products of the form (sk), (s^′k^′) in Eqs.(25), (26) in terms of the invariants ζ_j , ζ^′_j . This yields

(ss^′) = −ζ_1ζ^′_1 − ζ_2ζ^′_2 + ζ_2ζ^′_3 (k^′k) m(pk) × √ 2n(p^′k)(pk) (k^′k) − m^2_⋆ − ζ_3ζ^′_2 (k^′k) m(p^′k) × √ 2n(p^′k)(pk) (k^′k) − m^2_⋆ + ζ_3ζ^′_3 ( 1 − (pk) (p^′k) − (p^′k) (pk) + (k^′k) m^2 ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) )) , (s^′k^′) = −ζ^′_2 (k^′k) (p^′k) √ 2n(p^′k)(pk) (k^′k) − m^2_⋆ +ζ^′_3 1 m ( (pk) ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) − m^2 (k^′k) (p^′k) ) , (sk^′) = −ζ_2 (k^′k) (pk) √ 2n(p^′k)(pk) (k^′k) − m^2_⋆+

+ζ_3 1 m ( (p^′k) ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) − m^2 (k^′k) (pk) ) , (sp^′) = ζ_2 (k^′k) (pk) √ 2n(p^′k)(pk) (k^′k) − m^2_⋆ +ζ_3 (k^′k) m ( m2 (pk) + n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) , (s^′p) = −ζ^′_2 (k^′k) (p^′k) √ 2n(p^′k)(pk) (k^′k) − m^2_⋆ +ζ^′_3 (k^′k) m ( − m^2 (p^′k) + n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) . (29)

Substituting these expressions into (25), (26), one can obtain for the squared matrix element |M_n|^2 the corresponding formulas of Ref.[12] with an accuracy up to the factor 2 (due to the differences in notations: see Eqs.(46), (49)-(51) in the work cited). Formulas for the effective cross section (our (14) and (32) of [12]) also differ by the factor 2 due to summation over polarization states of the final photon we performed.

Though the expansion (27) may be used for description of the final electron’s polarization, it seems to be relevant to derive the more general invariant representation for the matrix element squared. Such a representation turns out to be more convenient for analysis of the moderately relativistic case and a non-head-on collision geometry (where the radiative polarization takes place only). For this purpose, we write down the squared amplitude in the following form (when transforming 4-vector F , the conservation laws (8), (9), (11) were used):

|M_n|^2 = F_0 + (F s^′), F_0 = M_0 + M_s, F^μ = f_1p^μ + f_2k^μ + f_3s^μ, (30)

and the invariant factors are found as:

F_0 = −

2J^2_n ξ^2

+ (J^2_{n−1} + J^2_{n+1} − 2J^2_n) ( (pk) 2(p^′k) + (p^′k) 2(pk) )

+ m(k^′k) 2n(pk)(p^′k) (J^2_{n−1} − J^2_{n+1}) × ( (sk^′) + (sk) ( n − m^2ξ^2(k^′k) 2(pk)^2 − m^2_⋆(k^′k) (pk)(p^′k) )) , f_1 = m(k^′k) 2n(pk)(p^′k) (J^2_{n−1} − J^2_{n+1}) + (sk) (pk) ( J^2_{n−1}+

+J^2_{n+1} − 2J^2_n −

2J^2_n ξ^2 n(pk)(p^′k) 2n(pk)(p^′k) − m^2_⋆(k^′k) ) , f_2 = m(k^′k) 2n(pk)(p^′k) (J^2_{n−1} − J^2_{n+1}) ( 2n − m^2_⋆(k^′k) (pk)(p^′k) − m^2ξ^2(k^′k) 2(p^′k) ( 1 (pk) + 1 (p^′k) )) + J^2_{n−1} + J^2_{n+1} − 2J^2_n (p^′k) × ( (sp^′) − (sk) (k^′k)(2n(pk)(p^′k) − m^2_⋆(k^′k)) 2(p^′k)(pk)^2 ) + 2J^2_n ξ^2 ( (sk) m^2ξ^2(k^′k)^2 2(pk)^2(p^′k)^2 − (sp^′) n(pk) 2n(pk)(p^′k) − m^2_⋆(k^′k) ) , f_3 =

2J^2_n ξ^2

− (J^2_{n−1} + J^2_{n+1} − 2J^2_n). (31)

Note that from this formula one can easily derive the corresponding expression for the process of e^+e^−-pair creation by a photon propagating in the laser field (nonlinear Breit-Wheeler process) by using the crossing symmetry; see e.g. [27]. In the limiting case of the weak laser wave, this formula coincides with the one known in the literature for an ordinary Compton scattering (see Appendix B).

According to the usual rules [4], the 4-vector describing the electron spin state resulting from the scattering process itself is obtained from the representation (30) as follows

s^{(f )}_μ = F_μ F_0

. (32)

Accordingly, the 3-vector of the electron polarization resulting from the scattering process itself has the form:

ζ^{(f )} = 1 F_0 ( f_1p̃ + f_2k̃ + f_3s̃ ) . (33)

Here, tilde denotes that the vector is taken in the rest frame of the final electron. Transforming all the vectors in Eq.(33) into laboratory frame of reference, we obtain the following expressions for the longitudinal polarization and transverse polarization of the final electron (we recall that prime stands for a particle in the final state):

ζ^{(f )}_‖ ≡ ( ζ^{(f )} p^′ |p^′| ) = f_1 F_0 ( γ^′ (pp^′) |p^′| − γ|p^′| ) + + f_2 F_0 ( γ^′ (kp^′) |p^′| − ω m |p^′| ) + + f_3 F_0 ( ζ_‖ ( γγ^′ (p^′p) |p^′||p| − |p^′| m |p| m ) + γ^′ (ζ_⊥p^′) |p^′| ) , ζ^{(f )}_⊥ ≡ − p^′ |p^′| × [ p′ |p^′| × ζ^{(f )} ] = = − 1 F_0 p^′ |p^′| × [ p′ |p^′| × ( f_1p + f_2k+

+f_3 ( p |p| γζ_‖ + ζ_⊥ ))] . (34)

Here, the space components of the initial electron polarization 4-vector s were expanded according to Eq.(10), and all the 3-vectors (except ζ) are defined in the laboratory frame of reference.

V. ANALYSIS OF THE PROCESS WITH A SPIN FLIP

As the first step, let us demonstrate that the radiative polarization effect is absent when the spin quantization axis is chosen along the initial photon momentum according to invariants (28). In this case one may put ζ_{1,2} = ζ^′_{1,2} = 0, and the terms linear in the spin quantum numbers in the squared amplitude (30) have the following form:

|M_n|^2 ∝ M_s + M_s′ = aζ_3 + bζ^′_3,

a = b = (k^′k) 2n(pk)(p^′k) (J^2_{n−1} − J^2_{n+1})× ( (pk) + (p^′k) )( n − m^2_⋆(k^′k) (pk)(p^′k) ) . (35)

Since the coefficients of the spin invariants coincide, the probabilities W_{↓↑} and W_{↑↓} of the process with a spin flip (ζ^′_3 = −ζ_3) are equal to each other, and so P = 0. This conclusion is in agreement with [8, 24].

However, the Lorentz-invariant spin quantum number ζ^′_3 coincides with the non-Lorentz-invariant double helicity only in the ultrarelativistic case (see in more detail [12]). Hence, the more accurate consideration is required for a moderately relativistic electron and geometry of the non-head-on collision. In fact, the zero result (35) is correct only when neglecting the electron’s scattering, as it is easy to see directly from Eq.(25) (see the corresponding footnote in Ref.[24]). In this case the electron almost conserves its energy and momentum, so in the linear regime the spin-dependent functions, M_s and M_s′ , are equal to each other with an accuracy O(θ^2_e ) (θ_e is the electron’s scattering angle) [41].

For a head-on collision of the electron with γ ∼ 5 and the photon with ω ∼ 1 eV, the difference between them seems to be negligibly small (for the almost backscattered final photon and the spins being quantized along the initial photon’s momentum in the laboratory frame of reference): M_s − M_s′ ∼ θ^2_e ≲ ( 2ω m )_2 ∼ 10^{−11}. (36)

However, in order to estimate the polarization degree on the amplitude level one should divide this quantity by a sum M_0 + M_{ss}′_{(↑↓)} ≲ 10^{−10} (37)

which turns out to be small as well (for the same parameters). Accordingly, the ratio (|M_n|^2_{↓↑} − |M_n|^2_{↑↓})/(|M_n|^2_{↓↑} +|M_n|^2_{↑↓}) may achieve the values ≈ 0.1 in the moderately relativistic regime.

Let us illustrate this in more detail. For these purposes we will integrate the scattering amplitude squared (30) in the laboratory frame of reference in which the electron’s spin quantum number represents helicity. In this frame the angle between the initial particles momenta is α (α = π corresponds to the head-on collision), and the z-axis coincides with direction of the initial photon momentum. The kinetic 3-momenta are: k = ω{0, 0, 1}, p = m √ γ^2 − 1{0, sin α, cos α}, k^′ = ω^′{sin θ sin ϕ, sin θ cos ϕ, cos θ}. (38)

In principle, it is possible to derive the exact analytical expression for the total probability with a spin flip (integrating, for instance, Eq.(17)), but the required calculations are rather cumbersome and the final result will not have the explicitly invariant form. This is due to the fact that we use non-Lorentz-invariant helicities as the spin quantum numbers (in contrast to Refs.[8, 24]). That is why we will integrate the squared amplitude in Eq.(17) numerically using the package Mathematica. Since the calculated values of the probabilities with spin-flips turn out to be rather small (see also [28]), we use several methods of numerical integration whose predictions for polarization degree differ from each other within the accuracy 5 %. Note that the compact analytical formulas for total probability were obtained in Refs.[20–22]. However, these formulas refer to the very special choice of the spin operators (see below).

Describing the average longitudinal polarization of the final electron beam, it is necessary to distinguish two different ways. According to the first, the spin quantization

Figure 1: Two different ways to describe polarization of the final electron (positron) beam having some momentum spread.

axis is chosen along the final electron’s momentum in the laboratory frame (description A; see Fig.1). So the final electron’s spin quantum number is a mean helicity, and the spin 3-vectors in (10) have the form: ζ = p |p| 2λ_e, ζ^′ = p^′ |p^′| 2λ^′_e. (39)

The spin flip occurs when λ^′_e = −λ_e. Note that in this case the final electron’s spin quantization axis does depend upon the integration variables in Eq.(17).

However, in practice any beam has some angular divergence, so the alternative variant to choose the spin quantum number may turn out to be more convenient. Namely, the final electron’s spin may be quantized along the direction of the average momentum of the beam in the laboratory frame (description B; see Fig.1). In this case the final electron’s spin quantum number ζ^′ is also a non-Lorentz-invariant quantity and the spin 3-vectors become ζ = p |p| ζ, ζ^′ = p |p| ζ^′, ζ = 2λ_e, ζ^′ ≠ 2λ^′_e. (40)

The spin flip occurs when ζ^′ = −ζ. As the relativistic electron’s scattering angle in this frame is small, both of these descriptions lead to the similar results, as we will show.

First of all, one can easily verify that in the ultrarelativistic limit we recover the result P → 0 according to both of the descriptions. Fig.2 shows the dependences of the degree of polarization (defined in (19)) for a head-on collision (α = π) upon the energy of the initial electron in the case of a weak laser wave: |E|/E_c ∼ 10^{−10} (linear Compton scattering). As it is clear from the fits, they fall as P ∝ γ^{−2} (description A) and as P ∝ γ^{−1} (description B). Therefore, the degree of polarization is small even for the moderately relativistic electrons.

The situation changes for the better if the initial particles collide at the angle α ≪ π. Fig.3 shows the dependences similar to those of Fig.2, but for a non-head-on collision. While the degree of polarization stays small

Figure 2: Polarization of the final electron beam as a function of the initial electron’s energy (weak laser wave, head-on collision, n = 1, α = π, ω = 1 eV). Left panel: description A. Right panel: description B. Dots: results of numerical calculations, curves: fits by the corresponding polynomials.

Figure 3: The same as in Fig.2, but for a non-head-on collision (n = 1, α = π/6, ω = 1 eV). Solid curve: description A. Dashed curve: description B.

for γ ≫ 1, it noticeably increases in the region of γ ∼ 5 reaching P ≲ 0.5 already at α = 30^∘. Fig.4 shows the dependences of P upon the angle of collision for the different values of the initial electron’s energy. As it follows from the plots, the degree of polarization as high as P ≈ 0.6 (60 %) may be obtained by colliding the moderately relativistic electrons with γ ≲ 10 and the photons of an optical or infrared laser at the angles α ≪ π/2. Note that for an electron with γ ≲ 10 and a photon with ω ∼ 1 eV the invariant x (defined in Eq.(14)) stays rather small even for a head-on collision: x ∼ 10^{−5} − 10^{−4}. It is this quantity that measures the electron’s energy losses during the scattering process (see e.g. [24]). Accordingly, for chosen calculation parameters the energy losses of the electron are less than a percent of its energy.

The further decrease of the collision angle or the electron’s energy does not lead to the significant increase of the polarization degree. The maximum value of P ≈ 0.65 (65%) is observed for α ≈ 20^∘ and 2 < γ < 5 (in the description A). In addition, the probability of the process for very small collision angles (α → 0) is noticeably lower that results in the extremely high polarization times (see below). Note also that the polarization degree becomes even lower for non-relativistic electrons.

In the non-linear regime with ξ ≲ 1 [25] or even ξ ≫ 1 (Vulcan laser facility [29], project ELI [30]; see also a table in [31]), the electron absorbs n photons from the wave and emits only one final photon. Numerical estimations of the influence of the process non-linearity on the degree of polarization for parameters similar to those of the experiment at SLAC [25] (|E|/E_c ∼ 10^{−6}, ξ ∼ 0.5 for a photon with ω ∼ 1 eV) show no noticeable deviations from the linear scattering case. The difference of P from the values calculated in the linear regime is observed for the laser field strength |E|/E_c ≳ 10^{−5} and higher, but a significant increase of the polarization degree does not take place (see similar estimations for a high-power laser and ultrarelativistic electrons in Ref.[28]). Moreover, in the super-strong laser fields the electron beam’s energy losses significantly increase that makes such a polarization (even if it would take place in such a field) inconvenient from a practical point of view.

On the contrary, the probability of the process itself is significantly higher in the case of a high-power laser that results in the significant decrease of the polarization time T_{pol} (defined in Eq.(18)). Table 1 shows the characteristic relaxation times in the linear and non-linear regimes for the collision angle α = 20^∘. One may show that T_{pol} as a function of α decreases when increasing the collision angle (since the probability of emission rises, see below), and it is almost one order lower already for the angle α = 30^∘. Nevertheless, it is clear that the times necessary for polarization of a beam with degree P are many orders higher than the durations of the modern laser pulses (picoseconds) that makes the polarization of an electron (positron) beam with the use of this technique practically impossible.

The polarization time as a function of the laser field strength and the photon frequency has the following form: T_{pol} ∝ T_0 ( E_c |E| )_2 m ω . (41)

Figure 4: Polarization of the final electron beam as a function of the collision angle (weak laser wave, n = 1, ω = 1 eV). Left panel: γ = 5. Right panel: γ = 10. Solid curve: description A. Dashed curve: description B.

Table I: Approximate polarization time for the linear scattering (left column: ξ = 5 × 10^{−5}) and for the non-linear scattering (right column: ξ = 0.5; summed over 7 harmonics) according to both of the descriptions (A, B). Parameters: α = 20^∘, ω = 1 eV.

γ T_{pol}, s (|E|/Ec = 10^{−10} ) T_{pol}, s (|E|/Ec = 10^{−6}) 5 7 × 10^8 (A), 8 × 10^8 (B) 6 (A), 7 (B) 10 5 × 10^8 (A), 6 × 10^8 (B) 4 (A), 4 (B)

Note also that for almost co-propagating electrons and photons (α → 0), the value of T_{pol} falls as the initial electron’s energy decreases (in contrast to the dependence provided in Table 1). Such a behaviour of T_{pol} easily follows from the general considerations (see e.g. §101 in [4]). Indeed, in the case being considered two wave invariants H^2 − E^2 and (E · H) are equal to zero, and the probability of the process can be expressed through the dynamic invariant

χ^2 = − e^2 m^6

(F_{μν} p^ν )^2 = ( |E^′| E_c )_2

(42)

only. Here, F_{μν} = ∂_μA_ν − ∂_ν A_μ is the strength tensor of the laser field, and prime stands for the rest frame of the initial electron. This means that |E^′| must take place in the denominator of (41) rather than |E|. For a headon collision we have |E^′| ≈ 2γ|E|, so the polarization time has the damping factor γ^2 ≫ 1 in the denominator. However, for small values of the collision angle the opposite dependence takes place: |E^′| ≈ |E| √ (1 − β)/(1 + β).

Thus, for almost co-propagating electrons and photons the polarization time increases drastically as the electron’s energy rises. This explains the extremely low probability of the process and, accordingly, extremely high polarization time for small collision angles.

An additional remark concerning the strong laser fields with |E|/E_c > 10^{−5} is in order. First of all, for a process in such a strong field we must take into account additional diagrams, for example, the ones with emission of more than one photon (see e.g. [32]). When propagating through the laser field emitted photons may create an e^−e^+-plasma that becomes crucial already at field intensities as low as I ∼ 10^{24} W cm^{−2} (that corresponds to |E|/E_c ∼ 10^{−3}) [33]. Note that we actually mean the root-mean-square values of the field strength rather than the peak ones. Secondly, any real focused laser beam possesses longitudinal components of its electric and magnetic fields (even in the paraxial approximation, see e.g. [34, 35]). In contrast to the plane wave (3) being considered in this paper, such a field has a non-zero invariant H^2 − E^2 that results in the possibility of e^+e^−-pair creation from vacuum. The threshold of this process has been shown to depend strongly upon the laser parameters and has a value of I ≲ 10^{26} W cm^{−2} (|E|/E_c ∼ 10^{−2})[36]. Thus, for field strengths higher than |E| ∼ 10^{−5}E_c the model of the given (quasi-classical) laser field becomes invalid.

Finally, let us discuss the possible alternative descriptions of the final electron’s polarization. Along with two descriptions for longitudinal polarization (Eqs. (39), (40)), one can also measure the transverse polarization of the final electrons projecting the spins on the unit vectors p × k/(|p|ω) and p^′ × k/(|p^′|ω) for initial and final electron, respectively. One may easily prove that the degree of such a polarization is exactly zero for arbitrary values of the electron’s energy and collision angle (it follows already from the squared amplitude).

It is also important to note that none of the descriptions being discussed provides the high values of the polarization degree in the ultrarelativistic case reported in Refs.[20–22]. This may be explained by the fact that the eigenvalue of the spin operator used in the papers cited represents neither helicity nor the transverse polarization. The very similar result of the high polarization degree in the ultrarelativistic case was obtained in the preprint [23] by integrating the cross section in the rest frame of the initial electron. Moreover, one may show that the formula for polarization time calculated according to such an approach coincides with expression derived in [20–22] (we will not adduce these rather cumbersome calculations here). However, as it was demonstrated in Ref.[24] (and it is confirmed by the present calculations) the choice of the spin quantum numbers of [23] has no practical interest. Accordingly, the self-polarization effect predicted in Refs.[20–22] cannot be observed experimentally.

VI. DISCUSSION AND CONCLUSION

In this paper, we have reanalyzed the problem of the radiative polarization of electrons in a strong laser wave. We derived an expression for the squared amplitude which coincides with the one of Ref.[12] and is presented in the form which allows one to consider the case of the non-head-on collision and the moderately relativistic electron. By choosing the exact electron’s helicity as the spin quantum number we have studied in detail the process with a spin flip and conclude that the radiative polarization of electrons (positrons) is possible in the moderately relativistic regime only: γ ≲ 10. This conclusion generalizes the one of the Refs.[8, 24] where the Lorentz-invariant spin quantum numbers were used that provided the zero polarization.

However, the effective polarization time of the electron beam exceeds 1 s even for a high power optical or infrared laser with ξ ∼ 0.1 (|E| ∼ 10^{−6} E_c). We suppose that the maximum field strength for which the model of the given quasi-classical laser field stays valid is only one order higher: |E| ∼ 10^{−5} E_c (the corresponding relaxation time is two orders lower). This makes the experimental realization of such a polarization technique practically impossible.

We also explained that the results of [24] and [20–22] do not agree because the different spin quantum numbers were used in these papers. In particular, it seems that the choice which is made in Refs.[20–22] is inconvenient from a practical point of view.

It is important to note that our calculations refer to the emission rate of only one electron that results in the absence of any collective effects. One may expect some decrease of the polarization time during the coherent regime of emission which is not described by the present model (up to several orders of magnitude; see the corresponding estimations for coherent synchrotron radiation in [37]). Coherent radiation of an electron beam occurs when the emitted photon wavelength becomes larger than the effective beam length: λ^′ ≳ l_B . This indicates the region where the one-electron model of this paper becomes invalid. On the other hand, even regime of partial coherence (λ^′ ≲ l_B) would not change noticeably the main conclusions of this paper. For a typical bunch length of l_B ∼ 1 mm and laser photons with ω ∼ 1 eV (note that ω^′ ∼ ω for a moderately relativistic electron and a nonhead-on collision) condition λ^′ ≪ l_B is always fulfilled because for such a bunch length radiation becomes coherent in the THz part of the spectrum. Nevertheless, even in the coherent regime of emission the values of polarization time stay many orders higher than durations of the modern laser pulses (picoseconds).

In conclusion, we would like to note that the model of the laser field used in this paper represents the simplest transverse plane wave. It is intuitively clear that the more realistic description of a focused laser pulse would provide the higher influence of the laser wave on the electron’s spin. For example, an additional influence may be due to the non-zero longitudinal component of magnetic field of the focused laser pulse (the so-called TE-wave; see an exact solution of Maxwell equations presented in [34, 35]). However, an exact solution of the Dirac equation for an electron in such a field is unknown, which hampers the direct application of the Furry picture concept to this process. For a weak tightly focused laser wave one may expect that the corresponding calculations can be performed by generalizing the wave-packets approach used for Bessel photon beams carrying orbital angular momentum [38].

Acknowledgments

Author is grateful to V.G. Bagrov, A.P. Potylitsyn, V.G. Serbo and A.A. Tishchenko for stimulating criticism and useful discussions. The work is partially supported by the Russian Ministry for Science and Education within the program “Personnel of Innovative Russia” (contract No.Π1199) and the internal TPU grant No.2.81.11.

Appendix A: Some details of the squared matrix element calculations.

When calculating the one-spin-dependent terms M_s, M_s′ , it is necessary to evaluate the products ε^{μνηρ}s_μk_ν k_η^′e_{1ρ}. The last are calculated with the use of Eq.(4) and the following formula [39]:

ε^{μνηρ}ε_{ραβγ} = | | | | | | δ^μ_α δ^μ_β δ^μ_γ δ^ν_α δ^ν_β δ^ν_γ δ^η_α δ^η_β δ^η_γ

| | | | | | . (A1)

When calculating the terms M_{ss}′ depending upon both spins, it is necessary to evaluate the traces of six Dirac matrices that may be reduced to the traces of four matrices by using the standard anti-commutativity relation: Tr{γ^μγ^ηγ^ργ^σγ^λγ^τ } = g^{μη} Tr{γ^ργ^σγ^λγ^τ }− −g^{μρ}Tr{γ^ηγ^σ γ^λγ^τ } + g^{μσ}Tr{γ^ηγ^ργ^λγ^τ }− −g^{μλ}Tr{γ^ηγ^ργ^σγ^τ } + g^{μτ} Tr{γ^ηγ^ργ^σγ^λ}, (A2) or for the scalar products â ≡ (γa): Tr{âb̂ĉd̂êf̂} = (ab)Tr{ĉd̂êf̂} − (ac)Tr{b̂d̂êf̂}

+(ad)Tr{b̂ĉêf̂} − (ae)Tr{b̂ĉd̂f̂} + (af)Tr{b̂ĉd̂ê}.(A3) As a result, the part of the squared amplitude depending upon both spins reads M_{ss}′ = 2πe^2m^2ξ^2 (pk)(p^′k) (J^2_{n−1} + J^2_{n+1}) [ − ( (k′k)2 (pk)(p^′k) × (2n(p′k)(pk) (k^′k) − m^2_⋆ ) + (k^′k) ( (pk) (p^′k) + (p^′k) (pk) ) × ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) )) (s^′k)(sk) + ( (p^′k) +

(pk)^2 (p^′k) ) (s^′k)(sp^′) −(k^′k)^2 ( (s^′e_1)(se_1) + (s^′e_2)(se_2) ) − (s^′k)(se_2)

(k^′k)^2 (p^′k) × √ 2n(p^′k)(pk) (k^′k) − m^2_⋆ − (s^′e_2)(sk)

(k^′k)^2 (pk) × √ 2n(p^′k)(pk) (k^′k) − m^2_⋆ + ( (pk) + (p^′k)^2 (pk) ) (s^′p)(sk) −((p^′k)^2 + (pk)^2)(s^′s) ] + +8πe^2J^2_n [ (s^′s) ( m^2_⋆ + m^2ξ^2(k^′k)^2 2(p^′k)(pk) ) − −(k^′k) ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) )( (s^′e_1)(se_1) + (s^′e_2)(se_2) )

+(s^′p)(sp^′) +

(s^′p)(se_2) √_{2n(p′ k)(pk)} (k^′ k) − m 2 ⋆ × ( m^2_⋆ − n(p^′k) − n (p^′k)(pk) (k^′k) ) + + (s^′e_2)(sp^′) √_{2n(p′k)(pk)} (k^′ k) − m 2 ⋆ ( m^2_⋆ + n(pk) − n (p^′k)(pk) (k^′k) )

+n(k^′k)(s^′e_1)(se_1) − (s^′p)(sk)n (pk) (k^′k) − (s^′e_2)(sk)× n(pk) √_{2n(p′k)(pk)} (k^′ k) − m 2 ⋆ ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) ) −

−(s^′k)(se_2) n(p^′k) √_{2n(p′ k)(pk)} (k^′ k) − m 2 ⋆ ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) )

−(s^′k)(sp^′)n (p^′k) (k^′k) ] . (A4)

This expression still depends upon the unit vectors e_1, e_2 through the scalar products of the form (s^′e_1)(se_1). Calculation of the last is performed by using the following formula [39]:

ε^{μνηρ}ε_{αβγδ} = − | | | | | | | | δ^μ_α δ^μ_β δ^μ_γ δ^μ_δ δ^ν_α δ^ν_β δ^ν_γ δ^ν_δ δ^η_α δ^η_β δ^η_γ δ^η_δ δ^ρ_α δ^ρ_β δ^ρ_γ δ^ρ_δ

| | | | | | | | . (A5)

For the “extra” products in Eq.(A4) we obtain:

(s^′e_1)(se_1) = −(s^′s) + 1 (k^′k)^2 ( 2n(p′k)(pk) (k^′k) − m^2_⋆ )_{−1} ×

[ (s^′k^′)(sk) ( (k^′k) (2n(p′k)(pk) (k^′k) − m^2_⋆ )

−(p^′k)^2 ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) )) − (s^′k)(sk)(p^′k)(pk)× ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) )_2 − (s^′k^′)(sk^′)(p^′k)(pk) +(s^′k)(sk^′) ( (k^′k) ( 2n(p′k)(pk) (k^′k) − m^2_⋆ ) − −(pk)^2 ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) ))] , (s^′e_2) = − 1 (k^′k) √_{2n(p′ k)(pk)} (k^′ k) − m 2 ⋆ × ( (s^′k^′)(p^′k) + (s^′k)(pk) ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) )) , (se_2) = − 1 (k^′k) √_{2n(p′ k)(pk)} (k^′ k) − m 2 ⋆ × ( (sk^′)(pk) + (sk)(p^′k) ( n − m^2ξ^2(k^′k) 2(pk)(p^′k) )) , (A6)

that leads, in particular, to the rather simple expression:

(s^′e_1)(se_1) + (s^′e_2)(se_2) =

= −(s^′s) +

(s^′k^′)(sk) + (s^′k)(sk^′) (k^′k) . (A7)

By using the six vectors we deal with, s, s^′, p, p^′, k, k^′, it is possible to construct only ten pairwise scalar products of the form (s^′k)(sp^′) (including (s^′s) and taking into account that (sp) = (s^′p^′) = 0). Therefore, the terms M_{ss}′ will be expressed through these ten products. Taking into account the “spin conservation laws” (11), the number of such products may be reduced to six. After the removal of the vectors e_1, e_2 from Eq.(A4), one arrives at the more compact formula (26).

Appendix B: The squared amplitude for the linear scattering

In the limiting case of the weak laser wave (ξ → 0, n = 1) the combinations of Bessel functions which enter (31) have the following form (it follows from the asymptotes of these functions in the limit of the small argument):

J^2_0 − J^2_2 → 1, J^2_0 + J^2_2 − 2J^2_1 → 1, 2J^2_1 ξ^2 → m^2(k^′k) (pk)(p^′k) ( 1 − m^2(k^′k) 2(pk)(p^′k) ) . (B1)

The corresponding invariant coefficients are:

F_0 → (pk) 2(p^′k) + (p^′k) 2(pk) − m^2(k^′k) (pk)(p^′k) ( 1 − m^2(k^′k) 2(pk)(p^′k) )

+ m(k^′k) 2(pk)(p^′k) ( (sk^′) + (sk) ( 1 − m^2(k^′k) (pk)(p^′k) )) , f_1 → 1 (pk) ( m(k′k) 2(p^′k) + (sk) ( 1 − m^2(k^′k) 2(pk)(p^′k) )) , f_2 → 1 (p^′k) ( 1 − m^2(k^′k) 2(pk)(p^′k) ) × (m(k′k) (pk) + (sp^′) − (sk) (k^′k) (pk) ) , f_3 → m^2(k^′k) (pk)(p^′k) ( 1 − m^2(k^′k) 2(pk)(p^′k) ) − 1. (B2)

Going to the rest frame of the initial electron (p = {m, 0}, s = {0, ζ}, p^′ = k−k^′), we arrive at the following expressions entering the scattering amplitude squared:

2F_0 → ω ω^′ + ω^′ ω − sin^2 θ −

1 − cos θ m (ζ, k cos θ + k^′), 2(F s^′) → − 1 − cos θ m ( ζ^′, k cos θ + k^′−

−(1 + cos θ)(k − k^′) ω + ω^′ ω − ω^′ + 2m ) − − 1 + cos θ mω^′ ( (ζ, k − k^′)(ζ^′, k − k^′)× ω(1 + cos θ) + ω^′ cos θ(1 − cos θ) (1 + cos θ)(ω − ω^′ + 2m) + +(ζ, k)(ζ^′, k^′) ω(ω − ω^′) − 2mω^′ ω(ω − ω^′ + 2m) + (ζ, k^′)(ζ^′, k)− −(ζ, k)(ζ^′, k) ω^2 − (ω^′)^2 ω(ω − ω^′ + 2m) ) + +(1 + cos^2 θ)(ζ, ζ^′). (B3)

Here, the spin-independent terms in F_0 correspond to the Klein-Nishina formula, the one-spin-dependent terms coincide with expressions known in the literature (see, for example, functions f, g in Eq.(87.23) of [4] and also corresponding functions Φ_i of [5, 6]). The terms depending on both spins in (F s^′) also coincide with corresponding functions Φ_2(ζ, ζ^′) of Refs.[5, 6] (see Eq.(2.11) and Eq.(4.16), respectively). Indeed, in the works cited one may find a sum 1 + cos^2 θ + sin^2 θ(ω − ω^′)/(2m) at the product (ζ, ζ^′) where the last part of the sum seems to be superfluous. However, there also exists a term −(ω − ω^′)(ζ, n × n^′)(ζ^′, n × n^′)/(2m) (where n = k/ω, n^′ = k^′/ω^′) in the third line of Eq.(4.16) in [6]. Evaluating then the necessary scalar products as

(ζ, n × n^′)(ζ^′, n × n^′) = ε_{ijk} ε_{mnl}ζ_iζ^′_mn_j n_nn^′_kn^′_l (B4)

and taking into account the following formula[39]

ε_{ijk} ε_{mnl} = | | | | | | δ_{im} δ_{in} δ_{il} δ_{jm} δ_{jn} δ_{jl} δ_{km} δ_{kn} δ_{kl}

| | | | | | , (B5)

we obtain, in addition, another term (ζ, ζ^′) sin^2 θ [42] which cancels the superfluous one in the first line of Eq.(4.16) in [6]. Note that the same result for the square of the scattering amplitude in the linear regime is also given in [40].

[1] A.I. Nikishov, V.I. Ritus, Sov. Phys. JETP 19, 529 (1964).

[2] I.I. Goldman, Sov. Phys. JETP 19, 954 (1964). [3] N.B. Narozhny, A.I. Nikishov, V.I. Ritus, Sov. Phys.

JETP 20, 622 (1965).

[4] V.B. Berestetskii, E.M. Lifshitz, L.P. Pitaevskii, Quantum electrodynamics (Oxford, Pergamon, 1982).

[5] F.W. Lipps, H.A. Tolhoek, Physica 20, 395 (1954). [6] H.A. Tolhoek, Rev. Mod. Phys. 28, 277 (1956). [7] G.L. Kotkin, S.I. Polityko, V.G. Serbo, Nucl. Instr. Meth.

A 405, 30 (1998).

[8] I.M. Ternov, V.G. Bagrov, A.M. Khapaev, Ann. Phys.

(Leipzig) 22, 25 (1968).

[9] I.I. Goldman, V.A. Khoze, Phys. Lett. B 29, 426 (1969);

Sov. Phys. JETP 30, 501 (1970).

[10] Ya.T. Grinchishin, M.P. Rekalo, Sov. Phys. JETP 57, 935 (1983).

[11] E. Bol’shedvorsky, S. Polityko, A. Misaki, Progr. Theor.

Phys. 104, 769 (2000).

[12] D.Yu. Ivanov, G.L. Kotkin, V.G. Serbo, Eur. Phys. J. C 36, 127 (2004).

[13] A. Di Piazza, A.I. Milstein, C. Müller, Phys. Rev. A 82, 062110 (2010).

[14] T.-O. Müller, C. Müller, Phys. Lett. B 696, 201 (2011). [15] X. Artru, R. Chehab, M.Chevallier, et al., Nucl. Instr.

and Meth. B 266, 3868 (2008).

[16] R.W. Assmann, F. Zimmermann, CERN SL-2001-064-AP;

http://clic-study.web.cern.ch/CLIC-study/Publications/2001.html [17] I.R. Bailey, Cockcroft-08-05;

www.cockcroft.ac.uk/research/papers2008.htm [18] Yu.I. Klimenko, O.S. Pavlova, B.A. Lysov, et al., Russ.

Phys. J. 25, 960 (1982).

[19] I.M. Ternov, A.I. Studenikin, A.M. Khapaev, Russ. Phys.

J. 33, 45 (1990).

[20] V.G. Bagrov, G.F. Kopytov, S.S. Oksuzyan, et al., Dep.

VINITI, No. 4704 - B 88 (1988), in Russian.

[21] V.G. Bagrov, N.I. Fedosov, G.F. Kopytov, et al., Il Nuovo Cimento B 103, 549 (1989).

[22] V.G. Bagrov, G.F. Kopytov, N.I. Fedosov, Yad. Fiz. 51, 1336 (1990), in Russian.

[23] A.P. Potylitsyn, arXiv: 0203059v1.

[24] G.L. Kotkin, V.G. Serbo, V.I. Telnov, Phys. Rev. Spec.

Top. - Accel. Beams 6, 011001 (2003).

[25] C. Bamber, S.J. Boege, T. Koffas, et al., Phys. Rev. D 60, 092004 (1999).

[26] T. Heinzl, D. Seipt, B. Kämpfer, Phys. Rev. A 81, 022125 (2010).

[27] D.Yu. Ivanov, G.L. Kotkin, V.G. Serbo, Eur. Phys. J. C 40, 27 (2005).

[28] F. Ehlotzky, K. Krajewska, J.Z. Kamiński, Rep. Prog.

Phys. 72, 046401 (2009).

[29] The Vulcan laser: www.clf.rl.ac.uk [30] The Extreme Light Infrastructure (ELI) project:

www.eli-laser.eu [31] T. Heinzl, J. Phys.: Conf. Ser. 198, 012005 (2009).

[32] E. Lötstedt, U.D. Jentschura, Phys. Rev. Lett. 103, 110404 (2009).

[33] E.N. Nerush, I.Yu Kostyukov, A.M. Fedotov, et al., Phys.

Rev. Lett. 106, 035001 (2011).

[34] N.B. Narozhny, M.S. Fofanov, JETP 90, 753 (2000). [35] A.M. Fedotov, K.Yu. Korolev, M.V. Legkov, Proc. SPIE 6726, 672613 (2007).

[36] S.S. Bulanov, N.B. Narozhny, V.D. Mur, et al., JETP 102, 9 (2006).

[37] A.P. Potylitsyn, J. Phys. G: Nucl. Part. Phys. 37, 115106 (2010).

[38] I.P. Ivanov, V.G. Serbo, Phys. Rev. A 84, 033804 (2011). [39] L.D. Landau, E.M. Lifshitz, The classical theory of fields (Oxford, Pergamon, 1975).

[40] H.A. Olsen, Applications of quantum electrodynamics, Springer tracts in modern physics 44, 83 (1968).

[41] As it follows from Eq.(25), these functions would be equal to each other if the spin scalar products (e.g. (sk) and (s^′k)) would be equal too. For the spins being quantized along the initial photon’s momentum in the laboratory frame (ζ = ζk/ω, ζ^′ = ζ^′k/ω, ζ = ζ^′ = 1, k/ω = −p/|p|), these products in the same frame are: (sk) = −ω|p|/m + (k, p)E/(|p|m), (s^′k) = −ω|p^′| cos θe/m + (k, p^′)E^′ cos θe/(|p^′ |m)+(k, p/|p|−p^′ cos θe/|p^′|). Thus, these expressions are equal to each other only when neglecting the electron’s scattering: θe → 0, |p^′| ≈ |p|.

[42] Author is grateful to V. G. Serbo for pointing out this circumstance.