arXiv:1107.0265v3 [hep-th] 27 Sep 2011

UWThPh-2011-21

Intersecting branes and a standard model realization in matrix models

Athanasios Chatzistavrakidis^{∗,1}, Harold Steinacker^{†,2}, and George Zoupanos^{‡,3}

∗ Bethe Center for Theoretical Physics and Physikalisches Institut der Universität Bonn Nussallee 12, D-53115 Bonn, Germany

† Faculty of Physics, University of Vienna Boltzmanngasse 5, A-1090 Wien, Austria

‡ Physics Department, National Technical University, Zografou Campus, GR-15780 Athens, Greece

Abstract

We consider intersecting brane solutions of the type IIB matrix model. It is shown that fermionic zero-modes arise on such backgrounds, localized at the brane intersections. They lead to chiral fermions in four dimensions under certain conditions. Such configurations reproduce many of the welcome features in similar string-theoretic constructions. Therefore they can be used to construct semi-realistic particle physics models in the framework of Yang-Mills matrix models. In particular, we present a brane configuration which realizes the correct chiral spectrum of the standard model in the matrix model. Furthermore, the stability of intersecting branes is discussed by analyzing the 1-loop effective action. It is shown that intersecting branes may form a bound state for certain flux configurations. The four-dimensional geometry of the branes is generic, and determined by the (emergent) gravity sector of the matrix model.

1than@th.physik.uni-bonn.de 2harold.steinacker@univie.ac.at 3George.Zoupanos@cern.ch

Contents

1 Introduction 1

2 The IKKT matrix model 3

3 Intersecting branes 5 3.1 Multiple brane backgrounds . . . . . . . . . . . . . . . . . . . . . . . . . . 5 3.2 Explicit cases and chiral fermions . . . . . . . . . . . . . . . . . . . . . . . 8 3.2.1 R^2 ∩ R^2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.2.2 R^2 ∩ R^4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2.3 K ∩ R^2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.2.4 R^4 ∩ R^4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.2.5 R^2 ∩ R^2 ∩ R^4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.3 Remarks on supersymmetry . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4 Towards realistic scenarios 13 4.1 Standard model from four intersecting branes . . . . . . . . . . . . . . . . 14 4.2 Other models from five intersecting branes . . . . . . . . . . . . . . . . . . 17 4.3 Bosonic sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.4 Anomaly and other issues . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

5 One-loop effective action and stability 20 5.1 Interaction between branes . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 5.2 Kinetic sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

6 Discussion and conclusions 25

A Characters 27

B Supersymmetry and the zero-modes 29

1 Introduction

A long-standing problem in modern theoretical physics is to achieve a description of nature at the Planck scale, where quantum mechanics and gravity both become important. At this fundamental level, frameworks such as string theory and non-commutative geometry have provided numerous ideas and hints. On the other hand, our knowledge about the natural world to date resides in effective theories, such as the Standard Model (SM), which can be tested in accelerators. However, there is no convincing link up to now bridging fundamental and effective theories.

Matrix Models (MM) offer a framework where both profound conceptual problems as well as questions about low-energy physics may be addressed. Indeed, the MMs introduced by Banks-Fischler-Shenker-Susskind (BFSS) and Ishibashi-Kawai-Kitazawa- Tsuchiya (IKKT) are supposed to provide a non-perturbative definition of M theory and type IIB string theory respectively [1,2]. The latter MM may be also interpreted as a nonperturbative formulation of Supersymmetric Yang-Mills (SYM) theory on non-commutative four-dimensional space, realized as the Moyal-Weyl quantum plane R^4_θ embedded in ambient R^{10} . However, such MMs are much richer than the four-dimensional gauge theory; in particular, the geometry is dynamical, and the gauge theory is automatically coupled to (“emergent”) gravity. Since we consider that the gauge theory lives on a brane embedded in R^{10} , its effective geometry is governed (to a large extent) by the embedding of the brane. These geometrical degrees of freedom are dynamical and governed by the matrix model, leading to a gauge theory coupled to dynamical gravity. This effective or “emergent” gravity has been clarified and elaborated recently within the MM point of view [3, 4].

Apart from their fundamental significance, MMs are also useful laboratories for the study of structures which could be relevant from a low-energy point of view. Indeed, they generate a plethora of interesting solutions, corresponding to strings, D-branes and their interactions [2,5–7], as well as to non-commutative/fuzzy spaces [8–12]. Such backgrounds naturally give rise to non-abelian gauge theories. Moreover, intersecting non-commutative D-brane solutions and their stability were studied in [13–18]^4. However, these works do not address any issues related to possible phenomenological applications. Some attempts to discuss model building in the MM framework were made in [20] (see also [21]), where an orbifold MM was considered, and more recently in [22]. In the latter, the SM particles were accommodated in the MM but it was not clear how a chiral spectrum can be achieved.

From a string-theoretic point of view it is hard to underestimate the impact of Dbrane model building in the quest for phenomenological applications of string theory. Dbranes in type I and type II string theories provided from the beginning the possibility of a bottom-up approach to the string embedding of the SM [23–25]. Moreover, the study of intersecting brane configurations, where chiral fermions can be localized [26], opened up even more possibilities for model building in the context of type II orientifolds (see [28–31] and references therein).

In the present paper we explore the possibility to describe realistic low-energy physics in the framework of MMs. Since certain aspects of this task have not been touched upon before, we shall develop the necessary formalism as needed. Section 2 contains a brief exposition of the necessary facts about the type IIB MM. In particular, the generic solutions of the model are identified and its relation to emergent gravity is discussed.

In section 3 we present more general solutions of the MM, corresponding to multiple intersecting non-commutative brane backgrounds. We mainly focus on the case of flat branes and study in detail fermions in such backgrounds. Subsequently, explicit cases of brane configurations are considered and the zero-mode structure of the fermions on the brane intersections is determined. In particular, we study the cases of two D5 branes, one D5 and one D7 brane, two D7 branes and two D5 and one D7 brane. It is shown that chiral fermions can indeed be localized at the intersections.

Having proven that chiral fermions can be accommodated in the MM, we proceed in section 4 to the description of brane configurations which can support the gauge group and the particle spectrum of the SM. Essentially a single such configuration is determined, based on four D7 branes appropriately embedded in R^{10} and carrying appropriate fluxes on their compactified six-dimensional intersections. Moreover, we comment on the construction of other models, based on configurations of mutually intersecting D5 and D7 branes, which may provide additional features such as right-handed neutrinos. Finally, at the end of

4See also [19].

the section we discuss some further issues related to the bosonic sector of the model, the Yukawa couplings and the anomalies.

In section 5 we address the issue of the stability of the above configurations. Studying the 1-loop effective action of the MM, we argue that for certain flux configurations intersecting branes may form a bound state and therefore do not collapse into coinciding branes. Section 6 contains our conclusions. Finally, in the appendix A we present in more detail some computations related to characters of representations of SO(10), which are used in section 5. Appendix B contains a discussion of a supersymmetry structure which arises on the brane intersections.

2 The IKKT matrix model

Definition of the model The IKKT or IIB matrix model was originally proposed in [2] as a non-perturbative definition of the type IIB superstring theory. It is a zero-dimensional reduced matrix model defined by the action S = − Λ^4 g^2 T r( 1 4 [X_a, X_b][X^a, X^b] + 1 2 ψ̄Γ^a[X_a, ψ]), (1)

where X_a, a = 0, . . . , 9 are ten hermitian matrices, and ψ are sixteen-component Majorana- Weyl spinors of SO(9, 1). Indices are raised and lowered with the invariant tensor g_{ab} = η_{ab}, or possibly g_{ab} = δ_{ab} in the Euclidean version where SO(9, 1) is replaced by SO(10). The Γ^a are generators of the corresponding Clifford algebra. Λ is an energy scale, which we will set equal to one Λ = 1, and work with dimensionless quantities. Finally, g is a parameter which can be related to the gauge coupling constant.

The symmetry group of the above model contains the U(N) gauge group (where the limit N → ∞ is understood) as well as the SO(10) or SO(9, 1) global symmetry. Moreover, the model enjoys a N = 2 space-time supersymmetry (SUSY), realized by the following transformations,

δ^{(1)}_ϵ ψ = i 2 [X_a, X_b]Γ^{ab}ϵ, (2)

δ^{(1)}_ϵ X_a = iϵ̄Γ_aψ, (3) δ^{(2)}_ξ ψ = ξ, (4)

δ^{(2)}_ξ X_a = 0. (5)

Therefore, the amount of SUSY indeed matches that of the type IIB superstring. Let us also note that the homogeneous ϵ-supersymmetry is inherited by the maximal N = 1 SUSY of Super-Yang-Mills (SYM) theory in ten dimensions.

It is important to stress that due to its 0-dimensional nature, the IKKT model is not defined on any predetermined space-time background. Instead, space-time emerges as a particular solution of the model, as we discuss in the following. This picture provides a dynamical origin for geometry and space-time.

Equations of motion and basic solutions Varying the action (1) with respect to the matrices X_a and setting ψ = 0, the following equations of motion are obtained,

[X_b, [X^a, X^b]] = 0. (6)

Simple as they may appear, these equations admit diverse interesting and non-trivial solutions.

Clearly, the simplest solution is given by a set of commuting matrices, [X^a, X^b] = 0. In that case, the matrices X^a can be simultaneously diagonalized and therefore they may be expressed as X^a = diag(X^a_1 , X^a_2 , . . . , X^a_N ). (7)

However, such solutions are in a sense degenerate and do not lead to interesting dynamics.

For notational convenience let us now split the ten matrices X^a in two sets; we shall use the following notation,

X^a = ( X^μ Y^i ) , (8)

where the X^μ, μ = 0, . . . , 3 correspond to the first four X^a matrices and the Y^i, i = 1, . . . , 6 to the six rest of the X^a matrices respectively. Let us stress that although a splitting of the type 10 = 4 + 6 is considered here, this is not a priori favoured by the matrix model action^5. In this notation, another solution of the equations (6) is given by

X^a = (¯ X^μ 0 ) (9) where X̄^μ are the generators of the Moyal-Weyl quantum plane R^4_θ , which satisfy the commutation relation [X̄^μ, X̄^ν ] = iθ^{μν} , (10)

where θ^{μν} is a constant antisymmetric tensor. This solution corresponds to a single noncommutative (NC) flat 3-brane, which corresponds to space-time emerging as a solution of the matrix model. Being a single brane, this solution is associated to an abelian gauge theory. An obvious generalization of the above solution is given by

X^a = (¯ X^μ 0 ) ⊗ 1l_n, (11)

which is interpreted as n coincident branes carrying a non-abelian U(n) gauge theory.

In the following paragraph we shall briefly argue that deformations of the above brane, interpreted as more general (curved) submanifolds M^4 ⊂ R^{10} , are equipped with an effective metric. Therefore the effective field theory living on the brane is coupled to an effective gravity.

Emergent geometry and gravity. The flat solutions R^4_θ are special cases of NC branes with generic embedding in the ambient R^{10} . Such generic branes are desribed by quantized embedding functions X^a ∼ x^a : M^{2n} → R^{10} (12)

of a 2n dimensional submanifold, where the matrices X^a ∼ x^a are interpreted as quantized embedding functions. Furthermore,

[X^μ, X^ν] ∼ i{x^μ, x^ν } = iθ^{μν} (x) (13)

5However, there should be some dynamical reason within the matrix model why four dimensions are preferred, cf. [32, 33].

is interpreted as a quantized Poisson structure on M^{2n}. Here ∼ denotes the semi-classical limit where commutators are replaced by Poisson brackets, and x^μ are locally independent coordinate functions chosen among the x^a. Thus we are considering quantized embedded Poisson manifolds (M^{2n}, θ^{μν} ). The sub-manifold M^{2n} ⊂ R^{10} is equipped with a non-trivial induced metric

g_{μν} (x) = ∂_μx^a∂_ν x^bη_{ab} , (14)

via the pull-back of η_{ab}. It is then not hard to see [34] that the kinetic term for all (scalar, gauge and fermionic) fields in the MM on such a background M^{2n} is governed (up to possible conformal factors) by the effective metric G^{μν} ∼ θ^{μρ}θ^{νσ}g_{ρσ} , (15) so that G_{μν} must be interpreted as gravitational metric. Since the embedding is dynamical, the model describes a dynamical theory of gravity, realized on dynamically determined submanifolds of R^{10} .

3 Intersecting branes

3.1 Multiple brane backgrounds

In the previous section we presented the basic solutions of the IKKT matrix model corresponding to the four-dimensional Moyal-Weyl quantum plane, or to n coinciding flat non-commutative 3-branes. An obvious generalization is to consider 2n-dimensional quantum plane solutions of the model,

[X^a, X^b] = iΘ^{ab}, (16)

where Θ^{ab} has rank 2n and is embedded along R^{2n} in some given subspace. To emphasize the analogy with string theory, we will call such a solution a D(2n − 1)-brane, although there are no strings in the model. More solutions can be obtained by combining two or more of such solutions, embedded via block-matrices

X^a = ( X^a_{(1)} 0 0 X^a_{(2)} ) (17)

and similarly with more than two blocks. Furthermore, each block may be replaced by a stack of coinciding branes as in (11). In the present paper, we will assume that all these blocks share some common R^4_{0123} with generators

X^μ = {X^0, X^1, X^2, X^3}, (18)

and contain in addition some extra-dimensional R^{2n−4} in the transverse R^6 , parametrized in terms of Y^i, i = 1, .., 6. Explicitly^6,

X^μ = ( X^μ_{(1)} 0 0 X^μ_{(2)} ) = (¯ X^μ 0 0 X̄^μ ) , Y^i = ( Y^i_{(1)} 0 0 Y^i_{(2)} ) . (19)

6We hope that the size of the matrix X^μ is clear from the context and the notation below does not cause any confusion.

Now let us consider fermions in such a background, specifically bi-fundamental ones connecting the branes. We are interested in the zero-modes which are localized at the intersection, realized as off-diagonal matrices Ψ = ( 0 Ψ_{(12)} Ψ_{(21)} 0 ) . (20)

Those are candidates for chiral fermions. In order to study them we need to determine the action of the Dirac operator on them. Let us first note that according to the splitting (8), the ten-dimensional Clifford algebra, generated by Γ_a, naturally separates into a fourdimensional and a six-dimensional one as follows,

Γ_a = (Γ_μ, Γ_i), Γ_μ = γ_μ ⊗ 1l_8, Γ_i = γ_5 ⊗ Δ_i. (21)

Here the γ_μ define the four-dimensional Clifford algebra, γ_5 is the usual chirality operator in 4D, while the Δ_i define the six-dimensional Euclidean Clifford algebra. The explicit form of these representations will not be needed in the following and therefore it will not be given here^7.

The Dirac operator may be split as

/DΨ = /D_4Ψ + /D_6Ψ = /D_4Ψ + Δ_i[Y^i, Ψ], (22)

where /D_4 is the Dirac operator on the 4D quantum plane and /D_6 is its internal part,

/D_6· = Δ_i[Y^i, ·]. (23)

Focusing on the internal part /D_6, which will lead to localized zero modes at y^i ≈ 0, some intuition may be gained by writing

/D_6Ψ_{(12)} = Δ_i[Y^i, Ψ_{(12)}] = Δ_i(Y^i_{(1)}Ψ_{(12)} − Ψ_{(12)}Y^i_{(2)})

= Δ_i ( ([Y^i_{(1)}, Ψ_{(12)}] + Ψ_{(12)}Y^i_{(1)}) + ([Y^i_{(2)}, Ψ_{(12)}] − Y^i_{(2)}Ψ_{(12)}) ) . (24)

The expression in the second line is reminiscent of the coupling of a fermion to a magnetic field. Furthermore, let us consider the square of the internal part of the Dirac operator acting on the mode Ψ_{(12)},

( /D_6)^2Ψ_{(12)} = □_6Ψ_{(12)} + Σ_{ij} [Θ^{ij}, Ψ_{(12)}], (25)

where the Laplacian is defined as

□_6· = [Y_i, [Y_i, ·]], (26) and Σ_{ij} = i 4 [Δ_i, Δ_j]. (27)

7The interested reader may consult [36].

Then, noting that

□_6Ψ = (Y^iY^i)Ψ + Ψ(Y^iY^i) − 2Y^iΨY^i, □_6Ψ_{(12)} = Y^i_{(1)}Y^i_{(1)}Ψ_{(12)} + Ψ_{(12)}Y^i_{(2)}Y^i_{(2)} − 2Y^i_{(1)}Ψ_{(12)}Y^i_{(2)}, (28)

it is straightforward to show that

( /D_6)^2Ψ_{(12)} = Y^i_{(1)}Y^i_{(1)}Ψ_{(12)} + Ψ_{(12)}Y^i_{(2)}Y^i_{(2)} − 2Y^i_{(1)}Ψ_{(12)}Y^i_{(2)} +Σ^{(1)}_{ij} Θ^{ij}_{(1)}Ψ_{(12)} − Σ^{(2)}_{ij} Ψ_{(12)}Θ^{ij}_{(2)}. (29)

For simplicity we focus on the case of branes intersecting with angle^π_2 . We can then separate the indices i = 1, ..., , 6 into subsets where either Y^i_{(1)} or Y^i_{(2)} vanishes. Then Y^i_{(1)}Ψ_{(12)}Y^i_{(2)} = 0, and we find

( /D_6)^2Ψ_{(12)} = Y^i_{(1)}Y^i_{(1)}Ψ_{(12)} + Ψ_{(12)}Y^i_{(2)}Y^i_{(2)} + Σ^{(1)}_{ij} Θ^{ij}_{(1)}Ψ_{(12)} − Σ^{(2)}_{ij} Ψ_{(12)}Θ^{ij}_{(2)}. (30)

Here Θ^{ij}_{(1)/(2)} is the non-commutative flux on the brane described by Y^i_{(1)} and Y^i_{(2)} respectively, which using the above assumptions arises in the perpendicular blocks.

The above analysis corresponds to configurations with two quantum planes. It is straightforward to consider configurations with three quantum planes as well. Such configurations are embedded via the following block matrices,

X^a =

X^a_{(1)} 0 0 0 X^a_{(2)} 0 0 0 X^a_{(3)} . (31)

Assuming again that they all correspond to space-time filling branes, the matrices may be split in two parts,

X^μ =

X̄ μ 0 0 0 X̄^μ 0 0 0 X̄^μ , Y^i = Y^i_{(1)} 0 0 0 Y^i_{(2)} 0 0 0 Y^i_{(3)} . (32)

The bi-fundamental fermions in this background may be written as

Ψ = 0 Ψ_{(12)} Ψ_{(13)} Ψ_{(21)} 0 Ψ_{(23)} Ψ_{(31)} Ψ_{(32)} 0 . (33)

The Dirac operator is given by (22), while its internal part on each component is

/D_6Ψ_{(ab)} = Δ_i(Y^i_{(a)}Ψ_{(ab)} − Ψ_{(ab)}Y^i_{(b)}), (34)

for a, b = 1, 2, 3. One can then easily write down the formulae for ( /D_6)^2 and □_6. Later in this paper, in the discussion of the possibility to construct realistic models, we shall also consider configurations with four and five quantum planes. By now their treatment should be obvious and there is no need to keep cluttering with formulae.

Finally, it is important to understand the degrees of freedom in the block matrices. The diagonal block-matrices are elements in the matrix algebras End(H_a) and End(H_b) respectively, interpreted as functions on the corresponding quantum planes R^{2n}_a and R^{2n}_b represented on their corresponding Hilbert space H_{a/b}. In contrast, the off-diagonal block matrices, such as Ψ_{(ab)} and Ψ_{(ba)}, are not elements of an algebra but bi-modules over these two algebras acting from the left and from the right respectively. In other words,

Ψ_{(ab)} ∈ H_a ⊗ H^∗_b , Ψ_{(ba)} ∈ H_b ⊗ H^∗_a. (35)

They can be interpreted as oriented modes (”strings“) connecting the branes a and b.

3.2 Explicit cases and chiral fermions

In the previous subsection we studied general backgrounds of the IKKT matrix model, corresponding to flat intersecting non-commutative branes, and discussed fermions in such backgrounds. Let us now proceed to specific cases of brane intersections and study the chirality of the fermions in each case.

3.2.1 R^2 ∩ R^2

In order to understand the basic mechanism, it is instructive to start with the system of two D5 branes along R^2_{45} and R^2_{67} respectively, sharing a common R^4 . We will ignore the R^4 part from now on, which is common to all branes under consideration. Then we can write

Y^i_{(a)} = { y^i, i ∈ {1, 2} 0, otherwise , Y i (b) = { y^i, i ∈ {3, 4} 0, otherwise , (36)

while all other components vanish.

Let us recall the oscillator representation of the corresponding R^2_{θa} . It is given by the ladder operators

y^1 + iy^2 = a^†, y^1 − iy^2 = a, [a, a^†] = 2Θ^{12} =: θ_a, (37) y^3 + iy^4 = b^†, y^3 − iy^4 = b, [b, b^†] = 2Θ^{34} =: θ_b, (38)

which act on the Hilbert spaces H_a and H_b respectively and they satisfy^8

y^1y^1 + y^2y^2 = 1 2 (a^†a + aa^†) = θ_a(n̂_a + 1 2 ), y^3y^3 + y^4y^4 = 1 2 (b^†b + bb^†) = θ_b(n̂_b + 1 2 ). (39)

Here n̂_a = a^†a and n̂_b = b^†b are the usual occupation number operators.

We also introduce a fermionic oscillator representation for the Gamma matrices^9,

2α = Δ_1 − iΔ_2, 2α^† = Δ_1 + iΔ_2, {α, α^†} = 1, 2β = Δ_3 − iΔ_4, 2β^† = Δ_3 + iΔ_4, {β, β^†} = 1,

8Note that the sign of θ should be considered as positive in these formulae. 9We always assume a basis where the R^{2n}_θ has canonical form as in (38).

with {α, β} = 0 and we define the following chirality operators,

χ_α = iΔ_1Δ_2 = −2(α^†α − 1 2 ), χ_β = iΔ_3Δ_4 = −2(β^†β − 1 2 ), acting on the spin-^1_2 irreducible representation. Moreover, it is straightforward to show that

Σ_{12} = i 4 [Δ_1, Δ_2] = 1 2 [α, α^†] = 1 2 (1 − 2α^†α) = 1 2 χ_α (40)

and similarly Σ_{34} =^1_2 χ_b. Note that the chirality operator on R^2_a × R^2_b is then given by χ = χ_αχ_β.

The most general state Ψ_{(ab)} can be written as

Ψ_{(ab)} = |00⟩ψ_{00} + |01⟩ψ_{01} + |10⟩ψ_{10} + |11⟩ψ_{11}, (41)

where the ket denotes spinor states in obvious notation. Now recall (35), which implies that the most general wave-function ψ ∈ H_a ⊗H^∗_b can be written in terms of the eigen-basis of the correpsonding harmonic oscillator algebras, ψ ∈ ⊕_{n,m≥0} |n⟩_a⟨m|_b, (42) for any given spinor component. Thus the Dirac operator for the off-diagonal spinors can be written as

/D_6Ψ_{(ab)} = Δ_i(Y^i_{(a)}Ψ_{(ab)} − Ψ_{(ab)}Y^i_{(b)}) = (αa^† + α^†a)Ψ_{(ab)} − (βΨ_{(ab)}b^† + β^†Ψ_{(ab)}b) != 0, (43)

where in the last line we demand the Dirac operator to vanish so as to capture the corresponding zero modes. Moreover,

/D^2_6Ψ_{(ab)} = □Ψ_{(ab)} + Σ[Θ, Ψ_{(ab)}]

= θ_a(n̂_a + 1 2 )Ψ_{(ab)} + Ψ_{(ab)}θ_b(n̂_b + 1 2 ) + ΣΘ_{(ab)}Ψ_{(ab)} = θ_a ( n̂_a + 1 2 (1 − χ_α) ) Ψ_{(ab)} + θ_b ( n̂_b + 1 2 (1 + χ_β) ) Ψ_{(ab)}. (44)

Observe that Y^i_{(a)}Ψ_{(ab)}Y^i_{(b)} = 0 for the perpendicular branes under consideration. Here we define the effective flux Θ_{(ab)} := [Θ, .]|_{Ψ(ab)} = Θ_{(a)} − Θ_{(b)}, (45) acting on the off-diagonal modes Ψ_{(ab)}.

It follows that there is a single zero mode, which satisfies n̂_a = n̂_b = 0 and χ_α = 1, χ_β = −1. This implies that Ψ^{0,0}_{(ab)} = |10⟩ψ^{0,0}_{10} , ψ^{0,0}_{10} = |0⟩_a⟨0|_b, (46) which is naturally interpreted as bound state localized at the intersection of the two branes. This state is manifestly chiral, since χ_α = −χ_β = 1 and hence χ = −1. It corresponds to a fermionic “string“ connecting the two branes. In addition, there is a tower of massive fermions Ψ^{n,m}_{(ab)} = |ij⟩ψ^{n,m}_{ij} , ψ^{n,m}_{ij} = |n⟩_a⟨m|_b. (47) These can be interpreted as long fermionic strings stretching between the branes.

The chiral zero modes can be identified more quickly if we assume localization right away, so that ψ_{ij} = |0⟩_a⟨0|_b in (41). Then

/DΨ_{(12)} = αa^†Ψ_{(12)} − β^†Ψ_{(12)}b = 0, (48)

which gives again (46). Clearly this mechanism generalizes to any (orthogonal) intersection of quantum planes.

Let us note that in the present case of R^2 ∩ R^2 ⊂ R^6 , there are two remaining transversal directions. Therefore this mechanism will not lead to chiral zero modes in the tendimensional model. In order to avoid this problem, we will consider intersections of higherdimensional branes which span the entire R^6 . In that case, we will indeed obtain the desired chiral fermions.

Generalization. Since the Y^i_{(a)} will always generate quantum planes R^{2n}_{(a)} in the extra dimensions, we can generalize the above oscillator construction by choosing a basis such that R^{2n}_{(a)} decomposes canonically as products of 2-dimensional quantum planes R^{2n}_{(a)} = R^2_{θ1} × ... × R^2_{θn} . Rather than writing down cluttered general formulae, we discuss a few more cases explicitly.

3.2.2 R^2 ∩ R^4

In order to span the full R^6 , let us now consider a system of a D5 brane D_a and a D7 brane D_b, embedded along R^2_{45} ∩ R^4_{6789} . Generalizing the setup of the previous section, we need to add another bosonic algebra with operators b^′, b^{′†}, satisfying [b^′, b^{′†}] = θ_b′ , for R^4_{6789} , as well as a set of fermionic operators β^′, β^{′†} with {β^′, β^{′†}} = 1, for the Clifford algebra. The Dirac operator becomes

/D_6Ψ_{(ab)} = Δ_i(Y^i_{(a)}Ψ_{(ab)} − Ψ_{(ab)}Y^i_{(b)})

= (αa^† + α^†a)Ψ_{(ab)} − (βΨ_{(ab)}b^† + β^†Ψ_{(ab)}b + β^′Ψ_{(ab)}b^{′†} + β^{′†}Ψ_{(ab)}b^′)

and moreover,

/D^2_6Ψ_{(ab)} = θ_a(n̂_a + 1 2 )Ψ_{(ab)} + Ψ_{(ab)}θ_b(n̂_b + n̂_b′ + 1 2 ) + ΣΘ_{(ab)}Ψ_{(ab)} = θ_a ( n̂_a + 1 2 (1 − χ_α) ) Ψ_{(ab)} + ( θ_b(n̂_b + 1 2 (1 + χ_β)) + θ_b′ (n̂_b′ + 1 2 (1 + χ_β′ )) ) Ψ_{(ab)}.

This implies again that all zero modes are localized as ψ = |0⟩_a⟨0, 0|_b, and have the form

Ψ_{(ab)} = |100⟩|0⟩_a⟨0, 0|_b. (49)

This is clearly a chiral mode in R^6 with χ = +1, which implies also chirality in the 4- dimensional space-time because of the Majorana-Weyl condition in ten dimensions. If the two branes are replaced by n_a resp. n_b coinciding branes, we obtain chirally protected massless fermions on R^4 transforming as (n_a) ⊗ (n_b) under U(n_a) × U(n_b). These are the building blocks for the low-energy physics in the matrix model framework.

Note that in the case of two branes D_{(a)} ∩ D_{(b)} intersecting perpendicularly along a common R^4_θ , the chirality of the localized zero mode is given by

χ(Ψ_{(ab)}) = (−1)^{db/2}, (50)

where d_b denotes the number of extra dimensions of the brane D_{(b)}. In particular, for the above example we have χ(Ψ_{(ab)}) = 1, while χ(Ψ_{(ba)}) = −1.

3.2.3 K ∩ R^2

In principle, one can consider intersections of compact non-commutative branes such as fuzzy spheres and tori K = S^2_N , K = T^2_N [35]. These can be easily realized in terms of block-matrix configurations as before. From a semi-classical point of view one would expect that chiral zero-modes arise similarly from localized off-diagonal fermions. However, this is more complicated because of curvature. Indeed, the compact space may intersect the other brane in more than one location. We will appeal to the expected qualitative features in some examples below but postpone a more careful investigation of such scenarios to future work.

3.2.4 R^4 ∩ R^4

It is also interesting to consider the system of two D7 branes, e.g. R^4_{567} ∩R^4_{6789} . This system contains an additional common R^2 . Therefore, if the non-commutative structure respects this sub-space, the above story goes through with the obvious modifications. It leads to a single chiral zero mode with chirality χ = +1 on the (4+2)-dimensional intersection R^6 . However, from a physical point of view, we do not want flat R^6 but rather chiral zero-modes on 4D space-time.

There are two obvious ways out. First, we can assume that the 6-dimensional intersection has non-trivial geometry such as R^4 × T^2 or R^4 × S^2. We can then put a flux on this compact space^{10}, which implies (via the index theorem) that the lowest Kaluza-Klein modes on K are chiral and massless. This leads to a chiral effective 4D action, and the number of zero-modes is determined by the flux on K. Such compactified extra dimensions are very reasonable physically, and we will apply this mechanism in section 4.1.

There is another possibility which should also be explored. Even though R^4_{567} ∩R^4_{6789} = R^2_{67} , it may be that the non-commutative structures θ^{ab} do not respect this sub-space. Then the above derivation must be modified, which should be studied elsewhere.

3.2.5 R^2 ∩ R^2 ∩ R^4

As a further example consider R^2_{45} ∩ R^2_{67} ∩ R^4_{6789} . This is a system of one D7 and two D5 branes. According to the above results, Ψ_{(12)} connecting the R^2_{45} and the R^2_{67} brane is not chiral. Similarly Ψ_{(23)} connecting the R^2_{67} and R^4_{6789} is also non-chiral, since in that

10this is achieved if the two copies of the compact space K on the two branes have different quantization numbers N, e.g. S^2_N and S^2_{N−1} respectively [12, 36–38]; see also e.g. [39] for related work.

case there are two common directions and the full six-dimensional space is not saturated. However, the component Ψ_{(13)} connecting R^2_{45} and R^4_{6789} is chiral.

In the low-energy effective action on the common R^4 , we expect that non-chiral fermions will acquire a dynamical mass and disappear from the low-energy spectrum. Only the chiral zero modes are protected. Those are candidates for the fermions of the standard model.

In order to verify the above expectations let us consider the Dirac operator on the spinors. Evidently,

/D_6Ψ_{(12)} = (αa^† + α^†a)Ψ_{(12)} − (βΨ_{(12)}b^† + β^†Ψ_{(12)}b), (51) /D_6Ψ_{(13)} = (αa^† + α^†a)Ψ_{(13)} − (βΨ_{(13)}b^† + β^†Ψ_{(13)}b + β^′Ψ_{(13)}b^{′†} + β^{′†}Ψ_{(13)}b^′), (52) /D_4Ψ_{(23)} = −(β^′Ψ_{(23)}b^{′†} + β^{′†}Ψ_{(23)}b^′), (53)

noting that R^2_{67} ∩ R^4_{6789} corresponds to a 6-dimensional intersection, leaving only 4 extra dimensions. Accordingly, the square of the Dirac operator on the modes may be determined and subsequently be set to zero. As a result we find

/D^2_6Ψ_{(12)} = 0 ⇒ χ_α = 1, χ_β = −1, χ_β′ = ±1, (54)

/D^2_6Ψ_{(13)} = 0 ⇒ χ_α = 1, χ_β = −1, χ_β′ = −1, (55)

/D^2_4Ψ_{(23)} = 0 ⇒ χ_α = ±1, χ_β = ±1, χ_β′ = −1, (56)

where χ = ±1 indicates that the corresponding chirality is undetermined. According to this result, only Ψ_{(13)} is chiral in 4D, which confirms the above expectations.

3.3 Remarks on supersymmetry

Let us briefly discuss the supersymmetry of the brane configurations under consideration here. The basic brane solutions (16) of the matrix model are known to be^1_2 BPS states, preserving the supersymmetry (5) δ^{(1)}ϵ + δ^{(2)}_ξ for ξ =^1_2 Θ^{ab}Γ_{ab}ϵ. Thus 2 intersecting branes preserve a supersymmetry if and only if ξ =^1_2 Θ^{ab}_{(1)}Γ_{ab}ϵ =^1_2 Θ^{ab}_{(2)}Γ_{ab}ϵ, hence

Θ^{ab}_{(12)}Γ_{ab} ϵ = 0 (57)

using the notation (45). This means that Θ^{ab}_{(LR)}Γ_{ab} has reduced rank. Not surprisingly, this quantity will also play a significant role in the effective interaction between the branes as discussed in section 5. Denoting with f_i the eigenvalues of Θ^{ab}_{(12)} as in Appendix A, the eigenvalues of Θ^{ab}_{(12)}Γ_{ab} in the eigenbasis (90) are given by α_{ni} = ∑ n_i=±1 nifi. Since we

assume in this paper that Θ^{ab} for the two branes coincides on the intersection, it follows that Θ^{ab}_{(12)} has at least 2 vanishing eigenvalues, and the remaining f_i, i = 3, 4, 5 are determined by the noncommutative flux in the extra dimensions.

Now consider the case of 2 intersecting D5 branes as in section 3.2.1. Then f_3 and f_4 are the extra fluxes on the 2 branes, while f_5 = 0. Thus half of the α_{ni} are zero if and only if f_3 = ±f_4. In that case these configurations are^1_4 BPS. Indeed, we will see in section 5 that this is precisely the case where the interaction vanishes. An analogous result holds in the case of 2 intersecting D7 branes. This may be expected in view of known results in the literature [14, 27]. In the case of D5 ∩ D7 intersecting in a D3 as in section 3.2.2, the eigenvalues α_{ni} = ∑ n_i=±1 nifi for given f3, f4, f5 ≠ 0 can vanish only for special choices

of fluxes, such that e.g. f_3 + f_4 = ±f_5. In such cases, the configuration is^1_8 BPS, but generically there is no supersymmetry. Indeed we will see in section 5 that the interaction may have either sign in this case.

4 Towards realistic scenarios

Intersecting D-brane models proved to be a very fruitful arena in the quest of embedding the SM in string theory. Indeed, there exists a vast literature on the ongoing exploration of type II orientifold vacua which aspire to successfully describe the SM or Grand Unified Theories (GUTs) thereof (for reviews and a more complete list of references see [30, 31]).

In the present section we would like to discuss the possibility of realistic model building in the context of matrix models, based on the results of the previous sections. Let us first explain what is meant here by realistic. The minimum requirements that we shall impose include:

• The SM gauge group at low energies (plus some additional U(1) factors which become massive).

• Chiral fermion spectrum.

• Correct hypercharge assignment.

Another obvious requirement is that the model is anomaly free, which is discussed in section 4.4. Having ascertained these requirements, one may subsequently try to impose more phenomenological or theoretical requirements, such as proton stability, gauge coupling unification, family replication, mass hierarchies etc. Such a systematic analysis is left for future work. In the present work our main goal is to show that realistic model building in the above sense is indeed possible within the matrix model framework.

The most economic way to obtain the SM from intersecting branes in the matrix model appears to be via four branes D_a, D_b, D_c, D_d, which carry the gauge groups U(3)_C , U(2)_L, U(1)_c and U(1)_d. This possibility has been explored extensively in the context of string theory, with several possible variations, cf. [28–31]. We will discuss such configurations in the matrix model below. However, there are important differences to the string theory approach. The main difference is that we consider branes with extra dimensions embedded in R^{10} , rather than compactifing the 10-dimensional target space as in string theory^{11}. This has several implications. First, there is no tadpole condition, due to the non-compact embedding space. On the other hand, there are more restrictions for the representation content than in the string theory approach. In particular, all fermions must be in the (n_i) ⊗ (n_j ) of a pair of U(n_i) gauge groups, and no (n_i) ⊗ (n_j ) can arise. We will be led to essentially a single configuration with the correct spectrum of chiral zero-modes. This is essentially equivalent to a configuration of non-intersecting branes which was found previously in the matrix model framework [22], however without a mechanism for chirality. This mechanism is provided now by the intersections.

11The point is that embedded NC branes form a natural class of solutions in matrix models, and the IKKT model is expected to be UV finite on such backgrounds (with compactified extra dimensions such as fuzzy spheres), as in N = 4 SYM theory.

Table 1 brane gauge group brane embedding D_a U(3)_C D7 along R^4_{567} D_b U(2)_L D7 along R^4_{6789} D_c U(1)_c D7 along R^4_{6789} D_d U(1)_d D7 along R^4_{589}

Table 1: Gauge group and brane embedding for the model with four intersecting branes.

We will also discuss a possible generalization of this brane configuration with five branes, which allow to obtain right-handed neutrinos.

4.1 Standard model from four intersecting branes

Consider four branes D_a, D_b, D_c, D_d with gauge group

G = U(3)_C × U(2)_L × U(1)_c × U(1)_d, = SU(3)_C × SU(2)_L × U(1)_a × U(1)_b × U(1)_c × U(1)_d, (58)

It seems plausible that all intersections should be ”close to each other“, so that the branes can be considered as flat to a good approximation; distant intersections would presumably lead to decoupled sectors. We use this as a working hypothesis here, which allows us to work with planar branes. Furthermore, we restrict ourselves to the case of perpendicular intersections as above.

Clearly the left-handed quarks Q_L must arise on D_a ∩D_b, the right-handed quarks u_R, d_R on D_a ∩ D_c and D_a ∩ D_d respectively, say, and the right-handed electron e_R on D_c ∩ D_d. Thus all of these intersections must exist and provide localized chiral fermions. It is clear that this cannot work if D_a is a D5 brane^{12}. Furthermore, a doublet of left-handed leptons l_L should arise from the intersection of D_b with one of the two U(1) branes (this turns out to be possible, which is a non-trivial statement); let us denote this one with D_d. We will see that no second doublet of left-handed ”exotic“ leptons will arise at the intersection of D_b with the other U(1) brane.

We can therefore assume that D_a is a D7 brane embedded along R^4_{567} . In order to accommodate Q_L, u_R and d_R, all other branes must contain R^2_{89} . Furthermore D_b and D_d must span together the entire R^6 in order to provide l_L from D_b ∩ D_d, therefore they must both be 7-branes. Thus up to equivalence, we can assume that D_b is embedded along R^4_{6789} and D_d is embedded along R^4_{589} . Finally, in order to obtain e_R from D_c ∩ D_d it follows that D_c is embedded along R^4_{6789} . Thus we arrive at the embedding in table 1, with the particles at the intersections given in table 2. This corresponds to the following matrix

12if D_a is a D5 brane embedded e.g. along R^2_{45} , then all the D_b, D_c and D_d would have to be embedded along R^4_{6789} , and there would be no chiral leptons.

Table 2 Intersection Representation Particle flux D_a ∩ D_b (¯3, 2)(−1, 1, 0, 0) Q_L N^′_β − N_β D_a ∩ D_c (¯3, 1)(−1, 0, 1, 0) d_R N^{′′}_β − N_β D_a ∩ D_d (¯3, 1)(−1, 0, 0, 1) u_R N^′_α − N_α D_d ∩ D_b (1, 2)(0, 1, 0, −1) l_L N_γ − N^{′′}_γ D_d ∩ D_c (1, 1)(0, 0, 1, −1) e_R N^′_γ − N^{′′}_γ

Table 2: Particle spectrum at the brane intersections. The representation content appearing in the second column is given for the gauge group SU(3)_C × SU(2)_L × U(1)_a × U(1)_b × U(1)_c × U(1)_d, where the first parenthesis contains the quantum numbers for the nonabelian factors and the second parenthesis the abelian charges in the above order. The fourth column is related to the fluxes seen by the fermions on the compact spaces K, as discussed in the text.

realization of the chiral matter as anticipated in [22],

Ψ = 0_2 0 l_L Q_L 0 e_R 0 Q^R 0_3 , (59)

with

Q_L = ( u_L d_L ) , l_L = ( ν_L e_L ) , Q_R = ( d_R u_R ) . (60)

Here the branes are arranged in the order D_b, D_c, D_d, D_a, which is of course just conventional. The correct hypercharge is then reproduced by

Y = 0_2 −σ_3 −^1_3 1l_3 = −1 3 Q_a − Q_c + Q_d, (61)

which acts in the adjoint; here Q_{a,b,c,d} denotes the U(1) charges of the branes. Note that it follows from the above discussion that the intersection D_b ∩ D_c is not chiral, therefore there are no exotic chiral leptons with representation^{13} (1, 2)(0, 1, −1, 0). The lowerdiagonal blocks of the fermionic matrices are related to the upper-diagonal blocks by the 10-dimensional Majorana condition, and not displayed here. They correspond to the antiparticles with conjugate representation content.

Let us discuss the chirality in more detail. Since all branes are D7 branes, all zero modes on the 6-dimensional pairwise intersections have 6-dimensional chirality χ = +1, as discussed in section 3.2.4. This holds both for the upper-diagonal and the lower-diagonal entries in (59). In order to get 4-dimensional chiral fermions, we assume that the intersections D_i ∩D_j are compactified e.g. on 2-dimensional tori or spheres with a flux m_{ij}. Via the

13notice that these are the quantum numbers of the second Higgs doublet of the MSSM.

index theorem, this leads to |m_{ij}| fermionic zero modes ψ_{(ij)} with chirality sign(m_{ij} ). Note that the opposite zero modes ψ_{(ji)} see the opposite flux m_{ji} = −m_{ij} , and therefore have opposite chirality. Hence we need to realize the fluxes m_{ij} such that the correct 4-dimensional chiral fermion content of the standard model is obtained.

We now give such a flux compactification which reproduces the standard model. Take D_a to be K_α × K_β , D_b to be K^′_β × K_γ , D_c to be K^{′′}_β × K^′_γ , and D_d to be K^′_α × K^{′′}_γ (always omitting the common R^4 ). Here K stands for either T^2_N or S^2_N , and the subscripts indicate the tangent plane at the location of the intersection. Then the geometries of the intersections are as follows D_a∩D_b ∼= K_β ∼= D_a∩D_c, D_a∩D_d ∼= K_α, D_b∩D_d ∼= K_γ ∼= D_c∩D_d. However, e.g. K_α and K^′_α can have different quantization parameters N_α and N^′_α, which implies that e.g. ψ_{(ab)} feels a flux N_β − N^′_β while ψ_{(ad)} feels a flux N_α − N^′_α. Thus a possible assignment which gives the correct number of generations and chiralities is

N_γ − N^{′′}_γ = 3, N^′_γ − N^{′′}_γ = −3, N^{′′}_β − N_β = −3, N^′_β − N_β = 3, N^′_α − N_α = −3. (62)

It is obvious that this does have solutions. In this way, we have found a background which reproduces the exact standard model spectrum in the matrix model at low energies, including the appropriate number of generations.

In general, compactified extra dimensions may intersect more than once. This would lead to additional hidden sectors, or possibly to additional generations. Since the generations are realized above through indices associated to fluxes, we do not want any additional intersections here. We can indeed provide a realization of the above K_α, K_β, K_γ as 2-spheres with the desired properties. This is achieved e.g. by the following embedding

K_α ∼= S^2 ⊂ R^3_{456} centered at ⃗e_6, K_β ∼= S^2 ⊂ R^3_{678} centered at ⃗e_8, K_γ ∼= S^2 ⊂ R^3_{894} centered at ⃗e_4. (63)

Here ⃗e_i denotes the unit vector (0, ..., 1, ..., 0) in direction i. It is then easy to check that these spheres have only a single pairwise intersection at the origin, with tangent space R^2_{45} , R^2_{67} , R^2_{89} , respectively.

Such fuzzy sphere solutions indeed exist in the matrix model [8, 9], e.g. upon adding appropriate cubic terms to the action. The spheres (63) can be realized by adding a term of the form Tr ( ε^{(456)}_{abd} X^aX^bX^c + ε^{(678)}_{abd} X^aX^bX^c + ε^{(894)}_{abd} X^aX^bX^c ) , where the superscript in e.g. ε^{(456)}_{abd} indicates the possible values of the indices. It is easy to check that the desired fuzzy spheres are then indeed solutions of the matrix model.

Of course, adding such explicitly symmetry breaking terms to the model is undesirable from the gravity point of view. As shown in [40], there are in fact analogous solutions of the IKKT model without any additional terms, by giving them angular momentum and a modified NC structure. Although their intersections have not been studied, one should expect that the same qualitative features arise; this will be elaborated elsewhere.

Finally, we recall that all branes were assumed to be approximately flat and intersecting at π/2. This assumption may be too strong, and there may be different realizations of the SM upon relaxing these conditions. In particular if the branes intersect at different loci on the compactified extra dimensions, then it may be possible to consider also e.g. combinations of D5 and D7 branes. Intersections at different locations may lead to hidden sectors or to family replication. We leave such non-trivial geometries for future work. Nevertheless, it is quite striking that the correct SM spectrum arises quite naturally for the above configuration of intersecting branes, without exotic chiral particles.

4.2 Other models from five intersecting branes

Previously we showed that in order to realize the SM within the MM framework, the minimal set-up consists of four intersecting branes, which all have to be D7 ones. Thus the MM necessarily singles out one configuration, where the branes have six-dimensional intersections. This fact led us to the compactification of the two extra dimensions and the introduction of fluxes on them in order to achieve the correct SM spectrum.

The importance of the above restriction to D7 branes may be further illuminated by asking whether realistic brane configurations with purely four-dimensional intersections can be constructed in the present framework. The answer is no and the reason is the following. The obvious way to avoid having six-dimensional intersections is to relax the consideration of four intersecting branes. Indeed, let us consider a single fifth brane, say D_e, carrying a gauge group U(1)_e. Now the color brane can be either D5 or D7, since the additional freedom introduced by the presence of the fifth brane allows to circumvent the argument of the previous section. Then there are essentially two ways (up to equivalence) of embedding the branes in R^{10} , involving only 4-dimensional intersections of D5 with D7 branes as presented in table 3. Chiral particles may be accommodated at the intersections as in table 4. On the other hand, the intersections D_a ∩D_e, D_b ∩D_c, D_b ∩D_d and D_c ∩D_d are not chiral in this model and therefore chiral particles associated with them do not exist. This leads to the correct representation content of the SM (with right-handed neutrino), however the chiralities come out wrong. The point is that here we have no freedom to add fluxes in extra dimensions, which could fix the chiralities as in the previous section.

According to the above, our framework is very restrictive and forces us to consider D7 branes. In the present case of five branes this can easily be realized by appropriately promoting the D5 branes of table 3 to D7 ones and adding appropriate fluxes on the intersections, as before. This is interesting because the particle corresponding to the last row of table 4 is naturally identified with a right-handed neutrino ν_R. Therefore the extension of the SM by a ν_R is achieved in our framework with five D7 branes. Then the upper triangular matrix realization is

Ψ = 0_2 0 0 l_L Q_L 0 ( 0 e_R 0 ν_R ) Q_R 0 0 0_3

, (64)

while the correct hypercharge assignment is given by

Y = 0_{2×2} −σ_3 1 −^1_3 1l_{3×3} = − 1 3 Q_a − Q_c + Q_d + Q_e. (65)

Table 3 brane gauge group brane embedding 1 brane embedding 2 D_a U(3)_C D7 along R^4_{567} D5 along R^4_5 D_b U(2)_L D5 along R^2_{89} D7 along R^4_{6789} D_c U(1)_c D5 along R^2_{89} D7 along R^4_{6789} D_d U(1)_d D5 along R^2_{89} D7 along R^4_{6789} D_e U(1)_e D7 along R^4_{567} D5 along R^4_5

Table 3: Gauge group and brane embeddings for the models with five intersecting branes.

Table 4 Intersection Representation D_a ∩ D_b (¯3, 2)(−1, 1, 0, 0, 0) D_a ∩ D_c (¯3, 1)(−1, 0, 1, 0, 0) D_a ∩ D_d (¯3, 1)(−1, 0, 0, 1, 0) D_b ∩ D_e (1, 2)(0, 1, 0, 0, −1) D_c ∩ D_e (1, 1)(0, 0, 1, 0, −1) D_d ∩ D_e (1, 1)(0, 0, 0, 1, −1)

Table 4: Particle spectrum at the brane intersections. The representation content appearing in the second column is given for the gauge group SU(3)_C × SU(2)_L × U(1)_a × U(1)_b × U(1)_c × U(1)_d × U(1)_e.

4.3 Bosonic sector

So far, we only considered fermions in the off-diagonal blocks. There are clearly also bosonic matrices connecting the branes, corrersponding to scalar fields i.e. (generalized) Higgs fields. However, most of them will be massive and disappear from the low-energy physics. To see this, consider their action in the above R^2 ∩ R^2 background obtained from (28), which takes the form

□ϕ_{(ab)} = θ_a(n̂_a + 1 2 )ϕ_{(ab)} + ϕ_{(ab)}θ_b(n̂_b + 1 2 ), (66)

because Y^i_{(a)}ϕ_{(ab)}Y^i_{(b)} = 0 vanishes in that background. The minimum is clearly obtained for n̂_aϕ_{(ab)} = 0 = ϕ_{(ab)}n̂_b, thus ϕ^{0,0}_{(ab)} = |0⟩_a⟨0|_b. (67)

However, these lowest modes now have a non-vanishing mass

M^2_0 ϕ^{0,0}_{(ab)} = 1 2 (θ_a + θ_b)ϕ^{0,0}_{(ab)}. (68)

The fact that this mass does not vanish is due to the uncertainty in their localization, which leads to a quantum mechanical ”zero-point energy“ determined by the NC scale θ. In particular, supersymmetry is broken by non-commutativity.

The Yukawa couplings for the chiral fermions have the form Ψ_{(ba)}ϕ_{(bc)}Ψ_{(ca)}, which involves three branes. Since these bosonic modes ϕ_{(bc)} are massive for intersecting branes, the

Higgs field responsible for electroweak symmetry breaking can arise only from off-diagonal blocks connecting parallel branes. Indeed there are two parallel branes D_b and D_c in the first model in section 4.1, and the bosonic mode connecting these branes has the correct quantum numbers of the electroweak Higgs. It is easy to check that this leads to valid Yukawa couplings for the SM, however the couplings of the u_R quarks vanishes (since the bosonic mode connecting the D_b and the D_d brane is massive). In the second model in section 4.2, there are 3 parallel branes D_b, D_c and D_d, which may accomodate a rich Higgs sector and allows to realize all the necessary Yukawa couplings. Notice also that there are always several Higgs fields within a given block, corresponding to the different matrix components Y^i in the internal space. Their interactions should originate from the [Y^i, Y^j]^2 term in the matrix model, although the precise mechanism is at present unclear.

4.4 Anomaly and other issues

In string theory, there is a further constraint on the intersecting branes due to the tadpole cancellation condition [30]. It results from consistency conditions on the fluxes in compactified extra dimensions. However for branes embedded in flat R^{10} as considered here, this does not lead to any further constraints.

In the IIB matrix model, the only possible constraint on the brane configurations comes from stability considerations, notably at one loop. We study the stability of the intersecting brane configurations below. Although we cannot give a full analysis for the case of compactified branes, we do find clear evidence that intersecting branes can have an attractive interaction and thus form bound states.

Another important issue is the (chiral) anomaly. In the intersecting branes scenario, there are U(1) factors arising on each brane. The overall trace-U(1) is part of the gravity sector. Certain combinations of them combine to form anomalous-free U(1)’s, in particular as required in the standard model. However, some U(1)’s typically are anomalous from the low-energy point of view. On the other hand, it is clear that the entire model (including all massive brane modes arising in the off-diagonal sectors) is free of anomalies. This means that the low-energy anomalies are not pathological, but lead to non-standard implementation of the corresponding symmetry.

One mechanism which arises in a similar field-theoretical context is the Stückelberg mechanism [41], which implies that these would-be massless anomalous gauge fields acquire a mass and thereby disappear from the low-energy spectrum. This is related to the generalized Green-Schwarz mechanism [30] which governs the analogous issue in the string theory context. The precise implementation of these mechanisms in the present model should be studied in more detail elsewhere. Here we simply refer to the consistency of the model at the fundamental level and assume that these would-be anomalous U(1)’s disappear from the low-energy sector of the model.

Another important issue is the stability of these brane configurations, in particular the identification of brane configurations which are bound states and do not collapse into coinciding branes. The discussion of the one-loop effective action in the next section shows that there are several mechanisms which govern the interaction of such branes, depending on their fluxes, relative orientation, and so on. This is clearly a complicated dynamical issue which will require much more time and work to be understood. We will set up a suitable formalism for such an analysis, and briefly discuss some qualitative aspects.

Finally, it should be clear that what we obtained here is a version of the standard model which lives on noncommutative rather than commutative space-time. This means that there is a scale determined by θ^{μν} where the fuzzyness of the branes under consideration becomes important, both for space-time as well as for the internal spaces. Due to the maximal supersymmetry of the IIB model (corresponding to N = 4 SUSY on a R^4_θ brane), the pathological UV/IR mixing effects are expected to be absent [42], but noncommutativity plays a central role in the gravity sector [4]. It is therefore reasonable to expect that the physics of the model reduces to that of an ordinary gauge theory at low energies. However, more work is required to fully understand the impact of noncommutativity here.

5 One-loop effective action and stability

The most important aspect of the matrix model is that there is a clear concept of quantization: one should simply integrate over the space of all (bosonic and fermionic) matrices. This is the matrix analog of the Feynman path integral. In fact, the one-loop effective action for a general given background X^a in the matrix model can be written down in a remarkably compact way^{14} [2],

Γ_{1−loop}[X] = 1 2 Tr ( log(□ + Σ^{(Y )}_{ab} [Θ^{ab}, .]) − 1 2 log(□ + Σ^{(ψ)}_{ab} [Θ^{ab}, .]) − 2 log □ )

= 1 2 ( Tr_{(10)} log(1l + Σ^{(10)}_{ab} □^{−1}[Θ^{ab}, .]) − 1 2 ( Tr_{(16)} log(1l + Σ^{(16)}_{ab} □^{−1}[Θ^{ab}, .]) )

= 1 2 Tr ( − 1 4 (Σ^{(10)}_{ab} □^{−1}[Θ^{ab}, .])^4 + 1 8 (Σ^{(16)}_{ab} □^{−1}[Θ^{ab}, .])^4 + O(□^{−1}[Θ^{ab}, .])^5 ) . (69)

Here the traces are taken over operators on Mat(∞, C ) ⊗ V , where V is either the 10- dimensional vector or the 16-dimensional spinor representation of SO(9, 1), and

Θ^{ab} = −i[X^a, X^b] ,

(Σ^{(16)}_{ab} )^α_β = i 4 [Γ_a, Γ_b]^α_β ,

(Σ^{(10)}_{ab} )^c_d = i(δ^c_ag_{bd} − δ^c_b g_{ad}) , □ϕ = [X^a, [X_a, ϕ]] . (70)

It is easy to see using SO(10) group theory that the first three terms in the Taylor expansion in Θ^{ab} cancel identically, reflecting the maximal SUSY. The leading non-trivial term in such an expansion is given by the last line in (69). This implies that there are no UV divergences for fluctuations around 4-dimensional and 6-dimensional flat branes at one loop^{15}.

14Additional Wess-Zumino-type terms may arise in fully non-degenerate 10-dimensional backgrounds. They will not be discussed here, although they may be relevant in the most interesting configurations with chiral zero-modes, leading to non-trivial magnetic interactions [43].

15 For 8-dimensional branes, there are log-divergences for non-compact branes, but one may expect that there are no divergences even for 8-dimensional NC branes provided they are compactified.

The one-loop effective action is expected to capture the leading behaviour of branes in IIB supergravity [2]. We will briefly indicate how to apply this formula in the case of intersecting brane configurations. This should allow to understand their stability.

For the backgrounds under consideration here (i.e. blocks of various R^{2n}_θ ), we observe that [□, [Θ, .]] = 0. Therefore the 1-loop effective action can be written neatly in exponentiated form using a Schwinger parametrization^{16},

Γ_{1loop}[X]= − 1 2 Tr ∞∫ 0 ds s ( e^{−s(□+Σ(Y )ab [Θab,.])} − 1 2 e^{−s(□+Σ(ψ)ab [Θab,.])} − 2e^{−s□} )

= − 1 2 Tr ∞∫ 0 ds s e^{−s□} ( e^{−sΣ(10)ab [Θab,.]} − 1 2 e^{−sΣ(16)ab [Θab,.]} − 2 )

= − 1 2 ∞∫ 0 ds s Tr_A(e^{−s□}) ( tr_{(10)}(e^{−sΣ(10)ab [Θab,.]}) − 1 2 tr_{(16)}(e^{−sΣ(16)ab [Θab,.]}) − 2 ) . (71)

Here we separated the wave functions into a SO(10) sector with trace tr over the appropriate (vector or spinor) representation V , and a space-time sector denoted by A ∼= Mat(∞, C ). The latter consists of the modes around the background X^a.

For the SO(10) part, note that any given constant Θ^{ab} is in one-to-one correspondence^{17} with a generator of SO(10). Hence the SO(10) structure enters only via the characters

χ_V (H) = T r_V (e^H ), (72)

which are invariant under the adjoint action as well as Weyl reflections. This takes care of the SO(10) sector for fixed [Θ_{ab}, .].

For a single flat brane R^{2n}_θ , the one-loop effective action vanishes because [Θ^{ab}, .] = 0, and the characters cancel due to SUSY. Now consider a background of two flat branes as in (17), denoted as R^{2n}_L and R^{2n′}_R to be specific. We organize the space of modes accordingly into block structure. The contribution due to the diagonal blocks still vanishes as before. However we now get non-trivial contributions from the off-diagonal blocks, where Θ_{(LR)} = [Θ, .] = Θ_{(L)} −Θ_{(R)} is the difference of the “NC flux“ between the branes. This contribution is given by the following simple formula

Γ_{1loop}[X]= − 1 2 ∞∫ 0 ds s Tr_A(e^{−s□})χ(−sΘ_{(LR)}), (73)

where

χ(sΘ_{(LR)}) := χ_{10}(sΘ_{(LR)}) − 1 2 χ_{16}(sΘ_{(LR)}) − 2

= tr ( e^{sΣ(10)ab Θab(LR)} ) − 1 2 tr ( e^{sΣ(16)ab Θab(LR)} ) − 2. (74)

16This is based on the identity ∫_∞ 0 ds s (e^{−sA} − e^{−sB} ) = ln B − ln A. 17To see this, we can bring it into standard form involving only 2 × 2 antisymmetric block matrices on the diagonal, i.e. such that it is an element of the Cartan algebra. Using the Killing metric, this defines a corresponding weight μ.

Therefore the characteristic function χ(Θ_{(LR)}) governs the effective interaction between the branes. In particular, the sign of the one-loop action is determined by the sign of χ(Θ_{(LR)}).

These characters can be evaluated explicitly. We already pointed out that the first three terms in the Taylor expansion for χ(sΘ) vanish identically; this is a consequence of maximal SUSY. Moreover, it is not hard to show [44] that the leading contribution in Θ to the 1-loop action has the form

χ(sΘ)|_{O(Θ}4_) ∼ s^4 ( tr((Θg)^4) − 1 4 (tr(Θg)^2)^2 ) + O(sΘ^5), (75)

where Θg is viewed as 10×10 matrix. If Θ has rank 4, then this term is positive definite [45],

tr((Θg)^4 − 1 4 (tr(Θg)^2)^2 ∼ (Θ − ⋆_gΘ)^2(Θ + ⋆_gΘ)^2 ≡ Θ^2_+Θ^2_− ≥ 0, (76)

where ⋆_g is the Hodge dual with respect to the relevant 4-dimensional metric g_{ab}. Here Θ_∓ denotes the (anti-)self-dual components of Θ in its 4-dimensional subspace, which vanishes if and only if Θ is (anti-)self-dual. We will in fact derive a stronger result below. Thus the effective potential W = Γ_{1−loop} ∼ −χ < 0 is generically attractive in the rank 4 case. This is consistent with the results of [2] for the interaction of two anti-parallel D1-branes, which have rank two.

Explicit results for the characters. We summarize some results for the characters as explained in the appendix A. For a given flux Θ^{ab}_{LR}, we can choose a basis using a suitable SO(9, 1) rotation where Θ^{ab}_{LR} is block-diagonal:

Θ^{ab}_{LR} =

0 f_1 −f_1 0 . ..

0 f_5 −f_5 0 = f_1 iσ_2

. ..

f_5 iσ_2 . (77)

Notice that, in general, this basis need not coincide with the basis adapted to the intersection of the branes. For the vector representation this gives

χ_{(10)}(sΘ_{LR}) = tr(e^{sΘabLRΣ(Y )ab} ) = 5∑ i=1 (e^{2sfi} + e^{−2sfi} ) , (78)

while for the spinor representation one finds

2χ_{(16,±)}(sΘ_{LR}) = χ_{(32)}(sΘ_{LR}) = (e^{sf1} + e^{−sf1} ) . . . (e^{sf5} + e^{−sf5} ) , (79)

provided the rank is no more than 8 (since then both contributions from e^{±αf5} coincide).

Furthermore, we show in appendix A that

χ(sΘ_{LR}) = (e^{s2 (f1−f2)} − e^{− s2 (f1−f2)})^2(e^{s2 (f1+f2)} − e^{− s2 (f1+f2)})^2 ≥ 0, rank Θ_{LR} ≤ 4 χ(sΘ_{LR}) ... either sign, rank Θ_{LR} ≥ 6.

The first statement implies (76), since f_1 = ±f_2 is equivalent to Θ_{LR} being (anti)self-dual. Note that if the rank of Θ_{LR} is 6 or higher, then χ(Θ_{LR}) > 0 if two eigenvalues dominate but do not coincide, but χ(Θ_{LR}) < 0 if all eigenvalues are comparable.

5.1 Interaction between branes

Since the bare matrix model action does not give any interaction between two branes, the one-loop effective action should give the correct interaction at leading order.

Consider two branes along R^{2n}_a and R^{2n′}_b . As shown above, the sign of their effective potential W = Γ_{1−loop} ∼ −χ(Θ_{LR}) is governed by χ(Θ_{LR}). If Θ_{LR} has rank ≤ 4 then there is an attractive interaction, which cancels in the (anti-)self-dual case. Therefore lowdimensional branes should tend to coincide. If rankΘ_{LR} > 4, then branes may repel each other, in particular if the eigenvalues of Θ_{(LR)} approximately coincide. However vacuum states should have an overall attractive interaction, which arises if two eigenvalues dominate but do not coincide. The attractive interaction is maximized if there are two dominating eigenvalues of Θ_{(LR)}.

For example, consider a D3 and a D5 brane which intersect in R^4 , i.e. the D3 ⊂ D5. If their fluxes coincide in the common R^4 , then Θ_{(LR)} has rank 2 and we have a bound state. If the D3 and D5 have a generic orientation relative to each other, the rank of Θ_{(LR)} would typically be 6, and the interaction tends to be repulsive. Therefore the former brane configuration is preferred.

Now consider two D5 branes. Again for a generic relative orientation, the rank of Θ_{(LR)} would be large and the interaction tends to be repulsive. However if they intersect in R^4 with identical fluxes, then Θ_{(LR)} has rank 4, and they form again a bound state. This shows that intersecting brane configurations are not academic artefacts but preferred bound states. Moreover, the NC structures along the space-time R^4 indeed prefer to (almost) coincide, while the attraction is mediated by the flux in the extra dimensions.

In the case of a D5 brane and a D7 brane, the situation is more complicated. However, intersecting configurations should again be preferred, such that the flux cancels along their intersection. If the remaining Θ_{(LR)} is dominated by two eigenvalues, a bound state should form again. However since Θ_{(LR)} must have rank 6 in order to have chiral fermions, a more complete analysis including e.g. also the Wess-Zumino-type terms would be required. A similar discussion applies to the case of two intersecting D7 branes. This shows that the configurations of interest here may indeed be natural vacua of the matrix model.

In configurations with multiple branes, there might be a competition between the attractive and repulsive interactions between various brane pairs. One may hope that the physically relevant brane configurations are favoured in this way, leading possibly even to the required negative mass for the physical Higgs (since there are different forces which act on the branes). In fact, it is clear from (73) that the 1-loop interactions discussed here are indeed due to the various off-diagonal modes which connect the branes.

Another class of bound states arises if the flux on the common R^4 dominates but is not identical for the two branes, so that Θ_{(LR)} is dominated by the rank 4 sector along R^4 . This arises for e.g. anti-parallel branes. Such a scenario is interesting because Lorentz-violating effects on space-time R^4 due to Θ^{μν} may be averaged out.

Standard model compactification. Now consider the realization of the standard model in section 4.1 in more detail, with the specific compactification and fluxes as discussed there. Consider the intersection of D_a with D_b, say. The intersection is on a 2-sphere K_β with net flux Θ_{intersect} ∼ N^′_β − N_β = 3. This is much smaller than the individual fluxes ∼ N_α, N_γ on the two other, (locally) perpendicular spheres K_α resp. K_γ of the branes. Therefore the character χ(Θ_{LR}) which governs the interaction is dominated by the (difference of the) fluxes on K_α and K_γ , while the flux from K_β − K^′_β can be neglected. This means that we are indeed in the situation discussed above where the intersecting branes form a bound state. The same observation applies to all other pairwise intersections, except between D_b and D_c. Therefore this type of vacuum indeed forms a tightly bound state!

Of course there will be other configurations which also form bound states, and we cannot yet argue that this standard model vacuum is the preferred one. But it certainly is a reasonable candidate, and it is very remarkable that we can indeed ask and possibly answer such questions in a meaningful way.

5.2 Kinetic sector

Finally, we discuss how to evaluate the trace over the kinetic term Tr_A(e^{−α□}). We will only consider the case where both branes have a common R^4_θ sector, which commutes with the remaining extra-dimensional R^{2n} . Then

□ = □_4 + □_6, [□_4, □_6] = 0, (80)

so that e^{−α□} = e^{−α□4} e^{−α□6} . Then the ”scalar“ wave-functions for Ψ_± live in H_± = A_M4 ⊗ |n_a, n_b⟩⟨n_c|, (81) noting that any spin dependence is captured by χ(αΘ). The trace over the space-time modes is easy to carry out,

tr_A(e^{−α□4} ) = ∫ d^4p (2πΛ^2_{NC})^2 e^{−αΛ−2NCp·p} = 1 α^2

, (82)

where Λ^{−4}_{NC} = √ |θ^{μν} | is the scale of noncommutativity on R^4_θ . The off-diagonal oscillator modes give the following contribution

tr(e^{−α□6} ) = ∞∑ n_a,n_b,n_c=0 e^{−α(θana+θbnb+θcnc)} = 1 (1 − e^{−αθa} )(1 − e^{−αθb} )(1 − e^{−αθc} ) = { 1 + O(e^{−αθ}), α → ∞ α^{−3}, α → 0 (83)

if Θ^{ab}_{LR} has rank 10, and similarly for lower rank. Here θ = min(θ_i). Note that the n_i = 0 mode corresponds to the localized zero (or almost-zero) modes, while the n_i > 0 correspond to the excited massive ”stretched string“ modes. The pole at α = 0 only arises because of the infinite sum over the n_i. This leads to a UV divergence of the 1-loop effective action for rank > 6. However in the (more realistic) case of compactified extra dimensions, e.g. on a fuzzy sphere K = S^2_N , there are typically only finitely many Kaluza-Klein-like modes labeled by n_i, and no such UV divergence appears. We therefore assume that the extra dimensions are compactified, and replace the rhs of (83) by 1 + O(e^{−αθ}). Then Γ = ∫_∞ 0 dα α^3 χ(αΘ)(1 + h(αθ)). (84)

Recall also that χ(αΘ) = O(α^4), therefore the integrals have no UV divergence. However, the zero modes lead to a (standard) IR divergence α → ∞. This arises because the fields in the off-diagonal terms are charged and therefore contribute in the loop, unlike the blockdiagonal modes. This may be taken care of by subsequent spontaneous symmetry breaking, notably in the standard model.

In any case, it should be kept in mind that the backgrounds under consideration here are somewhat special. More general cases with fluxes on the branes that mix R^4 with the extra dimensions will be treated elsewhere, but the qualitative features are expected to survive.

6 Discussion and conclusions

The main objective of the present paper was to explore the possibility of constructing realistic models for particle physics within the type IIB matrix model.

We first identified solutions of the matrix model corresponding to multiple flat noncommutative branes, which moreover intersect with each other. The fermion spectrum of the model in such backgrounds was studied in detail. It was shown that chiral fermionic zero-modes arise at the intersection of the branes, provided these branes span together the full ten-dimensional space R^{10} .

Having established the existence of chiral modes in the above backgrounds, we initiated a search for realistic scenarios in this context. In particular, we presented a brane configuration which provides a realization of the standard model at low energies. It consists of four mutually intersecting D7 branes, which accommodate the particles of the SM at their intersections. It is worth noting that in the present context, the fact that all the branes are D7 is not an arbitrary choice but it is imposed by the requirement of correct embedding of the SM. Indeed, had one or more of the four branes been D5 instead, some of the chiral particles of the SM would have not appeared in the model. This is a first manifestation of the fact that the present framework is more restrictive than similar constructions in string theory. Moreover, it comes as a bonus that the model does not contain any exotic chiral particles. Furthermore, we should note that in the present model the intersections between the D7 branes are six-dimensional, and therefore some compactification is required. Compactified solutions, such as fuzzy spheres and fuzzy tori, are indeed known to exist in the matrix model. We have shown that one can indeed construct a workable model assuming that the extra dimensions are compactified. In addition, it turned out that the presence of appropriate fluxes in these extra dimensions is necessary in order to obtain the desired SM spectrum. It is welcome that these fluxes can also account for the number of generations in the SM.

Clearly, different brane configurations lead to different models. For example, models including a right-handed neutrino may be constructed in the matrix model upon the addition of a fifth abelian brane, as it was shown in section 4.2. It is worth noting that the additional freedom due to the introduction of a fifth brane allows in principle for the construction of brane configurations with purely four-dimensional intersections i.e. without six-dimensional ones. However, these fail to reproduce the correct SM spectrum without additional compactifications and fluxes. Therefore, even in this case D7 brane configurations are necessary. This is another manifestation of the fact that the present framework is very restrictive. This fact could be considered as an advantage, since it means that the matrix model offers less freedom on what can be done and what cannot and therefore favours less models than in similar string constructions.

Another interesting point is that supersymmetry is broken for the configuration considered here, due to the fluxes on the intersecting noncommutative branes. The reason is that while chiral fermions are protected, the bosonic modes aquire a mass due to the uncertainty relations on the NC branes.

Let us stress that an important feature of the above considerations and models is that they also include gravity. Indeed, if the IKKT model describes the type IIB string theory in the non-perturbative regime, then its solutions should also capture features associated to gravity. Moreover, since F-theory corresponds to type IIB string theory at strong coupling [51], the IKKT model should also capture mechanisms associated to F-theory, such as the recently conjectured relations with non-commutative geometry [52–54].

Finally, the issue of stability of the above configurations was addressed using the oneloop effective action. We argued that for certain flux configurations, intersecting branes may form a bound state and therefore do not collapse into coinciding branes. This is argued to hold for the standard model realization presented in this paper. Therefore the matrix model framework allows to address the difficult questions about the vacuum structure and its low-energy effective action in a meaningful way. We have demonstrated through an explicit construction that the standard model may indeed arise within this framework. The phenomenological aspects of this realization should be studied in more detail in future work.

Acknowledgments. We thank F. Lizzi for collaboration in the early stages of this project. H.S. would like to thank D. Blaschke for a related collaboration on the one-loop effective action, which provided valuable insights. Useful discussions with R. Blumenhagen, O. Ganor, S. Iso, H. Kawai, Y. Kitazawa, D. Lüst, J. Nishimura and N. Sasakura are greatfully acknowledged, as well as hospitality at UC Berkeley, KEK and the Yukawa Institute. A.C. would like to thank the Department of Physics of the University of Vienna for hospitality. This work was partially supported by the SFB-Transregio TR33 ”The Dark Universe” (Deutsche Forschungsgemeinschaft), the European Union 7th network program ”Unification in the LHC era” (PITN-GA-2009-237920), and the NTUA’s programmes supporting basic research PEBE 2009 and 2010. The work of H.S. was supported by the Austrian Science Fund (FWF) under contract P21610-N16.

Appendix

A Characters

The character for a representation V of some Lie algebra g is defined as

χ_V (H) = tr e^H , (85)

where H ∈ g (which is often assumed to be in the Cartan subalgebra and thus identified with a weight). Characters are very useful objects in group theory, notably because they satisfy χ_{V ⊗W} = χ_V χ_W . In the present context, we can interpret the term tre^{αΣabΘabLR} as character of SO(10).

For a given flux Θ^{ab}_{LR} (e.g. in the semi-classical limit at some point), we can choose a basis using a suitable SO(10) rotation where Θ^{ab}_{LR} is block-diagonal:

Θ^{ab}_{LR} ∼ 0 f_1 −f_1 0 .. .

0 f_5 −f_5 0 = f_1 iσ_2 .. .

f_5 iσ_2 . (86)

In this basis, we can then choose a corresponding fermionic oscillator rep. for the Gamma matrices,

2α_i = Γ_{2i−1} − iΓ_{2i} , 2α^†_i = Γ_{2i+1} + iΓ_{2i} , {α_i, α^+_j } = δ_{ij} , i = 1, 2, ..., 5 ,

iΓ_1Γ_2 = −2(α^+_1 α_1 − 1 2 ) , iΓ_3Γ_4 = −2(α^+_2 α_2 − 1 2 ) , etc.

Σ_{12} = i 4 [Γ_1, Γ_2] = 1 2 [α_1, α^+_1 ] = 1 2 (1 − 2α^+_1 α_1) = 1 2 χ_{(1)} = 1 2 σ_3 etc., (87)

which act on the spin^1_2 irrep. Thus

Θ^{ab}_{LR}Σ^{ab} = ∑ i f_i 1l ⊗ ... ⊗ σ_3 ⊗ ... ⊗ 1l, (88) χ_{(32)}(αΘ_{LR}) = tr_{32}(e^{αΘabLRΣ(ψ)ab} ) = (e^{αf1} + e^{−αf1} ) . . . (e^{αf5} + e^{−αf5} ) = ∑ n_i=±1 e^{αnifi} , (89)

which acts on C^{32} , where the σ_3 in (88) is in the i-th tensor slot. The most general state for a Dirac fermion Ψ can be written as Ψ = ∑ n_i=±1 ψ_{n1...n5} |n_1 . . . n_5⟩ψ_{n1...n5} , (90) where the ket denotes spinor states. It is the sum of both chiral representations, whose character is

χ_{(16,+)}(αΘ_{LR}) = ∑ n_i=±1, ∑ n_i=5,1,−3 e^{αnifi} = e^{α(f1+f2+f3+f4+f5)} + e^{α(f1 +f2−f3−f4+f5)} + e^{α(f1 +f2−f3−f4−f5)} + e^{α(f1+f2+f3−f4−f5)} + e^{α(−f1−f2+f3+f4+f5)} + e^{α(−f1+f2−f3+f4+f5)} + e^{α(−f1 +f2+f3−f4+f5)} + e^{α(f1+f2+f3+f4−f5)} + e^{α(f1 −f2−f3+f4+f5)} + e^{α(f1−f2+f3−f4+f5)} + e^{α(f1−f2+f3+f4−f5)} + e^{α(f1 −f2−f3−f4−f5)} + e^{α(−f1+f2−f3−f4−f5)} + e^{α(−f1 −f2+f3−f4−f5)} + e^{α(−f1−f2−f3+f4−f5)} + e^{α(−f1−f2−f3−f4+f5)} , (91) and similarly for χ_{(16,−)}. Notice that tr_{16,±}(e^{αΘabLRΣ(ψ)ab} ) =^1_2 tr_{32}(e^{αΘabLRΣ(ψ)ab} ) whenever Θ_{LR} has rank at most 8, since then both contributions from e^{±αf5} coincide.

On the vector representation (10), we can use the 10 × 10 matrix (Θ^{ab}_{(LR)})δ_{bb}′ itself as generator^{18}, i.e.

J_{(LR)} := Σ^{(vector)}_{ab} Θ^{ab}_{(LR)} ≡ (Θ_{(LR)})^{ab}. (92) This gives χ_{(10)}(αΘ_{LR}) = tr(e^{αΘabLRΣ(Y )ab} ) = ∑ i (e^{2αfi} + e^{−2αfi} ) . (93)

Thus for a general rank 4 flux one finds

χ(αΘ_{LR}) = tr_{10}(αΘ_{LR}) − 1 4 tr_{32}(αΘ^{ab}_{LR}) − 2 = (e^{2αf1} + e^{−2αf1} + e^{2αf2} + e^{−2αf2} + 6) − 1 4 8(e^{αf1} + e^{−αf1} )(e^{αf2} + e^{−αf2} ) − 2 = (e^{α(f1−f2)/2} − e^{−α(f1−f2)/2})^2(e^{α(f1+f2)/2} − e^{−α(f1+f2)/2})^2 ≥ 0 , (94) which is positive definite, and vanishes precisely for (anti-) self-dual 4-dimensional fluxes Θ_{LR}. This is consistent with previous results.

For a 6- and higher-dimensional flux, χ can have either sign. Let A_i = (e^{αfi} + e^{−αfi} ) = 2 cosh(αf_i) ≥ 2. (95) Clearly χ(Θ_{LR}) is a totally symmetric polynomial in the A_i. More precisely, χ(Θ_{LR}) = (A^2_1 + A^2 + A^2_3 − 2) − A_1A_2A_3 − 2, rank Θ_{LR} = 6, χ(Θ_{LR}) = (A^2_1 + A^2 + A^2_3 + A^2_4 − 6) − 1 2 A_1A_2A_3A_4 − 2, rank Θ_{LR} = 8.

Clearly if there are two dominating eigenvalues f_{1,2} and the remaining |f_i| are much smaller, then χ ≈ χ(f_1, f_2) ≥ 0. However, they become negative if three of more eigenvalues become comparable^{19}. Indeed for coinciding eigenvalues A_i ≈ A in the rank 6 case, χ^{(3)} ≈ χ^{(3)}(A) = 3A^2 − A^3 − 4 = −(−2 + A)^2(1 + A) ≤ 0. (96)

18for general signature one should replace (Θ_{(LR)}δ) with (Θ_{(LR)}η). However only the Euclidean directions will be relevant below, thus we will ignore this distinction.

19note that for given A_i ≥ 2, the sum A^2_i + A^2_j is minimized for fixed A_iA_j if and only if A_i = A_j . Therefore χ(Θ_{LR}) takes its minimum for given product of the A_i if and only if all A_i coincide.

Similarly for the rank 8 case,

χ^{(4)} ≈ χ^{(4)}(A) = 4A^2 − 1 2 A^4 − 8 = − 1 2 (−4 + A^2)^2 ≤ 0, (97)

which become negative since the fermionic sector dominates. The rank 10 case is more complicated since we need to distinguish between the chiralities, but clearly again either sign can arise.

B Supersymmetry and the zero-modes

Supersymmetric quantum mechanics The oscillator approach, which was used in section 3 to describe the quantum planes, naturally leads to algebraic structures which are well-known from Quantum Mechanics (QM). In particular, it will be shown here that there is a natural realization of a supersymmetry algebra, in analogy to supersymmetric QM (for an excellent review see [46]; see also chapter 3 of [47]). In fact supersymmetry provides an alternative framework to study the existence of fermionic zero-modes due to its well-known relation to the index theorem [48–50].

A supersymmetric quantum mechanical system consists of a Hilbert space H, which separates into two subspaces H_b and H_f , associated with bosonic, say |b⟩, and fermionic, say |f⟩, states respectively. On this Hilbert space there is an action of the operators H, the Hamiltonian, and Q^i, Q^{i†}, i = 1, . . . N, the supercharges, satisfying the following supersymmetry algebra^{20}, {Q^i, Q^{j†}} = 2δ^{ij}H, [Q^i, H] = [Q^{i†}, H] = 0, (Q^i)^2 = (Q^{i†})^2 = 0. (98)

Moreover, the fermion number operator or Witten index (−1)^F , characterizing the spinstatistical nature of each quantum state, may be defined. This operator anticommutes with the supercharges. Finally, using the supercharges defined above, one may define Hermitian supercharges Q^i_H as

Q^i_H = 1 √ 2 (Q^i + Q^{i†}). (99)

In QM, the algebraic method amounts to the consideration of creation and annihilation operators. For a (one-dimensional) bosonic set of states the relevant operators are a = x+ip, a^† = x − ip, which satisfy the commutation relations [a, a^†] = 1, [a, a] = [a^†, a^†] = 0. Similarly, a fermionic set of states may be described using operators α, α^† satisfying the anticommutation relations {α, α^†} = 1, {α, α} = {α^†, α^†} = 0.

According to the above, a supersymmetric QM system in one dimension may be associated with two sets of operators, a, a^† and α, α^† with the above properties. The Hamiltonian of the combined system is given by

H = H_b + H_f = n̂_a + n̂_α, (100)

20This is the sl(1/1) superalgebra.

where n̂_a = a^†a and n̂_α = α^†α are number operators, and it acts on a Hilbert space of quantum states of the form |b⟩ ⊗ |f⟩ ∈ H = H_b ⊕ H_f . (101) The supercharges may in turn be defined as Q = √ 2a^†α, Q^† = √ 2aα^†, (102)

while the Hermitian one takes the form

Q_H = a^†α + aα^†. (103)

Then it is rather straightforward to show that the square of the Hermitian supercharge is equal to the Hamiltonian of the system,

Q^2_H = H. (104)

The simplest quantum mechanical system exhibiting the above algebraic structure is that of a charged particle moving on a two-dimensional plane under the influence of a constant magnetic field B = Bẑ perpendicular to it. In that case the Hamiltonian of the system is given by H = H_b + H_f = ℏω_B(a^†a + α^†α) (105) where the bosonic part is given by

H_b = π^2_x + π^2_y 2m = ℏω_B(a^†a + 1 2 ), (106)

where π_i, i = x, y are the canonical momenta, while the fermionic part is H_f = −μ · B = ℏω_B (α^†α − 1 2 ), (107)

reflecting the coupling of the particle’s magnetic moment to the magnetic field.

Supersymmetry and the quantum planes. In our framework we do not deal with QM but rather with quantum spacetime, with commutation relations of the form

[X^a, X^b] = iθ^{ab}. (108)

Therefore, the operators a, a^† etc. in our case are not combinations of positions and momenta; they strictly combine positions, as in (38). However, although the physical interpretation is different, the mathematical similarity may be exploited further.

Consider the two-dimensional Moyal-Weyl quantum plane R^2_θ given by (108) with a, b = 1, 2. Then in complete analogy with the previous paragraph, let us define the operators

a = X^1 + iX^2, a^† = X^1 − iX^2, (109)

as well as the anticommuting operators α, α^† as above. These operators satisfy all the properties of the previous paragraph. Moreover, they may be used to define the Hamiltonian H, as well as the supercharges Q, Q^†, Q_H exactly as before. Therefore, considering a Hilbert space of bosonic and fermionic quantum states on the R^2_θ , we end up with a system which is formally the same as the supersymmetric QM ones.

Going one step further, let us consider again the two perpendicular quantum planes R^2_{45} ∩ R^2_{67} , as in section 3. There we introduced two sets of bosonic oscillators for the ”bosons“, namely a, a^†, b, b^† and two fermionic ones for the ”fermions“, namely α, α^†, β, β^†. Let us now show how to realize the supersymmetry algebra (98). The supercharges are given by the following operators,

Q_{(1)} = √ 2αa^†, Q^†_{(1)} = √ 2α^†a, (110)

Q_{(2)} = √ 2βb^†, Q^†_{(2)} = √ 2β^†b. (111)

Defining

Q = Q_{(1)} + Q_{(2)}, (112) Q^† = Q^†_{(1)} + Q^†_{(2)}, (113)

it is easy to check that the above operators indeed satisfy the properties of the algebra (98) for N = 1, with Hamiltonian

H = n̂_a + n̂_b + n̂_α + n̂_β. (114)

Let us note that H indeed deserves to be called the Hamiltonian of the system for one more reason apart from being the sum of the occupation numbers of a system of two fermionic and two bosonic oscillators. In (44), we observe that

H = /D^2, (115)

as expected. Therefore the Hamiltonian is equal to the square of the Dirac operator on the quantum planes. This will be very important in the following discussion concerning the fermionic zero-modes.

Fermionic zero-modes. Let us finally discuss the relation between the supersymmetric formulation of the previous paragraphs and the existence of fermionic zero-modes on the intersecting solutions of the matrix model.

In the above discussion of supersymmetric QM, the operator (−1)^F was introduced. The importance of this operator lies in the fact that its trace is in fact topologically stable and it corresponds to the mathematical concept of the index of an elliptic operator. Indeed, as it was shown in [48], the following relations hold,

T r(−1)^F = n^0_b − n^0_f = index( /D), (116)

where n^0_b and n^0_f denote the zero-energy bosonic and fermionic modes respectively, while /D is the Dirac operator of the system, which is in fact equal to the Hermitian supercharge, i.e.

/D = Q_H . (117)

The most important property of the operator T r(−1)^F is that when it is not zero, supersymmetry is not spontaneously broken.

The relevance of the above to our discussion comes along with the formulational coincidence between supersymmetric QM and the oscillator representation for the quantum planes. Indeed, in the case of two intersecting quantum planes studied in section 3.2.1, we have determined the Dirac operator for the off-diagonal spinors. It is given by eq. (43). Moreover, in eq. (44) appears the square of the Dirac operator. In the present formulation, these equations may be rewritten as

/D_6Ψ_{(ab)} = ( Q_{H(1)} − Q_{H(2)} ) Ψ_{(ab)} = 1 √ 2 ( Q_{(1)} + Q^†_{(1)} ) Ψ_{(ab)} − 1 √ 2 ( Q_{(2)} + Q^†_{(2)} ) Ψ_{(ab)} (118) and /D^2_6Ψ_{(ab)} = 1 2 ( Q_{(1)} + Q^†_{(1)}

)_2 Ψ_{(ab)} + 1 2 ( Q_{(2)} + Q^†_{(2)}

)_2 Ψ_{(ab)}. (119)

Therefore the presence of zero-modes is equivalent to the conditions

Q_{H(1)}Ψ_{(ab)} = 0, (120) Q_{H(2)}Ψ_{(ab)} = 0, (121)

which directly imply the result appearing in eq. (46). In that case, we observe that supersymmetry is not spontaneously broken. Indeed, in the present case it holds that n^0_b = 0, while n^0_f ≠ 0 and therefore T r(−1)^F ≠ 0. An alternative way to see this is through the vacuum energy of the system. As long as the conditions (120) and (121) hold and since the Hermitian supercharge is related to the Hamiltonian of the system as in (104), it follows that the vacuum energy vanishes. This directly implies the presence of supersymmetry, the vacuum energy being the order parameter for (global) supersymmetry breaking. Of course, this quantum mechanical supersymmetry has nothing to do with the space-time supersymmetry on R^4 .

Evidently, the above discussion can be straightforwardly generalized for any other system of intersecting quantum planes, i.e. for more than two quantum planes or for higherdimensional ones. The results are then qualitatively the same as the ones presented here.

References

[1] T. Banks, W. Fischler, S. H. Shenker, L. Susskind, “M theory as a matrix model: A Conjecture,” Phys. Rev. D55 (1997) 5112-5128. [hep-th/9610043].

[2] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, “A large-N reduced model as superstring,” Nucl. Phys. B 498 (1997) 467 [arXiv:hep-th/9612115].

[3] H. Steinacker, “Emergent Gravity from Noncommutative Gauge Theory,” JHEP 0712, 049 (2007). [arXiv:0708.2426 [hep-th]].

[4] H. Steinacker, “Emergent Geometry and Gravity from Matrix Models: an Introduction,” Class. Quant. Grav. 27 (2010) 133001 [arXiv:1003.4134 [hep-th]].

[5] I. Chepelev, Y. Makeenko, K. Zarembo, “Properties of D-branes in matrix model of IIB superstring,” Phys. Lett. B400 (1997) 43-51. [hep-th/9701151].

[6] A. Fayyazuddin, D. J. Smith, “P-brane solutions in IKKT IIB matrix theory,” Mod.

Phys. Lett. A12 (1997) 1447-1454. [hep-th/9701168].

[7] H. Aoki, N. Ishibashi, S. Iso, H. Kawai, Y. Kitazawa, T. Tada, “Noncommutative Yang-Mills in IIB matrix model,” Nucl. Phys. B565 (2000) 176-192. [hep-th/9908141].

[8] S. Iso, Y. Kimura, K. Tanaka, K. Wakatsuki, “Noncommutative gauge theory on fuzzy sphere from matrix model,” Nucl. Phys. B604 (2001) 121-147. [hep-th/0101102].

[9] Y. Kimura, “Noncommutative gauge theories on fuzzy sphere and fuzzy torus from matrix model,” Prog. Theor. Phys. 106 (2001) 445-469. [hep-th/0103192].

[10] Y. Kitazawa, “Matrix models in homogeneous spaces,” Nucl. Phys. B642 (2002) 210-226. [hep-th/0207115].

[11] T. Azuma, S. Bal, K. Nagao, J. Nishimura, “Nonperturbative studies of fuzzy spheres in a matrix model with the Chern-Simons term,” JHEP 0405 (2004) 005. [hep-th/0401038].

[12] H. Steinacker, “Quantized gauge theory on the fuzzy sphere as random matrix model,” Nucl. Phys. B679 (2004) 66-98. [hep-th/0307075].

[13] W. -H. Huang, “On tachyon condensation of intersecting noncommutative branes in M(atrix) theory,” Phys. Lett. B578 (2004) 418-424. [math-ph/0310005].

[14] N. Kim, “Intersecting noncommutative D branes and baryons in magnetic fields,” Phys. Rev. D62 (2000) 066002. [hep-th/0002086].

[15] A. Bergman, O. J. Ganor, J. L. Karczmarek, “A Note on intersecting and fluctuating solitons in 4-D noncommutative field theory,” Phys. Rev. D64 (2001) 065001. [hep-th/0101095].

[16] L. -S. Tseng, “Noncommutative solitons and intersecting D-branes,” Phys. Rev. D64 (2001) 126004. [hep-th/0101125].

[17] M. Aganagic, R. Gopakumar, S. Minwalla, A. Strominger, “Unstable solitons in noncommutative gauge theory,” JHEP 0104 (2001) 001. [hep-th/0009142].

[18] D. J. Gross, N. A. Nekrasov, “Dynamics of strings in noncommutative gauge theory,” JHEP 0010 (2000) 021. [hep-th/0007204].

[19] D. Berenstein, D. Trancanelli, “Dynamical tachyons on fuzzy spheres,” Phys. Rev.

D83, 106001 (2011). [arXiv:1011.2749 [hep-th]].

[20] H. Aoki, S. Iso, T. Suyama, “Orbifold matrix model,” Nucl. Phys. B634 (2002) 71-89.

[hep-th/0203277].

[21] H. Aoki, “Chiral fermions and the standard model from the matrix model compactified on a torus,” Prog. Theor. Phys. 125 (2011) 521-536. [arXiv:1011.1015 [hep-th]].

[22] H. Grosse, F. Lizzi, H. Steinacker, “Noncommutative gauge theory and symmetry breaking in matrix models,” Phys. Rev. D81 (2010) 085034. [arXiv:1001.2703 [hepth]].

[23] I. Antoniadis, E. Kiritsis, T. N. Tomaras, “A D-brane alternative to unification,” Phys.

Lett. B486 (2000) 186-193. [hep-ph/0004214].

[24] I. Antoniadis, E. Kiritsis, J. Rizos, T. N. Tomaras, “D-branes and the standard model,” Nucl. Phys. B660 (2003) 81-115. [hep-th/0210263].

[25] G. Aldazabal, L. E. Ibanez, F. Quevedo, A. M. Uranga, “D-branes at singularities:

A Bottom up approach to the string embedding of the standard model,” JHEP 0008 (2000) 002. [hep-th/0005067].

[26] M. Berkooz, M. R. Douglas, R. G. Leigh, “Branes intersecting at angles,” Nucl. Phys.

B480 (1996) 265-278. [arXiv:hep-th/9606139 [hep-th]].

[27] J. P. Gauntlett, “Intersecting branes,” [hep-th/9705011].

[28] L. E. Ibanez, F. Marchesano, R. Rabadan, “Getting just the standard model at intersecting branes,” JHEP 0111 (2001) 002. [hep-th/0105155].

[29] R. Blumenhagen, M. Cvetic, P. Langacker, G. Shiu, “Toward realistic intersecting D-brane models,” Ann. Rev. Nucl. Part. Sci. 55 (2005) 71-139. [hep-th/0502005].

[30] R. Blumenhagen, B. Kors, D. Lust, S. Stieberger, “Four-dimensional String Compactifications with D-Branes, Orientifolds and Fluxes,” Phys. Rept. 445 (2007) 1-193. [hep-th/0610327].

[31] F. Marchesano, “Progress in D-brane model building,” Fortsch. Phys. 55 (2007) 491- 518. [hep-th/0702094 [HEP-TH]].

[32] J. Nishimura, F. Sugino, “Dynamical generation of four-dimensional space-time in the IIB matrix model,” JHEP 0205 (2002) 001. [hep-th/0111102]; S. -W. Kim, J. Nishimura, A. Tsuchiya, “Expanding (3+1)-dimensional universe from a Lorentzian matrix model for superstring theory in (9+1)-dimensions,” [arXiv:1108.1540 [hep-th]]; H. Aoki, S. Iso, H. Kawai, Y. Kitazawa, T. Tada, “Space-time structures from IIB matrix model,” Prog. Theor. Phys. 99 (1998) 713-746. [hep-th/9802085].

[33] H. Kawai, S. Kawamoto, T. Kuroki, S. Shinohara, “Improved perturbation theory and four-dimensional space-time in IIB matrix model,” Prog. Theor. Phys. 109 (2003) 115-132. [hep-th/0211272].

[34] H. Steinacker, “Emergent Gravity and Noncommutative Branes from Yang-Mills Matrix Models,” Nucl. Phys. B810 (2009) 1-39. [arXiv:0806.2032 [hep-th]]; H. Steinacker, “Covariant Field Equations, Gauge Fields and Conservation Laws from Yang-Mills Matrix Models,” JHEP 0902 (2009) 044. [arXiv:0812.3761 [hep-th]].

[35] J. Madore, “The Fuzzy sphere,” Class. Quant. Grav. 9 (1992) 69-88.

[36] A. Chatzistavrakidis, H. Steinacker, G. Zoupanos, “On the fermion spectrum of spontaneously generated fuzzy extra dimensions with fluxes,” Fortsch. Phys. 58 (2010) 537-552. [arXiv:0909.5559 [hep-th]].

[37] D. Karabali, V. P. Nair, A. P. Polychronakos, “Spectrum of Schrodinger field in a noncommutative magnetic monopole,” Nucl. Phys. B627 (2002) 565-579. [hep-th/0111249].

[38] H. Aoki, “Ginsparg-Wilson relation on a fuzzy 2-sphere for adjoint matter,” Phys.

Rev. D82 (2010) 085019. [arXiv:1007.4420 [hep-th]].

[39] P. Aschieri, T. Grammatikopoulos, H. Steinacker, G. Zoupanos, “Dynamical generation of fuzzy extra dimensions, dimensional reduction and symmetry breaking,” JHEP 0609 (2006) 026. [hep-th/0606021].

[40] H. Steinacker, “Split noncommutativity and compactified brane solutions in matrix models,” arXiv:1106.6153 [hep-th].

[41] B. Kors, P. Nath, “Aspects of the Stueckelberg extension,” JHEP 0507 (2005) 069.

[hep-ph/0503208].

[42] A. Matusis, L. Susskind, N. Toumbas, “The IR / UV connection in the noncommutative gauge theories,” JHEP 0012 (2000) 002. [hep-th/0002075].

[43] A. A. Tseytlin, K. Zarembo, “Magnetic interactions of D-branes and Wess-Zumino terms in superYang-Mills effective actions,” Phys. Lett. B474 (2000) 95-102. [hep-th/9911246].

[44] D. Blaschke, H. Steinacker, ”On the 1-loop effective action for matrix models, noncommutative branes and SUSY breaking“ in preparation.

[45] A. A. Tseytlin, “Born-Infeld action, supersymmetry and string theory,” In *Shifman, M.A. (ed.): The many faces of the superworld* 417-452. [hep-th/9908105].

[46] F. Cooper, A. Khare, U. Sukhatme, “Supersymmetry and quantum mechanics,” Phys.

Rept. 251 (1995) 267-385. [hep-th/9405029].

[47] F. Denef, “TASI lectures on complex structures,” [arXiv:1104.0254 [hep-th]].

[48] E. Witten, “Constraints on Supersymmetry Breaking,” Nucl. Phys. B202 (1982) 253.

[49] L. Alvarez-Gaume, “Supersymmetry and the Atiyah-Singer Index Theorem,” Commun. Math. Phys. 90 (1983) 161.

[50] D. Friedan, P. Windey, “Supersymmetric Derivation of the Atiyah-Singer Index and the Chiral Anomaly,” Nucl. Phys. B235 (1984) 395.

[51] C. Vafa, “Evidence for F theory,” Nucl. Phys. B469 (1996) 403-418. [hep-th/9602022].

[52] S. Cecotti, M. C. N. Cheng, J. J. Heckman, C. Vafa, “Yukawa Couplings in F-theory and Non-Commutative Geometry,” [arXiv:0910.0477 [hep-th]].

[53] J. J. Heckman, H. Verlinde, “Evidence for F(uzz) Theory,” [arXiv:1005.3033 [hep-th]]. [54] K. Furuuchi, K. Okuyama, “D-branes Wrapped on Fuzzy del Pezzo Surfaces,” JHEP 1101 (2011) 043. [arXiv:1008.5012 [hep-th]].