arXiv:1107.0710v1 [hep-th] 4 Jul 2011

NYU-TH-07/10/11 July 5, 2011

Comments on (super)luminality

Claudia de Rham^{a,b}, Gregory Gabadadze^c, and Andrew J. Tolley^b

aDépartment de Physique Théorique, Université de Genève, 24 Quai E. Ansermet, CH-1211 Genève bDepartment of Physics, Case Western Reserve University, Euclid Ave, Cleveland, OH, 44106, USA cCenter for Cosmology and Particle Physics, Department of Physics, New York University, New York, NY, 10003, USA

Abstract

Recently, in an interesting work arXiv:1106.3972 a solution of the equations of motion of massive gravity was discussed, and it was shown that one of the fluctuations on that solution is superluminal. It was also stated that this rules out massive gravity. Here we find that the solution itself is unstable, and unphysical. For this we show that there is another mode on the same background which grows in time, leading to an instability of the background itself. While the instability can be arbitrarily fast, both the instability and superluminality are triggered by the very same parameter, suggesting that the latter is a consequence of the former. Furthermore, we also show that the solution, if viewed as a perfect fluid, has no rest frame, or that the Lorentz transformation that is needed to boost to the rest frame is superluminal itself. The stress-tensor of this fluid has complex eigenvalues, and could not be obtained from any physically sensible matter. Moreover, for the same setup we find another background solution, fluctuations of which are all stable and subluminal. Based on these results, we conclude that the superluminality found in arXiv:1106.3972 is an artifact of using an inappropriate background, nevertheless, this solution represents an instructive example for understanding massive gravity. For instance, on this background the Boulware-Deser ghost is absent, even though this may naively appear not to be the case.

1 Introduction and summary

Massive gravity (classical theory) has had a turbulent past and present. To briefly account for works immediately relevant to the present paper: Fierz and Pauli (FP) constructed a ghost-less and tachyon-free linear theory [1]. Van Dam and Veltman, and Zakharov (vDVZ), have independently shown [2] that the FP theory has discontinuity in the zero mass limit, and argued that this excludes massive gravity. Soon after, Vainshtein showed that the vDVZ discontinuity is an artifact of the perturbative expansion that breaks precociously, and argued that upon inclusion of nonlinear terms there should be nonperturbative continuity to the massless theory, at least for the physical systems of observational relevance, thus evading the vDVZ conclusion [3]. However, subsequently Boulware and Deser (BD) [4] showed that in a broad class of nonlinear extensions of the FP theory one is not able to retain the needed five degrees of freedom of a massive graviton; instead, the sixth mode becomes propagating on certain backgrounds. This mode typically has negative energies, and is referred as the BD ghost.

More modern developments were triggered by the DGP model [5], for which it was argued by Deffayet et.al. [6] that the Vainshtein recovery does take place for sources of observational interest. This was followed by a covariant effective field theory formulation of massive gravity by Arkani-Hamed, Georgi, and Schwartz [7], who also proposed a program to construct a theory that would avoid the sixth mode (the BD ghost), starting from the analysis of the decoupling limit [7, 8, 9, 10], where things are easier to handle.

A positive progress toward this goal was made only recently: in Ref. [11] it was shown that in the decoupling limit the BD ghost can be avoided order-by-order to all orders. The absence of the BD ghost in the decoupling limit is a necessary consistency condition, but also turned out to be a powerful requirement leading to resummation of an infinite number of terms of the effective theory, resulting in a covariant Lagrangian with just a few terms [12]. The obtained Lagrangian reads: L = M^2_{Pl} 2 √ −g ( R + m^2(L^{(2)}_{der}(K) + α_3L^{(3)}_{der}(K) + α_4L^{(4)}_{der}(K)) ) . (1)

The tensor K is defined as follows

K^μ_ν = δ^μ_ν − √ g^{μα}∂_αϕ^a∂_ν ϕ^bη_{ab} , (2) where the square root above denotes a matrix element of the root of the matrix; η_{ab} = diag(−1, 1, 1, 1), and ϕ^a(x), a = 0, 1, 2, 3 are four spurious Stückelberg scalar fields introduced as a redundancy to provide for manifestly covariant description of massive gravity (for earlier works introducing these scalars, see, [13].) Finally, the mass and potential terms in (1) read as follows:

L^{(2)}_{der}(K) = [K]^2 − [K^2] , (3) L^{(3)}_{der}(K) = [K]^3 − 3[K][K^2] + 2[K^3] , (4) L^{(4)}_{der}(K) = [K]^4 − 6[K^2][K]^2 + 8[K^3][K] + 3[K^2]^2 − 6[K^4] , (5) where we use the notations [K] ≡ (Tr K^μ_ν ), [K]^2 ≡ (Tr K^μ_ν )^2, while [K^2] ≡ Tr (K^μ_ν K^ν_α). The terms L^{(n)}_{der} give total derivatives upon substitution K^μ_ν → ∂^μ∂_ν π, as indicated in their notation.

The above Lagrangian (1) has three free parameters (one of them being the graviton mass m), and for some values of these parameters the theory has been shown to be free of the BD ghost away from the decoupling limit up to (and including) the quartic order in nonlinearities [12]. Remarkably, Hassan and Rosen [14] have managed recently to show that it is free of the BD ghost away from the decoupling limit, to all orders^1. We note that the absence of the BD ghost guarantees the absence of the sixth mode. This however, does not prohibit one or more of the physical 5 polarizations to flip the sign of their kinetic terms on certain backgrounds and become ghosts. Such backgrounds should be considered unstable in the theory, but such cases should be distinguished from the ones with the sixth mode. For some work on cosmology and spherically symmetric solutions in massive gravity see, e.g., [17]-[23], and Ref. [24] for a theory review.

Recently, in a brief work Gruzinov [25] has found a certain solution of the theory (1), and showed that there is a fluctuation about this solution which is superluminal. Based on this observation, it was concluded that massive gravity is ruled out. Below we examine this conclusion more carefully. In Section 2 we show that the solution is unstable, and the instability time scale can be arbitrarily small. Moreover, this instability is not related to the BD ghost, as the latter is absent in this theory. In Section 3 we show that the above solution, if interpreted as a perfect fluid, has a stress-tensor with complex eigenvalues. Hence, the rest frame for this fluid can only be achieved via superluminal boosts. As such, this configuration could not, as an exact solution, be obtained from any known physically meaningful form of matter.

The present work does not claim to exclude all possible superluminalities in massive gravity. Indeed, some of the terms obtained in the decoupling limit of massive gravity resemble the galileon theories [26], which were shown to exhibit superluminalities. It is therefore reasonable to expect that when massive gravity reduces to a galileon theory in the decoupling limit, the fluctuations of the helicity-0 mode around a spherically symmetric solution can also be superluminal. However for more generic values of the parameters of the theory (1), in particular when α_3 + 4α_4 ≠ 0, the decoupling limit of the theory cannot be written explicitly in a Galileon form, and it is possible that the decoupling limit does not capture the entire physics of the system. In that case a more careful treatment is required, and it is yet unclear whether the syperluminalities around non-trivial backgrounds survive. We plan to report on this issue in a future work.

1Our results [12], as well as the results of [14], are in conflict with the claim of Ref. [15] of the existence of the BD ghost in the quartic order. We will address this controversy in detail in a forthcoming publication [16]. See also discussions in Section 2.

2 Superluminality and instability

The system of equations of the theory (1) reads as follows:

G_{μν} (g) + m^2X_{μν} (g, ϕ) = 0 , (6) m^2 ∇^μX_{μν} (g, ϕ) = 0 . (7)

Here, X_{μν} is a tensor obtained by variation of the mass terms in (1). Ref. [25] considers a classical scalar field configuration

ϕ^a_{cl} = (ϕ^0, ϕ^1, ϕ^2, ϕ^3)_{cl} = (t, x + ϵt, y, z), (8)

with an arbitrary constant ϵ, and studies a flat space fluctuation of ϕ^2 in the x direction, showing that this fluctuation is superluminal. Based on this, the work states that massive gravity is ruled out.

We will start by presenting the results of Ref. [25] in more detail. We will do this for a small value of ϵ ≪ 1, which is enough for our purposes. For this consider the field configuration (8). It produces some stress-tensor X_{μν} which also depends on the metric g_{μν} ; since X_{μν} is multiplied by m^2 in eq. (6), one assumes that the backreaction of m^2X_{μν} on the metric is negligible. In this approximation, the remaining equation is just an empty space Einstein equation, which certainly has a solution g_{μν} = η_{μν} . Hence, to summarize the solution of [25]:

g_{μν} = η_{μν} + h̃_{μν} , h̃_{μν} ∼ O(ϵm^2x^.x^.) , (9)

where for convenience we have included the correction h̃, which can straightforwardly be calculated for small ϵ (x^. denotes some components of x^μ). Since m can be arbitrarily small, one can neglect h̃ in (9), at least in some region, and consider fluctuations on the background η_{μν} .

To present the results of [25] more explicitly, we write down the quadratic Lagrangian for the fluctuations ζ^a of the four components of the ϕ^a field:

ϕ^a = x^a + δ^a_1 ϵt + ζ^a(t, x, y, z) M_{Pl}m

. (10)

The Lagrangian for ζ^a follows from an expansion of (1) on the background (8, 9), and in the quadratic approximation for the fluctuations ζ^a takes the form^2:

L_ζ = − 1 4 F^2_{μν} (ζ) − 3βϵ 2 (∂_1ζ_α + ∂_αζ_1)(∂^αζ_0 + ∂_0ζ^α) + 3βϵ (∂_0ζ_1 + ∂_1ζ_0)(∂^αζ_α) + ϵ 4 (−∂_0ζ_1 + ∂_1ζ_0)(∂^αζ_α), (11)

2Note that ζ^a, in spite of its appearance, does not transform as a vector under diffeomorphisms, instead, it transforms as a four-coordinate.

where β = α_3 − 1/6, and the total derivative terms have been ignored. Furthermore, [25] focused on the ζ_2 component propagating only in the x direction (this does not excite other fluctuations in (11)). For ζ_2(t, x) the above Lagrangian reduces to

L_{ζ2} = 1 2 ζ̇^2_2 − 1 2 ζ^{′2} − 6βϵ 4 ζ̇_2ζ^′_2 , (12)

where an over-dot and prime denote time and x derivatives respectively. The dispersion relation that follows to leading order in ϵ, ω ≃ p(1−3βϵ/2), is superluminal, since for any given nonzero β, the value of ϵ can always be chosen to give superluminality [25].

Let us now focus on other components of ζ_a which were not considered in [25]. In particular, it is enough for our purposes to consider ζ_0 and ζ_1 which depend on time and y coordinate only, while ζ_2 = ζ_3 = 0. The system of equations reduces to:

∂^2_y (ζ_0 − qζ_1) + ϵ 2 ∂^2_0 ζ_1 = 0 ,

(−∂^2_0 + ∂^2_y )ζ_1 + q∂^2_y ζ_0 − ϵ 2 ∂^2_0 ζ_0 = 0 ,

∂_y∂_0(ζ_0 + qζ_0 − 2(q − ϵ 4 )ζ_1) = 0 , (13)

where q ≡ 3βϵ/2. These equations admit the following solution:

ζ_0 ≃ m^3_0 t^2 + O ( ϵ^2m^3_0y^2 ) , ζ_1 ≃ − 1 2 ϵm^3_0 t^2 + O ( ϵ^2βm^3_0t^2 ) , (14)

where m_0 is an arbitrary integration constant. In the leading order in ϵ, the ϵ^2 pieces in the above expressions should be ignored.

There are some comments to be made about this solution:

(a) The fields in (14) grow in time faster than the background, in the approximation used; this demonstrates an instability of the background itself. If we compare (14) with the background (8), we will find that the instability time is t_{inst} ∼ (mM_{Pl})/m^3_0; this is independent of ϵ and can be made arbitrarily small by adjusting the integration constant m_0. For this instability time to be less than the time when the assumed solution (9) breaks down, one has to have, m_0 ≫ ϵ^{1/6}Λ_3, where Λ_3 ≡ (m^2M_{Pl})^{1/3}.

(b) The energy density of the configuration (14) is zero in the approximation used (i.e., it is of order ϵ^2m^6_0t^2 ∼< ϵ^2m^2M^2_{Pl}, the bound being independent of m_0).

(c) Although, the instability can be arbitrarily fast, it is triggered by the same parameter ϵ, as the superluminality of the ζ_2 mode. This instability disappears in the limit ϵ → 0 for the following reason. In this limit, the quadratic action picks up a local U(1) symmetry in (11) and the solution (14) reduces to ζ_0 = m^3_0t^2 and ζ_1 = 0, which is a pure gauge in that limit. This is a reflection of the fact that the ϵ = 0 limit is degenerate since at quadratic order their appear to be only two degrees of freedom in the vector modes. In this case it is no longer consistent to neglect the kinetic mixing with the tensors. This mixing generates a kinetic term on diagonalization for the missing third degree of freedom. Thus since the above analysis neglects gravity, the instability is not present for ϵ = 0. For nonzero ϵ, a kinetic term is already present and it is consistent to neglect the mixing with the tensors. Thus neither ζ_0 nor ζ_1 can be removed from (11).

(d) The solutions (14) are independent of β to leading order. This is a consequence of using the Lagrangian in which coefficient of various cubic terms have been adjusted to cancel the ghost [11, 12].

What happens if we introduce the tensor fields? The tensor fields are encoded in the perturbations of the metric h_{μν} which contribute their own mass term which may be neglected at distances L ≪ 1/m and a kinetic mixing term between ζ^a and h_{μν} . However, as mentioned above, for ϵ ≠ 0, this mixing is proportional to m and can be ignored since all the four components of ζ_a get kinetic terms due to the background (but not all of them are independent on shell and so there is no ghost). This is in contrast to the standard vacuum ϵ = 0, where it is necessary to retain the mixing between the tensor and ζ_a in the leading order in small m in order to obtain a kinetic term for the scalar usually known as π (ζ_a = ∂_aπ). Hence for ϵ ≠ 0 only, the tensor field can be ignored for sufficiently small m, as was done in [25].

In unitary gauge ϕ^a = x^a, the solution considered in [25] amounts to taking a background solution for the metric which is Minkowski, but not in Cartesian form. Specifically the background metric in unitary gauge is ds^2 = −dt^2 + (dx − ϵdt)^2 + dy^2 + dz^2. Expanding to quadratic order in perturbations around this solution, the mass term which is now expressed entirely in terms of the tensor field since ζ^a = 0 is − m^2 8 (¯ h^2_{μν} − h̄^2 + 6c_1ϵh̄_{1α}h̄^α_0 − (6c_1 + 1)ϵh̄_{01}h̄ ) , (15)

with c_1 = −α_3 − 3/2. We can use this form in order to count the physical degrees of freedom. In order for the BD ghost to be absent, one has to have the hamiltonian constraint [4]. In the FP linearized theory the hamiltonian constraint is enforced by h_{00} being a Lagrange multiplier, while h_{0j} is algebraically determined by an equation that is independent of h_{00}. In the Lagrangian (15), however, h_{00} mixes with h_{01}, and this may seem to forbid the presence of a constraint. However, this is not so, there still exists a linear combination of the fields that is a Lagrange multiplier in the approximation used. A convenient way to see this is to calculate the determinant of the 4 × 4 Hessian matrix for the Lagrangian H^{μν} ≡^{δ2L}_{δh0μδh0ν} . If the determinant is zero, then there are constraints. It is straightforward to calculate that the determinant of the Hessian that follows from (15) is of order ϵ^2, i.e., it is zero in our approximation, while the rank of the Hessian is 3. Hence, there is one constraint in the system. Moreover, conservation of this constraint leads to a secondary constraint, as shown for these theories exactly in [14]; due to these one is able to eliminate the BD ghost.

One may also consider the counting of degrees of freedom in the non-unitary gauge considered in [25]. In such a gauge the tensor mode propagates two degrees of freedom, while there should be only three degrees of freedom for the four Stückelberg fields in (11). The latter requirement at first seems unlikely since there is no gauge invariance in (11), and moreover, ζ_0 enters with a time derivative, even in the simplest case of c_1 = 0. Based on this one may be tempted to conclude that the Lagrangian (11) propagates 4 degrees of freedom. However, by more careful inspection one can show that there is a constraint that relates momenta for different components of ζ. In particular, one gets a primary constraint that relates the conjugate momenta of ζ_0 and ζ_1 to ζ_0, while conservation of this condition generates a secondary constraint, rendering only 3 degrees of freedom in (11) (detailed discussions of how this works in the full nonlinear theory will be given in [16]).

In conclusion, the solution (9) is unstable, despite being ghost-free. Is there another stable solution for the very same configuration of the Stückelberg fields (8)? The answer is positive. It is straightforward to find another solution to the system of eqs. (6) and (7), for given (8):

g_{μν} = η_{μν} + ϵ(δ^0_μδ^1_ν + δ^1_μδ^0_ν ) + O(ϵ^2) . (16)

or exact to all orders ds^2 = −dt^2 +(dx+ϵ dt)^2 +dy^2 +dz^2. The above solution differs from (9), by ϵ, i.e., by the same parameter that sets superluminality found in [25], and the instability of the background found above. Furthermore, it is easy to notice that the solution (8,16) is nothing but the Minkowski solution, g_{μν} = η_{μν} , ϕ^a = (t, x, y, x), transformed by the coordinate change x^μ → x^μ + ϵtδ^μ_1 . Therefore, the fluctuations above the solution (8,16) are just ordinary fluctuations of the Fierz-Pauli theory, − m^2 8 η^{μα}η^{νβ} (h_{μν} h_{αβ} − h_{μα}h_{νβ}) , (17) which are known to be subluminal and stable.

To summarize: superluminality found in [25] is a consequence of the instability of the background considered. This is somewhat similar (but not exactly analogous) to the tachyon superluminality on an unstable background in a usual scalar field theory. There is another background for the same Stückelberg fields here which is stable and has subluminal fluctuations.

3 Superluminality of the source

The solution considered in [25] is not an exact solution of massive gravity. As we have explained, it is at best a solution valid locally in a region whose size is set by L ∼ 1/( √ ϵm). Alternatively we can allow it to be an exact solution by adding an external source T^{ext}_{μν} which is chosen so that

m^2X_{μν} = T^{ext}_{μν} . (18)

In principle we could imagine this external source being set up by a configuration of matter, a fluid, or a set of scalar or gauge fields. However it is easy to see that the ‘fluid’ needed would itself be composed of superluminal matter. To see this, imagine T^{ext}_{μν} were described by a perfect fluid. Let us assume that the fluid has a rest frame. If this is the case we can perform a Lorentz transformation so that in the vicinity of one point the fluid has zero velocity. At that point T^{0i}_{ext} = 0. Since the background metric is flat, g_{0i} = 0 and so T^0_{ext i} = T^i_{ext 0} = 0. This in turn implies that the energy density T^0_{0 ext} is one of the eigenvalues of the stress energy tensor T^μ_{ν ext}. The stress-energy tensor is expressed in terms of the tensor K^μ_ν in the combination

X_{μν} = Kg_{μν} − K_{μν} + (1 + 3α_3) ( K^2_{μν} − KK_{μν} + 1 2 ( [K]^2 − [K^2] ) g_{μν} ) (19)

+(α_3 + 4α_4) ( K^3_{μν} − KK^2_{μν} + 1 2 K_{μν} ( [K]^2 − [K^2] ) − 1 6 ([K]^3 − 3[K][K^2] + 2[K^3])g_{μν} ) . So the eigenvalues of T^μ_{ν ext} are determined by the eigenvalues λ_K of K^μ_ν , which in turn are expressed as

λ^{(n)}_K = 1 − √ 1 − λ^{(n)}_Y for n = 1, . . . , 4 , (20)

where λ_Y are the eigenvalues of Y^μ_ν :

Y^μ_ν = g^{μα}∂_αϕ^a∂_ν ϕ^bη_{ab}. (21)

It is straightforward to show that the first two eigenvalues of this tensor are complex for the background solution, and so T^0_{0 ext} is complex in this frame. Explicitly for the background considered the matrix (21) is

1 − ϵ^2 −ϵ 0 0 ϵ 1 0 0 0 0 1 0 0 0 0 1

(22)

and its eigenvalues are easily shown to be ( λ^{(1)}_Y , λ^{(2)}_Y , λ^{(3)}_Y , λ^{(4)}_Y ) = ( 1 − 1 2 ϵ^2 + i 2 ϵ √ 4 − ϵ^2, 1 − 1 2 ϵ^2 − i 2 ϵ √ 4 − ϵ^2, 1, 1 ) . (23)

We can therefore immediately infer that the eigenvalues of K are also complex, and so are the eigenvalues of T^μ_{ν ext}.

This implies that there is no rest frame for the fluid, or that the Lorentz transformation needed to boost to the rest frame is superluminal (and hence a complex transformation), since it is not possible to perform a real Lorentz transformation to set T^{ext}_{0i} = 0. As such this configuration could not, as an exact solution, be obtained from any known physically sensible form of matter.

Even in the absence of a source, the same arguments hold. It is clear that for any solution of the equations G_{μν} + m^2X_{μν} = 0 which looks locally like flat space-time with the field profile described in (8,9), it is not possible to boost to a frame in which G^{0i} = 0 in the local vicinity of a point. In this sense the solution already at the level of the background looks superluminal and rather unphysical.

We would like to thank L. Berezhiani, G. Chkareuli, S. Dubovsky, D. Pirtskhalava and R. A. Rosen for useful discussions and comments. CdR is supported by the Swiss NSF and GG is supported by the NSF grant PHY-0758032. GG regrets that discussions on the subject of [25] could not be contained within NYU.

References

[1] M. Fierz and W. Pauli, Proc. Roy. Soc. Lond. A 173, 211 (1939).

[2] H. van Dam and M. J. G. Veltman, Nucl. Phys. B 22, 397 (1970);

V. I. Zakharov, JETP Lett. 12 (1970) 312 [Pisma Zh. Eksp. Teor. Fiz. 12 (1970) 447].

[3] A. I. Vainshtein, Phys. Lett. B 39, 393 (1972);

[4] D. G. Boulware and S. Deser, Phys. Rev. D 6, 3368 (1972).

[5] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485, 208 (2000) [arXiv:hep-th/0005016].

[6] C. Deffayet, G. R. Dvali, G. Gabadadze and A. I. Vainshtein, Phys. Rev. D 65, 044026 (2002) [arXiv:hep-th/0106001].

[7] N. Arkani-Hamed, H. Georgi and M. D. Schwartz, Annals Phys. 305, 96 (2003).

[8] M. A. Luty, M. Porrati and R. Rattazzi, JHEP 0309, 029 (2003) [arXiv:hep-th/0303116].

[9] P. Creminelli, A. Nicolis, M. Papucci and E. Trincherini, JHEP 0509, 003 (2005).

[10] C. Deffayet and J. W. Rombouts, Phys. Rev. D 72, 044003 (2005) [arXiv:gr-qc/0505134].

[11] C. de Rham and G. Gabadadze, Phys. Rev. D 82, 044020 (2010) [arXiv:1007.0443 [hep-th]].

[12] C. de Rham, G. Gabadadze and A. J. Tolley, Phys. Rev. Lett. 106, 231101 (2011); [arXiv:1011.1232 [hep-th]].

[13] W. Siegel, Phys. Rev. D 49, 4144 (1994) [arXiv:hep-th/9312117]. [14] S. F. Hassan and R. A. Rosen, arXiv:1106.3344 [hep-th]. [15] A. H. Chamseddine and V. Mukhanov, arXiv:1106.5868 [hep-th]. [16] C. de Rham, G. Gabadadze, A.J. Tolley, “Ghost free massive gravity in Stückelberg formalism”; in preparation.

[17] C. de Rham, G. Gabadadze, L. Heisenberg and D. Pirtskhalava, Phys. Rev. D 83, 103516 (2011) [arXiv:1010.1780 [hep-th]].

[18] K. Koyama, G. Niz and G. Tasinato, arXiv:1103.4708 [hep-th]. [19] T. M. Nieuwenhuizen, arXiv:1103.5912 [gr-qc]. [20] S. F. Hassan and R. A. Rosen, arXiv:1103.6055 [hep-th]. [21] K. Koyama, G. Niz and G. Tasinato, arXiv:1104.2143 [hep-th]. [22] G. Chkareuli and D. Pirtskhalava, arXiv:1105.1783 [hep-th]. [23] A. Gruzinov and M. Mirbabayi, arXiv:1106.2551 [hep-th]. [24] K. Hinterbichler, arXiv:1105.3735 [hep-th]. [25] A. Gruzinov, arXiv:1106.3972 [hep-th].

[26] A. Nicolis, R. Rattazzi and E. Trincherini, Phys. Rev. D 79, 064036 (2009) [arXiv:0811.2197 [hep-th]].