arXiv:1107.0730v1 [hep-th] 4 Jul 2011

String Vertex Operators and Cosmic Strings

Dimitri Skliros^∗ Department of Physics and Astronomy, University of Sussex, Brighton, East Sussex BN1 9QH, UK and Cripps Centre for Particle Theory, University of Nottingham, University Park, Nottingham, NG7 2RD, UK

Mark Hindmarsh^† Department of Physics and Astronomy, University of Sussex, Brighton, East Sussex BN1 9QH, UK (Dated: June 23, 2011)

We construct complete sets of (open and closed string) covariant coherent state and mass eigenstate vertex operators in bosonic string theory. This construction can be used to study the evolution of fundamental cosmic strings as predicted by string theory, and is expected to serve as a selfcontained prototype toy model on which realistic cosmic superstring vertex operators can be based on. It is also expected to be useful for other applications where massive string vertex operators are of interest. We pay particular attention to all the normalization constants, so that these vertices lead directly to unitary S-matrix elements.

Contents

I. Introduction 2 A. Brane Inflation 2 B. Cosmic String Evolution 3 C. Gravitational Radiation and Backreaction 3 D. Massive Radiation 3 E. Observational Signatures 3 F. Vertex Operators as Cosmic Strings 4 G. Classicality of Cosmic Strings 4 H. Vertex Operator Constructions 5 I. Outline 5

II. String S-Matrix, Unitarity and

Normalization: A Brief Review 5 A. S-Matrix = Path Integral 6 B. Vertex Operator Normalization 7 C. S-Matrix Unitarity and Factorization 8 D. Lightcone Coordinates 9 E. Tree Level Operator Statements 10

III. Arbitrarily Massive Vertex Operators 11 A. Momentum Phase Space 13 B. Closed String Mass Eigenstates 14 C. Open String Mass Eigenstates 15 D. The covariant equivalent of

α^i_{−1}α̃^j_{−1}|0, 0; p^+, p^i⟩ 17 E. The covariant equivalent of

α^i_{−N} α̃^j_{−N} |0, 0; p^+, p^i⟩ 18 F. The covariant equivalent of α^i_{−n1} α^j_{−n2} . . . α̃^k_{−n̄1}α̃^l_{−n̄2} . . . |0, 0; p^+, p^i⟩ 19 IV. String Coherent States 22 A. Open String Coherent States 23 1. Functional Representation 24 2. Open String Coherent State Properties 25

∗Electronic address: dimitri.skliros@nottingham.ac.uk †Electronic address: m.b.hindmarsh@sussex.ac.uk

B. Closed String Coherent States 28 C. DLCQ Coherent States 28 1. Functional Representation 29 2. DLCQ Coherent State Properties 30 D. Coherent States in Minkowski Space 34 1. Functional Representation 36 2. Closed String Coherent State Properties 37

V. Consistency Check 39

VI. Discussion 41 A. Mass eigenstate vertex operators 41 B. Coherent state vertex operators 41 C. Open string coherent states 41 D. DLCQ closed string coherent states 42 E. Minkowski space closed string coherent states 43 F. Outlook 43

Acknowledgments 44

A. Closed String Conventions 44 1. Closed String Mode Expansion 44 2. Operator Products and Commutators 44 3. Closed String DDF Operators and Covariant Commutators 45 4. Gauge Invariant Position Operator 45 5. Closed String Polynomials 46

B. Open String Conventions 47 1. Open String Mode Expansion 47 2. Open String DDF Operators and Vertex Operators 48 3. Open String Covariant Commutators 49 4. Open String Polynomials 49

References 50

I. INTRODUCTION

The study of cosmic strings, see e.g. [1, 2] and references therein, has flourished in recent years, following the discovery [3] (but see also [4]) [5–7], that such objects may be produced in string models of the early universe, thus providing an observational signature for Superstring theory [8–10].

The possibility that superstrings of cosmological size may have been produced in the early universe was first contemplated by Witten [11] who (based on current knowledge of the time) concluded that had they been produced they would either not be observable (they would be produced before inflation and diluted away by the cosmological expansion), they would be unstable (they would disintegrate into smaller strings long before reaching cosmological scales in the case of Type I strings, or in the case of Heterotic String theory they would arise as boundaries of domain walls whose tension would cause the strings to collapse), and in any case they would nevertheless be excluded by experimental constraints, requiring string tensions, Gμ ∼ 10^{−3} (with G the four-dimensional Newton’s constant and μ = 1/(2πα^′) the fundamental string tension), while it was clear that strings with Gμ > 10^{−5} had already been ruled out. Much has changed since then, the discovery of dualities [12] and D-branes [13, 14] having completely revolutionized our understanding of string theory.

These new developments opened many new avenues for model building [15] and string cosmology, such as the brane inflation scenario [5, 16–20] in the context of large extra dimensions [21–23], where macroscopic strings have been found to be produced [3, 4, 6, 9, 24] with string tensions in the range [6], 10^{−12} ≤ Gμ ≤ 10^{−6}. In these scenarios it is difficult to obtain a sufficient amount of inflation [25, 26] and in [26] this problem is evaded by considering instead a warped compactification [27, 28], a concrete example of which is the well known K LM T scenario [26, 29]. It has since been realized [8] that it is possible in these theories to construct macroscopic non-BPS as well as BPS strings which are stable [30] and potentially observable.

Unfortunately, no completely satisfactory string model of the early universe exists yet: although all moduli are stabilized in the brane inflation scenario [26, 29] it suffers from a reheating problem where all the reheating energy arising from the D3/D3-annihilation goes into a massless U(1) gauge field that lives on the stabilizing D3-brane instead of going into the standard model fields, for a brief elaboration on this see [31]. Furthermore, in the context of large extra dimensions there is no known mechanism to stabilize the moduli. Nevertheless, these drawbacks may be specific to the models considered to date and it is plausible that in more general constructions these problematic features are absent.

For an overview of cosmic strings in the pre- and post-“second superstring revolution” era see [1] (as well as the older more extensive reviews [32, 33]) and [2, 34–

40] respectively, and for an excellent review which also contains many introductory remarks and computational details associated to the latter see [41].

A. Brane Inflation

It is possibly rather natural to suspect there to have been a multitude, or a gas, of D-branes of various dimensionalities in the early universe. The branes of higher dimensionality will annihilate first and produce lower dimensional branes and branes that are present today. As an example, in the most concrete (almost viable) scenario, namely the K LM T scenario [26], one studies the relative motion of a remaining D3-brane and D3- brane, which are separated in the transverse space in a throat of a Calabi-Yau (CY) three-fold. There is a U(1) gauge symmetry on each of these branes. Cosmological inflation is driven by the attractive interaction potential associated to the D3- and D3-brane which approach each other in the higher dimensional bulk space.

The two branes eventually collide and annihilate via tachyon condensation, see e.g. [42]. Due to the Kibble mechanism [43], when a U(1) gauge symmetry becomes broken during the evolution of the universe, defects (and in particular cosmic strings) will be produced. The crucial observation of [6] was that the low energy string dynamics at the end of brane inflation is described by U(1) symmetry breaking in the tachyon field, and therefore one expects the formation of defects which are seen as cosmic strings by observers on the (or one of the) remaining higher dimensional branes. It has been argued that the production of other defects such as monopoles and domain walls is suppressed [5]. These defects are identified [44, 45] with D1-branes, which follows from computing the conserved charges. Nevertheless, both D-strings and F-strings are expected to arise [8, 9] in this process, even though the standard language of string creation associated to a spontaneous breaking of a U(1) symmetry is not appropriate for Fstrings (unless g_s ≫ 1). The standard model particles of strong and weak interactions correspond to open string modes confined to a remaining D-brane with 3 large non-compact dimensions, and the closed string modes (e.g. the graviton, radions and massive excitations) correspond to bulk modes.

The presence of cosmic strings is likely to be a fairly generic feature of any string model of the early universe and in the present article we shall assume that such a model can be found and focus instead on the cosmic strings themselves. We shall focus in particular on the fundamental cosmic strings which have an exact perturbative (in the string coupling g_s = e^{⟨Φ⟩} and the fundamental string length squared α^′) description in terms of vertex operators.

B. Cosmic String Evolution

The basic properties which collectively determine the evolution are string inter-commutations and reconnections [46–50], quantum or classical string decay [51– 61] and the presence of junctions [62–67], and possible instabilities [8, 11, 54]. Collectively, these properties and cosmological considerations (such as the expansion rate of the universe, density inhomogeneities, and so on) determine the various observational signatures from cosmic strings.

An initial distribution of long strings is formed via the Kibble mechanism, the shape of any one such string resembling a random walk. The expansion of the universe stretches these strings which intercommute and reconnect producing kinks (i.e. points on the string at which the spacetime embedding tangent vectors associated to left and right-movers are discontinuous). Any one of these kinks then separates into two kinks running along the string in opposite directions. When leftand right-moving modes meet on any given section of a string gravitational radiation is produced. There will also be long strings that self-intercommute and produce loops which subsequently are expected to decay into smaller loops, massive, and massless (including gravitational) radiation.

There is general consensus on the large scale evolution of cosmic strings. Here the string network evolves towards a scaling regime, a regime in which the characteristic length scale of the configuration evolves towards a constant relative to the horizon size [32, 33]. Recently, there has also been some progress in understanding the small scale structure [31, 68–71], see also [72]. Here one of the most important questions is: what is the typical size at which loops are produced from long string. There has been large disagreement in the literature with estimates differing by over fifty orders of magnitude. This is an important question and further investigation is required. Another very important question which is also related to the previous one is: what is the importance of gravitational backreaction on the evolution of cosmic strings, see also below.

C. Gravitational Radiation and Backreaction

Cusps are generic in loops [73] and are expected to lead to very strong gravitational wave signals [74, 75], although the presence of extra dimensions is likely to weaken the detected signal [76]. Cusps on strings with junctions have also been argued to be generic in [65]. Recent evidence [77] suggests that kinks on strings with junctions also provide a very strong gravitational wave signal – the signal from kinks on string loops with junctions is found to be stronger than the signal due to cusps. It is very important to test the robustness of all these computations to gravitational backreaction effects. In fact, it is likely that gravitational backreaction can be important for even order of magnitude estimates [78], and developing the necessary tools that enable one to study this problem systematically has been one of the main purposes of the present article.

Furthermore, and most importantly, it has been suggested [78–80] that gravitational backreaction sets the scale for the smallest relevant structures in cosmic string evolution, as well as the long sought-after loop production scale. It is therefore of vital importance to understand gravitational backreaction and develop the necessary tools where such questions can be addressed most naturally – in perturbative string theory backreaction effects can be taken into account very naturally, as first pointed out in [81].

D. Massive Radiation

Apart from the possibility of gravitational backreaction playing a significant role in string evolution, a string theory computation is also required when there is the possibility of massive closed string states being emitted – this might be expected to occur close to cusps and kinks and this massive radiation would presumably be invisible or difficult to calculate in the effective field theory [185]. That massive radiation may dominate over gravitational radiation was suggested in [82, 83], and this was motivated by the observation that loops seemed to be produced at the smallest scales, see also [84, 85], namely at the numerical simulation cutoff scale which is identified with the string width, although their conclusions relied on extrapolation of numerical results beyond the region of validity. There have also been some interesting results on massive radiation in a quantummechanical setup in the case of mass eigenstate vertex operators, see [86] and references therein. Whether a significant amount of massive radiation is emitted is certainly still an open question – this can be addressed in the vertex operator construction of the current article which is expected to provide a definite answer to this question. If one is interested in the emission of arbitrarily massive radiation one may proceed along the lines of [52, 53, 55–61].

E. Observational Signatures

Signals that have been confirmed to arise from cosmic string sources have to date not yet been detected. There is a wide range of constraints from gravitational waves [74, 75, 87–92] (classical gravitational wave emission from loops and infinite strings has been computed in [93, 94] and [70, 80, 95, 96] respectively and from strings with junctions in [97]), strong and weak lensing from strings without [98–103] (but see also [104]) and with [104–106] junctions, and the CMB [92, 107– 114]. Future missions searching for a polarization Bmode in the CMB will provide even stronger constraints

[70, 115–118]. Signals from cosmic strings may also show up in ultrahigh-energy cosmic rays [119, 120], radio wave bursts [121], and also diffuse X- and γ-ray backgrounds [120]. There is also the potential to obtain constraints on the underlying compactifications [122]. Even though cosmic strings can only account for a small contribution to the CMB power spectrum, they could instead be a significant source of its non-Gaussianities and are expected to dominate over inflationary perturbations at small angular scales, see [40] and references therein.

F. Vertex Operators as Cosmic Strings

Given the inherently quantum-mechanical nature of fundamental cosmic strings, the only available handle on such macroscopic objects at present that is capable of accounting for the evolution on the smallest as well as largest scales is given in terms of vertex operators [12, 123] which completely characterize the string under consideration. For example, a vertex operator description would be required for cosmic string configurations involving a string theory analogue of cusps (i.e. points on the string that reach the speed of light at discrete instants during the loop’s motion) and kinks, as presumably the effective field theory or classical description would break down close to these points.

With a vertex operator construction of cosmic strings one can address various questions, such as what is the decay rate of a given cosmic string configuration, the intercommutation and reconnection probabilities, junction decay rates, emission of massless and massive radiation and so on. The already existing quantum decay rate computations carried out in [52, 53, 55–61] for instance make use of mass eigenstate vertex operators (with only first harmonics excited) and it is not known at this point whether these are appropriate for the description of cosmic strings. In [59] for instance it was concluded that the spectrum of a particular mass eigenstate does not reproduce the classical gravitational wave spectrum, and one might expect this to be the case also for general mass eigenstates.

It is likely that cosmic strings being macroscopic and massive should have a classical interpretation. If this is the case, the appropriate vertex operators are expected to have coherent state-like properties (from our experience with standard harmonic oscillator coherent states), and so we should be searching for coherent state vertex operators, which would be expected to have a classical interpretation. The analogous computations as the ones described above with coherent states instead of mass eigenstates would be more desirable and would probably represent a much more realistic description of cosmic strings.

A quantum-mechanical approach to computing the decay process for macroscopic and realistic cosmic string loops is highly desirable as we must also check the usual assumption that the process is classical. Furthermore, the classical computation is not well understood, as calculations based on field theory and the Nambu-Goto approximation differ, and gravitational back-reaction is not taken into account. Back-reaction can be included very naturally in perturbative string theory.

Finally let us mention that it is very important to find tests which distinguish fundamental strings from solitonic strings; a major difference is the quantum nature of F-strings (which for instance leads to a reduced probability for the reconnection of intersecting strings [48], see also [124] for an alternative approach). Thus it seems that string theory computations will certainly be required in order to distinguish fundamental from solitonic strings in experiments.

G. Classicality of Cosmic Strings

Let us now say a few words concerning the classicality of quantum-mechanical string vertex operators. Consider first mass eigenstates. These are specified by certain quantum numbers, the relevant one here being the level number N, and a necessary (but not sufficient) condition for classicality is that these take large values. This dates back to Niels Bohr who used this argument when he postulated that any quantummechanical system should satisfy the correspondence principle. Typically the quantum numbers of interest in a given quantum system appear in the combination (Nℏ) thus showing that the classical limit ℏ → 0 is related to the large quantum number limit N → ∞ with the combination Nℏ held fixed. For example, this can be seen in the energy spectrum of the hydrogen atom, E_N ∼ const./(Nℏ)^2, the harmonic oscillator, E_N ∼ const.(Nℏ), and also the string spectrum [186], E_N ∼ const. √ (Nℏ). Vertex operators present in the large quantum number limit may in some sense therefore be referred to as being quasi-classical. The extent to which mass eigenstates can have a classical interpretation is not well understood. In [125] for example, it was shown that mass eigenstates are not truly classical in the sense that they are not expected to have classical expectation values with small uncertainties, and [59] one does not expect the spectrum of gravitational radiation to match the classical computation – whether mass eigenstates can have a classical interpretation or not is a very important issue and deserves further attention.

Coherent states on the other hand can (as we show below) easily be made macroscopic and are expected to possess classical expectation values with small uncertainties, e.g. ⟨J^{μν} ⟩ = J^{μν}_{cl} , ⟨X^μ⟩ = X^μ_{cl}, (with J^{μν} the spacetime angular momentum and X^μ the target space map of the worldsheet into spacetime). It is likely that coherent states therefore should be identified with fundamental cosmic strings. There are subtleties however concerning the naive classicality requirement

⟨X^μ⟩ = X^μ_{cl} (with X^μ_{cl} non-trivially obeying the classical equations of motion, ∂ ¯∂X^μ_{cl} = 0) and it turns out [125] that this requirement (in the closed string case) is not compatible with the Virasoro constraints (when states are invariant under spacelike worldsheet rigid translations). Suffice it to say here that this is a gauge problem and says nothing about the classicality of the underlying states. We elaborate on this in detail later where we also propose a solution: an alternative to the ⟨X^μ⟩ = X^μ_{cl} classicality condition which is compatible with the string symmetries. We will also see that it is possible for closed string (coherent) states to satisfy ⟨X^μ⟩ = X^μ_{cl} in lightcone gauge when the underlying spacetime manifold is compactified in a lightlike direction, X^− ∼ X^− + 2πR^−, with X^+ non-compact, because this compactification breaks the invariance under spacelike worldsheet shifts.

H. Vertex Operator Constructions

Various prescriptions have been given for the construction of covariant vertex operators, e.g. the construction due to Del Giudice, Di Vecchia and Fubini (DDF) [126–129] but see also [130], the path integral construction based on symmetry [131–133] and factorization [134–136] and operator constructions [137, 138] among others. A powerful method which applies in general backgrounds is given in [139], (although explicit results for high mass states are seemingly rather difficult to obtain in more general backgrounds, see also [140, 141]). To carry out the map from classical solutions to covariant vertex operators we shall make use of the DDF construction. The power of the DDF construction lies in the following: it generates the entire physical Fock space, and it can be used to translate light-cone gauge states into the corresponding covariant vertex operators, where the standard technology for amplitude computations [123, 142] can be used. This is clearly very useful indeed given that in the construction of vertex operators for cosmic strings we would like to know what the corresponding classical state is, but explicit general classical solutions are best understood in lightcone (not covariant) gauge – the DDF construction provides the appropriate bridge between classical lightcone gauge string solutions and covariant vertex operators.

Using these tools, in the current article we construct of a complete set of covariant vertex operators, i.e. vertices for arbitrarily massive (closed and open) strings, for both mass eigenstates and open and closed string coherent states. We also discuss the corresponding lightcone gauge realization and provide an explicit map from these to general classical (lightcone gauge) solutions. We restrict our attention to bosonic string theory and it is likely that all results generalize to the superstring.

I. Outline

Sec. II is mainly a review and is intended to provide the link between vertex operators and observable quantities, by making precise the link between the string path integral and S-matrix elements. We discuss in particular the normalization of vertex operators that is appropriate for scattering amplitude computations, in the sense that a string path integral with such vertex operator insertions can be directly interpreted as a dimensionless S-matrix element. We also discuss tree level S-matrix unitarity and present some useful lightcone coordinate results that are used throughout the rest of the article.

In Sec. III we discuss the construction of a complete set of normal ordered mass eigenstate vertex operators using the DDF formalism, which can be used to translate light-cone gauge states into fully covariant vertex operators. The Virasoro constraints are solved completely and the resulting covariant vertex operators are physical for arbitrary polarization tensors that correspond to irreducible representations of SO(25). In the process we show that all covariant vertex operators can naturally be written in terms of elementary Schur polynomials.

In Sec. IV we show that the construction of physical covariant coherent states becomes clear in the DDF formalism. We construct both open and closed coherent states. These fundamental string states are macroscopic and have a classical interpretation, in the sense that expectation values are non-trivially consistent with the classical equations of motion and constraints. We present an explicit map which relates three classically equivalent descriptions: arbitrary solutions to the equations of motion, the corresponding lightcone gauge coherent states, the corresponding covariant coherent states. We gain further evidence supporting this equivalence by showing that all spacetime components of the angular momenta in all three descriptions are identical. We suggest that these quantum states should be identified with fundamental cosmic strings.

The work considered in this article has immediate applications to cosmic strings but the considerations are more general and may serve to capture a wide range of phenomena where massive string vertex operators are relevant.

A short summary of the closed string coherent state section can be found in the companion article [143].

II. STRING S-MATRIX, UNITARITY AND NORMALIZATION: A BRIEF REVIEW

Before moving on the discuss the general DDF construction of vertex operators it will be useful to elaborate on the precise connection of vertex operators to the string S-matrix, as this will in turn enable us to normalize vertex operators correctly, i.e. in such a way that the resulting S-matrix elements are unitary. We will follow the general approach of [123, 131, 136, 144] although the reasoning here will be largely independent of these references and self-contained. We will concentrate on mass eigenstates, although these results will go through essentially untouched in the case of coherent states (Sec. IV) as well.

A. S-Matrix = Path Integral

Our objective is to use a normalization for vertex operators that is appropriate for scattering amplitude computations, and so we first discuss the precise relation between the string path integral and the S-matrix.

The proper way of constructing a scattering experiment is to first construct vertex operator wave packets for the external string states of interest and then normalize each one of them to “one string in the universe”, in direct analogy to the corresponding field theory prescription. Rather than use wavepackets, we may also use momentum eigenstates instead, in which case (due to the uncertainty principle, the infinite spacetime spread of momentum eigenstates) we need to truncate the volume of spacetime at, say, V_{d−1}, the case of interest for the bosonic string being d = 26 and for the superstring d = 10. According to standard practice [145], we hence identify momentum delta-functions with volume elements and energy delta functions with the time, T , during which the interaction is “turned on”,

(2π)^{d−1}δ^{d−1}(p^′ − p) ≡ V_{d−1}, (2π)δ(E^′ − E) ≡ T. (1) By putting the system in a box of size V_{d−1}, the vertex operator normalization condition is changed from “one string in the universe” to “one string in volume V_{d−1}” [146]. Of course, physical observables (cross sections, decay rates, etc. . . ) should not depend on V_{d−1}, although we formally think of taking V_{d−1} → ∞ at the end of the computation.

The “one string in volume V_{d−1}” normalization prescription leads to an S-matrix such that if an initial state of a system is denoted by |i⟩, the final state will be a superposition, ∑ f |f⟩⟨f|S|i⟩. Therefore, |S_{f i}|^2, with S_{f i} ≡ ⟨f|S|i⟩, is interpreted as a transition probability associated to going from |i⟩ to |f⟩,

Prob(f ← i) = |S_{f i}|^2. (2)

Conservation of probability, equivalently S-matrix unitarity, requires that, S^†S = 1. In particular, in terms of S_{f i}, unitarity corresponds to the statement: ∑ n S^†_{nf} S_{ni} = δ_{f i}, or ∑ n S_{f n}S^†_{in} = δ_{f i}, (3) with δ_{f i} a Kronecker delta; working in the Heisenberg picture, δ_{f i} ≡ ⟨f|i⟩. Setting f = i it is seen that unitarity enforces conservation of probability, ∑ f |S_{f i}|^2 = 1.

To make the connection with the string path integral, it is conventional and convenient to define a T - matrix which contains the non-trivial contribution to the S-matrix, S = 1 + iT . Taking matrix elements of both sides and extracting the momentum and energy conserving delta functions leads to,

S_{f i} = δ_{f i} + i(2π)^dδ^d(P_f − P_i)T_{f i}. (4)

In terms of T_{f i} the unitarity constraint (3) reads, T_{f i} − T^†_{if} = i ∑ n (2π)^dδ^d(P_n − P_i)T^†_{nf} T_{ni} (5)

with P_i or P_f the total momentum associated to the in or out states respectively. With these conventions, the S-matrix is given directly by the string path integral, ⟨f|(S − 1)|i⟩ = ∞∑ h=0 ∫ E×M_h DgDXe^{−S[g,X]}V^{(1)} . . . V^{(N)} = i(2π)^dδ^d(P_f − P_i)T_{f i}. (6) where we sum over the genus h of Riemann surfaces. It is to be understood that the integrals are over a single gauge slice, i.e. over all worldsheet embeddings, E, into spacetime and over all worldsheet metrics (or moduli space M_h), such that no two configurations in the integration domain are related by a symmetry. Appropriate integrations over worldsheet insertions are also implicitly included, as are the corresponding Fadeev-Popov determinants.

To interpret the sum over final states in (3) or (5), note that the number of “one string in volume V_{d−1}” states in a momentum space volume element, d^{d−1}p, is: V_{d−1} d^{d−1}p (2π)^{d−1} , (7)

because this is the number of sets {n_1, n_2, . . . , n_{d−1}} (with n_j ∈ Z) for which the momentum p = 2π L (n_1, n_2, . . . , n_{d−1}), with V_{d−1} ≡ L^{d−1},

lies in the momentum space volume d^{d−1}p around p. If there are additional discrete/continuous quantum numbers that label the states under consideration, we would have to sum/integrate over these. For example, in the case of coherent states, as we shall see, we would have to include a (dimensionless) integral over polarization tensors [187]. In particular, there will in general be a number of kinematically allowed channels and so we should also include a sum over a complete set of states – we use the compact notation,^∑ ∫ , to denote a sum over states and the associated quantum numbers, so that the sum over one-particle states in the final state will be denoted by: ∑ f = ∑∫ V_{d−1} ∫ d^{d−1}p (2π)^{d−1} . (8)

Both sides of this equation are dimensionless. In relativistic scattering experiments there is also the possibility that the number of strings in the initial and final states is different. Thus, we require the corresponding phase space of multi-particle free states, which will be a sum over products of the single string phase space, ∑ f = ∞∑ N_f =0

N_f∏

a=1 ( ∑∫ a V_{d−1} ∫ d^{d−1}p_a (2π)^{d−1} ) , (9)

with a labeling the string whose phase space we are summing/integrating over, and d is the dimensionality of spacetime in which the strings are allowed to propagate in (d ≤ 26 or 10 for the bosonic or superstring theory). The phase space sums (8) or (9) are not Lorentz invariant, but of course Lorentz invariance will be restored in physically observable quantities. This is the price of wanting to construct dimensionless S-matrix elements, S_{f i}, that can be directly interpreted as probabilities.

B. Vertex Operator Normalization

The normalization of the path integral (or Smatrix) and the normalization of vertex operators is completely determined in terms of the normalization of a single vertex operator by the unitarity constraint (5) and the identification (6). The normalization of this single vertex operator can in turn be fixed by the “one string in the universe” normalization condition, by making contact with the corresponding field theory, and we describe this next.

A useful quantity to consider in bosonic string theory is the tachyon vertex operator, because it is the basic building block of higher mass vertex operators. Working in the flat Minkowski background,

G_{μν} (X) = η_{μν} , B_{μν} (X) = 0, and Φ(X) = ⟨Φ⟩,

with ⟨Φ⟩ a constant, the tachyon vertex operator reads, V (z, z̄) = N e^{ip·X(z,z̄)}. (10) We shall eventually relate the normalization of the tachyon to the normalization of all other vertex operators.

To compute the normalization constant N , we notice that V satisfies the equation of motion, ( ∇^2 + 4 α^′ ) V = 0, with the derivative taken with respect to the zero mode x^μ. The low energy field theory corresponding to the tachyon will therefore be that of a scalar field with mass m^2 = −4/α^′ [139], S[V ] = − 1 (α^′)^{d−2}2 ∫ d^dx e^{−2⟨Φ⟩} (1 2 (∇V )^2+ 1 2 m^2V^2+. . . ) , (11) where we have taken into account the fact that the dilaton (even if it is constant in this case) couples universally as shown [139], and we ignore all interaction terms because we are interested in the case when the string under consideration is asymptotically free and onshell, as required by conformal invariance [131]. We have found it convenient to include an appropriate power of α^′ (with [α^′] = L^2) such that V is dimensionless, [V ] = 1. (This will ensure that the S-matrix is dimensionless independently of the number of vertex operators.) Furthermore, an overall dimensionless constant in S[V ] is immaterial because it can be absorbed into a shift in ⟨Φ⟩.

As discussed above, the overall normalization of the S-matrix and of all vertex operators other than, say, the tachyon are fixed by unitarity. Unitarity will thus relate the normalization of all vertex operators to that of the tachyon. It is convenient to define:

g_c ≡ e^{⟨Φ⟩}(α^′)^{d−24} , and g_s ≡ e^{⟨Φ⟩}. (12)

Now, the “one string in V_{d−1}” constraint can be solved by requiring that the total energy, H, in volume V_{d−1} is that of a single string, p^0 = √ p^2 + m^2 (with m^2 = −4/α^′). We plug the plane wave solution, V (x) = N e^{ip·x} + N^∗e^{−ip·x}, into the Hamiltonian associated to (11), which is given by H(t) = ∫ V_{d−1} d d−1x[(∂_0V )^{∂L}_{∂(∂0 V )} − L ] (with S[V ] = ∫ dtL ), and make the link with the string theory vertex operator by identifying N here with the N in (10). It follows that, H(t) = |N |^22(p^0)^2V_{d−1}g^{−2}_c , implying that there will be one string in volume V_{d−1} if: H(t) p^0

= 1, or, equivalently, N = g_c √ 2p^0V_{d−1} . (13) That is, the “one string in volume V_{d−1}”-normalized tachyon vertex operator is, V (z, z̄) = g_c √ 2p^0V_{d−1} e^{ip·X(z,z̄)}, (14)

with E = √ p^2 + m^2 (and m^2 = −4/α^′). Although we will not prove this here, it is not too hard to show that this is precisely the normalization required by: (i) Lorentz invariance of the unitarity constraint of the Smatrix; (ii) Lorentz invariance of the scattering cross section; (iii) the requirement that S-matrix elements, S_{f i}, be dimensionless, so as to interpret |S_{f i}|^2 as a probability, as in (2).

Notice now that the normalization of the tachyon vertex is such that the most singular term in the operator product expansion is, V (z, z̄) · V (0, 0) ∼= ( g^2_c 2EV_{d−1} ) 1 |z|^4 + . . . . (15)

This suggests that we may be able to normalize arbitrarily massive bosonic string vertex operators by requiring that (15) is satisfied. This is indeed the case, and it can be shown (although we shall not do so here) that this statement is compatible with unitarity (5). Notice that the normalization condition (15) ensures that vertex operators are dimensionless.

C. S-Matrix Unitarity and Factorization

It is often more convenient to work with vertex operators normalized according to [188], V (z, z̄) · V (0, 0) ∼= g^2_c |z|^4 + . . . , (16)

instead of (15). Starting from the original normalization (15), we extract the factors of 1/ √ 2EV_{d−1} out of every vertex operator and, for N asymptotic states in total, define M(1, . . . , N) according to, T_{f i} ≡ T (1, . . . , N) ≡ M(1, . . . , N) √ 2E_1V_{d−1} . . . √ 2E_N V_{d−1} , (17) with T_{f i} defined in (4). When vertex operators are normalized according to (16), the path integral yields instead,

i(2π)^dδ^d(P_f − P_i)M(1, . . . , N) = ∞∑ h=0 ∫ E×M_h DgDXe^{−S[g,X]}V^{(1)} . . . V^{(N)}, (18) and so according to (6) and (17) we need to divide (18) by the factors √ 2E_1V_{d−1} . . . to get an S-matrix element [189],

S_{f i} = δ_{f i} + i(2π)^dδ^d(P_f − P_i) × M(1, . . . , N) √ 2E_1V_{d−1} . . . √ 2E_N V_{d−1} . (19)

In terms of M(1, . . . , N), the unitarity constraint (5) in the case where the intermediate strings in the sum over states are single string states then reads:

M(1, . . . , N) − M^∗(1, . . . , N) = i ∑∫ a ∫ d^{d−1}p_a (2π)^{d−1} 1 2E_a (2π)^dδ^d(p_a − P_i)M(1, . . . , a)M^∗(−a, . . . , N), (20)

with the sum/integral being over a complete set of states, written symbolically as a, and their associated quantum numbers. There is an obvious generalization for multi-string intermediate states. (Because of worldsheet duality it is also necessary to sum over both (say) s- and t-channel contributions in the case of N = 4, and their natural generalizations for N > 4.) It is thus clear that the volume factors have cancelled out and the factors of √ 2E_i have combined to make the unitarity constraint (20) Lorentz invariant. Thus, the factors √ 2E_i in the vertex operator normalizations are required for Lorentz invariance when the corresponding quantities M(1, . . . , N) are Lorentz invariant, which is indeed the case in string theory; recall that^{dd−1p}_{(2π)d−1}^1_{2Ep} is the

Lorentz invariant phase space, with E_p = √ p^2 + m^2.

Using ∫_dd_p (2π)^d (2π)δ(p

2 + m^2)θ(p^0) =^{dd−1p}_{(2π)d−1}^1_{2E} and 2πi δ(x) =^1_{x−i0} −^1_{x+i0} , it is an elementary exercise to show that tree level unitarity (20) is guaranteed if the following factorization formula holds true, iM(1, . . . , N) = = ∑∫ a iM(1, . . . , a) · −iθ(k^0_a) k^2_a + m^2_a − i0 · iM^∗(−a, . . . , N), (21) and M(1, . . . , a)M^∗(−a, . . . , N) = [ M(1, . . . , a)M^∗(−a, . . . , N) ]_∗ . (22)

This last condition is true for N = 4, given that M(1, 2, a)M^∗(−a, 3, 4) is indeed real for string amplitudes, but is not in general true for N > 4. Notice that −iθ(k^0) k^2 + m^2 − i0 , is the propagator (in the (− + + . . . ) signature) for a scalar particle of mass m^2 with the correct analytic continuation for a Minkowski process. Given the normalization of the tachyon, the formula (21) can be used to derive the normalization of the tree level S-matrix and of all other vertex operators. (Some examples can be found in Polchinski [123], where i(2π)^{26}δ^{26}(P_f − P_i)M(1, . . . , N)_{here} = S(1, . . . , N)_{there} and g^{here}_c = g^{there}_c when the dilaton expectation value in (12) has been shifted appropriately.)

D. Lightcone Coordinates

It is sometimes more convenient (especially in the case of coherent states) to use lightcone coordinates, {p^±, p^i} with i = 1, . . . , d − 2 and p^± =^{1√}_2 (p^0 ± p^{d−1}). In lightcone coordinates, (1) is replaced by: (2π)δ(p^{±′} − p^±) ≡ V_∓, (2π)^{d−2}δ^{d−2}(p^′ − p) ≡ V_{d−2}.

(23)

The momentum phase space analogous to (7) is: V_{d−1} d^{d−2}p (2π)^{d−1} dp^+ 2π , with V_{d−1} ≡ V_{d−2}V_−. (24)

For the sum over single string states (8) we thus have, ∑ f = ∑∫ V_{d−1} ∫ R^{d−2} d^{d−2}p (2π)^{d−1} ∫_∞ 0 dp^+ 2π , (25)

and similarly for the multi-string case (9). We next need the statements analogous to (14) and more generally (15) in the case of lightcone gauge coordinates.

In direct analogy with the procedure described in the paragraph containing (14), we compute the lightcone coordinate Hamiltonian associated to the action (11), which is given by H(x^+) = ∫ d^{d−2}xdx^−[(∂_+V )^{∂L}_{∂(∂+V )} −L ] (with S[V ] = ∫ dx^+L ), and enforce the “one string in volume V_{d−1}” constraint by truncating the region of integration in H(x^+) to V_{d−1} and requiring that H(x^+)/p^− = 1. Here p^− =^1_{2p+} (p^2 + m^2), is the tachyon onshell condition which yields the lightcone energy associated to a single tachyon (here m^2 = −4/α^′). Plugging the plane wave solution, V (x) = N e^{ip·x} + N^∗e^{−ip·x}, into the Hamiltonian H(x^+) and requiring that there is one string in volume V_{d−1}, i.e. H(x^+)/p^− = 1, thus determines N , N = g_c √ 2p^+V_{d−1}

. (26)

We make the link with the string theory vertex operator by identifying this N with that found in (10), so that the

“one string in volume V_{d−1}”-normalized tachyon vertex operator in lightcone coordinates is, V (z, z̄) = g_c √ 2p^+V_{d−1} e^{ip·X(z,z̄)}. (27) This normalization is such that the most singular term in the operator product expansion is,

V (z, z̄) · V (0, 0) ∼= ( g^2_c 2p^+V_{d−1} ) 1 |z|^4 + . . . , (28)

and, in direct analogy to the above, this normalization can be used for arbitrarily massive bosonic vertex operators [190].

Again, as discussed above, see (16), it is sometimes more convenient to work with vertex operators normalized according to,

V (z, z̄) · V (0, 0) ∼= g^2_c |z|^4 + . . . , (29)

instead of (28). From (28), this implies that we should extract the factors of 1/ √ 2p^+V_{d−1} out of every vertex operator and, as in (17), for N asymptotic states in total define: T_{f i} ≡ T (1, . . . , N) ≡ M(1, . . . , N) √ 2p^+_1 V_{d−1} . . . √ 2p^+_N V_{d−1}

. (30)

As in (18), when vertex operators are normalized according to (29), the path integral yields, i(2π)^dδ^d(P_f − P_i)M(1, . . . , N) = = ∞∑ h=0 ∫ E×M_h DgDXe^{−S[g,X]}V^{(1)} . . . V^{(N)}, (31) but now we need to divide (18) by the factors √ 2p^+_1 V_{d−1} . . . √ 2p^+_N V_{d−1} to get an S-matrix element, and in particular,

S_{f i} = δ_{f i} +i(2π)^dδ^d(P_f −P_i) M(1, . . . , N) √ 2p^+_1 V_{d−1} . . . √ 2p^+_N V_{d−1} . (32) The unitarity statement analogous to (20) in lightcone coordinates can be derived directly from (20) since (20) is Lorentz invariant, or it can be derived from (5) and (30). It reads,

M(1, . . . , N) − M^∗(1, . . . , N) = i ∑∫ a ∫ R^{d−2} d^{d−2}p_a (2π)^{d−1} ∫_∞ 0 dp^+ 2π 1 2p^+_a (2π)^dδ^d(p_a − P_i)M(1, . . . , a)M^∗(−a, . . . , N), (33)

and the result is (as above) independent of the volume V_{d−1}. To see this let us consider the relativistic phase space integral, ∫_dd_k (2π)^d (2π)δ(k

2 + m^2)θ(k^0) (which as

mentioned above is equivalent to ∫_{dd−1k} (2π)^{d−1} 1 2E_k ) with

[191] m^2 = 2N − 2. In lightcone coordinates (where dk^− ∧ dk^+ = dk^0 ∧ dk^{d−1}), let us redefine the integration variable (with i = 1, . . . , 24):

k^− = p^− + N p^+

, k^+ = p^+, k^i = p^i. (34)

This removes the N-dependence from the δ-function, δ(k^2 + 2N − 2) = δ(p^2 − 2), and dk^− ∧ dk^+ = dp^− ∧ dp^+. Ignoring the tachyon, so that θ(k^0) = θ(p^+), the Lorentz invariant phase space now reads, ∫ d^dk (2π)^d

(2π)δ(k^2 + 2N − 2)θ(k^0) = = ∫ d^dp (2π)^d

(2π)δ(p^2 − 2)θ(p^+) = ∫ R^{d−2} d^{d−2}p (2π)^{d−2} ∫_∞ 0 dp^+ 2π 1 2p^+ , (35)

where we have integrated out p^−, so that p^− =^1_{2p+} (p^2 − 2), the tachyon onshell condition. Therefore, ∫ R^{d−1} d^{d−1}k (2π)^{d−1} 1 2E_k = ∫ R^{d−2} d^{d−2}p (2π)^{d−2} ∫_∞ 0 dp^+ 2π 1 2p^+ , where it is understood that the integrands are taken onshell; the aforementioned unitarity statement (33) is proven.

E. Tree Level Operator Statements

It is sometimes desirable to compute expectation values of various operators, such as the angular momentum J^{μν} , ⟨J^{μν} ⟩ ≡ ⟨V |J^{μν} |V ⟩ ≡ J^{μν}_{cl} , (36) as this enables one to associate classically computed quantities, such as J^{μν}_{cl} that is in one-to-one correspondence with solutions of ∂_z∂_{z̄}X^μ = 0, to quantummechanical vertex operators that exhibit these classical characteristics (in the expectation value sense). It is convenient to work in the operator formalism here[192] and absorb the α^′ and e^{⟨Φ⟩} dependence of V (z, z̄) into |0, 0; p⟩, recall that g_c = e^{⟨Φ⟩}α^{′ d−24} , and in particular, |0, 0; p⟩ ≃ g_c e^{ip·X(z,z̄)}. (37)

At tree level, the factors of e^{⟨Φ⟩} (in g_c in each of the two vertex operators in e.g. ⟨V |J^{μν} |V ⟩ and the Euler characteristic e^{−χ(Σ)⟨Φ⟩} = e^{−2⟨Φ⟩}) cancel. If we then normalize the state and expectation values in a relativistically invariant manner, |V ⟩ = 1 √ 2E_pV_{d−1} |0, 0; p⟩, ⟨0, 0; p^′|0, 0; p⟩ = 2E_p(2π)^{d−1}δ^{d−1}(p^′ − p),

(38)

then, according to (1), such states have unit norm, ⟨V |V ⟩ = 1. The dimensionality of g_c is precisely that required to make the relativistic normalization shown possible. In lightcone coordinates we have similarly the following relativistic normalization, |V ⟩ = 1 √ 2p^+V_{d−1} |0, 0; p⟩, ⟨0, 0; p^′|0, 0; p⟩ = 2p^+(2π)δ(p^{+′} − p^+)

× (2π)^{d−2}δ^{d−2}(p^′ − p).

(39)

As we shall elaborate on extensively in the following section, higher mass (mass eigen-)states with unit norm can be constructed by acting on the tachyon vertex with DDF operators [126, 127], A^i_n and Ā^i_n, which satisfy [A^i_n, A^j_m] = nδ^{ij} δ_{n+m,0}:

|V ⟩ = 1 √ 2E_pV_{d−1} Cξ_{i...,j...}A^i_{−n} . . . Ā^j_{−n̄} . . . |0, 0; p⟩,

The combinatorial constant C, defined in (48), is chosen such that ⟨V |V ⟩ = 1, remains true for arbitrarily massive states. There is a similar result in lightcone coordinates with 2p^+V_{d−1} replacing 2EV_{d−1}, with the corresponding normalization of the tachyonic lightcone vacuum implied as shown in (39). Furthermore, the corresponding lightcone gauge quantities can be obtained by replacing A^i_n and Ā^i_n by α^i_n and α̃^i_n respectively. Similarly, we will see that the closed string covariant coherent states are of the form,

|V ⟩ = 1 √ 2p^+V_{d−1}

C_λ¯_λ ∫_{2π} 0 ds exp {^∞∑ n=1 1 n e^{ins}λ_n · A_{−n} } exp {^∞∑ m=1 1 m e^{−ims}λ̄_m · Ā_{−m} } |0, 0; p⟩, (40)

see (139), which again has unit norm, ⟨V |V ⟩ = 1, as do the mass eigenstates. Notice that, as mentioned above, for coherent states lightcone coordinates are more convenient.

Similar results hold for open strings, with g_o and |0; p⟩ replacing g_c and |0, 0; p⟩, both vacua being normalized in the same manner, as in (38) or (39) depending on the choice of coordinates. In addition, in the case of open strings left- and right-movers are related and hence one can construct states using only, say, the holomorphic quantities A^i_n or α^i_n. The closed and open string couplings, g_c and g_o, are related by unitarity [123], e.g. by factorizing the annulus diagram on a closed string pole; in d = 26, g^2_o = 2^{18}π^{25/2}α^{′6}g_c, and in our conventions, see (12), where g_c = e^{⟨Φ⟩}α^{′6},

g_o = 8π^{14} (2πα^′)^6e^{⟨Φ⟩/2}. (41)

Note that the dimensionality of both g_c and g_o is the same. Below we will consider both open and closed string vertex operators in detail.

III. ARBITRARILY MASSIVE VERTEX OPERATORS

Before we can hope to understand the covariant vertex operator description of cosmic strings we must first understand how to construct arbitrarily massive covariant vertex operators, and this is the question we address in the present section. We base our exposition on the general (yet practical) approach of Del Giudice, Di Vecchia and Fubini [126, 127] (henceforth referred to as DDF), see also [128–130, 147], although we will adopt a somewhat more modern viewpoint.

The geometrical string picture underlying the DDF vertex operator construction is as follows. Arbitrary vertex operators can be extracted from a certain factorization of an n-point scattering amplitude. The setup we have in mind is the following: a string in its vacuum state absorbs some number of massless excitations, resulting in an excited state – the resulting excited vertex operator is what we wish to extract. The first nontrivial statement is that a complete set of vertex operators can be obtained from the factorization of a diagram with an arbitrary number of massless open string vertex operator insertions and a vacuum insertion. When the vertex operator we wish to extract is an open string state the appropriate factorization is shown in Fig. 1.

It turns out that (as we shall show) a complete set of states can be obtained if the i^{th} massless photon vertex operator has momentum k^μ_{(i)} = −n_iq^μ and polarization tensor ξ^j_{(i)} with q^2 = 0 and n_i a positive integer. All photons therefore approach the vacuum string state from the same angle of incidence with momenta that are only allowed to differ by some integer multiple of a so far arbitrary null vector q^μ. Conformal invariance enforces the vector q^μ to be transverse to all photon polarization tensors, ξ^j_{(i)}, and this leads to spacetime gauge invariance [147]. The vacuum vertex operator, e^{ip·X} , which absorbs these photons has momentum p^μ and is tachyonic in the bosonic string, p^2 = 1/α^′.

Let us now become more explicit. This procedure is to be thought of in a step-wize sense: first consider a single photon absorbed by an open string vacuum state. Vertices produced in this process are then given by the residue of the OPE (operator product expansion) as these two initial states approach on the boundary of the worldsheet,

V^{(1)}_{excited}(w) ∼= ∮ w dz_1 V^{(1)}_{massless}(z_1) · V_{groundstate} (w).

The resulting state, V^{(1)}_{excited}(w) has momentum (p − n_1q)^μ with n_1 a positive integer of our choice. V^{(1)}_{excited}(w) is then brought close to an additional photon, V^{(2)}_{massless}(z), the residue of this OPE now giving rise to a new state,

V^{(2)}_{excited}(w) ∼= ∮ w dz_2 V^{(2)}_{massless}(z_2) · V^{(1)}_{excited}(w),

with momentum (p − n_1q − n_2q)^μ and so on. Carrying this out r times gives rise to a general vertex operator,

V^{(r)}_{excited}(w) ∼= ∮ w dz_r V^{(r)}_{massless}(z_r) . . . ∮ w dz_2 V^{(2)}_{massless}(z_2) · ∮ w dz_1 V^{(1)}_{massless}(z_1) · V_{groundstate} (w),

FIG. 1: The DDF construction of a complete set of open string physical covariant vertex operators.

where it is to be understood that the rightmost integrals are carried out first so as to respect the order with which the photons are absorbed by the vacuum. To ensure that the internal strings (see Fig. 1) are onshell we must require that (p − Nq)^2 = (1 − N)/α^′ for N = ∑ i n_i, which will be satisfied provided: p · q = 1/(2α^′). The choice of integers {n_1, n_2, . . . , n_r} determines the mass level N of the vertex operator of the final state and (p − Nq)^μ is the corresponding momentum of this ex-

cited state. Defining A^i_n =

√_2 α^′ ∮ dz ∂_z X^i(z)e^{inq·X(z)}, the above state can be equivalently written as,

V^{(r)}_{excited}(w) ∼= g_o √ 2p^+V_{d−1} Cξ_{i...j} A^i_{−n1} . . . A^j_{−nr} ·e^{ip·X(w)}, (42) with C a to-be-determined normalization constant and formally write ξ^{ij...} = ξ^i_{(1)}ξ^j_{(2)} . . . . We have included the factor of^{go}√_{2p+Vd−1} that we computed (by the ‘one string

in volume V_{d−1}’ condition) in Sec. II that ensures that S-matrix elements transform correctly under Lorentz transformations. Recall from above, see (41), that we denote the open string coupling by g_o.

The A^i_n are the so called DDF operators [126, 127]. After carrying out the contour integrals the resulting vertex operator, V (w) ≡ V^{(r)}_{excited}(w), will be composed of a linear superposition of normal ordered terms of the form ζ^{μν...}∂^#X∂^#X . . . with an overall factor of e^{i(p−Nq)·X(z)} (we shall compute these explicitly). The polarization tensors ζ^{μν...} will be composed of the quantities, ξ^{ij...}, p^μ, and q^μ. There is clearly a one-to-one correspondence between vertex operators V (w) and lightcone gauge states,

|V ⟩_{lc} = 1 √ 2p^+V_{d−1} C^′ξ_{i...j} α^i_{−n1} . . . α^j_{−nr} |0; p^+, p^i⟩, with C^′ an a priori different normalization constant to C. It is determined by the condition ⟨V |V ⟩_{lc} = 1 and, writing |0; p⟩ = |0; p^+, p^i⟩,

⟨0; p^′|0; p⟩ = 2p^+(2π)δ(p^{+′} − p^+)(2π)^{d−2}δ^{d−2}(p^′ − p).

Therefore, we reach the important conclusion that covariant vertex operators extracted via factorization of a scattering amplitude with photons and a ground state tachyon form a complete set. A rather non-trivial statement is that V (w) has the same mass and angular momenta as |V ⟩_{lc} (we prove this later for arbitrary coherent states), and we take this correspondence further and conjecture that V (w) and |V ⟩_{lc} also share identical interactions.

Note that the above construction is covariant [130], although not manifestly so: even though the ξ^j_{(i)} do not contain any timelike directions (as is also the case for the lightcone gauge states) the resulting polarization tensors ζ^{μν...} potentially have all components nonvanishing, thus restoring manifest covariance – we shall prove this with some examples below. We have not enforced any constraint, e.g. X^+ ∝ τ, on the target space coordinates in the vertex operator V (w), and so the path integral with vertex insertions V (w) includes a measure ∫ E DX^0 . . . DX^{25}e^{iℏ S[X]}. Making covariance manifest is of course not required in order to plug such vertices into covariant path integrals. The correspondence with the lightcone gauge states suggests also the following: the quantity ξ^{ij...} that appears in the covariant vertex operators are to be identified with tensors corresponding to irreducible representations of SO(25), the little group of SO(25,1) for massive states: that is, ξ^{ij...} have the symmetries of Young tableaux [148].

A good consistency check is the following. Given that the DDF operators are integrals of photon vertex operators, i.e. integrals of (1,0) conformal primary operators, they must be gauge invariant: [L_n, A^i_m] = 0. Therefore, V (w) must satisfy the Virasoro constraints: the operator L_{n>0} will commute through to hit the vacuum, e^{ip·X} , which will be annihilated if it is physical, i.e. if p^2 = 1/α^′. The L_0 operator similarly commutes through to hit the vacuum and given that L_0 · e^{ip·X} ∼= e^{ip·X} , the full vertex operator V (w) satisfies the Virasoro constraints automatically:

L_0 · V (w) ∼= V (w), and L_{n>0} · V (w) ∼= 0.

In direct analogy to the lightcone gauge states, the vertices V (w) are transverse to null states [128] as one would expect given the underlying geometrical string picture on which the construction is based.

For the construction of closed string vertex operators it turns out that the naive expression, namely, V (z,z̄) = g_c √ 2p^+V_{d−1} Cξ_{ij...,kl...} × A^i_{−n1} A^j_{−n2} . . . Ā^k_{−n̄1}Ā^l_{−n̄2} . . . e^{ip·X(z,z̄)}, (43)

with the DDF operators A^i_n and Ā^i_n defined in (50), is also the correct expression. The lightcone gauge realization of this state is the expression [128, 129],

|V ⟩_{lc} = g_c √ 2p^+V_{d−1} Cξ_{ij...,kl...} × α^i_{−n1} α^j_{−n2} . . . α̃^k_{−n̄1}α̃^l_{−n̄2} . . . |0, 0; p^+, p^i⟩. (44)

We as usual need to introduce the constraint, N = N̄ by hand [193]. The closed string constraints analogous to the open string case are p^2 = 4/α^′, p · q = 2/α^′, q^2 = 0 and q · ξ = 0. The DDF operators commute with the Virasoro generators and so (43) again satisfies the Virasoro constraints. The normalization of the vacuum is again: ⟨0,0; p^′|0, 0; p⟩ = = 2p^+(2π)δ(p^{+′} − p^+)(2π)^{d−2}δ^{d−2}(p^′ − p),

(45)

and determine C by the condition ⟨V |V ⟩_{lc} = 1, see Sec. II.

Caution however is needed in interpreting this expression as a vertex arising in a scattering experiment of massless states and a vacuum (as we did above for the open string). If for example, the vacuum and the corresponding massless states in a string scattering experiment are all bulk vertex operators then a complete set of states would not be generated: e.g., vertices with an asymmetry corresponding to the lightcone gauge states α^i_{−1}α^j_{−1}α̃^k_{−2}|p^i, p^+; 0, 0⟩ could not be generated in a closed string scattering experiment of massless vertices and a tachyon. It is likely that rather vertex operators (43) can instead be created in an open string scattering experiment: factorization of a (one loop open string) scattering amplitude involving photons and a closed string tachyon should give rise to an arbitrary closed string vertex operator of the form (43). It might be worth mentioning that a closed string scattering experiment in a lightlike compactified spacetime, X^− ∼ X^− + 2πR^− with R^− =^{α′}_2 q^−, of massless vertex operators (with lightlike winding) and a tachyon (without lightlike winding) would generate a complete set of vertex operators of the form (43), without the need of introducing open string interactions.

Crucially, the above prescription for extracting vertex operators results in explicit polarization tensors for which there are no additional constraints to be solved, which is a common serious drawback of many other approaches to vertex operator constructions, see e.g. [131, 132, 138, 142, 149–151] among others.

A. Momentum Phase Space

We now examine a subtlety related to the fact that the operators A^i_n depend on the momenta q^μ. The question we want to address here is: when we compute expectation values, can different vertex operators be labelled by different null vectors q^μ? DDF operators satisfy an oscillator algebra, [A^i_n, A^j_m] = nδ^{ij} δ_{n+m,0}, which is identical to the algebra associated to the α^i_n operators, [α^i_n, α^j_m] = nδ^{ij} δ_{n+m,0}. In general, one might expect however that different vertex operators should be constructed out of DDF operators which in turn are defined with different q^μ – different choices of q^μ for different vertices corresponds to different choices of momentum, k^μ = p^μ − Nq^μ. It would then seem that the relevant commutator is [A^i_n, A^j_m^′] rather than [A^i_n, A^j_m] with A^i_n^′ a DDF operator constructed out of q^′. To examine this possibility, let us analyze the constraints and momentum phase space.

Consider the case of open strings with both ends attached to a single Dp-brane, and take p = 25. In this case, we can write down results that hold for both open strings and closed strings when the choice α^′ = 1/2 and α^′ = 2 is made respectively. As discussed above, in the DDF formalism, the momentum of a level N mass eigenstate is: k^μ = p^μ − Nq^μ. Two 26-dimensional vectors p^μ, q^μ are therefore needed to specify the momentum of the state, but there are only 3 constraint equations: p^2 = 2, p · q = 1, and q^2 = 0, so that there remain, 2 × 26 − 3 = 49 free parameters. Given that k^μ has only 26 parameters, one of them being eliminated by making use of the mass shell condition, it follows that only 25 of the 49 free parameters are needed in order to completely specify the momentum of a state. Therefore, we can fix 49−25 = 24 of the 2 × 26 parameters in p^μ, q^μ while still spanning the full the phase space. Use this freedom to set

q^i = 0, for i = 1, . . . , 24,

for all states constructed by DDF operators. Substituting this into the constraint equations (62), leads to the positive energy solution [194],

p^μ = ( c 2 ( p^2 − 2 ) + 1 2c , p, − c 2 ( p^2 − 2 ) + 1 2c ) , q^μ = ( − c, 0, . . . , 0, c ) . (46)

As required, this choice satisfies −(p − Nq)^2 ≡ m^2 = 2N − 2 for any p^i, c. In terms of p^+ we have c = 1/( √ 2p^+), and k^− =^1_{2p+} (p^2 + 2N − 2). The positive energy condition requires c > 0 (for non-tachyonic states, N ≥ 1), and the full phase space (neglecting the tachyon) is:

−∞ ≤ p ≤ ∞ and p^+ > 0, with p^+ = −1/q^− [195]. We reach the important conclusion that different vertex operators may indeed be labelled by different q^μ when their momenta differ, but that all vertices may be taken to have q^i = q^+ = 0 while spanning the full phase space. For instance, when we compute the inner product of two covariant vertex operators of the form (42), we may take one vertex to be constructed out of DDF operators with q^{′−} ≠ 0, q^{′i} = q^{′+} = 0 and a vacuum with momentum p^{′μ} and the other to be constructed from DDF operators with q^− ≠ 0, q^i = q^+ = 0 and a vacuum with momentum p^μ. The important point is now that q · q^′ = 0, and it is due to this fact that [A^{′ i}_n , A^j_m] = nδ^{ij} δ_{n+m,0}, with A^{′i}_n and A^i_n the DDF operators constructed out of q^′ and q respectively. Therefore, different vertex operators can be constructed out of different q^μ provided q · q^′ = 0, which in the coordinate system shown above is equivalent to saying that different vertex operators can be labelled by {p, p^+}, which can be taken to be independent for every vertex operator, as required.

In the next two sections we summarize what we have learnt and fill in the details on some of the finer points. We first discuss the closed string and then the modifications required for the open string.

B. Closed String Mass Eigenstates

As discussed above, the DDF formalism provides a dictionary which relates every light-cone gauge state to the corresponding covariant gauge vertex operator. Writing N = ∑ j n_j and N̄ = ∑ j n̄_j with N = N̄, a general light-cone gauge mass eigenstate state is of the form

|V ⟩_{lc} = 1 √ 2p^+V_{d−1} Cξ_{ij...,kl...} × α^i_{−n1} α^j_{−n2} . . . α̃^k_{−n̄1}α̃^l_{−n̄2} . . . |0, 0; p^+, p^i⟩, (47)

with |0, 0; p^+, p^i⟩ an eigenstate of p^+, p^i and annihilated by the (dimensionless) lowering operators α^i_{n>0}, α̃^i_{n>0}, normalized according to (39). If the polarization tensor ξ_{ij... ,kl...} is normalized to unity, ξ_{ij... ,kl...}ξ^{ij... ,kl...} = 1, then the combinatorial normalization constant, C, contains [123] a factor of^{1√}_n for every α^i_{−n} that appears and factors of^1√_{μn,i !} , with μ_{n,i} the multiplicity of α^i_n

in the above product. Similar factors are required for the anti-holomorphic sector; in total [196], C ≡ 1 √∏ r n_r ∏ n,i μ_{n,i}! × 1 √∏ s n̄_s ∏ n̄,i μ̄n̄,i! . (48)

To every light-cone gauge state (47) there corresponds [130] the correctly normalized covariant vertex operator of momentum k, V (z,z̄) = g_c √ 2p^+V_{d−1} Cξ_{ij...,kl...} × A^i_{−n1} A^j_{−n2} . . . Ā^k_{−n̄1}Ā^l_{−n̄2} . . . e^{ip·X(z,z̄)}, (49)

with the (dimensionless) DDF operators, A^i_n, Ā^i_n, defined by, A^i_n ≡ √ 2 α^′ ∮ dz ∂_zX^i(z)e^{inq·X(z)}, Ā^i_n ≡ √ 2 α^′ ∮ dz̄ ∂_{z̄}X^i(z̄)e^{inq·X(z̄)}. (50)

The indices i are understood to be transverse to q^μ. In accordance with the above considerations the null spacetime vector q^μ and the (tachyonic) vacuum momentum p^μ are such that,

p^2 = 4 α^′ , p · q = 2 α^′ , and q^2 = 0. (51)

The quantity k^μ ≡ p^μ − Nq^μ, as discussed above is identified with the momentum of the vertex operator (49): from the definitions of p and q we can confirm that the mass shell condition is automatically satisfied if N is identified with the level number, N = ∑ i n_i, k^μ = p^μ − Nq^μ, and k^2 = 4 α^′ (1 − N). (52)

As an example, it is also useful to note that one can always Lorentz boost to a frame where (for simplicity here α^′ = 2), p = ( c − 1/(2c), 0, . . . , 0, c + 1/(2c) ) , q = ( c, 0, . . . , 0, c ) , (53)

given that these satisfy p^2 = 2, p · q = 1 and q^2 = 0 as required for any c, see Sec. III. As an example, let us boost to the rest frame where the k^i = 0 and k^0 = √ 2N − 2. p and q are determined completely, with c^{−1} = − √ 2N − 2.

The vertex (49) is not yet normal ordered and can be brought into a manifestly normal ordered form by bringing the operators in the integrands close to the vacuum, summing over all Wick contractions using the standard sphere two-point function for scalars, ⟨ X^μ(z, z̄)X^ν (w, w̄) ⟩ = − α^′ 2 η^{μν} ln |z − w|^2, (54)

and evaluating the resulting contour integrals so as to extract the residues which correspond to the physical states. The contour integrals in (49) are to contain the ground-state vacuum. We are to bring the rightmost operators close to the vacuum first so as to respect the order with which these hit the vacuum. When the rightmost DDF operator is brought close to the vacuum we evaluate the associated contour integral (with all other insertions placed outside the contour). We then bring the next DDF operator close to the resulting object, evaluate the operator products and the associated contour integral and so on, see Fig. 1. The procedure is analogous to the usual procedure of extracting vertex operators from Fock space states [151].

Using the operator product interpretation of the commutators (see Appendix A) it is seen that the DDF operators satisfy an oscillator algebra and annihilate the vacuum when n > 0 in direct analogy with the corresponding oscillators α_n and α̃_n, [ A^i_n, A^j_m ] ∼ = nδ^{ij} δn+m,0, and A^i_{n>0} · e^{ip·X(z,z̄)} ∼= 0, (55) In addition, they commute with the Virasoro generators [197], L_m · A_n ∼= L̄_m · Ā_n ∼= L̄_m · A_n ∼= L_m · Ā_n ∼= 0, for all m, n ∈ Z and the (tachyonic) vacuum on which the DDF operators act has conformal dimension (1, 1) and is therefore an L_0, L̄_0 eigenstate, L_0 · e^{ip·X(z,z̄)} ∼= L̄_0 · eip·X(z,z̄) ∼= eip·X(z,z̄). It follows that V (z, z̄) is a physical vertex operator given that, (L_0 − 1) · V (z, z̄) ∼= 0, L_{m>0} · V (z, z̄) ∼= 0, and (L̄_0 − 1) · V (z, z̄) ∼= 0, L̄_{m>0} · V (z, z̄) ∼= 0. An important point that can be mentioned here is that level matching, (L_0 − L̄_0) · V (z, z̄) ∼= 0, is satisfied even for states with asymmetrically excited leftand right-movers, one such state being e.g. V (z, z̄) = ξ_{i,j} A^i_{−n}Ā^j_{−m}e^{ip·X(z,z̄)} with n ≠ m and positive. In fact, when we normal order this expression it will be seen that the presence of such states requires a lightlike compactification of spacetime – we will have more to say about this later on when we discuss covariant coherent states for closed strings.

We suggest that the states (47) and (49) are different descriptions of the same state. This is supported from various points of view: (a) there is a one-to-one correspondence between (47) and (49), and the lightcone gauge states (47) describe a complete set of states for the bosonic string; (b) the lightcone and covariant expressions have the same mass and angular momenta; (c) the first mass level states are identical. We conjecture and work on the assumption that the lightcone and covariant states share identical correlation functions (provided these are gauge invariant).

As discussed above, that (49) is covariant is not manifest due to the explicit presence of transverse indices. However, when the operator products and contour integrals are carried out the resulting object can be given a manifestly covariant form [130] – we will show this explicitly with a couple of examples (and in particular, (66) and (75)).

In the next section we fill in the details for the open string covariant vertex operator construction before discussing the normal ordered expression of the closed string vertex operators.

C. Open String Mass Eigenstates

The open string vertex operator construction proceeds in a similar manner, but there are certain differences that we mention here. First of all note that our open string conventions are presented in Appendix B. We restrict our attention to open strings with both ends attached to a single Dp-brane (with p ≥ 1 [152]), although such vertex operators are also relevant in scattering amplitude computations involving open string vertices stretched between parallel Dp-branes, the so called p-p strings. The construction may be generalized to p-p^′ string vertex operators that stretch between a Dp- and a Dp^′-brane along the lines of [153] by making use of the notion of a twist field.

Consider the case of p-p vertex operators where a string worldsheet is attached to two parallel Dp-branes. In a direction transverse to the brane the string satisfies Dirichlet boundary conditions [14], X|_{∂Σ} = x(s), with x(s) parametrizing the boundary of the worldsheet, Σ, which is fixed to the brane. For a worldsheet conformally transformed to the upper half plane with the boundary on the real axis, an example would be a vertex inserted on the real axis at Im z = 0 and Re z = y, in which case the Dirichlet boundary conditions become,

X = 0 for Im z = 0 Re z < y, X = L for Im z = 0 Re z > y,

for the two parallel branes separated by a distance L. A useful formula has been given in [152] for the functional integral,

∫ X|_{∂Σ}=x(z) DXe^{−S[X]} . . . = ∫ X|_{∂Σ}=0 DXe^{−S[X]} exp { 1 (2πα^′)^2 ∮ ∂Σ ds ∮ ∂Σ ds^′x(s)x(s^′)∂_⊥∂^′_⊥G_D(z, z^′) } . . . , (56)

with S the Polyakov action, the normal derivatives ∂_⊥ acting on the Green’s function with Dirichlet boundary conditions, G_D(z, z^′) = ⟨X(z, z̄)X(z^′, z̄^′)⟩ with the normalization convention ∂_z ∂_{z̄}G(z, w) = −πα^′δ^2(z − w) +^{πα′ gzz̄} ∫ Σ d^2z √ g and G_D(z, z^′)|_{z∈∂Σ} = 0, and the dots “. . . ” denoting vertex operator insertions. This expression shows [152] that we may restrict our attention to the construction of vertex operators with both ends attached to a single brane, say at X^i|_{∂Σ} = 0, keeping in mind that one is to include the above exponential factor as appropriate for p-p strings stretching between parallel branes in the various scattering amplitude computations.

Spacetime directions tangent to the Dp-brane are labelled by lower case latin letters from the beginning of the alphabet, X^a, with a = 0, . . . , p, and directions transverse to the brane by upper case latin letters from the middle of the alphabet, X^I , with I = p + 1, . . . 25. It is sometimes useful to work in lightcone coordinates in both covariant and lightcone gauge as this enables us to make the correspondence between the two gauges explicit. Assuming the associated lightcone directions satisfy Neumann boundary conditions we may define,

X^± =^{1√}_2 ( X^0 ± X^p ) . Note that it is necessary [152] for the X^± directions to lie in the Neumann directions in order to make the correspondence with lightcone gauge for which X^+ = (2α^′)p^+τ_M, with τ = iτ_M, as this is not compatible with Dirichlet boundary conditions, see (58). To place the lightcone directions in the Dirichlet directions one needs to instead reformulate lightcone gauge quantization with X^+ = (2α^′)p^+σ. A general spacetime direction is as always labelled by Greek lower case letters, X^μ. To summarize, X^a = {X^±, X^A}, with A = 1, . . . , p − 1, X^i = {X^A, X^I }, with I = p + 1, . . . , 25, X^μ = {X^±, X^i}. (57) and so the directions X^A satisfy Neumann boundary conditions, whereas directions X^I satisfy Dirichlet boundary conditions. In the Euclidean worldsheet coordinates, z = e^{−i(σ+iτ )}, z̄ = e^{i(σ−iτ )} with σ ∈ [0, π] and τ ∈ (−∞, ∞), (considering only the case of NN and DD strings) Neumann and Dirichlet boundary conditions read respectively,

N : ∂_σ X^a|_{∂Σ1,2} = 0 and D : ∂_τ X^I |_{∂Σ1,2} = 0. (58) Note that, ∂_σ = i(z̄ ¯∂ − z∂) and ∂_τ = z̄ ¯∂ + z∂. In the (z, z̄) coordinates the open string physical worldsheet, Σ, is conformally mapped to the upper half plane with the identification, z ∼ z̄. The associated fixed point, the real line z = z̄, defines the open string boundaries.

Using the doubling trick we can as usual write the various expressions needed in terms of holomorphic quantities only [123]: one identifies antiholomorphic quantities in the upper half plane with holomorphic quantities in the lower half plane and therefore one may just as well work with holomorphic quantities only provided one works in the full complex plane. The open string vertex operators are inserted on the real axis. We assume that both ends of the string satisfy the same boundary conditions for any given direction, we thus consider the cases of NN and DD directions only and do not consider mixed boundary conditions ND and DN.

The relevant DDF operators now read,

A^A_n = √ 2 α^′ ∮ dz ∂X^A(z)e^{inq·X(z)}, A^I_n = √ 2 α^′ ∮ dz ∂X^I (z)e^{inq·X(z)}, (59)

for oscillators parallel or transverse to the brane respectively and the closed contour integrals are to contain the operators they act on, which are on the real axis. In a Minkowski signature worldsheet the integrals are along the boundary of the worldsheet which is coincident with the Dp-brane. The null vectors q^μ are restricted to lie within the D-brane worldvolume and are transverse to the DDF operators:

q^A = q^I = 0.

In direct analogy to the closed string case we create open string vertex operators with fluctuations in the X^A or X^I directions by acting on the vacuum with DDF operators see also Appendix B), V (z, z̄) = g_o √ 2p^+V_{d−1} Cξ_{ij...}A^i_{−n1} A^j_{−n2} . . . e^{ip·X(z)}, (60) the vacuum, e^{ip·X(z)} being restricted to the worldsheet boundary (e.g. the real axis in the complex z-plane) and the combinatorial normalization constant C, C ≡ 1 √∏ r n_r ∏ n,i μ_{n,i}! . (61)

The vertex operators (60) are mass level N = ∑ i n_i states with momenta k^μ = p^μ − Nq^μ, the onshell constraints now reading,

p^2 = 1 α^′ , p · q = 1 2α^′ , and q^2 = 0, (62)

so as to ensure that m^2 = −(p − Nq)^2 = (N − 1)/α^′ as appropriate for open strings. The contractions appearing in (62) are with respect to all spacetime indices μ. The boundary conditions require in addition, p^I = 0, see Appendix B.

Normal ordered vertex operators are obtained from (60) by bringing the operators in the integrands close to the vacuum, summing over all Wick contractions using e.g. the upper half plane two-point function for scalars (given in (B6) in Appendix B for completeness) for Neumann (N) or Dirichlet (D) directions, and evaluating the resulting contour integrals so as to extract the residues which correspond to the physical states. In evaluating the operator products we are to restrict the integrands of the DDF operators to the real axis . Only after the operator products have been computed are we to analytically continue in the variable of integration so as to circle the tachyonic vacuum in order to extract the residue. This is best understood by realizing that the vertex operator (60) can be thought of as being created in a sequence of open string scattering events as explained in the introduction and depicted in Fig. 1.

The massless states, V^{(i)}_{massless}, that are absorbed by the ground state string, V_{ground state} = e^{ip·X(z)}, are the integrands of the DDF operators polarized in some direction, ξ^i, of our choice, and the final excited state V^{(r)}_{excited} is given by the vertex operator (60) after normal ordering, when a sequence of r DDF operators have acted on the vacuum. In what follows we compute this normal ordered expression for a complete set of such open string covariant vertex operators. We give explicit results for the closed string and consider the open string explicitly when we construct coherent states. Open string vertices constructed from the A^A_n operators are related by T-duality to vertices constructed out the A^I_n [14, 154, 155]. The latter are interpreted as ripples in the D-brane worldvolume. The remaining possibility is vertex operators with excitations associated to both transverse and tangent directions to the D-brane, and these may be interpreted as the usual Neumann boundary condition vertices with excitations within the Dbrane worldvolume which in addition generate ripples of the D-brane. In the open string coherent state section we shall consider vertices constructed from the A^A_n .

As in the closed string case there is a one-to-one correspondence with the lightcone gauge states,

|V ⟩_{lc} = 1 √ 2p^+V_{d−1} Cξ_{ij...} α^i_{−n1} α^j_{−n2} . . . |0; p^+, p^i⟩, (63) with |0; p^+, p^i⟩ an eigenstate of p^+, p^i and annihilated by the (dimensionless) lowering operators, α^i_{n>0}, where

α^μ_n = √ 2 α^′ ∮ dz ∂X^μ(z) z^n. and defined so that (39) holds true.

The fact that the covariant gauge vertex operators (60) are in one- to one correspondence with the lightcone gauge states (63) proves that the former comprise a complete set. We conjecture and work on the assumption that the states |V ⟩_{lc} and V (z, z̄) are identical states in the sense that they share identical masses, angular momenta and interactions. We shall obtain evidence supporting this conjecture as we go along.

We next discuss the correspondence between lightcone gauge states and covariant gauge vertex operators, and consider the issue of normal ordering in detail. We start from the graviton and subsequently move on to arbitrarily excited vertex operators.

D. The covariant equivalent of α^i_{−1}α̃^j_{−1}|0, 0; p^+, p^i⟩

We wish to obtain the covariant equivalent of the lightcone gauge graviton (or other massless) state,

|V ⟩_{lc} = 1 √ 2p^+V_{d−1} ξ_{i,j} α^i_{−1}α̃^j_{−1}|0, 0; p^+, p^i⟩.

Here m^2 = 0, and so from (52) k^μ = p^μ − q^μ. We see from (47) and (49) that the light-cone to covariant vertex map is realized by: ξ_{i,j} α^i_{−1}α̃^j_{−1}|0, 0; p^+, p^i⟩ → ξ_{i,j} A^i_{−1}Ā^j_{−1}e^{ip·X(z,z̄)}, (64) with ξ · q ≡ 0. To bring this into a manifestly covariant form we substitute into the right hand side the definitions (49). Using the operator products we bring the integrands close to the vacuum and evaluate the resulting contour integrals as explained below (50). For the graviton this procedure can be seen to lead to [198]:

ξ_{i,j} A^i_{−1}Ā^j_{−1}e^{ip·X(z,z̄)} = 2 α^′ ξ_{i,j} ∮ z dw ∂_wX^i(w)e^{−iq·X(w)} ∮ z̄ dw̄ ∂_{w̄}X^j (w̄)e^{−iq·X(w̄)} e^{ip·X(z,z̄)} ∼= 2 α^′ ξ_{i,j} ( δ^i_μ − α^′ 2 p^iq_μ )( δ^j_ν − α^′ 2 p^j q_ν ) ∂X^μ(z) ¯∂X^ν (z̄)e^{i(p−q)·X(z,z̄)}. (65)

With the identification ζ_{μ,ν} = ξ_{i,j} (δ^i_μ −^{α′}_2 p^iq_μ)(δ^j_ν − α^′ 2 p^j q_ν ), we find the manifestly covariant and normalordered expression for the graviton vertex [130], V (z, z̄) = g_c √ 2p^+V_{d−1} 2 α^′ ζ_{μ,ν} ∂X^μ(z) ¯∂X^ν (z̄)e^{ik·X(z,z̄)}, (66) which has been derived from the corresponding lightcone gauge graviton via the DDF formalism. Note that we could just as well have written^{gc}√_{2EkVd−1} (with

E_k = |k|) instead of^{gc}√_{2p+ Vd−1} , provided the momen-

tum phase space in S-matrix elements is taken to be (7) instead of (24), as discussed in Sec. II. This remark applies also to the other mass eigenstate vertex operators given below as well, but does not apply in the case of coherent states (see later).

The polarization tensor ζ_{μ,ν} is transverse to the graviton momentum k^μ as can be explicitly verified [199]. Notice that depending on our choice of ξ, p and q all entries of the covariant polarization tensor, ζ_{μ,ν} , may be non-vanishing in general. Whether or not the corresponding polarization tensor is traceless depends on our choice of ξ_{i,j} .

The above procedure generalizes to arbitrarily massive vertices and given that the DDF operators generate the complete set of physical states [128, 129] it is clear that all arbitrarily massive vertices in covariant gauge may be extracted via this method. The fact that the physical content of the light-cone gauge states (where there are no ghost excitations) is clearer than covariant gauge vertex operators has been one of the great virtues of the light-cone gauge approach – it is seen that this virtue is also present in the covariant gauge if one makes use of the DDF formalism.

E. The covariant equivalent of α^i_{−N} α̃^j_{−N} |0, 0; p^+, p^i⟩

Consider now a not so obvious example which in fact, as will become apparent in the next subsection, is the basic building block of all vertex operators whose polarization tensors are traceless. In this subsection we derive the normal ordered covariant vertex operator corresponding to the lightcone state

|V ⟩_{lc} = 1 √ 2p^+V_{d−1} 1 N ξ_{i,j} α^i_{−N} α̃^j_{−N} |0, 0; p^+, p^i⟩, (67)

with the normalization C = 1/N, see (48). Here the mass, m^2 = 4(N − 1)/α^′, and so from (52), k^μ = p^μ − Nq^μ. Following the DDF prescription, we consider the state

V (z, z̄) = g_c √ 2p^+V_{d−1} 1 N ξ_{i,j} A^i_{−N} Ā^j_{−N} e^{ip·X(z,z̄)}. (68)

As in the graviton example, we use the definitions of the DDF operators and carry out the relevant operator products. Let us consider the holomorphic sector and shift the vertex to z = 0. This leads us to consider,

A^i_{−N} · e^{ip·X(0)} = √ 2 α^′ ∮ 0 dw ∂X^i(w)e^{−iNq·X(w)} · e^{ip·X(0)} ∼= √ 2 α^′ ∮ 0 dw iw ( p^i w^{−N} + ∞∑ r=1 i (r − 1)! ∂^rX^i(0) w^{r−N} )^∞∑ m=0 w^mS_m(Nq; 0) e^{i(p−Nq)·X(0)}

= √ 2 α^′ (α′ 2 p^iS_N (Nq; 0) + N∑ m=1 i (m − 1)!

∂^mX^i(0)S_{N−m}(Nq; 0) ) e^{i(p−Nq)·X(0)}, (69)

with the definition,

S_m(nq; z) ≡ S_m(a_1, . . . , a_m), (70)

when the following identification is made,

a_s = − inq · ∂^s_z X s! . The elementary Schur (or complete Bell) polynomials, S_m(a_1, . . . , a_m), are in turn defined in general by: S_m(a_1, . . . , a_m) ≡ −i ∮ 0 du u^{−m−1} exp m∑ s=1 a_su^s (71a)

= ∑ k_1 +2k_2+···+mk_m=m

a^{k1}_1 k_1! . . . a^{km}_m k_m!

. (71b)

Similar remarks hold for the anti-holomorphic sector, see Appendix A 5. Note that ∮ 0 dw 2πiw = − ∮ 0 dw̄ 2πiw̄ = 1, and we have made use of the standard correlator on the complex plane (54), as well as the onshell constraints (52). The elementary Schur polynomials arise from the Taylor expansion (inside the normal ordering) of e^{−iNq·X(z)} = ∑_∞ m=0 z^mS_m(Nq; 0)e^{−iNq·X(0)} which can be derived from Faà di Bruno’s formula [156] for the m^{th} derivative of the exponential, (e^{iNq·X(z)}∂^me^{−iNq·X(z)})_{z=0}. As a preliminary consistency check note that the subscript N on S_N (Nq) denotes the total number of derivatives and so the level number on both sides of the equation is the same. We have noted also the corresponding expression, S̄_m(nq; z̄), for the anti-holomorphic sector. Shifting the insertion back to z, z̄ we conclude that the level N lightcone state^1_N ξ_{i,j} α^i_{−N} α̃^j_{−N} |0, 0; p^+, p^i⟩ has the covariant manifestation: V (z, z̄) = g_c √ 2p^+V_{d−1} : 1 N ξ_{i,j} H^i_N (z)H̄^j_N (z̄)e^{i(p−Nq)·X(z,z̄)} : (72) We have found it convenient to define the polynomials H^i_N (z), H̄^i_N (z̄), in ∂^#X and ¯∂^#X respectively,

H^i_N (z) ≡ √ α^′ 2 p^iS_N (Nq; z) + P^i_N (z), (73a)

H̄^i_N (z̄) ≡ √ α^′ 2 p^iS̄_N (Nq; z̄) + P̄^i_N (z̄), (73b)

with P^i_N (z), P̄^i_N (z̄) in turn defined by,

P^i_N (z) = √ 2 α^′ N∑ m=1 i (m − 1)! ∂^mX^i(z)S_{N−m}(Nq; z), (74a)

P̄^i_N (z̄) = √ 2 α^′ N∑ m=1 i (m − 1)! ¯∂^mX^i(z̄)S̄_{N−m}(Nq; z̄). (74b)

These polynomials are the fundamental building blocks of normal ordered covariant vertex operators when these correspond in lightcone gauge to a traceless state as we shall see [200]. In the rest frame we are to replace, H^i_N (z), H̄^i_N (z̄) with, P^i_N (z), P̄^i_N (z̄), respectively as in this case the momenta, k^μ = p^μ −Nq^μ, are transverse to the polarization tensors and consequently ξ_{...i...}p^i = 0. Some examples for N = 0, 1 and 2 have been given in Appendix A. We next give an explicit example for m^2 = 4/α^′, mass levels, where N = 2, to illustrate that the vertices generated in this manner are the standard covariant vertex operators [149], see also [131, 138, 151, 157], with polarization tensors that range over the entire range of spacetime indices. The difference to the traditional approach (taken in the above cited papers) is that here physical polarization tensors are automatically generated – there are no additional constraints to be solved. First of all note that for N = 1 we recover the graviton (or in general the massless) vertex operator(s) [201]. For N = 2, we have k^μ = p^μ−2q^μ. The covariant vertex operator which is equivalent to the lightcone state^1√_{2p+Vd−1}^1_2 ξ_{i,j} α^i_{−2}α̃^j_{−2}|0, 0; p^+, p^i⟩ fol-

lows as a corollary of (72), |V ⟩ = 1 √ 2E_kV_{d−1} 1 2 ( χ_{μν} α^μ_{−1}α^ν_{−1} + ζ_μα^μ_{−2} ) × ( χ̄_{ρσ}α̃^ρ_{−1}α̃^σ_{−1} + ζ̄_ρα̃^ρ_{−2} ) |0, 0; k^μ⟩, (75)

where we have made use of the operator-state correspondence, α^μ_{−n} ≃

√_2 α^′ i (n−1)! ∂ nX^μ(z), |0, 0; k^μ⟩ ≃ g_c e^{ik·X(z,z̄)}, and have written |V ⟩ ≃ V (z, z̄), in order to make manifest the differences to the equivalent lightcone gauge state. We have chosen to write (75) in the more conventional coordinates used in covariant gauge, where the vacuum is normalized according to (38) and E_k = √ k^2 + m^2. From (72) one can derive (by expanding out the various polynomials for N = 2) the manifestly covariant polarization tensors,

ζ_μ = ξ_i ( δ^i_μ −^{α′}_2 p^iq_μ ) χ_{μν} = √_{α′} 2 ξ_i ( α^′p^iq_μq_ν − δ^i_μq_ν − δ^i_ν q_μ ) , (76)

with the properties |ζ|^2 = |ξ|^2 (with |ξ|^2 = 1 so that the lightcone state is correctly normalized), χ_{μν} = χ_{νμ}, |χ|^2 = ζ · k = χ^μ_μ = χ_{μν} k^μk^ν = 0. As a consistency check note that these polarization tensors solve the physical state conditions, 2ζ_μ + k^ν χ_{μν} = 0, 2k_μζ^μ + η^{μν} χ_{μν} = 0, which were derived by completely different methods in [138]. There are similar expressions for ζ̄_μ, χ̄_{μν} with ξ̄_i replacing ξ_i. One thing to notice is that all components of these polarization tensors may be non-vanishing in general so that the resulting states really are covariant in the usual sense even though the state (68) from which (75) was derived seems to break spacetime covariance by the explicit choice of transverse indices.

There has been some confusion concerning a state of the form (75) in the literature [138, 151] where it is concluded that such a state may satisfy the Virasoro constraints but has zero norm. We disagree in that we find that the state |V ⟩ has positive norm [202], ⟨V |V ⟩ = 1, while satisfying all the Virasoro constraints, L_{n>0}|V ⟩ = 0, L_0|V ⟩ = |V ⟩ and is hence physical. In fact, all covariant states generated by the DDF formalism are positive norm physical states. The reason as to why there is disagreement with [138, 151] is because the constraints on the polarization tensors ζ_μ, χ_{μν} obtained there do not have a unique solution; the solution identified there corresponds to a zero norm state but there is the additional solution, namely (76), which gives rise to the positive norm state (75).

What we learn from the above exercises is that the DDF vertex operators (49) are fully covariant, they all have a lightcone gauge equivalent which can be identified explicitly, and last but not least they generate a complete set of physical states (given that they are in one-to-one correspondence with the light-cone gauge states).

F. The covariant equivalent of α^i_{−n1} α^j_{−n2} . . . α̃^k_{−n̄1} α̃^l_{−n̄2} . . . |0, 0; p^+, p^i⟩ We next generalize the result of the previous subsection and discuss the covariant manifestation of a general lightcone gauge state,

|V ⟩_{lc} = 1 √ 2p^+V_{d−1} Cξ_{ij...,kl...} × α^i_{−n1} α^j_{−n2} . . . α̃^k_{−n̄1}α̃^l_{−n̄2} . . . |0, 0; p^+, p^i⟩, (77) which according the DDF prescription is given by, V (z, z̄) = g_c √ 2p^+V_{d−1} Cξ_{ij...,kl...} × A^i_{−n1} A^j_{−n2} . . . Ã^k_{−n̄1}Ã^l_{−n̄2} . . . e^{ip·X(z,z̄)}. (78)

Here the relevant level numbers associated to left- and right-moving modes are N = ∑ ℓ n_ℓ and N̄ = ∑ r n̄_r, and for non-compact spacetimes we are to enforce [203] N = N̄. The associated momentum is then, k^μ = p^μ − Nq^μ, and the mass shell constraint, k^2 = 4(1 − N)/α^′. Writing formally ξ_{ij...,kl...} = ξ_{ij...}ξ̄_{kl...} we first con- sider the case when the polarization tensors ξ and ξ̄ are traceless, ξ_{...i...j...}η^{ij} = ξ̄_{...i...j...}η^{ij} = 0, but with ξ_{...j...}k^j , ξ̄_{...j...}k^j non-vanishing in general. The normal ordered vertex operator corresponds to a straightforward generalization of (72), ∏ r A^{ir}_{−nr} e^{ip·X(z)} ∼= ∏ r H^{ir}_{nr} e^{i(p−Nq)·X(z)} for the holomorphic sector. Therefore, the covariant normal ordered vertex operator associated to a general traceless lightcone state Cξ_{i1 i2 ...,j1j2 ...} α^{i1}_{−n1} α^{i2}_{−n2} . . . α̃^{j1}_{−n̄1}α̃^{j2}_{−n̄2} . . . |0, 0; p^+, p^i⟩ is, V (z, z̄) ∼= g_c √ 2p^+V_{d−1} : Cξ_{ij...,kl...} × H^i_{n1} (z)H^j_{n2} (z) . . . H̄^k_{n̄1} (z̄)H̄^l_{n̄2} (z̄) . . . e^{i(p−Nq)·X(z,z̄)} : (79) with C as given in (48). Without referring explicitly to the lightcone state we see that C contains a factor of^{1√}_n for every H^i_n that appears and factors of^1√_{μn,i!} ,

with μ_{n,i} the multiplicity of H^i_n.

We can always boost to a frame where ξ_{...i...}k^i = 0 (e.g. the rest frame) given that there are no timelike directions in the lightcone gauge polarization tensor, ξ, in which case the above vertex simplifies to, V (z, z̄) ∼= g_c √ 2p^+V_{d−1} : Cξ_{ij...,kl...} × P^i_{n1} (z)P^j_{n2} (z) . . . P̄^k_{n̄1} (z̄)P̄^l_{n̄2} (z̄) . . . e^{i(p−Nq)·X(z,z̄)} :

We therefore learn that when the polarization tensor of a given light-cone state is traceless we can build the corresponding normal ordered covariant vertex operator by making the following replacements, α^i_{−n} α̃^i_{−n̄} |0, 0; p^+, p^i⟩

→ → →

H^i_n(z) H̄ i_{n̄}(z̄) g_c e^{i(p−Nq)μ Xμ(z,z̄)} (80)

with an overall combinatorial normalization constant C given in (48), and the lightcone operator vacuum normalized as in (45). If the lightcone states in addition to ξ_{...i...j...}η^{ij} = 0 satisfy ξ_{...j...}k^j = 0 (and similarly for the anti-holomorphic sector), the above identification simplifies to, α^i_{−n} ∼ P^i_n(z) and α̃^i_{−n} ∼ P̄^i_n(z̄). The resulting covariant vertex operator formed in this way is normal ordered. Note that the normalization of the lightcone state carries over to the covariant vertex unaltered because the normalization for the DDF states is set by the DDF commutation relations (55) which are identical to those of the usual creation and annihilation operators.

We next construct covariant normal ordered vertex operators in the case when the polarization tensors of the corresponding lightcone gauge states are arbitrary, for which in general, ξ_{...i...j...}η^{ij} , ξ̄_{...i...j...}η^{ij} , ξ_{...i...}k^i, ξ̄_{...i...}k^i, need not vanish. We start from the simplest non-trivial case and then move on to more general cases. Proceeding by induction we then obtain the general result.

For this purpose we’ll be needing the following local dimensionless polynomial functionals of q ·∂^#X(z), and q · ¯∂^#X(z̄) respectively,

S_{m,n}(z) ≡ n∑ r=1 rS_{m+r}(mq; z)S_{n−r}(nq; z), (81a) S̄_{m,n}(z̄) ≡^n ∑ r=1 rS̄_{m+r}(mq; z̄)S̄_{n−r}(nq; z̄), (81b)

with the elementary Schur polynomials, S_m(nq; z), S̄_m(nq; z̄), defined in Appendix A. In (69) we showed that normal ordering of A^i_{−n} · e^{ip·X(z)} leads to, A^k_{−n} · e^{ip·X(z)} ∼= H^k_n (z) e^{i(p−nq)·X(z)}. (82) Let us apply an additional DDF operator from the left to this expression and normal order the resulting object. We find, A^j_{−m}A^k_{−n} · e^{ip·X(z)} ∼= [ H^j_mH^k_n + δ^{jk} S_{m,n} ] (z) e^{i[p−(m+n)q]·X(z)}. (83)

Proceeding in a similar manner we apply another DDF operator to the resulting expression and normal order the right-hand-side. An important point to note now is that S_{m,n}(z) commutes with the DDF operators, A^i_ℓ, because S_{m,n}(z) is a functional of q · ∂^#X and [A^i_n, q · ∂^#X] = 0. We find, A^i_{−ℓ}A^j_{−m}A^k_{−n} · e^{ip·X(z)} ∼= [ H^i_ℓH^j_mH^k_n + δ^{ij} S_{ℓ,m}H^k_n + δ^{ik} S_{ℓ,n}H^j_m + δ^{jk} S_{m,n}H^i_ℓ ] (z) e^{i[p−(ℓ+m+n)q]·X(z)} (84) By induction it follows from the above that the general normal ordered expression reads,

A^{i1}_{−n1} . . . A^{ig}_{−ng} · e^{ip·X(z)} ∼= ∼= ⌊g/2⌋∑

a=0 ∑ π∈S_g /∼ a∏ ℓ=1 δ^{iπ(2ℓ−1) iπ(2ℓ)} S_{nπ(2ℓ−1),nπ(2ℓ)} (z) g∏ q=2a+1 H^{iπ(q)}n_{π(q)} (z) e^{i(p−∑r nr q)·X(z)}, (85)

with S_g the permutation group of g elements and the equivalence relation ∼ being such that π_i ∼ π_j with π_i, π_j ∈ S_g when they define indistinguishable terms in (85). In all terms where S_{ni,nj} appears we are to only include permutations which preserve the inequality i ≤ j. Furthermore, the notation ⌊·⌋ in the summation indicates that the upper limit saturates the inequality a ≤ g/2. The number of terms in the sum over permutations at fixed a is 2^{−a}g! a!(g − 2a)! . (86)

For every lightcone gauge state |V ⟩ = Cξ_{i1 i2 ...}ξ̄_{j1 j2 ...} α^{i1}_{−n1} α^{i2}_{−n2} . . . α̃^{j1}_{−n̄1}α̃^{j2}_{−n̄2} . . . |0, 0; p^+, p^i⟩, with C is as given in (48), there exists a covariant normal ordered vertex operator V (z, z̄) = g_c √ 2p^+V_{d−1} CU(z)Ū(z̄). (87) The normal ordered chiral half U(z) is equal to the right hand side of (85) when contracted with the lightcone gauge polarization tensor, ξ_{i1 ...ig} , which corresponds to an arbitrary irreducible representation of SO(25) (or SO(24) for massless states).

U(z) = ⌊g/2⌋∑

a=0 ∑ π∈S_g /∼ × ξ_{i1 ...ig} a∏ ℓ=1 δ^{iπ(2ℓ−1) iπ(2ℓ)} S_{nπ(2ℓ−1),nπ(2ℓ)} (z)

× g∏ q=2a+1 H^{iπ(q)}_{nπ(q)} (z) e^{−i(∑gr=1 nr )q·X(z)}.

(88)

There is a similar expression for Ū(z̄) with ξ̄_{ij...}, S̄_{n,m}(z̄), H̄ i_{n̄}(z̄) and ei(p−^∑_r n̄r q)·X(z̄) replacing ξ_{ij...}, S_{n,m}(z), H^i_n(z) and e^{i(p−∑r nr q)·X(z)} respectively. If the underlying spacetime manifold is not compactified in a lightlike direction we are to enforce in addition:

∑ r n_r = ∑ r n̄_r;

we elaborate on this in the closed string coherent state section in detail.

When the polarization tensor is traceless, ξ_{...i...j...}δ^{ij} = 0, U(z) reduces to the result obtained in (79), the chiral half of which reads, ξ_{i1 ...is} H^{i1}_{n1} . . . H^{is}_{ns} e^{i(p−∑r nr q)·X(z)}. In the rest frame, ξ_{...i...}p^i = 0, all the H^i_n(z) in U(z) in turn reduce to P^i_n(z).

There are specific and very interesting examples where the sum over permutations may be carried out explicitly. In fact, this is precisely possible in the case of coherent states. In particular, we construct coherent states below, we will be interested in expressions of the form:^1_{g!} ( ∑_∞ n=1 λ_n · A_{−n} )_g e^{ip·X(z)}. Clearly, in this case the indices on the A_{−n} are dummy variables, and hence from (85) and (86) we deduce that:

1 g! ( ∑ n>0 1 n λ_n · A_{−n} )_g e^{ip·X(z)} ∼=

∼= ⌊g/2⌋∑

a=0 1 a!(g − 2a)! ( 1 2nm ∑ n,m>0 λ_n · λ_m S_{n,m} e^{−i(n+m)q·X(z)} )_a( ∑ n>0 1 n λ_n · H_n e^{−inq·X(z)} )_{g−2a} e^{ip·X(z)}. (89)

When we sum over g (from 0 to ∞) such a object has an interpretation of the chiral half of a closed string coherent state or an open string coherent state as we shall demonstrate in Sec. IV, where we discuss string coherent states in great detail. The corresponding lightcone gauge state is exp( ∑ n>0 1 n λ_n · α_{−n})|0, p^+, p^i⟩, which is an eigenstate of α^i_{n>0} with eigenvalue λ^i_n and λ^∗_n = λ_{−n}. The covariant gauge expression is not an eigenstate of α^μ_{n>0} but nevertheless satisfies the definition of a coherent state (which is given in the opening lines of Sec. IV A or Sec. IV B).

Note finally that all vertex operators in this section have been normalized to ‘one string in volume V_{d−1}’ as discussed in Sec. II. Therefore, for instance, the normalization of the general lightcone state (77) is such that: ⟨V (p^′)|V (p)⟩_{lc} = δ_p′_{,p}, with δ_p′_{,p} a Kronecker delta which reduces to unity when p^{+′} = p^+ and p^′ = p and vanishes otherwise. The associated covariant vertex operator (78) or (87), is normalized by the most singular term in the operator product expansion (28): V^†(z, z̄) · V (0, 0) ∼= ( g2_c 2p^+V_{d−1} ) 1 |z|^4 + . . . , the dimensionless coefficient having been fixed by Lorentz covariance and unitarity of the S-matrix. We have made use of the relation between operator product expansions and commutators. (Recall that for arbitrary operators of the form, A = ∮ dz a(z), B = ∮ dw b(w), there exists the interpretation, see e.g. [158], [A, B] ∼= A · B = ∮ 0 dw ∮ w dz a(z) · b(w), [A, b(w)] ∼= A · b(w) = ∮ w dz a(z) · b(w), (90)

with ‘·’ denoting operator product expansion.) With this normalization the string path integral yields the S-matrix directly, see (6).

IV. STRING COHERENT STATES

It is possible that cosmic strings being macroscopic and massive should have a classical interpretation. If this is the case, one may suspect that the appropriate vertex operators for the description of cosmic superstrings (from our experience with standard harmonic oscillator coherent states) would have coherent statelike properties. With this motivation in mind we will be searching for coherent state vertex operators, which from the standard coherent state properties would be expected to have a classical interpretation.

The states we have considered in the previous sections are mass eigenstates. The dictionary described above, which identifies the states (47) and (49), is tailormade for light-cone to covariant mass eigenstate maps. Coherent states however are not mass eigenstates in general [204]. In the construction of string coherent states one normally proceeds in direct analogy with the construction of coherent states in the harmonic oscillator, whereby coherent states are constructed by exponentiation of the creation operator, e^{−|λ|2/2}e^{λa†} |0⟩, with a|0⟩ = 0 and [a, a^†] = 1. In the string case there is an infinite number of creation operators and the vacuum depends on the center of mass momentum. The usual approach is to proceed in lightcone gauge where the constraints are solved automatically and the open string construction is trivial, see e.g. [159]. Rather than drop spacetime covariance we shall make use of the spectrum generating DDF operators which can be used to generate covariant physical states.

In the current section we construct covariant and lightcone gauge open and closed coherent states and show that these states have a classical interpretation by associating them to general classical solutions. Let us primarily define what we mean by a quantum state with a classical interpretation:

- String states with a classical interpretation should possess classical expectation values (with small uncertainties modulo zero mode contributions) provided these are compatible with the symmetries of string theory. These classical expectation values should be non-trivially consistent with the classical equations of motion and constraints.

Starting with the open string we begin by defining a string coherent state and using DDF operators proceed by analogy to the harmonic oscillator. The definition of a coherent state that we adopt is very general but standard [160] which we minimally extend to include the string theory requirements [205] (see the opening lines of Sec. IV A below). After establishing that the coherent state properties are satisfied for the states under consideration we go on to show that the covariant and lightcone gauge states share identical angular momenta and present the explicit map to general classical solutions. We show that these coherent states indeed possess classical expectation values, thus proving that the above definition of classicality is satisfied.

We then go on to discuss the construction of closed string coherent states. Here the naive construction leads to the requirement of a lightlike compactification of spacetime, X^− ∼ X^− + 2πR^−. We show that all states considered are indeed physical and single-valued under translations around the compact direction, X^−.

We are then, according to the above definition of classicality, led to search for classical expectation values. In the closed string case the string symmetries forbid [125] the naive expectation that ⟨X^μ(z, z̄)⟩ = X^μ_{cl}(z, z̄) [206] should be satisfied by a state with a classical interpretation. We elaborate on this and discuss various definitions of classicality and their range of applicability. Here we provide a new classicality requirement (in accordance with the above definition) that applies in all the usual gauges of interest (e.g. lightcone and covariant, but not in static gauge for instance) where the vertices are invariant under spacelike worldsheet shifts where the naive definition ⟨X^μ⟩ = X^μ_{cl} does not apply.

Finally, we construct coherent closed string states in fully non-compact spacetimes by projecting out the lightlike winding states in the underlying Hilbert space and go on to show that all the coherent state properties are satisfied by the projected states as well, and therefore that the projected states have a classical interpretation. We also compute the angular momenta of the projected states in both lightcone and covariant gauge and show that they are both identical to the angular momentum associated to the corresponding classical solutions which we identify explicitly.

For a good overview of coherent states (but not explicitly in the context of string theory) see Klauder and Skagerstam’s book [160] and the excellent review article by Zhang, Feng and Gilmore [161].

A. Open String Coherent States

We define an open string coherent state, V (λ) ∼= |V (λ)⟩, to be a state that:

(a) is specified by a set of continuous labels λ = {λ^i_n};

(b) produces a resolution of unity, 1 = ∑∫ ∫ dλ | V (λ, . . . ) ⟩⟨ V (λ, . . . ) | ; (91)

(c) transforms correctly under all symmetries of bosonic (or super-) string theory.

We also allow for the possibility that the state depends on other discrete or continuous quantum numbers (such as momentum), denoted by “. . . ”, which are to be summed or integrated over respectively – this is what is meant by the symbol Σ ∫ [207]. The measure associated to the continuous labels explicitly reads dλ =^1_N ∏ n,i d^2λ^i_n with N an appropriate normalization (to be determined) and as usual d^2λ^i_n = idλ^i_n ∧ dλ^{∗i}_n (no sum over i). The labels n and i will be related to the distribution of harmonics present and spacetime directions respectively. The requirements (a,b) are the minimal requirements for a state to be termed coherent [160] and to these we add the minimal string theory requirement (c).

As we discussed in Sec. III C, we may construct open string vertex operators using the A^A_n and A^I_n DDF operators for excitations in spatial directions tangent and transverse to the Dp-brane respectively with A = {1, . . . , p−1} and I = {p+1, . . . , 25}. (Note that p ≥ 1, see Sec. III C, and our open string conventions are given in Appendix B). We shall here consider the construction of coherent state vertex operators with excitations in the directions tangent to the brane. Let us then consider the normalized open string DDF vertex operator,

V (λ) = g_{o,p} √ 2p^+V_‖

C_λ exp (^∞∑ n=1 1 n λ^A_n A^A_{−n} ) e^{ipa X a(z)}, (92) with a = {0, 1, . . . , p}. with a = {0, 1, . . . , p}. We have found it convenient to define [208]: g_{o,p} ≡ g_o √ V_⊥ , with V_{d−1} ≡ V_⊥V_‖,

with V_⊥ the volume of spacetime transverse to the Dpbrane, and V_‖ the volume tangent to the brane (so that V_⊥V_‖ is the total volume of spacetime transverse to x^+). [209] In parallel to (23) in particular, we thus define:

V_‖ ≡ lim_{p′→p}(2π)δ(p^{′ +} − p^+)(2π)^{p−1}δ^{p−1}(p^′ − p), V_⊥ ≡ lim_{p′→p}(2π)^{d−1−p}δ^{d−1−p}(p^′ − p). (93)

The total volume of spacetime is V_d = V_+V_{d−1}. The kinematic pre-factor and the normalization C_λ is chosen such that the vertex operator is normalized to ‘one string in volume V_{d−1}’ as shown in (28) for the case of closed strings.

p^a is the (tachyonic) vacuum momentum of the string, the DDF operators, A^A_n , defined in (59) and the normalization constant,

C_λ ≡ exp ( − ∞∑ n=1 1 2n |λ_n|^2 ) , chosen such that the operator product expansion has the leading singularity V^†(λ; z)·V (λ; 0) ≃ (_g2_{o,p} 2p^+V_‖

)_1

|z|^2 +

. . . , corresponding to ‘one string in volume V_‖’ as required by unitarity of the S-matrix.

The vertex operators associated to ripples of the brane are related by T-duality [14, 154] to the vertices (92). The onshell constraints are given by (62), repeated here for convenience: p · q = 1/(2α^′), q^2 = 0, and p^2 = 1/α^′. The polarization complex vectors {λ^A_n } are defined such that λ_n · q = 0, λ^∗_n = λ_{−n}, and require [159] that ∑ n |λ_n|^2 < ∞ to ensure that the vertex is well behaved.

First of all we show that the vertex operator (92) is a coherent state. To prove this recall that a coherent state must by definition satisfy three properties: (a) it must be labelled by a set of continuous parameters, these here being {λ^A_n }, (b) there must exist a completeness relation of the form (91), and (c) it must transform correctly under the symmetries of string theory. (a) is trivially satisfied and the state remains correctly normalized for arbitrary values of the λ^A_n when ∑ n |λ_n|^2 < ∞. To prove that a completeness relation exists it is convenient to write (92) in operator form, |V (λ, p)⟩ = 1 √ 2p^+V_‖

C_λ exp (^∞∑ n=1 1 n λ^A_n A^A_{−n} ) |0; p^a⟩, (94) with the correspondence |0; p^a⟩ ≃ g_{o,p} e^{ipaX a} and we use the relativistic normalization:

⟨0; p^{a′}|0; p^a⟩ = 2p^+(2π)δ(p^{′ +} − p^+)(2π)^{p−1}δ^{p−1}(p^′ − p).

Note primarily that from the DDF operator commutation relations, V (λ) is an eigenstate of the annihilation operators, A^A_{n>0} · V (λ) ∼= λ^A_{n>0}V (λ), from which on account of (92) it follows that states are not orthogonal, the inner product of two states being given by, ⟨ V (λ, p^′)|V (ζ, p) ⟩ = δ_p′_{,p}C_λC_ζ exp ( ∑ n>0 1 n λ^∗_n · ζ_n ) .

The factor C_λC_ζ exp ( ∑ n>0 1 n λ^∗_n · ζ_n ) reduces to unity when λ^A_n = ζ^A_n , for all n, A, so that, ⟨ V (λ, p)|V (λ, p) ⟩ = 1.

Recall that coherent states are (when we choose q^i = q^+ = 0) eigenstates of momentum in the k^+ and k directions (but not in the k^− direction). So, as one would expect, these coherent states are over-complete, the overlap between any two being non-zero for a wide range of λ^i_n, ζ^i_n. From this expression we then deduce (by forming appropriate inner products and integrating) that there exists the completeness relation,

1 = V_‖ ∫_∞ 0 dp^+ 2π ∫ R^{p−1} d^{p−1}p (2π)^{p−1} ∫ ( ∏ n,A d^2λ^A_n 2πn )

× | |V (λ, p)⟩⟨V (λ, p) | |, (95)

with d^2λ^A_n = idλ^A_n ∧ dλ^{∗A}_n . Finally, that the vertex operator (92) is physical (requirement c) follows from the fact that L_{n∈Z} commutes with all the DDF operators, L_{n>0} annihilates the vacuum e^{ip·X(z)} and L_0 · e^{ip·X(z)} ∼= e^{ip·X(z)}. Therefore, V (λ) satisfies the Virasoro constraints, (L_0 − 1) · V (λ) ∼= 0, L_{n>0} · V (λ) ∼= 0 and is hence physical. Recall from Sec. III that in addition all states formed from DDF operators are transverse to null states. We conclude that the string coherent state defining properties (a-c) are satisfied.

1. Functional Representation

Let us now consider the corresponding local normal ordered representation of V (λ), which in practice means subtracting all self contractions from the vertex (92). The vacuum e^{ip·X(z)} is already normal ordered and so the remaining self-contractions that need to be subtracted are those associated to contractions with one leg in the DDF operators and one leg in the vacuum. In Sec. III we computed the normal ordered representation of arbitrary covariant states. For the above coherent state this is obtained by using the integral representation of the DDF operators (50) in (92) and carrying out the operator products on account of the onshell constraints (given below (92)) and the property λ_n · q = 0. The integrands of the DDF operators are to lie on the real axis as they are brought close to the vacuum which is also on the real axis, z = z̄, and so the relevant propagator takes the form,

⟨X^a(z)X^b(w)⟩ = −(2α^′)η^{ab} ln(z − w). (96)

From Fig. 1 where the open string DDF construction is exhibited it can be seen that this is the correct procedure – in the figure we have conformally mapped to the disc with boundary zz̄ = 1 (instead of the upper half plane) where the propagator is again of the form (96) on the boundary (up to terms that drop out of correlation functions). We then compute all Wick contractions and subsequently analytically continue in the variable of integration and choose an integration contour that circles the vacuum. The same procedure can then be repeated, with additional DDF operators which may be brought close to the resulting state in the same manner as above and so on. The resulting normal ordered vertex assumes a particularly simple form when we assume in addition, λ_{n>0} · λ_{m>0} = 0, see (85). In this case the normal ordered open string coherent states are given by a linear combination of the traceless mass eigenstates (79),

V (λ) = g_{o,p} √ 2p^+V_‖ C_λ × exp (^∞∑ n=1 1 n λ_n · H_n(z) e^{−inq·X(z)} ) e^{ip·X(z)}, (97)

the difference being that for open strings the dimensionless quantity H_n(z) reads,

H^A_N (z) ≡ √ 2α^′p^AS_N (Nq; z) + P^A_N (z), (98a)

P^A_N (z) = √ 2 α^′ N∑ m=1 i (m − 1)! ∂^mX^A(z)S_{N−m}(Nq; z). (98b)

The general result for arbitrary (but of course transverse) λ^i_n follows directly from (89),

V (λ) = g_{o,p} √ 2p^+V_‖

C_λ exp ( ∑ n>0 1 n λ_n · A_{−n} ) e^{ip·X(z)}

∼= g^{o,p} √ 2p^+V_‖ C_λ ∞∑ g=0

⌊g/2⌋∑

a=0 1 a!(g − 2a)! × ( 1 2nm ∑ n,m>0 λ_n · λ_m S_{n,m} e^{−i(n+m)q·X(z)} )_a( ∑ n>0 1 n λ_n · H_n e^{−inq·X(z)} )_{g−2a} e^{ip·X(z)}, (99)

which of course reduces to (97) when λ_n · λ_m = 0 (for n, m > 0). The quantities S_{n,m}(z) are related to elementary Schur polynomials, S_N (nq; z), and have been defined in (81). For later reference, define the quantity U(λ) in (99) by the expression, V (λ) ≡ g_{o,p} √ 2p^+V_‖ C_λU(λ)e^{ip·X(z)}.

2. Open String Coherent State Properties

Series expanding the exponential in (97) it is seen that the mass eigenstates in the underlying Hilbert space are polynomials in ∂^#X, multiplied by e^{i(p−∑n nsnq)·X(z)}, for some sequence of positive integers, {s_1, s_2, . . . }, with ∑ n ns_n equal to the level number. Also, V (λ) is an eigenstate of momentum in the directions transverse to q^μ; given that q^2 = 0 one may take for example, q^+ = q^A = q^I = 0 and q^− non-vanishing (see also the discussion in Sec. II), in which case one learns that p̂^A · V (λ) = p^AV (λ) and p̂^+ · V (λ) = p^+V (λ), with p̂^μ =^1_{α′} ∮ dz ∂X^μ. The full momentum expectation value is in turn given by, ⟨p̂^a⟩ = p^a − ⟨N⟩q^a, ⟨p̂^2⟩ = − 1 α^′ ( ⟨N⟩ − 1 ) , (100)

where we have identified an effective level number, ⟨N⟩ ≡ ∞∑ n=1 |λ_n|^2, in direct analogy to the generic DDF state momentum (52). (These tree level operator statements are to be interpreted as ⟨A⟩ = ⟨V^†AV ⟩ for an operator A (with ⟨V^†V ⟩ = 1), and V^† is obtained from V by reversing the momenta and complex-conjugating the polarization tensors. Note also that p̂^μ = p̂^μ_{open} =^1_{α′} ∮ dz ∂X^μ in this section; in the rest of the paper, p̂^μ = p̂^μ_{closed} = 2 α^′ ∮ dz∂X^μ.) The above considerations imply that V (λ) carries an effective mass associated to ⟨N⟩, which is in agreement with the usual open string mass shell constraint, m^2 = (N − 1)/α^′, when N is identified with ⟨N⟩. Notice that ⟨N⟩ is a continuous function of the |λ_n| as required from the definition of a coherent state, not necessarily an integer. Therefore, coherent states can in particular have masses which are non-zero, but yet much smaller than the string scale (a common drawback of mass eigenstates), or, in the opposite extreme, they may have large mass and represent macroscopic string states; although we have not yet proven that the states constructed are macroscopic.

From the well known properties of coherent states [160] we expect the limit |λ_n| ≫ 1 to be associated to the macroscopic or long string limit. To show that this is indeed the case we next consider the open string coherent state (92) in lightcone gauge. Using the map discussed in Sec. III we immediately write down the lightcone gauge analogue of the covariant state (92),

|V (λ)⟩_{lc} = 1 √ 2p^+V_‖

C_λ exp (^∞∑ n=1 1 n λ_n · α_{−n} ) | |0; p^+, p^A⟩. (101) This is also an eigenstate of p^+, p^A, as was the covariant state above (when q^+ = q^A = 0). The contractions are associated to indices, A, and are transverse to the longitudinal, ±, directions (with v^± =^{1√}_2 (v^0 ± v^p) for some generic spacetime vector v^μ). This state is an eigenstate of the annihilation operators, α^A_{n>0}|V (λ)⟩_{lc} = λ^A_n |V (λ)⟩_{lc} and so the lightcone gauge position expectation value is given by (B5),

⟨X^A(z, z̄) − x̂^A⟩_{lc} = (X^A(z, z̄) − x^A)_{cl},

with, ( X^A(z, z̄) − x^A ) cl = −iα^′p^A ln |z|^2 + i (α′ 2 )_{1/2}^∞∑ n≠0 λ^A_n n ( z^n + z̄^{−n} ) , (102)

where we have identified ⟨p̂^A⟩ with p^A (given that q^A = 0). Equation (102) is the general solution to the equations of motion, ∂ ¯∂X^A_{cl} (z, z̄) = 0, the constraints, (∂X_{cl})^2 = ( ¯∂X_{cl})^2 = 0 having been solved by the gauge choice:[210] X^+_{cl} (z, z̄) = −iα^′p^+ ln |z|^2, reached by the conformal map z = e^{2iq·X(z)}, z̄ = e^{2iq·X(z̄)} (recall that q ·p = 1/(2α^′) for open strings). The corresponding longitudinal components of the position expectation value are likewise computed. On account of the operator equation, √ 2α^′α^−_n =^1_{2p+} ∑ ℓ∈Z : α^i_{n−ℓ}α^i_ℓ : (for n ≠ 0), and the fact that the coherent state is an eigenstate of α^A_{n>0} with eigenvalue λ^A_n one learns that, ⟨ X^−(z, z̄) − x̂^− ⟩ lc = ( X^−(z, z̄) − x^− ) cl, with ( X^−(z, z̄) − x^− ) cl = −i 1 p^+ ( α^′p^2 + ∞∑ n=1 |λ_n|^2 − 1 ) ln |z|^2 + i ∑ n≠0 1 n ∑ r∈Z 1 4p^+ λ_{n−r} · λ_r ( z^{−n} + z̄^{−n} ) , (103) with the definitions λ^A_0 ≡ √ 2α^′p^A, p^2 = p^Ap^A. Recall that for open strings, X^−(z, z̄) − x^− = −iα^′p̂^− ln |z|^2 + i (α′ 2 )_{1/2} ∑ n≠0 α^−_n n ( z^{−n} + z̄^{−n} ) . (104)

Finally, in the Dirichlet directions, on account of (B5), it follows that, ⟨ X^I (z, z̄) − x̂^I ⟩ lc = ( X^I (z, z̄) − x^I ) cl = 0,

with

X^I (z, z̄) = x^I − iα^′w^I ln z z̄ + i √ α^′ 2 ∑ n≠0 α^I_n n ( 1 z^n − 1 z̄^n ) ,

which shows that the open string coherent state vertex operators we have constructed are restricted to lie on a single Dp-brane, and that for vertices stretched between two parallel D-branes of the same dimensionality one can still work with these vertex operators provided the exponential factor given in (56) is inserted into the path integral.

The position operator is not a gauge invariant quantity and so the corresponding covariant gauge position expectation value, although of the form (102), would be a more complicated expression whose polarization tensors are not independent, being subject to the constraints (∂X)^2 = ( ¯∂X)^2 = 0. Therefore, the covariant position expectation value is not a particularly useful quantity in practice because the classical solutions we want to match vertex operators to are not known in covariant gauge. The angular momentum on the other hand is a gauge invariant operator, [L_n, J^{μν} ] = 0, and so a good consistency check is to show that both the covariant, ⟨J^{ab}⟩_{cov}, and the lightcone, ⟨J^{ab}⟩_{lc}, angular momentum expectation values are equal (in the unit norm representation) to the classical angular momentum, J^{ab}_{cl} . Such an equivalence would support the conjecture that (92) and (101) are different manifestations of the same state and correspond classically to the lightcone gauge solution (102). The total angular momentum operator is the integral of the current associated to

Lorentz invariance over a spacelike curve, say |z|^2 = 1 in the coordinates z = e^{−i(σ+iτ )}, z̄ = e^{i(σ−iτ )}, that cuts once across the string worldsheet [147]. For the open string,

J^{μν} = 2 α^′ ∮ dzX^{[μ}∂X^{ν]}, S^{μν} = −i ∞∑ ℓ=1 1 ℓ ( α^μ_{−ℓ}α^ν_ℓ − α^ν_{−ℓ}α^μ_ℓ ) , (105)

with a^{[μν]} =^1_2 (a^{μν} −a^{νμ}) and J^{μν} = L^{μν} +S^{μν} . Due to the anti-symmetry there are no normal ordering ambiguities. L^{μν} is the zero mode contribution [211] and we have used the doubling trick [123]. Notice furthermore that S^{μν} = ∑_∞ ℓ=1 2 ℓ Im ( α^μ_{−ℓ}α^ν_ℓ ) . For simplicity focus on these non-zero mode components, S^{μν} , and consider first the components, S^{AB} . For the lightcone gauge classical computation we find, S^{AB}_{cl} = ∑ n>0 2 n Im ( λ^{∗A}_n λ^B_n ) , which follows from (102) and (105). In the lightcone gauge the quantity ⟨S^{AB} ⟩_{lc} ≡ ⟨V (λ)|S^{AB} |V (λ)⟩_{lc}, is computed using S^{AB} = ∑ ℓ>0 2 ℓ Im ( α^A_{−ℓ}α^B_ℓ ) , and (101). Given that |V (λ)⟩_{lc} is an eigenstate of the annihilation operators it follows immediately that ⟨S^{AB} ⟩_{lc} = ∑ n>0 2 n Im ( λ^{∗A}_n λ^B_n ) . Finally, the covariant gauge quantity ⟨S^{AB} ⟩_{cov} = ⟨V (λ)|S^{AB} |V (λ)⟩_{cov}, is also computed using S^{AB} = ∑ ℓ>0 2 ℓ Im ( α^A_{−ℓ}α^B_ℓ ) , and we are to identify V (λ) with the covariant vertex operator (92), or, equivalently the operator state (94). For this computation one may readily derive the following commutators [162], [ α^A_m, A^B_n ] = mδ^{A,B} B^n_m, [A^A_n , B^m_ℓ ] = 0 = [B^n_m, B^ℓ_r],

with B^n_m ≡ −i ∮ dz z^{m−1} e^{inq·X(z)}, see Appendix A. Using these one can show primarily that α^A_{m>0} · V (λ) ∼= ∞∑ n=1 m n λ^A_n B^{−n}_m · V (λ). (106)

From the definition of B^{−n}_m and [A^A_n , B^m_ℓ ] = 0 follows the operator product, B^{−n}_m · V (λ) ∼= : S_{n−m}(nq; z) e^{−inq·X(z)}V (λ) : From this latter expression and the properties (see Appendix A 5 and A), S_0 = 1 and S_{n<0} = 0, we find that B^{−n}_m annihilates V (λ) when m > n and shifts the vacuum momentum, p^a → p^a − nq^a, leaving the state otherwise unaltered, when n = m. From (B^{−n}_m )^† = B^n_{−m} we find that terms with m > n similarly annihilate the out state, V (λ)^†, in the expectation value ⟨S^{AB} ⟩_{cov} where similar considerations apply. Therefore, only the term n = m survives in the sum over n in (106).

We thus find the covariant gauge expectation value, ⟨S^{AB} ⟩_{cov} = ∑ n>0 2 n Im ( λ^{∗A}_n λ^B_n ) . Collecting the classical, lightcone gauge and covariant gauge computations, we have shown that,

⟨S^{AB} ⟩_{cov} = ⟨S^{AB} ⟩_{lc} = ∑ n>0 2 n Im ( λ^{∗A}_n λ^B_n ) = S^{AB}_{cl} .

(107) The angular momentum components in the longitudinal directions are similarly computed. For the lightcone gauge computation, ⟨S^{A−}⟩_{lc} = ⟨V (λ)|S^{AB} |V (λ)⟩_{lc}, one can use the commutator [α^−_ℓ , α^A_{−n}] = nα^A_{ℓ−n}/( √ 2α^′p^+), but since |V ⟩_{lc} is an eigenstate of α^A_{n>0} with eigenvalue λ^A_n it is advantageous to use the expression, √ 2α^′α^−_ℓ = 1 2p^+ ∑ m∈Z : α^A_mα^A_{ℓ−m} :, in S^{A−}. This then leads to, ⟨S^{A−}⟩_{lc} =^{1√}_{2α′ p+} ∑ ℓ>0 ∑ m∈Z 1 ℓ Im ( λ^{∗A}_ℓ λ_m ·λ_{ℓ−m} ) , with λ^A_0 ≡ √ 2α^′p^A as above. For the covariant gauge computation, ⟨S^{A−}⟩_{cov} = ⟨V (λ)|S^{AB} |V (λ)⟩_{cov}, to match to the lightcone gauge we use lightcone coordinates where, q^+ = q^A = 0 and q^− = −1/(2α^′p^+) (which solve the constraints q^2 = 0 and p · q = 1/(2α^′)). One can readily derive the commutators [162], [ α^−_m, A^A_n ] = n √ 2α^′q^−D^A_{m,n}, [ A^A_ℓ , D^B_{m,n} ] = ℓδ^{AB}E^{ℓ+n}_m , and [ A^A_ℓ , E^n_m ] = 0, with D^A_{m,n} and E^n_m defined in Appendix B, from which follows the operator product, α^−_ℓ · V (λ) ∼= √ 2α^′q^− ∞∑ n=1 ( − λ_n · D_{ℓ,−n}

+ ∞∑ m=1 1 2 λ_n · λ_mE^{−n−m}_ℓ ) · V (λ). (108)

Consider the second term in this expression. Given that [A_ℓ, E^n_m] = 0 we may commute the E^{−n−m}_ℓ through to hit the vacuum, e^{ip·X(z)}, where the following operator product is required, E^{−n−m} ℓ · e^{ip·X(z)} ∼= : √ 2α^′q · H_{n+m−ℓ} ( (n + m)q; z ) e^{i(p−n−m)·X(z)} :, (109) with √ 2α^′q · H_0 = 1 and q · H_{m<0} = 0, the polynomial H_m having been defined in Appendix A 5. (See also comments below (B13).) In the expectation value, ⟨V^†S^{A−}V ⟩, this implies that we should only bring E^{−n−m} ℓ to the right to hit V (λ) if n + m − ℓ ≤ 0.

Of these, the n + m − ℓ = 0 subset will shift the vacuum momentum, p → p − (n + m)q, leaving the state otherwise unaltered, and the n + m − ℓ < 0 subset will annihilate it. Therefore of the terms with n + m − ℓ ≤ 0 in the sum over m only the m = ℓ − n term will contribute. The remaining terms with, n + m − ℓ > 0, will not contribute either. These are to be commuted through to the out-state, V^†, which is annihilated by them. In doing so these latter terms first encounter α^A_{−ℓ} from S^{A−}. We here use the fact that ⟨V |α^A_{−ℓ} = ( α^A_ℓ |V ⟩ )_† ∼ = ( ∑_∞ n=1 ℓ n λ^A_n B^{−n}_ℓ |V ⟩ )_† = ∑_∞ n=1 ℓ n λ^{∗A}_n ⟨V |B^n_{−ℓ}, and [B^n_{−ℓ}, E^{−m}_r ] = 0, so that the quantities, E^{−n−m}_ℓ , with n + m − ℓ > 0 commute freely through to hit and annihilate the out state, V^†, and so indeed only the term m = ℓ − n will survive in the second term in (108) in the computation of ⟨S^{A−}⟩.

Next consider the first term in (108). On account of the operator product,

D^A_{ℓ,−n} · e^{ip·X(z)} ∼= : H^A_{n−ℓ}(nq; z)e^{i(p−nq)·X(z)} : ,

and the properties, H^A_0 = p^A and H^A_{n<0} = 0, we will commute the D^A_{ℓ,−n} through to hit the e^{ip·X(z)} vacuum when n − ℓ ≤ 0. Of these the subset of D^A_{ℓ,−n} for which n − ℓ = 0 shifts the vacuum momentum, p^a → p^a − nq^a, leaving the state otherwise unaltered, whereas the subset satisfying n − ℓ < 0 annihilates it. The D^a_{ℓ,−n} terms with n − ℓ > 0 are to be commuted through to the out state, V^†, in the expectation value ⟨V^†S^{A−}V ⟩, just like we did above for the E^{−n−m} ℓ terms with n + m − ℓ > 0. From the commutators, [ A^A_ℓ , D^B_{m,n} ] = ℓδ^{AB} E^{ℓ+n}_m and [ A^A_ℓ , E^n_m ] = 0 we find that, [ D^A_{ℓ,−n}, exp (∑ m>0 1 m λ_m · A_{−m} )] = ∑ m>0 λ^A_mE^{−n−m}_ℓ . For the terms with n − ℓ ≤ 0, for which D^A_{ℓ,−n} ·e^{ip·X} ∼= : δ_{n,ℓ} √ 2α^′p^A e^{i(p−n)·X(z)}:, we find,

λ_n·D_{ℓ,−n} · V (λ) ∼= ∑ m>0 λ_n · λ_mE^{−n−m}_ℓ · V (λ) + : δ_{n,ℓ} √ 2α^′λ_n · p e^{−inq·X(z)}V (λ) : (n ≤ ℓ) (110) Now, the same argument that applied to the second term in (108) applies to the first term in (110) and so again only the m = ℓ − n term will contribute in the sum over m to the expectation value ⟨S^{A−}⟩. Finally, for the first term in (108), for which n−ℓ > 0, we commute λ_n · D_{ℓ,−n} through to the out state V^† using the fact that [B^n_m, D^A_{ℓ,−n}] = 0 and V^† · D^A_{ℓ,−n} ∼= ∑ m>0 λ^A_{−m}V^† · E^{−n+m} ℓ . The same argument as above applies and only the term m = n − ℓ contributes in the sum over m (which is consistent with n − ℓ > 0 as m is positive).

Identifying −q^− with 1/(2α^′p^+), the above considerations are summarized in the expression, ⟨ V^†S^{A−}V ⟩ cov = 1 √ 2α^′p^+ ∑ ℓ>0 2 ℓ Im ⟨( λ^{∗A}_ℓ B^ℓ_{−ℓ} )

× ( 1 2 ℓ∑ n=1 ∑ m>0 λ_n · λ_mδ_{n+m,ℓ}E^{−ℓ}_ℓ + λ_ℓ · λ_0e^{−Aℓq·X(0)}

+ ∞∑ n=ℓ+1 ∑ m>0 λ_n · λ_{−m}δ_{n−m,ℓ}E^{−ℓ}_ℓ )⟩

= 1 √ 2α^′p^+ ∑ ℓ>0 ∑ m∈Z 1 ℓ Im ( λ^{∗A}_ℓ λ_m · λ_{ℓ−m} ) , (111) and this is in agreement with the lightcone gauge and classical computation. In going from the first to the second equality in (111) there are a number of steps. Let us write f(n, m) = λ_n · λ_mE^{−ℓ}_ℓ . Focus on the second parenthesis and recall from (109) that one may replace e^{−iℓq·X} in the second term with E^{−ℓ}_ℓ , which identifies the second term as f(ℓ, 0). The delta function in the first term restricts the summations appearing, 1 2 ∑_ℓ n=1 ∑ m>0 f(n, m)δ_{n,ℓ−m} =^1_2 ∑_{ℓ−1} m=1 f(ℓ − m, m), and when the resulting expression is combined with the second term, ∑_{ℓ−1} m=1 → ∑_ℓ m=0. Similarly, the delta function in the third term restricts the summations appearing according to ∑_∞ n=ℓ+1 ∑ m>0 f(n, −m)δ_{n,ℓ+m} = ∑ m<0 f(ℓ − m, m). The second parenthesis in (111) is therefore equal to^1_2 ∑_ℓ m=0 f(ℓ − m, m) + ∑ m<0 f(ℓ − m, m), half of the second term of which can be absorbed into the first term leading to^1_2 ∑_ℓ m=−∞ f(ℓ − m, m) + 1 2 ∑ m<0 f(ℓ − m, m). After a change of variables in the second term, m^′ = m − ℓ with m^′ ∈ [ℓ + 1, ∞), these two terms can be combined into the expression 1 2 ∑ m∈Zf(ℓ − m, m). On account of the fact that ⟨V^†B^ℓ_{−ℓ}E^{−ℓ}_ℓ V ⟩ = 1 it follows that the first equality in (111) implies the second.

Collecting the classical, lightcone gauge and covariant gauge computations, we have shown that the longitudinal components of the angular momentum for the classical, lightcone gauge and covariant gauge computations are in agreement,

⟨S^{−A}⟩_{cov} = ⟨S^{−A}⟩_{lc} = S^{−A}_{cl} = 1 √ 2α^′p^+ ∑ ℓ>0 ∑ m∈Z 1 ℓ Im ( λ^{∗A}_ℓ λ_m · λ_{ℓ−m} ) (112)

The non-zero mode contributions to the angular momentum components involving S^{+−}, and S^{+A}, are all vanishing in the chosen coordinate system where q^+ = 0 (and q^− = −1/p^+). Recall furthermore that λ^i_0 ≡ √ 2α^′p^i.

We have shown that there is a one-to-one correspondence between the covariant vertex operators (92), lightcone gauge states (101) and classical macroscopic string evolution (102) and (104). The preceding angular momentum computations provide further support for the conjecture that the covariant and lightcone gauge descriptions are different manifestations of the same state, both of which have a classical interpretation.

B. Closed String Coherent States

In close analogy to the open string case above, we define a closed string coherent state, V (λ, λ̄, . . . ), to be a state that [212]:

(a) is specified by a set of continuous labels (λ, λ̄) = {λ^i_n, λ̄^i_n} (with λ and λ̄ associated to the left- and right-moving modes respectively of the string);

(b) there must exist a resolution of unity, 1 = ∑∫ ∫ dλdλ̄ | |V (λ, λ̄, . . . )⟩⟨V (λ, λ̄, . . . ) | |, so that the V (λ, λ̄, . . . ) span the string Hilbert space, H;

(c) it must transform correctly under all symmetries of the bosonic (or super-) string.

The dots “ . . . ” in V (λ, λ̄, . . . ) allow for the possibility that the vertex operator depends on additional continuous or discrete quantum numbers and these are all to be summed over in the completeness relation. (We will often not exhibit these latter labels explicitly, and hence write instead V (λ, λ̄), or even V_λ¯_λ, all of which refer to the same object V (λ, λ̄, . . . ).) The unit operator on the left is defined with respect to H [213], 1 · | |V (λ, λ̄)⟩ ≡ | |V (λ, λ̄)⟩. The measures for the

case of interest explicitly read dλdλ̄ = ∏ n,i d^2λ^i_nd^2λ̄^i_n N with N a to-be determined normalization and as usual d^2λ^i_n = idλ^i_n ∧ dλ^{∗i}_n (no sum over i), and so on.

In the next two subsections we construct two realizations of closed string covariant coherent states that satisfy the above definition.

C. DLCQ Coherent States

We next construct closed string coherent states that satisfy the above definition. Our first approach will be naive and we will discover that internal consistency requires the underlying spacetime manifold be lightlike-compactified:

X^− ∼ X^− + 2πR^−.

Quantization on a lightlike compactified background is known as ‘discrete lightcone quantization’ (DLCQ) [163–166]. In the following section we shall make the appropriate refinements and construct coherent states in a fully non-compact Minkowski spacetime background.

The closed string coherent state candidate that we consider in this section is obtained by joining two copies of the open string state (92), V (λ, λ̄) = g_c √ 2p^+V_{d−1}

C_λ¯_λ exp (^∞∑ n=1 1 n λ_n · A_{−n} )

× exp (^∞∑ m=1 1 m λ̄_m · Ā_{−m} ) e^{ip·X(z,z̄)}, (113) with the normalization,

C_λ¯_λ = exp (^∞∑ n=1 − 1 2n |λ_n|^2 − 1 2n |λ̄_n|^2 ) , chosen such that if we write V (z, z̄) = V (λ, λ̄, p), the most singular term in the operator product expansion is as in (28), V (z, z̄) · V (0, 0) ∼= ( g2_c 2p^+V_{d−1} ) 1 |z|^4 + . . . , (114)

corresponding to ‘one string in volume V_{d−1}’ as required by unitarity of the S-matrix, which was discussed in Sec. II. In operator language, we have: ⟨V (λ, λ̄, p)|V (λ, λ̄, p)⟩ = 1, |0, 0; p⟩ ∼= g_c e^{ip·X(z,z̄)}. This corresponds to a relativistic unit norm normalization with, see (39),

⟨0, 0; p^′|0, 0; p⟩ = 2p^+(2π)δ(p^{+′}−p^+)(2π)^{d−2}δ^{d−2}(p^′−p).

Furthermore, (λ, λ̄) = {λ^i_n, λ̄^i_n}, are the polarization tensors, defined by, λ_n · q = 0, λ^∗_n = λ_{−n}, and ∑_∞ n=1 |λ_n|^2 < ∞, and similarly for the anti-holomorphic sector {λ̄^i_n}. The real vectors p^μ and q^μ are as usual subject to the constraints (51), repeated here for convenience: p · q = 2/α^′, q^2 = 0, and p^2 = 4/α^′.

First let us prove that the vertex operator (113) is a coherent state by showing that the defining properties (a-c) above are satisfied. (a) is trivially satisfied, the state is specified by the set of continuous labels (λ, λ̄) = {λ^i_n, λ̄^i_n} and remains normalized for arbitrary values provided [159] ∑_∞ n=1 |λ_n|^2 + |λ̄_n|^2 < ∞.

To prove that (b) is satisfied note that primarily that V (λ, λ̄) is an eigenstate of the annihilation operators, A^i_{n>0} · V ∼= λ^i_nV and Ā^i_{n>0} · V ∼= λ̄^i_nV , which follows from the DDF operator commutation relations (55) and the corresponding anti-holomorphic expression with Ā_n replacing A_n. Therefore, we find the following inner product, ⟨ V (λ, λ̄, p^′)|V (ζ, ζ̄, p) ⟩ = = δ_p′_{,p}C_λ¯_λC_ζ¯_ζ exp ( ∑ n>0 1 n λ^∗_n · ζ_n + 1 n λ̄^∗_n · ζ̄_n ) , (115) which reduces to unity when (λ, λ̄) = (ζ, ζ̄) and p^′ = p. Note that δ_p′_{,p} is a Kronecker delta which reduces to unity when p^{+′} = p^+ and p^′ = p and vanishes otherwise. By then forming appropriate inner products and integrating we find that there exists the completeness relation,

1 = V_{d−1} ∫_∞ 0 dp^+ 2π ∫ R^{24}

d^{24}p (2π)^{24} × ∫ ( ∏ n,A d^2λ^A_n 2πn )( ∏ n,A d^2λ̄^A_n 2πn )| |V (λ, λ̄, p)⟩⟨V (λ, λ̄, p) | |, (116) with n = {1, 2, . . . , ∞} [214]. The phase space integrals are precisely as anticipated from Sec. II, and in particular (25), for the sum over single string states. In the case of closed string coherent states therefore we see that the additional sums over quantum numbers in (25) correspond to integrals over the polarization tensors: ∑∫ = ∫ ( ∏ n,A d^2λ^A_n 2πn )( ∏ n,A d^2λ̄^A_n 2πn ) .

Finally, to show that (c) is satisfied we must prove that V (λ, λ̄) satisfies the Virasoro constraints, L_0 · V ∼= V , L_{n>0} ·V ∼= 0. These are trivially satisfied given that: the DDF operators commute with the L_n, L̄_n for all n, and the vacuum e^{ip·X(z,z̄)} is physical, L_0 · e^{ip·X} ∼= e^{ip·X} , L_{n>0} · e^{ip·X} ∼= 0. Similar results hold for the antiholomorphic sector with L̄_n replacing L_n. Therefore, the vertex (113) is a coherent state and respects the string theory symmetries.

1. Functional Representation

We postulated that closed string covariant coherent states are described by the vertex operator (113). These vertices however are not what we are looking for, and to see why let us normal order V (λ, λ̄). To simplify the computation we initially assume that λ_{n>0} · λ_{m>0} = 0 and similarly for the antiholomorphic sector, and then generalize the result. The normal ordering procedure has been explained in great detail in Sec. III for arbitrary mass eigenstates, the difference here being that the coherent state V (λ, λ̄) is instead a linear superposition of mass eigenstates. As in the open string, the normal ordered version of (113) is obtained by using the integral representation of the DDF operators (50), the integration contour being taken around the vacuum e^{ip·X(z)} and e^{ip·X(z̄)} for the holomorphic and antiholomorphic sectors respectively. Holomorphy then allows us to shrink the contours and hence the computation only requires knowledge of the leading behaviour of the integrand close to the vacuum, which is determined by operator product expansions using the scalar propagator, ⟨X^μ(z, z̄)X^ν (w, w̄)⟩ = −^{α′}_2 η^{μν} ln |z −w|^2. This procedure leads to, V (λ, λ̄) = g_c √ 2p^+V_{d−1}

× C_λ¯_λ exp (^∞∑ n=1 1 n λ_n · H_n(z)e^{−inq·X(z)} )

× exp (^∞∑ m=1 1 m λ̄_m · H̄_m(z̄)e^{−inq·X(z̄)} ) e^{ip·X(z,z̄)}. (117)

More generally, (i.e. had we not assumed that λ_{n>0} · λ_{m>0} = 0) we would have found instead:

V (λ, λ̄) = g_c √ 2p^+V_{d−1} C_λ¯_λU(λ)Ū (λ̄)e^{ip·X(z,z̄)},

with U(λ) defined below (99),

U(λ) = ∞∑ g=0

⌊g/2⌋∑

a=0 1 a!(g − 2a)! ( ∑ n,m>0 1 2nm λ_n · λ_m S_{n,m} e^{−i(n+m)q·X(z)} )_a( ∑ n>0 1 n λ_n · H_n e^{−inq·X(z)} )_{g−2a} ,

and Ū(λ̄) given by a similar expression with λ̄^i_m, z̄, S̄_{m,m}(z̄) and H̄ i_m(z̄) replacing the corresponding holomorphic quantities. Note that the positive integers n, m need not be equal.

2. DLCQ Coherent State Properties

The underlying Hilbert space consists of the states we are superimposing in order to construct the closed string coherent states. These can be obtained by series expanding the exponentials which leads to an expression of the form, V (λ,λ̄) ∝ ∞∑ {s_1 ,s_2,... }=0 Pol[∂^#X]e^{i(p−∑n nsnq)·X(z)}

× ∞∑ {s̄_1 ,s̄_2,... }=0 Pol[ ¯∂^#X] e^{i(p−∑m ms̄mq)·X(z̄)}, (118) with Pol[∂^#X] and Pol[ ¯∂^#X] being certain polynomials of the arguments which depend on the sets of uncorrelated positive integers {s_1, s_2, . . . } and {s̄_1, s̄_2, . . . } respectively. Let us write N = ∑_∞ n=1 ns_n and N̄ = ∑_∞ n=1 ns̄_n for an arbitrary sequence of positive integers {s_1, s_2, . . . } and {s̄_1, s̄_2, . . . } respectively. We learn that the left- and right-moving momenta associated to a given mass eigenstate in (118) satisfy, k^μ_L − k^μ_R = − ( N − N̄ ) q^μ, the associated total momentum being k^μ =^1_2 (k^μ_L +k^μ_R). It is therefore clear that we are superimposing mass eigenstates with asymmetric left-right momenta and so the manifold in which the coherent states live is in fact compact. This is an S^1 compactification in a direction specified by the null vector q^μ. We can read off the radius of compactification directly from k_L − k_R or equivalently one may compute it by applying the operator, ∮ ( dz ∂X^μ + dz̄ ¯∂X^μ ) , (that measures the total change in X^μ(z, z̄) in going once around the string [123]) to a mass eigenstate and identify the corresponding eigenvalue with R^μw, with w the winding number. This leads to w = N − N̄ and R^μ = −^{α′}_2 q^μ and therefore: R^2 = 0. We learn that the underlying spacetime manifold is compactified in a light-like spacetime direction, that is we are considering the DLCQ [163] of string theory. Lightlike compactifications show up in the connection of M(atrix) models to string theories: DLCQ of M-theory has been conjectured [164] to be equivalent to U(N) super Yang-Mills at finite N. (See for example, [163–166] and also [167–169].) Although lightlike compactifications are in general rather non-trivial [166], various properties of a vertex operator in a lightlike compactified spacetime can be extracted rather straightforwardly as we show next.

To become more explicit go to a frame where q^+ = q^i = 0 and q^− = −^2_{α′} R^− which implies the identification (with X^+ non-compact),

X^− ∼ X^− + 2πR^−. (119)

This is shown schematically in Fig. 2. Let us go to the rest frame (in the lightcone gauge sense) where in addition, p^i = 0. With this and the above ansatz for q^μ we can solve the constraints p^2 = 4/α^′, p · q = 2/α^′ and q^2 = 0 which lead to the following expressions for the total momentum of a lightlike compactified mass eigenstate,

k^0 = 1 √ 2 ( 1 R^− + m^2R^− ) , k^D = 1 √ 2 ( 1 R^− − m^2R^− ) , (120) and k^i = 0, with m^2 =^2_{α′} (N +N̄ −2), the mass squared of the particular mass eigenstate in the superposition (118). That m^2 does not depend on R^− naively seems to imply that lightlike compactification does not change the mass spectrum of the uncompactified theory. However, the L_0 −L̄_0 Virasoro constraint is already satisfied

FIG. 2: Lightlike spacetime compactification. The two-dimensional plane X^0-X^D is shown. In the figure on the right we are to identify the parallel grey lines such that X^− ∼ X^− + 2πR^−. The future lightcone of a given spacetime event is specified by the dashed lines. The aforementioned identification leads to the equivalent S^1 × R spacetime cylinder on the left. Signals slower than the speed of light and lightlike signals in the negative X^D direction always propagate up the cylinder in the positive X^+ direction. Lightlike signals in the positive X^D direction are stuck at X^+ = const hypersurfaces. Causality is not violated (the spacetime is marginally causal).

by the above state and so N need not equal N̄: the Hilbert space, H, contains all the usual states where N = N̄ (and hence w = 0) but also includes additional states for which N ≠ N̄ (and w ≠ 0) without breaking conformal invariance.

The Hilbert space H admits the orthogonal decomposition, H = ⨁ w∈Z H_w, such that vertices V_w ∈ H_w wind around the lightlike direction with winding number w [215]. Given that winding number is conserved (i.e. commutes with the worldsheet Hamiltonian, [L_0 + L̄_0 − 2, Ŵ ] · V_w ∼= 0), suggests that we can project out the winding states and thus obtain a vertex operator, V_0 ∈ H_0, with (as we show below, see p. 35) coherent state properties which can be embedded in fully non-compact spacetime [216].

Given that (120) is not of the standard form, k = n/R, for the total momentum in a compact dimension of radius R [123], one may wonder whether the corresponding wavefunctions are still single-valued [217] – single-valuedness of the wavefunction is the reason as to why one enforces k = n/R in the first place. That they are single valued can be seen as follows. Translations along a compact dimension whose direction is specified by the vector R^μ are generated by, exp ( 2πiR · p̂ ) : X^μ(z, z̄) → X^μ(z, z̄) + 2πR^μ, with p̂^μ the total Noether momentum, p̂^μ =^1_{α′} ∮ ( dz ∂X^μ(z) − dz̄ ¯∂X^μ(z̄) ) . The excitations that appear in V (λ, λ̄) (i.e. the polynomials of ∂^#X, ¯∂^#X) commute with p̂ and so single-valuedness of the vertex operator amounts to showing that: exp ( 2πiR · p̂ ) exp ( ik_L · X(z) + ik_R · X(z̄) ) = exp ( ik_L · X(z) + ik_R · X(z̄) ) , for any mass eigenstate in the superposition. Carrying out the operator products on the left hand side (with the contour integrals encircling z, z̄ and k_L = p − Nq, k_R = p−N̄q) it follows that the above statement holds true for the individual mass eigenstates with lightlike winding and hence is also true for the closed string coherent states. We conclude that V (λ, λ̄) is indeed single-valued under translations around the compact direction [218].

Curiously, lightlike compactification seems to be invisible at the classical level when, ∞∑ n=1 |λ_n|^2 = ∞∑ n=1 |λ̄_n|^2, which is none other than the statement of “classical level matching”, ⟨N⟩ = ⟨N̄⟩, because ⟨N⟩ = ∞∑ n=1 |λ_n|^2 and ⟨N̄⟩ = ∞∑ n=1 |λ̄_n|^2 are none other that the expectation values of the number operators, N = ∑ n>0 α_{−n} ·α_n and N̄ = ∑ n>0 α̃_{−n} · α̃_n. Furthermore, classical level matching is required for consistency (see below). One way of seeing that lightlike compactification is invisible at the classical level is by directly computing the expectation value ⟨ p̂^−_L ⟩ − ⟨ p̂^−_R ⟩ (with respect to the state (113)) and showing that it vanishes, as this would imply that ⟨X^−(z, z̄) − x^−⟩ = −i⟨p̂^−_L ⟩ ln z − i⟨p̂^−_R ⟩ ln z̄ + . . . is single valued as one traverses a spacelike direction of the worldsheet which is classically only possible if X^− is non-compact, i.e. if ⟨X^−(z, z̄) − x^−⟩ = −i⟨p̂^−⟩ ln |z|^2 + . . . . On account of (115), it follows that [219], ⟨ X^−(z, z̄) − x^− ⟩ = −i (⟨ N ⟩ − 1 ) R^− ln z − i (⟨ N̄⟩ − 1 ) R^− ln z̄. (121)

Notice that only zero modes contribute to the position expectation value in the covariant gauge version of the state (113) for a reason that was first realized in [125], and which we expand on in the following paragraph. For the X^+ direction we find, ⟨ X^+(z, z̄) − x^+ ⟩ = − α^′ 2 i R^− ln |z|^2. (122)

Recall that the operator L_0 −L̄_0 generates spacelike worldsheet translations, [ L_0 − L̄_0, X^μ(z, z̄) ] = ( z∂ − z̄ ¯∂ ) X^μ(z, z̄), (123)

and that one of the physical state conditions is that states be invariant under such translations,

exp[−iϵ(L_0 − L̄_0)] · V ∼= V ;

infinitesimally, |ϵ| ≪ 1, we have (L_0 −L̄_0)·V ∼= 0. Computing the expectation value, ⟨[ L_0 − L̄_0, X^μ(z, z̄) ]⟩ = ( z∂ − z̄ ¯∂ )⟨ X^μ(z, z̄) ⟩ , with respect to a physical state V it then follows that ( z∂ − z̄ ¯∂ )⟨ X^μ(z, z̄) ⟩ = 0 must be satisfied by any such state. This in turn explains why there are only zero mode contributions in (121) and (122) (non-zero mode contributions would violate this condition), and secondly enforces classical level matching, ⟨N⟩ = ⟨N̄⟩, (124) so as to ensure that the operator ( z∂ − z̄ ¯∂ ) annihilates (121). Given that V (λ, λ̄) has an effective mass given by ⟨m^2⟩ =^2_{α′} (⟨N⟩ + ⟨N̄⟩ − 2) it follows that the full momenta are given by, ⟨p̂^−⟩ =^1_2 ⟨m^2⟩R^−, ⟨p̂^+⟩ = 1/R^−, enabling one to write: ⟨ X^±(z, z̄) − x^± ⟩ = −i α^′ 2 ⟨p^±⟩ ln |z|^2. (125)

This implies that indeed as claimed above lightlike compactification seems to be invisible at the classical level. However, this result is not unique to lightlike compactifications. In particular, notice that the reasoning following (123) also applies in the case of spacelike compactifications, x^i ∼ x^i + 2πR. In this latter case, in particular, one finds the consistency requirement: ⟨p^i_L⟩ = ⟨p^i_R⟩. Curiously, this seems to imply that toroidal compactification in general is invisible in such expectation values.

That only zero modes contribute to the expectation values (121) and (122) of course does not mean that the coherent state (113) does not have a classical interpretation, but rather implies that the condition for classicality, ⟨ X^μ(z, z̄) ⟩ = X^μ_{cl}(z, z̄), with ∂ ¯∂X^μ_{cl}(z, z̄) = 0 is not compatible with the symmetries of closed string theory when the gauge choice (covariant gauge in this example) does not fix the invariance under spacelike worldsheet translations [125]. Note that any covariant vertex operator must satisfy ( z∂ − z̄ ¯∂ )⟨ X^μ(z, z̄) ⟩ = 0, whether or not it has a classical interpretation. To get round this, one may fix the invariance of the state under such translations (as done in [125]) but this is somewhat messy and not practical for general states. Alternatively, one may pick a gauge that explicitly breaks the invariance under such translations from the outset, e.g. static gauge. To see this notice that [220] in static gauge, e.g. X^0 = α^′p^0τ, X^D = Rσ and X^D ∼ X^D +2πR, from the outset where it is manifest that spacelike worldsheet translation invariance, σ → σ+s, is broken by the gauge choice. Here ⟨X^i(σ, τ)⟩ = X^i_{cl}(σ, τ) can be satisfied non-trivially because in static gauge states of the form e^{λinαi−n} e^{λ̄inα̃i−n} |0, 0; p^i, p^D_L , p^D_R ⟩ are physical without requiring the existence of a lightlike compactification. Unfortunately, it is not known how to quantize the string in static gauge unless (starting from the Nambu-Goto action) one restricts to small fluctuations transverse to X^0, X^D with R large, in which case the leading term in the action becomes quadratic in the fields X^i and the path integral can be carried out perturbatively in 1/R. We would like to discuss the construction of quantum states which correspond to arbitrary classical solutions (e.g. solutions with cusps where the above expansion would presumably not suffice) and so this is not the approach we shall take here. A better solution is possibly to instead replace the definition of classicality, ⟨ X^μ(z, z̄) ⟩ = X^μ_{cl}(z, z̄), with [221], ⟨ :X^μ(σ^′, τ)X^ν (σ, τ): ⟩ = ∫_{2π} 0 ds X^μ_{cl}(σ^′−s, τ)X^ν_{cl}(σ−s, τ), (126) modulo zero mode contributions (recall that z = e^{−i(σ+iτ )}, z̄ = e^{i(σ−iτ )}). Rather than fixing the invariance under σ-translations on the quantum side (as done in [125]) we average over σ-translations on the classical side.

The definition for classicality (126) is appropriate for states in any gauge (e.g. covariant or lightcone gauge) that does not fix the invariance under spacelike worldsheet translations and we will be making use of it when we present the construction of coherent states in non-compact spacetimes. For the states (113) however there is yet another solution which is even simpler – the solution is to go to lightcone gauge, because in lightcone gauge the presence of lightlike compactification breaks the invariance under such translations thus making the classical-quantum map, ⟨ X^μ(z, z̄) ⟩ = X^μ_{cl}(z, z̄), possible.

Before we elaborate on the lightcone gauge construction, we would like to point out that one should be careful in drawing conclusions from statements of the form (125) when the expectation value is evaluated in covariant gauge. One can argue that it is not permissible to compute the expectation value of (123) given that X^μ(z, z̄) is not a well defined conformal operator [123]. In lightcone gauge there is no such subtlety because the constraints associated to quantum conformal symmetry are satisfied automatically by the gauge choice.

Above we mentioned that lightlike compactification breaks the invariance under worldsheet spacelike translations. To understand why this is the case recall that [147] in lightcone gauge the constraints (∂X)^2 = ( ¯∂X)^2 = 0 reduce to the operator equations α^−_0 = √_2 α^′ 1 p^+ ( L^⊥_0 − 1 ) , and α̃^−_0 =

√_2 α^′ 1 p^+ (¯ L^⊥_0 − 1 ) , with

L^⊥_0 , L̄^⊥_0 the transverse Virasoro generators [222]. Therefore, level matching in lightcone gauge corresponds to the statement,

(α^−_0 − α̃^−_0 )|V ⟩_{lc} = √ 2 α^′ 1 p^+

(L^⊥_0 − L̄^⊥_0 )|V ⟩_{lc}, (127)

from which it follows that states compactified in a lightlike spacetime direction, for which α^−_0 ≠ α̃^−_0 (recall that α^−_0 and α̃^−_0 are the left- and right-moving momen-

tum operators, √_{α′} 2 p^−_L and √_{α′} 2 p^−_R repsectively), are not invariant under spacelike worldsheet shifts, (L^⊥_0 − L̄⊥_0 )|V ⟩_{lc} ≠ 0. Therefore, the above argument which led to ( z∂ − z̄ ¯∂ )⟨ X^i(z, z̄) ⟩ = 0 does not apply in lightlike compactified spacetimes, X^− ∼ X^− + 2πR^−, thus implying that the classical-quantum map, ⟨ X^μ(z, z̄) ⟩ = X^μ_{cl}(z, z̄), may be realized. We show next that indeed the lightcone gauge realization of the coherent states (113) can be mapped in this way to arbitrary general classical solutions.

According to the discussions in Sec. III the lightcone gauge version, |V (λ, λ̄)⟩_{lc}, of the vertex (113) is obtained by the mapping, A^i_{−n} → α^i_{−n} and g_c e^{ip·X(z,z̄)} → |0, 0; p^+, p^i⟩, so that | V (λ, λ̄) ⟩ lc = 1 √ 2p^+V_{d−1}

C_λ¯_λ exp (^∞∑ n=1 1 n λ_n · α_{−n} )

× exp (^∞∑ m=1 1 m λ̄_m · α̃_{−m} ) |0, 0; p^+, p^i⟩. (128)

This is similar to the open string case (101); it is an eigenstate of the annihilation operators, α^i_{n>0}, α̃^i_{n>0}, with eigenvalues λ^i_n, λ̄^i_n, and of the momenta p̂^+, p̂^i with eigenvalues p^+, p^i, respectively. The vacuum is normalized as in (39),

⟨0, 0; p^′|0, 0; p⟩ = 2p^+(2π)δ(p^{+′}−p^+)(2π)^{d−2}δ^{d−2}(p^′−p).

The position expectation value in the transverse directions is therefore given by,

⟨ X^i(z, z̄) − x̂^i ⟩ lc = ( X^i(z, z̄) − x^i ) cl,

with

( X^i(z, z̄) − x^i ) cl = −i α^′ 2 p^i ln |z|^2 + i √ α^′ 2 ∑ n≠0 1 n ( λ^i_n z^{−n} + λ̄^i_n z̄^{−n} ) . (129) Furthermore, from the operator equations, α^−_n = 1 p^+ ( L^⊥_n − δ_{n,0} ) , we learn that in the longitudinal directions [223],

⟨ X^−(z, z̄) − x̂^− ⟩ lc = ( X^−(z, z̄) − x^− ) cl,

with

( X^−(z, z̄) − x^− ) cl = − i 1 p^+ ( α′ 4 p^2 + ⟨ N ⟩ − 1 ) ln z − i 1 p^+ (α′ 4 p^2 + ⟨¯ N ⟩ − 1 ) ln z̄ + i ∑ n≠0 1 n ∑ r∈Z 1 2p^+ ( λ_{n−r} · λ_rz^{−n} + λ̄_{n−r} · λ̄_rz̄^{−n} ) , (130)

with the definitions

λ^i_0 ≡ √ α^′ 2 p^i, λ̄^i_0 ≡ √ α^′ 2 p^i, and p^ip^i = p^2, and as discussed above we are to enforce classical level matching, ⟨N⟩ = ⟨N̄⟩. For completeness we note also that (in lightcone gauge), X^+(z, z̄) = −i α^′ 2 p^+ ln |z|^2.

Notice that in the rest frame, p^i = 0, the zero mode contribution in (130) is identical to that found in the covariant gauge (121) when p^+ = 1/R^−. The quantities (129) and (130) are none other than the general solutions to the equations of motion, ∂ ¯∂X^μ = 0, in lightcone gauge [170]. We therefore conclude that indeed the classical-quantum map, ⟨X^μ(z, z̄)⟩_{lc} = X^μ_{cl}(z, z̄), can be realized in a spacetime with lightlike compactification when this map is carried out in lightcone gauge. This is in accordance with the above considerations. Note that this is specific to lightlike-compactified spacetimes and does not apply in spacelike compactifications, because this conclusion relied on the left-hand-side of (127) being non-vanishing.

Finally, before we construct closed string coherent states in fully non-compact spacetime let us show that the angular momentum of the covariant gauge, lightcone gauge and classical descriptions are all identical, as we did in the open string case (107) above. For the closed string,

J^{μν} = 2 α^′ ( ∮ dzX^{[μ}∂X^{ν]} − ∮ dz̄X^{[μ} ¯∂X^{ν]} ) , = L^{μν} + S^{μν} , (131)

with the zero mode contribution denoted by L_{μν} (given in a footnote on p. 53) and S^{μν} = S^{μν} (α) + S^{μν} (α̃) with S^{μν} (α) = −i ∑_∞ ℓ=1 ( α^μ_{−ℓ}α^ν_ℓ − α^ν_{−ℓ}α^μ_ℓ ) and a similar expression for the antiholomorphic sector, S^{μν} (α̃). We shall concentrate on the non-zero mode part: S^{μν} . The derivation is almost identical to the open string case and so we do not repeat it here, the only difference being that the open string normalization of the momentum is half that of the closed string:^1_2 p_c = p_o (although we don’t bother to keep the subscripts when the context is clear). We find that for the transverse directions,

⟨S^{ij} ⟩_{cov} = ⟨S^{ij} ⟩_{lc} = S^{ij}_{cl} = ∑ n>0 2 n Im ( λ^{∗i}_n λ^j_n + λ̄^{∗i}_n λ̄^j_n ) , (132) and for the longitudinal components,

⟨S^{−i}⟩_{cov} = ⟨S^{−i}⟩_{lc} = S^{−i}_{cl} = √ 2 α^′ ∑ m>0 ∑ ℓ∈Z 1 mp^+ Im ( λ^∗_{m−ℓ} · λ^∗_ℓ λ^i_m + λ̄^∗_{m−ℓ} · λ̄^∗_ℓ λ̄^i_m ) , (133) with in addition all components involving the + direction equal to zero. This correspondence provides further evidence for the conjecture that the covariant gauge vertex operator (113) and the lightcone gauge state (128) describe the same physics (share identical correlation functions) and are different manifestations of the same state which classically have a lightcone gauge description given by (129) and (130).

Before delving into the coherent state construction in non-compact spacetimes it is worth noting that the requirement of a lightlike compactified background in the naive construction of the current section is the cost of working in a standard gauge, namely lightcone or covariant gauge where all the string technology for amplitude computations is well developed. It is also possible to construct closed string coherent states in a modified lightcone gauge [171], where the requirement of a lightlike compactified background, X^− ∼ X^− + 2πR^−, gets replaced by the requirement of a spacelike compactified background, X^D ∼ X^D + 2πR^D. Here, instead of making the lightcone gauge identification X^+(z, z̄) = −i^{α′}_2 p^+ ln |z|^2, one chooses X^+(z, z̄) = −i^{α′}_2 p^+_L ln z − i^{α′}_2 p^+_R ln z̄, which in turn solves the constraints in a manner similar to the lightcone gauge case. Here however, with the additional freedom of choosing p^+_L and p^+_R independently it becomes possible to rotate the spacetime coordinate system in such a way that the resulting coherent states propagate in a spacelike rather than a lightlike compactified spacetime [224].

D. Coherent States in Minkowski Space

We next construct coherent states in fully noncompact spacetimes. We showed above that the coherent state (113), V (λ, λ̄, p) = g_c √ 2p^+V_{d−1}

C_λ¯_λ exp (^∞∑ n=1 1 n λ_n · A_{−n} )

× exp (^∞∑ m=1 1 m λ̄_m · Ā_{−m} ) e^{ip·X(z,z̄)}, (134) satisfies all the coherent state defining properties but only when the underlying spacetime manifold is compactified in a lightlike direction of spacetime. Below (120) we concluded that in addition to the usual states in the underlying Hilbert space which satisfy N = N̄, there were additional states for which N ≠ N̄ and these correspond to states with lightlike winding. This suggests that starting from (134) we may truncate the underlying Hilbert space and project out all states with N ≠ N̄. The resulting states will be manifestly levelmatched and will propagate consistently in fully noncompact (but also compact) spacetimes.

To project out all states with N ≠ N̄, thus leaving only N = N̄ states in the underlying spectrum, we define a projection operator,

G_w = ∫_{2π} 0 ds e^{is(Ŵ −w)}, Ŵ ≡ α^′ 2 (p̂^+_L p̂^−_L − p̂^+_Rp̂^−_R ),

(135) with p̂^μ_L =^2_{α′} ∮ dz∂X^μ, p̂^μ_R = −^2_{α′} ∮ dz̄ ¯∂X^μ, and Ŵ the lightlike winding number operator. The Virasoro constraints associated to level matching read,

L_0−L̄_0 = ( α′ 4 p̂^2_L + N ) − (α′ 4 p̂^2_R + N̄ )

= − α^′ 2 (p̂^+_L p̂^−_L − p̂^+_Rp̂^−_R ) + α^′ 4 ( p̂^2_L − p̂^2_R ) + N − N̄ = 0, (136) from which the origin of the projector, G_w, becomes clear: when G_w is applied to arbitrary vertices it projects out all states in the underlying Hilbert space except for those with lightlike winding number w. In the case of interest when there are no transverse compact directions, p^2_L = p^2_R = p^2, we can equivalently write the covariant expression Ŵ = −α^′p · ŵ, where p^μ =^1_2 (p^μ_L +p^μ_R) is the momentum of the vacuum, p^2 = 4/α^′, p · q = 2/α^′, and ŵ^μ =^1_2 ( p̂^μ_L − p̂^μ_R ) is the winding vector (see Appendix A). Notice for example that for some generic vertex operator, Ŵ · P (∂^#X, ¯∂^#X)e^{i(p−Nq)·X(z)}e^{i(p−N̄q)·X(z̄)} = (N − N̄)P (∂^#X, ¯∂^#X)e^{i(p−Nq)·X(z)}e^{i(p−N̄q)·X(z̄)}, (137) with P (∂^#X, ¯∂^#X) the oscillator contribution that commutes with Ŵ . Then, covariant vertex operators without lightlike winding will be given by,

V_0(λ, λ̄) ∼= G_0 · V (λ, λ̄), (138)

the dot denoting operator product contractions. Taking V (λ, λ̄) to be the coherent state (134) we are to commute G_0 through the DDF operators, the relevant term giving e^{isŴ} e^{∑∞n=1 1n λn ·A−n} = e^{∑∞n=1 1n einsλn·A−n} e^{isŴ} with a similar relation for the anti-holomorpic sector, with e^{−ins} replacing e^{ins}. This follows from the Baker-Campbell-Hausdorff formula, the commutators [^ W , A^i_{−n} ] = nA^i_{−n}, [^ W , Ā^i_{−n} ] = −nĀ^i_{−n} , and the elementary Schur polynomial representation (A12a) with a_s =^1_{s!} ∑_∞ n=1(ins)^{s 1}_n λ_n · A_{−n}. The resulting vertex operators are then the candidate quantum states to represent arbitrary classical loops in non-compact Minkowski spacetime:

V_0(λ,λ̄; p) = g_c √ 2p^+V_{d−1}

C_λ¯_λ ∫_{2π} 0 ds exp {^∞∑ n=1 1 n e^{ins}λ_n · A_{−n} } exp {^∞∑ m=1 1 m e^{−ims}λ̄_m · Ā_{−m} } e^{ip·X(z,z̄)}, (139)

with:

C_λ¯_λ = [ ∫ 2π 0 ds exp (^∞∑ n=1 1 n |λ_n|^2e^{ins}+ 1 n |λ̄_n|^2e^{−ins} )]_{−1/2}

(140) a normalization constant. The normalization as usual fixed by the ‘one string in volume V_{d−1}’ condition, which leads to a unitary S-matrix. As discussed in Sec. II, this is equivalent to fixing the most singular term in the operator product expansion as in (114), which in our conventions, as discussed there, is equivalent to requiring that the state have unit norm, ⟨V_0(λ, λ̄; p)|V_0(λ, λ̄; p)⟩ = 1, |0, 0; p⟩ ∼= g_c e^{ip·X} . Note that the out state V_0(λ, λ̄)^† is given by V_0(λ, λ̄) with {λ^∗_n}, A_n and −p replacing {λ_n}, A_{−n} and p respectively (corresponding to Hermitian conjugation in Minkowski signature worldsheet), and similarly for the anti-holomorphic sector.

We first check that (139) satisfies the defining properties (a-c) of a string coherent state as laid out in the beginning of this section. The properties (a,c) are trivially satisfied because the state is still specified by a set of continuous labels and the projection operator (135) does not alter the states in the underlying Hilbert space, H. The Hilbert space is instead truncated [225] and so, given that any linear combination of physical states is also a physical state, the vertex (139) must be physical. To check that (b) is satisfied, i.e. that a completeness relation exists for the projected states, we start from the completeness relation associated to the unprojected states [226], the existence of which was established on p. 29,

1 = V_{d−1} ∫_∞ 0 dp^+ 2π ∫ R^{24}

d^{24}p (2π)^{24} × ∫ ( ∏ n,A d^2λ^A_n 2πn )( ∏ n,A d^2λ̄^A_n 2πn )| |V (λ, λ̄)⟩⟨V (λ, λ̄) | |. Apply a projection operator, G_w, on either side of this expression to find that:

1_w = ∫ dμ(p)dλdλ̄ | |V_w(λ, λ̄)⟩⟨V_w(λ, λ̄) | |, (141)

where we write dμ(p) = V_{d−1}^{dp+}_{2π}^{d24p}_{(2π)24} , dλ = ∏ n,i d^2λ^i_n 2πn , d^2λ^i_n = idλ^i_n ∧ dλ^{∗i}_n , and similarly for the antiholomorphic sector, dλ̄, with λ̄^i_n replacing λ^i_n. We have defined, G_w ≡ 1_w, as G_w is none other than the unit operator, 1_w, with respect to the truncated Hilbert space, H_w, which consists of all states with lightlike winding number w. To show this note that |V_w⟩ = G_w|V ⟩ and G^2_w = G_w (recall that G_w is Hermitian). From the latter two expressions it follows that G_w|V_w⟩ = |V_w ⟩, and so indeed G_w = 1_w. Thus, there exists a completeness relation for the projected states also, as required from the definition of a coherent state.

Note that if we sum over w in (141) we learn that, 1 = ∫ dμ(p)dλdλ̄ ∞∑ w=−∞ | V_w(λ, λ̄) ⟩⟨ V_w(λ, λ̄) | , with 1 the unit operator with respect to the larger Hilbert space H, and this serves as a consistency check.

The Hilbert space of interest here is H_0 which is the coherent state Hilbert space associated to non-compact spacetimes. From the above considerations we conclude that (141) is indeed a resolution of unity with respect to H_w, and have thus shown that the string coherent state defining properties are satisfied by the states V_w(λ, λ̄; p). Next notice that because winding number is conserved, [^ H, Ŵ ] ·V_w(λ, λ̄; p) ∼= 0, with Ĥ = L_0+L̄_0−2 the worldsheet Hamiltonian, the Hilbert space decomposition, H = ⨁ w∈ZH_w, is indeed orthogonal; when all quantum numbers other than winding number are equal, ⟨V_m|V_n⟩ = δ_{m,n} for vertices, V_m ∈ H_m. We conclude that vertex operators,

V_0(λ, λ̄; p) ∈ H_0,

can propagate in fully non-compact spacetimes, and have shown in particular that the vertex operator (139) is a closed string coherent state that can be consistently embedded in non-compact flat Minkowski spacetime.

In a scattering amplitude that involves say n coherent states V_0 and any number of non-coherent states, one can drop the G_0’s in n − 1 of these vertices. To see this let us look at an example, say the elastic massive string forward scattering amplitude from an arbitrary closed string coherent state, V_0, ⟨ V^†_0 U^†UV_0 ⟩ = ⟨ (G_0V )^†U^†U(G_0V ) ⟩ = ⟨ V^†U^†UG^2_0V ⟩ = ⟨ V^†U^†UV_0 ⟩ , (142)

with, U = P (∂^#X, ¯∂^#X)e^{ik·X(z,z̄)}, a vertex operator without lightlike winding, and we have used the fact that G_0 is Hermitian, commutes with U and squares to itself.

The inner product associated to the projected states can be derived from the properties,

A^i_n · V_0 ∼= λ^i_nV_n, Ā^i_n · V_0 ∼= λ̄^i_nV_n,

valid for n > 0, and, ⟨V^†_n V_m⟩ = δ_{n,m}, which follow from the DDF operator commutation relations. From these it follows that the constructed coherent states are as usual over-complete, ⟨ V_0(λ, λ̄; p^′)|V_0(ξ, ξ̄; p) ⟩ = δ_p′_{,p}C_λ¯_λC_{ξ,}¯_ξ × ∫_{2π} 0 ds exp ( ∑ n>0 1 n λ^∗_n · ξ_n e^{ins} + 1 n λ̄^∗_n · ξ̄_n e^{−ins} ) , (143) and this reduces to unity when (λ, λ̄) = (ξ, ξ̄). We have again made use of the fact that G^2_0 = G_0. Note that δ_p′_{,p} is a Kronecker delta which reduces to unity when p^{+′} = p^+ and p^′ = p, with p and p^′ the momenta of the vacua associated to the in and out states, as above.

1. Functional Representation

The normal ordered version of V_0(λ, λ̄) analogous to (117) can be derived from (117) by computing the operator product, V_0(λ, λ̄) ∼= G_0·V (λ, λ̄). In the particular case that λ_{n>0} · λ_{m>0} = 0, one finds an expression identical to (139) with H^i_n(z)e^{−inq·X(z)}, H̄^i_n(z̄)e^{−inq·X(z̄)} replacing A^i_{−n}, Ā^i_{−n} respectively, with an overall integral over s,

V_0(λ, λ̄) = g_c √ 2p^+V_{d−1}

C_λ¯_λ ∫_{2π} 0 ds exp (^∞∑ n=1 1 n e^{ins}λ_n · H_n e^{−inq·X(z)} ) exp (^∞∑ m=1 1 m e^{−ims}λ̄_m · H̄_m e^{−imq·X(z̄)} ) e^{ip·X(z,z̄)}. (144)

This follows from the general result (85) and (139), and the polynomials H_n(z) have been defined in (73), see also (70), (71) and (74). Notice that this is still an eigenstate of p̂^+, p̂^i if we make the choice q^+, q^i = 0 and q^− non-zero, as was the unprojected state V (λ, λ̄). Recall also that in the rest frame in addition to taking p^i = 0 we are to take H_n(z) → P_n(z) as discussed in Sec. III. When the polarization tensors are arbitrary, subject only to the constraints λ_n · q = 0 (for all n ∈ Z), we have instead:

V_0(λ, λ̄) = g_c √ 2p^+V_{d−1}

C_λ¯_λ ∫_{2π} 0 ds U_0(λ)Ū_0(λ̄)e^{ip·X(z,z̄)}, (145) with U_0(λ) given by:

U_0(λ) = ∞∑ g=0

⌊g/2⌋∑

a=0 1 a!(g − 2a)! ( ∑ n,m>0 e^{i(n+m)s} 2nm λ_n · λ_m S_{n,m} e^{−i(n+m)q·X(z)} )_a( ∑ n>0 e^{ins} n λ_n · H_n e^{−inq·X(z)} )_{g−2a} ,

and Ū_0(λ̄) given by a similar expression with λ̄^i_m, z̄, S̄_{m,m}(z̄) and H̄ i_m(z̄) replacing the corresponding holomorphic quantities, and e^{−iNs} replacing e^{iNs} for any integers N. The explicit form for U_0(λ) has been derived from the general result (85) and (139).

It is possibly useful at this point to give an example. The simplest coherent state vertex operator is when only λ^i ≡ λ^i_1 is non-vanishing and λ · λ = λ̄ · λ̄ = λ^i_{n≠±1} = λ̄^i_{n≠±1} = 0. From (144) and find that,

V_0(z, z̄) = g_c √ 2p^+V_{d−1}

C_λ¯_λ × ∫_{2π} 0 ds exp ( ie^{is}ζ · ∂X e^{−iq·X(z)} )

× exp ( ie^{−is}ζ̄ · ¯∂X e^{−iq·X(z̄)} ) e^{ip·X(z,z̄)}, (146)

with

ζ_μ ≡ λ^i(δ^i_μ −^{α′}_2 p^iq_μ), ζ̄^μ ≡ λ̄^i(δ^i_μ −^{α′}_2 p^iq_μ), and |ζ|^2 = |λ|^2, |ζ̄|^2 = |λ̄|^2.

It is manifest that the s-integral serves to set the total number of holomorphic and anti-holomorphic worldsheet derivatives to be equal in every term of the series expansions of the exponentials.

2. Closed String Coherent State Properties

We next derive various properties of the projected coherent states. Proceeding in a similar manner to the open string case, we map to the lightcone gauge states corresponding to (139) or equivalently (145), which are given by, | |V_0(λ, λ̄)⟩_{lc} = 1√ 2p^+V_{d−1}

C_λ¯_λ × ∫_{2π} 0 ds exp (^∞∑ n=1 1 n e^{ins}λ_n · α_{−n} )

× exp (^∞∑ m=1 1 m e^{−ims}λ̄_m · α̃_{−m} ) |0, 0; p^+, p^i⟩. (147) Let us consider the lightcone gauge classical solutions, X^μ_{cl}(z, z̄), corresponding to this state. Having projected out the lightlike winding states, worldsheet translation invariance is restored (in both lightcone and covariant gauges) and according to the discussion on p. 32 the condition for classicality ⟨X^μ(z, z̄)⟩ = X^μ_{cl}(z, z̄) is replaced by (126), rewritten here for convenience in the (z, z̄) = (e^{−i(σ+iτ )}, e^{i(σ−iτ )}) coordinate system with the zero mode contributions explicitly subtracted, ⟨ : [ X^μ(z^′, z̄^′) − x̂^μ ][ X^ν (z, z̄) − x̂^ν ] : ⟩ = ∫_{2π} 0 ds [ X^μ(z^′e^{is}, z̄^′e^{−is}) − x^μ ] cl [ X^ν (ze^{is}, z̄e^{−is}) − x^ν ] cl. (148) Given that we know the classical solution, i.e. the righthand-side of (148), in lightcone gauge, see (129) and (130), we establish (148) for the projected states in lightcone gauge. For the transverse directions, i, j, to evaluate the left hand side of (148) in the state (147), we make use of the closed string mode expansion, X^i(z, z̄) − x̂^i = −i α^′ 2 p̂^i ln |z|^2 + i √ α^′ 2 ∑ n≠0 1 n ( α^i_n z^{−n} + α̃^i_n z̄^{−n} ) , (149)

and the fact that: α^i_{n>0}|V_w⟩_{lc} = λ^i_n|V_{w−n}⟩_{lc}, α̃^i_{n>0}|V_w⟩_{lc} = λ̄^i_n|V_{w+n}⟩_{lc},

(150)

and ⟨V_n|V_m⟩_{lc} = δ_{n,m}, which follow from the oscillator commutation relations, [α^i_n, α^j_m] = nδ_{n+m,0}δ^{ij} , [α̃^i_n, α̃^j_m] = nδ_{n+m,0}δ^{ij} and G^†_w = G_w, G^†_wG_m = δ_{w,m}G_m. Furthermore, we have ⟨V_w |α^i_{−m} = λ^{∗i}_m⟨V_{w−m}| and p̂^i|V_0⟩ = p^i|V_0⟩. From these expressions we learn that, ⟨ : [ X^i(z^′, z̄^′) − x^i ][ X^j (z, z̄) − x^j ] : ⟩ = − (α′ 2 )_2 p^ip^j ln |z^′|^2 ln |z|^2 + α^′ 2 ∑ n≠0 1 n^2 [ λ^i_nλ^{∗j}_n ( z z^′ )_n

+ λ̄^i_nλ̄^{∗j}_n ( z̄ z̄^′ )_n − λ^i_nλ̄^j_n ( 1 z^′z̄ )_n − λ̄^i_nλ^j_n ( 1 z̄^′z )_n] (151) It is trivial to show that this expression is identical to the right-hand side of (148) when, ( X^i(z, z̄) − x^i ) cl = −i α^′ 2 p^i ln |z|^2 + i √ α^′ 2 ∑ n≠0 1 n ( λ^i_n z^{−n} + λ̄^i_n z̄^{−n} ) , (152)

thus proving that the definition of classicality (126) is satisfied by the projected coherent states, at least for the transverse directions. For the longitudinal directions, to evaluate the left-hand side of (148) in the state (147), we make use of mode expansions, X^−(z, z̄) − x̂^− = −i α^′ 2 p̂^− ln |z|^2 + i √ α^′ 2 ∑ n≠0 1 n ( α^−_n z^{−n} + α̃^−_n z̄^{−n} )

X^+(z, z̄) = −i α^′ 2 p̂^+ ln |z|^2

(153)

We find that, ⟨ : [ X^−(z^′, z̄^′) − x^− ][ X^j (z, z̄) − x^j ] : ⟩ = − (α′ 2 )_2

⟨p̂^−⟩p^j ln |z^′|^2 ln |z|^2 + α^′ 2 ∑ n≠0 1 n^2 [ λ^−_n λ^{∗j}_n ( z z^′ )_n + λ̄^−_n λ̄^{∗j}_n ( z̄ z̄^′ )_n

− λ^−_n λ̄^j_n ( 1 z^′z̄ )_n − λ̄^−_n λ^j_n ( 1 z̄^′z )_n] ,

(154)

where we have found it convenient to write,

λ^−_n = 1 √ 2α^′ ∑ r∈Z 1 p^+ λ_{n−r} · λ_r, with a similar expression for λ̄^−_n with λ̄_n replacing λ_n. This is computed using the fact that the α^−_n are determined entirely in terms of the α^i_n, according to (for n ≠ 0),

α^−_n = 1 √ 2α^′ 1 p^+ ∑ r∈Z : α^i_{n−r}α^i_r :, and similarly for α̃^−_n with α_n replacing α̃_n, which follows from the relations (150), and from the commutation relations [L^⊥_n , α^i_m] = −nα^i_{n+m} and [L̄^⊥_n , α̃^i_m] = −nα̃^i_{n+m}

with L^⊥_n = √_{α′} 2 p^+α^−_n and L̄^⊥_n = √_{α′} 2 p^+α̃^−_n (for n ≠ 0).

The n = 0 term yields the lightcone gauge Hamiltonian, p̂^− =^{1√}_{2α′} ( α^−_0 +α̃^−_0 ) , with α^−_0 =

√_2 α^′ 1 p^+ ( L^⊥_0 − 1 ) , and

α̃^−_0 =

√_2 α^′ 1 p^+ (¯ L^⊥_0 − 1 ) , or:

p̂^− = 1 α^′p^+ ( L^⊥_0 + L̄^⊥_0 − 2 ) . The expectation value of the lightcone gauge Hamiltonian is in turn given by, ⟨p̂^−⟩ = 1 α^′p^+ ( α′ 2 p^2 + ∑ n>0 |λ_n|^2 + ∑ n>0 |λ̄_n|^2 − 2 ) , exactly as for the DLCQ coherent states, and there is again thus an effective level number for the left- and right-movers ⟨N⟩ ∑ n>0 |λ_n|^2 and ⟨N̄⟩ = ∑ n>0 |λ̄_n|^2 respectively. For the right-hand-side of (148), the computation is the same as for the transverse directions, given that the integrals do not see the polarization dependence, and so the result is as in (151) but with λ^−_n replacing λ^i_n in accordance with the above result.

Similarly, for the X^−X^− directions, the result is: ⟨ : [ X^−(z^′, z̄^′) − x^− ][ X^−(z, z̄) − x^− ] : ⟩ = − (α′ 2 )_2

⟨:(p̂^−)^2:⟩ ln |z^′|^2 ln |z|^2 + α^′ 2 ∑ n≠0 1 n^2 [ λ^−_n λ^{∗−}_n ( z z^′ )_n + λ̄^−_n λ̄^{∗−}_n ( z̄ z̄^′ )_n

− λ^−_n λ̄^−_n ( 1 z^′z̄ )_n − λ̄^−_n λ^−_n ( 1 z̄^′z )_n] , (155) whereas for the X^−X^+ and X^iX^+ directions only the zero modes contribute, because ⟨X^μ − x^μ⟩ = −i^{α′}_2 ⟨p̂^μ⟩ ln |z|^2 (with μ = {±, i}), ⟨ : [ X^μ(z^′, z̄^′) − x^μ ][ X^+(z, z̄) ] : ⟩ = − (α′ 2 )_2

⟨p̂^μ⟩p^+ ln |z^′|^2 ln |z|^2.

(156)

We have thus proven that (148) is indeed satisfied for the lightcone gauge coherent states (147), in all spacetime directions.

Furthermore, from (151) it follows that the rms transverse distance from the center of mass to an arbitrary point on the string, r = √ ⟨(X(z, z̄) − x)^2⟩, in the rest frame, p = 0, is given by,

r^2 = α^′ 2 ∑ n>0 1 n^2 ( |λ_n|^2 + |λ̄_n|^2 − 2Re ( λ_n · λ̄_ne^{−2inτM} )) , (157) where we have Wick rotated back to a Minkowski signature worldsheet, τ = iτ_M. The vertex operator (147) and by extension (144) clearly represents a macroscopic string when λ_n and λ̄_n satisfy, ∑ n>0 1 n^2 ( |λ_n|^2 + |λ̄_n|^2 − 2Re ( λ_n · λ̄_ne^{−2inτM} )) ≫ 1. Recall that we are to enforce ∑ n>0 |λ_n|^2 < ∞ and similarly for the antiholomorphic sector in order to ensure that the coherent state vertex operators are well behaved [159].

Let us compare the result (157) for the size of a string with the naive estimate for the length or size of a string, ℓ ∼ √ α^′⟨N⟩, which follows from, m^2_{eff} ∼ 4⟨N⟩/α^′ and m_{eff} ∼ μℓ (with m_{eff} = ⟨m⟩, μ = 1/(2πα^′) the string tension and ℓ its length). Recall that ⟨N⟩ = ∑ n>0 |λ_n|^2, and therefore,

r^2 α^′⟨N⟩ ∼ ∑ n>0 1 n^2 |λn| 2 ∑ n>0 |λ_n|^2 ≤ 1. For an arbitrarily excited cosmic string where arbitrarily large harmonics, n, contribute to ⟨N⟩, ℓ ≪ √ α^′⟨N⟩, and so the naive estimate ℓ ∼ √ α^′⟨N⟩ breaks down when the contribution of high harmonics is significant. This is of course to be expected, because the presence of high harmonics implies also that greater amounts of energy are concentrated in a smaller region of space.

We next show that the non-zero mode components of the angular momentum, S^{ij} , and S^{i−} associated to the covariant gauge coherent vertex operator (139), that associated to the corresponding lightcone gauge state (147) and that of the classical solutions (152) are all equal to the expressions found for lightlike compactified states (132) and (133), re-written here for convenience: for the transverse directions,

⟨S^{ij} ⟩_{cov} = ⟨S^{ij} ⟩_{lc} = ∑ n>0 2 n Im ( λ^{∗i}_n λ^j_n + λ̄^{∗i}_n λ̄^j_n ) = S^{ij}_{cl} ,

(158) and for the longitudinal components,

⟨S^{−i}⟩_{cov} = ⟨S^{−i}⟩_{lc} = S^{−i}_{cl} = √ 2 α^′ ∑ m>0 ∑ ℓ∈Z 1 np^+ Im ( λ^∗_{m−ℓ} · λ^∗_ℓ λ^i_m + λ̄^∗_{m−ℓ} · λ̄^∗_ℓ λ̄^i_m ) , (159) with in addition all components involving the + direction equal to zero. The derivation of these expressions is almost identical to that described in the open string coherent state section. The three modifications that are worth mentioning are: (a) the covariant and lightcone gauge projected vertex operators are not eigenstates of the annihilation operators, there being instead the relations (150) for the lightcone gauge and,

α^i_{m>0} · V_0(λ) ∼= ∞∑ n=1 m n λ^i_nB^{−n}_m · V_{−m}(λ). (160)

for the covariant gauge; (b) there is a single s-integral due to the property mentioned with an example in (142) and so we do not need the relation analogous to (160) for the longitudinal direction; and (c) there exist the orthogonality relations, ⟨V^†_n V_m⟩_{cov} = δ_{n,m}, ⟨V_n|V_m⟩_{lc} = δ_{n,m} in covariant and lightcone gauge respectively.

V. CONSISTENCY CHECK

In this section we would like to check that the coherent state vertex operators (144) have the correct singularity structure (i.e. that required by conformal invariance) when two vertices approach on the worldsheet, namely: lim_{z→w} ⟨⟨ V^†(z, z̄)V (w, w̄) ⟩⟩ ∼ ∼ i(2π)^dδ^d(0) ( g2_c 2p^+V_{d−1} ) 1 |z − w|^4 , (161) with the expectation value defined in terms of a path integral over embeddings, ⟨⟨ V^†(z,z̄)V (w, w̄) ⟩⟩ ≡ ( 4π^2α^′ ∫ Σ d^2z √ g det^′Δ_{(0)} )_{d/2}

× ∫ E DXe^{−S[X]} V^†(z, z̄)V (w, w̄), (162)

with S[X] =^1_{2πα′} ∫ d^2z∂_zX·∂_{z̄} X the usual Polyakov action, the worldsheet Laplacian, Δ_{(0)} = −2g^{zz̄}∂_z∂_{z̄} , and the measure defined according to: ∫ DXe^{−‖X‖2/4πα′} ≡ 1 with ‖δX‖^2 = ∫ Σ d^2z √ gδX · δX. This will in turn confirm that the normalization of the functional representation of the coherent state (139), namely (144), is consistent with that obtained by operator methods, namely (140). Note furthermore, that the statement (161) is equivalent to the CFT statement (28) that was derived by the ‘one string in volume V_{d−1}’ requirement that leads to correctly normalized S-matrix elements. To simplify the computation we will consider the case when there is only a single harmonic present (in the corresponding lightcone gauge state) and work in the rest frame, where the vertex operator interest is of the form, V (z,z̄) = C ∫_{2π} 0 ds exp ( 1 n e^{ins}λ_n · P_n e^{−inq·X(z)} )

× exp ( 1 m e^{−ims}λ̄_m · P̄_m e^{−imq·X(z̄)} ) e^{ip·X(z,z̄)}. (163) We are to choose the normalization constant C such that (161) is satisfied. From the definitions of the dimensionless quantities P_n(z) and P̄_m(z̄), defined (we use units where α^′ = 2 in this section) in (74), it follows that we can equivalently write, V (z,z̄) = C ∫_{2π} 0 ds ∞∑ a,b=0 e^{i(na−mb)s} a!b! × a∏ i=1 ( λ_n · D^{(n)}_i X )^b∏ j=1 (¯ λ_m · D̄^{(m)}_j X )

× e^{i ∫ d2z′ J(z′,z̄′ )·X(z′,z̄′)},

(164)

provided we define the operators:

D^{(n)}_j ≡ 1 n ∮ dw_j 2πiw_j n∑ ℓ=1 w^{−(n−ℓ)} j i (ℓ − 1)!

∂^ℓ_z , (165a)

D̄^{(m)}_j ≡ − 1 m ∮ dw̄_j 2πiw̄_j m∑ ℓ=1 w̄^{−(m−ℓ)} j i (ℓ − 1)!

∂^ℓ_{z̄}, (165b)

and, taking into account the constraint enforced by the s-integral, na = mb,

J^μ(z^′, z̄^′) ≡ δ^2(z − z^′) ( p^μ − naq^μ − naq^μ ∞∑ s=1 ∑_a j=1 w^s_j s! ∂^s_z − mbq^μ ∞∑ s=1 ∑_b j=1 w̄^s_j s! ∂^s_z ) . (166)

Using the generating function, ⟨⟨ e^{i ∫ d2zJ(z,z̄)·X(z,z̄)} ⟩⟩ = i(2π)^dδ^d(J_0)e^{− 12 ∫ d2z ∫ d2z′J(z,z̄)·J(z′,z̄′)G′(z,z′ )}, with G(z, w) the closed string propagator, it follows that the path integral over embeddings reads:

⟨⟨ V^†(z, z̄)V (w, w̄) ⟩⟩ = |C|^2 ∫_{2π} 0 ds ∞∑ a,b=0 e^{i(na−mb)s} (a!b!)^2 × ∑ π∈S_{2a+2b}/∼ i(2π)^dδ^d(0) 2a+2b∏

q=1 D_{π(2q−1)} · D_{π(2q)}G(z_{π(2q−1)}, z_{π(2q)})e^{(2−na−na′ )G(z,z′)}, (167)

where we have taken into account the fact that in the rest frame λ̄_m · p = λ_n · p = 0, and of course λ̄_m · q = λ_n · q = 0 holds in all frames. S_I is the symmetric group of degree I [148], the group of all permutations of I = 2a + 2b elements, and the equivalence relation ∼ is such that π_i ∼ π_j with π_i, π_j ∈ S_I when they define the same element in (167). We have also defined: D_j ≡ { P^†_n(z), . . . , P^†_n(z) a , P̄^†_m(z̄), . . . , P̄^†_m(z̄) b ,

P_n(w), . . . , P_n(w) a , P̄_m(w̄), . . . , P̄_m(w̄) b } . (168) with the operators P_n(w) and P̄_n(w̄), given by: P_n(w) ≡ λ_n 1 n n∑ ℓ=1 S_{n−ℓ}(n, w) i (ℓ − 1)! ∂^ℓ_w P̄_m(w̄) ≡ λ̄_m 1 m m∑ ℓ=1 S̄_{m−ℓ}(m, w̄) i (ℓ − 1)! ∂^ℓ_{w̄}, (169)

with similar expressions for P^†_n(z) (and P̄^†_m(z̄)) with −λ^∗_n (and −λ̄^∗_n) replacing λ_n (and λ̄_m) in P_n(z) (P̄_m(z̄)). The modified elementary Schur polynomials are defined in (A17). Carrying out the sum over permutations, and using the fact that the modified elementary Schur polynomials (A17) in the appropriate limit are of the form, S_{n−ℓ}(n, z) | |_{z→w} ≃ n! (n − ℓ)!ℓ! (z − w)^{−(n−ℓ)}, S_{n−ℓ}(n, w) = (−)^{n+ℓ}S_{n−ℓ}(n, z), (170)

with a similar result for the antiholomorphic quantities, with z̄, w̄ replacing z, w, one can show that the most singular term of the two-point function (167) in the limit z → w is: ⟨⟨ V^†(z, z̄)V (w, w̄) ⟩⟩| z→w ≃ i(2π)^dδ^d(0)|C|^2 × ∞∑ a,b=0 δ_{na,mb} a!b! ( |λ_n|^2 n )_a( |λ̄_m|^2 m )_b |z − w|^{−4}. (171)

Recall that the multi-loop scalar propagator is of the form,

G(z, w) = − ln |E(z, w)|^2+2π Im w∫ z ω_I (ImΩ)^{−1}_{IJ} Im w∫ z ω_J , (172) where the prime form, E(z, w), has the unique property that for any two points on a genus h Riemann surface, lim_{z→w} E(z, w) ≃ z − w + . . . ; the zero mode contribution is non-singular in this limit. Furthermore, we have made use of the identity: n∑ ℓ,r=1 (−)^{ℓ+r} n! ℓ!(n − ℓ)! (n − 1)! r!(n − r)! (ℓ + r − 1)!

(ℓ − 1)!(r − 1)!

= 1.

From (171) we see that if we choose the vertex operator normalization, C = g_c [ ∫_{2π} 0 ds exp ( eins n |λ_n|^2 + e^{−ims} m |λ̄_m|^2 )]−1/2 , (173) the fundamental requirement (161) is satisfied. This is precisely the vertex operator normalization expected from the operator formalism (140) when we identify g_c e^{ip·X(z,z̄)} ≃ |0, 0; p⟩, when the relativistic normalization ⟨0, 0; p^′|0, 0; p⟩ = 2p^+(2π)δ(p^{′ +} − p^+)(2π)^{d−2}(p^′ − p) is used, and the vertex operator is written in terms of DDF operators, as discussed above. With these conventions, the corresponding state has unit norm, ⟨V |V ⟩ = 1. Note that we are required to interpret the quantity,

lim_{z→w} 2π Im w∫ z ω_I (ImΩ)^{−1}_{IJ} Im w∫ z ω_J ,

in order to reach the conclusion (171). This limit is not single-valued and it is to be understood that we choose to take the limit such that it vanishes (which is trivially true at one-loop, but not in general true at higher genus, and the corresponding result in that case is path dependent).

VI. DISCUSSION

We have presented a construction of a complete set of mass eigenstate covariant normal ordered vertex operators and a complete set of (open and closed string) covariant coherent state vertex operators with all constraints solved completely. The construction became possible by making use of DDF operators which enable one to translate between lightcone gauge states and covariant vertex operators. The coherent state vertex operators are potentially macroscopic and are in one-to-one correspondence with a classically evolving string – this suggests that they be identified with fundamental cosmic strings.

In the next few paragraphs we briefly discuss and elaborate on the underlying structure that has been uncovered. We start with a discussion of the general covariant mass eigenstate vertex operators, and this is followed by a discussion of the more elaborate coherent state vertex operators.

A. Mass eigenstate vertex operators

One of the key features we have uncovered is that elementary Schur polynomials (equivalently complete Bell polynomials), S_m(nq; z), and the related polynomials, H^i_n(z) and S_{m,n}(z), all of which are defined in Appendix A, play a fundamental role in the construction: arbitrary flat space vertex operators can be represented in terms of elementary Schur polynomials as we have shown explicitly in (87) and (85). The traceless subset of these is given by the vertex operators (79). These polynomials have useful integral representations which facilitate path integral computations.

Building on the observations of D’Hoker and Giddings [130], the use of DDF operators has enabled us to present an explicit one-to-one map between the lightcone gauge states and covariant normal ordered vertex operators. In the case of traceless polarization tensors there is a simple prescription: to construct the normal ordered covariant vertex operator corresponding to a given lightcone gauge state we make the replacements (80), α^i_{−n} α̃^i_{−n̄} |0, 0; p^+, p^i⟩

→ → →

H^i_n(z) H̄ i_{n̄}(z̄) g_c e^{i(p−Nq)μ Xμ (z,z̄)} In the general case (when the polarization tensors are not traceless), the corresponding map has been identified in Sec. III F. The spacetime vectors, p^μ, q^μ, are defined for the closed string in (51) and for the open string in (62), q^μ is transverse to all oscillator indices and the overall normalization and polarization tensors are then the same on both sides of the correspondence. States on both sides of this map have identical masses, angular momenta and we conjecture that they also share identical interactions. It would be useful to check this conjecture, possibly by performing amplitude computations on both sides of the correspondence and checking that there is agreement.

Due to the explicit presence of transverse indices on the resulting covariant vertex operators, one may wonder whether these are truly covariant (in the spacetime sense). The answer is that they are covariant but not manifestly so. This is made clear by the two examples (66) and (75) (the first of which has already been given in [130]), which have been re-written in such a way that the resulting polarization tensors and momenta can have all spacetime components non-vanishing, not just the transverse ones. These vertices can be inserted into covariant path integrals [123, 142] and one need not make the covariance manifest in order to do so.

B. Coherent state vertex operators

The DDF construction has also enabled us to construct a complete set of closed and open string coherent state covariant vertex operators, i.e. states characterized by continuous labels (namely the polarization tensors λ^i_n, λ̄^i_n), which transform correctly under all symmetries of bosonic string theory [227]. The precise definition of a coherent state vertex operator, that we suggest is appropriate in the context of superstring theory, can be found in the opening lines of Sec. IV A and Sec. IV B, for the open and closed string respectively [228]. One of the most important features of these vertex operators is that they have a classical interpretation – what we mean by a state with a classical interpretation has been explained in the opening lines of Sec. IV. The rms transverse distance from the center of mass to an arbitrary point on the string, see (157), is arbitrary and specified by the magnitude of the polarization tensors λ^i_n, λ̄^i_n – when |λ_n|^2 ≫ 1 these strings are macroscopic with expectation values evolving according to the classical equations of motion, and may therefore be identified with a toy model version of the macroscopic fundamental cosmic strings. A more realistic version would be the corresponding superstring construction with an appropriate compactification of the extra dimensions – this is currently under investigation.

C. Open string coherent states

The open string coherent states (92) are constructed from a linear superposition of the open string mass eigenstates of Sec. III. The spacetime set-up we have in mind here corresponds to a vertex operator for an open string attached to a single Dp-brane or two parallel Dp-branes (of the same dimensionality), the so called p-p string vertex operators NN and DD. The construction of the more general p-p^′ vertex operators with possibly mixed boundary conditions ND and DN would also be interesting, see e.g. [153]. We have concentrated on strings with excitations within the D-brane worldvolume (i.e. polarization tensors with non-zero components in directions parallel to the brane), the corresponding transverse excitations which have the interpretation of ripples of the brane being related to these via T-duality [14, 154]. Apart from these, there are also open strings with excitations in both the transverse and tangent directions relative to the brane.

We have also provided a one-to-one correspondence between every open string covariant coherent state vertex operator, the corresponding lightcone gauge description and finally the classical solutions to which these vertex operators correspond to. We computed the angular momentum and mass of these states and showed that there is agreement between these three descriptions, see (107) and (112).

D. DLCQ closed string coherent states

The closed string coherent states we have considered are composed of two copies of the open string. The construction (113), of Sec. IV C, with the corresponding lightcone gauge expression [229] (128), is only consistent in a spacetime with lightlike compactification, X^− ∼ X^− + 2πR^−, see Fig. 2. The normal ordered expression has been given in (117) for the case of traceless polarization tensors. Although these states are presumably not phenomenologically relevant (at least if they are interpreted as cosmic strings because lightlike compactification breaks 4-dimensional Lorentz invariance), they serve as a good starting point for the more refined closed string coherent state construction of Sec. IV D.

The lightlike compactified coherent states, nevertheless, have many interesting features and may have other applications: lightlike compactification also known as Discrete Lightcone Quantization (DLCQ) [163, 166] of M-theory (which reduces to type IIA superstring theory when the radius of the 11^{th} dimension is taken to zero) has been conjectured [164] to be equivalent to finite N U(N) super Yang-Mills, see also [165, 172, 173] and [167–169] [230]. Therefore, there should be a one-to-one correspondence of the (superstring version of the) DLCQ vertex operators of the current paper, to the U(N) super Yang-Mills spectrum of states. A concise overview of these developments can be found in [174]. Although the present article is specific to the bosonic string, many of these results go through to the superstring as we hope to show in a forthcoming article. The DLCQ coherent states have been shown to have certain perhaps surprising features: even though X^− ∼ X^− + 2πR^− the expectation value is single-valued: ⟨X^−(σ + 2π, τ)⟩ = ⟨X^−(σ, τ)⟩ with all spacetime components being non-trivially consistent with the classical evolution, ∂_z∂_{z̄} ⟨X^μ(z, z̄)⟩ = 0, see (129), (130) and (124). This presumably implies that lightlike compactification is a quantum-mechanical effect which is invisible at the classical level – it may be interesting to understand what the corresponding implications are.

There are certain subtleties here, related to whether the vertex operators are invariant under spacelike worldsheet shifts or not: when vertex operators are invariant under such shifts, the expectation value ⟨X^μ(z, z̄)⟩ cannot satisfy the classical equations of motion non-trivially [125]. This seems to be a gauge dependent issue that is not related to whether vertex operators have a classical interpretation or not. For example in lightcone gauge, lightlike compactification breaks the invariance under spacelike worldsheet shifts (while preserving conformal invariance) and this is why the expectation values are compatible with the equations of motion (129) and (130). Indeed, for every classical solution to the equations of motion there is a lightlike compactified coherent state with expectation values consistent with these equations of motion. These are subtle issues and have been explained in great detail in Sec. IV C. For example, the covariant gauge version of the coherent state (113) is invariant under spacelike worldsheet shifts and so does not satisfy the equations of motion non-trivially: there is only the zero mode contribution (125) with a similar expression for the transverse indices.

We suggest that states with a classical interpretation that are invariant under spacelike worldsheet shifts should satisfy the equation (126), which may be interpreted as a definition of classicality for such states. In fact, this definition is relevant for most states with a classical interpretation: all states in lightcone or covariant gauge in a spacetime without lightlike compactification are invariant under such shifts, whether or not they have a classical interpretation. Static gauge on the other hand breaks the invariance under shifts and so instead the definition ⟨X⟩ = X_{cl} is appropriate.

Another interesting feature is the mass-shell constraint, which is identical to the usual expression for non-compact spacetimes, m^2 = 2(N + N̄ − 2)/α^′, but with N not necessarily equal to N̄ (without breaking conformal invariance): the radius of compactification, R^−, does not appear in this expression. Furthermore, there is a rather curious dependence of the total zero mode momentum on R^−, see (120).

Finally, as a consistency check we have also shown that the covariant vertex operator (113) and the lightcone gauge state (128) have identical angular momenta in all spacetime directions which is in agreement with the corresponding classical computation, see (133) and (132). This, together with the fact that there is a one-to-one correspondence between the covariant and lightcone gauge states, supports our conjecture that the lightcone gauge states (128) and the covariant vertex operators (113) are different manifestations of the same states and therefore share identical interactions.

E. Minkowski space closed string coherent states

Consistency in the above closed string coherent state construction led to the requirement of a lightlike compactification of spacetime, which led us to identify these vertex operators with DLCQ coherent state vertex operators. Our main objective has been to construct covariant coherent state vertex operators that may be identified with the fundamental cosmic strings, and therefore the requirement of a lightlike compactification is possibly too constraining. In Sec. IV D we have shown that, with an appropriate projection, closed string coherent states can consistently be embedded in a spacetime without lightlike compactification: starting from the DLCQ coherent states we project out the lightlike winding modes and end up with a vertex operator (139) that satisfies the definition of a coherent state, see Sec. IV B, and has a classical interpretation. The corresponding normal ordered vertex operator is given in (144) for the case of traceless polarization tensors. By projecting out the winding states, translation invariance is restored in both lightcone and covariant gauges and so the relevant definition of classicality is (126), which as we have shown (151) is satisfied by the projected states.

F. Outlook

An immediate application for the coherent state vertex operators is in fundamental cosmic string evolution: it is likely that these are then the correct vertex operators for the description of cosmic strings and it is now possible to search for discrepancies between the classical computations and the string theory predictions. Here the coherent states are useful not only because they correspond to an exact perturbative description of an arbitrarily excited macroscopic cosmic string, but because gravitational backreaction which is almost always neglected in the classical computations is automatically taken into account in string perturbation theory. In a forthcoming article we hope to present the first such computation of the gravitational radiation from cosmic string loops, including the effects of gravitational backreaction.

A particularly interesting set-up is the gravitational radiation from strings with cusps which classically have been shown [74, 75] to lead to strong signals that may be detected in the gravitational wave experiments Advanced LIGO and LISA. It is likely [76] that the effect of extra dimensions can play a significant role in the damping of the cusp signal, although it is also important to better understand how the size of the extra dimensions constrains the statistically favorable configurations of long strings. Cusps are likely to be a generic feature of string with junctions as well [65]. Recent evidence [77] also suggests that for string loops with junctions the kink signal plays a more significant role than does the gravitational wave signature from cusps, although one might expect the number of loops with junctions to be smaller than the number of loops without junctions. It might be that gravitational backreaction plays a significant role in all these computations [78], especially close to cusps and kinks on cosmic strings and therefore it is very important to carry out the corresponding string theory computations and check that there is agreement. In any case, given the quantum nature of fundamental cosmic strings, it is important to check that the evolution is predominantly classical and that quantum effects are small.

Another interesting avenue is the comparison of mass eigenstates and coherent states. A number of decay rate computations of mass eigenstate vertex operators have been carried out, see e.g. [52, 53, 55–61], although explicit results have been limited to vertices on the leading trajectory (i.e. first harmonics only excited), where for example one does not expect to find nondegenerate cusps. At the qualitative level these are in line with one’s geometrical classical expectation: mass eigenstate vertex operators corresponding classically to rotating circular loops are more stable than vertex operators corresponding to collapsed rotating loops for example [57], thus showing that these states do share at least certain characteristics of the classical evolution. However, the spectrum of gravitational radiation from mass eigenstates does not match the corresponding classical computation [59]. It will be interesting to determine how the mass eigenstate amplitude computations compare with the corresponding coherent state vertex operator computations.

Finally, we mention also an analogy with standard point particle quantum mechanics. An important feature of harmonic oscillator coherent states is that in the presence of interactions an initial coherent state, |ψ(0)⟩, remains a coherent state when the Hamiltonian is linear in the operators of the Heisenberg-Weyl group, H_4, e.g. a, a^†, 1 and a^†a with [a^†, a] = 1. That is to say, if Ĥ(t) = ℏωa^†a + j(t)a^† + j^∗(t)a and j(t) ≠ 0, the solution to the Schrodinger equation, i∂_t|ψ⟩ = Ĥ(t)|ψ⟩, reads [161], |ψ(t)⟩ = exp(λ(t)a^† − λ^∗(t)a)|0⟩e^{−iη(t)}, with λ(t) = −ie^{−iωt} ∫_t 0 dτe^{iωτ} j^∗(τ) and η(t) =^1_2 ωt + ∫_t 0 dτRe[j(τ)λ(τ)]. Therefore, in the presence of interactions the resulting state is a coherent state for all t, in accordance with the above statement. It is conceivable that this remains true in string theory, i.e. that coherent states evolve into coherent states at least at weak coupling, and it would be interesting to establish whether this is indeed the case. In the cosmic string context this is related to the question of what the final state of a radiating cosmic string is, or whether interactions preserve the classical nature of cosmic strings, questions that can be addressed using the coherent state vertex operators that we have constructed.

The developments presented here are expected to lead to greater insight into the observational prospects of cosmic strings, and in a wider sense of string theory.

Acknowledgments

The authors are gratefully indebted to Joe Polchinski for providing crucial insight and suggestions which ultimately made the coherent state construction in noncompact spacetime possible. DS would also like to thank KITP, UC Santa Barbara, for hospitality during the initial stages of this research and Joe Polchinski for interesting him in this project. Both authors have benefitted from discussions with Diego Chialva. DS would also like to thank David Bailin, Jose Blanco- Pillado, Edmund Copeland, Robert Dijkgraaf, Paolo Di Vecchia, Kevin Falls, João Penedones, Sanjaye Ramgoolam, Oliver Rosten, Xavier Siemens, Andrew Strominger, Arkady Tseytlin, Tanmay Vachaspati, Eric Verlinde, Steven Weinberg, Edward Witten and especially Ashoke Sen for very helpful discussions and suggestions.

Appendix A: Closed String Conventions

Consider a worldsheet cylinder with coordinates 0 ≤ σ ≤ 2π and −∞ < τ < ∞, and the identification σ ∼ σ + 2π. We usually work in the conformally equivalent coordinates on the complex plane, z = e^{−i(σ+iτ )} and z̄ = e^{i(σ−iτ )}, where the string at asymptotic infinity τ = −∞ is mapped to a point at the origin. Unless otherwise noted we work in the coordinate system (z, z̄). States are then specified by local functionals on the complex plane, V (0, 0), which by translation invariance is shifted to some generic point, V (z, z̄). We use a Euclidean signature worldsheet unless specified otherwise, where τ = (τ)_{Euclidean} = i(τ)_{Minkowski}. For easy reference we note that i∂_σ ≡ z∂_z − z̄∂_{z̄} , ∂_τ ≡ z∂_z + z̄∂_{z̄} and 2τ = ln |z|^2. It is sometimes useful to work in the coordinate system, w = σ + iτ and w̄ = σ − iτ with ∂_w ≡^1_2 (∂_σ − i∂_τ ) and ∂_{w̄} ≡^1_2 (∂_σ + i∂_τ ).

1. Closed String Mode Expansion

Recall that for the closed string the mode expansion for the position operator reads, X^μ(z, z̄) = x̂^μ − i α^′ 2 p̂^μ_L ln z − i α^′ 2 p̂^μ_R ln z̄ + i (α′ 2 )_{1/2} ∑ n≠0 1 n ( α^μ_n z^{−n} + α̃^μ_n z̄^{−n} ) , (A1)

with x̂^μ = x̂^μ_L + x̂^μ_R, total momentum p̂^μ =^1_2 ( p̂^μ_L + p̂^μ_R ) , and winding vector ŵ^μ =^1_2 ( p̂^μ_L − p̂^μ_R ) . If we define

dz = dz/(2π), α^μ_0 = √_{α′} 2 p̂^μ_L and α̃^μ_0 = √_{α′} 2 p̂^μ_R, the dimensionless mode expansion operators are given by

[123],

α^μ_n = √ 2 α^′ ∮ dz ∂X^μ z^n, α̃^μ_n = − √ 2 α^′ ∮ dz̄ ¯∂X^μ z̄^n, with (α^μ_n)^† = α^μ_{−n} and the zero modes are given by [136],

x̂^μ = ∮ ( dz 2πiz − dz̄ 2πiz̄ ) X^μ(z, z̄),

p̂^μ = 1 α^′ ∮ ( dz ∂X^μ − dz̄ ¯∂X^μ ) . The angular momentum operator reads,

Ĵ^{μν} = 2 α^′ ∮ ( dzX^{[μ}∂X^{ν]} − dz̄X^{[μ} ¯∂X^{ν]} ) , the integrals being along a spacelike curve, e.g. |z|^2 = 1, and a^{[μν]} =^1_2 (a^{μν} − a^{μν} ).

2. Operator Products and Commutators

Recall that for two operators A = ∮ dz a(z), B = ∮ dw b(w), there exists the interpretation, see e.g. [158], [A, B] ∼= A · B = ∮ 0 dw ∮ w dz a(z) · b(w), [A, b(w)] ∼= A · b(w) = ∮ w dz a(z) · b(w), (A2)

the dot denoting an operator product expansion (OPE), where for a free scalar contractions are taken with respect to the propagator, ⟨ X^μ(z, z̄)X^ν (w, w̄) ⟩ = − α^′ 2 η^{μν} ln |z − w|^2. Formally factorizing the position operator according to X^μ(z, z̄) = X^μ(z) + X^μ(z̄) then leads to the standard commutation relations, [ α^μ_n, α^ν_m ] = nη^{μν} δ_{n+m,0}, [x^μ, p^ν ] = iη^{μν} , [ X^μ(z), ∂_τ X^ν (z^′) ] = η^{μν} δ(σ − σ^′), (A3)

and similarly for the corresponding antiholomorphic quantities.

3. Closed String DDF Operators and Covariant Commutators

The relevant components of the DDF operators are defined according to,

A^i_n = √ 2 α^′ ∮ dz ∂X^ie^{inq·X(z)}, Ā^i_n = − √ 2 α^′ ∮ dz̄ ¯∂X^ie^{inq·X(z̄)}. (A4)

The spacetime vector q^μ is transverse to the spacelike indices i, and q^2 = 0. These satisfy an oscillator algebra, [ A^i_n, A^j_m ] ∼ = nδ^{ij} δn+m,0, and [¯ A^i_n, Ā^j_m ] ∼ = nδ^{ij} δn+m,0 (A5) from which it follows that (A^i_n)^† = A^i_{−n}. We define a vacuum according to, α^μ_{n>0} · e^{ip·X(z,z̄)} ∼= 0 and A^i_{n>0} · e^{ip·X(z,z̄)} ∼= 0 with, p^2 = 4 α^′ , p · q = 2 α^′ , and q^2 = 0.

From the above definition of the commutators we learn that, [ α^μ_m, A^i_n ] = mδ^{μ,i}B^n_m + n √ α^′ 2 q^μD^i_{m,n}, [ α^μ_ℓ , B^n_m ] = n √ α^′ 2 q^μB^n_{m+ℓ}, [ α^μ_ℓ , D^i_{m,n} ] = ℓδ^{μ,i}B^n_{m+ℓ} + n √ α^′ 2 q^μD^i_{m+ℓ,n}, [ α^μ_m, E^n_ℓ ] = m √ α^′ 2 q^μB^n_{m+ℓ} − n √ α^′ 2 q^μE^n_{m+ℓ}, where following [162] we have defined,

B^n_m = ∮ dz iz z^m e^{inq·X(z)}, D^i_{m,n} = √ 2 α^′ ∮ dzz^m∂X^ie^{inq·X(z)}, E^n_m = ∮ dzz^mq · ∂Xe^{inq·X(z)}. From these commutators and (α^μ_n)^† = α^μ_{−n}, (A^i_n)^† = A^i_{−n}, it follows that (B^n_m)^† = B^{−n}_{−m}, (D^i_{m,n})^† = D^i_{−m,−n} and (E^n_m)^† = E^{−n}_{−m}. In addition we learn that, [ A^i_ℓ, D^j_{m,n} ] = ℓδ^{ij} E^{ℓ+n}_m , [ D^i_{−ℓ,n}, D^j_{ℓ,−m} ] = δ^{ij} ( nE^{n−m}_0 − ℓB^{n−m}_0 ) , with [ B^r_ℓ , D^i_{m,n} ] = [ A^i_n, B^ℓ_m ] = [ A^i_n, E^ℓ_m ] = 0 and [B^n_m, B^ℓ_r] = [E^n_m, E^ℓ_r] = [B^n_m, E^ℓ_r] = 0.

On the chiral half of a (tachyonic) vacuum state, e^{ip·X(z)}, one can readily compute the operator products,

B^{−n}_m · e^{ip·X(z)} ∼= S_{n−m}(nq; z) e^{i(p−nq)·X(z)}, (A6a) D^i_{m,−n} · e^{ip·X(z)} ∼= H^i_{n−m}(nq; z)e^{i(p−nq)·X(z)}, (A6b) E^{−n}_m · e^{ip·X(z)} ∼= √ α^′ 2 q · H_{n−m}(nq; z)e^{i(p−nq)·X(z)}, (A6c)

where the polynomials S_{n−m}(nq; z) and H^i_{n−m}(nq; z) have been defined below and we have made use of the Taylor expansion, e^{−inq·X(w)} = ∑_∞ a=0(w − z)^aS_a(nq; z)e^{−inq·X(z)}. Note that in (A6c) we have extended the definition of H^i_{n−m}(nq; z), to include also longitudinal indices, H^μ_{n−m}(nq; z), without changing the form of the polynomial.

4. Gauge Invariant Position Operator

The position operator is not a gauge invariant quantity, [L_n, X^μ(z, z̄)] ≠ 0, and so cannot be inserted into covariant path integrals. It is sometimes useful to have a operator that is gauge invariant that does in many respects have the properties of a position operator and we discuss this next. Motivated by the isomorphism of the algebras satisfied by α^μ_n and A^i_n and by the fact that [L_n, A^i_m] = 0, let us by direct analogy to (A1) define the following position-like gauge invariant operator for the transverse indices [175, 176],

X^i(z, z̄) = x̂^i − i α^′ 2 p̂^i ln |z|^2 + i (α′ 2 )_{1/2} ∑ n≠0 1 n ( A^i_n z^{−n} + Ā^i_n z̄^{−n} ) . (A7) Here p̂^i = A^i_0 = α^i_0 and x^i =^{α′}_2 q_μJ^{iμ} with the lightlike vector q^μ and the angular momentum operator J^{iμ} as defined above. On account of (A2) one finds, [ A^i_n, A^j_m ] = nδ^{ij} δ_{n+m,0}, [x^i, p^j ] = iδ^{ij} [ X^i(z), ∂_τ X^j (z^′) ] = δ^{ij} δ(σ − σ^′), (A8)

in direct analogy to (A3). Unlike the standard position operator, X(z, z̄), however, the quantity (A7) is gauge invariant given that the DDF operators and the zero modes x̂^i and p̂^i commute with the Virasoro generators, [ L_n, X^i(z, z̄) ] = 0, and [L_n, x̂^i] = [L_n, p̂^i] = 0, for all n ∈ Z (and similarly for L̄_n), and therefore define sensible operators that may be inserted into covariant path integrals.

In fact, X^i(z, z̄) can in some sense be thought of as the covariant version of the lightcone quantity X^i(z, z̄): the A^i_n reduce to the α^i_n when one restricts to lightcone gauge in which case (A7) reduces to (A1). We can use q^μ to define a lightcone time q · X(z, z̄) = −i ln |z|^2 to find that (at least classically),

A^i_n | |_{l.c.} = √ 2 α^′ ∮ dz ∂X^i(z)e^{inq·X(z)} | | |_{l.c.} = √ 2 α^′ ∮ dz ∂X^i(z) z^n = α^i_n, where we have formally factorized q · X(z, z̄) into q · X(z) = −i ln z and q · X(z̄) = −i ln z̄. We hence deduce that at least at the classical level, ( X^i(z, z̄) − x^i )| l.c. = X i(z, z̄) − x^i. We conjecture that this be elevated to a quantummechanical statement: ⟨ V | |F (X^i(z, z̄) − x^i) | |V ⟩_{cov} = ⟨V | |F (X^i(z, z̄) − x^i) | |V ⟩_{lc}, (A9) for some well behaved functional F (A) of the argument A. Here by |V ⟩_{cov} ∼= V (z, z̄) we mean the covariant vertex operator (49), V (z, z̄) = Cξ_{ij...,kl...} A^i_{−n1} A^j_{−n2} . . . Ā^k_{−n̄1}Ā^l_{−n̄2} . . . e^{ip·X(z,z̄)}, (A10) and |V ⟩_{lc} represents the corresponding lightcone gauge state (47), |V ⟩_{lc} = Cξ_{ij...,kl...} α^i_{−n1} α^j_{−n2} . . . α̃^k_{−n̄1}α̃^l_{−n̄2} . . . |0, 0; p^+, p^i⟩. (A11) The expression (A9) follows from the isomorphism of lightcone (in terms of the α^i_n, α̃^i_n) and covariant states (in terms of the A^i_n, Ā^i_n), the isomorphism of the lightcone gauge and gauge invariant position operators, the fact that the states (A10) and (A11) have the same mass and angular momenta, the isomorphism of the corresponding oscillator algebras and finally from out main conjecture that the lightcone and covariant states, (A11) and (A10), share identical correlation functions (provided these are gauge invariant).

For example, (A9) implies that the expectation value of the gauge invariant position operator in some covariant state tells us about the position expectation value of the lightcone gauge description of this covariant state.

5. Closed String Polynomials

Elementary Schur polynomials [177] are defined by the generating series [231], ∑_∞ m=0 S_m(a_1, . . . , a_m)z^m = exp ∑_∞ n=1 a_n z^n and read explicitly:

S_m(a_1, . . . , a_m) = ∑ k_1 +2k_2+···+mk_m =m

a^{k1}_1 k_1! . . . a^{km}_m k_m!

(A12a) = −i ∮ 0 dw w^{−m−1} exp m∑ s=1 a_sw^s (A12b)

with dw ≡ dw/(2π), S_0 = 1 and S_{m<0} = 0. When a_s = −^1_{s!} inq · ∂^sX(z), with q^μ defined in (51) we write S_m(nq; z) ≡ S_m(a_1, . . . , a_m). For instance, when a_s = −^1_{s!} inq · ∂^sX(z) or a_s = −^1_{s!} inq · ¯∂^sX(z̄), S_m(nq; z) = ∮ 0 dw 2πiw w^{−m} exp ( − inq · m∑ s=1 w^s s! ∂^s_z X(z) ) , (A13a) S̄_m(nq; z̄) = − ∮ 0 dw̄ 2πiw̄ w̄^{−m} exp ( − inq · m∑ s=1 w̄^s s! ∂^s_{z̄} X(z̄) ) , (A13b)

and when there is no ambiguity we shall write instead S_m(nq) for the same object, and similarly for S̄_m(nq). The following Taylor series is useful, e^{−inq·X(z)} = ∞∑ a=0 z^aS_a(nq; 0)e^{−inq·X(0)}. Elementary Schur polynomials, S_m, are related to the complete Bell polynomials, B_m, according to, S_m(a_1, a_2, . . . , a_m) =^1_{m!} B_m(a_1, 2!a_2, . . . , m!a_m). Properties of the latter have been studied in [156, 178–181].

The following polynomials in ∂^#X and ¯∂^#X are the fundamental building blocks in normal ordered covariant vertex operators and are recorded here for easy reference,

P^i_n(z) = √ 2 α^′ n∑ m=1 i (m − 1)! ∂^mX^i(z)S_{n−m}(nq; z), (A14a)

P̄^i_n(z̄) = √ 2 α^′ n∑ m=1 i (m − 1)! ¯∂^mX^i(z̄)S̄_{n−m}(nq; z̄). (A14b)

which when ξ_{...i...}p^i is non-vanishing generalizes to H^i_n(z) ≡ √ α^′ 2 p^iS_n(nq; z) + P^i_n(z), (A15a)

H̄^i_n(z̄) ≡ √ α^′ 2 p^iS̄_n(nq; z̄) + P̄^i_n(z̄). (A15b)

When necessary we shall also note the argument of the Schur polynomials by writing P^i_n(mq; z) and H^i_n(mq; z) although usually n = m which is why we have written instead P_n(z) and H_n(z). For vertex operators whose lightcone gauge representation is not traceless, ξ_{...i...j...}δ^{ij} ≠ 0, the following polynomials appear, S_{m,n}(z) ≡ n∑ r=1 rS_{m+r}(mq; z)S_{n−r}(nq; z), (A16a) S̄_{m,n}(z̄) ≡^n ∑ r=1 rS̄_{m+r}(mq; z̄)S̄_{n−r}(nq; z̄), (A16b) see (85). These polynomials have the properties, S_0(nq; z) = √ α^′/2 q · H_0(nq; z) = 1, and H^i_0(nq; z) = √ α^′/2 p^i and vanish when the subscripts are negative.

Explicitly, for the first few level numbers, P^i_0(z) = 0, P^i_1(z) = i∂X^i(z), P^i_2(z) = 2∂X^iq · ∂X(z) + i∂^2X^i(z), and so on, where we have taken α^′ = 2 for simplicity; also, S_0(Nq) = 1, S_1(Nq) = −iNq · ∂X, S_2(Nq) = 2(Nq · i∂X)^2 − Nq · i∂^2X,. . . Also the following elementary Schur polynomials also appear in the final section, S_{n−ℓ}(n, z) = ∮ du 2πiu u^{−(n−ℓ)} exp ( − n ∞∑ s=1 u^s s! ∂^s_z G(z, w) )

S̄_{m−ℓ}(m, z̄) = − ∮ dū 2πiū ū^{−(m−ℓ)} exp ( − m ∞∑ s=1 ū^s s! ∂^s_{z̄} G(z, w) ) , (A17) obtained from the usual elementary Schur polynomials (A13) by the replacement: inq · X(z) → nG(z, w).

Appendix B: Open String Conventions

We label the spacetime directions tangent to the Dp-brane by lower case latin letters from the beginning of the alphabet, X^a, with a = 0, . . . , p, and directions transverse to the brane by upper case latin letters from the middle of the alphabet, X^I , with I = p + 1, . . . 25. In lightcone coordinates and assuming the associated lightcone directions satisfy Neumann boundary conditions we may define,

X^± =^{1√}_2 ( X^0 ± X^p ) . This is necessary [152] in order to establish the correspondence between covariant and lightcone gauge: recall that in lightcone gauge X^+ = 2α^′p^+τ_M (with τ ≡ τ_{Euclidean} = iτ_{Minkowski} ≡ iτ_M), which is compatible with Neumann and not Dirichlet boundary conditions, see (B1). A general spacetime direction is as always labelled by Greek lower case letters, X^μ. In summary, X^a = {X^±, X^A}, with A = 1, . . . , p − 1, X^i = {X^A, X^I }, with I = p + 1, . . . , 25, X^μ = {X^±, X^i}, with the scalar product of two general vectors in components being, U^μV_μ = −U^−V^+−U^+V^−+U^AV^A+U^I V^I . The directions, X^A, therefore satisfy Neumann boundary conditions, whereas directions transverse to the brane, X^I , satisfy Dirichlet boundary conditions. In the Euclidean worldsheet coordinate [232] z = e^{−i(σ+iτ )}, z̄ = e^{i(σ−iτ )} with σ ∈ [0, π] and τ ∈ (−∞, ∞), (considering only the case of NN and DD strings) Neumann and Dirichlet boundary conditions read respectively,

N : ∂_σ X^a|_{∂Σ1,2} = 0 and D : ∂_τ X^I |_{∂Σ1,2} = 0. (B1) It is useful to note furthermore that, ∂_σ = i(z̄ ¯∂ − z∂) and ∂_τ = z̄ ¯∂ + z∂. In the (z, z̄) coordinates the open string physical worldsheet, Σ, is conformally mapped to the upper half plane with the identification, z ∼ z̄. The fixed point of this identification (the real line, z = z̄) defines the open string boundaries, ∂Σ_1 ≡ {z | z = e^τ , −∞ < τ < ∞}, ∂Σ_2 ≡ {z | z = −e^τ , −∞ < τ < ∞}. (B2)

1. Open String Mode Expansion

In the open string conventions, the general solution to the equations of motion, ∂ ¯∂X^μ = 0, is given by X^μ(z, z̄) = X^μ(z) + X^μ(z̄), with

X^μ(z) = x^μ_L − iα^′p^μ_L ln z + i √ α^′ 2 ∑ n≠0 1 n α^μ_n z^n ,

X^μ(z̄) = x^μ_R − iα^′p^μ_R ln z̄ + i √ α^′ 2 ∑ n≠0 1 n α̃^μ_n z̄^n ,

and the momentum is half that of the closed string, α^μ_0 = √ 2α^′p̂^μ_L, α̃^μ_0 = √ 2α^′p̂^μ_R. If we define the total momentum and winding vectors respectively by,

p^μ = 1 2 (p_L + p^μ_R) and w^μ = 1 2 (p^μ_L − p^μ_R), (B3)

it follows that the boundary conditions (B1) require,

w^a = 0, α^a_n + α̃^a_n = 0, (B4a)

p^I = 0, α^a_n − α̃^a_n = 0, (B4b)

reflecting the fact that open strings cannot wind in the Neumann directions and that the centre of mass momentum in the transverse directions vanishes. Therefore, the string mode expansions take the form, NN : X^±(z, z̄) = x^± − iα^′p^± ln |z|^2 + i √ α^′ 2 ∑ n≠0 α^±_n n ( 1 z^n + 1 z̄^n ) , NN : X^A(z, z̄) = x^A − iα^′p^A ln |z|^2 + i √ α^′ 2 ∑ n≠0 α^A_n n ( 1 z^n + 1 z̄^n ) , DD : X^I (z, z̄) = x^I − iα^′w^I ln z z̄ + i √ α^′ 2 ∑ n≠0 α^I_n n ( 1 z^n − 1 z̄^n ) , (B5) with the two string endpoints located respectively at (switching back to a Minkowski worldsheet, τ = τ_E = iτ_M),

X^a(z, z̄)|_{∂Σ1} = x^a + (2α^′)p^aτ_M + i √ 2α^′ ∑ n≠0 α^a_n n e^{−inτM} , X^I (z, z̄)|_{∂Σ1} = x^I , and X^a(z, z̄)|_{∂Σ2} = x^a + (2α^′)p^aτ_M + i √ 2α^′ ∑ n≠0 (−1)^n α^a_n n e^{−inτM} , X^I (z, z̄)|_{∂Σ2} = x^I − (2α^′)w^I π.

With the definition dz = dz/(2π), the dimensionless mode expansion operators are as in the closed string [123],

α^μ_n = √ 2 α^′ ∮ dz ∂X^μ z^n, α̃^μ_n = − √ 2 α^′ ∮ dz̄ ¯∂X^μ z̄^n, with (α^μ_n)^† = α^μ_{−n}, and using the open string constraints (B4) one may work with the holomorphic quantity, α^μ_n, only. The zero modes and angular momentum are given by [147],

x̂^μ = ∮ ( dz 2πiz − dz̄ 2πiz̄ ) X^μ(z, z̄), p̂^μ = 1 α^′ ∮ dz ∂X^μ, Ĵ^{μν} = 2 α^′ ∮ dzX^{[μ}∂X^{ν]}, and we have used the doubling trick [123] so that the integrals are along a spacelike curve, e.g. |z|^2 = 1, and a^{[μν]} =^1_2 (a^{μν} − a^{μν} ). The physical worldsheet is in the upper half plane – one identifies antiholomorphic quantities in the upper half plane with holomorphic quantities in the lower half plane and therefore one may just as well work with holomorphic quantities only in the full complex plane. For example, p̂^μ = 1 2α^′ ∫ C_+ ( dz ∂X^μ − dz̄ ¯∂X^μ ) =^1_{2α′} ( ∫ C_+ + ∫ C_− ) dz ∂X^μ and ∫ C_+ + ∫ C_− = ∮ , so that C_+ represents an open spacelike contour in the upper half (stretching from σ = 0 to π), C_− represents the corresponding quantity in the lower half plane (stretching from σ = π to 2π), and C represents a closed contour, C = C_− ∪ C_+.

2. Open String DDF Operators and Vertex Operators

The relevant propagators on the upper half plane are, N : ⟨ X^+(z, z̄)X^−(w, w̄) ⟩ = α^′ 2 ( ln |z − w|^2 + ln |z − w̄|^2 ) , N : ⟨ X^A(z, z̄)X^B (w, w̄) ⟩ = − α^′ 2 δ^{AB} ( ln |z − w|^2 + ln |z − w̄|^2 ) , D : ⟨ X^I (z, z̄)X^J (w, w̄) ⟩ = − α^′ 2 δ^{IJ} ( ln |z − w|^2 − ln |z − w̄|^2 ) , (B6) for the Neumann (N) or Dirichlet (D) directions respectively, with the normalization convention ∂_z ∂_{z̄}G(z, w) = −πα^′δ^2(z − w), and G(z, w) = ⟨X(z, z̄)X(w, w̄)⟩. To construct vertex operators we now distinguish between excitations tangent or transverse to the brane respectively,

A^A_n = √ 2 α^′ ∮ dz ∂X^A(z)e^{inq·X(z,z̄)}, A^I_n = √ 2 α^′ ∮ dz ∂X^I (z)e^{inq·X(z,z̄)}, (B7)

and these act on the open string vacuum, e^{ip·X(z,z̄)}, which is restricted to the real axis, z = z̄. This procedure gives rise to vertex operators of the form, V (z, z̄) = Cξ_{ij...}A^i_{−n1} A^j_{−n2} . . . e^{ip·X(z,z̄)}, (B8) as explained in the main text. Self-contractions are subtracted using the correlation functions (B6). The integrands of the DDF operators are to be restricted to the real axis, z = z̄, and only after the normal ordering has been carried out are we to analytically continue the integrand in the complex plane so as to perform the contour integrations shown in (B7). At this point the integrations should all be analytic in z.

Given that open string vertex operators live on the boundary of the worldsheet it is sometimes useful to represent them as holomorphic functions of a single variable, z. In the main text we concentrate on open string vertex operators with excitations in the directions tangent to the Dp-brane, and so it is possible to construct vertex operators using instead of (B7) the DDF operator,

A^A_n = √ 2 α^′ ∮ dz ∂X^A(z)e^{inq·X(z)}, (B9) with the corresponding vertex operators given by, V (z, z̄) = Cξ_{AB...}A^A_{−n1} A^B_{−n2} . . . e^{ip·X(z)}, (B10) in which case to obtain the normal ordered expression, the self-contractions are to be subtracted using the propagator, N : ⟨ X^a(z)X^b(w) ⟩ = −(2α^′)η^{ab} ln(z − w), (B11)

which follows from (B6) by restricting the worldsheet arguments to the real axis. To carry out the contour integrations shown in (B9) we analytically continue in z around the real axis and the contour is to contain the vacuum.

On a Minkowski signature worldsheet the DDF integrals are along the boundary of the worldsheet which is coincident with the Dp-brane. The vacuum momenta p^μ and null vectors q^μ are restricted to lie within the Dbrane worldvolume, see (B4), and the q^μ are transverse to the DDF operators:

q^A = q^I = p^I = 0.

The onshell constraints for the open string are,

p^2 = 1 α^′ , p · q = 1 2α^′ , and q^2 = 0, (B12)

so as to ensure that the vertex operators (B8) are onshell with mass spectrum m^2 = −(p − Nq)^2 = (N − 1)/α^′ as appropriate for open strings. The contractions appearing in (B12) are with respect to all spacetime indices μ.

3. Open String Covariant Commutators

In direct analogy to the closed string case above we learn that, [ α^μ_m, A^i_n ] = mδ^{μ,i}B^n_m + n √ 2α^′q^μD^i_{m,n}, [ α^μ_ℓ , B^n_m ] = n √ 2α^′q^μB^n_{m+ℓ}, [ α^μ_ℓ , D^i_{m,n} ] = ℓδ^{μ,i}B^n_{m+ℓ} + n √ 2α^′q^μD^i_{m+ℓ,n}, [ α^μ_m, E^n_ℓ ] = m √ 2α^′q^μB^n_{m+ℓ} − n √ 2α^′q^μE^n_{m+ℓ}, where we have defined,

B^n_m = ∮ dz iz z^m e^{inq·X(z)}, D^i_{m,n} = √ 2 α^′ ∮ dzz^m∂X^ie^{inq·X(z)}, E^n_m = ∮ dzz^mq · ∂Xe^{inq·X(z)}.

From these commutators and (α^μ_n)^† = α^μ_{−n}, (A^i_n)^† = A^i_{−n}, it follows that (B^n_m)^† = B^{−n}_{−m}, (D^i_{m,n})^† = D^i_{−m,−n} and (E^n_m)^† = E^{−n}_{−m}. In addition we learn that, [ A^i_ℓ, D^j_{m,n} ] = ℓδ^{ij} E^{ℓ+n}_m , [ D^i_{−ℓ,n}, D^j_{ℓ,−m} ] = δ^{ij} ( nE^{n−m}_0 − ℓB^{n−m}_0 ) , and, [ B^r_ℓ , D^i_{m,n} ] = [ A^i_n, B^ℓ_m ] = [ A^i_n, E^ℓ_m ] = 0 and [B^n_m, B^ℓ_r] = [E^n_m, E^ℓ_r] = [B^n_m, E^ℓ_r] = 0.

On the chiral half of a (tachyonic) vacuum state, e^{ip·X(z)}, one can readily compute the operator products,

B^{−n}_m · e^{ip·X(z)} ∼= S_{n−m}(nq; z) e^{i(p−nq)·X(z)}, (B13a) D^i_{m,−n} · e^{ip·X(z)} ∼= H^i_{n−m}(nq; z)e^{i(p−nq)·X(z)}, (B13b) E^{−n}_m · e^{ip·X(z)} ∼= √ 2α^′q · H_{n−m}(nq; z)e^{i(p−nq)·X(z)}, (B13c)

where the polynomials S_{n−m}(nq; z) and H^i_{n−m}(nq; z) have been defined below and we have made use of the Taylor expansion, e^{−inq·X(w)} = ∑_∞ a=0(w − z)^aS_a(nq; z)e^{−inq·X(z)}. Note that in (B13c) we have extended the definition of H^i_{n−m}(nq; z), to include also longitudinal indices, H^μ_{n−m}(nq; z), without changing the form of the polynomial.

4. Open String Polynomials

In the open string sections of the main text we give explicit results for normal ordered vertex operators with excitations in the directions, A = 1, . . . , p − 1, tangent to the Dp-brane. The various polynomials that appear in the open string analogous to (A14), (A13), (A15) and (A16) of the closed string are in holomorphic language given respectively by,

S_N (nq; z) = ∮ 0 dw 2πiw w^{−N} exp ( − inq · m∑ s=1 w^s s! ∂^s_z X(z) ) , H^A_N (z) ≡ √ 2α^′p^AS_N (Nq; z) + P^A_N (z),

P^A_N (z) ≡ √ 2 α^′ N∑ m=1 i (m − 1)! ∂^mX^A(z)S_{N−m}(Nq; z),

S_{m,n}(z) ≡ n∑ r=1 rS_{m+r}(mq; z)S_{n−r}(nq; z),

and further properties and examples for N = 0, 1 and 2 of these are given in Appendix A. The α^′ = 2 results there correspond to α^′ = 1/2 results here.

[1] M. Hindmarsh (2011), * Temporary entry *, 1106.0391.

[2] E. J. Copeland, L. Pogosian, and T. Vachaspati (2011), * Temporary entry *, 1105.0207.

[3] M. Majumdar and A. Christine-Davis, JHEP 03, 056 (2002), hep-th/0202148.

[4] N. Barnaby, A. Berndsen, J. M. Cline, and H. Stoica, JHEP 06, 075 (2005), hep-th/0412095.

[5] N. T. Jones, H. Stoica, and S. H. H. Tye, JHEP 07, 051 (2002), hep-th/0203163.

[6] S. Sarangi and S. H. H. Tye, Phys. Lett. B536, 185 (2002), hep-th/0204074.

[7] E. Halyo, JHEP 03, 047 (2004), hep-th/0312268. [8] E. J. Copeland, R. C. Myers, and J. Polchinski, JHEP 06, 013 (2004), hep-th/0312067.

[9] G. Dvali and A. Vilenkin, JCAP 0403, 010 (2004), hep-th/0312007.

[10] K. Becker, M. Becker, and A. Krause, Phys. Rev. D74, 045023 (2006), hep-th/0510066.

[11] E. Witten, Phys. Lett. B153, 243 (1985). [12] J. Polchinski, String Theory. Vol. 2: Superstring Theory and Beyond (Cambridge Univ. Pr., UK, 1998).

[13] J. Polchinski, Phys. Rev. Lett. 75, 4724 (1995), hepth/9510017.

[14] J. Polchinski (1996), hep-th/9611050.

[15] S. B. Giddings, S. Kachru, and J. Polchinski, Phys.

Rev. D66, 106006 (2002), hep-th/0105097.

[16] G. R. Dvali and S. H. H. Tye, Phys. Lett. B450, 72 (1999), hep-ph/9812483.

[17] C. P. Burgess et al., JHEP 07, 047 (2001), hepth/0105204.

[18] S. H. S. Alexander, Phys. Rev. D65, 023507 (2002), hep-th/0105032.

[19] G. R. Dvali, Q. Shafi, and S. Solganik (2001), hepth/0105203.

[20] G. Shiu and S. H. H. Tye, Phys. Lett. B516, 421 (2001), hep-th/0106274.

[21] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Lett. B429, 263 (1998), hep-ph/9803315.

[22] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Lett. B436, 257 (1998), hepph/9804398.

[23] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, Phys. Rev. D59, 086004 (1999), hep-ph/9807344.

[24] N. T. Jones, H. Stoica, and S. H. H. Tye, Phys. Lett.

B563, 6 (2003), hep-th/0303269.

[25] F. Quevedo, Class. Quant. Grav. 19, 5721 (2002), hepth/0210292.

[26] S. Kachru et al., JCAP 0310, 013 (2003), hepth/0308055.

[27] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999), hep-ph/9905221.

[28] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999), hep-th/9906064.

[29] S. Kachru, R. Kallosh, A. D. Linde, and S. P. Trivedi, Phys. Rev. D68, 046005 (2003), hep-th/0301240.

[30] A. Sen (1999), hep-th/9904207.

[31] E. J. Copeland and T. W. B. Kibble, Phys. Rev. D80, 123523 (2009), 0909.1960.

[32] M. B. Hindmarsh and T. W. B. Kibble, Rept. Prog.

Phys. 58, 477 (1995), hep-ph/9411342.

[33] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other Topological Defects (1994), cambridge, UK: Univ. Pr.

[34] J. Polchinski (2004), hep-th/0412244.

[35] A. C. Davis and T. W. B. Kibble, Contemp. Phys. 46, 313 (2005), hep-th/0505050.

[36] M. Sakellariadou, Lect. Notes Phys. 718, 247 (2007), hep-th/0602276.

[37] M. Sakellariadou, Nucl. Phys. Proc. Suppl. 192-193, 68 (2009), 0902.0569.

[38] R. C. Myers and M. Wyman, Cosmic superstrings (2009), in *Erdmenger, J. (ed.): String cosmology* 121-156.

[39] E. J. Copeland and T. W. B. Kibble, Proc. Roy. Soc.

Lond. A466, 623 (2010), 0911.1345. [40] C. Ringeval (2010), 1005.4842. [41] M. Majumdar (2005), hep-th/0512062.

[42] A. Sen, Int. J. Mod. Phys. A20, 5513 (2005), hepth/0410103.

[43] T. W. B. Kibble, J. Phys. A9, 1387 (1976). [44] A. Sen, JHEP 09, 023 (1998), hep-th/9808141. [45] E. Witten, JHEP 12, 019 (1998), hep-th/9810188. [46] E. P. S. Shellard, Nucl. Phys. B283, 624 (1987). [47] J. Polchinski, Phys. Lett. B209, 252 (1988). [48] M. G. Jackson, N. T. Jones, and J. Polchinski, JHEP 10, 013 (2005), hep-th/0405229.

[49] A. Achucarro and R. de Putter, Phys. Rev. D74, 121701 (2006), hep-th/0605084.

[50] A. Achucarro and G. J. Verbiest (2010), 1006.0979. [51] J. Dai and J. Polchinski, Phys. Lett. B220, 387 (1989). [52] D. Mitchell, N. Turok, R. Wilkinson, and P. Jetzer, Nucl. Phys. B315, 1 (1989).

[53] D. Mitchell, B. Sundborg, and N. Turok, Nucl. Phys.

B335, 621 (1990).

[54] J. Preskill and A. Vilenkin, Phys. Rev. D47, 2324 (1993), hep-ph/9209210.

[55] R. Iengo and J. G. Russo, JHEP 11, 045 (2002), hepth/0210245.

[56] R. Iengo and J. G. Russo, JHEP 03, 030 (2003), hepth/0301109.

[57] D. Chialva, R. Iengo, and J. G. Russo, JHEP 12, 014 (2003), hep-th/0310283.

[58] D. Chialva and R. Iengo, JHEP 07, 054 (2004), hepth/0406271.

[59] R. Iengo, JHEP 05, 054 (2006), hep-th/0602125. [60] M. Gutperle and D. Krym, Phys. Rev. D74, 086007 (2006), hep-th/0607220.

[61] D. Chialva, Nucl. Phys. B819, 225 (2009), 0903.3979. [62] E. J. Copeland, T. W. B. Kibble, and D. A. Steer, Phys. Rev. Lett. 97, 021602 (2006), hep-th/0601153.

[63] E. J. Copeland, T. W. B. Kibble, and D. A. Steer, Phys. Rev. D75, 065024 (2007), hep-th/0611243.

[64] E. J. Copeland, H. Firouzjahi, T. W. B. Kibble, and D. A. Steer, Phys. Rev. D77, 063521 (2008), 0712.0808.

[65] A.-C. Davis, W. Nelson, S. Rajamanoharan, and M. Sakellariadou, JCAP 0811, 022 (2008), 0809.2263.

[66] H. Firouzjahi, J. Karouby, S. Khosravi, and R. Brandenberger, Phys. Rev. D80, 083508 (2009), 0907.4986.

[67] A. Avgoustidis and E. J. Copeland, Phys. Rev. D81, 063517 (2010), 0912.4004.

[68] J. Polchinski and J. V. Rocha, Phys. Rev. D74, 083504 (2006), hep-ph/0606205.

[69] M. Hindmarsh, S. Stuckey, and N. Bevis, Phys. Rev.

D79, 123504 (2009), 0812.1929.

[70] M. Kawasaki, K. Miyamoto, and K. Nakayama (2010), 1003.3701.

[71] L. Lorenz, C. Ringeval, and M. Sakellariadou (2010), 1006.0931.

[72] X. Siemens, K. D. Olum, and A. Vilenkin, Phys. Rev.

D66, 043501 (2002), gr-qc/0203006.

[73] T. W. B. Kibble and N. Turok, Phys. Lett. B116, 141 (1982).

[74] T. Damour and A. Vilenkin, Phys. Rev. Lett. 85, 3761 (2000), gr-qc/0004075.

[75] T. Damour and A. Vilenkin, Phys. Rev. D64, 064008 (2001), gr-qc/0104026.

[76] E. O’Callaghan, S. Chadburn, G. Geshnizjani, R. Gregory, and I. Zavala (2010), 1005.3220.

[77] P. Binetruy, A. Bohe, T. Hertog, and D. A. Steer (2010), 1005.2426.

[78] J. M. Quashnock and D. N. Spergel, Phys. Rev. D42, 2505 (1990).

[79] D. P. Bennett and F. R. Bouchet, Phys. Rev. Lett. 60, 257 (1988).

[80] M. Hindmarsh, Phys. Lett. B251, 28 (1990). [81] R. B. Wilkinson, N. Turok, and D. Mitchell, Nucl.

Phys. B332, 131 (1990).

[82] G. R. Vincent, M. Hindmarsh, and M. Sakellariadou, Phys. Rev. D56, 637 (1997), astro-ph/9612135.

[83] G. Vincent, N. D. Antunes, and M. Hindmarsh, Phys.

Rev. Lett. 80, 2277 (1998), hep-ph/9708427. [84] D. P. Bennett and F. R. Bouchet, Phys. Rev. Lett. 63, 2776 (1989).

[85] B. Allen and E. P. S. Shellard, Phys. Rev. Lett. 64, 119 (1990).

[86] R. Iengo and J. G. Russo, JHEP 0602, 041 (2006), hep-th/0601072.

[87] R. R. Caldwell and B. Allen, Phys. Rev. D45, 3447 (1992).

[88] X. Siemens, J. Creighton, I. Maor, S. R. Majumder, K. Cannon, and J. Read, Phys. Rev. D73, 105001 (2006), gr-qc/0603115.

[89] C. J. Hogan, Phys. Rev. D74, 043526 (2006), astroph/0605567.

[90] X. Siemens, V. Mandic, and J. Creighton, Phys. Rev.

Lett. 98, 111101 (2007), astro-ph/0610920.

[91] S. Olmez, V. Mandic, and X. Siemens, Phys. Rev.

D81, 104028 (2010), 1004.0890.

[92] R. Battye and A. Moss, Phys. Rev. D82, 023521 (2010), 1005.0479.

[93] T. Vachaspati and A. Vilenkin, Phys. Rev. D31, 3052 (1985).

[94] C. J. Burden, Phys. Lett. B164, 277 (1985). [95] M. Sakellariadou, Phys. Rev. D42, 354 (1990). [96] X. Siemens and K. D. Olum, Nucl. Phys. B611, 125 (2001), gr-qc/0104085.

[97] R. Brandenberger, H. Firouzjahi, J. Karouby, and S. Khosravi, JCAP 0901, 008 (2009), 0810.4521.

[98] D. F. Chernoff and S. H. H. Tye (2007), 0709.1139. [99] K. Kuijken, X. Siemens, and T. Vachaspati (2007), 0707.2971.

[100] S. Dyda and R. H. Brandenberger (2007), 0710.1903. [101] M. A. Gasparini, P. Marshall, T. Treu, E. Morganson, and F. Dubath (2007), 0710.5544.

[102] E. Morganson, P. Marshall, T. Treu, T. Schrabback, and R. D. Blandford (2009), 0908.0602.

[103] D. B. Thomas, C. R. Contaldi, and J. Magueijo (2009), 0909.2866.

[104] B. Shlaer and M. Wyman, Phys. Rev. D72, 123504 (2005), hep-th/0509177.

[105] R. Brandenberger, H. Firouzjahi, and J. Karouby, Phys. Rev. D77, 083502 (2008), 0710.1636.

[106] T. Suyama, Phys. Rev. D78, 043532 (2008), 0807.4355.

[107] A. A. Fraisse, C. Ringeval, D. N. Spergel, and F. R.

Bouchet, Phys. Rev. D78, 043535 (2008), 0708.1162. [108] L. Pogosian, S. H. H. Tye, I. Wasserman, and M. Wyman, JCAP 0902, 013 (2009), 0804.0810.

[109] M. Hindmarsh, C. Ringeval, and T. Suyama, Phys.

Rev. D80, 083501 (2009), 0908.0432.

[110] M. Wyman, L. Pogosian, and I. Wasserman, Phys.

Rev. D72, 023513 (2005), astro-ph/0503364. [111] L. Pogosian and M. Wyman, Phys. Rev. D77, 083509 (2008), 0711.0747.

[112] R. A. Battye, B. Garbrecht, and A. Moss, JCAP 0609, 007 (2006), astro-ph/0607339.

[113] N. Bevis, M. Hindmarsh, M. Kunz, and J. Urrestilla, Phys. Rev. Lett. 100, 021301 (2008), astroph/0702223.

[114] N. Bevis, M. Hindmarsh, M. Kunz, and J. Urrestilla (2010), 1005.2663.

[115] L. Pogosian, S. H. H. Tye, I. Wasserman, and M. Wyman, Phys. Rev. D68, 023506 (2003), hepth/0304188.

[116] U. Seljak and A. Slosar, Phys. Rev. D74, 063523 (2006), astro-ph/0604143.

[117] J. Urrestilla, P. Mukherjee, A. Liddle, N. Bevis, M. Hindmarsh, and M. Kunz, Phys. Rev. D77, 123005 (2008), 0803.2059.

[118] J. Garcia-Bellido, R. Durrer, E. Fenu, D. G. Figueroa, and M. Kunz (2010), 1003.0299.

[119] P. Bhattacharjee and G. Sigl, Phys. Rept. 327, 109 (2000), astro-ph/9811011.

[120] V. Berezinsky, B. Hnatyk, and A. Vilenkin, Phys. Rev.

D64, 043004 (2001), astro-ph/0102366.

[121] T. Vachaspati, Phys. Rev. Lett. 101, 141301 (2008), 0802.0711.

[122] R. Bean, X. Chen, H. Peiris, and J. Xu, Phys. Rev.

D77, 023527 (2008), 0710.1812.

[123] J. Polchinski, String Theory. Vol. 1: An Introduction to the Bosonic String (Cambridge Univ. Pr., UK, 1998).

[124] A. Hanany and K. Hashimoto, JHEP 06, 021 (2005), hep-th/0501031.

[125] J. J. Blanco-Pillado, A. Iglesias, and W. Siegel, Phys.

Lett. B655, 284 (2007), 0706.0731.

[126] E. Del Giudice, P. Di Vecchia, and S. Fubini, Ann.

Phys. 70, 378 (1972).

[127] M. Ademollo, E. Del Giudice, P. Di Vecchia, and S. Fubini, Nuovo Cim. A19, 181 (1974).

[128] R. C. Brower, Phys. Rev. D6, 1655 (1972). [129] P. Goddard and C. B. Thorn, Phys. Lett. B40, 235 (1972).

[130] E. D’Hoker and S. B. Giddings, Nucl. Phys. B291, 90 (1987).

[131] S. Weinberg, Phys. Lett. B156, 309 (1985). [132] I. Sato, Prog. Theor. Phys. 80, 174 (1988). [133] E. D’Hoker and D. H. Phong, Phys. Rev. D35, 3890

(1987).

[134] G. Aldazabal, M. Bonini, R. Jengo, and C. A. Nunez, Phys. Lett. B199, 41 (1987).

[135] G. Aldazabel, M. Bonini, R. Jengo, and C. A. Nunez, Nucl. Phys. B307, 291 (1988).

[136] J. Polchinski, Nucl. Phys. B307, 61 (1988). [137] J. L. Manes and M. A. H. Vozmediano, Nucl. Phys.

B326, 271 (1989).

[138] S. Nergiz, J. Math. Phys. 35, 5669 (1994). [139] J. Callan, Curtis G. and Z. Gan, Nucl. Phys. B272, 647 (1986).

[140] A. M. Polyakov, Int.J.Mod.Phys. A17S1, 119 (2002), hep-th/0110196.

[141] A. A. Tseytlin, Nucl.Phys. B664, 247 (2003), hepth/0304139.

[142] E. D’Hoker and D. H. Phong, Rev. Mod. Phys. 60, 917 (1988).

[143] M. Hindmarsh and D. Skliros, Phys. Rev. Lett. 106, 1602 (2011), 1006.2559.

[144] P. Di Vecchia, L. Magnea, A. Lerda, R. Russo, and R. Marotta, Nucl.Phys. B469, 235 (1996), hepth/9601143.

[145] S. Weinberg, The Quantum theory of fields. Vol. 1:

Foundations (Cambridge, UK: Univ. Pr., UK, 1995). [146] E. M. Berestetskii, V. B. Lifshitz and L. P. Pitaevskii, Quantum Electrodynamics, vol. 4 (????).

[147] M. B. Green, J. H. Schwarz, and E. Witten, Superstring Theory. Vol. 1: Introduction (Cambridge, UK: Univ. Pr., UK, 1987).

[148] Hamermesh, p. 528 (1989), dover Publications. [149] D. Friedan, E. J. Martinec, and S. H. Shenker, Nucl.

Phys. B271, 93 (1986).

[150] J. Polchinski, Nucl. Phys. B289, 465 (1987). [151] R. Sasaki and I. Yamanaka, Phys. Lett. B165, 283 (1985).

[152] S. B. Giddings, Phys. Rev. D55, 6367 (1997), hepth/9612022.

[153] A. Hashimoto, Nucl. Phys. B496, 243 (1997), hepth/9608127.

[154] V. P. Nair, A. D. Shapere, A. Strominger, and F. Wilczek, Nucl. Phys. B287, 402 (1987).

[155] J. Dai, R. G. Leigh, and J. Polchinski, Mod. Phys.

Lett. A4, 2073 (1989).

[156] J. Riordan (1958), new York: Wiley.

[157] I. Ichinose and B. Sakita, Phys. Lett. B175, 423 (1986).

[158] P. Di Francesco, P. Mathieu, and D. Senechal, Conformal Field Theory (????), new York, USA: Springer 890 p.

[159] G. Calucci, Nuovo Cim. A101, 475 (1989). [160] J. R. Klauder and B.-S. Skagerstam, Coherent States – Applications in Physics and Mathematical Physics (World Scientific Publishing, Singapore, 1985).

[161] W.-M. Zhang, D. H. Feng, and R. Gilmore, Rev. Mod.

Phys. 62, 867 (1990).

[162] L. Cornalba, M. S. Costa, J. Penedones, and P. Vieira, JHEP 12, 023 (2006), hep-th/0607083.

[163] H. C. Pauli and S. J. Brodsky, Phys. Rev. D32, 1993 (1985).

[164] L. Susskind (1997), hep-th/9704080.

[165] N. Seiberg, Phys. Rev. Lett. 79, 3577 (1997), hepth/9710009.

[166] S. Hellerman and J. Polchinski, Phys. Rev. D59, 125002 (1999), hep-th/9711037.

[167] G. Grignani, P. Orland, L. D. Paniak, and G. W.

Semenoff, Phys. Rev. Lett. 85, 3343 (2000), hepth/0004194.

[168] G. W. Semenoff (2000), hep-th/0009011. [169] G. W. Semenoff, Nucl. Phys. Proc. Suppl. 108, 99 (2002), hep-th/0112043.

[170] B. Zwiebach, A first course in string theory (Cambridge, UK: Univ. Pr., UK, 2004).

[171] I. Kanitscheider, K. Skenderis, and M. Taylor, JHEP 04, 023 (2007), hep-th/0611171.

[172] R. Dijkgraaf, E. P. Verlinde, and H. L. Verlinde, Nucl.

Phys. B500, 43 (1997), hep-th/9703030.

[173] A. Sen, Adv. Theor. Math. Phys. 2, 51 (1998), hepth/9709220.

[174] S. R. Das, Gauge-gravity duality and string cosmology (2009), in *Erdmenger, J. (ed.): String cosmology* 231-265.

[175] R. W. Gebert, K. Koepsell, and H. Nicolai, Commun.

Math. Phys. 184, 119 (1997), hep-th/9604155. [176] R. W. Gebert and H. Nicolai, J. Math. Phys. 38, 4435 (1997), hep-th/9608014.

[177] V. G. Kac, Infinite dimensional Lie algebras (Cambridge, UK: Univ. Pr., UK, 1995).

[178] A. M. Roman and D.-C. Rota, Adv. Math. 27, 95 (1978).

[179] W. Wang and T. Wang, Discrete Math. 309, 1637 (2009).

[180] C. B. Collins, J. Comp. Appl. Math. 131, 195 (2001). [181] S. Noschese and P. E. Ricci, J. Comput. Anal. Appl.

5, 333 (2003).

[182] G. Calucci, Nucl. Phys. B287, 658 (1987). [183] A. L. Larsen and N. G. Sanchez, Phys. Rev. D62, 046003 (2000), hep-th/0001180.

[184] D. Chialva and T. Damour, JCAP 0608, 003 (2006), hep-th/0606226.

[185] DS would like to acknowledge an important discussion with Andrew Strominger concerning the relevance of a vertex operator formulation of cosmic strings as opposed to an effective low energy description.

[186] ℏ is usually set equal to 1 but can be re-introduced by examining the path integral ∫ DXe^{iℏ S} , with S = 1 2πα′ ∫ d^2z ∂X · ¯∂X. Taking z to be dimensionless, ℓs the string length and [X] = L we see that 2πα^′ = ℓ^2_s /ℏ. [187] In the case of coherent states it is simplest to use lightcone coordinates, see (24), because coherent states are (as we will see) eigenstates of p^+, p^i but not of p^−.

[188] This is in agreement with the conventions of Polchinski [123], g^{here}_c ≡ g^{Polchinski} c , where it is shown that the relation to the gravitational coupling is κ = 2πgc with κ^2 = 8πG_{(d)} and G_{(d)} the d-dimensional Newton’s constant.

[189] Note that the factors of 1/ √ 2EV_{d−1} are absent in the S-matrix elements defined in [123].

[190] The reason as to why lightcone coordinates are useful in the case of coherent states (as mentioned above) is that they are eigenstates of p̂^+ and p̂, but not of p̂^−, and so it is not possible to factor out 1/ √ 2p^0, but it is possible to factor out 1/ √ 2p^+.

[191] It is implied here that α^′ = 2 in the case of closed strings or α^′ = 1/2 in the case of open strings.

[192] The usual path integral definition is not useful here because the path integral associated to two vertex operator insertions vanishes (unless the state under consideration is unstable), because the volume of the CKG is infinite and two vertices are not sufficient to saturate this infinity. This is because the path integral yields only the non-trivial contribution to the S-matrix, whereas in (36) it is the trivial or noninteracting part that is relevant.

[193] Vertex operators (43) or (44) that do not satisfy the constraint N = N̄ still satisfy the Virasoro constraints, L0 = L̄0, but require the presence of a lightlike compactified background. We will discuss vertex operators in lightlike compactified backgrounds in detail when we construct closed string coherent states.

[194] Here for notational simplicity α^′ = 1/2, or α^′ = 2 for the open or closed string case respectively. Also, p = (p^1, . . . , p^{24}) and as usual p^± =^{1√}_2 (p^0 ± p^{25}), or in the case of open strings attached to a Dp-brane, p^± =^{1√}_2 (p^0 ± p^p).

[195] As an example, if we boost to the rest frame where the k^i = 0 and k^0 = √ 2N − 2, the vectors p^μ and q^μ are determined completely, and c^{−1} = √ 2N − 2.

[196] The constant C should not be confused with that obtained in the previous sections. Throughout the rest of the section C will be defined according to (48). For coherent states (in later sections) C will again be different.

[197] Recall that the Virasoro generators read, Ln = ∮_{dz} 2πi z^{n+1} ( −^1_{α′} ∂X · ∂X ) , and L̄n = ∮_{dz̄} 2πi z̄^{n+1} ( − 1 α′ ¯∂X · ¯∂X). [198] We use the convention X(z, z̄) = X(z) + X(z̄) which can be used inside correlation functions in the absence of sources [150].

[199] Recall that ξi,j is transverse to q^μ.

[200] For vertices that correspond to lightcone states whose trace is non-vanishing there is an additional polynomial, Sn,m(z), see below. All these polynomials however are ultimately composed of elementary Schur polynomials, Sm(nq; z).

[201] Recall that in the CFT language there is no Ricci scalar in the dilaton vertex, see Polchinski [150].

[202] Here we have included the ‘one string in volume V_{d−1}’ normalizing factor^1√_{2Ek Vd−1} and use the relativistic

normalization ⟨0, 0; k^′|0, 0; k⟩ = 2E_k(2π)^{d−1}δ^{d−1}(k^′ − k). [203] The L0 −L̄0 Virasoro constraint is satisfied without the requirement N = N̄ but as we discuss later this is only possible in a spacetime with lightlike compactification given that for N ≠ N̄ we have kL − kR = −(N − N̄)q with q^2 = 0.

[204] The coherent states constructed here are eigenstates of momentum however in the spacetime directions transverse to q^a as we shall see.

[205] The naive definition, that a coherent state should be an eigenstate of the annihilation operators is not in general compatible with the string theory symmetries.

[206] Here X^μ_{cl}(z, z̄) is an arbitrary non-trivial solution of the wave equation, ∂ ¯∂X^μ_{cl}(z, z̄) = 0.

[207] We will normally not exhibit these additional labels explicitly, and hence write V (λ) instead of V (λ, . . . ), or even V (z) when there is no possibility for confusion with the mass eigenstates of the previous section.

[208] The index p on go,p denotes the dimensionality of the Dp-brane in which the string is propagating and should not be confused with the momentum of the vacuum p^a.

[209] The dimensionalities are such that [go,p] = L^{d−22} L^{− d−1−p2} = L^{p−12} , so that [go,p/ √ 2p^+V‖] = 1 as required by unitarity.

[210] Recall that τ = (τ )_{Euclidean} = i(τ )_{Minkowski}, z = e^{−i(σ+iτ )}, z̄ = e^{i(σ−iτ )}. [211] In particular, in covariant gauge, L^{μν} = x^μp^ν − x^ν p^μ and in lightcone gauge, L^{ij} = x^ip^j − x^j p^i, L^{−i} = x^−p^i −^1_2 ( x^ip^− − p^−x^i ) , L^{−+} =^1_2 ( x^−p^+ + p^+x^− ) and L^{i+} = x^ip^+ which may be interpreted either classically or quantum-mechanically.

[212] We are adopting the rather general definition of a coherent state as given in [160] and minimally extend it to include the string theory requirements. For instance, under this definition, coherent states need not (in general) be eigenstates of the annihilation operators, α^μ_{n>0}, α̃^μ_{n>0}, in order for this definition to be satisfied.

[213] We are being pedantic here for a subtle reason that will become clear later. Recall that the Hilbert space H is in general a background dependent quantity, and so the explicit realization of the unit operator, 1, is also background dependent.

[214] We shall occasionally write V_λ¯_λ(p), V (λ, λ̄), V (λ, λ̄; p), or even V (z, z̄) (with z, z̄ the worldsheet location where the vertex is inserted) to denote the same object V (λ, λ̄, p). [215] The decomposition is orthogonal in the sense that ⟨Vm|Vn⟩ = δm,n. [216] DS would like to thank Joe Polchinski for suggesting that the projected states should also have coherent state properties.

[217] The authors would like to thank Diego Chialva for raising this question.

[218] This proves that the solution to the single-valuedness requirement that one normally considers, k = n/R, must be generalized in lightlike compactified spacetimes.

[219] For completeness we note also that^{α′}_2 ⟨ p̂^−_L ⟩ = [⟨ N ⟩ − 1 ] R^−,^{α′}_2 ⟨ p̂^−_R ⟩ = [⟨¯ N ⟩ − 1 ] R^− and ⟨ p̂^+_L ⟩ = ⟨ p̂^+_R ⟩ = 1/R^− with p̂^μ =^1_2 ( p̂^μ_L + p̂^μ_R ) and p̂^±_{L,R} = 1√ 2 ( p̂^0_{L,R} ± p̂^D_{L,R} ) . [220] The following was suggested by Ashoke Sen and DS would like to thank him for extensive very helpful discussions of these issues.

[221] This was suggested by Joe Polchinski and the authors are very grateful to him for this suggestion.

[222] Recall that the transverse Virasoro generators read, L^⊥_0 =^{α′}_4 p̂^2_L + N^⊥, L̄^⊥_0 =^{α′}_4 p̂^2_R + N̄^⊥, and N^⊥ = ∑ n>0 α^i_{−n}α^i_n, N̄^⊥ = ∑ n>0 α̃^i_{−n}α̃^i_n. [223] Recall that L^⊥_n =^1_2 ∑ r∈Z : α^i_{n−r} α^i_r :. [224] The authors would like to thank Kostas Skenderis and Marika Taylor for bringing [171] to their attention.

[225] The picture we have in mind here is, H = ⨁ w∈ZHw , with Gw such that, Gw : H → Hw , and Gw : Hw → Hw . [226] We occasionally write V_λ¯_λ(p), V (λ, λ̄), V (λ, λ̄; p), or even V (z, z̄) (with z, z̄ the worldsheet location where the vertex is inserted) to denote the same object V (λ, λ̄, p).

[227] We have thus overcome the problems in the covariant coherent state construction encountered by Calucci [182], see also [125, 183] among others.

[228] Note that the naive definition that coherent states should be eigenstates of the annihilation operators is not in general compatible with the symmetries of string theory [125], as this would imply that ⟨X⟩ = X_{classical}, and this is not possible when states are invariant under spacelike worldsheet translations, see comments below (122).

[229] A similar expression has appeared already in the literature, e.g. [184].

[230] DS would like to thank Sanjaye Ramgoolam for a very interesting discussion on the Matrix Model – string theory correspondence.

[231] Elementary Schur polynomials, Sm(x), are not to be confused with the Schur polynomials, S_λ(x). Given a partition λ = {λ1 ≥ λ2 ≥ . . .} these are related however, S_λ(x) = det(S_{λi−i+j} (x))_{1≤i,j,≤|λ|}.

[232] Our conventions are mostly in agreement with Polchinski [123].