arXiv:1107.1387v1 [math.DG] 7 Jul 2011

ON osp(p + 1, q + 1|2r)-EQUIVARIANT QUANTIZATIONS

THOMAS LEUTHER, PIERRE MATHONET, AND FABIAN RADOUX

Abstract. We investigate the concept of equivariant quantization over the superspace R^{p+q|2r} , with respect to the orthosymplectic algebra osp(p + 1, q + 1|2r). Our methods and results vary upon the superdimension p + q − 2r. When the superdimension is nonzero, we manage to obtain a result which is similar to the classical theorem of Duval, Lecomte and Ovsienko: we prove the existence and uniqueness of the equivariant quantization except in some resonant situations. To do so, we have to adapt their methods to take into account the fact that the Casimir operator of the orthosymplectic algebra on supersymmetric tensors is not always diagonalizable, when the superdimension is negative and even. When the superdimension is zero, the situation is always resonant, but we can show the existence of a one-parameter family of equivariant quantizations for symbols of degree at most two.

MSC(2010) : 17B66, 58A50.

Keywords: Orthosymplectic algebra, Differential operator, Equivariant quantization, Casimir operators.

1. Introduction

The concept of projectively equivariant quantization over R^n was introduced by P. Lecomte and V. Ovsienko in [21]. If we denote by pgl(n + 1) the Lie algebra of infinitesimal projective transformations of R^n , such a quantization is an isomorphism of pgl(n + 1)-modules from the space S_δ(R^n ) of contravariant symmetric tensors with coefficients in δ-densities to the space D_{λ,λ+δ}(R^n ) of differential operators mapping λ-densities to λ + δ-densities. This isomorphism is moreover required to satisfy a natural normalization condition (see (11)).

In [21], P. Lecomte and V. Ovsienko showed the existence and uniqueness of the projectively equivariant quantization in the case δ = 0. This result was generalized in [11, 19] for arbitrary δ ∈ R \ C, where C is a set of critical values. In [9], C. Duval, P. Lecomte and V. Ovsienko investigated the concept of conformally equivariant quantization. It is a quantization that intertwines the actions of the algebra so(p + 1, q + 1) of infinitesimal conformal transformations of R^{p+q} . The main result in this case is the existence and uniqueness of such a quantization, provided the shift value δ is not critical (see also [31, 37] for a refined classification).

Various generalizations of these results were considered in recent years. For instance, in [6, 7, 10, 23, 20, 5, 37], the concepts of projectively and conformally equivariant quantizations were extended to arbitrary manifolds endowed with projective or conformal structures. Also, other spaces of differential operators were considered in [16, 24, 12, 17, 25, 26, 27, 8].

Date: July 11, 2011. 1

Recently, several papers dealt with the problem of equivariant quantizations in the context of supergeometry. Let us quote for instance [13] and [29] for equivariant quantizations over the supercircle S^{1|1} and S^{1|2} and [30] for equivariant quantizations over supercotangent bundles. The extension of the theory of projectively equivariant quantizations to the framework of the superspace R^{n|m} or more generally to supermanifolds endowed with a projective class of superconnections was investigated in [14, 28, 22].

It is then natural to consider the extension to supergeometry of the conformally equivariant quantization in the sense of [9]. We consider the orthosymplectic algebra osp(p + 1, q + 1|2r) that we realize as a subalgebra of vector fields over the superspace R^{p+q|2r} and we analyze the existence of the equivariant quantizations with respect to this algebra.

As in the projective setting [28], the situation depends on the superdimension of the space under consideration.

• When the superdimension is nonzero, we adapt the methods of [9] to take into account that the Casimir operator of the orthosymplectic algebra on supersymmetric tensors is not always semi-simple. Using generalized eigenvectors of Casimir operators, we thus manage to prove existence and uniqueness of the quantization except in a countable set of resonant values of the shift δ.

• When the superdimension is zero, the results do not depend on the shift δ. Actually, the situation is special since any value of δ resonant. Nevertheless, we prove in this case the existence of a one-parameter family of quantizations for symbols of degree at most two.

Finally we provide explicit formulae for the quantization of symbols of degree at most two.

2. Notation and problem setting

In this section, we will recall the definitions of the spaces of differential operators acting on densities and of their corresponding spaces of symbols over the superspace R^{p+q|2r} . We refer the reader to [28] and references therein for a more detailed discussion of these concepts. Then we will set the problem of existence of osp(p + 1, q + 1|2r)-equivariant quantizations.

We denote by d the superdimension of the superspace R^{p+q|2r} , that is d = p + q − 2r. Throughout the paper, we only consider Lie superalgebras over R. For any natural number n we set I_n = {1, . . . , n}. We denote by ã the parity of a homogeneous object a. For indices i ∈ I_{p+q+2r}, we set ĩ = 0 if i ⩽ p + q and ĩ = 1 otherwise. We denote by x^1, . . . , x^{p+q} the set of even indeterminates and by θ^1, . . . , θ^{2r} the set of odd indeterminates. We also use the unified notation y^i, where i ∈ I_{p+q+2r}, for the set of even and odd indeterminates, y^1, . . . , y^{p+q} being the even x^1, . . . , x^{p+q}.

For i ∈ I_{p+q+2r}, we denote by e_i (resp. ε^i) the column (resp. row) vector in R^{p+q|2r} (resp. (R^{p+q|2r} )^∗) whose entries are 0, except the i-th one which is 1. We denote by B_{p+q|2r} the basis (e_1, . . . , e_{p+q+2r}), and by B^∗_{p+q|2r} the corresponding basis in (R^{p+q|2r} )^∗.

2.1. Densities and weighted symmetric tensors. The Vect(R^{p+q|2r} )- modules of densities and of weighted symmetric tensor fields are both particular cases of the general construction of a Lie derivative on generalized tensors considered for instance in [2, 15]. For every representation (V, ρ) of gl(p + q|2r), the space of tensor fields of type (V, ρ) is defined as T (V ) = F ⊗ V , where F = C^∞(R^{p+q|2r} ), and the Lie derivative of a tensor field f ⊗ v along a vector field X ∈ Vect(R^{p+q|2r} ) is defined by the formula

L_X (f ⊗ v) = X(f) ⊗ v + (−1)^{~Xf̃} ∑ ij fJ^j_i ⊗ ρ(e^i_j )v, (1)

where J^j_i = (−1)^{ỹi ~X+1}(∂_yi X^j ) and e^i_j is the operator defined in the basis B_{p+q|2r} by e^i_j (e_k) = δ^i_ke_j .

The particular case of densities corresponds to a vector space V = B^λ of dimension 1|0 spanned by one element u and the representation of gl(p+q|2r) defined by ρ(A)u = −λ str(A)u. Note that in the formulas below, we will not write down explicitly the generator u of B^λ unless this leads to confusion.

Definition 2.1. The Vect(R^{p+q|2r} )-module F_λ of densities of degree λ over R^{p+q|2r} is the space T (B^λ) endowed with the action of Vect(R^{p+q|2r} ) defined by formula (1).

The space F_λ is thus isomorphic to the space of functions F endowed with the Lie derivative

L^λ_X f = X(f) + λ div(X)f, (2)

where the divergence of the vector field X = ∑_{p+q+2r} i=1 X^i∂_yi is given by

div(X) = p+q+2r ∑ i=1 (−1)^{ỹi ~Xi} ∂_yi X^i. We denote by S^k the space of supersymmetric tensors of degree k over R^{p+q|2r} . Recall that the symmetric tensor product of homogeneous elements v_1, . . . , v_k ∈ R^{p+q|2r} is defined by

v_1 ∨ · · · ∨ v_k = ∑ σ∈S_k sgn(σ, v_1, . . . , v_k)v_σ−1_{(1)} ⊗ · · · ⊗ v_σ−1_{(k)},

where sgn(σ, v_1, . . . , v_k) is the sign of the permutation σ^′ induced by σ on the ordered subset of all odd elements among v_1, . . . , v_k. There is a natural representation ρ of gl(p + q|2r) on S^k defined by

ρ(A)(v_1 ∨ · · · ∨ v_k) = k∑ i=1 (−1)^{Ã(∑i−1l=1 ṽl)}v_1 ∨ · · · ∨ Av_i ∨ · · · ∨ v_k. (3) The space S^k_δ (δ ∈ R) of weighted symmetric tensors is the tensor product B^δ ⊗ S^k endowed with the tensor product representation of gl(p + q|2r).

Definition 2.2. The space S^k_δ of weighted symmetric tensor fields is the space T (S^k_δ ) = F ⊗ S^k_δ endowed with the action of Vect(R^{p+q|2r} ) defined by formula (1).

2.2. Differential operators and symbols. The space D_{λ,μ} of linear differential operators from F_λ to F_μ is filtered by the order of differential operators. We denote by D^k_{λ,μ} the space of differential operators of order at most k. Any differential operator D ∈ D^k_{λ,μ} can be written as D = ∑ |α|⩽k f_α ∂^{α1}_{x1} · · · ∂^{αp+q}_{xp+q} ∂^{αp+q+1}_{θ1} · · · ∂^{αp+q+2r}_{θ2r} , (4) where ∂_yi stands for the partial derivative^∂_{∂yi} , α is a multi-index, each f_α is in F, |α| = ∑_{p+q+2r} i=1 α_i and α_{p+q+1}, . . . , α_{p+q+2r} are in {0, 1}. The natural action of Vect(R^{p+q|2r} ) on D_{λ,μ} is given by the supercommutator : for every D ∈ D_{λ,μ} and X ∈ Vect(R^{p|q} ),

L_X D = L^μ_X ∘ D − (−1)^{X̃D̃}D ∘ L^λ_X . (5)

The Vect(R^{p+q|2r} )-module of symbols is the graded space associated with D_{λ,μ}. It is isomorphic to the module of weighted symmetric tensor fields

S_δ = ∞⨁ k=0 S^k_δ , δ = μ − λ. The isomorphism comes from the principal symbol operator σ_k : D^k_{λ,μ} → S^k_δ : D → ∑ |α|=k f_α ⊗ e^{α1}_1 ∨ · · · ∨ e^{αp+q}_{p+q} ∨ e^{αp+q+1}_{p+q+1} ∨ · · · ∨ e^{αp+q+2r}_{p+q+2r} , if D reads as (4). This operator commutes with the action of vector fields and induces a bijection from the quotient space D^k_{λ,μ}/D^{k−1}_{λ,μ} to S^k_δ .

2.3. Orthosymplectic algebras. We recall the definition and the decomposition of the Lie superalgebra osp(p + 1, q + 1|2r). It will be convenient to relabel the elements of B_{p+q+2|2r} as (e_o, e_1, . . . , e_{p+q}, e_o′ , e_{p+q+1}, . . . , e_{p+q+2r}) in order to particularize the first and last basis elements of the even subspace. We relabel the elements of B^∗_{p+q+2|2r} accordingly and we identify R^{p+q|2r} to the subspace of R^{p+q+2|2r} made of elements whose components along e_o and e_o′ vanish. With our notation, this linear embedding ι: R^{p+q|2r} → R^{p+q+2|2r} maps e_i ∈ B_{p+q|2r} to e_i ∈ B_{p+q+2|2r}, for i ∈ I_{p+q+2r}.

The orthosymplectic algebra osp(p + 1, q + 1|2r) is the Lie subalgebra of gl(p + q + 2|2r) made of those matrices A that preserve a particular supersymmetric even bilinear form ω, in the sense that

ω(AU, V ) + (−1)^{ÃŨ} ω(U, AV ) = 0, for all U, V ∈ R^{p+q+2|2r} . (6)

This particular form ω is defined on R^{p+q+2|2r} by ω(U, V ) = V^tGU, where G = ( S 0 0 J ) , S = 0 0 −1 0 Id_{p,q} 0 −1 0 0 , J = ( 0 Id_r −Id_r 0 ) , and Id_{p,q} takes the signature of the even part into account:

Id_{p,q} = ( Id_p 0 0 −Id_q ) .

The musical isomorphisms associated with ω are defined as ususal by ♭ : R^{p+q+2|2r} → (R^{p+q+2|2r} )^∗ : v → v^♭ = ω(v, ·), ♯ = ♭^{−1}. Using these isomorphisms, we can easily see that the operators

O^j_i = e_i ⊗ ε^j − (−1)^{ĩj̃} (ε^j )^♯ ⊗ e^♭_i , (7)

where i, j ∈ {o, o^′} ∪ I_{p+q+2r}, generate the orthosymplectic algebra^1.

In the purely even context, the algebra so(p + 1, q + 1) has a natural decomposition into a direct sum of subalgebras ([9]). This decomposition can be extended to the super context as follows. The pull-back of the form ω by the embedding ι defines an even supersymmetric form ω_0 on R^{p+q|2r} , and the operators that preserve ω_0 form the algebra osp(p, q|2r). Now, any matrix A of osp(p + 1, q + 1|2r) can be written as

A = −a_1 v^t_1Id_{p,q} 0 −v^t_2J Id_{p,q}ξ^t_1 B_1 v_1 B_2 0 ξ_1 a_1 ξ_2 −Jξ^t_2 B_3 v_2 B_4 ,

where a_1 ∈ R, v_1 ∈ R^{p+q} , v_2 ∈ R^{2r} , ξ_1 ∈ (R^{p+q} )^∗ and ξ_2 ∈ (R^{2r} )^∗. This decomposition of matrices defines a linear bijection

Φ : osp(p + 1, q + 1|2r) → g_{−1} ⊕ g_0 ⊕ g_1 : A → (v, B − a_1Id, ξ),

where v = ( v_1 v_2 ) ∈ g_{−1} = R^{p+q|2r} , ξ = (ξ_1, ξ_2) ∈ g_1 = (R^{p+q|2r} )^∗, and

B = ( B_1 B_2 B_3 B_4 ) ∈ h_0 = osp(p, q|2r).

Note that g_0 = h_0 ⊕ RE, where the element E = −Id corresponds to a_1 = 1 above and characterizes the decomposition of the algebra:

ad(E)|_{gi} = iId_{gi} for all i ∈ {−1, 0, 1}.

We can compute the bracket in the algebra g_{−1} ⊕ g_0 ⊕ g_1: g_{−1} and g_1 are commutative Lie superalgebras, the adjoint action of g_0 on g_{−1} and g_1 is given by the natural action of osp(p, q|2r) ⊕ RId on R^{p+q|2r} and (R^{p+q|2r} )^∗ respectively. Finally, for any v ∈ g_{−1} and ξ ∈ g_1, [v, ξ] = v ⊗ ξ − (−1)^{ṽξ̃}ξ^♯ ⊗ v^♭ + (−1)^{ṽξ̃}⟨ξ, v⟩Id, (8) where ⟨ξ, v⟩ denotes the standard matrix multiplication of the row ξ by the column v. It will be convenient for our purpose to express the isomorphism Φ in terms of generators: it is easy to see that Φ actually maps O^j_i to O^j_i , O^{o′}_i to e_i, O^i_o′ to ε^i and O^{o′}_o′ to −Id, if i, j ∈ I_{p+q+2r}.

1Actually, the operators Oj_i for i, j ∈ {o′} ∪ I_{p+q+2r} are enough to generate the algebra (see Relations (18)).

2.4. The Lie superalgebra of vector fields osp(p + 1, q + 1|2r). Let us recall how it is possible to realize the Lie superalgebra osp(p + 1, q + 1|2r) as a Lie superalgebra of vector fields over the superspace R^{p+q|2r} . The construction is a superization of the classical construction of the algebras of conformal vector fields in the purely even situation, which we first recall.

The isotropic cone of the metric S is the zero locus of the function

F (x^o, x^1, ..., x^{p+q}, x^{o′} ) = (x^1)^2 +· · · +(x^p)^2 −(x^{p+1})^2 −· · · −(x^{p+q})^2 −2x^ox^{o′} .

The group O(p + 1, q + 1) is made of those matrices that preserve S. Its linear action on R^{p+q+2} restricts to the isotropic cone and induces an action on the projective quadric associated with F . The space R^{p+q} , viewed as a chart of this quadric, inherits a local action of O(p+1, q +1). Differentiating this local action, we realize so(p + 1, q + 1) as a Lie algebra of vector fields on R^{p+q} . Equivalently, the above construction can be presented in terms of functions. Any function f on R^{p+q} can be lifted to a homogeneous function f̂ on Rp+q+2 \ {xo^′ = 0} given by

f̂(x^o, x^1, . . . , x^{p+q}, x^{o′} ) = f ( x^1 x^{o′} , . . . , x^{p+q} x^{o′} ) . We denote by χ^∗(f) the restriction of f̂ to the corresponding open subset of the isotropic cone of S (i.e. f̂ modulo the ideal generated by F ). Now we embed the Lie algebra so(p + 1, q + 1) into Vect(R^{p+q} ) by restricting the standard homomorphism

h_{p+q+2} : gl(p + q + 2) → Vect(R^{p+q+2} ) : A → Y^A = − ∑ i,j A^i_jy^j ∂_yi to so(p + 1, q + 1) and by using χ^∗ to define X^A = (χ^∗)^{−1} ∘ Y^A ∘ χ^∗.

In the super setting, the ingredients of the construction can be generalized as follows. First, any superfunction f ∈ C^∞(R^{p+q|2r} ) has a decomposition f = ∑ I⊆{1,...,2r} f_I (x^1, . . . , x^{p+q})θ^I ,

where f_I are smooth functions on R^{p+q} and θ^I = θ^{i1} · · · θ^{ia} if i_1 < · · · < i_a are the elements of I. We define

f̂(x^o, x^1, . . . , x^{p+q}, x^{o′} , θ^1, . . . , θ^{2r}) = ∑ I⊆{1,...,2r} f_I ( x^1 x^{o′} , . . . , x^{p+q} x^{o′} ) θ^I (x^{o′} )^{|I|} .

The superfunction f̂ is homogeneous in the sense that each f̂_I is homogeneous of degree −|I|. We denote by χ^∗(f) the restriction of f̂ to the supercone of G whose equation is F (x, θ) = 0, where F (x, θ) = p∑ i=1 (x^i)^2 − p+q∑ i=p+1 (x^i)^2 − 2x^ox^{o′} + 2 r∑ i=1 θ^iθ^{i+r},

i.e. we consider f̂ modulo the ideal generated by F . Then the superalgebra gl(p + q + 2|2r) can be realized as a subalgebra of vector fields of R^{p+q+2|2r} by means of the homomorphism

h_{p+q+2|2r} : gl(p+q +2|2r) → Vect(R^{p+q+2|2r} ) : A → − ∑ i,j (−1)^{j̃(ĩ+j̃)}A^i_j y^j∂_yi .

Doing as above, we can associate with each element h of Φ(osp(p+1, q+1|2r)) a vector field on R^{p+q+2} , namely

X^h = − ∑_{p+q+2r} i=1 h^i∂_yi if h ∈ R^{p+q|2r} = g_{−1}, − ∑_{p+q+2r} i,j=1 (−1) j̃(ĩ+j̃)hi j y^j∂_yi if h ∈ g_0, ∑_{p+q+2r} j=1 h_j y^j (−1)^{j̃} X^E +^1_2 F_0(y)X^{h♯} if h ∈ (R^{p+q|2r} )^∗ = g_1, (9) where

F_0(y) = p∑ i=1 (y^i)^2 − p+q∑ i=p+1 (y^i)^2 + 2 p+q+r∑

i=p+q+1 y^iy^{i+r}. Note that for every A ∈ g_0 = osp(p, q|2r) ⊕ RId, Formula (1) reduces to

L_XA (f ⊗ v) = X^A(f) ⊗ v + (−1)^{Ãf̃} f ⊗ ρ(A)v. (10)

2.5. Equivariant quantizations. By a quantization on R^{p+q|2r} , we mean a linear bijection Q from the space of symbols S_δ to the space of differential operators D_{λ,μ} that preserves the principal symbol, i.e., σ_k(Q(T )) = T (11) for all k ∈ N and all T ∈ S^k_δ . The inverse map of such a quantization is called a symbol map. A quantization is osp(p + 1, q + 1|2r)-equivariant if L_Xh ∘ Q = Q ∘ L_Xh for all h ∈ osp(p + 1, q + 1|2r).

3. Tools for the quantization

Here we adapt in the orthosymplectic setting the basic tools that were used to build the quantization in the purely even situation or in the super projective case [28].

3.1. The affine quantization and the map γ. We first introduce the affine quantization map and we use this map to carry the Vect(R^{p+q|2r} )- module structure of D_{λ,μ} to S_δ. Then we focus on the map γ which measures the difference between the obtained Vect(R^{p+q|2r} )-module structure on S_δ and the one given by the Lie derivative of symbols.

The affine quantization map Q_{Aff} is defined as the inverse of the total symbol map σ_{Aff} : D_{λ,μ} → S_δ : D → ∑ |α|⩽k f_α ⊗ e^{α1}_1 ∨ · · · ∨ e^{αp}_p ∨ e^{αp+1}_{p+1} ∨ · · · ∨ e^{αp+q}_{p+q} , when D is given by (4). The map Q_{Aff} is an equivariant quantization with respect to the superalgebra made of constant and linear super vector fields. Moreover, Q_{Aff} can be expressed in a coordinate-free manner.

Proposition 3.1. For every v_1, . . . , v_k ∈ R^{p+q|2r} , f ∈ C^∞(R^{p+q|2r} ), we have Q_{Aff} (f ⊗ v_1 ∨ · · · ∨ v_k) = (−1)^kf L_Xv1 ∘ · · · ∘ L_Xvk .

We carry the Vect(R^{p+q|2r} )-module structure of D_{λ,μ} to S_δ by defining L_X T = Q^{−1}_{Aff} ∘ L_X ∘ Q_{Aff} (T ) for all T in S_δ and all X in Vect(R^{p+q|2r} ). The difference between the representations (S_δ, L) and (S_δ, L) is measured by the map γ : g → gl(S_δ , S_δ) : h → γ(h) = L_Xh − L_Xh .

An easy computation in coordinates yields its basic properties as in [4, 28]. Proposition 3.2. The map γ vanishes on g_{−1} ⊕ g_0. Moreover, for every h ∈ g_1 and k ∈ N, γ(h) maps S^k_δ to S^{k−1}_δ and is a differential operator with constant coefficients, of order zero and parity h̃.

We now derive a coordinate-free expression of γ. To this aim, we recall that the interior product of a row vector ε ∈ (R^{p+q|2r} )^∗ in a symmetric tensor v_1 ∨ · · · ∨ v_k ∈ S^k, namely

i(ε)(v_1 ∨ · · · ∨ v_k) = k∑ a=1 (−1)^{ε̃(∑a−1b=1 ṽb)}⟨ε, v_a⟩v_1 ∨ · · · ^a · · · ∨ v_k, (12) can be extended to S_δ by setting i(ε)u = 0 for u in B^δ and by defining i(ε) as a differential operator of order zero and parity ε̃. This interior product extends to symmetric covariant two-tensors by setting i(ε ∨ ε^′)S = i(ε) ∘ i(ε^′)S (13) for all ε, ε^′ ∈ (R^{p+q|2r} )^∗ and S ∈ S_δ. Then we introduce the operators T : S^k_δ → S^{k−2}_δ : S → p+q+2r ∑ j=1 i(e^♭_j ∨ ε^j )S, (14)

and extending in the same way the symmetric product by elements of R^{p+q|2r} to S^k_δ , R : S^k_δ → S^{k+2}_δ : S → p+q+2r ∑ j=1 e_j ∨ (ε^j )^♯ ∨ S. (15)

An explicit form of the operator T is given by the following result. Lemma 3.3. We have

T (v_1 ∨ · · · ∨ v_k) = 2 k∑ b=1 ∑ a<b (−1)^{ṽa(∑a<c<b ṽc)}ω_0(v_a, v_b)v_1 ∨ · · · â · · · b̂ · · · ∨ v_k for every homogeneous v_1, . . . , v_k ∈ R^{p+q|2r} .

Proof. Using (12), (13) and the definition of T , we get immediately that the left-hand side is equal to p+q+2r ∑ j=1 (_k ∑ b=1 ∑ a<b (−1)^{j̃(∑b−1c=a ṽc)}⟨e^♭_j , v_a⟩⟨ε^j , v_b⟩ v_1 ∨ · · · â · · · b̂ · · · ∨ v_k

+ k∑ b=1 ∑ a>b (−1)^{j̃(∑a−1c=b ṽc+ṽb)}⟨e^♭_j , v_a⟩⟨ε^j , v_b⟩ v_1 ∨ · · · b̂ · · · â · · · ∨ v_k ) .

The result follows by permuting the sums, exchanging the indexes a and b in the second summand, and using the definition of ♭. □ The expression of γ is detailed in the following result whose proof is similar to the corresponding one in [28].

Proposition 3.4. For every h ∈ g_1 = (R^{p+q|2r} )^∗ we have on S^k_δ γ(h) = −(λd + k − 1)i(h) + 1 2 h^♯ ∨ T, where i(h) and T are given by (12) and (14), respectively. Proof. It is sufficient to show that both sides of the equality agree on tensors of the form v_1 ∨ · · · ∨ v_k with homogeneous v_i ∈ R^{p+q|2r} . By the definition of γ, we have Q_{Aff} (γ(h)(v_1 ∨· · ·∨v_k)) = L_Xh (Q_{Aff} (v_1 ∨· · ·∨v_k))−Q_{Aff} (L_Xh (v_1 ∨· · ·∨v_k)). By Proposition 3.2 and the definition Q_{Aff} , the left-hand side is a differential operator of order k − 1. Hence, we only have to sum up the terms of that order in the first term of the right-hand side, which is equal to (−1)^k[L_Xh ∘ L_Xv1 ∘ · · · ∘ L_Xvk − (−1)^{h̃(ṽ1 +···+ṽk )}L_Xv1 ∘ · · · ∘ L_Xvk ∘ L_Xh ].

An easy computation shows that this expression can be rewritten as

(−1)^k[ k∑ i=1 (−1)^{ṽi (∑i−1l=1 ṽl)}L_X[h,v_i] ∘ L_Xv1 ∘ · · ·^i · · · ∘ L_Xvk

+ k∑ i=1 i−1∑ j=1 (−1)^{h̃(} ∑_{i−1} l=1 ṽ_l)+(h̃+ṽ_i)( ∑_{i−1} l=j+1 ṽl)LXv1 ∘· · · L X^{[vj ,[h,vi]]} (j) · · ·^i · · ·∘L_Xvk ].

It follows from Equations (1) and (10) that the term of order k − 1 in the first summand is exactly

(−1)^k k∑ i=1 (−λ str([h, v_i]))(−1)^{ṽi (∑i−1l=1 ṽl)}L_Xv1 ∘ · · ·^i · · · ∘ L_Xvk = Q_{Aff} (−λd i(h)(v_1 ∨ · · · ∨ v_k)) In order to deal with the second term, we compute the bracket [v_j , [h, v_i]] = ⟨h, v_i⟩v_j + (−1)^{h̃ṽj} ⟨h, v_j ⟩v_i − (−1)^{ṽj (h̃+ṽi)}h^♯ ω_0(v_i, v_j ).

As in [28], the first two terms yield −(k − 1)Q_{Aff} (i(h)(v_1 ∨ · · · ∨ v_k)).

Finally, the last term of the bracket yields

Q_{Aff} ( k∑ i=1 ∑ j<i (−1)^{h̃(} ∑_{i−1} l=1 ṽ_l)+(h̃+ṽ_i)( ∑_{i−1} l=j ṽ_l)ω 0(v_i, v_j)v_1 ∨ · · · h^♯ j î · · · ∨v_k), that is, using Lemma 3.3, Q_{Aff} ( 1 2 h^♯ ∨ T (v_1 ∨ · · · ∨ v_k)), and the result follows. □

3.2. Casimir operators. As in the purely even context [9, 4, 3] or the super projective case [28], we will use quadratic Casimir operators (see [18, 1, 33, 32, 35, 36, 34] for detailed descriptions) to build the quantization. We will show that there is a simple relation between the Casimir operators C and C associated with the representations (S_δ, L) and (S_δ , L) of g = osp(p + 1, q + 1|2r), respectively and we will compute an explicit form of C.

Given a representation (E, β) of osp(p+1, q+1|2r), we consider the second order Casimir operator C_β defined by

C_β = ∑ i β(u^∗_i )β(u_i)

where u_i and u^∗_i are bases of osp(p + 1, q + 1|2r), dual with respect to the Killing form K : g × g → R : (A, B) → − 1 2 str(AB), (16)

in the sense that K(u_i, u^∗_j ) = δ_{i,j}

Lemma 3.5. The second order Casimir operator associated with a representation (E, β) of osp(p + 1, q + 1|2r) is

C_β = −2 ∑ i⩽p+q+2r (−1)^ĩβ(ε^i)β(e_i) + dβ(E)

− β(E)^2 − 1 2 ∑ i,j⩽p+q+2r (−1)^ĩβ(O^i_j )β(O^j_i ). (17)

Proof. We first show how to select generators O^j_i ∈ osp(p + 1, q + 1|2r) to define a basis of this algebra. We define π as the permutation of I = I_{p+q+2r} ∪ {o, o^′} that exchanges o and o^′, fixes the elements of I_{p+q} and exchanges i and i + r for i ∈ {p + q + 1, . . . , p + q + r}, and the function s by s(i) = { −1, if i ∈ {o, o^′} ∪ {p + 1, . . . , p + q + r}, 1, otherwise.

It is then easy to see that the generators obey the relation

O^{π(i)}_{π(j)} = a_{i,j}O^j_i , (18)

where a_{i,j} = −(−1)^{ĩj̃}s(π(j))s(i). In particular, O^{π(i)}_i = 0 for every even index i. Therefore, for every set A ⊂ I × I that contains exactly one element of each set {(i, j), (π(j), π(i))} when j ≠ π(i) or i is odd, the collection {O^j_i , (i, j) ∈ A} defines a basis of osp(p + 1, q + 1|2r). Observe that, if A is such a set, then so is A_π = {(π(j), π(i)) : (i, j) ∈ A}. Now, a straightforward computation shows that K(O^j_i , O^l_k) = −(−1)^ĩ(δ_{j,k}δ_{i,l} + a_{π(i),π(j)}δ_{j,π(l)}δ_{i,π(k)}). Therefore, defining for any i, j ∈ I

O^{j∗}_i = −(−1)^ĩ(1 + δ_{i,π(j)})^{−1}O^i_j , (19) we have K(O^j_i , O^{l∗}_k ) = δ_{i,k}δ_{j,l} for every (i, j) and (k, l) in A. By definition, the quadratic Casimir operator associated with (E, β) is thus equal to C_β = ∑ (i,j)∈A β(O^{j∗}_i )β(O^j_i ) = ∑ (i,j)∈A_π β(O^{j∗}_i )β(O^j_i ). Summing both expressions of C_β, the Casimir operator can be computed as a sum over all the indices C_β = − 1 2 ∑ i,j∈I (−1)^ĩβ(O^i_j )β(O^j_i ).

We gather the terms containing the indices o and o^′, take into account (18) and the isomorphism Φ, use the relation ∑ i⩽p+q+2r [e_i, ε^i] = −dE, and the result follows. □ We define the operator N : S^k_δ → S^{k−1}_δ : S → −2 p+q+2r ∑ i=1 (−1)^ĩγ(ε^i)L_Xei S. We apply Lemma 3.5 for both C and C, and use Proposition 3.2 to obtain the relation between these operators.

Proposition 3.6. The Casimir operators are related by C = C + N. (20) We now state the main result about the operator C, using the operators R and T (see (15) and (14)).

Proposition 3.7. The Casimir operator C associated with the representation (S^k_δ , L) of osp(p + 1, q + 1|2r) is given by

C = −[(−k + dδ)^2 − d(−2k + dδ) + k^2 − 2k]Id + R ∘ T.

Proof. Since the Casimir operator C commutes with the action of constant vector fields on S^k_δ , it has constant coefficients. Therefore we just collect the terms with constant coefficients in (17), with β = L_X . Using (10), we see that these terms read −[(−k + dδ)^2 − d(−k + dδ)]Id − 1 2 ∑ i,j⩽p+q+2r (−1)^ĩρ(O^i_j )ρ(O^j_i ),

where ρ is given by (3) and the result follows from a straightforward computation of the last summand. □ 3.3. Spectrum of C. In the purely even context, it was shown in [9] that the Casimir operator C is diagonalizable. Indeed, in view of Proposition 3.7, this amounts to show that the operator R ∘ T is diagonalizable. But the eigenspace decomposition of this operator is given by the decomposition of the space of symmetric tensors into spherical harmonics. In the super setting, this decomposition still exists and C is diagonalizable provided the superdimension does not belong to −2N. We compute in general the minimal polynomial of C to obtain its spectrum also in the latter special situation.

Definition 3.8. For any k, s ∈ N, we set b_{k,s} = 2s(d + 2(k − s − 1)). (21) Lemma 3.9. For any k ∈ N and s ∈ {0, . . . , ⌊^k_2 ⌋}, we have

R^{s+1} ∘ T^{s+1} = s∏ i=0 (R ∘ T − b_{k,i}), (22) on S^k_δ .

Proof. The result holds for s = 0 since b_{k,0} = 0. Now we have R^{s+1} ∘ T^{s+1} = R ∘ [R^s, T ] ∘ T^s + R ∘ T ∘ R^s ∘ T^s.

We can compute that [R^s, T ]|_Sk−2s_δ = −b_{k,s}R^{s−1}|_Sk−2s_δ and the result follows by induction. □ Definition 3.10. For any k, s ∈ N, we set

α_{k,s,δ} = −[(−k + dδ)^2 − d(−2k + dδ) + k^2 − 2k]Id + b_{k,s}. (23) Proposition 3.11. The minimal polynomial of C|_Sk_δ is ⌊k/2⌋∏

s=0 (x − α_{k,s,δ}) . In particular, the spectrum of C|_Sk_δ is {α_{k,s,δ} : 0 ⩽ s ⩽ ⌊k/2⌋}. Proof. By Proposition 3.7 and Lemma 3.9, we see that the considered polynomial annihilates the operator C|_Sk_δ . If it was not minimal the operators (R ∘ T )^l, for 0 ⩽ l ⩽ ⌊k/2⌋ would be linearly dependent and so would be the operators R^l ∘ T^l (still by Lemma 3.9). But this is not possible since we have clearly ker T^{l−1} \ ker T^l ≠ ∅ for 0 ⩽ l ⩽ ⌊k/2⌋. □ Remark 3.12. We can compute easily that two roots α_{k,s,δ} and α_{k,s}′_{,δ} of the minimal polynomial coincide when s = s^′ or 2(s + s^′) = d + 2k − 2. (24) Since s and s^′ are in {0, . . . , ⌊^k_2 ⌋}, (24) has solutions only when d is less than or equal to 0 and even, the simplest example being d = 0, k = 2, s = 0 and s^′ = 1. In this case, the Casimir operator C|_Sk_δ is not diagonalizable. However, it also follows from (24) that the multiplicity of the roots of the minimal polynomial of C|_Sk_δ is at most two.

4. Construction of the quantization In [9], the harmonic decomposition of symmetric tensors was used to prove that the Casimir operator C of so(p + 1, q + 1) is diagonalizable, and the quantization was built by associating an eigenvector of C to every homogeneous eigenvector of C. We showed in the previous section that the Casimir operator C of osp(p + 1, q + 1|2r) is not diagonalizable when the superdimension belongs to −2N because the harmonic decomposition does not exist in such cases. Here we will naturally adapt the method of [9] by defining the quantization on generalized eigenvectors of C and by replacing the eigenvector equation [9, Eq. (5.7)] by a generalized eigenvector equation.

Before stating the main result, we define resonant values of the parameter δ as in [9].

Definition 4.1. A value of δ is resonant if there exist k, l, i, j ∈ N with l < k such that α_{k,i,δ} = α_{l,j,δ}. The following result shows that when the superdimension is not zero, the resonant values are nothing but the ones in the classical situation (see [9, p. 2009]) up to replacement of the dimension n by the superdimension d. Proposition 4.2. If d ≠ 0, then the set of resonant values of δ is R = {δ_{k,l,s,t} : k, l, s, t ∈ N, k > l, 2s ⩽ k, 2t ⩽ l}, where δ_{k,l,s,t} = k + l + d − 1 + s + t d + (t − s)(d − 2 − 2(t + s) + k + l) d(k − l) . If d = 0, any value of δ is resonant since α_{1,0,δ} = α_{0,0,δ}. Moreover, it turns out that the whole equivariant quantization problem does not depend on δ. We will discuss this special case in 5.2 and assume from now on that d ≠ 0. Theorem 4.3. If δ is not resonant, there exists a unique osp(p+1, q+1|2r)- equivariant quantization from S_δ to D_{λ,μ}.

Proof. First we observe that for any k ∈ N, the space S^k_δ is decomposed into a direct sum of generalized eigenspaces of C, that is S^k_δ = ⊕_i ker(C − α_{k,i,δ}Id)^2, (see Remark 3.12). Then for every S ∈ S^k_δ ∩ ker(C − α_{k,i,δ}Id)^2, there exists a unique Ŝ = S_k + S_{k−1} + · · · + S_0 ∈ ker(C − α_{k,i,δ}Id)^2 such that S_k = S and S_l ∈ S^l_δ for all l ⩽ k − 1. Indeed, these conditions read S_k = S and (C − α_{k,i,δ}Id)^2S_{k−l} = −(C ∘ N + N ∘ C − 2α_{k,i,δ}N)S_{k−l+1} − N^2S_{k−l+2}, (25) where S_{k+1} = 0 and S_l ∈ S^l_δ for all l ∈ {1, . . . , k}. As δ is not resonant, the operators (C − α_{k,i,δ}Id)|_Sk−l_δ are all invertible and therefore this system of equations has a unique solution.

Now, define the quantization Q by Q|_{ker(C−αk,i,δ Id)}2 (S) = Ŝ. It is clearly a bijection and it also fulfills

Q ∘ L_Xh = L_Xh ∘ Q for all h ∈ osp(p + 1, q + 1|2r).

Indeed, for any S ∈ S^k_δ ∩ ker(C − α_{k,i,δ}Id)^2, the tensors Q(L_Xh S) and L_Xh (Q(S)) share the following properties:

• they belong to the space ker(C − α_{k,i,δ}Id)^2 because, on the one hand, C commutes with L_Xh for all h and, on the other hand, C commutes with L_Xh for all h.

• their term of degree k is exactly L_Xh S.

The first part of the proof shows that they have to coincide. □

Remark 4.4. Equation (25) allows us to compute the quantization of generalized eigenvectors of C. It is easy to see that if we start with an eigenvector S ∈ S^k_δ ∩ ker(C − α_{k,i,δ}Id), this equation reduces to the usual one, namely (C − α_{k,i,δ}Id)S_{k−l} = −NS_{k−l+1}. (26)

5. Explicit formulae Let us now provide explicit formulae for the quantization for symbols of degree at most two. We first consider the generic case d ≠ 0 and then we deal with the special case d = 0.

5.1. Nonzero superdimension. We begin with the quantization of symbols of degree one. Remember that the divergence operator can be extended to S^k_δ for every k and δ by

div: S^k_δ → S^{k−1}_δ : S → p+q+2r ∑ j=1 (−1)^{j̃} i(ε^j)∂_yj S. (27)

Proposition 5.1. When d ≠ 0 and δ ≠ 1, the osp(p+1, q+1|2r)-equivariant quantization on S^1_δ is given by

Q = Q_{Aff} ∘ (Id + λ 1 − δ div).

When δ = 1, the quantization does not exist unless λ = 0. Proof. We just solve Equation (26) and compute that N|_S1_δ = −2λd div. □

For symbols of degree two, we will need to use the superization of wellknown operators.

Definition 5.2. The gradient operator and the Lapacian are defined by the following formulae:

G: S^k_δ → S^{k+1}_δ : S → p+q+2r ∑ j=1 (−1)^{j̃} ε^{j♯} ∨ ∂_yj S, (28)

Δ: S^k_δ → S^k_δ : S → p+q+2r ∑ j=1 ω_0(e_i, e_j )∂_yj ∂_yi S. (29)

Moreover, we set G_0 = G ∘ T and Δ_0 = Δ ∘ T .

The result is then the superization of the classical one in [9]. Proposition 5.3. If d ≠ 0 and δ is not resonant, then the osp(p+1, q+1|2r)- equivariant quantization on S^2_δ is Q = Q_{Aff} ∘ (Id + a_1G_0 + a_2div + a_3Δ_0 + a_4div^2), where the coefficients are given by

a_1 = d(2λ + δ − 1) 2(dδ − 2)(d(δ − 1) − 2) , a_2 = −(λd + 1) d(δ − 1) − 2 , a_3 = dλ(2 + (4λ − 1)d + (−δ^2 − 3λδ + 2λ + 2δ − 1)d^2) 2(d(δ − 1) − 1)(d(2δ − 1) − 2)(dδ − 2)(d(δ − 1) − 2) , a_4 = dλ(dλ + 1) 2(d(δ − 1) − 1)(d(δ − 1) − 2) . Proof. First we write any symbol S ∈ S^2_δ as a sum of eigenvectors of C:

S = S_{2,1} + S_{2,0}, where S_{2,1} = 1 2d R ∘ T (S). Solving Equation (26), we obtain that the quantization is given by

Q(S) = Q_{Aff} (S + 1 2(dδ − 2) NS_{2,1} + 1 4(dδ − 2)(2dδ − d − 2) N^2S_{2,1}+ + 1 2(dδ − d − 2) NS_{2,0} + 1 8(dδ − d − 2)(dδ − d − 1) N^2S_{2,0}).

We then conclude easily by using straightforward relations that hold on S^2_δ : N = −2(λd + 1)div + G_0, div ∘ R ∘ T = 2G_0, G_0 ∘ R ∘ T = 2dG_0, and finally div ∘ G = Δ_0. □ 5.2. The case d = 0. Let us start with symbols of degree one. We know from Proposition 3.7 that C vanishes on S^0_δ and S^1_δ so that the situation is resonant for every δ. However, by Proposition 3.4, the map γ vanishes on S^1_δ so that Q_{Aff} defines an equivariant quantization on S^1_δ . Moreover, since divX^h = 0 for all h ∈ Φ(osp(p+1, q +1|2r)), the osp(p+1, q +1|2r)-modules S^1_δ and S^1_0 are equivalent (see formula (2)). Finally, the fact that div is a 1-cocycle of the cohomology of Vect(R^{p+q|2r} ) valued in superfunctions gives L_X (divS) = div(L_X S) for every symbol S and every divergence-free vector field X. We thus obtain a whole 1-parameter family of quantizations at order one. Proposition 5.4. If d = 0, then for any t ∈ R, the map Q: S^1_δ → D^1_{λ,μ} : S → Q_{Aff} (Id + t div)(S) defines a osp(p + 1, q + 1|2r)-equivariant quantization over R^{p+q|2r} .

For symbols of degree two, it follows from Proposition 3.11 that the minimal polynomial of C on S^2_δ is given by (x + 4)^2. Thus −4 is a root of this polynomial with multiplicity two, the restriction of C to this space of symbols is not diagonalizable and we have to use Equation (25). Proposition 5.5. If d = 0, the map

Q: S^2_δ → D^2_{λ,μ} : S → Q_{Aff} (Id + 1 2 div)(S)

defines a osp(p + 1, q + 1|2r)-equivariant quantization over R^{p+q|2r} .

6. Acknowledgments

It is a pleasure to thank J.-P. Michel for stimulating discussion. P. Mathonet is supported by the University of Luxembourg internal research project F1R-MTH-PUL-09MRDO. F. Radoux thanks the Belgian FNRS for his research fellowship.

References

[1] F.A. Berezin. Introduction to superanalysis, volume 9 of Mathematical Physics and Applied Mathematics. D. Reidel Publishing Co., Dordrecht, 1987. Edited and with a foreword by A. A. Kirillov, With an appendix by V. I. Ogievetsky, Translated from the Russian by J. Niederle and R. Kotecký, Translation edited by D. Leites.

[2] J.N. Bernstein and D.A. Leites. Invariant differential operators and irreducible representations of Lie superalgebras of vector fields. Serdica, 7(4):320–334, 1981 (Russian). English translation: Selecta Math. Soviet.,1(2),143–160, 1981. Selected Translations.

[3] F. Boniver, S. Hansoul, P. Mathonet, and N. Poncin. Equivariant symbol calculus for differential operators acting on forms. Lett. Math. Phys., 62(3):219–232, 2002.

[4] F. Boniver and P. Mathonet. IFFT-equivariant quantizations. J. Geom. Phys., 56(4):712–730, 2006.

[5] M. Bordemann. Sur l’existence d’une prescription d’ordre naturelle projectivement invariante. Submitted for publication, math.DG/0208171.

[6] S. Bouarroudj. Projectively equivariant quantization map. Lett. Math. Phys., 51(4):265–274, 2000.

[7] S. Bouarroudj. Formula for the projectively invariant quantization on degree three.

C. R. Acad. Sci. Paris Sér. I Math., 333(4):343–346, 2001.

[8] A. Čap and J. Šilhan. Equivariant quantizations for AHS-structures. Adv. Math., 224(4):1717–1734, 2010.

[9] C. Duval, P. Lecomte, and V. Ovsienko. Conformally equivariant quantization: existence and uniqueness. Ann. Inst. Fourier (Grenoble), 49(6):1999–2029, 1999.

[10] C. Duval and V. Ovsienko. Conformally equivariant quantum Hamiltonians. Selecta Math. (N.S.), 7(3):291–320, 2001.

[11] C. Duval and V. Ovsienko. Projectively equivariant quantization and symbol calculus:

noncommutative hypergeometric functions. Lett. Math. Phys., 57(1):61–67, 2001. [12] D.J.F. Fox. Projectively invariant star products. IMRP Int. Math. Res. Pap., (9):461– 510, 2005.

[13] H. Gargoubi, N. Mellouli, and V. Ovsienko. Differential operators on supercircle: conformally equivariant quantization and symbol calculus. Lett. Math. Phys., 79(1):51– 65, 2007.

[14] J. George. Projective connections and schwarzian derivatives for supermanifolds, and Batalin-Vilkovisky operators. arXiv:0909.5419v1.

[15] P. Grozman, D. Leites, and I. Shchepochkina. Invariant operators on supermanifolds and standard models. In Multiple facets of quantization and supersymmetry, pages 508–555. World Sci. Publ., River Edge, NJ, 2002, arXiv:math/0202193v2.

[16] S. Hansoul. Projectively equivariant quantization for differential operators acting on forms. Lett. Math. Phys., 70(2):141–153, 2004.

[17] S. Hansoul. Existence of natural and projectively equivariant quantizations. Adv.

Math., 214(2):832–864, 2007.

[18] V.G. Kac. A sketch of Lie superalgebra theory. Comm. Math. Phys., 53(1):31–64, 1977.

[19] P.B.A. Lecomte. Classification projective des espaces d’opérateurs différentiels agissant sur les densités. C. R. Acad. Sci. Paris Sér. I Math., 328(4):287–290, 1999.

[20] P.B.A. Lecomte. Towards projectively equivariant quantization. Progr. Theoret. Phys.

Suppl., (144):125–132, 2001. Noncommutative geometry and string theory (Yokohama, 2001).

[21] P.B.A. Lecomte and V. Ovsienko. Projectively equivariant symbol calculus. Lett.

Math. Phys., 49(3):173–196, 1999.

[22] T. Leuther and F. Radoux. Natural and projectively invariant quantizations on supermanifolds. SIGMA, 7(34), 2011.

[23] S.E. Loubon Djounga. Conformally invariant quantization at order three. Lett. Math.

Phys., 64(3):203–212, 2003.

[24] P. Mathonet and F. Radoux. Natural and projectively equivariant quantiations by means of Cartan connections. Lett. Math. Phys., 72(3):183–196, 2005.

[25] P. Mathonet and F. Radoux. Cartan connections and natural and projectively equivariant quantizations. J. Lond. Math. Soc. (2), 76(1):87–104, 2007.

[26] P. Mathonet and F. Radoux. On natural and conformally equivariant quantizations.

J. Lond. Math. Soc. (2), 80(1):256–272, 2009.

[27] P. Mathonet and F. Radoux. Existence of natural and conformally invariant quantizations of arbitrary symbols. J. Nonlinear Math. Phys., 17(4):539–556, 2010, arXiv:0811.3710.

[28] P. Mathonet and F. Radoux. Projectively equivariant quantizations over the superspace R^{p|q} . Lett. Math. Phys., (to appear, DOI 10.1007/s11005-011-0474-0), 2011.

[29] N. Mellouli. Second-order conformally equivariant quantization in dimension 1|2.

SIGMA, 5(111), 2009.

[30] J.-P. Michel. Quantification conformément équivariante des fibrés supercotangents. Thèse de Doctorat, Université Aix-Marseille II. http://tel.archives-ouvertes.fr/tel-00425576/fr/, 2009.

[31] J.P. Michel. Conformally equivariant quantization-a complete classification. Arxiv preprint arXiv:1102.4065, 2011.

[32] I.M. Musson. On the center of the enveloping algebra of a classical simple Lie superalgebra. J. Algebra, 193(1):75–101, 1997.

[33] G. Pinczon. The enveloping algebra of the Lie superalgebra osp(1, 2). J. Algebra, 132(1):219–242, 1990.

[34] M. Scheunert. Eigenvalues of Casimir operators for the general linear, the special linear and the orthosymplectic Lie superalgebras. J. Math. Phys., 24(11):2681–2688, 1983.

[35] A.N. Sergeev. The invariant polynomials on simple Lie superalgebras. Represent.

Theory, 3:250–280 (electronic), 1999.

[36] A.N. Sergeev and Leites D. Casimir operators for Lie superalgebras.

arXiv:math/0202180v1.

[37] J. Šilhan. Conformally invariant quantization–towards complete classification. Arxiv preprint arXiv:0903.4798, 2009.

(Thomas Leuther) University of Liège, Department of Mathematics, Grande Traverse, 12 - B37, B-4000 Liège, Belgium

E-mail address: Thomas.Leuther[at]ulg.ac.be

(Pierre Mathonet) Mathematics Research Unit, FSTC, University of Luxembourg, 6, rue Coudenhove-Kalergi, L-1359 Luxembourg, Luxembourg E-mail address: pierre.mathonet[at]uni.lu,P.Mathonet[at]ulg.ac.be

(Fabian Radoux) University of Liège, Department of mathematics, Grande Traverse, 12 - B37, B-4000 Liège, Belgium

E-mail address: Fabian.Radoux[at]ulg.ac.be