arXiv:1107.2083v1 [hep-ph] 11 Jul 2011

QCD effects in the D^oD^∗_o component of X(3872)

Bilal Masud^∗, M. Imran Jamil^†, Centre For High Energy Physics, Punjab University, Lahore(54590), Pakistan.

Abstract

The dynamical effects of the QCD-based gluon field overlap factor f (exp(−bsk_f ∑ i<j r^2_{ij} )) has been seen for the scattering process of D^oD^∗_o −→ ωJ/ψ. The value used for the parameter k_f in the exponent of the factor-f has its origin in numerical lattice simulations. We have calculated the cross sections and phase shifts for the scattering process of D^oD^{o∗} −→ ωJ/ψ when f is used in the off-diagonal elements of potential energy, kinetic energy and normalization matrices of a model of q^2q^2 systems in the gluonic cluster basis. Our cross sections can be potentially compared with experiments. As D^oD^∗_o is considered to be a significant component of the meson X(3872), our work may have implications for the structure of X(3872) in pointing out the roles of this component of it and other in it; we accordingly comment on meson-meson binding in the D^oD^∗_o. By using the resonating group method, we hope to explore the features of the meson-meson system possibly missed in Born-approximation based treatments for the almost degenerate states of D^oD^∗_o and X(3872).

1 Introduction

In the last few years important progress has been made as far as charmonium spectroscopy is concerned. The many missing states, which were expected in quark model, has been seen. Furthermore some unexpected states has also been discovered experimentally which are challenging the quark model seriously. These newly born states were given names alphabetically as XYZ [1]. An important member of this family is the meson X(3872) which is now generally considered [2]as a mixture of D^oD^∗_o, D^+D^∗_− and cc̄. Any effort to understand it, thus, should understand many quantities composed of combinations of its components. A direct lattice study of it would have to calculate many corresponding Wilson loops before arriving at any conclusion. A more manageable route could be to make separate models of its components, find out their consequences and then combine the models to understand X(3872) or other mesons with a complex structure like that. If separate models use Hamiltonians, then for combining the components of X(3872) the suitable choice perhaps remains a non-relativistic quantum-mechanics-based formalism.

Here we take the first step in this scheme and concentrate on models of D^oD^∗_o. This is a two quarks two antiquarks molecule. We have already worked on meson-meson molecules [3]. But that work did not take into account the spin and flavour degrees of freedoms. We now specialize the formalism developed to the charm, anticharm quarks along with lighter ones. That is what we have to do study the D^oD^∗_o system. (Perhaps it is worth mentioning here that there are other meson molecules worth studying as well. Rather the strong candidates for meson molecules or tetraquark states belong to light scalars [4] [5] [6] as well as some hidden charm resonances [7] e.g. X(3872), Y (4260), Y (4140) and Z^+(4430). Some times a common name ’tetraquark’ is used for both the types (qq̄qq̄ and q̄q̄qq) because the lattice methods do not distinguish between the two types [8].

”Scalar mesons are special because they have the same quantum numbers as the quantum numbers of vacuum, J^{P C} = 0^{++} [9]. So in contrast to pseudo-scalar and vector mesons, the scalar mesons have non zero vacuum expectation values. They belong to Higgs sector of strong interactions and reflect the QCD-vacuum structure.” ”By taking scalar mesons as qq̄-systems in the naive constituent quark models, it is not possible to reproduce the mass spectrum of the scalar nonet [10]. (There have been observed

∗e mail: bilalmasud@chep.pu.edu.pk †e mail: mimranjamil@hotmail.com

15 scalar mesons including f_o(400 − 1200), f_o(1370), f_o(1500), f_o(1710), k^∗_o (1430), a_o(980), a_o(1430) [11] instead of 9 below 2 GeV .) Thus whereas SU(3) flavour symmetry works well for reproducing the mass spectrum of pseudoscalar (J^{P C} = 0^{−+}) and vector (J^{P C} = 1^{−−}) meson nonets in the conventional qq̄ picture of mesons, this qq̄ picture is not working for scalar mesons [12]. The excess of scalar mesons may be explained by the introduction of non-conventional mesons with internal structure other than the qq̄. So the possible interpretation [10] of the internal structure may be: 1-”They may be four quark states with strong diquark correlations” [4] [13] [14] [15] 2- ”They may be collective qq̄ excitations” [16] [17] [18] [19] [20] [21] 3- ”They may be mesonic molecules generated dynamically” [22] [23] [24] [25] [26] [27] 4- ”They may be glueballs” [28].)

Coming back to X(3872), there are indications that X(3872), Y (4140) and Y (4260) are tetra-quark or molecular states [8]. Author of ref. [29] identified X(3872) being a tetraquark. Ref. [30] assume that X(3872) is a molecular bound state of neutral charm mesons. Not everyone, though, takes the X to be purely molecule or tetraquark. But generally it is accepted [2][31] that the D^oD^∗_o molecule is a significant (if not dominant) component of X(3872). (We would like to add that such of mixing of a quark antiquark state with a meson-meson molecule is not very uncommon: In ref. [32] it is stated that the ”Fock space decomposition of the σ meson reveals that the dominant component behaves with the increase of N_c, up to N_c = 6, as a qq̄qq̄ then the subdominant qq̄-like takes over for large N_c up to N_c = 20. The glueball-like component stays always at or below the 10% level”. The glue ball states do not mix with qq̄, qq̄qq̄ etc. in quenched approximation [33]. However full QCD reveals that there is mixing between uū + dd̄ stats and ss̄ state along with glueball and multiquark channels for any value of J^{P C} of flavour singlet states. So it turns out that for the physical spectrum of scalar mesons there is a mixing of qq̄, qq̄qq̄, glueball etc. [34].)

For understanding X(3872) we have selected to discuss the D^oD^∗_o molecule. This is a pseudoscalar vector structure, which is also important in its own because a) P_sV (pseudoscalar vector) scattering gives excellent information about the spin dependent forces b) P_sV scattering phase shifts are experimentally accessible [35]. In P_sV scattering a D^oD^{o∗} system may go to an ωJ/ψ system by making an intermediate state X(3872).

There are many works [27][36][37][38][31] that treat two-quarks two antiquarks through a sum of pair-wise interaction and calculate the meson-meson binding in it. For example, Swanson found [27] that a DD^∗ system may couple to ωJ/ψ system in the one gluon exchange model but, according to him, the small interaction is not sufficient for a bound molecular state. Through the present work, we want to find implications of non only improving the two-quarks two antiquark modeling beyond the sum of two body approach but work out a formalism for meson meson scattering that is not limited to Born approximation. In a recent work of us [3], we have mentioned a model that is better than a simple sum of two body approach and have worked out its meson-level consequences. We had to use a Born approximation there. In the present paper, we use a resonating group formalism to go beyond the Born approximation and introduce the spin and flavour degrees of freedoms. A similar realistic meson-meson treatment for lighter quarks has been published earlier [39]. But, in contrast to [39] we now address a meson-meson system (D^oD^∗_o) of current interest. We also give, or plan to give, a much more thorough analysis of the meson-meson phase shifts and binding in this system. We include also the cross-section that are not in [39] at all.

As compared to the sum-of-two body approach, we show in our results section how the inclusion of the QCD effect in the form of the gluonic field overlap factor f reduces both the phase shifts and cross sections, meaning a reduced interaction.

We should point out in one respect our present two quarks two antiquarks model is not as close to QCD as is the model used in [3]. This is because, for the gluonic field factor f of the model, we use an old [40] but computationally more convenient Gaussian form. It is expected to be a good approximation because we have checked that the binding energies for a four quark system do not change much if we use the Gaussian form of f or more refined surface area form [41] of f.

We think our improvement beyond the Born approximation is an important one. This is because we are dealing with states (D^oD^∗_o), J/ψω and X(3872) that are close in energy. Energy coincidence is the main reason behind a mixing through quark exchange in D^oD^{o∗} −→ J/ψuū because D^oD^{o∗} and J/ψω are effectively mass degenerate. For such almost degenerate states approaches similar to a nondegenerate perturbation theory (or Born approximation) fail; see ref. [42]. As our resonating group method based treatment is not limited to any perturbation theory (or it has some resemblance with a degenerate perturbation theory) we hope to include effects that might have been missed in treatments

(like Born approximation) that that closer to a non-degenerate perturbation theory.

In section 2 we have defined the Q^2Q̄^2 Hamiltonian and the corresponding wave function with reference to spin and flavor basis. There we have also given the form of f that we have used. In sec. 3 we have calculated the Potential Energy, Kinetic Energy and Overlap Matrices in the Flavor, Spin and Gluonic bases. In sec. 4 we have written the coupled integral equations for Q^2Q̄^2 system and solved them for transition amplitudes. In sec. 5 we have presented our results and gave conclusions.

2 The Q^2Q̄^2 Hamiltonian and the Wave-function

In ref. [27] it is given that the Born order scattering amplitude for D^oD^{o∗} −→ ωJ/ψ scattering is dominated by the confinement interaction (in the present work we are taking quadratic confinement) which is in contrast to light meson scattering (which is dominated by the hyperfine interaction) so hyperfine interaction for this process can be neglected which we did here in the present work.

Using adiabatic approximation we can write the total state vector of a system containing two quarks two antiquarks and the gluonic field between them as a sum of product of quarks (Q or Q̄) position dependence function Ψ_r(r_1, r_2, r¯_3, r¯_4) and the gluonic field state |k⟩_g along with flavor and spin bases. |k⟩_g is defined as a state which approaches |k⟩_c in the weak coupling limit , with |1⟩_c = |1_1¯_31_2¯_4⟩_c, |2⟩_c = |1_1¯_41_2¯_3⟩_c and |3⟩_c = |¯3_{12}3¯_3¯_4⟩_c. In lattice simulations of the corresponding (gluonic) Wilson loops it is found that the lowest eigenvalue of the Wilson matrix, that is energy of the lowest state, is always the same for both 2 × 2 and 3 × 3 matrices provided that |1⟩_g or |2⟩_g has the lowest energy [41]. The later calculations [43] of the tetraquark system were also done with a two level approximation. Taking advantage of these observations, we have included in our expansion only two basis states. As in resonating group method, Ψ_r(r_1, r_2, r¯_3, r¯_4) or Ψ_r(R_c, R_k, y_k, z_k) is written as product of known dependence on R_c, y_k, z_k and unknown dependence on R_k. i.e. Ψ_r(r_1, r_2, r¯_3, r¯_4) = Ψ_c(R_c)χ_k(R_k)ψ_k(y_k, z_k). Here R_c is the center of mass coordinate of the whole system, R_1 is the vector joining the center of mass of the clusters (1, 3) and (2, 4), y_1 is the position vector of quark 1 with respect to 3 within the cluster (1, 3) and z_1 is the position vector of quark 2 with respect to 4 within the cluster (2, 4). The same applies to R_2, y_2 and z_2 for the clusters (1, 4) and (2, 3). Similarly we can define R_3, y_3 and z_3 for the clusters (1, 2) and (3, 4). Or we can write them in terms of position vector of the four particles (quarks or antiquarks) as follow.

R_1 =

(r_1 + rr_3 − rr_2 − r_4)

(1 + r) (1)

R_3 =

(r_1 + rr_2 − rr_3 − r_4)

(1 + r) (2) Where r =^{mc}_m , m_c is constituent mass of charm quark and m is that of up or down quark. While the other definitions of position vectors are

y_1 = r_1 − r_3 and z_1 = r_2 − r_4, (3)

R_2 = 1 2 (r_1 + r_4 − r_2 − r_3) , y_2 = r_1 − r_4 and z_2 = r_2 − r_3 (4) and y_3 = r_1 − r_2 and z_3 = r_3 − r_4. (5)

Thus meson meson state vector in the restricted gluonic basis is written as

|Ψ(r_1, r_2, r¯_3, r¯_4; g)⟩ = 2∑ k=1 |k⟩_g |k⟩_f |k⟩_sΨ_c(R_c)χ_k(R_k)ξ_k(y_k)ζ_k(z_k). (6)

The interquark potential in each cluster is taken as simple harmonic oscillator potential (see eq. (12)). So the space part of mesonic wave functions remain Gaussian i.e.

ξ_k (y_k) = 1 (2πd^2_{k1})^34 exp ( −y2_k 4d^2_{k1} ) (7)

Figure 1: Topology1.

and ζ_k(z_k) = 1 (2πd^2_{k2})^34 exp ( −z2_k 4d^2_{k2} ) , (8)

but with different sizes. k=1,2 correspond to topologies in fig. 1 and fig. 2 respectively, while d_{k1} and d_{k2} are the sizes of mesonic wave functions. For a 3-d simple harmonic oscillator, size square is inversely proportional to the square root of reduced mass of quark and antiquark in the meson. So, if d = (_1 mm m+m ) 1_4 , d^′ =

(_1 mmc m+mc ) 1_4 and d^{′′} =

(_1 mcmc mc+mc ) 1_4

(we are taking constant of proportionally being

1, this constant of proportionality eliminates in the following ratios of d^{′ s}), then we have d^{′2} d^2 = √ m(m_c + m) 2mm_c = √ r + 1 2r (9) and d^{′′2} d^2 = √ 2m 2m_c = √ 1 r (10)

Here d^′ = d_{11} = d_{12} is size of mesonic wave function of a heavy-light quark system corresponding to mesons (D^oD^{o∗}) in channel-1, d = d_{21} for both light quarks and d^{′′} = d_{22} is correspondingly for both heavy quarks for mesons (ω and J/ψ respectively) in channel-2.

These Gaussian forms of meson wave functions are, strictly speaking, the wave functions of a quadratic confining potential. But, as pointed out in text below Fig. 1 of ref. [44], the overlap of a Gaussian wave function and the eigenfunction of the realistic linear plus colombic potential can be made as close as 99.4% by properly adjusting its parameter d. A realistic value of d mimicking a realistic meson wave function depends on the chosen scattering mesons and thus in this present work we actually have chosen the realistic value of d for J/Ψ.

As for the Hamiltonian, for f=1 the total Hamiltonian H of our 4-particle system is taken as [26]

Ĥ =^4 ∑ i=1 [ m_i +

P̂ 2_i 2m_i ] + ∑ i<j v(r_{ij} )F_i.F_j . (11)

Where m_i (i = 1, 2, ¯3, ¯4) is the mass of ith quark and our kinetic energy operator is non-relativistic. In above F has 8 components F_i′ =^{λi′}_2 , i^′ = 1, 2, 3, ..., 8 and F^∗_i′ =^{λ∗i′}_2 , λ_i′ are Gell-Mann matrices.

For the pairwise qq potential, we have used a quadratic confinement

v_{ij} = Cr^2_{ij} + C̄ with i, j = 1, 2, ¯3, ¯4. (12)

As for the within-a-cluster dependence of the wave function, this use of the quadratic potential in place of the realistic Coulumbic plus linear may change the full wave function. In the within-a-cluster, this

Figure 2: Topology2

change of wave function is found to result in a change of an overlap integral from 100% to 99.4% only provided the parameter d of the wave function is adjusted. It seems that by a proper adjustment the parameters of the quadratic (or SHO) model can reasonably simulate a qq̄ or even a q^2q̄^2 system. In our case, this adjustment of the parameters has been made by a choice of actual scattering mesons in the presence of spin and flavour degrees of freedom.

2.1 Inclusion of Spin and Flavor

In this chapter we are considering a realistic system D^oD^{o∗} by introducing spin and flavour in our formalism of treating a four quark system. But for computational convenience we are considering the gaussian form of f (see eq. (24)) instead of more accurate minimal area form (see eq. (23)). A q^2q^2 system can have a spin of 0,1 or 2. Here we study D^o and D^{o∗} with spin 0 and 1 respectively. So the total spin in the incoming channel is 1. But for the outgoing channel we have ω and J/ψ both with spin 1. The conservation of spin tells that the spin of the outgoing channel must be 1. Our spin states are

|1⟩_s = |P_{13}V_{24}⟩ (13) and |2⟩_s = |V_{14}V_{23}⟩, (14)

where P represents a pseudo-scalar and V represents a vector meson. For the flavour basis we have D^o = |cū⟩, D^{o∗} = |c̄u⟩, ω =^{1√}_2 |uū + dd̄⟩ and J/ψ = |cc̄⟩ so the flavour states in channel 1 and 2 are |1⟩_f = |cū⟩|c̄u⟩ (15) and |2⟩_f = 1 √ 2 |uū + dd̄⟩|cc̄⟩ (16) respectively.

Now the spin flavour free resonating group method based integral equations generalize to 2∑ l=1 ∫ d^3y_kd^3z_kξ_k (y_k)ζ_k (z_k)_f ⟨k|_s⟨k|_g ⟨k | (H − E_c) | l⟩_g |l⟩_s|l⟩_f χ_l(R_l)ξ_l(y_l)ζ_l(z_l) = 0, (17)

for k = 1, 2. Here H = K + V^p +

∑_4 i=1 m_i. The gluonic states are defined in sec. 2 while spin and flavour states are defined in eqs. (13-16) above. As operator (H − E_c) is identity in the flavor basis, the overlap factors are also the flavor matrix elements of the (H − E_c) operator. Thus the above eq. can be written as 2∑ l=1 ∫ d^3y_kd^3z_{kf} ⟨k|l⟩_f ξ_k(y_k)ζ_k (z_k)_s⟨k|_g ⟨k | H − E_c | l⟩_g|l⟩_sχ_l(R_l)ξ_l(y_l)ζ_l(z_l) = 0 (18)

for k = 1, 2. Or Because of isospin conservation and no annihilation effects each flavour overlap factor is unity. We may separate flavour overlap from spin and gluonic overlaps. 2∑ l=1 ∫ d^3y_kd^3z_kξ_k(y_k)ζ_k (z_k)_s⟨k|_g ⟨k | H − E_c | l⟩_g|l⟩_sχ_l(R_l)ξ_l(y_l)ζ_l(z_l) = 0 (19)

According to the (2 dimensional basis) model I_a of ref. [41], the normalization, potential energy and kinetic energy matrices in the corresponding gluonic basis only are N = ( 1^1_3 f 1 3 f 1 ) , (20)

V = (_{−4} 3 (v_{13} + v_{24})^4_9 f(v_{12} + v_{34} − v_{13} − v_{24} − v_{14} − v_{23}) 4 9 f(v_{12} + v_{34} − v_{13} − v_{24} − v_{14} − v_{23})^{−4}_3 (v_{14} + v_{23}) ) (21) and

g ⟨k | K | l⟩_g = N(f)^{12}_{k,l} (^4∑ i=1 − ∇^2_i 2m ) N(f)^{12}_{k,l}. (22)

This is the modification, through the f factor, to the Hamiltonian.

2.2 Form of f

Ref. [41] supports through a comparison with numerical lattice simulations a form f that was earlier [45] suggested through a quark-string model extracted from the strong coupling lattice Hamiltonian gauge theory. This is f = exp(−b_sk_f S), (23) S being the area of minimal surface bounded by external lines joining the position of the two quarks and two antiquarks, and b_s = 0.18GeV^2 is the standard string tension [46, 47], k_f is a dimensionless parameter whose value of 0.57 was decided in ref. [41] by a fit of the simplest two-state area-based model (termed model Ia) to the numerical results for a selection of Q^2Q̄^2 geometries. It is shown there [41] that the parameters, including k_f , extracted at this SU(2)_c lattice simulation with β = 2.4 can be used directly in, for example, a resonating group calculation of a four quark model as the continuum limit is achieved for this value of β.

For interpreting the results in terms of the potential for the corresponding single heavy-light meson (Qq̄), a Gaussian form f = exp(−b_sk_f ∑ i<j r^2_{ij} ) (24)

of the gluonic filed overlap factor f is used in ref. [48] for numerical convenience and not the minimal area form. But for a particular geometry, the two exponents (the minimal area and the sum of squared distances) in these two forms of f are related and thus for a particular geometry a comparison of the parameter k_f multiplying area and corresponding (different!) k_f multiplying sum of squares in eq. (14) of ref. [48] is possible. We note that, after correcting for a ratio of 8 between the sum of distance squares (including two diagonals) and the area for the square geometry, the colour-number-generated relative difference for this geometry is just 5%: the coefficient is 0.075 × 8 = 0.6 multiplying sum of squared distances and 0.57 multiplying the minimal area. But, as the precise form of f is still under development (the latest work [43] has covered only a very limited selection of the positions of tetraquark constituents) and the expression for the area in its exponent needs improvement, it is not sure precisely what value of the k_f best simulates QCD. Furthermore we have checked that the binding energies of four-quark system do not vary much at least for the square geometry. So for the present work we are taking f reported in eq. (14) of ref. [48] and is numerically easier to deal with. This sec. 2.2 has been taken from our previous work [3].

3 Potential Energy, Kinetic Energy and Overlap Matrices in the flavor, spin and gluonic basis

We define in this section the potential energy, kinetic energy and the overlap matrices of potential energy, kinetic energy and identity operators in the flavor spin and gluonic basis with out doing any space differentiations and integrations. First we discuss the matrix elements of potential operator

V̂^P (q_1q_2q̄_3q̄_4) =^4 ∑ i<j F_i.F_j v_{ij} (25)

,where v_{ij} is defined in eq. (12), in the gluonic-spin bases. V^P_{kgs ,lgs} =_{gs}⟨k | V̂^P | l⟩_{gs} = ∑ i<j F_i.F_j (v_{ij} )_{kgs ,lgs} = ∑ i<j a_{ij} (k, l)(v_{ij} )_{ks,ls} A_{kl} (26) Here a_{13}(1, 1) = a_{24}(1, 1) = −^4_3 , a_{12}(1, 1) = a_{23}(1, 1) = a_{24}(1, 1) = a_{34}(1, 1) = 0 and a_{12}(1, 2) = a_{34}(1, 2) = −a_{13}(1, 2) = −a_{24}(1, 2), −a_{23}(1, 2) = −a_{14}(1, 2) =^4_9 f and similarly others are the matrix elements of the F_i.F_j operator in the gluonic basis {|1⟩_g, |2⟩_g}. A_{kl} are the elements of spin overlap matrix A. A = ( 1^{1√}_2 1√ 2 1 ) (27)

(See appendix-a for details).

The hyperfine interactions are neglected here because they do not affect the scattering amplitude much [27]. So the potential energy matrix becomes

V^p = (_{−4} 3 (v_{13} + v_{24})_{1s,1s}^4_9 f(v_{12} + v_{34} − v_{13} − v_{24} − v_{14} − v_{23})_{1s,2s} 4 9 f(v_{12} + v_{34} − v_{13} − v_{24} − v_{14} − v_{23})_{2s,1s}^{−4}_3 (v_{14} + v_{23})_{2s,2s} ) (28)

Where the subscript s indicates the spin states.

Now we come towards kinetic energy operator. In spin space, K and (

∑_4

i=1 m_i−E_c) are unit operators.

So their matrix elements in spin-gluonic bases are equal to matrix elements in gluonic basis multiplied by spin overlaps. i.e. K_{kgs,lgs} =_{gs}⟨k | K | l⟩_{gs} =_s⟨k | l⟩_{s g} ⟨k | K | l⟩_g = A_{kl g} ⟨k | K | l⟩_g (29) and gs⟨k | ( 4∑ i=1 m_i − E_c) | l⟩_{gs} = ( 4∑ i=1 m_i − E_c)_{gs}⟨k | l⟩_{gs} = ( 4∑ i=1 m_i − E_c)N_{kgs ,lgs}

= ( 4∑ i=1 m_i − E_c)_s⟨k | l⟩_{s g} ⟨k | l⟩_g = ( 4∑ i=1 m_i − E_c)A_{kl g}⟨k | l⟩_g (30) where N_{kgs,lgs} =_{gs}⟨k | l⟩_{gs} (31) Using eqs. (31), (29) and (26) in eq. (19), we get ∫ d^3R^′_k [ K_{kgs ,kgs} (R_k, R^′_k) + V^P_{kgs ,kgs} (R_k, R^′_k) + ( 4∑ i=1 m_i − E_c)N_{kgs ,kgs} (R_k, R^′_k) ] χ_k(R^′_k) + ∫ l≠k d^3R_l [ K_{kgs,lgs} (R_k, R_l) + V^P_{kgs ,lgs} (R_k, R_l) + ( 4∑ i=1 m_i − E_c)N_{kgs ,lgs} (R_k, R_l) ] χ_l(R_l) = 0, (32) for k, l = 1, 2. K_{kgs,lgs} , V^P_{kgs ,lgs} and N_{kgs ,lgs} are defined as ∫ d^3R^′_lK_{kgs ,lgs} (R_k, R^′_l)χ_l(R^′_l) = ∫ d^3y_kd^3z_kξ_k(y_k)ζ_k(z_k)K_{kgs,lgs} χ_l(R_l)ξ_l(y_l)ζ_l(z_l) (33) ∫ d^3R^′_lV^P_{kgs ,lgs} (R_k, R^′_l)χ_l(R^′_l) = ∫ d^3y_kd^3z_kξ_k (y_k)ζ_k (z_k)V^P_{kgs ,lgs} χ_l(R_l)ξ_l(y_l)ζ_l(z_l) (34) ∫ d^3R^′_lN_{kgs ,lgs} (R_k, R^′_l)χ_l(R^′_l) = ∫ d^3y_kd^3z_kξ_k (y_k)ζ_k (z_k)N_{kgs ,lgs} χ_l(R_l)ξ_l(y_l)ζ_l(z_l) (35)

3.1 Space Differentiations and Integrations

In this section we describe how we performed spatial integrations on right hand side of eqs. (33-35). For that we have to substitute K_{kgs,lgs} , V^P_{kgs ,lgs} and N_{kgs ,lgs} expressions from eqs. (29), (26) and (31). As for as K_{kgs ,lgs} is concerned we have to do spacial differentiations as well because it involves kinetic energy operator. In the case of k = l, R_l is linearly independent of y_k and z_k thus χ_l(R_l) can be taken out side of integration. For k ≠ lwe have to write R_l, y_l and z_l in terms of R_k, y_k and z_k.

First for k = l in eq. (31) by using eqs. (27 and 20) for spin and colour overlap matrix diagonal elements, we have N_{kgs,kgs} =_{gs}⟨k | k⟩_{gs} =_s⟨k | k⟩_{s g}⟨k | k⟩_g = A_{kk} N(f)_{kk} = 1. Putting this in eq. (35) we get ∫ d^3R^′_kN_{kgs ,kgs} (R_k, R^′_k)χ_k(R^′_k) = χ_k(R_k) ∫ d^3y_kd^3z_kξ^2_k (y_k)ζ^2_k (z_k). (36)

Because ξ_k(y_k) and ζ_k(z_k) are normalized, so we get ∫ d^3R^′_kN_{kgs ,kgs} (R_k, R^′_k)χ_k(R^′_k) = χ_k(R_k). (37) Or N_{kgs ,kgs} (R_k, R^′_k) = δ(R_k, R^′_k), (38)

for k = 1, 2.

Now for kinetic energy matrix elements from eq. (29) for k = l, we have K_{kgs ,kgs} = A_{kk g} ⟨k | K | k⟩_g . (39) A_{kk} = 1 from eq. (27) while from eq. (22) we have

g⟨k | K | k⟩_g = N(f)^{12}_{k,k} (^4∑ i=1 − ∇^2_i 2m_i ) N(f)^{12}_{k,k} (40)

Using eq. (20) g ⟨k | K | k⟩_g = (^4∑ i=1 − ∇^2_i 2m_i ) (41)

As the four quarks are not of the same mass in this chapter so there appears index i with m. Substituting K_{kgs,kgs} = (^4∑ i=1 − ∇^2_i 2m_i ) (42) for k=1,2, in eq. (33) we get ∫ d^3R^′_kK_{kgs ,kgs} (R_k, R^′_k)χ_k(R^′_k) = ∫ d^3y_kd^3z_kξ_k(y_k)ζ_k(z_k)

(^4∑ i=1 − ∇^2_i 2m_i ) χ_k(R_k)ξ_k (y_k)ζ_k (z_k) (43)

By using eqs. (1), (2), (3) to (5), for R_1, R_2, R_3 and for y_k and z_k, we can write in the set {R_k, y_k, z_k}

(^4∑ i=1 − ∇^2_i 2m_i ) = − 1 2m [s_k∇^2_{Rk} + q_k∇^2_{yk} + t_k∇^2_{zk} ] (44)

for k = 1, 2, with m being the constituent mass of the light quark, up or down. Here s_1 = 2 r + 1

, q_1 = t_1 = r + 1 r , s_2 = r + 1 2r , q_2 = 2, t_2 = 2 r . (45)

. By using eq. (44) in to eq. (43) and doing all the space differentiations and integrations, we get

K_{kgs ,kgs} (R_k, R^′_k) = δ(R_k, R^′_k) [ 3 4 (λ_{k1} + λ_{k2}) − s_k 2m ∇^2_{Rk} ] (46)

for k = 1, 2. Here

λ_{k1} = q_k 2md^2_{k1} and λ_{k2} = t_k 2md^2_{k2}

. (47)

For the potential energy matrix, from eq. (26) and eq. (27) for k = l, we have V^P_{kgs ,kgs} = ∑ i<j a_{ij} (k, k)(v_{ij} )_{ks ,ks} (48) The only non zero coefficients a_{ij} (k, k) for k = l = 1 are a_1¯_3 and a_1¯_4 and for k = l = 2 are a_1¯_4 and a_2¯_3. Using the quadratic form of potential from eq. (12), eq. (48) becomes V^P_{kgs ,kgs} = − 4 3 [ 2C̄ + Cy^2_k + Cz^2_k ] (49)

Using this in eq. (34) we get the result V^P_{kgs ,kgs} = δ(R_k, R^′_k) [ − 8 3 C̄ − 4C[d^2_{k1} + d^2_{k2}] ] (50)

For writing the off-diagonal elements firs we write y_l, z_l and R_l as linear combination of y_k, z_k and R_k. This means, we use

R_2 = y_1 − z_1 2 (51)

R_3 = − ( r − 1 r + 1 ) R_1 + 2r (r + 1)^2

(y_1 + z_1) (52)

R_1 = y_2 − rz_2

r + 1

(53)

R_3 = y_2 + rz_2

r + 1

(54)

R_1 = − ( r − 1 r + 1 ) R_3 + 2r (r + 1)^2

(y_3 + z_3) (55)

R_2 = y_3 − z_3 2 (56)

It is clear from the above relations that the integration variables y_k and z_k are not appropriate for the integrations to do next. So, we have to replace them by their combinations with one being identical to R_l and other independent of it. Because of different quark masses now we can not write e.g. R_3 simply as linear combination of y_1 and z_1. Actually in place of R_1, y_1 and z_1, we used

f_1 = R_3 = − (r − 1 r + 1 ) R_1 + 2r (r + 1)^2

(y_1 + z_1) (57)

g_1 = − (r − 1 r + 1 ) R_1 − 2r (r + 1)^2

(y_1 + z_1) (58)

h_1 = R_2 = y_1 − z_1 2 . (59)

R_2, y_2 and z_2 are replaced by

f_2 = R_2 (60)

g_2 = R_3 = y_2 + rz_2 r + 1

(61)

h_2 = R_1 = y_2 − rz_2 r + 1

. (62)

Similarly for R_3, y_3 and z_3 we have

f_3 = R_1 = − (r − 1 r + 1 ) R_3 + 2r (r + 1)^2

(y_3 + z_3) (63)

g_3 = − (r − 1 r + 1 ) R_3 − 2r (r + 1)^2

(y_3 + z_3) (64)

h_3 = R_2 = y_3 − z_3 2 . (65)

With these new integration variables f_k, g_k and h_k (or their combinations f_k +g_k and f_k −g_k) for k = 1, 2 we can write expression for N_{kgs ,lgs} and other kernels present on L.H.S. of eqs. (33-35). First of all we write expression for N_{kgs,lgs} from eq. (31) with the help of eqs. (27 and 20) N_{kgs,lgs} = f 3 A_{kl} (66)

for k ≠ l. Substituting in eq. (35) expressing all the vectors there in terms of f_k, g_k and h_k and doing all the integrations other than R_l we get N_{1gs ,2gs} = l_o 3 √ 2 exp(−l_1R^2_1 − l_2R^2) (67) and N_{2gs ,1gs} = N_{1gs ,2gs} (68)

Here

l_o = (r + 1)^{94} r^{−158} 2^{34} (παd^2)^{−32} (69) l_1 = 1 4d^2 (r + 1 2 )_2[ γ − β^2 α ] (70)

l_2 = 4k̄ + 1 2d^2 √ 2r r + 1

(71) and α = 8k̄d^2

[ r2 + 1

r^2 ] + 1 + r^{−32} [ (r + 1)^2 √ 2(r + 1) + 1 ] (72)

β = 8k̄d^2 [ r2 − 1 r^2 ] + 1 + r^{−32} [ r^2 − 1 √ 2(r + 1) − 1 ] (73)

γ = 8k̄d^2

[ r2 + 1

r^2 ] + 1 + r^{−32} [ (r − 1)^2 √ 2(r + 1) + 1 ] (74)

The above integrations leave the kernels as functions of f_k, g_k and h_k which are then replaced by R_k and R_l using eqs. (57-65). E.g. for N_{1gs ,2gs} , f_1 − g_1 is integrated out leaving with

f_1 + g_1 = −2 (r − 1 r + 1 ) R_1 and h_1 = R_2 etc.

Now for the kinetic energy kernel for k ≠ l. Here along with integration firstly we have to do space differentiations as well. From eq. (29) using eq. (27) and eq. (22), we have

K_{kgs,lgs} = 1 3 √ 2 f^{12}

(^4∑ i=1 − ∇^2_i 2m_i ) f^{12} . (75)

We have expressed ( ∑_4 i=1 −^{∇2i}_{2mi} ) in eq. (44) in term of ∇^2_{Rk} , ∇^2_{yk} and ∇^2_{zk} . Now using relations from eqs. (51-65), we can write for k = 1

(^4∑ i=1 − ∇^2_i 2m_i ) = − 1 2m [ 8(r − 1)^2 (r + 1)^3

∇^2_{(f1 +g1 )} + 32r (r + 1)^3

∇^2_{(f1−g1)} + r + 1 2r ∇^2_{h1} ] , (76)

and for k = 2

(^4∑ i=1 − ∇^2_i 2m_i ) = − 1 2m [ r + 1 2r ∇^2_{f2} + 8 (r + 1)^2 ( ∇^2_{(g2+h2 )} + r∇^2_{(g2−h2)} ) ] . Or (^4∑ i=1 − ∇^2_i 2m_i ) = − 1 2m [ r + 1 2r ∇^2_{R2} + 8 (r + 1)^2 ( ∇^2_{(R3 +R1 )} + r∇^2_{(R3−R1 )} )] . (77)

Substituting eqs. (77) and (75) in eq. (33), we get K_{1gs,2gs} = − l_o 2m 1 3 √ 2 [ r_{11}R^2_1 + r_{12}R^2 + r_{10} ] exp(−l_1R^2_1 − l_2R^2) (78) and K_{2gs ,1gs} = − l_o 2m 1 3 √ 2 [ r_{21}R^2_1 + r_{22}R^2 + r_{20} ] exp(−l_1R^2_1 − l_2R^2), (79) where

r_{11} =

( r + 1 2 )_4 [ 8(r − 1)^2 (r + 1)^3 { ( r − 1 r + 1 )( 8k̄ (r − 1)^2 + 1 + √ r (r − 1)^2d^2 ) − ( β α − r − 1 r + 1 )

( 2k̄ r + 1 2d^2 √ r(1 + √ r) ) }_2 + 32r (r + 1)^3 { ( r − 1 r + 1 )( 2k̄ r + 1 2d^2 √ r(1 + √ r) )

− ( β α − r − 1 r + 1 )( k̄ r^2 + 1

r^2 + r^{−3/2} + 1 4d^2 )}^2] , (80)

r_{10} = − 3 2 ( r + 1 2 )_2 { 8 (r − 1)^2 (r + 1)^3 ( 8k̄ (r − 1)^2 + 1 + √ r (r − 1)^2d^2 ) + 32r (r + 1)^3 ( k̄(r2 + 1) r^2 + r^{−32} + 1 4d^2 ) } + 3 2 d^2 α (r + 1)^2 { 8(r − 1)^2 (r + 1)^3 ( 2k̄ r + 1 2d^2 √ r (1 + √ r) )_2

+ 32r (r + 1)^3 ( k̄(r2 + 1)

r^2 + r^{−32} + 1 4d^2

)_2 } − 6(r + 1) 2r ( 2k̄ + 1 2d^2 √ 2r r + 1 ) , (81)

r_{12} = 4 ( r + 1 2r ) ( 2k̄ + 1 2d^2 √ 2r r + 1

)_2

, (82)

r_{22} = r_{12}, (83)

r_{20} = 8 (r + 1)^2 (r + 1 2 )_2 24d2 α {( k̄ + 1

4d^2

)_2 + r ( k̄ r^2 + r^{− 32} 4d^2

)_2} − 6 8 (r + 1)^2 ( r + 1 2 )_2 { ( k̄ + 1

4d^2 ) + r ( k̄ r^2 + r^{− 32} 4d^2 ) } − 6 r + 1 2r { 2k̄ + 1 2d^2 √ 2r r + 1 } (84) and r_{21} = 2(r + 1)^2 { ( 1 − β α )_2(

k̄ + 1 4d^2

)_2 + r ( 1 + β α )_2( k̄ r^2 + r^{−32} 4d^2

)_2 } . (85)

Now for the potential energy kernel using eq. (28), eq. (12), and eq. (27) in eq. (26), we get for k ≠ l V^P_{1gs ,2gs} = − 8 3 C̄ f 3 √ 2 + 1 √ 2 4 9 fC [ y^2_3 + z^2_3 − y^2_1 − z^2_1 − y^2 − z^2 ] (86) and V^P_{2gs ,1gs} = V^P_{1gs ,2gs} . (87) Putting this expression in eq. (34), changing variables and doing all the integrations, we get V^P_{kgs ,lgs} = − 8 3 C̄N_{kgs ,lgs} + A_{kl}V_{kgs,lgs} , (88) where V_{1gs ,2gs} = V_{2gs ,1gs} = l_o [ n_1R^2_1 + n_o ] exp(−l_1R^2_1 − l_2R^2). (89)

N_{kgs ,lgs} is defined in eq. (67) and eq. (68). Here

n_o = − 8 3 C ( r + 1 r )_2 d2 α (90) and

n_1 = − 4 9 C { (r + 1)4

4r^2 } ( β α − r − 1 r + 1

)_2

. (91)

4 Writing Coupled Equations

For k = 1 putting expressions from eqs. (46), (50), (38), (78), (88), (89) and (67) in eq. (32), we get [ 3 4 (λ_{11} + λ_{12}) − s_1 2m ∇^2_{R1} − 8 3 C̄ − 4C[d^2_{11} + d^2_{12}] + 2m(r + 1) − E_c] ] χ_1(R_1) + √ 2l_o ∫ d^3R_2 [ − 1 2m 1 6 [ r_{11}R^2_1 + r_{12}R^2 + r_{10} ] + 1 2 [ n_1R^2_1 + n_o ]

− 1 6 ( E_c + 8 3 C̄ − 2m(r + 1) )] exp(−l_1R^2_1 − l_2R^2)χ_2(R_2) = 0 (92)

Now for k = 2 putting expressions from eqs. (46), (50), (38), (79), (88), (89) and (68) in (32), we get [ 3 4 (λ_{21} + λ_{22}) − s_2 2m ∇^2_{R2} − 8 3 C̄ − 4C[d^2_1 + d^2_2] + 2m(r + 1) − E_c] ] χ_2(R_2) + √ 2l_o ∫ d^3R_1 [ − 1 2m 1 6 [ r_{21}R^2_1 + r_{22}R^2 + r_{20} ] + 1 2 [ n_1R^2_1 + n_o ]

− 1 6 ( E_c + 8 3 C̄ − 2m(r + 1) ) ] exp(−l_1R^2_1 − l_2R^2)χ_1(R_1) = 0 (93)

It is clear from eqs. (92) and (93) that off-diagonal parts vanishes for large values of R_1 and R_2. So in this limit the two equations become [( 3 4 λ_{11} − 4 3 C̄ − 4Cd^2_{11} + m(r + 1) ) − ( s_1 2m ∇^2_{R1} + E_c )

+ ( 3 4 λ_{12} − 4 3 C̄ − 4Cd^2_{12} + m(r + 1) ) ] χ_1(R_1) −→_{R1→∞} 0 (94) and [ (3 4 λ_{21} − 4 3 C̄ − 4Cd^2_1 + 2m ) − ( s_2 2m ∇^2_{R2} + E_c )

+ (3 4 λ_{22} − 4 3 C̄ − 4Cd^2_2 + 2m_c ) ] χ_2(R_2) −→_{R2 →∞} 0. (95)

For the large separation there is no interaction between the two mesons. So the total center of mass energy in the large separation limit will be the sum of kinetic energy of the relative motion of mesons and masses of the two mesons. i.e. for R_1 → ∞, we have [ − 1 2μ_Do_Do∗ ∇^2_{R1} + M_D + M_Do∗ ] χ_1(R_1) = E_cχ_1(R_1), (96)

and for R_2 → ∞, we have [ − 1 2μ_{ωJ/ψ} ∇^2_{R2} + M_ω + M_{J/ψ} ] χ_2(R_2) = E_cχ_2(R_2). (97)

By making a comparison of eq. (94) and eq. (96), we can write eq. (92) as follow [ M_D + M_Do∗ − 1 2μ_Do_Do ∗ ∇^2_{R1} − E_c ] χ_1(R_1) + √ 2l_o ∫ d^3R_2 [ − 1 2m 1 6 [ r_{11}R^2_1 + r_{12}R^2 + r_{10} ]

+ 1 2 [ n_1R^2_1 + n_o ] − 1 6 ( E_c + 8 3 C̄ − 2m(r + 1) )] exp(−l_1R^2_1 − l_2R^2)χ_2(R_2) = 0. (98)

Similarly by making a comparison of eq. (95) and eq. (97), we can write eq. (93) as follows [ M_ω + M_{J/ψ} − 1 2μ_{ωJ/ψ} ∇^2_{R2} − E_c ] χ_2(R_2) + √ 2l_o ∫ d^3R_1 [ − 1 2m 1 6 [ r_{21}R^2_1 + r_{22}R^2 + r_{20} ]

+ 1 2 [ n_1R^2_1 + n_o ] − 1 6 ( E_c + 8 3 C̄ − 2m(r + 1) ) ] exp(−l_1R^2_1 − l_2R^2)χ_1(R_1) = 0. (99)

By taking Fourier transform of eq. (98) and (99), we get [ M_D + M_Do ∗ + 1 2μ_Do_Do∗ P^2_1 − E_c ] χ_1(P_1) + [ − 1 2m r_{11} 6 + n_1 2 ] A_2(l_2)F_b(P_1, l_1) + [ − 1 2m r_{12} 6 B_2(l_2) + ( − 1 2m r_{10} 6 + n_o 2 − E^′_c 6 ) A_2(l_2) ] F_a(P_1, l_1) = 0, (100) and [ M_ω + M_{J/ψ} + 1 2μ_{ωJ/ψ} P^2 − E_c ] χ_2(P_2) − 1 2m r_{22} 6 A_1(l_1)F_b(P_2, l_2) + [( − 1 2m r_{20} 6 + n_o 2 − E^′_c 6 ) A_1(l_1) + ( − 1 2m r_{21} 6 + n_1 2 ) B_1(l_1) ] F_a(P_2, l_2) = 0. (101)

Here

χ_k(P_k) = ∫ d^3R_k (2π)^32 exp[ιP_k.R_k]χ_k(R_k), (102)

E^′_c = E_c + 8 3 C̄ − 2m(r + 1), (103)

A_k(u) = l^′_o ∫ d^3R_kexp[−uR^2_k]χ_k(R_k), (104)

Where l^′_o = √ 2l_o,

B_k(u) = l^′_o ∫ d^3R_kexp[−uR^2_k]R^2_kχ_k(R_k), (105)

F_a(P_k, u) = ∫ d^3R_k (2π)^32 exp[ιP_k.R_k]exp[−uR^2_k], (106)

F_b(P_k, u) = ∫ d^3R_k (2π)^32 exp[ιP_k.R_k]R^2_kexp[−uR^2_k], (107)

F_a(P_k, u) = 1 (2π)^32 exp [ − P^2_k 4u ] (108) and F_b(P_k, u) = F_a(P_k, u) [ 1 2u ][ 3 − P^2_k 2u ] , (109)

for k = 1, 2.

For the incoming waves in the first channel eq. (100) and (101) can be formally solved [40] as

χ_1(p_1) = δ(p_1 − p_c(1)) p^2_c (1) − F_b(p_1, l_1) Δ_1(p_1) [ − 1 2m r_{11} 6 + n_1 2 ] A_2(l_2) −

F_a(p_1, l_1) Δ_1(p_1) [ − 1 2m r_{12} 6 B_2(l_2) + ( − 1 2m r_{10} 6 + n_o 2 − E^′_c 6 ) A_2(l_2) ] = 0 (110) and χ_2(p_2) =

F_b(p_2, l_2) Δ_2(p_2) 1 2m r_{22} 6 A_1(l_1) −

F_a(p_2, l_2) Δ_2(p_2) [( − 1 2m r_{20} 6 + n_o 2 − E^′_c 6 )

A_1(l_1) + ( − 1 2m r_{21} 6 + n_1 2 ) B_1(l_1) ] = 0, (111)

where

Δ_1(p_1) = p^2_1 2μ_Do_Do∗ + M_D + M_Do∗ − E_c − ιϵ , (112)

Δ_2(p_2) = p^2 2μ_{ωJ/ψ} + M_ω + M_{J/ψ} − E_c − ιϵ , (113)

p_c(1) = √ 2μ_Do_Do∗ (E_c − M_D − M_Do∗ ) (114) and p_c(2) = √ 2μ_{ωJ/ψ}(E_c − M_ω − M_{J/ψ}). (115) Because of the spherical symmetry of the S-wave (l = 0) here, P_i is replaced with p_i (magnitude) with i = 1, 2. Using the Parseval relation corresponding to eqs. (104) and (105), we have A_k(u) = 4πl^′_o ∫ dp_kp^2_kF_a(p_k, u)χ_k(p_k) (116) and B_k(u) = 4πl^′_o ∫ dp_kp^2_kF_b(p_k, u)χ_k(p_k), (117)

for k = 1, 2.

Multiplying eq. (110) by 4πp^2_1F_a(p_1, l_1) and integrating w.r.t. p_1 and with using eq. (116) we get

A_1(l_1) l^′_o = 4πF_a(p_c(1), l_1) − A_2(l_2)W^{(1)}_{11} − B_2(l_2)W^{(1)}_{12} (118)

where

W^{(1)}_{11} = [ − 1 2m r_{11} 6 + n_1 2 ] J^′_1(l_1, l_1) + [ − 1 2m r_{10} 6 + n_o 2 − E^′_c 6 ] J_1(l_1, l_1) ] , (119)

W^{(1)}_{12} = − 1 2m r_{12} 6 J_1(l_1, l_1), (120)

J_k(u, v) = 4π ∫ dp_kp^2_k F_a(p_k, u)F_a(p_k, v) Δ_k(p_k)

(121) and J^′_k(u, v) = 4π ∫ dp_kp^2_k F_a(p_k, u)F_b(p_k, v) Δ_k(p_k)

. (122)

Similarly multiplying eq. (110) by 4πp^2_1F_b(p_1, l_1) and integrating w.r.t. p_1 and using eq. (117), we get

B_1(l_1) l^′_o = 4πF_b(p_c(1), l_1) − A_2(l_2)W^{(1)}_{21} − B_2(l_2)W^{(1)}_{22} , (123)

where

W^{(1)}_{21} = [ − 1 2m r_{11} 6 + n_1 2 ] J^{′′}_1 (l_1, l_1) + [ − 1 2m r_{10} 6 + n_o 2 − E^′_c 6 ] J^′_1(l_1, l_1) ] , (124)

W^{(1)}_{22} = − 1 2m r_{12} 6 J^′_1(l_1, l_1), (125) and J^{′′}_k (u, v) = 4π ∫ dp_kp^2_k F_b(p_k, u)F_b(p_k, v) Δ_k(p_k)

. (126)

In the same way multiplying eq. (111) by 4πp^2F_a(p_2, l_2) and 4πp^2F_b(p_2, l_2) and integrating w.r.t. p_2 and using eqs. (116 and 117), we get

A_2(l_2) l^′_o = −A_1(l_1)W^{(2)}_{11} − B_1(l_1)W^{(2)}_{12} (127) and B_2(l_2) l^′_o = −A_1(l_1)W^{(2)}_{21} − B_1(l_1)W^{(2)}_{22} , (128)

where

W^{(2)}_{11} = − 1 2m r_{22} 6 J^′_2(l_2, l_2) + [ − 1 2m r_{20} 6 + n_o 2 − E^′_c 6 ] J_2(l_2, l_2), (129)

W^{(2)}_{12} = [ − 1 2m r_{21} 6 + n_1 2 ] J_2(l_2, l_2), (130)

W^{(2)}_{21} = − 1 2m r_{22} 6 J^{′′}_2 (l_2, l_2) + [ − 1 2m r_{20} 6 + n_o 2 − E^′_c 6 ] J^′_2(l_2, l_2) (131) and W^{(2)}_{22} = [ − 1 2m r_{21} 6 + n_1 2 ] J^′_2(l_2, l_2). (132)

Equations (118), (123), (127) and (128) can be written in the matrix form as follows

W V_1 = V_2, (133)

with

W = l^{′−1}_o 0 W^{(1)}_{11} W^{(1)}_{12} 0 l^{′−1}_o W^{(1)}_{21} W^{(1)}_{22} W^{(2)}_{11} W^{(2)}_{12} l^{′−1}_o 0 W^{(2)}_{21} W^{(2)}_{22} 0 l^{′−1}_o

, (134)

V_1 =

A_1(l_1) B_1(l_1) A_2(l_2) B_2(l_2)

(135) and

V_2 = 4π

F_a(p_c(1), l_1) F_b(p_c(1), l_1) 0 0 . (136)

From eq. (133), we can have

V_1 = W^{−1}V_2, (137)

which gives values of A_1(l_1), B_1(l_1), A_2(l_2) and B_2(l_2). So eq. (110) and (111) become

χ_1(p_1) = δ(p_1 − p_c(1)) p^2_c (1) − 1 Δ_1(p_1) [ W^{(1)}_1 A_2(l_2) − W^{(1)}_2 B_2(l_2) ] (138) and χ_2(p_2) = − 1 Δ_2(p_2) [ W^{(2)}_1 A_1(l_1) − W^{(2)}_2 B_1(l_1) ] , (139)

where

W^{(1)}_1 = [ − 1 2m r_{11} 6 + n_1 2 ] F_b(p_c(1), l_1) + [ − 1 2m r_{10} 6 + n_o 2 − E^′_c 6 ] F_a(p_c(1), l_1), (140)

W^{(1)}_2 = − 1 2m r_{12} 6 F_a(p_c(1), l_1), (141)

W^{(2)}_1 = − 1 2m r_{22} 6 F_b(p_c(2), l_2) + [ − 1 2m r_{20} 6 + n_o 2 − E^′_c 6 ] F_a(p_c(2), l_2) (142) and W^{(2)}_2 = [ − 1 2m r_{21} 6 + n_1 2 ] F_a(p_c(2), l_2). (143)

From eqs. (138) and (139) we can read off the T-matrix elements T_{11} and T_{21} [40]. These are proportional to the co-efficient of Green’s function operators −^1_{Δ1(p1)} and −^1_{Δ2(p2 )} . Here the relation between s-matrix and T-matrix is

s = 1 − 2ιT (144)

when both the channels are open. Eq. (144) gives

T_{11} = 2μ_Do_Do∗ π 2 p_c(1) [ W^{(1)}_1 A_2(l_2) + W^{(1)}_2 B_2(l_2) ] (145) and T_{21} = 2μ_{ωJψ} π 2 p_c(1) √ v_2 v_1 [ W^{(2)}_1 A_1(l_1) + W^{(2)}_2 B_1(l_1) ] (146)

where, v_1 = p_c(1) μ_Do_Do∗ and v_2 = p_c(2) μ_{ωJψ} . Similarly T_{22} and T_{12} can be found, using

V_2 = 4π 0 0 F_a(p_c(2), l_2) F_b(p_c(2), l_2)

(147)

in eq. (133), for incoming waves in the 2nd channel. These become

T_{22} = 2μ_{ωJψ} π 2 p_c(2) [ W^{(2)}_1 A_1(l_1) + W^{(2)}_2 B_1(l_1) ] (148) and T_{12} = 2μ_Do_Do∗ π 2 p_c(2) √ v_1 v_2 [ W^{(1)}_1 A_2(l_2) + W^{(1)}_2 B_2(l_2) ] . (149)

4.1 Fitting the parameters Used

By making a comparison of eq. (97) with eq. (95), we have

M_{J/ψ} = 3 4 λ_{22} − 4 3 C̄ − 4Cd^2_2 + 2m_c (150)

From −4C/3 = μ_{cc̄}λ^2_2/2 . Also reduced mass for a pair of charm and anti-charm quarks μ_{cc̄} = m_c/2 because c-quark and c̄-quark have the same constitutional mass. Thus −4C/3 = m_cλ^2_2/4, along with λ_{22} = 1/m_cd^2_2 gives

− 4C/3 = λ_{22}/4d^2_2 or − 4Cd^2_2 = 3λ_{22}/4 (151) . We have fixed the parameters ω and C̄ by spin averaging of masses of charmonium in the state 1S and the state 2S.

From eqs. (150 and 151), we have

3M_{J/ψ}(1S) + M_{ηc} (1S) 4 = 3 2 λ_{22} + C^′ (152) and 3M_ψ(2S) + M_{ηc} (2S) 4 = 7 2 λ_{22} + C^′ (153)

Where, C^′ = −^4_3 C̄ + 2m_c . The factor 7/2 with λ_{22} in above equation comes from the relation E_{nlm} = λ_{22}(4n + 2l + 3)/2 [49] for n = 1 and l = 0. Whereas in eq. (152) above, the factor 3/2 with λ_{22} is for n = 0 and l = 0.

Put the values of masses M_{J/ψ}(1S) = 3.096916GeV , M_{ηc} (1S) = 2.9803GeV , M_ψ(2S) = 3.68609GeV and M_{ηc} (2S) = 3.637GeV from (PDG) ref. [9] in eqs. (152) and (153) and solving them simultaneously, we get λ_{22} = 0.303028GeV and C^′ = 2.61322GeV . We took constituent mass of light quark as m = 0.33GeV and that of charm quark m_c = 1.4794GeV [50]. This gives C̄ = 0.259185GeV . The relation λ_{22} = 1/m_cd^2_2 then gives the value of d_{22} or d^{′′} = 0.294583fm and using this value in eq. (10) gives the value of d_{21} = d = 0.428648fm and by putting this value of d in eq. (9) we get d_{11} = d_{12} = d^′ = 0.379058fm. By putting the above values of d_{22} and λ_{22} in eq. (151) we get the value of the parameter C = −0.0254714GeV^3. The value of b_s is taken as 0.18GeV^2 [47]. We take the value of k_f = 0.075 [48].

4.2 Finding the Phase Shifts, Cross Sections and Binding

To find out the phase shifts we have used the same relation

s = I − 2iT (154)

and [51]

s = exp(2iΔ) (155)

and by comparing their right hand sides, we have ( 1 0 0 1 ) − 2i ( T_{11} T_{12} T_{21} T_{22} ) = ( 1 0 0 1 ) + 2i ( δ_{11} δ_{12} δ_{21} δ_{22} ) (156)

δ_{ij} = −T_{ij} for i, j = 1, 2 [51]. Because the phase shifts are much less than a radian, so we can neglect the higher powers of exponential series for eq. (155) above. To find out the total cross sections we have used eqs. [27 to 29] of ref. [52] while according to our definition of Fourier transform h_{f i} has been taken equal to T_{f i} [53] [54] for i, f = 1, 2. The total cross-section is 4π times differential cross section for any value of centre of mass kinetic energy, T_c. The condition for the existence of a bound state of the q^2q̄^2 system is [39]

detW = 0. (157)

For the definition of matrix W , see eq. (134).

As this is a determinant of a 4 × 4 matrix, once we select the numerical values of the parameters in it, it would have more than one values of the energy that satisfies it.

5 Results and Conclusion

Fig. 3 represents the elastic scattering phase shifts in degrees against centre of mass kinetic energies in GeV for the process D^oD^{o∗} −→ D^oD^{o∗}, corresponding to t-matrix element given in eq. (145). Fig. 5 represents the elastic scattering phase shifts for the process ωJ/ψ −→ ωJ/ψ, corresponding to t-matrix element given in eq. (148). In fig. 4 we have shown the inelastic scattering phase shifts for the process D^oD^{o∗} −→ ωJ/ψ, corresponding to t-matrix element given in eq. (146). The same results are obtained for the inelastic scattering process ωJ/ψ −→ D^oD^{o∗}, corresponding to t-matrix element given in eq. (149). The reason for selecting ω meson in the scattering process is that the mass sum of ω and J/ψ is almost equal to the mass of X(3872) meson. To find out these phase shifts we have used the relations, between s-matrix elements and corresponding phase shifts, given in the reference [51].

We have found a bound state (see eq. (157), condition for the existence of a bound state) at total centre of mass energy E_c = 3.6942GeV . But we can get a bound state at E_c = 3.872GeV by multiplying the off-diagonal terms of potential energy, kinetic energy and normalization matrices (i.e. multiplying l_o of eqs. (92 and 93)) by a factor-Y_o for value 1.97. See fig. 6 where we have ploted the factor Y_o against total centre of mass energy for a possible bound state. (As the equation, last in the above section, that gives this energy value can have more than ne solutions there may be other curves for factors like this Y_o as well.) This bound state at E_c = 3.872GeV may be recognized as X(3872). In fig. 4 we have -ve phase shifts indicating an attractive potential so the possibility of D^oD^{o∗} bound state being X(3872) is very much alive. Alternatively if we take the value of k_f being 0.0048 instead of 0.075 then we can get a bound state even at 3.872GeV . So by adjusting the free parameter k_f we can get the bound state at 3.872GeV . In figs. (7, 8 and 9) we have shown the total cross sections for the scattering of D^oD^{o∗} −→ D^oD^{o∗}, D^oD^{o∗} −→ ωJ/ψ. and ωJ/ψ −→ ωJ/ψ, if the same eqs. [27 to 29] of ref. [52] are used for the inelastic process as well. These results can be compared with the experiments. We have also calculated the total cross sections for D^oD^{o∗} −→ J/ψπ^o and vise versa scattering.

The same technique may be used to study the other scalar mesons e.g. X(3940), Y (4260) and Z(4433). In future we plan to study the structure of scalar mesons by using the more realistic linear-plus-columbic

Figure 3: Elastic scattering phase shifts for the process D^oD^∗_o −→ D^oD^∗_o.

potential and corresponding wave functions along with the use of the surface area model of f of eq.23 and not Gaussian f of eq. 24. In figs. (11 to 13) phase shifts are shown for k_f = 0, while in figs. (14 to 16) total cross section are given for k_f = 0. It is to be noted that both phase shifts and the cross sections decrease when we use the QCD effects in the form of f.

References

[1] Shi-Lin Zhu, Int.J.Mod.Phys.E17:283-322, (2008).

[2] Yubing Dong, Amond Faessler, Thomas Gutsche, Valery E Lyubovitskij, J. Phys. G38 015001 (2011).

[3] M. Imran Jamil and Bilal Masud, Eur. Phys. J. A47: 33 (2011). [4] R. L. Jaffe, Phys. Rev. D15 267, (1977).

[5] G. t Hooft, G. Isidori, L. Maiani, A.D. Polosa and V. Riquer, Phys. Lett. B662 424, (2008). [6] J.R. Pelaez, Phys. Rev. Lett. 92 102001, (2004). [7] E.S. Swanson, Phys. Rept. 429 243 (2006). [8] Sasa Prelovsek, arXiv:1004.3636v1.

[9] K Nakamura et al (Particle Data Group), J. Phys. G: Nucl. Part. Phys. 37, 075021, ( 2010). [10] Tetsuo Hyodo , Daisuke Jido, Teiji Kunihiro, Nucl.Phys. A848 341-365, (2010). [11] S. Eidelman et al. [PDG], Phys. Lett. B592 (2004). [12] The KLOE collaboration, arXiv:hep-ex/0310031v1.

[13] D. Black, A. H. Fariborz, F. Sannino and J. Schechter, Phys. Rev. D59 074026, (1999). [14] T. Schafer, Phys. Rev. D68 114017, (2003).

[15] D. Ebert, R. N. Faustov and V. O. Galkin, Eur. Phys. J. C60 273, (2009).

Figure 4: Inelastic scattering phase shifts for the process D^oD^{o∗} −→ ωJ/ψ. We checked that the same results are obtained for the inelastic scattering process ωJ/ψ −→ D^oD^{o∗}.

Figure 5: Elastic scattering phase shifts for the process ωJ/ψ −→ ωJ/ψ

Figure 6: Factor Y_o to get binding, versus E_c. As mentioned in the text, there may be other values of it for the same energy.

Figure 7: Total cross sections for the scattering process D^oD^∗_o −→ D^oD^∗_o.

Figure 8: Total cross sections for the scattering process D^oD^{o∗} −→ ωJ/ψ, if the same eqs. [27 to 29] of ref. [52] are used for the inelastic process as well. We checked that the same results are obtained for the inelastic scattering process ωJ/ψ −→ D^oD^{o∗}.

Figure 9: Total cross sections for the process ωJ/ψ −→ ωJ/ψ

Figure 10: Total cross sections for the scattering process D^oD^{o∗} −→ J/ψπ, if the same eqs. [27 to 29] of ref. [52] are used for the inelastic process as well. The same results are obtained for the scattering process J/ψπ −→ D^oD^{o∗}.

Figure 11: Elastic scattering phase shifts for the process D^oD^∗_o −→ D^oD^∗_o, for k_f = 0.

Figure 12: Inelastic scattering phase shifts for the process D^oD^{o∗} −→ ωJ/ψ. We checked that the same results are obtained for the inelastic scattering process ωJ/ψ −→ D^oD^{o∗}, for k_f = 0.

Figure 13: Elastic scattering phase shifts for the process ωJ/ψ −→ ωJ/ψ, for k_f = 0.

Figure 14: Total cross sections for the scattering process D^oD^∗_o −→ D^oD^∗_o, for k_f = 0.

Figure 15: Total cross sections for the scattering process D^oD^{o∗} −→ ωJ/ψ, if the same eqs. [27 to 29] of ref. [52] are used for the inelastic process as well. We checked that the same results are obtained for the inelastic scattering process ωJ/ψ −→ D^oD^{o∗}, for k_f = 0.

Figure 16: Total cross sections for the process ωJ/ψ −→ ωJ/ψ, for k_f = 0.

[16] V. Elias and M.D. Scadron, Phys. Rev. Lett. 53 1129, (1984). [17] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122 345, (1961). [18] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 124 246, (1961). [19] T. Hatsuda and T. Kunihiro, Prog. Theor. Phys. 74 765, (1985). [20] T. Hatsuda and T. Kunihiro, Phys. Lett. B185 304, (1987). [21] T. Hatsuda and T. Kunihiro, Phys. Rept. 247 221, (1994). [22] J.I. Basdevant and B.W. Lee, Phys. Rev. D2 1680, (1970). [23] A. Dobado and J.R. Pelaez, Phys. Rev. D56 3057, (1997). [24] J.A. Oller and E. Oset, Nucl. Phys. A620 438, (1997). [25] J.A. Oller, E. Oset and J.R. Pelaez, Phys. Rev. D59 074001, (1999). [26] J. Weinstein and N. Isgur, Phys.Rev. D41 2236 (1990). [27] E.S. Swanson, Phys.Lett. B588 189-195 (2004). [28] P. Minkowski and W. Ochs, Eur. Phys. J. C9 283, (1999).

[29] Ying Cui, Xiao-Lin Chen, Wei-Zhen Deng, Shi-Lin Zhu, High Energy Phys. Nucl.Phys.31:7-13, (2007).

[30] Thomas Mehan and Roxanne Springer, Phys. Rev. D83 094009 (2011). [31] P. G. Ortega, J. Segovia, D. R. Enten and F. Fernendez, Phys. Rev. D81 0054023 (2010). [32] Felipe J. Llanes-Estrada , Jose Ramoon Pelaez and Jacobo Ruiz de Elvira, Nucl. Phys. B (Proc.

Suppl.) 207-208 (2010) 169-172. [33] C. MICHAEL, arXiv:0009115v1. [34] C. Michael, arXiv: 0302001v1.

[35] T. Barnes, N. Black, and E. S. Swanson, Phys. Rev. C 63, 025204 (2001). [36] J. M. Richard and Fl Stancu, arXiv:hep-ph/0511043.

[37] Ying Cui, Xiao-Lin Chen, Wei-Zhen Deng and Shi-Lin Zhu, arXiv:hep-ph/0607226. [38] Yan Rui Liu and Zong-Ye Zhang, Phys. Rev. C79 035206 (2009). [39] B. Masud , Phys. Rev. D50, 6783-6803 (1994).

[40] B. Masud, J.Paton, A.M. Green and G.Q. Liu, Nucl.phys. A528 477-512 (1991). [41] A.M. Green and P. Pennanen, Phys.Rev. C57 3384-3391 (1998).

[42] Gui-Jun Ding, Wei Huang, Jia-Feng Liu and Mu-Lin Yan, Phys. Rev. D79 034026 (2009). [43] V. G. Bornyakov, P. Yu. Boyko, M. N. Chernodub and M. I. Polikarpov, arXiv:hep-lat/0508006v1, (2005).

[44] E. S. Ackleh, T. Barnes and E. S. Swanson, Phys. Rev. D546811 (1996). [45] C. Alexandrou, T. Karapiperis, O. Morimatsu, Nucl.Phys. A518 723-751 (1990). [46] N. Isgur and J. Paton, Phys.Rev. D31 2910 (1985).

[47] Fumiko Okiharu, Hideo Suganuma and Toru T. Takahashi, Phys.Rev. D72 014505 (2005). [48] A. M. Green, J. Koponen and P. Pennanen, Phys.Rev. D61, 014014, (1999). [49] Nouredine Zettili, ”Quantum Mechanics”, John Wiley and Sons, Ltd., (2001). [50] E. S. Swanson, Phys.Rev. D72 054026 (2005).

[51] Makota Oka and Koichi Yazaki, Ch.6 ”Quarks and nuclei, ed. by W. Weise, world scientific pub.

(1984)”.

[52] T. Barnes and E.S. Swanson, Phys.Rev. D46 131-159 (1992).

[53] T. Barnes, N. Black, D. J. Dean, and E. S. Swanson, Phys.Rev. C60 045202, (1999). [54] Cheuk-Yin Wong, E. S. Swanson, and T. Barnes, Phys.Rev. C65 014903, (2002).

Appendix A: The spin basis

For total spin 1 different possible spin states for a meson meson molecule are |V_{13}V_{24}⟩ = 1 √ 3 ( |1, 1⟩ + |1, 0⟩ + |1, −1⟩ ) , V stands for a vector meson. Inserting the completeness expression for an identity I the above equation may be written as

|V_{13}V_{24}⟩ = 1 √ 3 ( |1, 1, 1, 0⟩⟨1, 1, 1, 0| + |1, 0, 1, 1⟩⟨1, 0, 1, 1| ) |1, 1⟩ + 1 √ 3 ( |1, −1, 1, 1⟩ ⟨1, −1, 1, 1| + |1, 1, 1, −1⟩⟨1, 1, 1, −1| + |1, 0, 1, 0⟩⟨1, 0, 1, 0| ) |1, 0⟩ + 1 √ 3 ( |1, 0, 1, −1⟩⟨1, 0, 1, −1| + |1, −1, 1, 0⟩⟨1, −1, 1, 0| ) |1, −1⟩. Using Clebsch-Gordan coefficients it becomes |V_{13}V_{24}⟩ = 1 √ 6 ( |1, 1⟩|1, 0⟩ − |1, 0⟩|1, 1⟩ + |1, 1⟩|1, −1⟩ − |1, −1⟩|1, 1⟩ + |1, 0⟩|1, −1⟩ − |1, −1⟩|1, 0⟩ ) .

Again using identity I = | | | | | 1 2 , 1 2 , 1 2 , 1 2 ⟩⟨ 1 2 , 1 2 , 1 2 , 1 2 | | | | | + | | | | | 1 2 , − 1 2 , 1 2 , 1 2 ⟩⟨ 1 2 , − 1 2 , 1 2 , 1 2 | | | | | + | | | | | 1 2 , 1 2 , 1 2 , − 1 2 ⟩⟨ 1 2 , 1 2 , 1 2 , − 1 2 | | | | | + | | | | 1 2 , − 1 2 , 1 2 , − 1 2 ⟩⟨ 1 2 , − 1 2 , 1 2 , − 1 2 | | | | , and using the Clebsch-Gordan coefficients we get

|V_{13}V_{24}⟩ = 1 √ 12 [ ↑↑↑↓ + ↑↓↑↑ − ↑↑↓↑ − ↓↑↑↑ + √ 2 ↑↓↑↓ − √ 2 ↓↑↓↑ + ↑↓↓↓ + ↓↓↑↓ − ↓↑↓↓ − ↓↓↓↑ ] . (158)

From eq. (158) by interchanging positions of ¯3 and ¯4, we have

|V_{14}V_{23}⟩ = 1 √ 12 [ ↑↑↓↑ + ↑↓↑↑ − ↑↑↑↓ − ↓↑↑↑ + √ 2 ↑↓↓↑ − √ 2 ↓↑↑↓ + ↑↓↓↓ + ↓↓↓↑ − ↓↑↓↓ − ↓↓↑↓ ] . (159)

Now again for total spin 1, we have

|P_{13}V_{24}⟩ = 1 √ 3 ( |1, 1⟩ + |1, 0⟩ + |1, −1⟩ ) , where P stands for a pseudoscalar meson. Inserting the completeness expression for an identity I the above equation may be written as

|P_{13}V_{24}⟩ = 1 √ 3 ( |0, 0, 1, 1⟩⟨0, 0, 1, 1| ) |1, 1⟩ + 1 √ 3 ( |0, 0, 1, 0⟩⟨0, 0, 1, 0| ) |1, 0⟩ + 1 √ 3 ( |0, 0, 1, −1⟩⟨0, 0, 1, −1| ) |1, −1⟩. Using the Clebsch-Gordan coefficients it becomes

|P_{13}V_{24}⟩ = 1 √ 3 ( |0, 0⟩|1, 1⟩ + |0, 0⟩|1, 0⟩ + |0, 0⟩|1, −1⟩ ) . Using the identity I = | | | | 1 2 , 1 2 , 1 2 , 1 2 ⟩⟨ 1 2 , 1 2 , 1 2 , 1 2 | | | | + | | | | 1 2 , − 1 2 , 1 2 , 1 2 ⟩⟨ 1 2 , − 1 2 , 1 2 , 1 2 | | | | + | | | | 1 2 , 1 2 , 1 2 , − 1 2 ⟩⟨ 1 2 , 1 2 , 1 2 , − 1 2 | | | | + | | | | 1 2 , − 1 2 , 1 2 , − 1 2 ⟩⟨ 1 2 , − 1 2 , 1 2 , − 1 2 | | | | , and using the Clebsch-Gordan coefficients we get

|P_{13}V_{24}⟩ = 1 √ 6 [ ↑↑↓↑ − ↓↑↑↑ + 1 √ 2 ( ↑↑↓↓ + ↑↓↓↑ − ↓↑↑↓ − ↓↓↑↑ )

+ ↑↓↓↓ − ↓↓↑↓ ] (160)

In the same way by inserting the completeness expressions for identity I and using the corresponding Clebsch-Gordan coefficients we can have

|V_{13}P_{24}⟩ = 1 √ 6 [ ↑↑↑↓ − ↑↓↑↑ + 1 √ 2 ( ↑↑↓↓ − ↑↓↓↑ + ↓↑↑↓ − ↓↓↑↑ )

+ ↓↑↓↓ − ↓↓↓↑ ] (161)

|P_{14}V_{23}⟩ = 1 √ 6 [ ↑↑↑↓ − ↓↑↑↑ + 1 √ 2 ( ↑↑↓↓ + ↑↓↑↓ − ↓↑↓↑ − ↓↓↑↑ )

+ ↑↓↓↓ − ↓↓↓↑ ] (162)

|V_{14}P_{23}⟩ = 1 √ 6 [ ↑↑↓↑ − ↑↓↑↑ + 1 √ 2 ( ↑↑↓↓ − ↑↓↑↓ + ↓↑↓↑ − ↓↓↑↑ )

+ ↓↑↓↓ − ↓↓↑↓ ] . (163)

Similarly for total spin 0 we have the following possible spin states for a meson meson molecule

|V_{13}V_{24}⟩ = 1 √ 12 [ 2 ↑↓↑↓ +2 ↓↑↓↑ − ↑↑↓↓ − ↑↓↓↑ − ↓↑↑↓ − ↓↓↑↑ ] (164)

|V_{14}V_{23}⟩ = 1 √ 12 [ 2 ↑↓↓↑ +2 ↓↑↑↓ − ↑↑↓↓ − ↑↓↑↓ − ↓↑↓↑ − ↓↓↑↑ ] (165)

|P_{13}P_{24}⟩ = 1 2 [ ↑↑↓↓ − ↑↓↓↑ − ↓↑↑↓ + ↓↓↑↑ ] (166)

|P_{14}P_{23}⟩ = 1 2 [ ↑↑↓↓ − ↑↓↑↓ − ↓↑↓↑ + ↓↓↑↑ ] . (167)

Overlap of these spin states from eq. (158) to eq. (167) are shown in table 1 and table 2.

For Spin 1

V_1¯_3V_2¯_4 V_1¯_4V_2¯_3 P_1¯_3V_2¯_4 V_1¯_3P_2¯_4 P_1¯_4V_2¯_3 V_1¯_4P_2¯_3

V_1¯_3V_2¯_4 1 0 0 0^{1√}_2 −^{1√}_2

V_1¯_4V_2¯_3 0 1^{1√}_2 −^{1√}_2 0 0

P_1¯_3V_2¯_4 0^{1√}_2 1 0^1_2^1_2

V_1¯_3P_2¯_4 0 −^{1√}_2 0 1^1_2^1_2

P_1¯_4V_2¯_3^{1√}_2 0^1_2^1_2 1 0

V_1¯_4P_2¯_3 −^{1√}_2 0^1_2^1_2 0 1

Table 1: Spin overlaps for spin-1, Meson-meson systems. Here P stands for pseudoscalar and V for vector mesons.

For Spin 0

V_1¯_3V_2¯_4 V_1¯_4V_2¯_3 P_1¯_3P_2¯_4 P_1¯_4P_2¯_3

V_1¯_3V_2¯_4 1 −^1_2 0 −^{√3}_2

V_1¯_4V_2¯_3 −^1_2 1 −^{√3}_2 0

P_1¯_3P_2¯_4 0 −^{√3}_2 1^1_2

P_1¯_4P_2¯_3 −^{√3}_2 0^1_2 1

Table 2: Spin overlaps for spin-0, Meson-meson systems. Here P stands for pseudoscalar and V for vector mesons (These agree with eqs. D5 to D8 of appendix D of ref. [26]).

Appendix B: The colour basis

The two meson-like base states {|1_{13}1_{24}⟩_c,|1_{14}1_{23}⟩_c} in terms of orthonormal basis {|¯3_{12}3_{¯3¯4}⟩_c,|6_{12}¯6_{¯3¯4}⟩_c} are

|1_{13}1_{24}⟩_c = 1 √ 3 |¯3_{12}3_{¯3¯4}⟩_c + √ 2 3 |6_{12}¯6_{¯3¯4}⟩_c (168)

|1_{14}1_{23}⟩_c = − 1 √ 3 |¯3_{12}3_{¯3¯4}⟩_c + √ 2 3 |6_{12}¯6_{¯3¯4}⟩_c (169)

The matrix elements of the identity operator in the new basis {|1_{13}1_{24}⟩_c,|1_{14}1_{23}⟩_c} are shown in eq. (20), taking f = 1. The matrix elements of colour Casmir operator F_i.F_j in the new colour basis {|1_{13}1_{24}⟩_c,|1_{14}1_{23}⟩_c} are (see C13 to C15 of appendix-C of ref. [26])

c⟨1| F_1.F_2 F_1.F_3 F_1.F_4 F_2.F_3 F_2.F_4 F_3.F_4

|1⟩_c =_c⟨1_{13}1_{24}|

F_1.F_2 F_1.F_3 F_1.F_4 F_2.F_3 F_2.F_4 F_3.F_4

|1_{13}1_{24}⟩_c = 0 −^4_3 0 0 −^4_3 0

c⟨2| F_1.F_2 F_1.F_3 F_1.F_4 F_2.F_3 F_2.F_4 F_3.F_4

|2⟩_c =_c⟨1_{14}1_{23}|

F_1.F_2 F_1.F_3 F_1.F_4 F_2.F_3 F_2.F_4 F_3.F_4

|1_{14}1_{23}⟩_c = 0 0 −^4_3 −^4_3 0 0

c⟨1| F_1.F_2 F_1.F_3 F_1.F_4 F_2.F_3 F_2.F_4 F_3.F_4

|2⟩_c =_c⟨2|

F_1.F_2 F_1.F_3 F_1.F_4 F_2.F_3 F_2.F_4 F_3.F_4

|1⟩_c =

4 9 −^4_9 −^4_9 −^4_9 −^4_{94} 9