arXiv:1107.2777v1 [astro-ph.SR] 14 Jul 2011

On the equilibrium of self-gravitating neutrons, protons and electrons in β-equilibrium

Michael Rotondo, Jorge A. Rueda, Remo Ruffini,^∗ and She-Sheng Xue Dipartimento di Fisica and ICRA, Sapienza Università di Roma, P.le Aldo Moro 5, I–00185 Rome, Italy and ICRANet, P.zza della Repubblica 10, I–65122 Pescara, Italy (Dated: July 15, 2011)

We have recently proved the impossibility of imposing the condition of local charge neutrality in a self-gravitating system of degenerate neutrons, protons and electrons in β-equilibrium. The coupled system of the general relativistic Thomas-Fermi equations and the Einstein-Maxwell equations have been shown to supersede the traditional Tolman-Oppenheimer-Volkoff equations. Here we present the Newtonian limit of the new equilibrium equations. We also extend the treatment to the case of finite temperatures and finally we give the explicit demonstration of the constancy of the Klein potentials in the case of finite temperatures generalizing the condition of constancy of the general relativistic Fermi energies in the case of zero temperatures.

I. INTRODUCTION

It is well known that the classic work of Oppenheimer and Volkoff [1] addresses the problem of neutron star equilibrium configurations composed only of neutrons. For the more general case when protons and electrons are also considered, in nearly all of the scientific literature on neutron stars it is assumed that the condition of local charge neutrality applies identically to all points of the equilibrium configuration (see e.g. [2]). Consequently, the corresponding solutions of the Einstein equations for a non-rotating neutron star, following the work of Tolman [3] and of Oppenheimer and Volkoff [1], have been systematically applied. However, the necessity of processes leading to electrodynamical phenomena during the gravitational collapse to a black hole [4] suggests a critical reexamination of the current treatment of neutron stars. In this regard in a set of recent articles (see e.g. [5, 6]) we have developed the first steps toward a new consistent treatment for the description of neutron stars overcoming the traditional Tolman-Oppenheimer-Volkoff equations.

We have recently proved the impossibility of imposing the condition of local charge neutrality in a selfgravitating system of degenerate neutrons, protons and electrons in β-equilibrium [6]. It has been there discussed that the traditional approach for the description of neutron stars adopting the condition of local charge neutrality is inconsistent with the Einstein-Maxwell equations and with micro-physical conditions of equilibrium within the quantum statistics. We emphasize the basic role of the constancy of the general relativistic Fermi energy of each species. Consequently, the traditional Tolman- Oppenheimer-Volkoff system of equations has been superseded by the coupled system of the general relativistic Thomas-Fermi equations and the Einstein-Maxwell equations. We have been guided in this new approach by the generalization of the Feynman-Metropolis-Teller treatment of compressed atoms to the relativistic regimes [5]. There, using the existence of scaling laws [7–9], the

∗Electronic address: ruffini@icra.it

results were extended from heavy nuclei to the case of globally neutral nuclear matter cores of stellar dimensions with mass numbers A ≈ (m_{P lanck}/m_n)^3 ≈ 10^{57} or M_{core} ≈ M_⊙. In the present article we first recall in Sec. II the new system of general relativistic Einstein-Maxwell-Thomas- Fermi governing a self-gravitating system of neutrons, protons and electrons in β-equilibrium. We then address three new aspects of the problem: 1) we study the Newtonian limit of the equilibrium equations (see Sec. III); 2) we consider the proper generalization of the above treatment to the case of finite temperatures (see Sec. IV); 3) we generalize and prove the constancy of the Klein potentials of each species generalizing the condition of constancy of the general relativistic Fermi energies encountered in the case of zero temperatures (see Sec. IV). We finally show that the thermal effects do not affect the electrodynamical structure of the equilibrium configurations and the results are qualitatively and quantitatively quite similar to the ones obtained with the degenerate approximation (see Sec. IV).

II. EINSTEIN-MAXWELL-THOMAS-FERMI EQUATIONS IN THE DEGENERATE CASE

Following [6] we consider the equilibrium configurations of a degenerate gas of neutrons, protons and electrons with total matter energy density and total matter pressure

E = ∑ i=n,p,e 2 (2πℏ)^3 ∫_P F_i 0 ϵ_i(p) 4πp^2dp , (1)

P = ∑ i=n,p,e 1 3 2 (2πℏ)^3 ∫_P F_i 0 p^2 ϵ_i(p) 4πp^2dp , (2)

where ϵ_i(p) = √ c^2p^2 + m^2_i c^4 is the relativistic single particle energy and P^F_i denote the Fermi momentum, related to the particle number density n_i by n_i = (P^F_i )^3/(3π^2ℏ^3).

Introducing the metric for a spherically symmetric non-rotating configuration

ds^2 = e^{ν(r)}c^2dt^2 − e^{λ(r)}dr^2 − r^2dθ^2 − r^2 sin^2 θdφ^2 , (3)

the extension to general relativity of the Thomas-Fermi equilibrium condition on the generalized Fermi energies

E^F_i = e^{ν/2}μ_i − m_ic^2 + q_iV , (4)

(i = n, p, e, q_i = 0, e, −e) and the condition of βequilibrium between neutrons, protons and electrons

E^F_n + m_nc^2 = E^F_p + m_pc^2 + E^F_e + m_ec^2 , (5)

the full system of equations composed by the Einstein- Maxwell-Thomas-Fermi equations can be written as (see [6] for details)

M^′ = 4πr^2 E c^2 − 4πr^3 c^2 e^{−ν/2}V̂^′ { n_p

− e^{−3ν/2} 3π^2

[V̂^2 + 2m_ec^2V̂ − m^2_ec^4(e^ν − 1)]^{3/2} } , (6)

ν^′ = 2G c^2

4πr^3P/c^2 + M − r^3E^2/c^2 r^2 ( 1 −^{2GM}_{c2r} +^{Gr2}_{c4} E^2

) , (7)

E^F_e = e^{ν/2}μ_e − m_ec^2 − eV = constant, (8)

E^F_p = e^{ν/2}μ_p − m_pc^2 + eV = constant, (9)

E^F_n = E^F_e + E^F_p − (m_n − m_e − m_p)c^2, (10)

V̂^{′′} + 2 r V̂^′ [ 1 − r(ν^′ + λ^′) 4 ] = −4παℏc e^{ν/2}e^λ { n_p

− e^{−3ν/2} 3π^2

[V̂^2 + 2m_ec^2V̂ − m^2_ec^4(e^ν − 1)]^{3/2} } . (11)

where e is the fundamental charge, α is the fine structure constant, V is the Coulomb potential, μ_i = ∂E/∂n_i = √ c^2(P^F_i )^2 + m^2_i c^4 is the free-chemical potential of particle-species, λ(r) is the metric function related to the mass M(r) and the electric field E(r) = −e^{−(ν+λ)/2}V^′ (a prime stands for radial derivative) through

e^{−λ} = 1 − 2GM(r) c^2r + G c^4 r^2E^2(r) . (12)

and V̂ = E^F_e + eV .

The condition n_e = n_p often adopted in literature is not consistent with Eqs. (8) and (9) (see Fig. 1) therefore we consider the equilibrium configurations fulfilling only global charge neutrality (details are given in [6]). We solve self-consistently Eq. (6) and (7) for the metric, Eqs. (8)–(10) for the equilibrium of the three degenerate fermion species and for the β-equilibrium. The crucial equation relating the proton and the electron distributions is then given by the general relativistic Thomas- Fermi equation (11). The boundary conditions are: for Eq. (6) the regularity at the origin: M(0) = 0, for

Eqs. (8)–(10) a given value of the central density, and for Eq. (11) the regularity at the origin n_e(0) = n_p(0), and a second condition at infinity which results in an eigenvalue problem determined by imposing the global charge neutrality conditions V̂ (R_e) = E^F_e , V̂^′(R_e) = 0 , (13)

at the radius R_e of the electron distribution defined by

P^F_e (R_e) = 0 , (14)

from which follows

E^F_e = m_ec^2e^{ν(Re)/2} − m_ec^2

= m_ec^2 √ 1 − 2GM(R_e) c^2R_e

− m_ec^2 . (15)

Then the eigenvalue problem consists in determining the gravitational potential and the Coulomb potential at the center of the configuration that satisfy the conditions (13)–(15) at the boundary. The solution for the density, the gravitational potential and electric potential are shown in Fig. (2) for a configuration with central density ρ(0) = 3.94ρ_{nuc}. One particular interesting new feature is the approach to the boundary of the configuration: three different radii are present corresponding to distinct radii at which the individual particle Fermi pressures vanish. The radius R_e for the electron component corresponding to P^F_e (R_e) = 0, the radius R_p for the proton component corresponding to P^F_p (R_p) = 0 and the radius R_n for the neutron component corresponding to P^F_n (R_n) = 0. For the configuration of Fig. 2 we found R_n ≃ 12.735 km, R_p ≃ 12.863 km and R_e ≃ R_p + 10^3λ_e where λ_e = ℏ/(m_ec) denotes the electron Compton wavelength. We find that the electron component follows closely the proton component up to the radius R_p and neutralizes the configuration at R_e without having a net charge, contrary to the results e.g in [10].

III. NEWTONIAN LIMIT

Despite the fact that the strong gravitational field of neutron stars requires a general relativistic treatment, it is interesting to explore the Newtonian limit of all the above considerations. This can help to elucidate if the gravito-electromagnetic effects we have found are of general relativistic nature or to prove their validity in a Newtonian regime.

The Newtonian limit of the equilibrium equations can be obtained by the weak-field non-relativistic limit. We expand the gravitational potential at first-order e^{ν/2} ≈ 1 + Φ, where the Newtonian gravitational potential is Φ(r) = ν(r)/2. In the non-relativistic mechanics limit c → ∞, the particle chemical potential becomes μ_i → μ̃_i + m_ic^2, where μ̃_i = (P^F_i )^2/(2m_i) denotes the nonrelativistic free-chemical potential. Applying these considerations, the electron equilibrium law (4) becomes E^{F,Newt} e = μ̃_e + m_eΦ − eV , (16)

FIG. 1: Fermi energies for neutrons, protons and electrons in units of the pion rest-mass energy for a locally neutral configuration with central density ρ(0) = 3.94ρnuc , where ρnuc = 2.7 × 10^{14} g cm^{−3} denotes the nuclear density.

which is the classical condition of thermodynamic equilibrium in presence of external gravitational an electrostatic fields (see e.g. [11] and [12]) applied to a gas of electrons.

In the weak-field non-relativistic limit, the Einstein- Maxwell equations (6)–(11) become

M^′ = 4πr^2ρ(r) , (17)

Φ^′ = GM r^2

, (18)

P^′ = − GM r^2 ρ − [ n_p − (2m_e)^{3/2} 3π^2ℏ^3

(V̂ − m_eΦ)^{3/2} ] V̂^′ ,

(19)

V̂^{′′} + 2 r V̂^′ = −4πe^2 [ n_p − (2m_e)^{3/2} 3π^2ℏ^3

(V̂ − m_eΦ)^{3/2} ] , (20)

where ρ in this case is the rest-mass density ρ = ∑ i=n,p,e m_in_i . (21)

The solution of Eqs. (16), (17)–(20) together with the β-equilibrium condition E^{F,Newt} n = E^{F,Newt}_p + E^{F,Newt}_e , (22)

leads to qualitatively similar electrodynamical properties as the one obtained in the general relativistic case. In Fig. 4 we show the electric field in the region r < R_n (R^{Newt}_n < R^{GR}_n ) both for the Newtonian as well as for the General Relativistic configuration for the given central density ρ(0) = 3.94ρ_{nuc}. From the quantitative point of view, the electric field of the Newtonian configuration is larger than the electric field of the general relativistic configuration.

IV. FINITE TEMPERATURE EFFECTS

The above results have been obtained within the zero temperature approximation. It is worth to recall that temperatures of the order of ∼ 10^6 K expected to exist at the surface of old neutron stars [13, 14], or temperatures of 10^7 − 10^8 K which could, in principle, exist in neutron star interiors, should not affect the considerations here introduced. For neutron stars, the Fermi temperature

T^F_i = μ_i − m_ic^2 k , (23)

where k is the Boltzmann constant, can be as large as ∼ 10^{12} K for electrons, ∼ 10^{11} K for protons and ∼ 10^{13} K for neutrons for typical central densities of neutron stars, which means that neutron star interiors are, at a high degree of accuracy, degenerate systems. However, the thermal energy associated to temperatures T ∼ 10^8 K, E_{th} ∼ (4π/3)R^3aT^4 ∼ 10^{38} erg, is much larger than the Coulomb energy E_C ∼ (1/6)R^3E^2 ∼ 10^{16} erg, given by the internal electric field here considered (see Fig. 4). Here R is the radius of the configuration and a = σ/c being σ the Stefan-Boltzmann constant. It can be then of interest to ask the question if our electrodynamical structure will still occur in presence of thermal effects.

In this more general case, the equation of state given by Eqs. (1) and (2), must be abandoned and replaced by E = ∑ i=n,p,e 2 (2πℏ)^3 ∫_∞ 0 ϵ̃_i(p)f_i(p) 4πp^2dp , (24)

P = ∑ i=n,p,e 1 3 2 (2πℏ)^3 ∫_∞ 0 p^2f_i(p) ϵ̃_i(p) + m_ic^2

4πp^2dp ,(25)

where

f_i(p) = 1 1 + e^{ϵ̃i (p)−μ̃i}kT , (26)

is the Fermi-Dirac fermion distribution function which gives the particle number density n_i

n_i = 2 (2πℏ)^3 ∫_∞ 0 f_i(p) 4πp^2dp, , (27)

where, for numerical purposes, the free single particle energy ϵ̃_i(p) = ϵ_i(p) − m_ic^2 = √ c^2p^2 + m^2_i c^4 − m_ic^2 and the free particle chemical potential μ̃_i, have been defined subtracting the particle rest mass-energy.

We turn now to demonstrate the constancy of the Klein potentials throughout the configuration. The equation of state (24)–(25) satisfies the thermodynamic law E + P − T s = ∑ i=n,p,e n_iμ_i , (28)

where s = S/V is the entropy per unit volume and μ_i = ∂E/∂n_i is the free-chemical potential of the i-specie. At zero-temperature T = 0, μ_i = √ (P^F_i )^2 + m̃^2_i and n_i =

FIG. 2: Left panel: particle number density approaching the boundary of the configuration in units of the nuclear density nnuc ≃ 1.6 × 10^{38} cm^{−3}. Right panel: proton and electron Coulomb potential in units of the pion rest-mass energy eV /(mπc^2) and −eV /(mπc^2) respectively and the proton gravitational potential in units of the pion mass mp(e^{ν/2} − 1)/mπ .

FIG. 3: Left panel: electron number density for r ≥ Rp normalized to its value at r = Rp. Right panel: electric field for r ≥ Rp normalized to its value at r = Rp. We have also shown the behavior of the solution for two different eigenvalues of the general relativistic Thomas-Fermi equation (11) close to the one which gives the globally neutral configuration (see [6] for details).

(P^F_i )^3/(3π^2), where P^F_i denotes the Fermi momentum of the i-specie.

From Eq. (28) follows the Gibbs-Duhem relation dP = ∑ i=n,p,e n_idμ_i + sdT , (29)

which can be rewritten as

dP = ∑ i=n,p,e n_idμ_i + E + P − ∑ i=n,p,e n_iμ_i dT T . (30)

Introducing the metric given by Eq. (3) the Einstein-

Maxwell system of equations is

M^′ = 4πr^2 E c^2 − 4πr^3 c^2 e^{−ν/2}V^′(n_p − n_e) , (31)

ν^′ = 2G c^2

4πr^3P/c^2 + M − r^3E^2/c^2 r^2 ( 1 −^{2GM}_{c2r} +^{Gr2}_{c4} E^2

) , (32)

P^′ + ν^′ 2 (E + P ) = −e^{−ν/2}V^′(n_p − n_e) , (33)

V^{′′} + 2 r V^′ [ 1 − r(ν^′ + λ^′) 4 ] = −4παℏc e^{ν/2}e^λ(n_p −n_e) . (34)

Using the Gibbs-Duhem relation (30) the energymomentum conservation equation (33) can be rewritten

FIG. 4: Electric field (multiplied by 10^{14} ) in units of the critical field Ec = m^2_e c^3/(eℏ) ≈ 10^{16} Volt/cm in the region r < Rn both for the Newtonian and the General Relativistic configurations. The central density of both systems is ρ(0) = 3.94ρnuc where ρnuc = 2.7×10^{14} g cm^{−3} is the nuclear density.

as e^{ν/2} ∑ i=n,p,e n_i ( dμ_i − dT T μ_i ) + (E + P )e^{ν/2} ( dT T + 1 2 dν ) + e(n_p − n_e)dV = 0 . (35)

The Tolman isothermal condition [15] (see also [11]) demands the constancy of the gravitationally red-shifted temperature dT T + 1 2 dν = 0 , or T_∞ = e^{ν/2}T = constant , (36) which can be used into Eq. (35) to obtain ∑ i=n,p,e n_id(e^{ν/2}μ_i) + e(n_p − n_e)dV = 0 . (37)

We now introduce the generalized chemical potentials, or Klein potentials, for electrons E_e, protons E_p and neutrons E_n

E_e = e^{ν/2}μ_e − m_ec^2 − eV , (38) E_p = e^{ν/2}μ_p − m_pc^2 + eV , (39) E_n = e^{ν/2}μ_n − m_nc^2 , (40)

which in the zero temperature limit are the generalized Fermi energies for electrons E_e = E^F_e , neutrons E_n = E^F_n and protons E_p = E^F_p introduced in Sec. II (see Eq. (4)). Using Eqs. (38), (39) and (40), Eq. (37) becomes ∑ i=n,p,e n_idE_i = 0 , (41) which leads for independent and non-zero particle number densities n_i ≠ 0 to the constancy of the Klein potentials (38)–(40) for each particle-species, i.e.

E_e = e^{ν/2}μ_e − m_ec^2 − eV = constant , (42) E_p = e^{ν/2}μ_p − m_pc^2 + eV = constant , (43) E_n = e^{ν/2}μ_n − m_nc^2 = constant . (44)

In the zero temperature limit the constancy of the Klein potential of each particle-specie becomes the constancy of the generalized Fermi energies introduced in Sec. II (see Eqs. (8) and (9)). This is a crucial point because, as discussed in [6], the constancy of the generalized Fermi energies proves the impossibility of having a self-consistent configuration fulfilling the condition of local charge neutrality and β-equilibrium (see e.g. Fig. 1). Further, as shown in [16], the constancy of the Klein potentials holds in the more general case when the strong interactions between nucleons are taken into account.

Therefore, introducing the new dimensionless variables η_i = μ̃_i/(kT ) and β_i = kT/(m_ic^2), the new set of Einstein-Maxwell-Thomas-Fermi equations generalizing the system (6)–(11) to the case of finite temperatures is M^′ = 4πr^2 E c^2 − 4πr^3 c^2 e^{−ν/2}V̂^′(n_p − n_e) , (45)

ν^′ = 2G c^2

4πr^3P/c^2 + M − r^3E^2/c^2 r^2 ( 1 −^{2GM}_{c2r} +^{Gr2}_{c4} E^2

) , (46)

E_e = m_ec^2e^{ν/2}(1 + β_eη_e) − m_ec^2 − eV = constant, (47) E_p = m_pc^2e^{ν/2}(1 + β_pη_p) − m_pc^2 + eV = constant, (48) E_n = E_e + E_p − (m_n − m_e − m_p)c^2, (49)

V̂^{′′} + 2 r V̂^′ [ 1 − r(ν^′ + λ^′) 4 ] = −4παℏc e^{ν/2}e^λ(n_p −n_e) , (50) e^{ν/2}β_i = constant , i = n, p, e . (51)

where Eq. (49) is the condition of β-equilibrium between neutrons, protons and electrons, and the number density of the i-specie is given by

n_i =

2^{1/2}m^3_i c^3

π^2ℏ^3 β^{3/2}_i (F^i_{1/2} + β_iF^i_{3/2}) , (52)

where we have introduced the relativistic Fermi-Dirac integrals of order j

F^i_j = F_j (η_i, β_i) = ∫_∞ 0 x^j ( 1 +^1_2 β_ix )_{1/2} 1 + e^{x−ηi} dx . (53) We have integrated numerically the system of equations (45)–(51) for given temperatures T_∞ ≠ 0. As expected, the results are both qualitatively and quantitatively similar to the ones obtained with the degenerate

FIG. 5: Electron number density for r ≥ Rp normalized to its value at r = Rp both for T = 0 K (degenerate case) and for a finite temperature of T∞ = 2.3 × 10^5 K.

approximation. The largest difference we found is at the surface boundary of the configuration, where due to the low density finite temperature effects are more effective. In Fig. 5 we compare the electron density for r > R_p in the degenerate and in the non-degenerate case for T_∞ = 2.3×10^5 K. For distances r < R_p the results are essentially the same as in the degenerate case. In the region r << R_n at large densities > ρ_{nuc} = 2.7 × 10^{14} g/cm^3, the electrodynamical properties of the configuration i.e. Coulomb potential and electric field remain unperturbed even for very large temperatures T_∞ ∼ 10^{11} K. This is due to the fact that thermal effects are largely compensated by the gravitational potential as given by Eq. (36); the Coulomb interaction is not involved in this balance and is not affected by the thermal energy.

V. CONCLUSIONS

In this article we have addressed three new aspects of the description of a self gravitating system of neutrons, protons and electrons in β-equilibrium:

1) We have presented the Newtonian limit of the treatment by taking the weak field approximation and the non-relativistic c → ∞ limit of the general relativistic Thomas-Fermi and Einstein-Maxwell equations (6)– (11). The numerical integration of the Newtonian equations shows that the gravito-electrodynamic structure evidenced in [6] (see also Sec. II) is not of general relativistic nature but is already present in the Newtonian regime. However, in view of the large quantitative discrepancies of the Newtonian regime in the description of other neutron star properties like mass and radius (see e.g. Fig. 3 in [17]), a general relativistic treatment is mandatory in any astrophysical consideration.

2) It has been also presented the extension of the previous treatment [6] to finite temperatures. Although the thermal energy expected to be stored in old neutron stars with surface temperatures ∼ 10^6 K [13, 14] is much larger than the internal Coulomb energy (see Sec. IV), still the electromagnetic structure (see Fig. 4) is unaffected by the presence of the thermal component. Physically this is due to the very large Fermi energy of the neutrons ∼ 1 GeV, of the protons ∼ 10 MeV and of the electrons ∼ 0.1 GeV, as can be seen from Eq. (23).

3) More generally, we have given the explicit demonstration of the constancy throughout the configuration of the Klein potentials of each species present in the system in the more general case of finite temperatures. This generalizes the condition of the constancy of the general relativistic Fermi energies derived in the special case T = 0 in [6].

All these results are relevant to the generalization of the Feynman-Metropolis-Teller treatment of compressed atoms to relativistic regimes in presence of thermal effects and they will necessarily also apply in the case of additional particle species and of the inclusion of strong interactions in neutron stars [16].

Acknowledgments

We acknowledge Jim Lattimer for interesting discussions specially on the first two points in the Conclusions at the Les Houches workshop “From Nuclei to White Dwarfs to Neutron Stars” (Eds. A. Mezzacappa and R. Ruffini, World Scientific 2011, in press). They improved the presentation and made more clear the general validity of our results.

[1] J. R. Oppenheimer and G. Volkoff, Phys. Rev. 55, 374 (1939) [2] P. Haensel, A. Y. Potekhin, D. G. Yakovlev, Neutron Stars 1: Equation of State and Structure, (Springer, New York 2007).

[3] R. C. Tolman, Phys. Rev. 55, 364 (1939). [4] R. Ruffini, G. V. Vereshchagin and S.-S. Xue, Phys. Rep.

487, 1 (2010).

[5] M. Rotondo, Jorge A. Rueda, R. Ruffini and S.-S. Xue, Phys. Rev. C 83, 045805 (2011).

[6] M. Rotondo, Jorge A. Rueda, R. Ruffini and S.-S. Xue, Phys. Lett. B 701, 667 (2011).

[7] R. Ruffini, Proceedings of the 9^{th} International Conference ‘Path Integrals’, World Scientific, 207 (2008).

[8] V. S. Popov, AIP Conf. Proc. 1205, 127 (2010). [9] V. S. Popov, M. Rotondo, R. Ruffini and S.-S. Xue, submitted to Phys. Rev. C, (2011); arXiv:astroph/0903.3727.

[10] E. Olson and M. Bailyn, Phys. Rev. D 18, 2175 (1978). [11] O. Klein, Rev. Mod. Phys. 21, 531 (1949).

[12] L. D. Landau and E. M. Lifshitz, Statistical Physics.

Part1, Oxford (1980).

[13] A. F. Tennant et al., Astroph. J. 554, L173 (2001). [14] M. C. Weisskopf et al., Astroph. J. 601, 1050 (2004). [15] R. Tolman, Phys. Rev. 35, 904 (1930).

[16] Jorge A. Rueda, R. Ruffini and S.-S. Xue, submitted to Phys. Lett. B (2011), arXiv:1104.4062v3.

[17] A. Merloni, R. Ruffini and V. Torroni, Il Nuovo Cimento B 113, 255 (1998).